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Abstract. Our motivation is the question whether the lazy lambda calculus, a pure lambda
calculus with the leftmost outermost rewriting strategy, considered under observational semantics, or
extensions thereof, are an adequate model for semantic equivalences in real-world purely functional
programming languages, in particular for a pure core language of Haskell. We explore several
extensions of the lazy lambda calculus: addition of a seq-operator, addition of data constructors and
case-expressions, and their combination, focusing on conservativity of these extensions. In addition
to untyped calculi, we study their monomorphically and polymorphically typed versions. For most of
the extensions we obtain non-conservativity which we prove by providing counterexamples. However,
we prove conservativity of the extension by data constructors and case in the monomorphically
typed scenario.

1 Introduction

We are interested in reasoning about the semantics of lazy functional programming languages such as
Haskell [Pey03], in particular in semantical equivalences of expressions and, as a more general issue,
in correctness of program translations and transformations. As a notion of expression equivalence in a
calculus, we employ contextual equivalence which identifies expressions iff they cannot be distinguished
when observing convergence to WHNF's in any surrounding context. Contextual equivalence is coarser
than the (syntactical) conversion equality, and provides a more useful language model due to its maximal
set of equivalences.

However, complexity of a language makes analyses and reasoning hard, so it is advantageous to find
conceptually simpler sublanguages which also permit reasoning about equivalences in the superlanguage. As
a starting point we may use the pure core language, say L%,,,., of Haskell [PS98], which is a Hindley-Milner
polymorphically typed call-by-need lambda calculus extended by data constructors, case-expressions, seq
for strict evaluation and letrec to model recursive bindings and sharing. The semantics of such extended
lambda calculi have been analyzed in several papers [Ses97TIMOWISIMS99ISSSS08ISSSM12].

However, even this language has a rich syntax and thus one may ask whether there are simpler and/or
smaller languages which can be used to reason about (parts of) Haskell. The issue of transferring the
equivalence question is as follows: given two expressions s1, so in a calculus L, in which cases is it possible
to decide the semantic equivalence s; ~ sy by transferring the equivalence question for s1, s5 into a smaller
or conceptually simpler language Lgimpie, using the proof methods in Lgimpre? There are three (standard)
types of transfer steps: (i) from a typed language L” into its untyped language L (which may be larger).
Since we use contextual equivalence, in general s; ~j so implies s1 ~ - so for equally typeable expressions

3 This document is a revised version of an earlier version originally published on the web in April 2013.
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$1, 82, and thus this is a valid transfer, however, some equivalences may be lost. (ii) from a language L
into a sublanguage Ly, by the removal of a syntactic construction possibility. Since now all expressions
of Lgyp are also L-expressions, the desired implication s; ~j so = s1 ~+ So exactly corresponds to
conservativity of the inclusion w.r.t. equivalence. (iii) transferring the question to an isomorphic language
L.

We consider four calculi in this paper: Abramsky’s lazy lambda calculus AL and its extensions
Algeq, ALcc, ALcc seq With seq, with case and constructors, and the combination of the two extensions,
resp. We also consider variants of these calculi with monomorphic (7-superscript) and polymorphic
(a-superscript) types. We analyze whether natural embeddings between the calculi are conservative w.r.t.
contextual equivalence in the calculi.

Our results can be depicted as follows, where Yes/No indicates a conservative (non-
conservative, resp.) embedding, and Open indicates that the question is still unresolved.

AL AL ALS

No cc,5€qd No No CC,S€q  Yes No cc,seq Open
7 ~ 7 AN 7 N

Al ‘\NO Al—seq ALZC NOT AL;q AL?C NOT AL;’;q
No ™ AL 7 No Yes ~ AT 7 No Opc\n AL /N;

A common pattern is that the removal of seq makes the embeddings non-conservative.

A powerful commonly used proof technique in all the calculi under consideration is based on Howe’s
method [How89How96], which shows that contextual equivalence coincides with applicative bisimilarity
which equates expressions if they cannot be distinguished by first evaluating them, then applying their
results to arguments, and then using this experiment co-inductively. Our improvement, which is valid
since the languages are deterministic, is a so-called AP;-context lemma, which means that expressions are
equivalent iff their termination behavior is identical when applying them in all possible ways to finitely
many arbitrary arguments.

Our results are of help for equivalence reasoning in L%,,,. considering implication chains for the

justification of equivalences. The first one starts with transferring to the untyped core-language Lpcore,
then removing the syntactic construct letrec (and changing call-by-need to call-by-name), justified in
[SSSMI10JSSSM12], arriving at Alcc seq- Then our results and counterexamples for the four untyped calculi
come into play, where the conclusion is that further transfer steps appear impossible, in particular that
AL [Abr90] cannot be justified as equivalence checking calculus via this implication chain. The second
implication chain takes another potential route: the first step is monomorphising the core language, then
removing the letrec, adding Fix, and again changing the reduction strategy to call-by-name, arriving at
the calculus ALZ .., We believe that both implications of equivalence are correct, but a formal proof is
future work. Then, for the calculi AL;, ALy, AL", we got negative as well as positive results. A further
step could then be omitting the monomorphic types as well, which gives a valid implication chain from
AL to ALL, and to Alsq, but again there is no justification for AL and AL" as equivalence checking

cc,seq seq
calculi for L% Thus our results show that calculus for the transfer is AlLcc seq, and under the correctness

Hcore*
assumptions above, also AL{_ q, ALy, and Alseq. Focusing on the direct relation between the minimal
calculi compared with L%,,,., and taking into account our counterexamples in the paper, AL, and Al
are ruled out by examples s7, sg. However, it is still possible that AL or AL™ can be used as equivalence
checking calculi LY,,,. (although there are very few nontrivial equivalences there), which is strongly

related to the open problem of whether there exist Bohm-like trees for AL (see Problem 18 in [TLC10]).

Related Work. Our approach follows the general setup laid out e.g. in [Fel9IISSNSS08| which consider
the questions of relative expressivity between programming languages. , and define the notions such
as conservativity of extensions, and adequacy and full-abstraction of translations from one language
into another one. However, [Fel91] uses a notion of a conservative extension different from what we
use throughout the paper: We require that all equivalences of the smaller language also hold in the
extended language, while the notion of [Fel91] only requires that convergence of expressions of the smaller
language coincides with convergence in the extended language. In difference to [Fel91], we use applicative
bisimilarity and the AP;-context lemma as a proof technique, and explore different calculi extensions. The
closest work to ours is [RS94] that shows, in particular, that the extension of a monomorphically typed
PCF with sum and product types and with Girard/Reynolds polymorphic types is conservative. They also
show that extending PCF with a “convergence tester” by second-order polymorphic types is conservative.
However, they do not (dis-)prove conservativity of adding the convergence tester to PCF and also do not
consider an untyped case, or the pure lambda calculus. Moreover, the PCF has built-in integers with
simple operations and a built-in test for 0. We do not know if these features themselves are a conservative
extension of Abramsky’s lazy lambda calculus.
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Adding seq to call-by-need/call-by-name functional languages is investigated in several papers
(e.g. [Fel91/HHTOIIVOG]). For the lazy lambda calculus and its extension by seq an example in [Fel9]1]
can be adapted to show non-conservativity (see Theorem . It is well-known that in full Haskell seq
makes a difference: The usual free theorems [Wad89] break under the addition of seq [JV06], and the
monad laws do not hold for the I0-monad if the first argument of seq is allowed to be of an I0-type
[SSS11]. [SSSM12JSSSS08| provide a counterexample showing non-conservativity of adding seq to the lazy
lambda calculus with data-constructors and case expressions. However several questions remained open,
e.g. whether the extension by seq in typed variants of the lazy lambda calculus is conservative.

Research on calculi extensions with case and constructors also including studies of untyped calculi is
[AMRO6IdV89ISte06]. In [AMROG6] the addition of case and constructors to a basic calculus is explored.
However, that calculus significantly differs from our ones in several points, e.g. it permits full n-reduction.
[dV89] and [Stg06] study an extension of a lambda calculus with surjective pairs. However, these works
are incomparable to our approach since they use an axiomatic approach to equality instead of a rewriting
and observational one.

Structure of the paper. In Sect.[2] we introduce a common notion for program calculi together with the
notion of contextual equivalence. In Sect. [3] we briefly introduce the lazy lambda calculus AL and its three
extensions Alcc, ALseq, ALcc seq- Conservativity of embeddings between the untyped calculi is refuted in
Sect.[d] In Sect.[5]the monomorphically typed variants of the calculi are investigated. Counter-examples are
provided for the addition of seq, and conservativity is proven for the extensions by case and constructors.
Sect. [6] presents the analysis of polymorphically typed calculi. We conclude in Sect.[7] For readability
some proofs are in a technical appendix.

2 Preliminaries

We define our notion of a program calculus in an abstract way:

Definition 2.1. A typed deterministic program calculus (TDPC) is a tuple (£,C,—p, A, T) where £
is the (nonempty) set of expressions, such that every s € € has a type T € T. We write Er for the
expressions of type T, and assume Er # (. We also assume that £ can be divided into closed and open
expressions, where £ denotes the set of closed expressions. We use s,t,r,a,b,d to denote expressions and
z,y, z,u to denote variables. C is the set of contexts, such that every C € C is a function C : Ep — Ep
where T, T" € T. With Cp . we denote the contexts that are functions from Er to Ep. We assume that
C contains the identity function for every type T € T, and that C is closed under composition, i.e. iff
Cy € Cr,1y, and Cy € Cry 1, then also (C1 0 C2) € Cry 1. We denote the application of contexts C to
an expression s € £ by C[s]. The standard reduction relation —p C (€ x &) must be: (i) deterministic:
$1 —p S2 and s1 —p S3 implies so = s3, where = is syntactical equivalence (which usually also identifies
a-equivalent expressions); (ii) type preserving: s1 —p So implies that s1 and sy are of the same type; (iii)
closedness-preserving: if sy is closed and s1 —p s2, then s is closed. The set A C & are the answers of
the calculus, which are usually irreducible values or specific kinds of normal forms. We use v to range
over answers.

An untyped calculus can also be presented as a typed one, by adding a single type called “expression”.
However, we simply write (£,C,—p,A) for such a calculus.

We denote the transitive-reflexive closure of —p by 5 D, and 2y p with n € Ny means n reductions.
We define the notions of convergence, contextual approximation, and contextual equivalence in a general
way. Expressions are contextually equal if they have the same termination behavior in any surrounding
context. This makes contextual equivalence a strong equality, since the contexts of the language have
a high discrimination power. For instance, it is not necessary to add additional tests, such as checking
whether evaluation of both expressions terminates with the same values, since different values can be
distinguished by contexts.

Definition 2.2. Let D = (£,C,—, A, T) be a TDPC. An expression s € £ converges if there exists v € A

such that s = p v. We then write sl v, or just s, if the value v is not of interest. If sl does not
hold, then we say s diverges and write s{tp. Contextual preorder <p and contextual equivalence ~p are
defined by:

For s1,s9 € Ep: s1<p se iff VI" € T,C € Crp : Clsillp = C[s2)lp
For sy,80 € Er: 81 ~p sy iff s1 <p 82 and s3 <p $1

A program transformation £ is a binary relation on D-expressions, such that for all s1 £ so the expressions
s1 and s are of the same type. £ is correct if for all expressions s1 £ so the equivalence s; ~p sy holds.
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B)  ((Az.s) t)
(seq) (sequt) 3 . o
(case) caser; (cx;; s) (p1=>t1)...((cx;5 Y)=>t5) .- (Pix;| ~>tiK,1)) = L[S/ Y]
(fix) (Fixs) — s (Fix s)

s[t/x]

—
— t if v is an answer
K’V

Fig. 1. Call-by-name reduction rules

By straightforward arguments one can prove that contextual preorder is a precongruence, and contextual
equivalence is a congruence.

Definition 2.3. Let D = (£,C,—p, A, T) and D' = (£',C',—p, A, T') be TDPCs. A translation
¢ : D — D' consists of mappings ¢ : € — &', (:C — (', such that ( maps the identity function C to the
identity function in C', and ((s) is closed iff s is closed.

— ( 1is convergence equivalent (ce) if slp <= ((s)dp: for alls € &.

— ( 14s compositional up to observation (cuo), if for all C € C and all s € £ such that C|s] is typed:
C(ClsDipr iff CO)C($)pr-

— ( 1is observationally correct (oc) if it is (ce) and (cuo).

— ( is adequate if for all expressions s,t: ((s) <p ((t) = s <pt.

— ( s fully abstract if for all expressions s,t: ((s) <p/ ((t) <= s<pt.

— ( is an isomorphism if ¢ is fully abstract and acts as a bijection on the equivalence classes from E/ ~p
to 5// ~pD’.

We say D' is an extension of D iff T C T', Er C & for any type T € T, Crrr C C'rpr for all types
T,T'eT, A=A NE and -p C —p s.t. for all ey € € with e; —pr ex always ex € € (and thus
e1 —=p ez). Giwen D and an extension D', the natural embedding of D into D’ is the identity translation
of Er into & and Cpp into C'p i for all types T, T' € T. A natural embedding is conservative iff it is a
fully abstract translation.

Note that a natural embedding is always convergence equivalent and compositional, which implies that it
is always adequate (see [SSNSSO08|).

3 Untyped Lazy Lambda Calculi and Their Properties

In this section we briefly introduce four variants of the lazy lambda calculus [Abr90] as instances of untyped
TDPCs: the pure calculus AL, its extension by seq, called ALy, its extension by data constructors and
case, called AL, and finally its extension by seq as well as data constructors and case, called Alcc seq-

Definition 3.1 (Lazy Lambda Calculus AL). AL is the (untyped) lazy lambda calculus [Abr9d]. We
define the components of AL according to Definition |2.1].

Ezpressions £ are the set of expressions of the usual (untyped) lambda calculus, defined by the grammar
r,s,t € LaL =z | (s t) | A\x.s. We identify a-equivalent expressions as syntactically equal according
to Definition . The only reduction rule is B-reduction (see Fig. . An AlL-context is defined as an
expression in which one subexpression is replaced by the context hole []. AL-reduction contexts R are defined
by the grammar R := [-] | (R s), and the standard reduction in the sense of Definition[2.1) is the normal
order reduction —aL which applies beta-reduction in a reduction context, i.e. R[(Ax.s) t] —aL R[s[t/x]].
The answers A are all (also open) abstractions, which are also called weak head normal forms (WHNF).

Definition 3.2 (Alseq). Alseq is the lazy lambda calculus extended by seq, i.e. expressions are defined
by r,s,t € LaL,, »=x | (st) | Ar.s | seq s t. Answers are all abstractions (WHNF's). Alseq-reduction
contexts R are defined by the grammar R := [] | (R s) | seq R t, and a normal order reduction is

R[s| —aL., R[t], whenever s Dotors 24 ¢ (see Fig. |1).

seq

Definition 3.3 (ALc). AL extends AL by case and data constructors. There is a finite nonempty set of
type constructors Ky, ..., K,, where for every K; there are pairwise disjoint finite nonempty sets of data
constructors {ck, 1, .- Ck, |k, }- Bvery constructor has a fized arity (a non-negative integer) denoted by
ar(K;) or ar(ck,,j), resp. Examples are a type constructor Bool (of arity 0) with data constructors True and
False (both of arity 0), as well as lists with a type constructor List (of arity 1) and data constructors Nil (of

arity 0) and Cons (of arity 2). For the constructor application (cr, j 81 - - - Sar(cx, ;))s We use (Cr, ?) as an
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abbreviation, and write t[?/?c)] for the parallel substitution t[s1/T1,. .., Sar(ck, ;)/Tar(cx, |- The grammar
— — Y v —
r,s,t € La, n=x | (st) | Axs | (ck,; s) | (casek, s (cx,1 © =>841) ... (Ck, |k, T =>5iK,]))
defines expressions of AL... Note that constructor applications are allowed only to occur fully saturated.
Note also that there are case expressions for every type constructor K; and that in a case expression for type
constructor K; there must be exactly one case-alternative for every constructor belonging to type constructor
K;. We use an abbreviation casek s alts if the alternatives of the case do not matter. The AL.-reduction
contexts R are defined as R := [ i(R s) | casek, R alts. A normal order reduction is R[s] —aL. RI[t],

where s 25 t or s <259 ¢ (see Fig. |1}, where p; mean patterns (ci, 7) in case-expressions). Answers in
Al are Az.s and (ck, s ), also called WHNFs.

Note that in AL, there are closed stuck terms which are normal-order irreducible, but not WH-
NFs. Such expressions are “ill-typed”, i.e. they are of the form R[(cKj,k?) t], R[casek, Az.s alts],

or Rlcaseg, cKj,k? alts], where K; # K.
Definition 3.4 (Alccseq). The calculus Al seq combines the syntar and reduction rules of Alseq and

ALcc with the obvious notion of normal order reduction —aL.. .., applying (B), (seq), and (case) (see Fig.
in reduction contexts.

We will write Az, xs,...,x,.t instead of A\z1.\xs. ... Azx,.t. We use the following abbreviations for
specific closed lambda expressions:
id = \z.x w = Az.(z x) 2 =(ww)
Y =M. ((z.f (z 2) Qa.f (z 2))) T=(Y (Az,y.x))

It is not too hard to show that all closed diverging expressions are contextually equal. Thus we will use
the symbol L to denote a representative of the equivalence class of closed diverging expressions, e.g. one
such expression is {2.

Remark 3.5. Note that contextual equivalence in all our calculi always distinguishes different values. For
instance, different constructors can always be distinguished by choosing case-expressions as contexts such
that one constructor is mapped to a value while the other one is mapped to {2. Different abstractions are
distinguished by applying them to arguments. Different variables x,y are always contextually different:
The context C := (Az,y.[-]) id 2 distinguishes them, since C[z] converges, while Cly| diverges.

We now show correctness of program transformations. The simplifications for the calculi
Alseq, Alce, AL seq are defined in Fig. [2] s.t. each simplification is defined in all calculi where the constructs
exist. In the appendix (Theorem and Lemma [B.3]) we show:

Theorem 3.6. For D € {AL7ALseq7ALCC, ALcc’seq} the reductions of the corresponding calculus (Fig.
and the simplifications (Fig. @) are correct program transformations, regardless of the context they are
applied in.

Contextual equivalence of open expressions can be proven by closing them using additional lambda

binders.

Lemma 3.7. For D € {AL,AlLsq, ALcc,ALccseqt and D-expressions s,t with FV(s) U FV(t) C
{z1,...,xn}: s ~pt < Ar1,...,24n.8 ~p AT1,...,Tn.t.

Proof. The proof is given in the appendix, Lemma [B.2]).

Correctness of S-reduction implies that a restricted use of n-expansion is correct:

Proposition 3.8. For every D € {AL, AlLseq, ALcc, ALccseq} the transformation n is correct for all ab-
stractions, i.e. s ~p Az.s z, if s is an abstraction.

Definition 3.9. We use B as an abbreviation for a “bot-alternative” of the k' data constructor of
type constructor K, i.e. B’ := (¢k,. .k z-> 1). Let v be any closed abstraction (for AL, Alseq) or be any

closed abstraction or constructor application (ck,, ; ?) (for in Alcc, Alcc seq ), respectively.
Approximation contexts AP; (i € No) are defined for AL, Alseq, ALcc, ALcc seq as follows:
For AL, Alseq: APy =[] AP,y == (AP, v) | (AP, 1)
For ALCC, ALcc,seq-' APO = [] APi+1 o= (APZ ’U) | (AP1 J_)
| casex,, AP; BY*... B, (ck,, ;& =>x) By ... BJ
| casek, AP, B"...B™, (

n

5
CK,,j T —>True) B\, ... B
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(caseapp) ((casex to (p1=>t1)...(pn—=>tn)) T)
— (casex to (p1=>({t1 7)) ... (pn=>(tn 1))
(casecase) (casek (casegs to (p1=>t1)...(Pn=>tn)) (@1 ->71)...(Gm =>7Tm))
— (casegs to (p1->(casex t1 (g1 =>71) ... (gm =>7Tm)))

(pn => (casex tn(q1=>71) ... (gm =>Tm))))
(seqseq) (seq (seq s1 s2) s3) — (seq s1 (seq s2 s3))
(seqapp)  ((seq s1 s2) s3) — (seq s1 (s2 s3))
(seqcase)  (seq (casek to (p1=>t1)...(pn—>tn)) T)
— (casek to (p1->(seq t1 7)) ...(pn—>(seq ty 1)))
(caseseq) (casex (seq s1 s2) alts) — (seq s1 (casex s2 alts))

Fig. 2. case- and seg-simplifications

st =Azx (Ayx T Ly T sgr=Az.x (zT L1L)T
t1(s) :== Az.xz (z s) ta(s) = Az.x Az.x s 2
where s is an expression with FV(s) C {z}
s = Az,y.z (y (y (z id))) s4 = Az, y.x (y Az.y (zid) z)
55 =My (2 9) (@ (09)  s6i= Any(z (@ ) (2 Aes y 2))
$7 1= Ax.casepoo (x L) (True ->True) (False-> 1)
S8 i= Aw.casepoo (T Ay.Ll) (True ->True) (False-> 1)

Fig. 3. The untyped counterexample expressions

The following result known as a context lemma is proven in the appendix (Theorem .

Theorem 3.10 (AP;-Context-Lemma). For D € {AL, ALgeq, ALcc, ALcc seq} and closed D-expressions
s,t holds:
s <p t iff for all i and all approzimation contexts AP;: AP;[s|lp = APR;[tllp

We provide a criterion to prove contextual equivalence of expressions, which is used in later sections. Its
proof can be found in the appendix (Theorem |B.11]).

Theorem 3.11. For D € {AL, Alseq, Alcc, ALccseq} closed D-expressions s and t are contextually equiva-
lent if there exists i € Ny such that

1. AP;[s|lp <= APj[tllp for all 0 < j < i and all AP;j-contexts.
2. AP;[s] ~p AP;[t] for all AP;-contexts.

For all four calculi applicative contexts are defined by A ::=[-] | (A s). The following proposition allows
systematic case-distinctions for expressions (the proof can be found in the appendix, Proposition [B.5]).

Proposition 3.12. Let D € {AL, Alseq, Alcc, Alccseq}. For every D-expression s one of the following
equations holds: 1. s ~p 1; 2. s ~p v where v is an answer; 3. s ~p Alx] where x is a free variable
and A is an applicative D-context; 4. s ~p seq Alz] t' where x is a free variable and A is an applicative
D-context, for D € {AlLseq, ALccseq}; 07 5. s ~p caseg Alx] alts where x is a free variable and A is an
applicative D-context, for D € {ALcc, ALcc seq}-

4 Relations between the Untyped Calculi

This section shows the non-conservativity of embeddings of the four untyped lazy calculi. These negative
results show that the syntactically less expressive calculi are not sufficiently expressive and are thus
unstable under extensions. Expressions used in our counterexamples are defined in Fig. [3] We also prove
equations necessary for the examples:

Lemma 4.1. For all expressions s: T ~aL Ax. T and T s~aL T.

Proof. T s ~a. T follows from correctness of [ (Theorem , since T s 2%
Az Az.( Az Az (z ) Az z.(z x)) & T For T ~aAL Az. T we use Theorem (fori=1): Tlp, A\x.Tp,

and (A\z.T) r 5T p (T r) for any r.
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Theorem 4.2. The following equalities hold for the expressions in Fig. @ 1. If s[id/xz] #aL L then
tl(S) ~AL tQ(S) . 2 S1 ~YAL S2- 3 83 ~YAL S4. 4 S5 NALseq S6. 5 S7 ~Alcc Ss.

Proof. 1. We use Theorem[3.11] (for i = 1). For the empty context we have t1(s)|a and t2(s)da, . Now we
consider the case (t1 b) and (to b) where b is a closed abstraction or L. We make a case distinction on
the argument b according to Proposition[3.13 By easy computations (t1 b) ~aL (t2 b) ifb= 1, b= Az.L,
or b = Ax1.Axae.t. Forb:= Ax.x, two B-reductions show that t1 Ax.x ~aL slid/x], and that to A\x.x ~aL
Az.slid/xz] z. Since slid/x] #aL L, it is equivalent to an abstraction, and Proposition shows
conteztual equivalence of the two expressions. Now let b := Au.u ty ... t, withn > 1. If (b s[b/x]) #aL
L, then there exists a closed abstraction Aw.s' such that (Mw.s") ~aL (b s[b/x]). By Proposition[3.8 we
can transform: (t1 b) ~aL b (b s[b/x]) ~aL b Aw.s" ~aL b Az.(Aw.s") z ~aL b Az.(b s[b/x] z) ~aL t2 b.
In the case (b s[b/x]) ~aL L, evaluation of (Au.w t1...t,) L and (Auw ty...t,) (A\y.L) results in L.

2. We use Theorem[3.11] (for i = 1). Since s1la. and sala , we only consider the cases (sy b) and (s2 b)
where b is a closed abstraction or L. We use Proposition[3.19 for a case distinction on b. It is easy to
verify that s1 b ~aL s2 b forb=1,b=Xz.L, and b= Az.z. Forb:= Az.(z u1...u,) wheren > 1,
we have (s1 b) ~aLb (Ay.T) T and (s2 b) ~aL b T T, and by Lemmal[{-1] also (s1 b) ~aL (s2 b).

3. We use Theorem [3.11) (for i = 2). Since sjla and (s; b)la. for j = 3,4 we need to consider
the cases (s3 b d) and (s4 b d) where b,d are closed abstractions or L. We use Proposition [3.19
for case distinction on d. If d = 1, or d = Ax.L, then s3 b d ~aL s4 b d. If d := Az.x, then
item |1| shows that Az.x (x id) ~aL Az.x Az.(x id) z. Correctness of § implies that b (b id) ~aL
b Az.(b id) z, and thus s3 b d ~aL b (b id) ~aL b Az.(b id) z ~aL 4 b d. If d := Ax1.Axa.t, then
530 d ~aL b (d Azo.t[(bid)/z1])) 5 b (d Az (Aza.t[(b id)/z1]) 2) ~aL sS4 b d, where 1 is correct
by Proposition[3.8 If d := Muuw ty ... t, withn > 1 and (d (b id)) #aL L, it is equivalent to an
abstraction, and 1) is correct, hence equivalence holds in this case. Otherwise, if (d (b id)) ~aL L, then
(b (d J_) ~AL (b (d )\LUJ_)) since (d J_) ~AL 1 ~AL (d )\{L'J_)

4. We use Them’em (for i =2). We have SjvAL., and (sj b)\LALseq for any b for j =5,6. Now we
consider the cases (s5 b d) and (s¢ b d) where b,d are closed abstractions or L. We make a case
distinction on b using Proposition[3.13 The cases b= 1, b= Az.L, and b = \u.u are easy to verify.
If b = Au,v.b' then the subexpression (b d) is contextually equivalent to \v.b'[d/u] Thus, n-expansion
for (b d) is correct which shows s5 b d ~ALq 56 b d. For the other case we distinguish whether
(b d) ~aL,, L holds. If (b d) #aL,., L then n is correct, which shows that s5 b d ~aL,, s¢ b d. If
(b d) ~aL,, L, then we have to check more cases: If b= Au.seq (u t1...) r or b= Au.seq u r, then
(b (b d)) ~aL., L, and s5 b d is equivalent to s¢ b d. If b = Au.u t1 ..., then (b (b d)) becomes L in
both expressions, which shows (s5 b d) ~aL,, L ~ALy, (56 b d).

5. We use Theorem , Since s7laL., ssdaL., and case s7 ... ~aL, L ~aL. case sg ..., it is
sufficient to show (s7 b) ~aL. (ss b) where b is a closed abstraction, a constructor application, or
1. If b= L then the equivalence holds. Otherwise, we inspect the cases of a mormal-order reduction
for by for some free variable y: If b yla_ True (or b yla False, resp.) then (b L) and (b Av.1)
also converge with True (or False, resp.), which shows that (s7 b) ~aL.. (ss b). If evaluation of by
stops with Rly] for some reduction context R, then (s7 b) evaluates to casepoo R[L] alts which is
equivalent to L, and (ss b) evaluates to casepoor R[Ax.L] alts. We consider cases of R: If R = [/]
then (sg b) ~aL. L. If R = R'[[-] r] then (ss b) evaluates to casep,o R'[L] alts which is equivalent
to L. Finally, if R = R'[casek [] alts’] then (ss b) ~aL. L. If (b y) converges with ck, j t1 .. tn
for some constructor ck, , not of type Bool then (b L) converges to ck, ; ti ... t,, and (b Az.L)

n
converges to ck, ; t ... t. However, in this case (s7 b) ~aL. L ~aL. (ss b). O

Now we obtain non-conservativity for all embeddings between the four calculi as follows:

Theorem 4.3. The natural embeddings of AL in Algeq, AL in Alccseq, AL in Alcc, Alseq i Alccseq, and
Al in Alccseq are not conservative.

Proof. AL in Alsq and AL in Al sq: The proof uses the expressions si,s2 which are adapted from
the example of [Fel91l Proposition 3.15]. Theorem |4.2] item [2| shows that s; ~aL s2. The context
C = (['] Az.seq z id) distinguishes s1, 52 in Algseq, ALccseq, since C[s1]lp while C[so]ftp for D €
{ALseq7 ALcc,seq}'
Another counterexample uses the expressions t1(s), t2(s) with s = (z ((z id) (x id))): Since s[id/x] ~aL
id, Theorem[£.2] item[I]shows t;(s) ~av t2(s). However, the context C' := ([-] Ay. seq y w) distinguishes
t1(s) and ta(s) in Alseq and Alcc seq-

AL in AL, From Theorem [2] we have s3 ~aL S4. In AL, the context C =
[] (Au.u True) (Au.casep,, u (True->False) (False->id)) distinguishes s3 and s4, since
Cls3] ~aL, True and C[sg]fia,.-
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Alseq in Alccseq: Theorem shows s5 ~aL,, 56. In Alccseq the context C' := ([] b True) with b :=

Au.casepoo u (True->False)(False->id) distinguishes s5 and sg, since C[s5] —vaL..., id, but
Cl36]MALec -

Alcc in Alccseq: A counterexample for conservativity of embedding Al into Alcseq Was given in
[SSSM12] which can be translated into the notations of this paper as follows: The equation s7 ~aL_ Ss
holds (Theorem , but for the context C := [-] Adu.seq u True we have C[ss||a_ . True while

Cls7)M AL e 0

5 Monomorphically Typed Calculi and Embeddings

We now analyze embeddings among the four calculi under monomorphic typing, and therefore we add a
monomorphic type system to the calculi. The counterexamples in Sect. [d] cannot be transferred to the
typed calculi except for the counterexample showing non-conservativity of embedding Alcc into ALcc seq-

Since AL with a monomorphic type system is the simply typed lambda calculus (which is too inexpressive
since every expression converges) we extend all the calculi by a fixpoint combinator Fix as a constant to
implement recursion, and by a constant Bot to denote a diverging expressiorﬁ The resulting calculi are
called AL™, ALZ,, ALL, AL coq-

The syntax for typesis T =0 | T — T | K(T1,...,Ts k), where o is the base type, and K is a
type constructor. The syntax for expressions is as in the base calculi, but extended by Fix as a family of
constants of all types of the form (T — T') — T, and the constant Bot as a family of constants of all types.
Variables have a built-in type, i.e. in an expression every variable is annotated with a monomorphic type,
e.g. Ax°7°%.x°7° is an identity on functions of type o — o. However, we rarely write these annotations
explicitly. The type of constructors is structured as in a polymorphic calculus: The family of constructors for
one constructor cg, has a (polymorphic) type schema of the form 7} — ... = T,, — (K; Ty ... T" () )

ar

where every type-variable of T} — ... — T, is contained in (K; T} ... T;T( Kf,))’ and every monomorphic
type of constructor ck, is an instance of this type. The types of case and seq are the monomorphic
instances of the usual polymorphic types as in Haskell. We omit the standard typing rules. However, we
write s :: T which means that s can be typed by a (monomorphic) type T. The reduction rules are in
Fig. I} and normal order reduction —p for D € {AL", AL, AL{ , ALl .o} applies the reduction rules in
reduction contexts (defined as before). It is easy to verify that normal order reduction is deterministic,
type-, and closedness-preserving. The following progress lemma holds: for every closed expression ¢, either
t 5p to, where ty is a value, or ¢t has an infinite reduction sequence, or ¢ 50 R[Bot], where R is a
reduction context. In particular, the typing implies that case-expressions (casex (c ...) alts) are always
reducible by a case-reduction.

Answers are defined as abstractions, constructor applications, and the constant Fix. Contextual
equivalence ~p is defined according to Definition [2.2

We also reuse the approximation contexts, but restrict them to well-typed contexts. The AP;-context
lemma (Theorem also holds for the typed calculi, where only equally typed expressions and well-typed
contexts are taken into account.

Theorem 5.1. For D € {AL", AL, AL, AL oo} and closed, equally typed D-expressions s,t holds:

s <p t iff for all i and all approximation contexts AP;, such that AP;[s] and AP;[t] are well-typed:
APi[sl]lp = APi[t]lp.

To lift the correctness results for program transformations into the typed calculi, we define a translation

J.

Definition 5.2. Let § : AL” — Al seq be the translation of an AL .. -expression that first removes

cc,seq cc,seq
all types and then leaves all syntactical constructs as they are except for the cases 6(Bot) := 2 and

0(Fix) .= A f.(Az.f (z x)) (Ax.f (z x)).

In the appendix (Corollary [C.5)) we prove adequacy of d, which implies that reduction rules and simplifica-
tions are correct program transformations in the typed calculi (Lemma |C.10]).

T

Proposition 5.3. For equally typed Al qeq
The same holds for AL, ALL,,, and AL]. w.r.t. their untyped variants.

seq”’

-expressions s,t it holds: 6(s) ~AL. ., 0(t) implies s ~aLz 1.

c,seq

Theorem 5.4. All reduction rules and simplifications in Figs.[1,[3, and[4 are correct program transfor-
mations i ALT ALY AL _, and AL]

ccr seq’ cc,seq *

4 Bot can also be encoded using Fix, but for convenient representation we include the constant.
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(botapp) (Bot s) — Bot (botseq) (seq Bot s) — Bot
(botcase) (casex Bot alts) — Bot

Fig. 4. The bot-simplifications

We now show non-conservativity of embedding AL™ in AL, as well as of AL{. in AL[ ., i.e. the
addition of seq is not conservative. For the other embeddings, AL™ in AL]. and /—\LSTeq in ALZ geq, We show

conservativity. This is consistent with typability: the counterexample for AL in AL, requires an untyped
context, and the counterexample for Alsq in Alccseq has a self-application of an expression, which is
nontypable.

5.1 Adding Seq is Not Conservative

We consider calculi AL™ and ALz,.
There is only one equivalence class w.r.t. contextual equivalence for closed expressions of type o: it is
Bot? :: 0. For type o — o, there are only two equivalence classes with representatives Bot®° and Az°.Bot°.
Note that the expression Ax°.x° is equivalent to Az°.Bot?, since there are no values of type o.
Our counterexample to conservativity are the following expressions sg, s19 of type ((0 — 0) = (0 —

0) = (0—0)) = (0—=0)—(0—0)— (0—0)—(0—0):

so =M,z y,2.f (fzy) (fy2) s10 = Ay, y,2.f (f o @) (f 2 2)

Theorem 5.5. The embedding of AL™ into AL, and into AL is not conservative

seq cc,seq

Proof. We use Theorem [3.11| (with ¢ = 1) which also holds in the typed calculi (Theorem and show
89 ~AL™ S10. Since Sglar and s10daLr, we need to show s§ := (89 b) ~aL™ S} := (810 b), where b is a closed
expression of type (0 — 0) — (0 — 0) = (0 — 0). We check the different cases for b. Due to its type b must
be equivalent to one of Bot, Aw.Bot, Au, w.Bot, Awi, ws, ws.Bot, Az, y.x, and Az, y.y. For the first three
cases it holds: sy ~aL~ Az,y, z.Bot ~arr sig. If b = Awy, we, ws.Bot then s§ ~aLr Az, y, z, ws.Bot ~aL~
sho- I b = Ax,y.x then s§ ~aL- Ax,y, 2.2 ~aLr sip- If b = Ax,y.y then s§ ~aLr Az,y,2.2 ~aLr S)p-
Nonconservativity now follows from the context C' = (-] (Az,y.seq = y) (Ax.Bot) Bot (Axz.Bot)): The
expressions Clsg], C’[sm] are typable in AL, ALl s and C[sg] ~p Bot, but C[sio] ~p (Az.Bot) for
D e {ALL, AL

seq? cc,seq

We reuse the counterexample in the untyped case represented by expressions s; and sg, where | is
replaced by Bot. The example becomes

$11 := Ax.casepyo (v Bot) (True ->True) (False ->Bot)
S12 := Azx.casepyo (z (Ay.Bot)) (True ->True) (False ->Bot)

where s11, s12 are typed as ((T' — Bool) — Bool) for any type T. The two expressions are equivalent in
ALZ.: They are typed, and §(s11) ~aL. 6(s12) (see Theorem [£.2] item [5)). Thus Proposition [5.3)is applicable.
However, s11 #aLr _ S12, since s1o b evaluates to True, while s1; b diverges, where b = Au.seq u True.

cc,seq

Theorem 5.6. The embedding of AL, into AL is not conservative.

cc,seq

5.2 Adding Case and Constructors is Conservative

We show that adding case and constructors to the monomorphically typed calculi is conservative. We give
a detailed proof for embedding AL, into ALZ ... The proof for embedding AL™ into AL is analogous by
omitting unnecessary cases. We show that for AL,,-expressions s,t the embedding is fully abstract, i.e.
s <az, t <= s <aiz, t The hard part is s <Aqu t = s<a, t Lemmal’%ﬂholds in the typed
calculi as well, and thus it suffices to consider closed s,t. The AP;-context lemma {Theorem can be
used, where the arguments are closed.

The main argument concerns the following situation: There are closed equally typed ALSeq -expressions
s,t, such that s <A|_f t, but we assume that s <a.r - t does not hold. Since s,t must have a type
without constructed types and since the AP;-context lemma holds, there is an n > 0, and v;,t =1,...,n,

that are Bot or ALl ,q-values, and where all v; are of an AL -type, such that s vi...vndair ? but

tor... U”ﬂALZC,seq' The goal is to show that there are AL -expressions v] that are Bot or AL -values,

such that s v} ... v, la -, and t v} ... v/, fa - which refutes s <aLz_t and thus leads to a contradiction. It
seq seq seq
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is sufficient to show that for every ALl ..,
o', with o' <aiz v, such that Clv'[a-

cc,seq

-value v and context C' with C[v]]s - , there is an AL -value
&evsea

In order to construct the proof we define simplification transformations in our monomorphically typed
calculi, whenever the appropriate constructs exist in the calculus.

Definition 5.7. The simplification rules (caseapp), (casecase), (seqseq), (seqapp), (seqcase), (caseseq),
(botapp), (botcase), and (botseq) are defined in Figs. @ and |{}, where we use the typed variants. For

D € {ALL goq, AL} let L2, denote the reduction using normal order reductions and simplification rules

. . . . . Dz %
in a reduction context, where in case of a conflict the topmost redex is reduced. If s —— v for some
D-answer v, then we denote this as slp,.

Let 279, denote the reduction in any context by (B), (case), (seq), and (fix).

The simplifications are correct in the calculi under consideration (Lemma [C.10) and they do not change
the normal order reduction length (Lemma [D.4):

Lemma 5.8. In the calculi ALY, and AL . : The simplification rules preserve the length of (converging)

cc,seq *
normal order reductions, i.e. let d be a simplification rule and D € {ALL, AL{ q}: if 5 Ly s then s S p v,
where v is a D-WHNF, if and only if s' “sp v', where v’ is a D-WHNF.

Lemma 5.9. For D € {AL ALl } we have p = 1p,-

cc,seq? c

Proof. Since the simplification rules are correct in ALZ ..., ALl 8] p, implies that s| . Now assume

that s|p. We use induction on the number of (), (case), (seq), (fix)-reductions of s to a WHNF. If s
is a WHNF, then it is irreducible w.r.t. L2, If s has a normal order reduction of length n > 0 to a
WHNF, then consider a Dz, reduction sequence s M So, where sg is a D-WHNF. Lemma and
termination of the simplifications (Lemm show that there are s’,s”, such that s Do o —p s,

where s 2% &' consists only of simplification rules. Lemma shows that the normal order reduction
length of s’ to a WHNF is smaller than n. Now we can apply the induction hypothesis.

Definition 5.10. The following approzimation procedure computes for every D-expression t (for
D € {ALl seq:ALi}) and every depth i an approvimating expression approx(t,i) <p t. First a pre-
approzimation is computed where preapproz(t,0) := Bot. If there is an infinite D2y reduction sequence
starting with t, then preapprox(t,i) := Bot for all for i > 0. Otherwise, let t Lo 4 where ' is irreducible

for Dy Let M be the multicontext derived from t' where every subexpression at depth one is a hole, such
that-t’ =M(t1,...,ty), and t;, for 1 < j <k, are subcixpressions at depth 1. Let t’; = preapprox(tj,i — 1)
for j=1,....k, and define the result as preapprox(t,i) := M(t},...,t}).

Finally, approx(t,i) is computed from preapproz(t,i) by computing its normal form under the bot-
simplifications in Fig. [}

E.g. for t = seq (seq z id) id first ¢ Loz, (seq z (seq id id)). Replacing the subexpressions at
depth 1 by Bot results in preapproz(t,1) = (seq Bot Bot) which reduces to approz(t,1) = Bot. Similarly,
preapprox(t,2) = approx(t,2) = (seq x Az.Bot).

Lemma 5.11. For D € {AL], ALl } . approx(t,i) <pt.

cc,seq?

Proof. By Lemma[5.9] since all reductions are correct, and since cutting by Bot makes expressions smaller
w.r.t. §D~

We show a variant of the so-called subterm property for approximations:

Lemma 5.12. The approzimations approz(t,i) are of the same type as t and irreducible w.r.t. the

. . . besfC . . . . N .
simplification rules and besiC, irreducible. If t is an ALngeq—expresszon of ALSTeq -type, then approz(t,i) is

an Al g, -expression. If t is an AL -ezpression of AL -type, then approz(t,i) is an AL"-expression.
Proof. The expressions approz(t,i) have the same type as t. Only bot-simplifications may be possible,
and these can only enable other bot-simplifications and thus, every approz(t,i) is irreducible w.r.t. the

simplification rules. It remains to show that a := approz(t, i) must be an AL,,,-expression (AL"-expression,
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resp.). W.l.o.g. we consider the case with seqg-expressions. It is sufficient to use the facts that approz(t, )

.. . L . besfC
is irreducible w.r.t. the simplification rules and i>,and of AL -type.
Suppose that there is a subexpression in a = approz(t, i) of non-ALL_-type. We select the subexpressions

seq
of non-AL._-type that are not contained in another subexpression of non—/—\LSTeq—type; let s denote the

Se
one of a maicimal non—AL;'eq—type among these subexpressions. Since a is closed, we obtain that s cannot
be a variable, since then either there is a superterm of s that is an abstraction of non-ALg-type, or a
case-expression of non—ALsTeq—type. Since a is of ALSTeq—type, and s is maximal, there must be an immediate
superterm s’ of s which is of AL -type. We look for the structure of s’. Due to the maximality conditions,
s’ cannot be an abstraction, an application of the form (s¢ s), a constructor application, a seq-expression
of the form (seq sg s), or a case-alternative, since then it would also have a non-AL,,-type. It may be an
application (s s2), a seq-expression (seq s $3), or a case expression case s alts.

First assume that s’ is an application, then let sg be the leftmost and topmost non-application in s, i.e.
s'=(sopr1...mn),and s = (sg 1 ...7p—1), n > 1, where sg is not an application. The expression so must
be of non—ALsTeq—type. Then sg cannot be Bot, an abstraction, Fix, a case-expression, or a seg-expression,
since otherwise the subterm sy r; would be reducible by (botapp), (), (fix), (caseapp), or (seqapp). sg
cannot be a constructor application either, due to types. Hence s’ is not an application.

If &’ is a case expression caseg s alts, then s cannot be Bot, a case-expression, a seg-expression,
or a constructor-application, since otherwise s would be reducible by (botcase), (casecase), (case), or
(caseseq). Due to typing s cannot be an abstraction or Fix, and finally s’ cannot be an application using
the arguments above. Hence s’ is not a case-expression.

If s’ is a seg-expression seq s sz, then s cannot be Bot, an abstraction, Fix, a constructor application,
a case-expression, or a seg-expression, since then s’ would be reducible by (botseq), (seq), (seqcase), or
(segseq). s cannot be an application either, as argued above. Hence s’ cannot be seg-expression.

In summary, such a subexpression does not exist, i.e. approx(t,i) is an AL -expression.

In the following we use s|, for the subterm of s at position p, and s[-], for the expression s where the
subterm at position p is replaced by a context hole.

Definition 5.13. For an ALl .q-expression (AL;.-expression, resp.) s, a position p, and a subexpression
s’ such that s|, = s’ the non-R-depth of s" at p is the number of prefizes p’ of p s.t. s[-],y is not a reduction

context.

Lemma 5.14. For D € {AL{ q,ALc}, a D-expression t, a D-context C' with C[t|{ there is some i

and an approzimation approx(t,i) with Clapprox(t,i)])p-

Proof. Let C[t] = p to, where tq is a D-WHNF. Then compute ¢’ := approz(t,n + 1). The construction
of approx(t,n + 1) includes (B)-, (case)-, (seq)- and (fix)-reductions and simplification rules. Let A be

sfCUA,
the set of all the simplification rules. We have C[t] Lesl LA o [t"], where ¢’ is t" with subexpressions
replaced by Bot. Since reductions and simplifications are correct, we have C[t"]|, and in particular, the
number of normal order reductions of C[t”] to a D-WHNF is n’ < n (proven in the appendix, Lemmas

D1 and [03).

The normal order reduction for C[t'] makes the same reduction steps as the normal order reduction
of C[t"] since the Bot-expressions placed by the approximation are in the beginning at the non-R-depth
n + 1, and remain at non-R-depth > n + 1 — j after 7 normal order reductions. Finally, they will be at
non-R-depth of at least 1, hence the final D-WHNF may have Bots only at non-R-depth of at least 1, and
so it is a WHNF. Thus C|approz(t,n)]) p.

Theorem 5.15. The embeddings of AL™ in AL, and of ALL, in AL are conservative.

seq cc,seq
Proof. We prove this for the embedding of AL, in AL[. ., The other case is similar. Let s, be AL,,-
expressions with s <aLr 1. We have to show that s <ai- o b Assume this is false. Since the AP;-context
lemma holds (Theorem 5.1) the assumption implies that there is an n > 0 and closed ALl . -expressions

cc,seq

bi, ..., b, of ALl -type which are answers or Bot, such that (s b1...b,)laL~ - but (¢ by...bp)aLr

Seq cc,seq :
According to Lemma we have successively constructed the approximations b of b; of a depth
depending on the length of the normal order reduction of (s by ...b,), such that (s b} ...b))la - but

cc,seq

(t ) ... )ta- , also using Lemma Lemma shows that the approximations are in the smaller
-

calculus AL, and thus also (s b ... bn)iAL;q but (¢ 0] ... b;)ﬂAL;q, which contradicts s <ai7, t.

seq?
The same reasoning can be used to show the following result (of practical interest) for D €
{AL], ALl .. }: Assume that the set of type and data constructors is a fixed set in D, and that D’

cc,seq
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is an extension of D such that only new type and data constructors are added. Then D’ is a conservative
extension of D, since we can use the approximation technique from this section to approximate D’-values
by D-values and then apply the AP;-context lemma.

6 Polymorphically Typed Calculi

We consider polymorphically typed variants AL®, ALg,, ALc., ALc oo Of the four calculi. We will show

Seq7 cC? CC,Se
non-conservativity of embedding AL® in ALS, and ALZ in ALS but leave open the question of

sel cc,seq?
(non-)conservativity of embedding AL* in ALZ. imd ALsaeq in ALcac,seq' K
The expression syntax is the untyped one. The syntax for polymorphic types T is T :=:=V | T —
Ty | (KTy.. .TM( k)) where V' is a type variable. The constructors have predefined Hindley-Milner poly-
morphic types according to the usual standards. Only expressions that are Hindley-Milner polymorphically
typed are permitted. Normal order reduction is defined only on monomorphic type-instances of expressions,
which is a deviation from Definition 11
Definition 6.1. For D € {AL%, ALg,, ALS, ALS oy} and for s,t € D of equal polymorphic type: s <p t
iff p(s) <pr p(t) for all monomorphic type instantiations p, where D' is the corresponding monomorphically
typed calculus. Contextual equivalence is defined by s ~p t iff s <p t Nt <p s.

Since s11, s12 (Sect. [5.1)) are of polymorphic type (¢ — Bool) — Bool, the same arguments as for the
proof of Theorem can be applied, hence:

Theorem 6.2. The natural embedding of ALg. into Al i is not conservative.

We observe that encoding cases and constructors in sy, S12 in Subsection does not produce a
counterexample:

s11 = Az.z Bot id
sho = Az.x (Ay.Bot) id

These two expressions are not equivalent in AL®, since application to Au, v.u extract the first argument,
and thus the expressions behave differently.

A successful example is the following. Let s13, s14 of the polymorphic type (@ = o) = (@ = a) = (o —
a)) = (@ = @)) be defined as:  s13 := Az.x id (x Bot id) and $14 := Az.x id (z (\y.Bot) id).

Lemma 6.3. For AL -expressions t = M [Bot,...,Bot], ¢’ = M[Az.Bot,..., Az.Bot], and tta -, t'da - it
holds that M[x1,. .., 2] ZaLr x; for some i.

Proof. This follows by observing a normal order reduction of ¢,¢ and comparing the first use of Bot, or
Az.Bot, respectively. There must be a use of this argument, since otherwise the observations are identical.
If it is ever used in a function position in a beta-reduction, then both expressions diverge. Hence, the only
possibility is that they are returned.

Theorem 6.4. The embedding of AL into ALy, is not conservative. The embedding of AL™ into ALg o,
is also not conservative.

Proof. Since (p(s13) (Au,v.seq u v))ftaL~, but (p(s14) (Au,v.seq u v)){a- for p = {& — o}, we have
S13 76AL;‘;, s14 as well as sq3 ’/’A'—?c,seq s14. It remains to show that s15 ~aL~ s14 holds, i.e. that p(s13) ~aL~
p(s14) for any monomorphic type instantiation p of the type ((a = a) = (a = a) — (a = a)) — (a = a)).
We use the AP;-context lemma (Theorem and assume that there is an n, a closed AL™-expression s,
and closed arguments by, ..., b,, such that p(si3) s by...b, is typed in AL", and p(s13) $ b1 ...bphaL~»
p(s14) 8 by...bpda - By Lemma the only possibility is that the Bot, and Ax.Bot-positions are
extracted. By the type preservation, and since the type of p(s13) s is the type of the Bot-position, it is
impossible that n > 0, since then the type of the result is smaller than the type of the Bot-position. Hence
sid (s y id) S>aL- y. But since the y occurs in the expression (s y id), we also have (s y id) —>aL~ y. This
implies that (s id y) DAL y. But then the normal order reduction of s x1 x2 cannot apply either of its
arguments x1, x2, and hence must be a projection to one of the arguments, which is impossible, since
it must project to both arguments. We conclude that p(s13) and p(s14) cannot be distinguished in all
approximation contexts, and the reasoning does not depend on p. Hence s13 ~aLe S14.
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The expressions si13, s14 could also be used to show non-conservativity of embedding AL" into ALSTeq.
Hence there are also examples at higher types as witnesses for Theorem

Whether adding case and constructors is conservative or not in the polymorphic case, for AL* as well
as for AL?eq remains an open problem. Also the appendix with the pair example should only be part of

the technical report?

& into ALY are

Remark 6.5. Tt is an open question whether the embeddings of AL* into AL¢. and ALg, c,seq

conservative. Using bisimulation for a proof that s ~ap« ¢ implies that s ~aLe ¢ has to try ALZ -arguments
b; of s,t. In contrast to the monomorphically typed conservativity proof, also b; with a non-AL%-type have
to be checked, hence an approximation does not work. Another potential method would be a translation of
b; using Church encoding of the cases and constructors. This, however, is not possible in the Hindley-Milner
polymorphic typing system, since, for example, the translation will enforce equal types of the component
of a pair, and thus does not allow to program the copy-function of pairs [SSNSSO8/M.JJS09]. An extended

example is in the appendix (Sect. ?7).

Forgetting Types. Now we look for the translations defined as “forgetting” the types, and ask for
adequacy and full abstraction, which plays now the role of conservativity. For the monomorphically typed
calculi the answer is obvious: these translations are not fully abstract. For example Az°.z° is equivalent to
Az?.1°, which refutes full abstractness in all cases. For the polymorphically typed calculi, this question is
non-trivial:

Proposition 6.6. The translations of AL® into AL, ALg into Alcc, and Alg oy 110 Alccseq by simply
forgetting the types are adequate but not fully-abstract.

Proof. For the first case, AL® and AL, we have s13 ~aLe $14, but (si3 Au,v.(v (Az.w)))ft and
(814 Au,v.(v (Az.u)))d. For the other calculi, Az.casepyo; & (True ->True) (False ->False) is equivalent
to AzB°°l.z, but in the untyped case, ([] Az.z) distinguishes these expressions.

o
seq

Full abstractness of forgetting types in AL, also remains an open question.

7 Conclusion

We have shown that the semantics of the pure lazy lambda calculus changes when seq, or case and
constructors, are added. Under the insight that any semantic investigation for Haskell should include the
seg-operator, we exhibited calculus extensions that are useful for the analysis of expression equivalences
that also hold in a realistic core calculus of lazy functional and typed languages. We left the rigorous
analysis of the implication chain for equivalence from Achﬁseq to the polymorphic calculus with letrec for
future research.
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A Bisimilarity and Finite Simulation

We define the notion of bisimilarity in a general way, and then show that bisimilarity coincides with a
restricted form of contextual equivalence, provided the corresponding TDPC is convergence-admissible
(see Definition |A.7)).

Definition A.1. For a TDPC D = (£,C,—p, A, T) aset of experiments Q C C is a set of contexts which
preserves closedness, i.e. Q(s) is a closed expression for every Q € Q and s € E¢. We write Q € Q1+ if
Q is a context which behaves like a function from Ep into Ep.

A binary relation x on typed expressions is called type-preserving, if sxt always implies that s and ¢
are of the same type.

Definition A.2 (Q-Similarity). Let D = (£,C,—p, A, T) be a TDPC and Q be a set of experiments.
The experiment-operator Fg on type-preserving binary relations x on closed D-expressions is defined
as follows: The relation s Fo(x)t for closed, equally typed expressions s,t of type T holds iff slpv =
(thpv'A for all types T' and all Q € Qrv: Q(v) x Q(v')).

Q-similarity <, p o s the greatest fizrpoint of the operator Fg. Q-bisimilarity ~ p o is defined as
<s,0,0 N >y p,0 where >y p o is the inverse of <p p.o

Definition A.3. For a relation x on closed expressions, let x° be the extension to open expression, defined
by s x° t iff for all closing substitutions o, the relation o(s) x o(t) holds.

We first show that normal order reductions of a TDPC preserve Q-bisimilarity.

Lemma A.4. Let D = (£,C,—p, A, T) be a TDPC and Q be a set of experiments. Then for any
expressions si, 52 € £¢ with s1 —p sz we have s1 ~p p g S2.

Proof. Let M := —=p U{(s,s) | s € £}, M := {(s2,51) | (s1,52) € M}. Then the relations M and
M are Fg-dense, i.e. X C Fgo(X) for X € {M, M} holds, since —p is deterministic, type-preserving,
and closedness-preserving. Since <, p o= [J{X | X C Fg(X)}, Fo-density of M and M implies that
M C ~ypo.

Now we define the notion of finite simulation.

Definition A.5 (Finite Simulation). Let D be a typed deterministic calculus and let Q be a set of
experiments. Finite simulation <p ¢ is defined as follows:

For s1,s9 € 5& the relation sy <p,go s2 holds if and only if:

Vn>0,To €T :VQ; € Qr, 7, : Q1(Q2(... (Qn(s51)))lp = Q1(Q2(... (Qn(52))))ip

Finite bisimulation ~p ¢ is defined as <p,o N =p.o.

If ~p,g coincides with contextual equivalence, a sufficient criterion to show contextual equivalence is
the following:

Proposition A.6. Let D = (£,C,—p, A, T) and Q be a set of experiments, such that ~p o° = ~p.
Two closed expressions s1,s2 € E¢ of type T; € T are contextually equivalent if there exists i € Ny such
that

1. s1lp <= s2ip.

2. For all 1 < k < i, and for all Qg,...,Q; with Q; € Qr,1,_, (for k < j < i)
Qr(Qrr1(---(Qi(s1) - NHp = Qu(Qrr1(---(Qi(s2)...)))p-

3. For all Q17'”>Qi with Qj S QTJ.J“].71 (fOT’ 1 < 45 < Z) Ql(QQ((QrL(Sl)))) ~D
Q1(Q2(-- - (Qi(s2).-.)))-

Proof. 51 =p,go s2 holds, since ~p is a congruence, Q@ C C, and ~p o = ~p.

Definition A.7. D = (£,C,—, A, T) is convergence-admissible w.r.t. a set of experiments Q iff VQ €
Qrr,s € Er°: Q(s)lpv <= ' :slpv" AQ(V)Ipv

For the remainder of this section we assume a TDPC D = (£,C,—p, A, T) and a set of experiments
Q to be given.
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Lemma A.8. For all expressions s1,52 € £° of the same type T the following holds: s1 <p p.o s2 iff
SlJ/D’Ul — (szisz AVT! € T7Q S QT,T’ : Q(’U1) §b’D’Q Q('Ug))

Proof. Since <; p, o is a fixpoint of Fg, we have <, p o = Fo(<y p,0). This equation is equivalent to
the claim of the lemma.

We show that Fg is monotonic and lower-continuous, which allows us to apply Kleene’s fixpoint theorem
and leads to an alternative characterization of <, p o.

Lemma A.9. Fg is monotonic w.r.t. set inclusion, i.e. for all type-preserving binary relations x1,x2 on
closed expressions x1 C xo = Fo(x1) C Fo(x2)-

Proof. Let x1 < x2 and s3Fg(x1)s2 with s1,s5 € &p. The assumption implies
silpvi = (s2dp2a AVT' € T,Q € Qr = Q(v1) x1 Q(v2)). Now x1 C x2 shows silpvn =
(s2dpv2a AVT" € T,Q € Qrr = Q(v1) x2 Q(v2)) .

For infinite sequences of sets 51,5 ..., we define the greatest lower bound w.r.t. set-inclusion ordering

as glb(Sl, 527 . ) = m;)il Sz

Proposition A.10. Fg is lower-continuous w.r.t. countably infinite descending chains Ch = x1 2 X2 2
. of type-preserving binary relations on closed expressions, i.e. glb(Fgo(Ch)) = Fg(glb(Ch)) where
Fg(Ch) is the infinite descending chain Fo(x1) 2 Fo(xz2) 2 .. ..

Proof. “27: Since glb(Ch) = (V;=; xi» we have for all i: glb(Ch) C x;. Monotonicity of Fg shows
Fo(glb(Ch)) C Fo(x;) for all i. This implies Fo(glb(Ch)) C i, Fo(xi), i.e. Fo(glb(Ch)) C
glb(Fo(Ch)).

“C”: Let (s1,s2) € glb(Fo(Ch)), i.e. for all i: (s1,s2) € Fo(x;). Unfolding the definition of Fg gives:
Vi s1dpvr = (s2dpva AVQ € Q: Q(v1) xi @(v2)). Now we can move the universal quantifier for ¢
inside the formula: s1}pv1 = (s2lpv2a AVQ € Q : Vi: Q(v1) x; Q(v2)). This is equivalent to s1lpv; =

(s2lpv2 AVQ € Q: Q(v1) (N Xi) Q(v2)) or s1lpvr = (s20pv2 AVQ € Q: (Q(v1), Q(v2)) € glb(Ch))
and thus (s1,s2) € Fo(glb(Ch)).

Since the operator Fg is monotonic and lower-continuous, we can apply Kleene’s fixpoint theorem to
derive an inductive description of Q-similarity.

Theorem A.11. Let <, p,o,; fori € Ny be defined as follows:
<p,0,00 ={EF xEF [T €T} and <y p,0,; = Fo(<sp,0i-1),if1>0

o0
Then <p.p.o = (| <b.D,Q.i
=1

Proof. This follows by Kleene’s fixpoint theorem since Fg is monotonic and lower-continuous, and since
<b,0,0,i+1 € <p,p,0,; for all i > 0.

We show some helpful properties of <p o:

Lemma A.12. Let D = (£,C,—, A, T) be convergence-admissible w.r.t. Q. Then the following holds for
all closed expressions s1,ss of the same type T':

— 81 2p,0 s2 = Q(s1) Zp,0 Q(s2) for allT" € T and Q € Qr 1
— 51 2D,Q S2,514pV1, and Salpvs = v1 =p.g V2

Proof. The first part is easy to verify. For the second part let s1 <p o s2, and s1pvi, s2lpvs hold.
Assume that Q1(...(Qn(v1))){pv] for some n > 0 where all Q; € Q. Convergence-admissibility implies
Q1(... (Qn(s1)))dpvi. Now s1 <p, o s2 implies Q1(...(Qn(s2)))dpv5. Applying convergence-admissibility
multiple times shows that solpws and Q1(...(Qn(w2)))Jv) for some answer wy. Since normal order
reduction is deterministic, the assumption sal vy shows ws = vo and thus Q1 (... (Qn(v2)))lvh.

We prove that <; p o respects functions ¢ € Q provided the underlying TDPC is convergence-
admissible w.r.t. O:

Lemma A.13. Let D = (£,C,—, A, T) be convergence-admissible w.r.t. Q. For all s1,s2 € £5,Q €
Qr1: 51 <ppo s2 = Q(s1) <p.p,0 Q(s2)
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Proof. Let s1 <p.p.o s2, Qo € Q, and Qo(s1)Ipv1. By convergence-admissibility s1)pv] holds and
Qo(v))pv1. Since s1 <y p.g sz this implies solpvh and for all @ € Q : Q(v]) <pp,o Q(vh). Hence,
from Qg (v})dpv1 we derive Qo (vh)] pv2. Convergence-admissibility now implies Qo(s2)) pv2. It remains
to show for all Q € Q: Q(v1) <p,p,0 Q(v2): Since Qo (v})dpv1 and Qo(v5)) pv2, applying Lemma to
Qo(v1) <b,p,0 Qo(v3) implies Q(v1) <p p,o Q(v2) for all Q € Q.

We show that <p o and Q-similarity coincide for convergence-admissible TDPC:
Theorem A.14. Let D = (£,C,—, A, T) be convergence-admissible w.r.t. Q. Then <p o = <y p.0.

Proof. “C”: Let s1 <p.g s2. We use Theorem and show s; <p p g, s2 for all ¢+ by induction on
i. The case i = 0 obviously holds. Let ¢ > 0 and let s;]pvi. Then s; <p o s implies so] pva. Thus,
it is sufficient to show that Q(v1) <p p,0—1 Q(v2) for all @ € Q: As induction hypothesis we use
that s1 <po s2 = s1 <p,p,0,i—1 S2 holds. Using Lemma twice and s; <p, o S2, we have
Q(v1) =p,o Q(v2). The induction hypothesis shows that Q(v1) <p p.g,i—1 Q@(v2). Thus the definition of
<b,p,0,i is satisfied.

“D”: Let s1 <p.p,o S2. By induction on the number n of observers we show Vn,Q; € Q :
Q1. (Qn(s1)p = Qi(...(Qn(s2)))dp. The base case follows from s; < p .o s2. For the in-
duction step we use the induction hypothesis: t; <ppota = Vj<n,Q; € Q: Q1(...(Q;(t1)p =
Q1(...(Qj(t2)))dp for all t1,t, of the same type. Let Q1(...(Qn(s1)))p. From Lemma we have
1 <p,p,0 T2, where r; = Q,(s;). Now the induction hypothesis shows that Q1(...(Qn-1(r1)))dp =

Q1(-- - (Qn_1(r2)))dp and thus Q1 (... (Qn(s2)))p-

We now instantiate the experiment set Q of Q-similarity (Definition [A.2) with the usual contexts
(application for functions and projection for constructor applications):

Definition A.15. The set of experiments A(D) for D € {ALc, Alccseq} is defined as

A(D) :={[] v | r is a closed D-expression}
Ufcaser, [] ... (ck,j T1- - Tar(ex, ;) => Tk - | for all i, j, k}
U{casek, [ ... (ck.j %1 Tar(ex, ;)) ~>True... | for all i, j}.

For D € {AL,ALseq} let A(D) :={([] r) | r is a closed D-expression}.

Howe’s method ([How89/How96]) can be applied to all four calculi showing that contextual preorder and
A(D)-similarity coincide, since these are call-by-name calculi. For the calculi with case and constructors
the proofs are not completely straightforward, since in these calculi the “irregularity” that Az.L is
contextually smaller than c ¢; ... t, for any constructor ¢ has to be taken into account.

However, we omit the proofs (for AL a proof can be found in [Abr90], for AL seq & worked out proof
can be found in [SSSM12]).

Proposition A.16. For every D € {AL, Alseq, ALcc, Alccseq}: <p = gg,D,m(D) = j%,m(D)

Proof. Coincidence of contextual preorder and 2((D)-similarity can be shown by Howe’s method. Inspecting
the normal order reduction in all four calculi shows that all the calculi are convergence-admissible which
makes Theorem applicable and thus implies that finite simulation coincides with contextual preorder.

B On the Contextual Equivalence in the Untyped Calculi

B.1 Correctness of Reductions and Simplifications

Theorem B.1. For D € {AL, AlLceq, ALcc, Alccseq) the reductions of the corresponding calculus (8-, seg-,
case-reduction) are correct program transformations.

Proof. Lemma shows that the reductions on closed expressions preserve 2((D)-bisimilarity. For open
expressions it suffices to observe that s —p t also implies o(s) —p o(t) for any closing substitution o.
This shows —p C <7 A(D) and thus Proposition @ shows the claim.

Lemma B.2. For D € {AL, Alseq, ALcc, AlLccseqt and open D-expressions s,t with FV(s) U FV(t) C
{1,..., 2.} the equivalence s ~pt <= Ax1,...,2n.8 ~p AZ1,...,Zy.t holds.
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Proof. One direction holds, since ~p is a congruence. For the other direction, let Azy,...,z,.8 ~p
Ax1,...,x,.t hold. The congruence property implies that (Az1,...,2p.8) 71 ... Tn ~pD
(Ax1,...,2p.t) 1 ... 7y holds for expressions r;. Correctness of S-reduction implies s[r1 /21, ..., /xn] ~p

t[r1/xz1,...,mn/xy]. Proposition implies s[r1/x1,...,7n/%0] Ra(p),0 tlri/T1,. .., /x,] and thus
also at(s) ~u(p),g o(t) for any closing substitution o, and thus s ~§ 1, o t. Proposition now shows
S ~pl.

Lemma B.3. The reductions of Fig. @ are correct in {AlLseq, Alcc, Alcc seq -

Proof. Let D € {ALseq, Alcc, ALCC’seq} as applicable. For all considered transformations it is easy to observe
that if s; — so by a transformation, where si, so are closed, then either both expressions s1, so diverge,
or their evaluation ends in the same answer. This shows that s; and so are bisimilar. Now it is also easy
to verify that if the expressions s1, s are open, then o(s1) — o(s2) for a closing substitution o is still
contained in the transformation. Thus s; Nz, D.2A(D) 52 Finally, Proposition shows correctness of the
transformations.

B.2 The AP;-Context Lemma

Lemma B.4. Let D € {AL,AlLseq, ALcc, ALccseq} and let R be a D-reduction context and s be a D-
expression. Then one of the following equivalences hold:

1. R[s] ~p A[s] for some applicative context A
2. R[s| ~p seq A[s] t for some applicative context A (for D € {ALseq, ALcc seq})
3. R[s| ~p caseg A[s| alts for some applicative context A (for D € {ALcc, ALlccseq})

Proof. We only consider Al seq, for the other calculi the proof is analogous. The simplifications terminate
(the measure mess(-) introduced in Lemma can also be used for the untyped case) and are correct
in the respective calculi (Lemma . Hence, w.l.o.g. the expressions are in normal form w.r.t. the
simplifications. We consider the path to the hole of R: If there are only applications, then the lemma
holds (item[I). If a seq [-] r and applications are on the path, but no case [-] alts, then the normal form
is described in item [2] since other forms are reducible. If a case [-] r and applications (or perhaps a seq)
are on the path, then the normal form has a single case at the top, and the seq cannot occur on the path
of the reduced expression, hence the context is described in item

Proposition B.5. Let D € {AL, ALseq, ALcc, Alcc seq}. For every (perhaps open) D-expression s one of
the following is true: s ~p L; s ~p v where v is an answer; s ~p Alx] where x is a free variable and A is
an applicative D-context; s ~p seq Alx] t' where x is a free variable and A is an applicative D-context, for
D € {Alseq, ALccseq}; 07 s ~p casex Afz] t' where x is a free variable and A is an applicative D-context,
for D € {ALcc, ALcc seq}-

Proof. This follows from the correctness of normal order reductions and the following observations:
For an Al-expression s either s ~a L, or sl Az.s, or s SaL Tty ... t,. For an Al eq-expression s
either ~a,, L, or sla Az.s', or s S AL, R[z]. For the last case Lemma shows s ~ar.. Alz] or
5 ~AL., seq A[z] t. For an Al.-expression s either s ~ar, L, or sl Az.8", or sly_(ct1 ...t,) or

seq seq

s SaL. Rlcaserx Av.s’ ...] ~aL. L, or s SaL, Rlcasex,; (cr;k t1-..tn) ...] where T; # T; and thus
s~AL. L, s AL, Rl(cty... tar(e)) 8] ~AL. L, or s SaL. R[z], and Lemmathen shows s ~aL.. Alz],
or s ~al,. caseg Alz] alts. For Al seq the cases are analogous where for the case s —aL R[z] again
Lemma [B-4] shows the claim.

cc,seq

Corollary B.6. For D € {AL,/—\Lseq,ALCC,ALCC,Seq} and any closed D-expression s either s ~p 1, or
s~p Ax.t, or s ~p (CKi,j t1 ... tar(cK.)j))'

Definition B.7. Let 2y (D) = {[1 r | r is a closed D-abstraction, or L}  for
D € {AL,ALseq}. For D € {Alcc,Alccseq} we  define  the  experiments
Ay (D) = {([] r) | r is a closed D-abstraction, a constructor application, or L} U
{casek, [| ... (ckij @1 Tar(ex, j)) > Tk - | for all i, j, k}

Proposition B.8. <p o, (p) = =pap) for D € {AL, ALseq, ALcc, ALcc seq}-

Proof. One direction is trivial. For the other direction, Corollary [B:6] shows that every expression
of the form Q1(Q2(...(Qn(s))...)) where all Q; € (D) is contextually equivalent to an expression

Q1(Q5(...(Q),(8)) ...)) where all Q; € Ay (D).
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zF T Bot :: T Fix: (T —->T)—>T

s Ty suTy —To,t Ty suTit:Ts
Az .s) Ty — T (st) =T (seq s t):: 1o

s (K Ty ... T(:,,,(K”), fori=1,...,m: (cx;k Th1-- Thym,) : (K; T ... T(;r(Ki)) and t; = T

(caser; s (ck;1 T1,1---Z1,ng =>t1) ... (CKym Tml - Tmynan =2 tm) = T)

¢k, has type-schema T7 — ... = T, — (Kj; T ... T;,\(Kj)),
there is an instantiation o such that for j = 1,...,n:0(T;) =T} and s; : T}’
(ck; 81 ... sn) o(K; TY,... 7T(;r(1<j))

Fig. 5. Monomorphic Typing Rules

Theorem B.9. For D € {AL,Alceq, AlLcc, ALccseq} we have <p = j%ymv(D) = S;D’QLV(D). Moreover,
s <p t iff for all i and AP;-contexts: AP;[s|{p, = APt} p.

Proof. Normal order reduction in the calculi satisfies that D is convergence-admissible w.r.t. 20y (D). Now
Propositions [B-§| [A716) and Theorem [A:14] show the claim.

Theorem and Proposition imply:

Corollary B.10. For D € {AL, AlLseq, ALcc, ALccseq} closed D-expressions s and t are contextually equiv-
alent if there exists i € Ny such that

1. 5| <= t.

2. For all 1 < k < i, and for all Qp,...,Q; with Q; € ~Ay(D) (for k < j < i)
Qr(Qrr1(- - (Qils) .. )DNp = Qr(Qry1(--- (Qi(t) .- ))Ip-

8. For all Q,...,Q; with Q; € Qrr_, (for 1 < j < i) Qu(Q2(...(Qi(s)...)) ~bp
Q1(Q2(...(Qi(t)...))) holds.

Since 2y (D) coincides with AP;-contexts, Corollary implies:

Theorem B.11. For D € {AL, ALseq, ALcc, ALccseq} closed D-expressions s and t are contextually equiv-
alent if there exists i € Ny such that

1. AP;[s|lp <= AP;j[tllp for all 0 < j < i and all APj-contexts.
2. AP;[s] ~p AP;[t] for all AP;-contexts.

C On the Typed Calculi

cc,se

environment, since the types of variables areqbuilt in. Howe’s method can be used to show that contextual
equivalence and applicative bisimilarity coincide. All of the calculi are convergence-admissible, and thus
finite simulation also coincides with contextual equivalence. As experiment set we adjust the contexts
Ay (D) (Definition to the typed calculi: Applications and case-expressions are only allowed if they
are correctly typed, and L is replaced by Bot. Analogously to Theorem we have:

The typing rules for AL™, AL{ , AL, AL{_ ¢4 are in Fig. |5l The typing judgments do not contain a typing

Theorem C.1. For D € {AL",ALL,, AL, ALl o} we have:

seq? cc) cc,seq

L Sp = Spay )0 = Sy )0
2. For closed, equally typed D-expressions s,t holds: s <p t iff for all i and all AP;-contexts, s.t. AP;[s]
and AP;[t] are well-typed: AP;[s|llp = AP;[tlp.

Also a variant of Corollary obviously holds in these calculi:

Lemma C.2. For D € {AL", AL, AL{, ALl iy} equally typed closed D-expressions s, t are contextually
equivalent if there exists i € Ny such that

1. slp <= tip.
2. For all 1 < k < i, and for all Qp,...,Q; with Q; € ~Ay(D) (for k < j < i)
Qie(Qr+1(--- (Qi(s) .. )Np = Qr(@rt1(--- (Q:i(t)...))lp
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8. For all Q,...,Q; with Q; € Qp, 1., (for 1 < j < i) Qu(Q2(...(Qi(s)...))) ~bp
Q1(Q2(...(Q4(t)...))) holds.

This implies the following theorem:

Theorem C.3. For D € {AL", AL, AL, ALl oo} closed, equally typed D-expressions s and t are

contextually equivalent if there exists i € Ny such that AP;[s] ~p APR[t] for all AP;-contexts, and
APj[s|lp <= AP;j[tllp for all 0 < j < i and all APj-contexts.

We show correctness of transformation in the typed calculi. First we define an untyped calculus
Alcc seq,FB a5 Alcc seq With two additional constants: Fix with the reduction rule as defined in Fig. [I} and
Bot as a constant that stands for any diverging expression.

Lemma C.4.  Let 01 : Alccseq,r8 — Alccseq be the translation defined as the identity applied homomor-
phically over the term structure except for the cases: §1(Fix) = Af.(Az.(f x x))(Az.(f « x)) and 61(Bot) =
§2. 01 is fully-abstract, i.e. for all Al seqFB-€TpTessions s,t: 5 ~AL, wors b = 01(8) ~ALwq 01(1).

Proof. The translations 0, (Fix) and d;1(Bot) simulate the behavior of these constants in Alcc seq S0 that
EUNT 61(8)daL., «q» 1€ 01 18 convergence equivalent. Since 41 is compositional and the embedding
from Alcc seq into Alcc seq,FB is also convergence equivalent, full abstractness follows.

Corollary C.5. 6, as defined in Definition[5.3, is adequate.

Proof. Assume 0(s) ~aL,.., 0(t) for some equally typed ALZ_ .. -expressions s,¢. Then Lemma shows
that s’ ~AL. .,rs t" Where s, 1" are s,t without types. Then also s ~ar7 1, since there are fewer contexts

in Achjseq than in Alcc seq,FB-

Remark C.6. § is not fully abstract, e.g. the typed equation Ax°.x ALY Az°.Bot holds, but
AZ.Z FAL seqre AT-Bot, as well as A\z.w £ar,, ., AT.12.

cc,seq

T

Lemma C.7. Bot-reductions in Fig. |4 are correct in Alccseq s and in AL¢ oeq-

Proof. For Al seq,rg We use full-abstractness of 41, and thus it is sufficient to show that d1(s) ~ALceseq 01(1)
where s — t is a bot-reduction. In AL seq We use bisimilarity (see Theorem . Consider 2, (2 s),
seq {2 t, caseg {2 t. All expressions diverge and thus are bisimilar and hence contextually equivalent in
ALcc,seq-

Since Bot-reductions are type preserving and correct in the untyped AlLcc seq,F8 Where more contexts
are used in the definition of contextual equivalence than in ALl .4, the Bot-reductions are also correct in
AL

cc,seq”

Note that since Bot stands for a family of constants (one for every type), the type of Bot on the
left-hand-side of a bot-reduction may not be the same as that on the right-hand-side. For instance, in
(Bot s) — Bot, assuming ss is of type 71, the first occurrence of Bot is of a type 71 — 72, and the second
occurrence is of type 7o.

Lemma C.8. R[Bot| ~p Bot, where D ranges over Alcseqrs and the four monomorphically typed
calculi, and R is a D-reduction context.

Proof. In Alccseq,Fe the equivalence follows from Lemma @ and an induction on the size of R. The
proof for AL[. ., can be obtained analogously by assuming that all of the expressions are typed and using
Lemma [C.7] for the correctness of Bot-simplifications. For the other three typed calculi this follows, since
there are fewer contexts.

T .

We also observe that (case) and (seq) simplifications are correct in AL{_ q.q:

Lemma C.9. The simplifications defined in Fig. |2 are correct in AL.

cc,seq*

Proof. Since 0 is adequate (Corollary , it suffices to observe that for any simplification rule s — ¢ in
AL the equivalence §(s) ~aL. ., 0(t) holds, which is proven by Lemma

cc,seq?

We extend the addition of Fix and Bot to the untyped calculi AL, ALgeq, ALcc in a completely analogous
way:
Lemma C.10. (botapp), (botcase), (botseq), (caseapp), (casecase), (botseq), (seqseq), (seqapp), (caseseq),
(seqcase) are correct in ALT,ALL,,, ALZ , AL (if the constructs are defined).

seq? cc,seq
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Proof. The results for ALl ., are proven in Lemmas and The results for the other calculi
obviously hold, since they have a restricted syntax (compared to AL[ ) and since there are fewer

contexts in their contextual equivalences.

The following properties are straightforward to verify:

Lemma C.11. 1. Any expression of the type (0 — 0) — (0 — 0) is equivalent to one of: Bot, Ax.Bot,
Az, y.Bot, and \x.x.

2. Any closed expression of the type (0 — 0) — (0 — 0) — (0 — 0) is equivalent to one of: Bot, \x.Bot,
Az, y.Bot Az,y, z.Bot, A\z,y.x, and Az, y.y.

Proof. We use applicative bisimulation for the proof, and that there is only one equivalence class, namely
Bot, of type o.

We argue for the second item: the cases for the syntax of the body are restricted. For example Az, y.r: r
may be Bot, an abstraction, x,y or an application with a variable as head. An abstraction can only be
equivalent to Az.Bot, and an application can only be of type o, which also can only be equivalent to Bot.

D Reduction Length for Simplifications

We consider simplifications defined in Figs. [2] and [ in arbitrary contexts, and analyze their interactions
with normal order reductions in Al seq,FB-

Since the diagrams given below hold in the untyped calculus, they also hold in its typed version AL‘;Seq
under the assumption that the initial expression is typable, since all reductions and simplifications preserve
types. There are two kinds of the diagrams: commuting and forking (see [KSS98ISSSS08]) In both kinds

of diagrams a simplification step (denoted by —) and a normal order step (denoted by i)ALcc,seq,FB) are
given, and both diagrams show how the given pair can be replaced by another sequence connecting the
given expressions. The two kinds of diagrams differ by directions of the given steps. In a commuting

diagram a given pair of reduction steps has the form s; % s, gALcc,seq‘FB s3, and the diagram is completed
by stating that there exists a sequence of steps from s; to s3. In a forking diagram the given sequence

is of the form s; <& so gALcc,seq,Fs
sequence of steps from s; to s3.

The graphical representation in Lemma may be interpreted as a commuting or a forking diagram,
depending on which steps are assumed to be given and which ones are claimed to exist.

s3, and the diagram is again completed by stating that there exists a

Lemma D.1. If % is a simplification of Figs. @ and and gALcc,seq,FB is a (B)-, (case)-, (seq)-, or

. . . . a,*x
(fix)-normal order reduction, then commuting and forking diagrams are as follows, where — means
zero or more occurrences of a.

a
—_— >

bALeseqrey

J DAL seq F8
e

Proof. There are several possibilities for the redex of the b-reduction:

1. a is located in one of the operands of b. E.g., if b is a S-reduction ((Az.s1)s2), b can be located in s;
or so. If it is located in s; then it does not change because the shape of a redex is not changed by a
substitution into it. If it is located in so then it can be duplicated, preserved, or eliminated, which
creates 0 or more occurrences of a in the diagram. A similar situation happens when b is embedded
in a case reduction (either in the scrutinee or in the alternatives), in seq (in this case b cannot be
duplicated, only preserved or eliminated), and in (fix) (then it occurs in the result exactly twice).

2. The redex for a appears in a reduction context and contains the redex for b as its immediate (depth 1)
subredex. For instance, in (seqseq) the expression may be of the form R[seq (seq v s1) sa|, where R is
a reduction context and v is a value. Then the result of both the (segseq) followed by a normal order
reduction and the normal order (seq) result in the same expression seq s; s2. The same situation
occurs with (seqapp) and a normal order (seq), (seqcase) and a normal order (case), (caseseq) and a
normal order (seq), and for both (caseapp) and (casecase) and a normal order (case). This case is
impossible for (fix) (since its operand is Fix which does not match any cases for a).

3. The redex for a contains the redex for b, but not as in item [2} In this case a and b do not affect each
other since the shape of the redex for a is not changed by b and the redex for b is moved, but not
changed, by a and remains in a reduction context.
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4. The two reductions have non-overlapping redexes. Then the diagram holds with exactly one instance
of a in the bottom line.

Combining all cases, we obtain the diagram in the lemma.

Lemma D.2. If s 5 t, where a is one of the simplifications defined in Figures @ andlZL then s is a
WHNEF if and only if t is a WHNF.

Proof. In Alccseq,r8 WHNEFS are either abstractions or constructor applications. All auxiliary reductions
have either seq or case or an application as their top-level construct, so a WHNF cannot be a source or
a target of such a reduction.

T

ccseq COMSISting only of seq, case-, and Bot-

Lemma D.3. There is no infinite sequence in AL
simplifications.

Proof. Let the term measure css(s) be defined as: For a = Bot,a = Fix,a = x: c¢ss(a) = 1
css(caser s (p1=>71) ... (pn=>7n)) = 1+ 2¢ss(S) + max;=1,. n(css(r;)); css(s t) =14 2css(s) + 2¢ss(t)
css(seq s t) = 2css(s) + css(t); ess(e s1...8n) =1+ css(s1) + ...+ css(sn); and ecss(Ax.s) = 1+ css(s)
Every simplification rule strictly decreases css if applied at the top of an expression. We show the details
for (caseapp) and (casecase), the remaining rules are analogous, but simpler.

)
b

— (caseapp):
14 2(1 + 2c¢ss(tg) + max;—1..., ¢ss(t;)) + 2¢ss(r) =
3+ 4dess(to) + 2max;—1.., css(t;) + 2¢ss(r) >
1+ 2¢ss(to) + max;—1...n(1 4+ 2¢ss(t;) + 2¢ss(r)) =
24 2¢ss(to) + 2max;—1. . css(t;) + 2css(r)

— (casecase):

14 2(1 + 2¢ss(to) + max;=1..p, css(t;)) + maxj=1. . css(rj) =
3 +4cess(to) + 2max;=1. ., ¢ss(t;) + maxj=1. mcss(r;)

1+ 2ess(to) + max;=1..,(1 + 2¢css(t;) + maxj=1. ., css(r;)) =
2+ 2css(to) + 2max;—1..p, css(t;) + max;—1._ ., ¢ss(1;))

Note that for (casecase) max;=1._, css(t;) is independent from max;—i ., c¢ss(r;). If the simplification
occurs in a non-maximal alternative of a case, the measure for that alternative decreases, but the measure
for the entire expression remains unchanged. We use multisets as a measure to account for all case
alternatives. Le., as a measure for expressions s we use the multiset mcss(.) consisting of the following
numbers: c¢ss(s) for the expression s; and all numbers css(s’), where s’ is a case-alternative of a subterm
of s. It is well-known [DMT79] that multisets of non-negative integers are well-founded w.r.t. the multiset-
ordering: My << Moy, iff there exists multisets X7, X such that () # Xo C My, My = (M \ X2) U X7, and
Vri; € X1.3x9 € Xo.21 < z9. The measure of a subexpression is always strictly smaller than the measure
for the expression itself. Every simplification rule results in one of the two options: i) decreasing the largest
number in the multiset which is the measure for the entire expression. ii) preserving the measure for the
entire expression if simplification takes place in a non-maximal case alternative. Then the measure for
that alternative decreases, although the measure for its subalternatives may increase (both (caseapp) and
(casecase) rules above allow for such a possibility). Since the decreased number is larger than the measure
for the subalternatives, the multiset becomes smaller.

and AL :

We summarize the results and transfer them to ALl i

Lemma D.4. For D € {Al seqFs, AL ALL . ALTY if s & s where a is a simplification rule then

cc,seq? seq?

s 5 p v, where v is @ WHNF, if and only if s' = p v, where v’ is a WHNF.

Proof. The result in Al seqrs follows from Lemmas [D.I} [D.2} and [D.3] where the proof for closed
expressions is by induction on the length of a normal order reduction ending with a WHNF. The results
trivially transfer to ALZC’Seq by limiting the expressions to well-typed ones (and by type preservation of
normal order reductions and simplifications) and to AL{. and AL, by limiting our consideration only to
constructs that exist in that calculus.

T . besfC_ n .
ALl .} if s —— s’ and s —p v, where v is a D-

C

AL.

seq?

Lemma D.5. For D € {Alccseq,rs; AL

cc,seq?

WHNF, then s’ n—/>D v, where v’ is a D-WHNF, with n’ < n.
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Proof. We only need forking diagrams in all contexts between the non-normal order reduction and the
normal order reduction. These are:

The claim of the lemma is proved by induction on the length of the normal order reduction. The base case
obviously holds. If the reduction length is > 0, then there are possibilities: The —-reduction is a normal
order reduction. Since normal order reduction is deterministic, the reduction length of s is strictly smaller
than that of s. Otherwise, we use the diagram and can apply the induction hypothesis multiple times to
the closing 2% reduction. The arguments are valid in all the mentioned calculi, hence the lemma holds.

E Nonisomorphism of AL and Al

We argue that the four untyped calculi are nonisomorphic by analysing the order structure of the different
calculi. It turns out that the order structure is fundamentally different for these calculi and distinguishes
them up to the pair of calculi AL seq and AL, which we leave open, but where a thorough analysis
presumably will result in non-equivalence.

Remember that we use L as the abbreviation for a closed nonconverging expression, and T is the
abbreviation for (Y K), which for D € {AL, ALsq} is characterised by the following property: for all n > 0
and all closed expressions vy, ..., vn, (T v1...0,){p-

In the following we will write s <p t if s <p t holds but ¢ <p s does not hold.

Lemma E.1. In AL, the following holds: L <aL Ax.L are the two smallest elements in AL. Also, there is
no closed AL-epression t with Ax.1 <aL t <aL Az,y.L.

Proof. Let L <aL t <aL Az.L. Then (¢ r) ~aL L for all closed r, hence t ~a Az..L.
For every abstraction ¢, the relation Ax. 1 <a t follows easily from applicative bisimulation.

Let Ax. L <aL t <aL Az.Ay.L. Then (¢ T) #aL L. Also, for all closed arguments 7, we have t r <a Ay.L,
which implies ¢ r ~aL Ay.L, hence applicative bisimulation shows ¢ ~a Az.A\y. L.

Lemma E.2. In AL, there is no direct descendent of T: Le., t <aL T implies that there is a t' with
t<aLt <aL T.

Proof. In the case t ~aL L, the expression ¢’ = A\z. L is sufficient.
If t ~aL Az, ... @y L, then t/ ~aL Azq, ... 20, Zpe1.L is the desired expression.

Ift ~aL Az, ..., Zp.w; t1 ...ty form > 1, then t' = Azq,...,2,,y.2; T...T is the desired expression:
m4+1
Applicative bisimulation shows that ¢ <a #': if there are n arguments r1,...,r,, then ¢’ 71 ..., converges.

For n 4+ 1 arguments, we have r; t{ ...t/ 111 <aL 7 T ...T. For more arguments, the <a -relation

m—+1
follows by induction. The expressions are not equivalent, by selecting 7,41 ~aL L, and r; as a projection
to the (m + 1)t argument. Similarly, ¢’ £a T: Let 7; be the projection to the (m + 2)"¢ argument, and
let Tn+2 ~AL 1.

Lemma E.3. In Aleyq, the following holds: Ax.seq x T <aL
Ar.seq z T <al. t <ALy, 1,

T, and there is no closed expression t with

seq

seq seq

Proof. Assume there is a closed expression ¢t with A\z.seq x T <ALy t <ALyq - The Alseq-WHNTF of ¢
is an abstraction, thus we can assume that ¢t = Az.t’. The body ' cannot be an abstraction, since then
L ~aL, T,sincet vy... vniALseq for any n > 0 and closed Algeq-expressions v;. The WHNF of the body ¢’
of t has = in reduction position. There are several cases:

— It cannot be z alone, since then the <a(_,-relation does not hold.

— It can also not be x t;...t,, since then z — Au.L would refute this.

— Thus the body t' is a seg-expression. Analysing all arguments: if (¢ L)iALseq, then the inequations
imply that ¢ ~ar,, T. Otherwise, if (¢ J_)TTALM, then for all sequences of arguments, Ax.seq x T and
t, behave the same, and thus they are equivalent.

Theorem E.4. AL and Alsq are nonisomorphic.
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Proof. T is also a greatest element in Algeq. If ¢ : AL — Algeq is such an isomorphism, then ¢(T) must
map to T. However, there is no AL-expression ¢ such that ¢(t) = Az.seq x T, since for every ¢ #aL T,
there is some AL-expression ¢’ with ¢ <a t’ <aL T, but there is no such image ¢(¢') in Alseq-

Proposition E.5. All pairs from {AL, ALseq} x {Alcc, Alccseq} are nonisomorphic.

Proof. This holds, since AL and ALseq have T as a greatest elements, and neither AL not Alcc seq have a
greatest element.

This leaves the case AL and Al seq OPen.
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