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Abstract

Let b1,...,b, € R" be an arbitrary basis of lattice L that is a
block Korkin—Zolotarev basis with block size 5 and let A;(L) denote
the successive minima of lattice L. We prove that for i =1,...,m
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where 3 is the Hermite constant. For 3 = 3 we establish the optimal
upper bound

e n? < (5)

and we present block Korkin—Zolotarev lattice bases for which this
bound is tight.

We improve the Nearest Plane Algorithm of BABAI (1986) using
block Korkin—Zolotarev bases. Given a block Korkin—Zolotarev basis
b1,..., by, with block size f and x € L(by,...,by) alattice point v can

2m_
be found in time 3°®) satisfying ||z —v]|? < may; " minger [l — ul|?.

1 Introduction

The problem of selecting from all bases for a lattice a canonical basis consist-
ing of short vectors is called reduction theory. Classical reduction theory was
developed in the language of quadratic forms by LAGRANGE (1773), HER-
MITE (1850) and KORKIN and ZOLOTAREV (1873) in order to determine



the minima of positive definite integral quadratic forms. Recently there has
been renewed interest in reduction theory stimulated by a new method in
integer programming (H.W. LENSTRA, JrR. 1983) and by Lovész’ lattice
basis reduction algorithm, see A.K. LENSTRA, H.W. LENSTRA JR. and L.
LovAsz (1982), which has had various applications.

From the computational point of view the reduction theory introduced
by HERMITE and by KORKIN and ZOLOTAREV is the most natural one.
On the other hand Korkin—Zolotarev reduced lattice bases are not easy to
find for lattices of higher dimensions, see KANNAN (1987) and SCHNORR
(1987) for algorithms. This led SCHNORR (1987) to introduce a hierarchy
of block Korkin-Zolotarev bases comprising for block size 2 the L3-reduced
bases introduced by LENSTRA, LENSTRA, LOvAsz (1982). Block Korkin—
Zolotarev bases with maximal block size are just Korkin—Zolotarev bases.

In this paper we prove new upper and lower bounds for the ratio ||b;]|%/\?
where b1,...,b,, is any block Korkin—Zolotarev basis and A; is the i—th
successive minimum of the lattice. These bounds extend the known bounds
for L3-reduced bases and for Korkin-Zolotarev bases.

We state in Section 2, Theorems 3 and 4 the new lower and upper bounds
for the ration ||b;]|?/A?. We prove these bounds in Section 3. In Section 4 we
apply block Korkin—Zolotarev bases to the problem of finding approximate
nearest lattice points. In Section 5 we prove that the upper bound ||b1||? <

m—1

m-l_q
(%) : A? is optimal for block Korkin—Zolotarev bases of block size 3.

We present block Korkin—Zolotarev bases for which this bound is tight.

2 Reduced Bases and Successive Minima

Let R" be the n—dimensional real vector space with the FEuclidean inner
product <, > and the Euclidean norm, called the length, ||y| = (y,y)'/2.
A lattice L C R" is a discrete, additive subgroup of the IR™. Its rank is the
dimension of the minimal subspace span(L) that contains L. Each lattice
L of rank m has a basis, i.e. a sequence by, ...,b,, of linearly independent
vectors that generate L as an abelian group,

L:{t1b1+...—|—tmbm|t1,...,tmGZ}.

Let L(by,...,by) denote the lattice with basis by, ..., by,. Its determinant
d(L) is defined as

1/2
d(L) = det[(bi, b)12 o



This does not depend on the choice of the basis. The i—th successive mini-
mum \;(L) of a lattice L (with respect to the Euclidean norm) is the small-
est real number r such that there are ¢ linearly independent vectors in L of
length at most 7.

With an ordered lattice basis by,...,b, € IR™ we associate the Gram-
Schmidt orthogonalization 51, . ,Bm € R" which can be computed together
with the Gram—Schmidt coeflicients p; ; = <bi,5j> / <5j,5j> by the recursion

i—1
blzbl, bi:bi_z,ui,jbj fO?“ i:2,...,m.
7j=1

We have p;; = 1 and p; ; = 0 for @ < j. From the above equations we have
the Gram—Schmidt decomposition

7 7 T
[bl, ey bm] = [bl, ey bm] [Mld]lgz,jgmv
where [b1,...,by] denotes the matrix with column vectors by, ..., by,.
With an ordered lattice basis b1, ..., b, of the lattice L we associate the

orthogonal projections

m; »span(by, ..., by) — span(bl,...,bi_l)J‘ 1=1,....,m,
where span(by,...,b,) denotes the linear space generated by the vectors
bi,...,bm. We let L; denote the lattice

The lattice L; has rank m — i+ 1 and basis i (b)), mi(bit1), ..., mi(bm). We
have Fz(bl) = bz‘ and ﬂ'i(bj) = ZZL:Z ,uj,kbk.

An ordered basis by, ..., by, of the lattice L C R" is a Korkin—Zolotarev
basis if it satisfies the conditions

il < 1/2 for 1<j<i<m, (1)

b:l] = Ai(L;) for i=1,...,m. (2)

This definition is equivalent to the one given, in the language of quadratic

forms, by Hermite in his second letter to Jacobi (1845) and by Korkin and
Zolotarev (1873).

Let b1,...,b, be an ordered basis of the lattice L C IR". We call the

basis by,...,b, an f—BKZ basis, i.e. a block Korkin—Zolotarev basis with
block size (3, if it satisfies (1) and

mi(bi), i (biy1), ..., mi(birg—1) are Korkin-Zolotarev bases for
i=1,...,m—B+1. (3)



The condition (3) means that for i = 1,...,m — 1 the vector b; = m;(b;)
is a shortest non-zero vector in the lattice m;(L(b1,. .., bmin(i+g—1,m))) =
L(7i(bi), - - - mi(bmin(i+8—1,m)))- If (1) holds and if 3 = 2 the condition (3)
is equivalent to

161> < Nlmi (B )IP = bil|® + pdr lball* for i =1,...,m —1. (4)

We see that a basis by, ..., by, is 2 - BKZ iff it satisfies (1) and (4). These
bases have been introduced by A.K. LENSTRA, H.W. LENSTRA, JR. and
LovAsz (1982). We call a basis by, ..., by L3-reduced with § € (1, 1] if it
satisfies (1) and

S1[Bill* < beya|* + s gllbil|® for i =1,...,m—1. (5)
LENSTRA et alii (1983) have in particular considered § = 3/4. From their

work we have the following

Theorem 1 Every basis by, ..., by, of lattice L that is L?-reduced with § €
(%7 1] satisfies with o« =1/(§ — i);

o< IblPA (L) < Bl PA(L) T2 < o™ for i=1,...,m.

In the limit case § = 1 we have a = 4/3, and thus every 2 - BKZ basis
b1,...,by, of lattice L satisfies for:=1,...,m

3 i—1 ~ Ly ) Ly 4 m—1
(3) <BPx@? <o < (5) (6)
A (B-BKZ basis bq,...,b, with maximal block size 3 = m is a Korkin—
Zolotarev basis. For these bases we have the following bounds on ||b;]|?; 2,
where the upper bound is essentially due to MAHLER (1938) and the lower
bound is from LAGARIAS, H.W. LENSTRA, JR., SCHNORR (1990).

Theorem 2 FEvery Korkin—Zolotarev basis by, ..., by, of lattice L satisfies

Ao < blPA(L) 2 < HE for i=1,...,m.

We are going to extend Theorems 1 and 2 to arbitrary S—BKZ bases.
For this we use the Hermite constants ~y,, which is defined as

Y = sup{A1(L)2d(L)~%/™ : for lattices L of rankm}.



Its value is known for m < 8, see CASSELS (1971), Appendix. We have
V2 = %, ¥ =2, yi=4, 2 =8, 7§ =25/3, 4T =26 48 =28 Tt is known
that v, < %m for m > 2 and

0.872m

m
—+0 < <
2me + (m) =Tm =

where the upper bound is due to KABATYANSKII and LEVENSHTEIN (1978)
and the lower bound follows from the Minkowski—Hlawka theorem, see CAs-
SELS (1971), VI. 2.2. Theorems 3 and 4 below will be proved in Section 2.

Theorem 3 FEvery (-BKZ basis by, ...,by of lattice L satisfies

(14+0(1)) as m — oo,

m—i

~ 27 .
163l Xe(L) 2 <" fori=1,...,m

_ 2m=l ;43
1BilPA (L) 72 < 7"

Theorem 3 improves and extends the inequality ||b1]|? < (652)% A (L)?
of SCHNORR (1987). In particular we have for 8 =2, 73 = % that

fori=1,...,m.

- 4 m—1
B2 < (5)" 0 forimtm

4AN"1i+3
) s fori=1,....,m

2 -2
B2 (3) 5
which is almost the upper bound of (6). It is remarkable that if the block
size [ is a fixed fraction of the rank, i.e. if m/f3 is fixed, then the upper
bounds of Theorem 3 are polynomial in (.

We next consider lower bounds for ||b;||*\;(L)
N (L2,

Theorem 4 FEvery (-BKZ basis by, . ..,by of lattice L satisfies
_ 273 i+3
MRl < 7
For ¢ < @ the bounds of Theorems 3 and 4 can be replaced by the
stronger bounds of Theorem 2.
If the block size 3 is a fixed fraction of the rank m the upper bounds in
Theorem 4 are polynomial in 5. For block size § = 2, 7[23 = % Theorem 4

yields

~2 i.e. upper bounds for

4 i—1 . =R
(3) 223 < [billPAi(L)?  for i=1,...,m

which is almost the lower bound from (6).



2
The values fyg ~', appearing in Theorems 3 and 4, are known for 3 =

2,...,8:

J6] 2 3 4 5 6 7 8
_2

7/6671 % 21/3 21/3 21% 2% 3—%5 22/7 21/4
] 1.333 1.260 1.260 1.231 1.226 1.219 1.189

It is interesting to find the minimal constants cg ,, for which
o1]> M(L) ™ < cpm

holds for all —~BKZ bases b1, ..., b, of rank m. BACHEM and KANNAN
m—1

-3
(1984) show that ¢, = (%) . We prove in Section 5 that ¢3,, = \/gm
holds for odd m. Thus the upper bounds from Theorem 3 are not optimal
2
for 8 > 3. For § = 3 we can replace 75*1 = 21/3 by /3/2 ~ 1.225 which is

2
even smaller than the value v; for 6-BKZ bases.

3 Proofs for Theorems 3 and 4.

Proposition 5 For every 3—BKZ basis by, ..., b, with m > 8 we have for

m—1

M = max(|bppr2ll -, b)) that ||br|] < 55 M.

Proof. We extend the basis by,...,b, by 0 — 2 additional vectors to

b_pis,. s b1,b0,b1,. .., b (7)

such that

1. HbZH = H51H for 1 § 0

2. (b;,bj) =0 for i<0,i#j andfor j=—-F+3,...,m.

The basis 7 is a f—BKZ basis of rank at least 2(5 — 1). By definition of the
Hermite constant g we have

> 20511115 -~ .
1B:ll® < 25 2 1Ball1Bia | -+ [Bisall for i =—B+3,...,m—B+1.
Multiplication of these m — 1 inequalities yields

Hbfﬁ+3||ﬂHbfﬁ+4Hﬁ e Hbm*ﬂ+1Hﬂ <



-1)/2,% 0 18- b
el ol B 17 Bl P

[T [ [ | 4

This implies

16— g317~ b= psall 72 - Ilbo|* [[ba]l* <

-1)/2,7 - b b
B g2l ot 2l

Hence

m—1
o2 <4320 () and thus ] < 27 -

Corollary 6 Every 3-BKZ basis by, ...,b,, of the lattice L satisfies

2 i +3
b1l <77 =

(L) .

Proof. If m < (8 we have ||bi|| = Ai(L) and the claim holds. Now let
m > (3 and let v be a shortest non—zero lattice vector. W.l.o.g. we can
assume that v & L(by,...,bn—1) for otherwise we can reduce m and the
claim holds by induction on m. If v & L(by,...,by,—1) we have

ML) = ||v]| = M (Lg) = ||bg]] for i=m—B+1,...,m.

This shows that A\ (L) > max(HEm,nggH, -, ||bm]|) and thus the claim fol-
lows from Proposition 5. a

Proof of Theorem 3. Application of Corollary 6 to the lattice L; = m;(L)
yields the inequalities

m—i

~ 2
”bi||2 < ’Yﬁﬁ_l )\1([@')2 for i=1,...,m. (8)

Moreover we have Aj(L;) < X;(L). This is because there are i linearly
independent vectors of length at most A\;(L) in L and at least one of these



vectors v satisfies 7rz( ) # 0. Hence \i(L;) < ||« ( )|| < A\i(L). Using the

Inequalities 8 and 7 ; <1/4 we obtain for i = 1,.
Iball> = Woall* + > 5 b1
j=1
o m=—i 1 i—1 _
< 9" N(L 2“‘12’7 )\j L)
7=1
T
< 75”( BRI )AZL)Q
7j=1
251 i+ 3
< ’yﬁﬁ ! 1 )\i(L)2 .

This proves the second inequalities of Theorem 3. The first inequalities in
Theorem 3 follows from 8 and A1 (L;) < \;(L). O
Proof of Theorem 4. By definition of \; = \;(L) we have

A2 < max{||b;||? for j =1,...,i} .
It follows from ||b;]|? < Hb % + ZJ u]kkuHQ that

1+ 3

2\ < maX{Hb |2 for j =1,...,i} . 9)

Proposition 5 applied to the 5-BKZ basis 7;(b;),...,m;(b;) yields the in-
equalities

i—j

Ibjll < 75~ max{|lbi—p2l,... [b:]l} for 1<j<i-p+1  (10)

For i — 8+ 2 < j <1i we have that

1551 < [l (i) < [1bs]] -

From this and 10 we see that

i—J

il <75 " bl for  1<j<i.
These inequalities and 9 prove Theorem 4:

1+ 3 2
4 ﬂ

M < HbH2 for i=1,...,m. O



4 Approximate nearest lattice points

BABAI (1986) shows how Lovész lattice reduction can be used to find a point
of a given lattice L, nearest within a factor 2/2 to a given point in span(L).
BABAI poses the question whether the factor 2™/2 can be improved using
block Korkin—Zolotarev bases. We answer this question in the affirmative.

We let ag denote the maximum of ||y (|?/ HggHQ over all Korkin—Zolotarev
bases b1,...,bg. The inequality ag < B3I B has been shown in SCHNORR
(1987).

Theorem 7 Let by,...,by € ZZ" be a B-BKZ basis of lattice L and x =
Yoty aib; an arbitrary point in span(by,...,by). Then the lattice point
v =731 v;bj, where vj = [x; =37 vip;z], satisfies

2 - 2 255
|z —v||* < Cpnp min |z —ull®, where Cn g =m g ag_1 .

Proof The definition of v implies that
lz = ol* < (bl + - + [1bml1?) /4 -

From Proposition 5 we have the inequality

m—i

. g m=i . . .
16:]> < Vs pt max(\|bm_g+2||2,...,Hbm||2) for1<i<m-0+1.
This yields
o2 < 1 S 2% b 2 o112
lz—ol® < 7 >0 27" max(lbmsrall® - [bml|®)
j=1
S = )
< 1 Z V3 ag—1 [|bml|
j=1
m  2m=L R
< 1 ’7,35 " agot [bal? - (11)

Let w € L be the lattice point that is nearest to . Following BABAI we
consider two cases.

CASE a: u—wv € L(by,...,bpn—1). Then uw—v is a nearest lattice point to



' —v in L(by,...,by—1) where 2z’ € span(by,...,by,—1) is the orthogonal
projection of z. Consequently we have by induction on m

lz—v|* = |lz—2/|*+ 2" —v|?
< (14 Cpme1g) [lz— ul®
< Cp llz—ul?

CASE b: w—v ¢ L(by,...,byn—1). In this case we have
lz = ull® = [|bm|*/4.

Hence we have from 11 that

m 22=1
lo—ol? < 27T agi 4 o —ul?

< Cumgp o —ul*. O

We finally reduce with a different construction for v the constant C,, 3
m—1 m—1

6—1

2
of Theorem 7 to m~yz" " . The improved constant m g 7~1 is polynomial
in B if 3 is a fixed fraction of m.

Theorem 8 Let by,...,b, € Z* be a f—BKZ basis and x =Y ;" x;b;

Suppose that |[bg|| = max(|[bm_gi1ll,-- - [bml]), m—k+1<k <m . Let

v=>1" v be a lattice point such that

Dok =20 Ui,ul-’j|2 1b:||? s minimal for all vy, ... ,vm € Z and |z;—

Dot viftig| < % for j=k—1,....,1 . Then we have |z —v|* <
m—1

myﬂﬁfl minger, ||z —ul]?® .

Proof Let w & L be the lattice point that is nearest to x.

CASE a: u—wv € L(by,...,bp—1). Then u—v is a nearest lattice point to
' —v in L(by,...,by,—1) where 2’ € span(by,...,by,—1) is the orthogonal
projection of z, 2’ = x — mp,—1 (). Induction on m yields

lz —ol* = llo—a'|* + 2" — vl
252
< A+ m=1)"") oz —ul
m—1
< m 'yﬁﬁfl |z — ul® .

CASE b: u—v & L(b1,...,bp—1). It follows from the choice of v and k
that

lz = ul* > 7 A(Lr)* >

1 ~ A~
- max( [|bym—gr2l?, - -, [[bml?) -

I

10



As in the proof of Theorem 7 we have

lz =) < (Hbll\2 toot 1bml*) / 4
m —1 R
< Z T max(||b—pealls - [1Bml) -
Consequently
m —
lz =l < Z IISU—UH2
2551 2
< mog |z — ul|* . O
Computational bounds. Computing a lattice vector v = Yi"; v;b;

as in Theorem 7 can be done using the NEAREST VECTOR ALGORITHM of
KANNAN (1987). Given a —-BKZ basis by,...,b,, this algorithm enumer-
ates 3909 many lattice vectors close to x and finds integers vy,—g41,...,Um
that minimize >0, 5.4 (75 — D270, vt %11bs||2. A B-BKZ basis can be
computed from an arbitrary basis bi,...,b, € Z® by the algorithm of
SCHNORR (1987). This algorithm finds an “approximate” f—BKZ basis us-
ing O(nm(6°®) 4+ m?)log B) arithmetic operations on O(mlog B) bit
integers where B is the maximal length of the given basis vectors. This
algorithm is theoretical.

For practical algorithms performing block Korkin—Zolotarev reduction see
SCHNORR, EUCHNER (1991). The Schnorr, Euchner algorithm transforms
an arbitrary lattice basis into a d—approzimate G—BKZ basis, § < 1, which
by definition satisfies for i =1,...,m

8 1[B:]1* < M(miL (b1, -+, bin(itp1.m)))>

The Schnorr, Euchner algorithm is not proven to be polynomial time, but
in practice its time bound appears to be O(nm(8°”®) + m?)log B). No
polynomial time algorithm is known for § = 1, not even for 5 = 2.

5 Critical /—BKZ bases for block size 2 and 3

We call a §—BKZ basis by, ..., by, of the lattice L critical for 3, m if the value
1b1]] / A1(L) is maximal for all 5/~BKZ bases of rank m. BACHEM and KAN-
NAN (1984) present critical 2-BKZ bases by, ..., b,,. We establish critical

11



3-BKZ bases b1, ..., bm. We evaluate the constant os = max ||by||2 / |[bs]|2,
where the maximum is taken over all Korkin—Zolotarev bases b1, bo, bs. We
prove ag = % .

We describe a slight variant of the critical 2-BKZ bases of BACHEM,
KANNAN (1984). Let p = \/% We define the basis matrix A,, = [b1,...,bm] €

My, m(R) by

) _
p p/2 O
P> p?/2
A = (12)
0 PR P2
pm—l

The matrices A, satisfy the recursion

Theorem 9 (BACHEM, KANNAN 198/) The column vectors of the matriz
Ay, form a critical 2-BKZ basis.

Proof. It can easily be seen that the vector b,, is a shortest vector in
L(by,...,by) — L(b1,...,by—1). We have
1 3
2 _ 2m—4, 2 2\ — (2ym—2
loml® = 240+ ) = ("2

It follows that by, is the shortest vector in the lattice L(b1, ..., by, ). Therefore
A1 = M (L(by, ..., by)) satisfies

a 4 m—2
b= (3)" -

12



Now let bi,...,by, be an arbitrary 2-BKZ basis. Let v = Y i, t;b; be
a shortest non-zero lattice vector and p = max{i|t; # 0}. Then A\ =
M (L(by, ..., by)) satisfies

1. 2. 3. /3\ 12
32 Imea ) 2 Bl 2 () Il
1. holds since m,_1(v) # 0, 2. holds since m,_1(b,—1) is minimal in the lat-

tice m,—1L(by—1,b,) which contains m,_1(v), 3. follows from the inequality
6. We now see that

4 n—2 4 m—2

-2

< (3) <(3)

This shows that the columns of the matrix 12 form a critical basis. O

A sequence of 3—-BKZ bases by,...,b,,. We define the basis matrices
By, = [b1,...,by) as follows.

i 1T 11 1 ]
1 I =3 2 2
V3 11
B, — 5 O L 5 3
=
0 V2 0 1 -1
1
[ 11 1]
1 =3 3 2
V31 1
— 2 23 23 (13)
o 2 1 /2
3 2V 3
1
i 5

The lattice L&) = L(by,...,bs) yields a lattice packing of maximal density,
ie. A(L@W)2det LW% = 4 = /2. Let By, B; denote the 2 x 2, 3 x 3—
matrix in the upper left corner of B4. For arbitrary m = 1,2,... we define
the m x m matrix

By = diag(dy, .., dm) [ijl1<ij<m

where diag(dy,...,dy) is the mxm diagonal matrix with positive diagonal
entries di,...,d, and M, = [Mi,j]irgi,jgm is an upper diagonal matrix

with ones on the diagonal. It follows that the j; ; are the Gram—Schmidt

13



coefficients of the basis by,...,b,, consisting of the column vectors of B,,.
We define for i = 1,2,...

i—1
2 V3
doi—1 = \/Z , dy = - doi—1

1
TH2i2i-1 = [2i+12i-1 = H2i422i-1 = 5 H2ik2i-1 = 0 for k>3
1
H2id12i = Hit22i = 35 H2itk2i = 0 for £K>3.

The matrices M,,, By, are upper triangular matrices with four non-zero
diagonals. They satisfy for m > 4 the following recursion

i 11 1 i
L' =3 53 20
1 1
1 L1
M,, =
0) Mm72
i 1 1 1 ]
L' =3 3 3 0
V31 1
2 243 23
B, =
O gBm—Z

Let b1,...,b, be the column vectors of By,, By = [b1,...,bn] and let
Lim) — L(by,...,by) be the lattice generated by b1, ..., by,.

Theorem 10 The column vectors by,...,by, of By, form a 3—-BKZ basis.

14



Proof. The vectors by,...,by form a Korkin—Zolotarev basis since the
vector EZ is minimal in 7ri(L(4) for i = 1,...,4. The lattice LY yields the
lattice sphere packing F4, the lattice packing of maximal density for dimen-
sion 4, see CONWAY, SLOANE (1988). We see from the recursive structure
of Bm = [bi,j]lgi,jgm that

9 k/2
[bij2k+1<i j<2k+5 = <3> By fork=0,...,[(m-5)/2].
This implies that the basis 7;(b;), mi(bi+1), mi(biy2) is Korkin—Zolotarev
fori=1,...,m—2. O

We let L(®) denote the lattice that is generated by the column vectors
by, ...,b of the matrix Bj.

Lemma 11 The basis by, ..., bok11 consisting of the column vectors of Boj1
k—1
satisfies ||by|| / A (L2FF1) = \/g for k=1,2...

Proof. We have for k =1,2,3,... that

2k71 N
ookl = /2 = Pl

Moreover bgg1 is the shortest vector in L(by,...,bog+1) — L(b1,...,bog_1).
This is because ||bog+1|| = ||bok—1|| and by, ..., bog11 is a 3-BKZ basis.
Applying the above property of bopi1 inductively we see that the short-

k—1
est non—zero vector in L2+ has length \/g which proves the claim.
O

In order to show that the basis b1,...,bor4+1 of lattice L2k+D) g g
critical 3-BKZ basis we need an upper bound on |[|by|| / A1(L) which holds
for all 3-BKZ bases of any lattice L. Let ag be the lattice constant

ag = max [[ba]|* / [[bg]|®

where the maximum is taken over all Korkin-Zolotarev bases b1,...,bg.
The following theorem improves the upper bound ||by |2 A\;(L)~2 < afg from
SCHNORR (1987).

Theorem 12 Fvery —-BKZ basis by,...,by of lattice L for which k =

(m —1)/(B—1) is integer satisfies ||by||*> \1(L)72 < agfl.

15



Proof. Let v = } /" tb; be a shortest non—zero vector in L. We can
assume that v & L(by,...,b,_3+1) since otherwise we can reduce k and
the induction hypothesis for &k — 1 yields ||by|? A\(L)72 < 0%72. From
v L(bi,...,by—p+1) we see that m,_gi1(v) # 0. Since
Tm—B+1(bm—g+1), - - -, Tm—g+1(bm) is a Korkin—Zolotarev basis we have

[bm-—ps1ll < Im—pa (W)l < M(L) -

Moreover H/Bl-l-(ﬁ—l)(j—l)HQ < ag ||61+(5_1)j||2 holds for j =1,...,k—1
since the basis b1,...,b, is f—BKZ. Therefore

o1 < ™ [bm—psal® < ot Ai(L)? O
3 . 71/2

Theorem 13 a3 = 5 , i.e. ag is the height of the tetrahedron with
side length 1.

Proof. Let b1,be,b3 be a Korkin—Zolotarev basis with ||b1]] = 1 and
minimal |[bs], i.e. as = |||/ |[bs]| "2 = [|bs]| 2. Consider the projection
#3’151 + #37232 of b3 in span (bl, b2) We claim that [L3,1b1 + /«43,2/52 must
be a “deep hole” for the lattice L(b1,b2), i.e. a point that has maximal
distance from the lattice points. If w3101 + ,11,3,2/62 is not a deep hole for the
lattice L(b1,b2) we can change ps31,u32 such that the minimal distance
of psz1bi + pi30by from L(by,by) increases. This permits to decrease ||bs]|
without violating the properties of Korkin—Zolotarev bases.

There are at most two deep holes in the ground mesh of the basis by, bs,
namely the points that have equal distance to 0,b1,by (b1, b2, b1 + by, re-
spectively).

b2 bl + b2
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deep holes o in the ground mesh

W.lo.g. we can assume that p31b; + u37252 has equal distance from 0, b,
and by. It follows from |[|by||? = ,u%l + |[b2]? > [b1]|> = 1, [p21| < 5 that

B> Y2 (14)

\V)

Let ||bo]| = § +¢ with € > 0. We have

~ V3
lus2ball = —= if =0
1
A Y (15)
s 2b2| < o +e for €>0.
This is because ¢ = 0 implies that [b1]| = [lb2f| = [|b1 — b2l = 1 and
thus  p3101 + p3 by = @ . Moreover the bs—coordinate of the deep

hole 3,161 + ,u3,252 does not increase faster in ¢ than HZQH We see from
[ma(bs)|| > (b2l that [[bs]|* + 13 5[|b2]|* > [|b2[|?, and thus

osl* > [1b2® — p32lb2]?

2 2
> <2+E> —<6+€>
3 1 2
> - — — = —

- 4 12 3

holds for the basis matrix Bs = [by, ba, bs]. This proves that «az = % O

Theorem 14 The lattice basis by, ...,bopr1 defined by the basis matrix
Bopy1 s a critical 3-BKZ basis.

Proof. Lemma 11 shows that ||by| /A (L&) = \/gk 1. On the other
hand every 3-BKZ basis by,...,by, ., of lattice L satisfies [[b}]|/A1(L) <
\/@k_l by Theorem 12, where a3 = % by Theorem 13. This shows that
61 / A (LZ*+D) is maximal for 3-BKZ bases of rank 2k + 1. O
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