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Abstract. This article summarizes our present knowledge about nuclear matter at

the highest energy densities and its formation in relativistic heavy ion collisions. We

review what is known about the structure and properties of the quark-gluon plasma and

survey the observables that are used to glean information about it from experimental

data.
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1. Introduction

This Section gives an overview of the goals of exploring nuclear matter at high energy

density and outlines the recent and ongoing program with relativistic heavy ions.

What are the properties of the matter that permeated our universe [1] during the

first roughly 20 µs of its existence when its temperature exceeded 2×1012 K? Theoretical

considerations tell us that it was a quark-gluon plasma, i. e. matter in which the quarks

were not confined into color singlet objects, summarily called hadrons. Numerical

simulations of quantum chromodynamics on a Euclidean space-time lattice (lattice-

QCD) have established the presence of a rapid, but smooth cross-over transition in the

properties of QCD matter in the temperature range 140 MeV < T < 170 MeV from a

phase that is well described as a gas of hadrons and resonances to a phase, called quark-

gluon plasma, in which the color force between quarks is screened and the spontaneously

broken chiral symmetry of the QCD vacuum is restored [2, 3]. The near coincidence of

these two transitions (quark deconfinement and chiral symmetry restoration) is due to

their mutual reinforcement: Absent the action of a confining color force, single quarks

are easier to excite than whole hadrons, which suppresses the quark condensate and, in

turn, enhances the density of quarks available to screen the color force. The connection

is effectively modeled by the Polyakov–Nambu–Jona-Lasinio (PNJL) model [4, 5].

The experimental exploration of nearly baryon number-free hot QCD matter

commenced in the year 2000 with the start of operations of the Relativistic Heavy

Ion Collider (RHIC). In the past two decades RHIC has produced and studied hot QCD

matter in collisions of complex nuclei ranging from 16O to 238U, and it has performed

baseline measurements in p + p and p(d,3 He) + Au collisions. Hot QCD matter with

a significant baryon excess was studied in fixed target experiments at the CERN–SPS

and the BNL–AGS, and it has become a focus also at RHIC with the exploratory and

high-statistics beam energy scans (BES-I and BES-II). At the lower energy end, SIS-

18 at GSI is running and data is collected for very dense but moderate temperature

systems. The conditions reached in low energy heavy-ion collisions are similar to the

ones in neutron star mergers and provide complementary insights into nuclear matter

at extreme densities.

Fig. 1 shows a sketch of the phase diagram of strongly interacting matter. Putting

firm constraints on the properties of matter is one of the major goals of heavy-ion

research. The quark-gluon plasma phase is situated at high temperatures and/or

densities with the cross-over transition to the hadron gas along the temperature axis.

This is where the early universe has evolved and high energy heavy-ion experiments

explore this net baryon number free regime. At finite densities and low temperatures

the liquid-gas transition associated to bound nuclear matter is indicated as well as cold

neutron stars at very high densities potentially including a color super conducting phase.

At finite net baryon densities a first order phase transition with a critical endpoint is

expected, that is explored by heavy-ion experiments at intermediate and low beam

energies.
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Figure 1. Sketch of the phase diagram of strongly interacting matter as a function of

net baryon chemical potential and temperature. [From A. Steidl, Frankfurt University]

The results obtained during the first five years of the RHIC experiments have

been summarized in “white papers” [6, 7, 8, 9] published by the four experimental

collaborations (BRAHMS, PHENIX, PHOBOS, and STAR). The results provided

compelling evidence that a novel form of thermal hot QCD matter was produced in

nuclear collisions at RHIC, which clearly differs from hadronic gas and has the properties

of a nearly inviscid liquid [10]. Since a low viscosity implies strong coupling among the

constituents of the medium, a natural interpretation of the RHIC data is provided by

the hypothesis that the QCD matter produced in the experiments is a strongly coupled

quark-gluon plasma [11, 12].

The understanding of the dynamical properties of the quark-gluon plasma flowing

from the RHIC program was extensively tested and expanded at much higher beam

energies at the Large Hadron Collider (LHC) starting in 2010. Since the LHC beam

energy is more than a factor of 10 higher than that of RHIC, the main question was

whether the quark gluon plasma still exhibits the features of a strongly-coupled gauge

liquid at these higher energies. This question was answered in the affirmative by the

first reports from the three large experimental collaborations (ALICE [13], ATLAS [14],

and CMS [15]). All three collaborations have since published a wealth of data that all

confirm this conclusion (see [16] for a first comprehensive assessment). A more narrowly

focused review of bulk properties of the QGP based on results from RHIC and LHC

can be found in [17]. A high-level summary of established insights and open questions

is presented in [18].

As will be reviewed below, various properties of the baryon number-free quark-gluon

plasma can now be rigorously and reliably calculated using lattice-QCD simulations, in

particular, its equation of state. However, definitive calculations are still limited to

thermodynamic quantities that can be formulated in terms of static observables. Many

properties of hot QCD matter that are of great phenomenological interest, such as its
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transport coefficients or its excitation spectrum, are still inaccessible to rigorous lattice

simulations. Also, the properties of QCD matter with a substantial baryon excess cannot

be calculated using presently known techniques. For these properties we still have to

rely on tenuous extrapolations of results obtained by means of thermal perturbation

theory, on predictions from effective models of QCD, or on answers gleaned from rigorous

calculations for strongly coupled gauge theories akin to, but different from, QCD that

have known holographic duals. The results of such calculations must be regarded as

qualitative, but they can provide useful guidance for the experimental program.

This review is structured as follows. Section 2 contains an overview of the

connection between experimental observables and fundamental quantities characterizing

the quark-gluon plasma. Section 3 covers the foundations of theoretical predictions for

the properties of the quark-gluon plasma, based on lattice QCD, thermal perturbation

theory, and holographic methods for strongly coupled gauge theories that serve as models

for QCD. The basic phenomenological approaches to making this connection that are

well established on a quantitative level are described in Section 4. In Section 5, we

review the experimental results from RHIC and LHC for the observables introduced in

Section 2 and discuss their interpretation. The review concludes in Section 6 with an

overview of future opportunities for experimental and theoretical investigations of hot

QCD matter.

How to read this article: If the reader is mainly interested in getting an overview

of the current state of experimental results, it would be advisable to jump directly to

Section 5 and then circle back to Sections 2, 3, and 4 depending on the nature of one’s

further interest. Alternatively, one might start with Section 2 if the primary interest

is in getting an overview of the main experimental observables in relativistic heavy

ion collisions, for example, if someone wants to prepare for the first attendance of a

Quark Matter conference and then proceed to either Section 4 or Section 3. Those most

interested in the theoretical motivation and foundation of the field may want to start

with Section 3 and then proceed to Section 4 and the other sections. We assume that

any reader will have at least a cursory familiarity with the elements of QCD and its most

important phenomenological aspects (asymptotic freedom, quark confinement, hadron

spectrum).

Our review does not aim for completeness in citations. The published literature on

the quark-gluon plasma and the phenomenology of relativistic heavy ion collisions is just

too vast. An excellent source of foundational references is Kapusta et al.’s annotated

reprint collection [19]. Concise presentations of many of the underlying concepts and

phenomenological aspects can be found in the textbooks by Yagi et al. [20] and by

Letessier and Rafelski [21]. Apart from specific citations of quoted experimental or

theoretical results, we have mainly cited targeted reviews and publications that provide

an overview of a specific area.

We hope that this citation strategy will be of value to the readers at whom our

review is primarily aimed: Graduate students and postdocs, scientists from other areas

of nuclear and particle physics, who want to familiarize themselves with the status of this
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field of physics because they are considering contributing to it, and all those scientists

who would like to get a concise overview of the questions, methods and results of this

area of physics. We refrain on purpose from historical accounts of events and rather

report the current status of understanding of hot and dense QCD matter as explored in

heavy ion collisions.

2. Observables

This Section describes basic quantities characterizing high-energy density QCD matter

and their relation to experimental observables. This Section contains very few references,

since the details are discussed in Section 5 where references, mainly to review articles,

are provided.

2.1. Overview

The approaches described in the previous Section allow theorists to relate various

fundamental properties of the quark-gluon plasma to specific experimental observables:

(i) The equation of state, expressed as the dependence of pressure p on energy density ε

and net baryon density n, of the quark-gluon plasma is reflected in the final particle

spectra, collective flow properties, and the propagation of initial-state density

fluctuations into the final state. The speed of sound, cs =
√
∂p/∂ε, determines

how the pressure gradients propagate during the expansion of the system.

(ii) The viscosities η (shear) and ζ (bulk), which may be expressed as autocorrelation

functions of the components of the stress tensor Tij [22],

η =
1

T

∫
d4x 〈Txy(x)Txy(0)〉, (1)

ζ =
1

9T

∑
i,j

∫
d4x 〈Tii(x)Tjj(0)〉. (2)

influence the collective transverse flow pattern, quantified by Fourier decomposition

of the azimuthal distribution of particles in momentum space. The anisotropy of

the transverse flow is especially sensitive to the dimensionless ratio η/s, where s

denotes the entropy density.

(iii) Momentum transport coefficients, including the so-called jet quenching parameter

q̂, are expressed as correlation functions of the color force experienced by a fast

parton in the quark-gluon plasma:

q̂ ∝
∫
dx−〈Tr [U0,xF

+i(x)Ux,0F
+
i (0)]〉. (3)

Here F denotes the field strength tensor and U are so-called gauge links that ensure

the gauge invariance of q̂. The minus index in x− indicates that the correlation

is sampled along the light cone. Together with two other coefficients, ê and

ê2, q̂ determines the rate of energy loss of a fast parton traversing the quark-

gluon plasma. Experimentally, these coefficients can be determined by measuring
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the suppression of hadrons emitted with high momentum transverse to the beam

direction.

(iv) The screening length λD of the color force between a heavy quark-antiquark pair

in the quark-gluon plasma, which is encoded in the correlator of the static gauge

potential between two points separated by a spatial distance x:

λ−1
D = − lim

|x|→∞

〈Tr [U0,xA
0(x)Ux,0A

0(0)]〉
|x| , (4)

controls the ability of a pair of heavy quarks to form a bound state. When λD is less

than the size of the bound state, the state dissolves in the medium. Experimentally,

this phenomenon is expected to be revealed by a strong suppression of charmonium

(cc) and Upsilon (bb) states.

(v) The electromagnetic current-current correlation function

Cµν
em(q) =

∫
d4x eiq·x〈jµ(x)jν(0)〉 (5)

encodes the response of the quark-gluon plasma (or hadronic medium) to

electromagnetic fields. It is directly only sensitive to quarks, but indirectly also

to gluons, because quarks can be off-shell due to their interactions with thermal

gluons. Observables carrying information about Cµν(q)em are photons, sensitive to

q2 = 0, and dileptons, sensitive to time-like q2 > 4m2 with m being the lepton

mass.

These well defined quantities summarize the main properties of the hot and dense

QCD matter. Their linkage to experimental observables lays the ground for robust

theoretical and experimental research programs in heavy ion physics. In making this

linkage it is important to keep in mind that only the momentum-space properties of

the matter is accessible to experiments, because the fireball is too small and short-lived

to allow direct spatial of temporal resolution. It is possible to infer some information

about the space- and time-dependence of the collision from two-particle correlations,

which will be discussed in Section 2.4 under the topic “HBT Femtoscopic Radii”, but

even these indirect measurements are limited to last stage of the collision and require

detailed modeling of the reaction.

From a practical viewpoint, on the experimental side, it is important that precision

measurements of the relevant observables are made over a wide kinematic range so that

theoretical models of the collision can be constrained. On the theoretical side, precise

and reliable calculations of the transport coefficients under given conditions are needed

in combination with realistic simulations of the dynamical evolution that connect the

matter properties to the observables.

The following Subsections introduce the basic concepts underpinning the most

commonly considered observables and point out their generally accepted connections

to the properties of hot and dense QCD matter.
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2.2. Single-Particle Observables

Single particle observables are all the observables that can be measured on the basis of

individual particle properties.

Particle Yields and Multiplicities

The most basic analysis in a heavy ion collision is to count the numbers of particles

of a certain species that are produced. One can either restrict the measurement of the

yield to a region in momentum space around mid-rapidity or, if detector acceptance

allows, extrapolate the number to the full multiplicity including the whole phase-space

(4π yields). By fitting the ratios of particle multiplicities to a grand canonical ther-

mal distribution one can infer information about the conditions at the time of chemical

freeze-out, after which the particle yields do not change anymore (see Section 5.1).

Rapidity Distributions

Rapidity distributions dN/dy are sensitive to the initial energy deposition and thus

to the stopping power of the colliding nuclei. Extreme limits of the charged particle ra-

pidity distribution are associated with Landau (Gaussian shape) or Bjorken (flat shape)

hydrodynamic behavior. The Landau limit corresponds to full stopping followed by

explosive expansion. The Bjorken model corresponds to complete transparency for the

valence quarks resulting in longitudinal boost invariance – this approximation is only

strictly valid in the infinite collision energy limit.

Transverse Momentum Spectra

Counting the particles in bins of transverse momentum or transverse mass conveys

information about the kinetic decoupling temperature and the flow profile

1

mT

dN

dmT

∝ exp−mT /Teff . (6)

By fitting the particle spectra with a thermal distribution one can extract an effective

“temperature”, which is often called the slope parameter. If the emitted hadrons orig-

inate from a locally equilibrated and collectively flowing momentum distribution, the

slope parameter represents a blue-shifted temperature. The outward radial flow that

the fireball develops during the dynamical evolution generally results in a flatter shape

of the spectra of higher mass particles, e. g. baryons, at low transverse momentum (see

Section 5.2.

Nuclear Modification Factor RAA

The nuclear modification factor RAA is the ratio of the transverse momentum

spectrum in a heavy ion collision (AA) normalized by the transverse momentum

spectrum in the corresponding number of independent nucleon-nucleon collisions (pp)

RAA =
d2N/dpTdyAA

〈Ncoll〉d2N/dpTdypp
. (7)
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If there are final-state interactions with the medium that degrade the transverse mo-

mentum of energetic partons, RAA gets smaller than one, which explains the alternative

name of this observable: nuclear suppression factor. This phenomenon is referred to as

jet quenching. For light-heavy collision systems, such as p + A or d + A, the Rp(d)A is

sensitive to initial-state effects that can be attributed to the behavior of cold nuclear

matter relative to the reference of proton-proton collisions. For heavy-heavy collision

systems the nuclear modification factor is mainly sensitive to final-state effects. The first

determination of the energy loss parameter q̂ is based on measurements of the nuclear

modification factor (see Section 5.9). RAA is also used to quantify the suppression of

heavy quarkonium production in heavy ion collisions.

Photon Spectra

Direct photon spectra reflect the cumulative emission of thermal and prompt pho-

tons from all stages of a heavy ion reaction. The definition of a “direct photon” is that it

does not originate from a particle decay, such as π0 → γγ. In the initial non-equilibrium

evolution high-pT photons are produced in hard processes. Thermal emission from the

quark-gluon plasma and the subsequent hadron gas phase are added during later col-

lision stages. Since the mean free path of photons is larger than the fireball size, once

photons are produced they end up in the detector and, different from strongly interact-

ing probes, are minimally distorted by rescattering processes. By detailed dynamical

modeling and matching of the various contributions to the photon spectrum, the goal is

to extract information about the initial temperature and the lifetime of the QGP fireball

from this observable. Photon spectra are also sensitive to the equation of state, since

the emission depend strongly on the lifetime of the system that is substantially longer

when a first order phase transition takes place (see Section 5.11).

Dilepton Spectra

Another electromagnetic probe are lepton pairs, commonly referred to as dileptons.

These originate from virtual photons that decay into a e+e− or µ+µ− pair. The theo-

retical advantage is that leptons do not interact strongly and therefore can be measured

from all stages of the heavy ion reaction. On the other hand, the cross-sections for lep-

tonic pair production are orders of magnitude smaller than for hadronic emission. Since

some hadron decays produce leptons, dilepton spectra constitute challenging measure-

ments. Vector mesons, such as the ρ and J/ψ mesons, can decay into lepton pairs and

show up as peaks in the dilepton invariant mass spectrum. By carefully analyzing the

height and width of these peaks, one hopes to learn something about the influence of the

medium on the resonance properties. Changes in the spectral function of the ρ meson

are associated with chiral symmetry restoration and deconfinement (see Section 5.11).

Charmonium Suppression

One telltale signature for the formation of a quark-gluon plasma is the suppression

of charmonia (J/Ψ, Υ, etc.). While number of heavy quark pairs created in initial hard
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interactions is deemed to be independent of the final-state nuclear medium, they are

predicted to be unable to form bound meson states in a quark-gluon plasma due to color-

screening. Lattice calculations for the heavy quark potential and the spectral function

predict a sequential melting of charmonia states with increasing medium temperature.

Therefore, the measurement of the ratio of charm spectra in nucleus-nucleus collisions

divided by the spectrum expected from scaled proton-proton collisions is thought to

serve as a direct way to extract the deconfinement temperature. This simplistic picture

is complicated due to recombination of heavy quarks during hadronization and other

effects (see Section 5.10).

Heavy Flavor

The mass dependence of medium interactions can be probed by measuring single

electron spectra that originate from the decay of open heavy flavor mesons (mesons

containing an unpaired c, b quark). Due to the dead-cone effect the expectation is that

energetic charm and bottom quarks lose less energy in the quark-gluon plasma than

light quarks. Measurements of the elliptic flow for open heavy flavor mesons provide

insight into the question whether heavy quarks thermalize as well as light quarks (see

Section 5.10).

2.3. Two- and Few-Particle Observables

Two- and few-particle correlations are coincidence measurements of the probability of

finding a particle with a certain property given that the event contains one particle with

another (or the same) property.

Photon-Hadron Correlations

Photon-hadron correlations use a direct photon as the trigger particle for the cor-

relation function. This has the advantage that the energy of the original parton in the

hard process is constrained more tightly by the photon energy and, therefore, allows to

access information about the fragmentation function. This observable is very clean for

theoretical calculations, but poses a big challenge to experiments due to the contami-

nation of the photon yield by decay photons (mainly from π0) (see Section 5.9).

Di-Hadron Correlations

Hard di-hadron correlations are a sensitive tool for studying the path length de-

pendence of jet energy loss. The trigger particle is a high-pT particle (usually with

pT > 5 GeV/c), whereas the associate particle is chosen in a lower pT range. Di-hadron

correlations are called “hard”, if both pT ranges are 3 GeV/c and higher, so that a

pQCD description is applicable. These correlations are often quantified as a distribu-

tion in the difference of the azimuthal angle between trigger and associated particle.

One can then separate the near-side and the away-side structures, by an angle differ-

ence of roughly 180◦ that originate from the back-to-back hard parton scattering. Given
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a near-side high-pT trigger particle the ratio of the yield of particles on the away-side

in heavy ion collisions to the one in proton-proton collisions is called IAA in analogy to

RAA. Since IAA is a conditional yield, it potentially contains more detailed information

about the energy loss, but also is subject to the so-called “trigger bias” (see Section 5.9).

Triggered Correlations

In addition to looking for correlations between two high-pT particles, jet medium

interactions can be investigated by studying correlations between only one high-pT par-

ticle and an associated particle of lower pT . The high-pT trigger particle preferentially

emerges from the surface of the medium, having lost little energy on its way out, and

therefore the backwards emitted parton experiences above average modification by the

medium. Also, the medium itself might be modified by the traversing high energy parton

resulting in characteristic excitation patterns like a Mach cone. To measure the effect of

high pT partons on the medium, multi-particle correlations over various pT ranges and

in longitudinal (∆η) and azimuthal (∆φ) phase space have been studied.

Untriggered Correlations

The last option for two- or three- particle angular correlations is to measure so-

called untriggered correlations in minimum bias events, where one does not require one

of the hadrons to have high transverse momentum. These d2N/d∆φ∆η correlations have

revealed interesting structure: There is an elongated enhancement in pseudorapdity on

the near side ∆φ ≈ 0) that is often referred to as the “ridge”. This structure is as-

sociated with higher Fourier coefficients in the azimuthal distribution with respect to

the reaction plane (see below under collective flow) and will be discussed further in

Section 5.5.

Charge Asymmetry Correlations

Another 3-particle measurement is the charge asymmetry with respect to the

reaction plane. If there is an asymmetric production of up and down quarks in the

initial state of a heavy ion reactions due to QCD vacuum fluctuations, these quarks

could be separated by the magnetic field that is generated by the colliding nuclei. The

chiral magnetic effect (see Section 5.13 for more details) is predicted to result in an

asymmetry of the yield of charged particles with respect to the reaction plane that can

be captured by observables of the type:

γ±,± = 〈cos(φ±α + φ±β − 2ΨRP )〉, (8)

where± indicated the electric charge of the detected hadron. The observable (8) requires

the detection of at least three particles, one of which is used to identify the reaction

plane. A similar asymmetry of charged particle production with respect to the reaction

plane can also be generated by a combination of balance functions and elliptic flow (see

Section 5.14), which means that the observable has a large non-specific background.
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2.4. Multi-Particle and Collective Observables

This section contains all of the observables that are based on multi-particle measure-

ments and potentially reflect the collective behaviour of the system.

Anisotropic Flow

One of the most important observables in heavy ion reactions is collective flow

of the particles. The Fourier coefficients vn of the azimuthal distribution of the final

particles in momentum space are used to quantify anisotropic flow.

E
d3N

dp3
=

1

2π

d2N

ptdptdy
+
∞∑
n=1

2vn cos[n(φ−Ψn)]. (9)

The most prominent and well studied of these coefficients is v2, commonly called

elliptic flow, which arises due to the different pressure gradients in the transverse plane

in non-central collisions. The initial almond shape in the coordinate space is translated

by hydrodynamics into a momentum space anisotropy. As it is driven by pressure gra-

dients, elliptic flow is highly sensitive to the shear viscosity and the equation of state of

the expanding medium. Its collision energy dependence can, therefore, serve as a sig-

nature of the transition from hadronic matter to the quark-gluon plasma. Whereas v2

can be measured by an event average, higher-order flow coefficients are non-zero require

event-by-event measurements.They can be used to constrain the initial state profile of

the fireball. The vn values can be determined by different analysis techniques like the

event-plane method, the cumulant method, the flow vector method, or by means of

Lee-Yang zeros (see Section 5.4).

HBT Femtoscopic Radii

Hanbury-Brown–Twiss (HBT) correlations of identical particles allow to infer the

spatial volume, lifetime, and outward flow velocity of the fireball. The HBT correlations

are caused by quantum (Bose or Fermi) interference between the two identical particles.

The measurements are sometimes referred to as density interferometry. The measured

correlation functions are usually fitted with a Gaussian that allows to extract three

different radii

C(q) = 1 + λe−(q2
oR

2
out+q

2
sR

2
side+q2

l R
2
long) (10)

where Rlong is aligned with the beam direction, Rout points along the center-of-

momentum of the particle pair, and Rside is perpendicular to both. The HBT radii

for different particle species contain information about the coherence region of the emis-

sion at kinetic freeze-out. The ratio of Rout/Rside is indicative of the lifetime of the

fireball and therefore sensitive to certain aspects of the equation of state, such as the

nature of the QCD phase transition. Results and more details are discussed in Section

5.3.

Balance Functions
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Balance functions are a tool to study charge correlations in heavy ion reactions.

They are similar to observables used to investigate hadronization in jets produced in

pp̄ or e+e− collisions. The balance function describes the conditional probability that a

particle in the momentum bin p1 will be accompanied by a particle of opposite charge

in the momentum bin p2

Bab(p2|p1) =
1

2
(ρ(b, p2|a, p1)− ρ(b, p2|b, p1)

+ρ(a, p2|b, p1)− ρ(a, p2|a, p1)) , (11)

where ρ(b, p2|a, p1) is the conditional probability of observing a particle of type b in bin

p2 given the existence of a particle of type a in bin p1. Balance functions can be defined

for any conserved quantum number.

Reconstructed Jets

Another observable sensitive to parton propagation in the quark-gluon plasma are

fully reconstructed jets. For elementary collisions (pp, etc.) with normally only a single

hard interaction the outgoing hard partons fragment into hadrons, and the energies of

all fragment particles is measured in calorimeters. Applying sophisticated clustering

algorithms the full jet can be reconstructed. Events containing a jet are identified on-

line using a dedicated jet trigger. In the high-multiplicity environment of a heavy ion

collision these measurements are much more challenging due to the underlying event

background. Reconstructed jets allow comprehensive studies of jet energy loss and

modifications of the internal jet structure (fragmentation functions, jet shape, etc.) by

the comparison with predictions from jet shower Monte-Carlo algorithms tuned to jets

in pp collisions (see Section 5.9).

Energy Flow and Track Functions

Calorimeters measure energy flow carried by hadrons (hadronic calorimeter) or by

photons and electrons (electromagnetic calorimeter) in a given direction. The most

general realization of this concept is the energy flow operator [23]

E(~n) = lim
r→∞

∫ ∞
0

dt r2niT 0
i (t, r~n), (12)

which measures energy flow into the direction ~n. Observables of interest that provide a

measure of the energy correlators of the form 〈E(~n1) · · · E(~nN)〉, where one looks at the

correlation of energy flow within a jet into different directional domains with an opening

solid angle ∆R [24].

A related concept is that of track functions Tq→h(x), [25, 26] which measure the

probability that the total (light-cone) momentum fraction x of a quark-initiated jet is

carried by a certain type of hadron h. The track functions are similar to fragmentation

functions, but instead of considering the momentum fraction of a single hadron, they

sum over all hadrons of a given type within the jet. For a recent analysis of the QCD

evolution of track function moments and a comparison with LHC data, see [27].
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Event-by-Event Fluctuations

Event-by-event fluctuations of conserved charges, such as net electrical charge, net

baryon number, or net strangeness, are a prominent signal for the phase transition to

the quark-gluon plasma. Since quarks and gluons have different elementary units of the

charges the predictions for event-by-event fluctuations are very different based on the

assumption that a quark-gluon plasma or a hadron gas is present. The fluctuations of

the mean transverse momentum can be regarded as the analogue to the temperature

fluctuations in the cosmic microwave background, which are vestiges of quantum

fluctuations in the initial state. The susceptibilities that are directly related to the

fluctuations of conserved charges or their higher moments such as the skewness and the

kurtosis are also calculable on the lattice and offer a direct connection between data

and QCD predictions (see Section 5.7).

3. Theoretical Foundations

This Section reviews our present theoretical understanding of the structure and properties

of the quark-gluon plasma, based on lattice-QCD simulations, thermal effective field

theory, and exactly solvable strong coupling models.

3.1. Lattice QCD

The quantitative ab initio calculation of the thermodynamic properties of QCD matter

requires the model-independent evaluation of the functional integral that defines the

quantum field theory. The only known rigorous method that allows to do this starts

with the discretization of the QCD Lagrangian on a large space-time lattice and then

evaluates the very high, but finite dimensional functional integral by Monte-Carlo

methods. In order to study the properties of QCD at non-zero temperature, periodic

boundary conditions (anti-periodic for quarks) are imposed on the imaginary time

coordinate with period h̄/T . The functional integral defining the quantum field theory

is evaluated by means of Monte-Carlo sampling techniques that are used to generate a

sufficient number (hundreds or thousands) of statistically independent, representative

field configurations. Observables of interest are then evaluated by averaging over these

stored configurations. The numerically most expensive part of the calculation is the

integration over the fermion fields, which requires the evaluation of the determinant

of a very large matrix. Much of the progress that has occurred over the past decade

consists of finding improved ways to represent the QCD Lagrangian on a discrete lattice

and speed up the evaluation of the fermion determinant. Other improvements in some

simulations concern the implementation of manifest chiral symmetry by means of the

domain wall or overlap fermion algorithms [28, 29].

Lattice QCD simulations have come a long way since the first calculations that

demonstrated quark liberation in the high temperature phase of pure SU(2) lattice gauge

theory [30, 31]. State-of-the-art lattice calculations include both, SU(3) gauge fields
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and dynamical u, d, and s quarks (sometimes even c quarks) with physical masses,

employ improved lattice actions, extrapolate to the continuum limit (lattice distance

a→ 0), and investigate the convergence of the results as a function of the number Nt of

Euclidean time slices. Fully converged lattice QCD simulations for baryon-symmetric

QCD matter (µB = 0) have been made for the QCD equation of state and various other

thermodynamic properties [32, 33, 34].

Rigorous algorithms for the evaluation of the functional integral for thermal QCD

are known only for µB = 0, because the integrand is not positive definite for non-zero

real values of µB. Nevertheless, attempts have been made to explore the QCD phase

diagram away from the µB = 0 axis by means of lattice simulations using a number

of indirect approaches. One method evaluates a certain number of derivatives of an

observable with respect to µB at µB = 0 and then reconstructs the value at µB 6= 0

from the truncated Taylor series [35]. Another method evaluates the functional integral

for imaginary values of µB, where the integrand is well behaved, and then attempts an

analytic continuation to real values of µB [36]. A third method uses field configurations

generated for µB = 0, but reweights them to simulate the µB-dependence of the lattice

action [37]. The “holy grail” of such efforts is to locate a possible critical point in the

QCD phase diagram. In spite of considerable progress in obtaining reliable results for

µB/T < 2, none of these approaches currently gives a positive indication for the possible

location of such a critical point. Even the existence of a critical point in the T − µB
plane, although extremely plausible on the basis of physical arguments and predicted

by a multitude of QCD models, has not been established with absolute certainty [38].

3.1.1. Pseudocritical temperature. It has now been firmly established that the

transition in baryon number-free (µB = 0) QCD matter is a smooth cross-over [3]. As a

consequence, the value of the pseudo-critical transition temperature Tc cannot be defined

unambiguously. Usually, one identifies Tc as the location of the peak or inflection point

of a relevant thermodynamic quantity, but even this definition is ambiguous, because

the value of Tc depends upon the choice of this quantity. The transition temperature

defined by the inflection point of the renormalized quark condensate [39]

∆l,s =
〈ψψ〉l,T − ml

ms
〈ψψ〉s,T

〈ψψ〉l,0 − ml

ms
〈ψψ〉s,0

(13)

is T (χ)
c ≈ 158 MeV [40] with an uncertainty of less than 1 MeV (see Fig. 2).

On the other hand, the transition region of quantities that are more direct measures

of quark liberation, such as the expectation value of the Polyakov loop

〈L〉 =

〈
1

Nc

Tr exp

(
ig
∫ β

0
dτA0(τ, x)

)〉
(14)

or the strange quark number susceptibility

χ
(s)
2 (T )

T 2
=

1

TV

∂2(lnZ)

∂µ2
s

(15)
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Figure 2. Temperature dependence of the renormalized light quark condensate

∆l,s(T ), divided by the value of the condensate in the vacuum, 〈ψψ〉0. The quark

condensate, which becomes the order parameter of the chiral phase transition for

massless quarks, serves as a measure of spontaneous chiral symmetry breaking. [From

[39]]

is considerably broader. The expectation value of the Polyakov loop 〈L〉 = exp(−EQ/T )

measures the interaction energy of an isolated heavy, static quark with the thermal bath

of gluons. In the absence of light, dynamical quarks, it vanishes in the confined phase

of QCD, because an isolated quark would have infinite energy. At high temperature,

in the deconfined phase, the Polyakov loop approaches unity because the interaction

energy is small compared with the temperature. This behavior is illustrated in Fig. 3,

which shows the temperature dependence of the strange quark susceptibility (left panel)

and of the renormalized Polyakov loop (right panel). Both observables yield values

of the pseudocritical temperature, defined by the location of the inflection point, of

Tc(L) ≈ T (s)
c ≈ 175 MeV. (The higher value may be simply due to the greater width of

the transition for these quantities.) The transition occurs over a range of about 20 MeV

for the strange quark condensate and an even wider range for the Polyakov loop, which

indicates that quark deconfinement is occurring gradually as the quark-gluon plasma is

heated beyond Tc.

The transition is seen first, and over the narrowest interval, in the chiral quark

condensate. This suggests that for the physical values of the parameters of QCD (the

confinement scale ΛQCD and the quark masses mu,md,ms) the transition is driven by

the restoration of approximate chiral symmetry for the light quarks. The broad range

of the transition seen in the strange quark susceptibility indicates that strange quark

degrees of freedom thaw more gradually and at slightly higher temperature. The even

more gradual transition of the renormalized Polyakov loop may be an indication that

remnants of quark confinement in terms of correlations among quarks and antiquarks
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Figure 3. Left panel: Temperature dependence of the strange quark number

susceptibility χ
(s)
2 /T 2. Right panel: Temperature dependence of the expectation

value of the renormalized Polyakov loop. Both quantities provide measures of quark

liberation. [From [39]]

persist over a larger temperature range. This behavior is also evident in the QCD

equation of state, which we discuss next.

3.1.2. Equation of state. The QCD equation of state at µB = 0 shows a rapid rise in

the ratio of all thermodynamic quantities to the Stefan-Boltzmann limit for massless

quanta over the temperature range 100 MeV < T < 2,500 MeV, as shown in Fig. 4 [39].

Perhaps the clearest manifestation of this behavior is in the effective number of degrees

of freedom deff defined via the formula for the the entropy density s(T ) of a massless,

noninteracting gas of particles:

s(T ) =
45

2π2
deffT

3. (16)

As seen in the right panel of Fig. 4, the effective number of degrees of freedom in hot

QCD matter rises steadily over this temperature range from deff ≈ 8.5 at T = 140 MeV

to deff ≈ 38 at T = 500 MeV, which corresponds to 80% of the Stefan-Boltzmann (SB)

limit. The remaining deviation from the SB limit can be understood as the effect of

perturbative color interactions in the quark-gluon plasma.

Effective descriptions of the low-temperature and high-temperature domains are

indicated in the left panel of Fig. 4. At low temperatures, the hadron resonance gas

(HRG) provides a rather good description, although in detail the equation of state

indicates the existence of hadron resonances beyond those listed in the Particle Data

Book [41, 42]. The HRG gives a good description for most quantities up to T ≈ 150

MeV. Some especially sensitive quantities may not only depend on the hadron mass

spectrum, but also on the widths of resonances [43].

At high temperature (T > 350 MeV), hard-thermal loop resummed perturbation

theory gives a good description of the equation of state and related observables.

As indicated in the left panel of Fig. 4 the next-to-next-to leading order (NNLO)
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Figure 4. Continuum extrapolated equation of state of (2+1)-flavor hot QCD matter

at µB = 0. Left: Pressure P (T )/T 4; right panel: Energy density ε(T )/T 4 and entropy

density s(T )/T 3. The insert on the right panel shows the speed of sound cs(T )2.

The arrows indicate the Stefan-Boltzmann limit for a non-interacting gas of massless

quanta. For an explanation of the theoretical curves labeled HRG and HTL NNLO,

see text. [From [33]]

calculations in this scheme [44, 45] match the lattice results for the pressure quite well,

albeit with a large uncertainty deriving from the choice of the renormalization scale

µ. The three dash-dotted lines shown in the figure correspond to µ = πT (top), 2πT

(center), 4πT (bottom); the central curve obviously matches best.

An especially interesting feature is the broad peak in the QCD scale anomaly, I(t) =

(ε − 3P )/T 4, shown in the left panel of Fig. 5, which measures the manifest violation

of scale invariance in the QCD equation of state. The nonperturbative “interaction

measure” I(t) is distinct from the perturbative violation of scale invariance in the light

quark and gauge sector of QCD that derives from the temperature dependence of the

running coupling constant αs(T ). There have been multiple attempts to interpret this

nonperturbative feature of hot QCD in terms of some quasi-particle picture [46, 47], but

the strong coupling among the degrees of freedom has made it difficult to draw definite

conclusions. The scale anomaly remains large throughout the entire temperature domain

(T ≤ 400 MeV) that is probed in relativistic heavy ion collisions.

For T < Tc, the growth of I(T ) can be understood in terms of the hadron resonance

gas model, which predicts that more massive states are being excited with increasing

temperature. As the figure shows, the lattice result slightly exceeds the resonance gas

model, which accounts for all experimentally known resonances, below 175 MeV. A

possible explanation for this excess is the excitation of a large number of unknown

resonances [41]. Although the microscopic structure of these states is not known, many

of them must contain internal gluon excitations, either as hybrid states (hadrons that

contain both valence quarks and valence gluons) or as glueballs (hadrons composed

solely of valence gluons). If this is so, the question what happens to the gluons when

the quark-gluon plasma hadronizes, has a simple resolution: The thermally excited

gluons become internal gluonic excitations of short-lived hadrons. As the hadron gas
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Figure 5. Left panel: Continuum extrapolated scale anomaly (ε− 3P )/T 4 for (2+1)-

flavor hot QCD matter at µB = 0. Right panel: Energy density ε(T )/T 4, pressure

P (T )/T 4, and entropy density s(T )/T 3. The results from the HotQCD Collaboration

shown here agree with those of the Wuppertal-Budapest (WB) Collaboration shown

in Fig. 4. [From [34]]

expands, these internal excitations will quickly decay into light hadrons, mostly pions,

which absorb the additional entropy.

3.2. Thermal Effective Field Theory

Lattice gauge theory currently does not permit to perform reliable computations of real-

time processes. For this reason, insight into transport processes in the hot QCD matter

presently relies either on thermal perturbation theory or on QCD-inspired models of

strongly coupled gauge theories with a holographic gravity dual. Holographic models

will be discussed in the next subsection; here we focus on thermal perturbation theory.

Thermal perturbation theory is usually formulated in terms of the hard thermal

loop (HTL) effective theory [48, 49, 50]. The HTL formalism resums the leading thermal

contributions to the gluon and quark self-energies into momentum-dependent effective

masses. The effective theory relies on the separation of the scales T � gT � g2T ,

which requires weak coupling (formally g � 1 corresponding αs � 0.1). QCD is not so

weakly coupled at any physically relevant temperature, but it turns out that the power

counting implied by the HTL scheme appears to work even when the scale ordering is

not strictly realized, as it often is the case for effective field theories.

Gauge invariance dictates that the thermal modifications of the propagators are

balanced by vertex corrections that satisfy the Ward-Takahashi identities. In the HTL

effective theory the gauge field develops a collective longitudinal mode, the plasmon,

with mass

m2
pl =

2Nc +Nf

6
(gT )2 +O(g4T 2) (17)

for a plasmon at rest in the medium. mpl represents the additional mass scale that

enters into the HTL effective Lagrangian and controls the thermal properties of the
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gauge theory. For example, the HTL formalism predicts that the static chromo-electric

field around a heavy color charge in a QGP with Nf light quark flavors is screened with

a Debye mass mD =
√

3mpl = gT
√

1 +Nf/6. Furthermore, all HTL gauge field modes

are Landau damped in the space-like domain at the same scale.

An estimate of the domain of applicability of HTL perturbation theory can be

obtained by calculating and comparing quantities that can be computed reliably on the

lattice. An example is the QCD equation of state for µB = 0, which has been calculated

up to three-loop (NNLO) order [44, 45] in the resummed HTL formalism and agrees well

with the lattice results for T > 350 − 400 MeV (see Fig. 4). It is also clear from these

results that the HTL effective theory has very limited applicability in the temperature

range T < 2Tc that is most relevant to the heavy ion experiments.

Many properties of the quark-gluon plasma have been calculated in the HTL

effective theory, mostly at leading order, but NLO results have increasingly become

available. Examples include the shear viscosity η [51, 52, 53], the so-called jet quenching

parameter q̂ [54, 55, 56], the rate of collisional energy loss of a fast parton −dE/dx = ê

[57], the heavy-quark diffusion constant [58] and the rates of thermal photon [59, 60]

and lepton-pair [61, 62, 63] production.

3.3. Strongly Coupled Gauge Theories

The discovery of the Anti-de Sitter/Conformal Field Theory (AdS/CFT) duality

by Maldacena in 1997 fundamentally changed theorists’ ability to perform exact

calculations for strongly coupled gauge theories [64, 65, 66, 67]. The AdS/CFT duality

is based on the notion that conformal field theories in (d+1)-dimensional space-time can

be mapped onto quantum gravity in (d+ 2)-dimensional Anti-de Sitter space (AdSd+2),

which has (d + 1)-dimensional space-time as a boundary at infinity. The AdS space is

known as the “bulk”. Because the mapping is between theories defined on space-times

with a different number of dimensions, one speaks of a holographic duality.

The most ubiquitous case for relativistic heavy ion physics is the original duality

between N = 4 super-Yang-Mills theory in (3 + 1) dimensions, which can be considered

as a “cousin” of QCD, and superstring theory on the space AdS5 × S5. In the limit

of an infinite number of colors Nc, expressed as the limit of strong ’t Hooft coupling

(λ = g2Nc → ∞), the holographic dual is reduced to (super-)gravity on AdS5. While

QCD is not conformally symmetric – as we already mentioned, the violation of scale

invariance is quite large in the temperature range of greatest interest to relativistic heavy

ion physics – there are a number of modifications of the original holographic model that

incorporate scale symmetry breaking in a fundamental (see [68] for an overview) or

phenomenological way (see [69, 70]).

An especially attractive feature of AdS/CFT duality is that it enables rigorous

calculations of dynamical processes at strong coupling, which is not possible in the

framework of Euclidean lattice gauge theory [71]. In particular, it is possible to

study thermalization at strong coupling by mapping thermalization onto the process
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of formation of a black hole in the bulk [72, 73], as illustrated in the left panel of Fig. 6.

The dynamics of space-time near the event horizon of black holes has long been

known to be governed by viscous relativistic hydrodynamics, a phenomenon known as

the membrane paradigm [74]. In the context of AdS space with a black hole, this

translates into properties of viscous hydrodynamics in the gauge theory on the AdS

boundary, some of which are deemed universal for any strongly coupled nonabelian

gauge theory [75, 76]. The best known of these properties is the ratio of the shear

viscosity to the entropy density, η/s = 1/(4π) characteristic of a “perfect” fluid.

Figure 6. Left panel: Schematic view of thermalization in a strong coupled gauge

theory as formation of a black hole in the AdS bulk. Color flux tubes extending

between the receding nuclei are idealized as a massive shell that falls into the depth of

AdS space and eventually forms a black hole. Right panel: Collision of shock waves

in the dual AdS gravity theory. The energy density extending between the receding

shocks is the holographic dual of the hot gauge field plasma. [From [77]]

Other experimentally relevant properties of strongly coupled gauge theories have

also been calculated using holographic techniques, e. g., the energy loss of heavy quarks

[78] and light quarks [79, 80]. Quite generally, holographic approaches lend themselves

most easily to the study of energy and momentum transport as these are directly mapped

onto the dynamics of the gravitational field in the bulk. Modeling of other processes

associated with quark flavor or spin is possible, but requires adding additional fields or

geometric objects, such as D-branes, to the model thereby rendering the conclusions less

universally valid.

The holographic approach allows to model the approach to hydrodynamics from

arbitrary initial conditions without artificial approximations. Under a wide range of

initial conditions, boost-invariant (Bjorken) hydrodynamics with η/s = 1/(4π) emerges

as asymptotic description of the dynamical evolution [81, 82, 79, 83]. The complete

process of energy deposition, thermalization, and hydrodynamic expansion can be

modeled in terms of collisions of two shock waves and can be rigorously solved using

numerical techniques [84, 85, 86]. By varying the height and width of the shock waves,

the whole range from transparency to full stopping can be explored [87]. Asymmetric
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collisions can also be modeled [88]. By combining holographic modeling with other

descriptions that are more appropriate for the late stages of a nuclear collision, a seamless

end-to-end description of heavy ion collisions can be implemented [89].

4. Phenomenological Approaches

This Section describes the basics of effective approaches that are currently used to connect

theoretical input from fundamental theories to observables.

4.1. Bulk Evolution

The dynamical evolution of heavy-ion collisions can be divided into several stages (see

Fig. 7) that are described in detail in the following subsections. Initially, there are two

Lorentz contracted nuclei approaching each other. Right after the impact there is a

period characterized by non-equilibrium evolution. Eventually relativistic viscous fluid

dynamics becomes applicable for the hot and dense stage. When the system dilutes

enough, the fluid is converted to hadrons, which decay and interact with each other

until the freeze-out.

Relativistic FluidInitial State

Pre-equilibrium 
Dynamics Hadronization Transport/Freeze-out

Figure 7. Visualization of the different stages of heavy-ion collisions in a hybrid

approach based on hydrodynamics and hadronic transport for the initial and final

stages. [Adapted by G. Denicol from madai.us]

4.1.1. Initial Conditions. The initial conditions are an indispensable component of any

dynamical description of heavy ion reactions. We have rather extensive knowledge of

the structure of the colliding nuclei, but we lack a first-principle treatment on the basis

of QCD of the evolution from the colliding nuclear ground states to the initial conditions

that are used as input for hydrodynamics.

The simplest picture for the initial geometry of the overlap region in the transverse

plane is based on the Glauber model. While the original Glauber model provides a

madai.us
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general formalism for multiple scattering, its application to relativistic heavy ion physics

commonly makes use of the eikonal limit, where all particles are assumed to travel

along straight line trajectories. (For a simplified introduction to the formalism, see [90];

for an overview of its various uses in relativistic heavy ion physics, see [91].) In this

eikonalized Glauber model, the two nuclei are described by thickness functions TA(~s),

which represent Woods-Saxon density profiles denoted by ρA that are integrated over the

longitudinal direction: T̂A(~s) =
∫
ρA(~s, z)dz. ~s is the transverse position with respect to

the center-of mass of the nucleus A. The joint probability for the overlap of nucleus A

with nucleus B colliding at an impact parameter ~b can be expressed as

T̂AB(~b) =
∫
T̂A(~s)T̂B(~s−~b)d2s. (18)

Participant or “wounded” nucleons are defined as the nucleons that interact with

at least one nucleon of the opposite nucleus, where the interaction is defined by the

inelastic proton-proton cross section (σNN) at a given energy.

Npart = A
∫
T̂A(~s)

{
1−

[
1− T̂B(~s−~b)σNN

]B}
d2s (19)

+ B
∫
T̂B(~s−~b)

{
1−

[
1− T̂A(~s)σNN

]A}
d2s (20)

The nucleons outside the interaction region are called spectators and are not considered

further. The number of binary nucleon-nucleon collisions (Ncoll) can be calculated as

well.

Ncoll = ABT̂AB(~b)σNN (21)

In some heuristic models [92] of the centrality dependence of the charged particle

multiplicity binary collisions are assumed to contribute a fraction α < 1 and while

a fraction (1− α) is attributed the participants:

NAA(~b) =
[
αNcoll(~b) +

1− α
2

Npart(~b)
]
Npp (22)

where Npp is the number of particles produced in a proton-proton collision at the

same energy. The Glauber model is usually implemented as a Monte-Carlo process

and therefore provides different initial condition profiles for individual events. Figure

8 shows the distribution of participant nucleons (solid circles) and spectator nucleons

(dotted circles) in a randomly chosen Au+Au collision event at top RHIC energy. Many

improvements of this simplistic scheme have been studied over the years. These include

treatments of nucleon-nucleon correlations in the initial state [93], the finite extent

and internal structure of nucleons, fluctuations in the energy deposition by individual

nucleon-nucleon collision, and much more (see [94] for a recent review).

The Color Glass Condensate (CGC) model [96] aims to describe the colliding

nuclei directly in terms of their quark-gluon content and is thus limited to collisions at

sufficiently high-energy. The CGC model assumes that energy deposition at midrapidity

is dominated by the liberation of gluons from the colliding nuclei, and that the relevant

gluon content of the nuclei can be described by semiclassical gauge fields. These fields

are generated by sources (primarily valence quarks) that move at near-projectile rapidity
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Figure 8. Transverse distribution of participant nucleons (solid circles) and spectator

nucleons (dotted circles) in a random Au+Au collision event at
√
sNN = 200 GeV. The

large dashed circles outline the transverse positions of the two nuclei. The event was

selected for its nearly triangular distribution of the participant nucleons. [From [95]]

and whose dynamics during the collision can be ignored because of time dilatation. In

the simplest version of the CGC, the McLerran-Venugopalan model [97, 98], the colliding

nuclei are modeled as Gaussian distribution of color currents Ja±(x) = ρa(~x⊥)δ(x∓)n±

along the light-cone. The distribution of these color sources is given by

W [ρa] = N exp

(
− 1

2g2µ2

∫
d2x⊥ (ρa(~x⊥))2

)
, (23)

where µ is a scale setting parameter that is related to the saturation scale Qs ≈ 0.6g2µ

[99]. The semiclassical color fields are obtained as solutions of the classical Yang-Mills

equation Dab
µ F

aµν = gJaµ.

The classical approximation is only warranted when the occupation number of gauge

field modes is of the order of αs(Qs)
−1 � 1. This condition requires that Qs � ΛQCD.

Because the saturation scale Qs scales as Q2
s ∼ A1/3x−λ with λ ≈ 0.3, the condition can

be fulfilled either for a large nuclear mass number A� 1 or for very small momentum

fraction x � 1. Figure 9 gives a graphical representation of this scaling. Small values

of x are only accessible at high collision energies, because the transverse momentum pT
of a produced hard probe is given by the relation p2

T = x1x2srmNN , where x1 and x2

are the momentum fractions of the participating partons in the two colliding nuclei and√
sNN is the center-of-mass collision energy per nucleon pair.

The dependence of the color sources ρa(x⊥) on the momentum fraction x is governed

by renormalization group (RG) evolution. At a given value of x0 all sources of color fields

residing at x > x0 contribute (valence quarks for all x0 and gluons and sea quarks for

small values of x0). The RG evolution can either be expressed as a differential equation

for the functional W [ρa], the so-called JIMWLK equation [100], or as a nonlinear

differential equation for the so-called dipole density Nxy, the Balitsky-Kovchegov (BK)
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Figure 9. Schematic view of different domains of the gluon distribution in nuclei.

The CGC model applies above the x-dependent saturation scale Qs(x) shown by the

straight line. [From [96]]

equation [101]. Whereas the scaling with A and x can be calculated from geometry

and QCD renormalization group arguments, the overall scale is nonperturbative. This

means that the range of applicability of the CGC model is still under debate and awaits

precise data from the future electron-ion collider (EIC).

The color fields generated in this way are virtual and remain an integral part of the

nuclei until an interaction occurs. During the collision of two heavy ion the CGC fields

of the nuclei interact, and a large fraction of the virtual gluons are scattered on-shell, as

sketched in Fig. 10. The resulting nonequilibrium state is known as glasma. Because the

CGC color fields are transversely polarized, the resulting energy-momentum tensor is far

off equilibrium and cannot be directly used as an initial condition for the hydrodynamic

evolution.

In order to describe individual heavy ion collision events, it is necessary to not only

model the average energy deposition, but also the event-by-event fluctuations. There are

two main sources of such initial-state fluctuations. One are the quantum fluctuations in

the distribution of nucleons in the colliding nuclei or, if one instead looks at the collision

at the parton level, in the distribution of valence quarks in the nuclei. The other source

of fluctuations are the quantum fluctuations of particle production that are encoded in

the S-matrix of a nucleon-nucleon or quark-quark collision. In the standard Glauber

model, whether it is implemented at the nucleon or the valence quark lavel, the second

type of fluctuations is commonly parametrized by a negative binomial distribution [102]

F (t; k) =
kk

Γ(k)
tk−1e−kt, (24)

where the parameter k (with 1 < k < 4) depends on the energy. The probability
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Figure 10. The not yet thermalized distribution of gluons liberated by scattering

from the CGC fields of colliding nuclei is called glasma. [From [96]]

distribution of the number of produced particles is given by

P (n) =
∫ ∞

0
dt F (t; k)e−n̄t

(n̄t)n

n!
, (25)

where n̄ is the average number of produced particles.

For the CGC model, one can obtain fluctuating initial conditions using a formalism

similar to the Glauber model, where the positions of nucleons are chosen randomly

from the nuclear density distribution and the color sources are distributed within the

individual nucleons. This implementation of the CGC model is known as impact

parameter saturation (IP-sat) model [103]. When applied to nuclear collisions, the IP-

sat model generates fluctuating initial conditions for the glasma (IP-glasma), which

naturally result in a negative binomial distribution for the initial energy density

[104, 105].

Figure 11. Fluctuating initial energy density in the transverse x − y plane for a

single event of a Au+Au collision at top RHIC energy. Left panel: Nucleon-based

Glauber model; right panel: IP-glasma model. In the nucleon-based Glauber model

the fluctuations occur on the length scale of the nucleon radius (∼ 0.8 fm). In the

IP-glasma model the fluctuations occur on the length scale of the inverse saturation

scale Q−1
s ∼ 0.1 fm, and result in a much more spiky distribution. [From [105]]
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The initial pattern of energy or entropy deposition in these models does not lend

itself directly to be used as initial conditions for viscous hydrodynamics, because they

do not correspond to an energy-momentum tensor near thermal equilibrium and the

spatial gradients are too large in the case of event-by-event fluctuations. In the case of

the standard Glauber model, this problem is commonly resolved by a short period of

free-streaming evolution, which smoothes out the spatial gradients. Alternatively, one

widely used version of a general Glauber-type initial condition generator, the TRENTO

model [106], uses the entropy density to map the initial conditions generated by the

model directly onto the initial conditions for viscous hydrodynamics.

For CGC initial conditions, the initial time evolution of the glasma is described

by the nonlinear classical Yang-Mills equation; the resulting energy-momentum tensor

is then mapped onto initial conditions for hydrodynamics [105]. The microscopic

thermalization process is thought to follow a scenario known as “bottom-up”

thermalization [107]. In this scenario semi-hard gluons contained in the colliding nuclei

radiate soft gluons which form a thermal bath that drains energy from the semi-

hard gluons via elastic scattering and thereby thermalizes them. An effective kinetic

description of this thermalization process has recently been developed and applied to

the initial condition of hydrodynamics in relativistic heavy ion collisions [108]. There

are many additional details and possible refinements of this process, which are under

investigation, but no generally accepted approach has emerged yet.

4.1.2. The QGP Phase. Due to asymptotic freedom, the quark-gluon plasma was

originally expected to behave as a weakly interacting gas with almost massless degrees

of freedom, the quarks and gluons. When the first measurements of anisotropic flow

in AuAu collisions at
√
sNN = 200 GeV at RHIC were published, a surprisingly good

agreement with predictions from ideal fluid dynamic calculations was observed [109, 110]

when the initial conditions were matched to fit the overall particle production yields and

transverse momentum spectra. The elliptic flow is then a genuine prediction.

Fluid dynamics is based on the equations for the conservation laws

∂µT
µν = 0, and ∂µN

µ
i = 0 (26)

of the energy-momentum tensor T µν and the current density Nµ
i of any conserved

quantum number (e.g. B, S,Q). If the fluid is in local equilibrium, the energy-

momentum tensor of an ideal fluid takes the form

T µν = (ε+ P )uµuν + Pgµν (27)

with ε being the energy density, P the pressure and uµ denoting the flow 4-velocity. gµν is

the metric tensor and typically chosen as (+,−,−,−) in special relativistic applications.

The quantum number current density has the simple form Nµ = nuµ, where n is the

density measured in the local rest frame.

In viscous hydrodynamics, the energy-momentum tensor is decomposed as

T µν = εuµuν −∆µν(p+ Π) + πµν , (28)
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with Π denoting the bulk viscous contribution and πµν the shear viscous tensor. First

order viscous hydrodynamics is not causal, since it permits signal propagation that is

faster than the speed of light. Therefore, second order viscous fluid dynamics must be

applied with the following relaxation equations for shear and bulk viscosity including

the coupling between the two

DΠ =
−ζθ − Π

τΠ

− δΠΠ

τΠ

Πθ +
λΠπ

τΠ

πµνσµν (29)

Dπ〈µν〉 =
2ησµν − πµν

τπ
− δππ

τπ
πµνθ +

φ7

τπ
π〈µα π

ν〉α

− τππ
τπ
π〈µα σ

ν〉α +
λπΠ

τπ
Πσµν . (30)

θ = ∂µu
µ is the expansion scalar, σµν is the strain tensor, τπ and τΠ are the relaxation

times for the shear and bulk viscous corrections and λΠπ, λπΠ, δππ, τππ and φ7 are

higher-order couplings, whose forms are taken from [111].

There are two typical choices for the local rest frame, the Landau frame which moves

with the energy density and the Eckart frame which moves with the conserved density,

if one exists. More details on viscous relativistic hydrodynamics and its application to

heavy ion physics can be found in [112, 113, 114].

Since the set of hydrodynamics equations listed above is insufficient to determine all

independent components of the quantities of interest, one needs an additional equation

as an input. This is the equation of state, which encodes the properties of the fluid

under consideration. In the context of heavy ion physics this has the major benefit

that hydrodynamics provides a controlled handle on the phase transition between a

hadron gas and the quark-gluon plasma phase. One can study different equations of

state to explore its influence on the dynamics of the system and various experimentally

measurable observables.

The simplest equation of state is that of a relativistic ideal gas composed of massless

particles:

P =
ε

3
. (31)

At vanishing baryon chemical potential the equation of state is known from lattice

QCD calculations and can be parametrized as originally done in [115]. Currently, there

are many other possibilities including the extension to multiple conserved currents (see

e.g. equations of state by the BEST collaboration [116], the BNL group [117] or from

holography [118]). At finite density and vanishing temperatures there are constraints

from the mass-radius relation of neutron stars. Also any equation of state should take

the constraints based on stable nuclear matter into account.

At high collision energies, hydrodynamics predicts the evolution of the fireball at

midrapidity to be approximately boost invariant [119]. The hydrodynamical variables

then become functions of the transverse coordinates xT and the local proper time τ .

The evolution of the fireball can be visualized by contour plots of the energy density, as

shown in Fig. 12 for a Au+Au collision at top RHIC energy. At lower beam energies
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the framework has to be extended to include finite net baryon charges and three spatial

dimensions, since the assumption of a boost invariant longitudinal expansion breaks

down.

Figure 12. Contour plot of the evolution of the energy density in a midcentral Au+Au

collision at the highest RHIC energy
√
sNN = 200 GeV. The horizontal axis shows the

proper time τ , the vertical axis shows one of the transverse coordinates. The black

dashed line delineates the hadronization hypersurface T = Tc = 150 MeV [120].

The second input into hydrodynamics calculations, which contains the information

about the microscopic properties of the medium, are the transport coefficients. Main

consideration has been given to the shear and bulk viscosity (η and ζ), but recently

calculations have begun to include quantum number diffusion coefficients and even their

cross-talk [121]. The most interesting dimensionless quantities are η/s and ζ/s, where

s is the entropy density. It is extremely challenging to compute transport coefficients

from fundamental lattice QCD, therefore one has to rely on models and approximations

as well as limits for the high temperature–high density region (perturbative QCD) and

the low temperature–low density region (hadron gas models). One of the major goals

of the heavy ion program is to infer the values of the QCD transport coefficients from

experimental data by detailed model-to-data comparison as explained in Section 5.

Fluid dynamics is only applicable when the system is sufficiently close to local

equilibrium. Very shortly after the initial collision of the two nuclei, which originally

only have longitudinal momentum, this condition is not satisfied. There is some

transition time required for the transverse momenta of the medium constituents to

become of similar magnitude as the longitudinal momenta. The initial state and

associated thermalization process has been discussed in Section 4.1.1. In the later

stages of the reaction, the increasingly dilute medium will drop out of equilibrium,

when the expansion rate is faster than the collision rate. This stage is the subject of the

next Section 4.1.3. The boundary conditions for the differential equations that govern

the fluid dynamic behaviour, are very important for a complete understanding of the

dynamics.
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Conservation equations can be solved using a variety of algorithms. It is

important to ensure that they also apply to relativistic hydrodynamics and event-by-

event calculations with potentially spiky initial conditions without creating numerical

artefacts. For this purpose a suite of tests of several scenarios, for which an analytic

solution is known, was developed within the TEC-HQM collaboration ‡. Several widely

used implementations of viscous fluid dynamics for heavy ion collisions include MUSIC

[122], vHLLE [123], VISH2+1 [124] and CLVisc [125].

On the theoretical side, there are activities aimed at rooting relativistic viscous

hydrodynamics in kinetic theory (see e. g. [126]). Formalisms extending the applicability

of fluid dynamics are also being developed. One example is anisotropic fluid dynamics

that allows for larger differences between the longitudinal and transverse pressure in the

system and therefore applies at earlier times than second-order viscous hydrodynamics

[127, 128]. Owing to the interest in the chiral magnetic effect and polarization

observables, attention has been given to developments of fluid dynamic formulations

with spin and or chiral currents (see e.g. [129, 130, 131]).

Fluid dynamics is not the only option to describe the hot and dense stage of

heavy ion reactions, where the quark-gluon plasma is formed. Another possibility are

microscopic transport codes that include partons as their degrees of freedom. Quarks

and gluons are either treated as nearly massless particles interacting according to cross

sections derived from perturbative QCD [132, 133] or as dynamical quasiparticles [134].

These microscopic non-equilibrium calculations have the advantage of providing detailed

information about the complete phase-space over the entire dynamical evolution of the

fireball at the expense of making more detailed assumptions that may be difficult to

test.

4.1.3. Hadron Transport and Freeze-Out. When the matter created in a heavy ion

collision becomes more dilute again, the quark-gluon plasma hadronizes and the hadrons

subsequently decouple from the system. The moment in time when hadron abundancies

are fixed and inelastic interactions no longer occur is called chemical freeze-out, while the

moment when also elastic scattering ceases is called kinetic freeze-out. The standard

approach to the dynamical evolution at high beam energies involves hybrid models,

based on (viscous) fluid dynamics as discussed in the previous Section 4.1.2 for the hot

and dense stage and Boltzmann-type hadronic transport equations for the late dilute

stage of the reaction (see [135] for a review).

The transition from partons to hadrons happens within the fluid dynamics

calculation via a change of degrees of freedom in the equation of state. At some

switching criterion, usually either the temperature or energy density, a three-dimensional

hypersurface is constructed [136] within the four-dimensional space-time that serves as

the basis for the particlization process, where fluid quantities are mapped into particle

properties [137]. An example of such a freeze-out surface is shown as the dashed curve

‡ https://wiki.bnl.gov/TECHQM/index.php/TECHQM_Main_Page (see under Documents)

https://wiki.bnl.gov/TECHQM/index.php/TECHQM_Main_Page
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in Fig. 12. The equation of state needs to be identical on both sides of the Cooper-Frye

hypersurface and the transition happens according to

dNi

d3p
=

di
(2π)3

∫
Σ

[f0(x, ~p) + δfshear(x, ~p) + δfbulk(x, ~p)]
pµ dΣµ

E~p
. (32)

Here Σ is the hypersurface, f0 the equilibrium distribution function, and δf denotes

the viscous corrections to the distribution function. The specific form of the viscous

corrections is one of the major uncertainties in the current hybrid approaches [138].

Once the particles are sampled according to their distributions on the hypersurface one

can feed them into hadronic transport approaches like UrQMD [139, 140] or SMASH

[141].

Figure 13. Intensity plots of the emission hypersurface for hadron pairs in Au+Au

collisions at
√
sNN = 200 GeV. Left panel: Hadron pairs with total momentum KT = 0,

selectively weighting hadrons from bulk hadronization. Right panel: Hadron pairs with

KT = 2 GeV/c, selectively weighting hadrons from surface radiation. The emission

intensity is highest in the dark red regions and lowest in the dark blue regions. [From

[142]]

One generally assumes that the majority of particles escapes outward of this

hypersurface but, in principle, there can be also inward directed contributions. These

are particles that reenter the hydrodynamic evolution and are therefore very hard

to deal with in practice [143]. While all other parts of the evolution satisfy exact

conservation laws event by event, in the sampling process they are only fulfilled for an

ensemble of events. Therefore, very often many such samples and hadronic evolutions are

calculated for each hydrodynamic event (oversampling method). To study correlation

and fluctuation observables one might need a more careful consideration of conservation

laws at the Cooper-Frye transition [144]. For calculations of dilepton emission one needs

to include the finite-width spectral functions of the resonances in the sampling process.

For this purpose, it is necessary to match the degrees of freedom and their properties

in the hadronic transport approach that is chosen for the final rescattering and decays.

The advantage of the microscopic non-equilibrium treatment of the late hadronic

stage is that the chemical and kinetic freeze-out are happening automatically, whenever

the corresponding interactions cease for each particle species individually. An alternative
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option is to keep running hydrodynamics and introducing partial chemical equilibrium.

In this approach one encounters a kinetic freeze-out hypersurface, an example of which

is shown in Fig. 13. The explicit particle degrees of freedom have the added advantage

that the outcome is very similar to what is measured in experiment. When using unified

output formats, like OSCAR or the HepMC library §, the same analysis can then be

applied to the simulation results and to the experimental data, which allows for more

accurate comparisons. Recently, the RIVET library ‖ is also getting extended to include

heavy ion observables, which could be an interesting option in the future.

The same information on hadronic degrees of freedom and their interactions that

one needs for final-stage hadron transport calculations in high-energy heavy ion collisions

is employed for the full evolution in low energy heavy ion reactions. Hadronic transport

approaches are based on the relativistic Boltzmann equation where, appropriate for low

net baryon density, the mean-field term is omitted and only collisions are taken into

account. The input for cross-sections and processes is taken from the Particle Data

Book, experimental data for elementary reactions, or estimated using effective models.

For low energy binary scatterings, the reactions are modeled via resonance excitation

and decay, while at higher energies string excitation and fragmentation is used to model

inelastic processes. Such microscopic approaches have the advantage that one has access

to the complete phase-space information of all particles at all times, and they often serve

as event generators for simulations of experimental results.

4.2. Hard and electromagnetic probes

Hard probes of hot and dense QCD matter are defined as those that are, in important

parts, perturbatively calculable. This applies to strongly interacting (QCD) probes

at high virtuality and to electromagnetic probes. In most instances, hard probes rely

on input that is nonperturbative and must be derived from other experimental data.

Parton distribution functions (PDFs) f(x) and fragmentation functions D(z) are salient

examples.

Generally, hard probes in p+p or A+A collisions rely on the principle of

factorization, illustrated in Fig. 14: A scattering process is factorized into a

nonperturbative initial-state matrix element, a perturbatively calculable hard scattering

S-matrix element, and a nonperturbative final-state matrix element:

dσ = fA(x1)⊗ fB(x2)⊗ dσ̂ ⊗Dh/c(z). (33)

The process at the core of this scheme, the hard scattering cross section dσ̂, is universal,

but the initial- and final-state matrix elements can be modified by nuclear effects – cold

nuclear matter in the case of the initial state and hot QCD matter in the case of the

final state. The deceptively simple sketch in Fig. 14 hides many of the complexities

that arise as a result of the nonperturbative interactions occurring in the initial and

final states. This is illustrated in Fig. 15. Their sensitivity to the nuclear medium is

§ https://ep-dep-sft.web.cern.ch/project/hepmc

‖ https://rivet.hepforge.org

https://ep-dep-sft.web.cern.ch/project/hepmc
https://rivet.hepforge.org
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Figure 14. Factorization of a hard scattering process into initial-

state, hard scattering, and final state-state processes. [From K. Reygers

(https://www.physi.uni-heidelberg.de/~reygers/lectures/2017/qgp/qgp_

ss17_08_jet_quenching.pdf)]

what makes them of core interest to relativistic heavy ion physics. The challenge is to

encapsulate these modifications in physics motivated descriptions that can be used to

probe the properties of the nuclear medium. Examples are parton energy loss, diffusion

coefficients, saturation scales, and so on.

We have already covered models of the initial-state in section 4.1.1. We now

discuss models for the final-state modifications. The output of the hard scattering

process are two or more energetic partons, which then can interact with the medium

created in the collision, often referred to as the underlying event. These interactions can

result in energy or momentum loss [57], deflection [145], emission of radiation [146], or

transmutation of the parton into another particle [147]. A sequence of such interactions

leads to modifications of the jet shower evolution, which manifests itself in various

observables (see Section 5.9) and can be modeled using Monte-Carlo methods (see

e. g. [148, 149]).

The mechanisms causing an energetic parton to lose energy during its propagation

through matter can be divided into two categories: elastic and inelastic. Elastic

energy loss occurs in two-body scattering, where energy is transferred to the scattering

partner. Inelastic energy loss occurs predominantly by radiation of a gluon following

the interaction with a scattering center in the matter. At high energies, inelastic energy

loss dominates; at low energies elastic energy loss dominates. The threshold at which

inelastic energy loss begins to dominate increases with the mass of the energetic parton,

because radiation from heavy particles is suppressed by the dead-cone effect [150].

Elastic energy loss is one aspect of momentum change in the medium caused by

scattering. For heavy quarks with mass M � T multiple scatterings are required to

https://www.physi.uni-heidelberg.de/~reygers/lectures/2017/qgp/qgp_ss17_08_jet_quenching.pdf
https://www.physi.uni-heidelberg.de/~reygers/lectures/2017/qgp/qgp_ss17_08_jet_quenching.pdf
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Figure 15. Complexities hiding in the factorization of a hard scattering

process into initial-state, hard scattering, and final state-state processes. [From

D. S. Cerci (https://indico.cern.ch/event/614845/contributions/2728799/

attachments/1529660/2398415/13_DSunarCerci.pdf)]

appreciably change the momentum. The process can then be considered as a diffusion

process and described by a Langevin equation with a fluctuation constant κ and drag

coefficient η. In a thermal medium κ and η are related to the spatial diffusion constant

D and to each other by the Einstein relation

κ =
2T 2

D
, η =

T

MD
=

κ

2MT
(34)

The diffusion constant can be calculated in thermal perturbation theory [58], on

the lattice [151], or by holographic techniques [152]. The Langevin framework can

be easily simulated within a fluid dynamical description of the quark-gluon plasma.

Rare scatterings with larger momentum transfer are not described by the Langevin

approach. These can be treated in the framework of linearized Boltzmann transport

in a thermalized, hydrodynamically flowing medium [153]. Both descriptions can be

merged into a unified framework that effectively describes all aspects of heavy quark

transport [154].

Inelastic energy loss, i. e. energy loss by gluon radiation, is the dominant mode of

energy loss for light quarks and gluons. Medium induced radiation requires off-mass shell

scattering of the energetic parton in the medium, followed by gluon emission. In a dense

medium, multiple scattering events contribute coherently to a single radiation event.

The resulting suppression of the radiation yield is known as Landau-Pomeranchuk-

Migdal (LPM) effect. The scattering power of the medium (momentum transfer squared

per unit length) is expressed in the transport coefficient q̂ defined in (3). Several different

https://indico.cern.ch/event/614845/contributions/2728799/attachments/1529660/2398415/13_DSunarCerci.pdf
https://indico.cern.ch/event/614845/contributions/2728799/attachments/1529660/2398415/13_DSunarCerci.pdf
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formalisms have been developed to describe the radiative energy loss by a quark or gluon.

These correspond to different approximations or truncations of the multiple scattering

process. For an overview and comparison of existing approaches, see [155]. General

overviews of energy loss and jet quenching can be found in [156].

A fraction of the energy lost by an energetic parton traversing the quark-gluon

plasma is deposited into the thermal medium. This applies to all energy lost by elastic

collisions and to the soft component of the radiated energy which thermalizes. The

response of the medium to the injection of energy and momentum along the trajectory of

the energetic parton is treated by adding a source term to the hydrodynamic equations.

The linear response of the medium can be understood in terms of sound propagation

and results in the possible formation of a Mach cone [157]. A more microscopic approach

treats the individual interactions within the evolution of a full jet as sources in a

numerical hydrodynamics code [158]. For the effect of the medium response on jet

observables, see [159].

Electromagnetic (EM) probes, i. e. photons and dileptons (often called real and

virtual photons), are special in that they do not suffer from final state interactions.

(They may, however, suffer from large backgrounds.) Their production can be related

to the photon spectral function ρ(ω, ~p) in the medium [49]. In the vacuum, ρ is a

function of the invariant mass M2 = ω2 − p2 only; in a thermal medium, ρ(ω,M) is a

function of, both, M and the frequency measured in the fluid rest frame ω = −uµpµ.

The rate of photon emission can be expressed as [160]

ω
dR

d3p
=
nB(ω)ρ(ω, 0)

(2π)3
(35)

with nB(ω) = (eω/T − 1)−1. The dilepton emission rate is given by

dR

d4p
= α

nB(ω)ρ(ω,M)

12π4M2

(
1 +

2m2

M2

)√
1− 4m2

M2
θ(M2 − 4m2), (36)

where m denotes the lepton mass. Apart from the fact that the measured yields involve

an integration over the space-time evolution of the emitting matter, EM probes thus

provide direct information about the photon spectral function. A broad overview of

electromagnetic probes of relativistic heavy ion collisions can be found in [161].

The photon spectral function is predicted to change from one that is dominated by

vector mesons at T < Tc to a broad continuum corresponding to free quark-antiquark

pair excitations at T > Tc (see Fig. 16). It can be estimated using lattice QCD [163, 164],

thermal perturbation theory [62], or using QCD sum rules [165, 166]. In the sum

rule approach, the transition of the photon spectral function is closely related to the

phenomenon of chiral symmetry restoration. At low frequencies and long wavelengths,

the spectral function is related to the electrical conductivity σ of the QGP by

σ =
1

2
lim
ω→0

1

ω
ρ(ω, p)|ω2=p2 =

1

3
lim
ω→0

1

ω
ρ(ω, p)|p=0 . (37)

It is a challenge for the future to combine the soft bulk evolution with the

hard probes consistently. Many calculations us state-of-the-art background for the
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Figure 16. Conjectured evolution of the vector (black curves) and axial vector (red

curves) spectral functions with temperature T for µB = 0 obtained by solution of QCD

sum rules. [From [162]]

calculations of hard probes, but establishing the medium response and a fully coupled

picture over the different kinematic regions is still lacking.

4.3. Hadronization Models

Different kinematic regions of the particles produced in heavy ion collisions are governed

by different regimes of quantum chromodynamics. The soft region below ∼ 3 GeV is

typically described by the bulk dynamic evolution (see Section 4.1), while the hard region

above ∼ 6 GeV is covered by perturbative QCD (see Section 4.2). Experimentally, it is

only possible to detect final-state hadrons, while we would like to learn about the hot and

dense quark-gluon plasma stage of the reaction. Therefore, the hadronization process

plays an important role in our interpretation of the data from heavy ion reactions.

Figure 17 shows an example of the nuclear modification factor RAA as a function

of transverse momentum for several particle species from the ALICE collaboration in

PbPb collisions at
√
sNN = 2.76 TeV. This picture serves nicely as a basis to introduce

the hadronization models that are applied in different regions.

Below ∼ 2 GeV the particle production is described by the viscous hydrodynamic

evolution, and hadronization happens via the change of degrees of freedom in the

equation of state. On the Cooper-Frye surface the hadronic fluid is converted to

individual particles and those are then propagated by a hadronic cascade. This is one

of the big advantages of hydrodynamics, that the transition from partonic to hadronic

degrees of freedom is under nice theoretical control as long as local equilibrium can

be assumed. In this region the nuclear modification factor shows the typical mass

dependence expected from collective behaviour. For a more detailed discussion see

Section 5.2.

Above a transverse momentum of pT ∼ 8 GeV one observes a rather universal
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Figure 17. Transverse momentum dependence of the nuclear modification factor of

several particle species measured by the ALICE collaboration. [From [167]]

behaviour, this is the region where hadronization is described by fragmentation of color

flux tubes. The strings break apart when the leading quark-antiquark (or quark-diquark)

pairs are pulled apart and the color field becomes strong enough to create particle-

antiparticle pairs out of the vacuum. Subsequently, the newly produced partons connect

with each other to form hadrons with well-defined quantum numbers.

The intermediate region pT = 2 − 8 GeV is governed by the recombination and

coalescence models for hadronization and the interaction of hard fragmentation and

soft hadrons. Recombination means that the partons from the quark-gluon plasma are

clustered into hadrons when they are close in phase space (see Section 5.8 for more

details). In this region unusually large baryon-to-meson ratios can be observed in the

nuclear modification factor.

Understanding hadronization on a microscopic level poses a challenge for the future.

It is important to advance the understanding on how hadrons emerge from the collective

partonic state that is formed in ultra-relativistic heavy ion collisions. This involves

understanding QCD on multiple different scales connecting the different regions outlined

above in a smooth fashion.

5. Experimental Results

This Section reviews selected experimental results from the experiments with relativistic

heavy ion collisions at RHIC and LHC and their theoretical interpretation in terms of

basic matter characteristics.
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5.1. Location in the phase diagram

The first question to be answered when studying heavy ion reactions is which

temperature and density is reached in the collision. While full dynamical models

as described in Section 4 provide (model-dependent) answers to this question, the

possibility of defining a temperature for the system has more fundamental implications.

To be able to assign a single temperature and net baryon chemical potential to the

system created in such a highly dynamical process hints at the fact that an equilibrated

plasma has formed. Another interpretation involves the idea that hadronization follows

statistical behaviour and, therefore, the numbers of produced hadrons follow thermal

expectations. The second interpretation is supported by the finding that even in particle

production from e+e− collisions thermal particle yields are measured. [168]

The basic idea to connect final yields at midrapidity or 4π multiplicities to a

temperature relies on the formation of a fireball in global equilibrium, that emits all

particles at the same instant in time. The thermal model actually has no notion of

time evolution or spatial variations, therefore it is limited to a small set of observables,

namely the particle abundances. The grand canonical partition function includes all

mesons and baryons of the non-interacting hadron resonance gas. The fireball is treated

as a grand canonical ensemble with Bose and Fermi statistics depending on the particle

spin. The distribution function for particle species i is given by

dNi

dp3dx3
=

gi
(2π)3

1

exp(E−µi)/T ±αi
, (38)

where gi is the degeneracy facter, T is the temperature, µi = µBBi + µSSi the

particle-specific chemical potential and αi = ±1 for fermions and bosons, respectively.

Integrating over the entire phase space and assuming Boltzmann statistics – a good

approximation for all hadrons except pions when |µi|/T is small – one obtains the

following well-known expression for thermal particle production

Ni =
giV T

3

2π2
eµi/T

m2
i

T 2
K2

(
mi

T

)
, (39)

where Ni is the number of particles of species i produced in the fireball of volume V at

temperature T and chemical potential µi. mi denotes the mass of the particle and K2

is the modified Bessel function of the second kind. The main quantity determining the

particle yields is the mass of the particle species. One expects higher mass particles to

be produced with smaller probabilities than lighter particles. To remove sensitivity to

the volume, the usual strategy is to look at particle yield ratios that are assumed to be

emitted from the same volume. By fitting ratios of several different particle species one

can then obtain temperatures and chemical potentials.

It is impressive how well a vast amount of data on particle production in heavy

ion collisions can be understood with such simple assumptions. One recent example

is shown in Fig. 18 (left) where particle ratios at midrapidity from Pb+Pb collisions

at
√
sNN = 2.76 TeV are fit within the statistical model. The bars denote the model

fit and the symbols show experimental data from the ALICE collaboration. Even the
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Figure 18. Left: Hadron abundances (dN/dy values at midrapidity) from the ALICE

collaboration for central Pb+Pb collisions at
√
sNN = 2.76 TeV compared to statistical

hadronization model analysis. Right: Energy dependence of chemical freeze-out

parameters TCF and µB . The results are obtained from the statistical hadronization

analysis of hadron yields (at midrapidity, dN/dy, and in full phase space, 4π) for

central collisions at different energies. [From [169]]

light nuclei follow the trend of thermal production at a unique global temperature

and chemical potential. A widely adopted interpretation is that these thermodynamic

properties reflect the conditions prevailing at the chemical freeze-out, the moment at

which the inelastic reactions cease and the abundances are frozen. (Elastic rescattering

is still possible until the kinetic freeze-out that will be discussed in more detail in the

next Section 5.2.) It is worth pointing out, however, that this interpretation is not

logically consistent, because the model also describes the yields of particles that cannot

be formed under the chemical freeze-out conditions, such as light nuclei. A physically

credible interpretation of the observed yields of such states can be made either on the

basis of the dynamical coalescence model [170] or by invoking general properties of

strongly coupled, highly excited quantum systems [171].

The right-hand part of Fig. 18 shows the result of thermal fits to particle yields

and multiplicities over a large range of beam energies. As expected, the temperature

rises as a function of beam energy, while the net baryon chemical potential decreases.

This can be understood by the stopping dynamics of the two nuclei passing through

each other. At lower energy the nuclear passing time is longer and more baryons are

stopped at midrapidity, while at high beam energies the nuclei fly through each other

so fast that the baryon number remains localized at forward rapidities (transparency).
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The parametrizations shown in Fig. 18 (right) are [169]:

TCF =
T lim

CF

1 + exp(2.60− (ln
√
sNN)/0.45)

, µB =
a

1 + 0.288
√
sNN

, (40)

with
√
sNN in GeV, T lim

CF = 158.4 MeV and a = 1307.5 MeV.
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Figure 19. Values of µB and T for different energies. The solid line is a

parameterization corresponding to T (µB) ≈ 0.17− 0.13µ2
B − 0.06µ4

B .[From [172]]

When plotting the values for temperatures and net baryon chemical potential

obtained in thermal model fits on the phase diagram one obtains a curve as specified

in Fig. 19. Since those values correspond to a hadron resonance gas, the quark-gluon

plasma formation can only happen beyond this line. These values define a lower bound

of temperatures and densities that are reached in the corresponding heavy ion collisions,

since the chemical freeze-out happens at the end of the evolution. The shape of the line is

consistent with the hypothesis that the chemical freeze-out is associated with a constant

energy per baryon in the system [172].

At lower beam energies and for smaller system sizes, the assumptions of a grand

canonical ensemble may no longer be valid, especially for particles carrying a conserved

quantum number such as strangeness. Since s and s quarks must be produced in pairs,

the conservation of net strangeness in the volume must be taken into consideration.

Using a thermal model that includes these ideas, one can even obtain decent fits to

particle ratios from low energy heavy ion reactions as shown in the left panel of Fig. 20 by

the HADES collaboration. While it is remarkable how well the extracted temperatures

and net baryon chemical potentials fit into the world data (see right panel of Fig. 20),

some discrepancies are also appearing. For example, the high yield of Ξ baryons needs

a different explanation.

At high beam energies, there are some indications that strange particles have a

higher chemical freeze-out temperature than hadrons consisting of light quarks only
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beam energies in the T − µB plane. [From [173]]

[174]. This could be understood by the smaller cross-sections of strange hadrons with the

surrounding matter. Those studies go beyond fitting yields by investigating the relevant

susceptibilities through particle number fluctuations of various orders. There are a lot

of caveats when comparing these observables directly to grand canonical lattice QCD

calculations but, if properly taken into account, allow to extract valuable information

on the thermodynamic properties of the system.

If strangeness is found to be in thermal equilibrium with the rest of the produced

particle species, it is an indication of quark-gluon plasma formation since the strangeness

production is enhanced through partonic production channels compared to reactions at

the hadron level [175]. There have been even claims that the peak in the kaon-to-pion

ratio as a function of beam energy around Elab = 40A GeV is a signature for the phase

transition to the quark-gluon plasma [176]. Also the “step” in the mean transverse

momentum of kaons as function of beam energy has been attributed to the latent heat

of the phase transition. However, in dynamical model calculations both phenomena

can be attributed to more conventional effects, namely the transition from a baryon-

dominated to a meson-dominated system, as well as to the softening of the equation of

state due to the excitation of more active degrees of freedom associated with hadron

resonances [177, 178].

Besides canonical suppression, there are other more advanced variants of the

thermal model including, for example, van der Waals interactions [179] or excluded

volume effects that can vary for different species [180]. The limitations of the thermal

model are that it is a static picture. It is not possible to address observables of more

dynamical origin (e.g., anisotropic flow, HBT radii,..) within this approach. Also,

resonances cannot be described since the rescattering of daughter particles restricts the

ability of experimental collaborations to reconstruct all resonances produced at chemical

freeze-out. At LHC energies, baryon annihilation during the late stage of the fireball
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expansion plays a significant role and affects the proton yields, which also leads to

challenges in a fully thermal description [181].

In addition to looking globally at particle production at midrapidity or integrated

yields, one can investigate the variation of particle yields as function of rapidity. For

example, the rapidity distribution of net protons gives valuable insight into the baryon

stopping dynamics [182]. In the context of the present Section, it is important to realize

that by studying more forward rapidities higher net baryon densities are accessible also

at colliders like RHIC and LHC [183]. Of course, the high rapidity region is typically not

equipped with as many detector elements capable of particle identification, but the high

energies and high multiplicities might still provide an advantage over low beam energies,

especially in fixed target experiments as they have been conducted in the STAR detector

at RHIC and at the CERN-SPS.

5.2. Transverse Flow

The most basic dynamic observables related to transverse flow are transverse momentum

distributions of (identified) particles. The particle spectra carry information about the

radial expansion of the system in addition to thermal information. While the yields

of particles are fixed at chemical freeze-out when inelastic reactions cease, the slopes

of the transverse momentum spectra contain information about the kinetic freeze-out

of the different particle species. Kinetic freeze-out is the moment when the particles

no longer suffer elastic collisions and the momenta become fixed. Because elastic cross

sections differ from particle to particle the effective temperatures extracted from spectra

of different particles do not necessarily agree. Note that the decay of a resonance into

the same (final) state from which it was formed, such as the reaction πN → ∆→ Nπ, is

understood as a pseudo-elastic process, since it does not alter the chemical composition.

Employing the ideas introduced in the previous section 5.1 one can calculate the

thermal expectation for particle spectra differentially along transverse momentum under

the assumption of a Boltzmann distribution and obtains that

1

pT

dN

dpT
∝ e−pT /Teff . (41)

where pT is the transverse momentum, and Teff is the slope of the distribution in

a semi-logarithmic plot. In Fig. 21 the transverse momentum spectra for pions,

kaons and protons in heavy ion collisions at LHC energies are shown. The shoulder

at low pT indicates a deviation from the purely thermal expectation that becomes

more pronounced with increasing hadron mass, in particular, for protons. To obtain

exponential distributions one can apply a variable transformation and fit transverse

mass spectra m−1
T (dN/dmT ) instead of transverse momentum spectra. It is interesting

that most of the information on particle production can be summarized by the integrated

yield at midrapidity and the mean transverse mass. If a theoretical calculation

reproduces both, the full spectra are typically described rather well.

By measuring transverse momentum distributions in different centrality windows
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Figure 21. Transverse momentum spectra of pions (a), kaons (b) and protons (c)

in Pb+Pb collisions at
√
sNN = 2.76 GeV from the ALICE collaboration for different

centralities (central ones are scaled). The dashed curves represent blast-wave fits to

individual particles, while dotted curves indicate combined blast-wave fits. [From [184]]

and rapidity bins, one can obtain the yields as a function of centrality and rapidity

by integrating over these spectra. Since the acceptance of experimental detectors is

often limited in the very low momentum region, one needs adequate fit functions. The

particles with very low momenta are bent strongly in the magnetic fields and therefore

do not reach the tracking detectors. To estimate systematic uncertainties, different

functional forms are employed, e.g. pure exponential functions in pT or mT , functions

including quantum statistics or Tsallis-Levy distributions.

To extract kinetic freeze-out temperatures and average flow velocities from

transverse momentum spectra of several particle species the blast-wave model is

employed. The assumption here is that all particles are emitted from a boosted fireball

that follows a common radial expansion profile. The different behaviour of the different

species is then mainly attributed to the different masses that result in different mean

transverse momenta even for the same underlying velocity profile. To obtain integrated

yields and mean transverse momenta, the spectra shown in Fig. 21 have been fitted

individually for each species with a blast-wave function [186]:

1

pT

dN

dpT
∝
∫ R

0
rdrmT I0

(
pT sinh ρ

Tkin

)
K1

(
mT cosh ρ

Tkin

)
, (42)

where the velocity profile ρ is described by

ρ = tanh−1 βT(r) = tanh−1 (βs(r/R)n) . (43)

Here, mT =
√
p2
T +m2 is the transverse mass, I0 and K1 are modified Bessel functions,

r is the radial distance in the transverse plane, R is the transverse radius of the fireball,

βT(r) is the transverse expansion velocity and βs is the transverse expansion velocity at

the surface.
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Figure 22. Left: Results for kinetic freeze-out temperature and radial velocity from

fits to transverse momentum spectra from the RHIC beam energy scan. Right: Kinetic

freeze-out temperatures and radial velocities compared to the world data also on

chemical freeze-out properties. [From [185]]

Combining the spectra of different particle species in a joint fit makes it possible

to extract kinetic freeze-out temperatures and average flow velocities for different beam

energies and centralities as shown in Fig. 22. The results are rather similar at high

RHIC and LHC energies. As a function of centrality one can see a trend that more

central collisions result in lower temperatures and higher transverse velocities, while

more peripheral collisions end up at higher temperatures and with less explosive radial

expansion. The apparently counter-intuitive ordering of the deduced temperatures

indicates that the fireball in central collisions produces more particles and is “cooking”

longer, such that the particles decouple at lower temperatures when the system had

more time to expand. One caveat is that the results are rather sensitive to the fit

ranges, which have to be carefully chosen (see the black bars in Fig. 21).

The world data shown in the right panel of Fig. 22 reveal the expected behaviour

of rising radial expansion velocities with increasing collision energy. The extracted

temperatures show a more interesting pattern. At low beam energies the chemical freeze-

out overlaps with the kinetic freeze-out, while above
√
sNN ∼ 8 GeV the kinetic freeze-

out temperatures are lower than the chemical ones and stay constant or even decrease at

higher beam energies. One way to understand this follows the same argument as above
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for central collisions that the fireball has a longer lifetime at high beam energies and,

therefore, the particles decouple later in the evolution. In particular, the cross section

for pions and protons is large due to the ∆-resonance, and these are the most abundant

species at high beam energies.

One important consideration when comparing model calculations to experimental

data is to “match apples to apples”. For transverse mass spectra this seems straight

forward, but there can be complications like feed-down corrections that have to be taken

into account. In many models the Λ hyperon is regarded as stable particle, because it

is stable with respect to the strong interaction. In practice, some of the produced Λ

hyperons undergo a weak decay before they reach the detector, which is at a macroscopic

distance from the collision vertex. Therefore, the reported number of protons differs by

about 40 % depending on whether the feed-down from Λ hyperons is being considered

or not. Similarly, the Σ0 decays to almost 100% into Λ and needs to be added in model

calculations before comparing to experimental data.
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Figure 23. Transverse momentum spectra of pions and protons for different centrality

windows in Au+Au collisions at
√
sNN = 200 GeV compared to the VISHNU hybrid

approach with different initial conditions and different values of shear viscosity over

entropy density. [From [187]]

Transverse momentum spectra and particle yields are also the basic observables

that a hydrodynamic evolution needs to describe. In Fig. 23 calculations within the

VISHNU hybrid approach based on the VISH2+1 dimensional viscous hydrodynamic

code and hadronic rescattering by UrQMD are compared to pion and proton spectra

in Au+Au collisions at the highest RHIC energy. One can see that different levels
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of initial state fluctuations described by Monte-Carlo Glauber or a saturation based

MC-KLN approach do not affect the spectra much. Also, varying the constant shear

viscosity-over-entropy density ratio η/s employed in the hydrodynamic evolution from

0 to 0.24 does not have a large effect. (See below for the dependence on bulk viscosity.)

Of course, smaller variations might become visible when one compares results on a

linear scale. In general, transverse momentum spectra can be used to gauge the basic

hydrodynamic evolution parameters. The anisotropic flow discussed in the next Section

5.4 has a higher sensitivity to the initial state fluctuations and to the properties of the

quark-gluon plasma and its transport coefficients.
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Figure 24. Left: Mean transverse momenta as a function of centrality in Pb+Pb

collisions at
√
sNN = 2.76 GeV, the bands around the dashed lines indicate the

effect of changing Tswitch within the MUSIC+UrQMD hybrid approach compared to

experimental data. [From [188]] Right: Transverse momentum spectra for pions, kaons

and protons in different centrality bins calculated within a hybrid approach compared

to PHENIX measurements in AuAu collisions at
√
sNN = 200 GeV and the difference

between the dashed and full lines indicates the effect of hadronic rescattering. [From

[189]]

Fig. 24 (left) shows the mean transverse momentum of pions, kaons and protons

in heavy ion collisions at LHC energies, measured by the ALICE collaboration, in

comparison with a hybrid calculation relying on IP-Glasma fluctuating initial conditions,

the 3+1 dimensional viscous hydrodynamic implementation MUSIC and hadronic

rescattering by UrQMD. As a function of centrality, the mean transverse momenta

are found to be very sensitive to the inclusion of bulk viscosity in the evolution. A

temperature dependent bulk viscosity with a peak around the transition temperature

was employed in this study. While there is the caveat that this calculation still used an

equation of state with a transition temperature around Tc = 190 MeV, the qualitative

differences are expected to remain also with an equation of state fitted to state-of-the-

art lattice calculations (see e.g. the recent study of deuterons and their sensitivity
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to bulk viscosity in [190]). The right panel of Fig. 24 shows the effect of hadronic

rescattering. While pions and kaons are only mildly affected, the transverse momentum

of protons increases by about 30% during the late stage due to rescattering. This

can be attributed to the large cross sections of nucleons with fast-moving pions; the

phenomenon is sometimes referred to as “pion wind”.

5.3. Geometry of the Fireball
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Figure 25. Left: HBT radii as a function of transverse mass for different beam energies

and centralities extracted from identical pion pairs. Right: Excitation function of λ

parameter, and the HBT radii including the ratio Ro/Rs from identical pion pairs.

[From [191]]

Measurements of correlation functions between particle pairs provide information

about the geometry of the emission region in heavy-ion collisions. The inferred size

of the so-called “region of homogeneity” reflects the kinetic freeze-out, since these

measurements are performed on final state hadrons. This technique is originally

applied in the size estimation of stars by Hanbury-Brown and Twiss (HBT). The
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shape of the correlation function is typically assumed to be Gaussian with the following

parametrization:

C (~q) = (1− λ) + λKCoul(qinv)

× exp
(
−q2

oR
2
o − q2

sR
2
s − q2

l R
2
l − 2qoqsR

2
os − 2qoqlR

2
ol

)
(44)

where a value of the chaoticity parameter λ < 1 accounts for dilution of the HBT signal

due to particle correlations from resonance decays, and the different radii (Ro, Rs and

Rl) refer to different directions. The out-direction (Ro) points along the direction of the

average momentum of the particle pair, the long-direction (Rl) along the beam direction

and the side-direction Rs denotes the third orthogonal direction. The contribution

proportional to λ results from quantum correlations due to quantum statistics. When

the data are insufficient for a three-dimensional analysis, the correlation function is often

assumed to be spherically symmetric,

C (~q) = (1− λ) + λKCoul(qinv) exp
(
−|~q|2R2

inv

)
(45)

with a single Gaussian source radius Rinv. A review on the topic can be found in [192].

Fig. 25 depicts the results from experimental measurements of HBT radii for

identical pion pairs over a large beam energy range and for different centrality classes.

While at lower beam energies the radii have almost the same size, at higher beam

energies Rl is longer than the two transverse radii due to the dominating longitudinal

expansion of the fireball. As a function of mean transverse mass of the particle pairs,

there is a global decreasing trend. This can be easily understood due to the fact that

faster particles are emitted earlier in the evolution and therefore from smaller source

sizes than slower ones.

Identical particle correlations have also bee measured for neutral and charged kaons

and for protons [193]. The results are generally consistent with those obtained for pions,

but slightly smaller source sizes have been measured for kaons perhaps pointing to their

earlier kinetic freeze-out. Information about source sizes can also be gleaned from unlike

charged particle correlations, where the information resides in the factor KCoul(q) that

accounts for final-state Coulomb and other interactions between the emitted particles

(see e. g. [194]). In the future, looking at HBT correlations for dileptons and photons

can provide more information about the geometry of the system during the evolution

since electromagnetic probes leave the fireball from all stages without disturbance from

rescattering.

The excitation function of the radius parameters as well as the λ parameter and

the Ro/Rs ratio is summarized in the right panel of Fig. 25. The ratio of the two

transverse radii is predicted to be sensitive to the lifetime of the system. Interestingly,

this ratio stays rather constant over a large range of beam energies. The fraction of

correlated particles λ is higher at lower beam energies and saturates at higher energies

to a lower constant value, which points to an increasing fraction of particles originating

from longer-lived resonances in the sample. Rout and Rside stay more or less constant as

a function of beam energy while Rlong is rising significantly indicating a longer lifetime
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Figure 26. Volume of the emission region extracted from HBT radii of identical pions

as a function of beam energy. [From [191]]

of the overall system evolution. By combining the transverse HBT radii one can infer a

measure of the fireball volume at kinetic freeze-out as shown in Fig. 26. These volumes

can be compared to the one required by the thermodynamic description in Section 5.1

and the qualitative behaviour as a function of beam energy is consistent. In general,

the analysis of HBT radii and their comparison to hydrodynamic calculations allows

to connect coordinate and momentum space descriptions that are otherwise hard to

achieve, see e. g. [142]. The complexity of this connection was analyzed in [195] where

it was shown that multiple aspects of the dynamical evolution influence the size of the

HBT radii and that it is non-trivial to get the bulk evolution in agreement with the

correlation measurements.

A large value of the Ro/Rs ratio was proposed as one of the signatures of a first-

order phase transition as a long duration of particle emission increases the outward

directed correlation length Ro. When the system undergoes a phase transition and the

pressure is reduced significantly, the lifetime is expected to be significantly extended

[197, 198]. In such a scenario one expects an increase in the Ro/Rs ratio as a function

of beam energy. Fig. 27 shows a calculation within a hybrid approach based on

UrQMD initial conditions, (3+1)-dimensional ideal hydrodynamic evolution, and final

hadronic transport within UrQMD. Different switching energy density criteria as well

as the equation of state influence the lifetime. The noticeable result is that the only

curve that qualitatively follows the slight peak as a function of beam energy that the

experimental data from the NA49 collaboration suggests is the one with a first-order

phase transition. Detailed correlation observables have the potential to hint at a first-
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Figure 27. Ro/Rs ratio measured by NA49 as a function of beam energy compared to

several calculations within a transport+hydrodynamics hybrid approach. [From [196]]

order phase transition between hadron gas and quark-gluon plasma although, when

the dynamical evolution is modeled more realistically, the effect is much smaller than

originally estimated.

5.4. Anisotropic Flow and the “Perfect” Fluid

The anisotropic flow coefficients as defined in Subsection 2.4 contain interesting

information about the properties of the quark-gluon plasma as well as the initial

conditions. The angular modulations of collective flow in the plane transverse to the

beam axis are analysed in a Fourier decomposition. Non-vanishing values of vn have been

measured to high precision at RHIC and LHC as a function of transverse momentum,

particle species and centrality. When hydrodynamic calculations are tuned to describe

the yield and transverse momentum spectra for a system, the anisotropic flow can be very

well predicted [110, 109]. This central finding that lies at the foundation of our “standard

model” of heavy ion collisions is based on a ≤ 10% effect (for the average values)

on the background radial expansion discussed in the previous Section 5.2. The left

panel of Fig. 28 shows one such example of a (3+1)-dimensional viscous hydrodynamic

calculation for Au+Au collisions at
√
sNN = 200 GeV that fits the charged particle

anisotropic flow as a function of transverse momentum.

The agreement of hydrodynamic calculations with anisotropic flow measurements

forms the basis for the paradigm that the quark-gluon plasma exhibits an extremely

low ratio of shear viscosity to entropy density and is therefore one of the most “perfect”

fluids in nature. Interestingly, this feature is shared with ultra-cold matter that can be

probed in the laboratory, where atoms are confined in a trap in an almond-shaped

configuration. Once released the particle stream along the pressure lines and the
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coordinate space anisotropy is transformed into a momentum space anisotropy [199].

The complex response function of the nonlinear hydrodynamic evolution can be dissected

into eccentricities of different order and combinations of eccentricities that lead to the

final-state flow coefficients (see e.g. [200]).
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Figure 28. Left: vn coefficients calculated in viscous hydrodynamics with Monte Carlo

Glauber initial conditions and Cooper-Frye freeze-out on a hypersurface of constant

temperature. Right: Ratio of vn coefficients for different values of effective shear

viscosity over entropy ratio. [From [201]]

Higher order flow coefficients probe smaller scale structures and are more sensitive

to the properties of the plasma. Figure 28(right) demonstrates the effect of increasing

the shear viscosity-over-entropy density ratio from 0 to 0.08 and 0.16. Higher viscosities

lead to smaller flow coefficients since the initial state structures are diluted more quickly.

Without initial state fluctuations the odd flow coefficients would be zero by symmetry.

But since 2010 it has been recognized that triangular flow (and higher coefficients) are

actually non-zero resulting from small scale structures in the initial state [95]. Figure 29

shows the first measurement of triangular flow as a function of the number of participants

in Au+Au collisions at
√
sNN = 200 GeV. While all calculations agree for elliptic flow in

central collisions, the v3 measurement is highly sensitive to the initial state structures

(see [202] for a review). On one hand, this poses the challenge that collective flow is

not only sensitive to the medium properties but also to the details of the initial state.

On the other hand, this also offers the opportunity to learn something about the initial

state created by two nuclei colliding close to the speed of light.

By systematic improvements of theory and experiment it has been confirmed that

all observed collective flow data are consistent with a quark-gluon plasma that exhibits a

very low specific shear viscosity that is close to the lower bound predicted by AdS/CFT

for a strongly coupled gauge plasma of η/s = (4π)−1 = 0.08. The averaged flow

coefficients as a function of centrality are the most sensitive observables for this purpose.

The full event-by-event distributions of the flow coefficients are mainly sensitive to

the initial state and its fluctuations, while the viscosity mainly influences the average.

Nowadays, this complex many parameter-many observable inverse problem is attacked

with Bayesian analysis techniques as discussed in Section 5.6.
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Figure 29. Comparison of v2{Ψ2} (panels (a) and (b)) and v3{Ψ3} (panels (c) and

(d)) as a function of centrality compared to different fluid dynamic calculations based

on various initial conditions (“MC-KLN + 4πη/s = 2” and “Glauber + 4πη/s = 1

(1)” [203]; “Glauber + 4πη/s = 1 (2)” [204]; and “UrQMD” [205]). [From [206]]

The flow data for identified particles are sensitive probes of the hadronization

mechanism and the dynamics of hadronic rescattering in the late stage that can be

described by transitioning to a transport treatment for the fireball evolution (see [135]

for a review). Additional information on the details of the initial conditions and the

hydrodynamic response can be inferred from a vast amount of data on correlations of

flow coefficients of different order, the correlation of the flow cofficients with transverse

momentum and similar more advanced observables.

Even at the highest currently available collision energies the hot matter produced

in the collision is not entirely boost invariant. One way by which this shows up

is the gradual decorrelation of the event plane angles Ψn (9) measured in different

pseudorapidity windows ∆η. The correlation coefficient rn(η) is defined as

rn(η) =
〈qn(−η)q∗n(η0) + qn(η)q∗n(−η0)〉
〈qn(η)q∗n(η0) + qn(−η)q∗n(−η0)〉 , (46)

where η0 denotes a reference pseudo-rapidity window usually chosen at a far-forward or

far-backward pseudorapidity.

Figure 30 shows the longitudinal decorrelation of the event planes Ψn for n = 2, 3, 4

in Xe+Xe collisions at the highest LHC energy. The n = 2 event plane is seen to

decorrelate less rapidly than the n = 3, 4 planes. This phenomenon can be attributed

to the predominantly geometric origin of elliptic flow, whereas the higher anisotropic

flow coefficients are more sensitive to initial density fluctuations, for odd n exclusively
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so. Results for different energies at RHIC, shown in Fig. 31, show that the decorrelation

occurs much more rapidly at lower energies, in agreement with the expectation of larger

deviations from boost invariance.

Figure 30. Longitudinal decorrelation of the event plane Ψn for n = 2, 3, 4 in Xe+Xe

collisions at the highest LHC energy measured by ATLAS. [From [207]]

 

Figure 31. Longitudinal decorrelation of the event plane Ψn for n = 2, 3 in Au+Au

collisions at RHIC at two different collision energies measured by STAR. [From [208]]

The current theoretical understanding is that the decorrelation can be traced

back to rapidity dependent fluctuations in the gluon densities of the colliding nuclei

and to the gluon-gluon interactions that seed the initial state of the fireball. In

addition, hydrodynamic fluctuations during the expansion of the quark-gluon plasma

probably also contribute to the decorrelation. Theorists have successfully modeled these

fluctuations and found rough agreement with the measured decorrelation (see e. g. [209]).

In general, collective flow is among the main observables that are sensitive to the

phase transition between the hadron gas and the quark-gluon plasma. This idea can be
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Figure 32. Development of elliptic flow in the different stages of the reaction within

the UrQMD hybrid approach [From [210]]

easily understood: Since the equation of state is encoded in the pressure as a function

of the energy density (and possibly net baryon density), the anisotropic flow will react

differently depending on the pressure profiles that are probed by heavy ion collisions as

a function of time. In other words, the flow coefficients that are primarily built up in

a quark-gluon plasma with its very low specific viscosity should eventually vanish when

the beam energy is reduced and the plasma is no longer formed. Figure 32 shows the

integrated elliptic flow of charged particles as a function of the beam energy in Au+Au

collisions. Interestingly, at low collision energies the elliptic flow is generated entirely

by hadronic transport while at high energies the fraction of the flow built up during the

hydrodynamic stage is more than 60%. At lower collision energies, the so-called directed

flow v1 is an important observable as well. v1 = 〈px/p⊥〉 quantifies the ”bounce-off” of

particles in the reaction plane. This rapidity-odd flow coefficient can be summarized by

fitting the slope dv1/dy around midrapidity. The beam energy dependence of dv1/dy

for protons is expected to show non-monotonic behavior in case of a first-order phase

transition [211]. In fact, understanding the collective flow and, in particular, the directed

flow poses a challenge, since it is also very sensitive to the treatment of the interactions

with the spectators and the interface between hydrodynamics and transport in hybrid

calculations [212].

5.5. Small droplets of quark-gluon plasma

Long-range correlations among emitted particles in rapidity, akin to the phenomenon of

anisotropic collective flow, are also found in high-multiplicity p+p and p+Pb collisions

at the LHC [213, 214, 215, 216]. Figure 33 shows two-body correlations of charged
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particles with transverse momenta in the range 1 GeV/c < pT < 3 GeV/c versus

azimuthal angle difference ∆φ and pseudorapidity difference ∆η in high-multiplicity

(Nch > 110) events. The left panel is for p+p collisions, the right panel is for p+Pb

collisions measured by CMS. The feature of interest in the near-side “ridge” visible at

∆φ ≈ 0 and extending over the full pseudorapidity acceptance |∆η| ≤ 4. The ridge is

clearly more pronounced in p+Pb collisions than in p+p collisions, which may indicate

a larger degree of collectivity.

Figure 33. Two-particle correlations of charged particles with transverse momenta

in the range 1 GeV/c < pT < 3 GeV/c versus azimuthal angle difference ∆φ and

pseudorapidity difference ∆η. Only high-multiplicity events with more than 110

charged tracks were selected for this analysis. Left panel: p+p collisions; right panel:

p+Pb collisions. [From [213, 214]]

A crucial test whether the ridge phenomenon observed in these small collision

systems is caused by geometry driven collective flow was carried out by the PHENIX

collaboration, which compared p+Au, d+Au, and 3He+Au collisions at RHIC. Because

the geometric structure of the light ions (p, d, 3He) is distinctively different (see left

panel of Fig. 34), one expects significant, geometry driven differences in the elliptic and

triangular anisotropic flow coefficients v2 and v3. This is, indeed, what was observed by

the experiment, as seen in the right panel of Fig. 34. In v2 the p+Au system stands out as

less elliptically deformed; in v3 the 3He+Au system stands out as having a significantly

larger triangular deformation. Signatures of collective flow are also seen in the particle-

specific elliptic flow v2(pT ) in high-multiplicity p+Pb events at
√
sNN = 8.16 TeV (see

Fig. 35). The v2 of K0
s and D0 show a pronounced mass splitting at low pT , but become

approximately equal for pT > 5 GeV/c. The v2(pT ) for identified baryons and mesons

exhibit the usual valence-quark number splitting.

Additional evidence for medium-like behavior in small systems comes from the

gradual approach to full thermal (grand canonical) equilibrium of multi-strange baryon

production [219]. Figure 36 shows the ratio of Ω and Ω baryons to charged pions in

p+p, p+Pb, and Pb+Pb collisions at various LHC energies as function of dNch/dη. The

steady increase with multiplicity is interpreted as evidence that the volume and lifetime
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Figure 34. Left panel: elliptic and triangular eccentricities of the ground states of

proton (p), deuteron (d), and 3He. Right panel: Elliptic and triangular flow coefficients

v2(pT ) and v3(pT ) for the p+Au, d+Au, and 3He+Au collision systems at the same

energy
√
sNN = 200 GeV. [From [217]]

Figure 35. Elliptic flow coefficients v2(pT ) for identified hadrons in high-multiplicity

p+Pb collisions at
√
sNN = 8.16 TeV. The mass splitting between K0

s and D0 mesons,

as well as the usual baryon-meson splitting are clearly visible [From [218]]
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of the hot quark-gluon plasma are growing with multiplicity. It is difficult to imagine

that this steady growth is not accompanied by collective flow in response to the thermal

pressure inside the fireball.

Figure 36. Yield ratio of Ω and Ω baryons relative to charged pions (π±) in p+p,

p+Pb, and Pb+Pb collisions at various energies versus charged particle multiplicity

dNch/dη. [From [220]]

One often presented counter-indication against formation of a collectively behaving

QGP in p+A collisions is that jet quenching has not been observed. Recent data from

ALICE for 15 GeV/c < pch
T < 50 GeV/c jets in high-multiplicity p+Pb collisions

limit the energy loss for a R = 0.4 jet cone to less than 0.4 GeV/c, more than an

order of magnitude less than the energy loss measured for R = 0.4 jets in central

Pb+Pb collisions [221]. This can likely be understood as a consequence of the fact

that hard scattered partons need time to evolve down to the virtuality scale Q2 at

which the surrounding medium interacts with them [222]. For a parton with energy

pT , the kinematic virtuality within a transverse distance L from the scattering vertex is

Q2 > pT/L. On the other hand, the virtuality scale associated with rescattering in the

medium is

Q2
med ≤

∫ L

τ0
dτ q̂(τ) ∼ (q̂/T 3)T 3

0 τ0 ln(L/τ0)). (47)

For L ≤ 3 fm in p+Pb one estimates Q2 > 2Q2
med, which means that the parton has

left the medium before it reaches the virtuality scale at which the medium can begin to

influence its QCD evolution.

The large flow gradients in the initial phase of the heavy ion reaction, especially

for smaller collision system, severely strain the applicability of viscous hydrodynamics,

which relies on a gradient expansion of the collective flow field. A measure of the
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applicability of hydrodynamics is the Knudsen number Kn, which describes the ratio of

the mean free path λ to the characteristic system size L:

Kn = λ/L. (48)

Here L could either be the size of the system or the typical length scale on which the fluid

properties vary. A small Knudsen number, Kn� 1 implies that viscous hydrodynamics

should provide a good description of the system. At early times during the collision and

for small collision systems, such as p+A, this condition is violated.

Numerical simulations have shown, however, that viscous hydrodynamics provides

a remarkably robust description even under conditions where the Knudsen number is not

small. This behavior has been traced to the existence of hydrodynamic attractors, flow

patterns that asymptotically merge into hydrodynamic flow and serve as “attractors”

of flow patterns for many different initial conditions and even different microscopic

transport dynamics (see [223] for a review). The existence of these attractors ensures

remarkable insensitivity of the expansion dynamics against many uncertainties about

the initial state and against the not well understood dynamics of the fluid before

equilibration.

Figure 37 shows the hydrodynamic attractors for three different exactly solvable

microscopic transport dynamics in the boost invariant (Bjorken) scenario. Flows for

widely different initial conditions are seen to rapidly converge on the attractor within

τ < 1/T , well before the hydrodynamic gradient expansion becomes reliable.

Figure 37. Hydrodynamic attractors for three different microscopic dynamics in the

Bjorken model, shown together with exact solutions for different initial conditions and

first- and second-order hydrodynamics [From [224]]

Attractors not only apply to hydrodynamical flow patterns but also emerge in the

framework of kinetic theory. In this setting, attractors have been found to smoothly
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Figure 38. Attractor for kinetic transport in the Bjorken model, shown together with

early stage (free streaming) and late stage hydrodynamic flow. [From [225]]

interpolate between the very early stage of the collision where free streaming provides

for a good approximation and the late stage when viscous hydrodynamics applies. This

behavior is illustrated in Fig. 38, where the evolution of the energy density is shown for

two different values of the coupling constant, together with the early (free streaming)

and late (hydrodynamic) evolution. Altogether, these discoveries have strengthened our

confidence in the robustness of the existing framework for modeling relativistic heavy

ion collisions over the entire duration of the collision.

5.6. Quantitative constraints of equation of state and transport coefficients

Heavy ion reactions follow a rather complex dynamical evolution that involves switching

between non-equilibrium descriptions for the initial and final state and viscous

hydrodynamic evolution during the intermediate stage. All the pieces of the theoretical

framework come with their own parameters controlling, for example, the amount of

initial state fluctuations, the transition criteria between descriptions, as well as the

relevant physics properties, such as the equation of state and the transport coefficients.

As discussed in the Section 5.4 the observables are often sensitive to more than one

parameter in a non-trivial interplay. Note that there is a difference between the model

parameters and the parameters of the system under consideration. The beam energy,

centrality and other choices are the controllable settings that have to be matched

between theory and experiment for meaningful comparisons.

One option to cope with such a multi-parameter, multi-observable problem is to

apply the methodology of Bayesian multi-parameter analysis. The main advantage of

such an approach is that one obtains a multi-dimensional sensitivity analysis as a by-

product and statistically meaningful parameter extractions with quantified uncertainty.

Important inputs are the statistical and systematic uncertainties of the measurements



The exploration of hot and dense nuclear matter 59

and of the theoretical models, which are sometimes difficult to assess. The pioneering

studies that have applied Bayesian analysis for the first time in the field of heavy ion

physics were carried out by the MADAI¶ collaboration [226]. By now, many groups have

adopted the procedures and there are further collaborative efforts between statisticians

and heavy ion groups (e.g., JETSCAPE+, MUSES∗ and BAND] collaborations).

The application of such advanced statistical techniques only makes sense, when the

underlying theoretical description is established, otherwise no meaningful results can be

obtained. If major physics components are missing (“unknown unknowns”), a Bayesian

analysis will not produce valid results.

The following steps are usually taken:

(i) Select the theoretical models and define the parameters to be varied.

(ii) Define the prior ranges for the parameters as large as practically feasible.

(iii) Run the full evolution model at enough points in the multi-parameter space,

typically determined by Latin hypercube sampling.

(iv) Select the observables to be employed in the study.

(v) Employ Principal Component Analysis (PCA) to determine orthogonal components

of the observables.

(vi) Construct an emulator for each observable trained on the full model runs.

(vii) Use Markov Chain Monte Carlo (MCMC) techniques to determine the posterior

distribution of the parameters.

(viii) Perform a closure test for verification that the posterior distribution covers results

of full model runs that have not been used in the training of the emulator.

While explaining all the details of such a multi-parameter Bayesian analysis goes

beyond the purpose of this review, the most important concepts will be covered here.

Bayes’ theorem is formulated as follows

P (A|B) =
P (B|A)P (A)

P (B)
. (49)

The posterior distribution P (A|B) containing the information of how likely parameter

set A is under the set of observations B is given by the inverse probability of observables

B given parameters A (P (B|A)) with a prior distribution P (A) and normalized by the

integral P (B) =
∫
dAP (B|A)P (A). In this manner, Bayes’ relation permits to invert

the conditional probabilities to one that is easier to determine. In other words, we can

formulate the question which parameters fit the observations best based on the outcome

of simulations for a certain set of parameters. Since the integral in the denominator

is usually hard to calculate, one generally ignores the denominator and restricts the

analysis to relative probabilities instead of absolute ones.

¶ https://madai.phy.duke.edu
+ https://jetscape.org
∗ https://icasu.illinois.edu/news/MUSES

] https://bandframework.github.io

https://madai.phy.duke.edu
https://jetscape.org
https://icasu.illinois.edu/news/MUSES
https://bandframework.github.io
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Figure 39. Left: Unconditioned draws from a Gaussian Process with a mean of zero

and constant unit variance. Right: Draws from the same process after conditioning

on 7 training points (black circles). The gray band in both panels is a pointwise 95%

confidence interval. [From [227]]

Since evaluating the theoretical model for a multitude of parameter combinations

becomes quickly too expensive even for current high-performance computing facilities,

surrogate models are important to enable a wide parameter scan. Gaussian process

emulators are constructed in the following way. Any arbitrary functional form describing

the dependence of the observables on the parameters can be approximated with a

Gaussian process GP that encodes the mean and the covariance

f(x) ∼ GP (mean(x), cov(x, x′)) (50)

In general, one can envision such a Gaussian process emulator as a way to fit the

training data points with associated quantified uncertainties for the values between

training points. Therefore, a crucial input is the chosen kernel function

k( ~xp, ~xq) = C2 exp

(
−1

2

s∑
i=1

|xp,i − xq,i|2
l2i

)
(51)

for parameter values ~xp and PCA values of observables ~xq. The parameters C and li
have to be chosen with care not to overfit the training data, but also to not leave too

much freedom in the construction of the emulator. Figure 39 shows the behavior of

unconditioned draws (left) as well as the result after proper training (right). The 95%

confidence interval indicated by the gray bands is fully constrained at the training points

and increases further away from them as expected. Uncertainties at the training points

can be incorporated by an additional white noise kernel into the Gaussian process.

In Fig. 40 the first application of Bayesian methods to heavy ion collisions is

shown. A (2+1)-dimensional hybrid approach was applied to Au+Au collisions at the

highest RHIC energy and to Pb+Pb collisions at
√
sNN = 2.76 TeV. The results were

compared to data for bulk observables including particle spectra, anisotropic flow and
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Figure 40. Fifty equations of state were generated by randomly choosing equation of

state parameters from the prior distribution and weighted by the posterior likelihood.

The two upper thick lines in each figure represent the range of lattice equations of state

shown in [34], and the lower thick line shows the equation of state of a non-interacting

hadron gas. [From [228]]

HBT correlations. When drawing parameters weighted with their posterior distribution,

it is apparent that the experimental data prefer an equation of state that is consistent

with lattice QCD calculations. This is a very nice confirmation that our dynamical

description actually prefers an equation of state similar to lattice QCD results based on

observables at two different collider energies. This is an important finding that confirms

the predicted properties of hot and dense QCD matter from experimental data.

Figure 41 shows the posterior distributions for shear and bulk viscosity obtained

from a hybrid calculation compared to experimental data. Within this work, 14

parameters were varied within the Trento+VISH2+1+UrQMD hybrid approach and

the bulk properties of hadrons measured in Pb+Pb collisions at 2 LHC energies were

taken into account. The Bayesian analysis quantifies constraints on the temperature

dependence of transport coefficients and properties of the initial state at the same

time. Other analyses have focused on small systems [230] or employed different

implementations for the hydrodynamic and hadronic transport evolution [138].

Extending the list of observables to transverse momentum fluctuations and

anisotropic flow correlations has been the subject of recent studies (see e.g. [231, 232]).

Obtaining comprehensive quantitative conclusions on the QGP properties from all these

efforts will be a major task for the future. While the different analyses agree on

major features, details like the preferred size of hot spots in the initial state or the

maximum value of the bulk viscosity differ substantially between different analyses. A

very interesting further application of Bayesian analysis is demonstrated in [233], where

the sensitivity of the parameters to potential future measurements in oxygen-oxygen

collisions at LHC has been assessed based on “best fit” parameters from prior studies.
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Figure 41. Posterior distributions for the parameters determining the temperature

dependence of shear and bulk viscosity as well as the 90% confidence intervals shown for

the transport properties of the quark-gluon plasma extracted with a Bayesian analysis

of bulk properties at LHC energies within a hybrid approach. [From [229]]

While most Bayesian analysis have concentrated on the soft sector at RHIC and

LHC energies, where the well established “standard model” for the dynamical evolution

of heavy ion reactions is applicable, there are a few studies targeting hard probes and

lower beam energies. In [234] the jet quenching transport coefficient q̂ governing the

transverse momentum transport of a hard parton traveling through a medium has been

quantified within the JETSCAPE framework [149]. Employing the MATTER and LBT

energy loss modules for high and low virtuality partons, respectively, the temperature

and energy dependence of q̂ can be constrained by a comparison to data from RHIC

and LHC. The results are compatible with prior constraints from the JET collaboration

[155].

In [235] a Bayesian analysis for the charm diffusion coefficient was reported, and in

[236] results for the beam energy dependence of the shear viscosity-over-entropy density

were presented. Both results are consistent with prior works and expectations for the

qualitative behaviour of the transport coefficients. As the range of Bayesian model-data

comparison efforts grows, one must be careful to avoid applying Bayesian analyses in

regimes where the theoretical model is under insufficient control and account properly

for the variability in modeling choices (see e.g. [138]). In the future, it will be rewarding

to see more and more observables from the hard and soft sector confronted with a
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unified theoretical description. A straightforward extension of previous work will be to

do a Bayesian analysis for hard probes on a well-calibrated (by Bayesian methods) soft

background.

5.7. Event-by-Event Fluctuations

Modern experiments with heavy ion collisions typically record many millions of events

under identical conditions. Due to quantum fluctuations there will always be event-by-

event fluctuations, even if the species, beam energy, and impact parameter selection

is restricted. In heavy ion reactions there are many sources of fluctuations, some

of them trivial (like statistical fluctuations), some of them far from trivial (like the

dynamical fluctuations associated with a critical endpoint). Here, we will concentrate

on fluctuations of conserved quantities at high beam energies as well as fluctuations

associated with the quark-gluon plasma phase transition at lower beam energies. The

event-by-event fluctuations in the initial state resulting in higher order flow coefficients

have been addressed in Section 5.4.

As shown in Section 5.1 the system formed in heavy ion collisions can be regarded

to first approximation as being in thermal equilibrium. In that case, the fluctuations of

conserved charges follow the expectations from the grand canonical ensemble as known

from statistical mechanics (see [237] for a review). There is one caveat: When the

charge under investigation is only produced in small quantities or the volume under

consideration is close to the entire system, then exact conservation laws have to be

taken into account in a canonical, instead of grand canonical, approach.
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Figure 42. Left: Schematic drawing of the beam energy dependence of the net

baryon number and charge fluctuations per unit entropy for a hadronic gas and a

quark-gluon plasma. [From [238]]. Right: Corrected charge fluctuations D̃ as a

function of time within a hadronization model (arrow depicts time of hadronization)

for Au+Au reaction at
√
sNN = 200 GeV (full symbols). Also shown are the values

for an uncorrelated pion gas, a resonance gas and a quark-gluon plasma. [From [239]]

The idea to measure fluctuation observables originates from their association with
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properties of the system created in heavy ion collisions. For example, the fluctuations

of mean transverse momentum are expected to reflect temperature fluctuations. If

the system is hotter the particles are emitted with larger transverse momenta, while

they obtain less transverse momentum in a colder fireball. For thermal fluctuations

of conserved charges (B, S,Q) the expected size is sensitive to the degrees of freedom

that are active in the system. Fig. 42 depicts the expected differences in fluctuations

of net baryon number and net charge as a function of beam energy for a quark-gluon

plasma and a hadron gas. Since the quarks carry fractions of baryon number and electric

charge the corresponding fluctuations are smaller. Experimental data are found to be

mainly consistent with the fluctuations expected from a hadron resonance gas. One

possible explanation is that the hadronization process washes the partonic fluctuations

out, and finally only hadronic fluctuations are observed. This has been demonstrated

in a dynamic coalescence approach, where the hadronization process was modeled

microscopically in an expanding system (see the right panel of Fig. 42). Nowadays

the interest in the mean number of pairwise produced conserved charges has shifted to

correlation observables, such as balance functions for charged particles [240, 241].

Another very intriguing application of fluctuation measurements is their direct

comparison to lattice QCD calculations (see [242, 243] for a review and lecture notes on

this topic). Fluctuations of conserved charges cannot be changed by local processes in

the hot fireball, only by (slower) diffusion and thus reflect the conditions near the phase

boundary. The thermal δQi are related to susceptibilities χi by

〈(δQi)
2〉 = T 2 ∂

2

∂µ2
i

lnZ(T, µi) = V T 3χQi
2 (52)

where Qi is the conserved charge of interest, T the temperature, µi the corresponding

chemical potential and Z the partition function. Experimentally, the moments of the

conserved charge distribution can be measured as

mean : MQi
variance : σ2

Qi

skewness : SQi
kurtosis : κQi

. (53)

By associating each beam energy
√
s with pairs of temperature and baryon chemical

potential (T, µB), these moments correspond to certain susceptibilities as stated in

Eq. (52). To remove the volume dependence, one usually considers ratios

Sσ = χ3/χ2 ; κσ2 = χ4/χ2

M/σ2 = χ1/χ2 ; Sσ3/M = χ3/χ1 . (54)

Studies of the influence of volume fluctuations on such comparisons between experiment

and lattice QCD calculations can be found in [244, 245].

The comparison of fluctuation measurements to susceptibilities of conserved charges

calculated from lattice QCD is a complementary method to determine the chemical

freeze-out conditions in terms of temperature and chemical potential. The results for

net baryon number and net charge fluctuations are in very good agreement with the

findings according to the thermal model (see 5.1). This is very much consistent since
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Figure 43. Left: Fourth-order cumulants from lattice QCD calculations versus hard

thermal loops [246] and the result from dimensional reduction (DR) [247]. The arrow

on the right edge marks the Stefan-Boltzmann limit. [From [248]]. Right: Freeze-out

parameters in the (T − µB) plane. The figure compares the chemical freeze-out curve

[172] (red band) with the values obtained from the analysis of σ2/M for net electric

charge and net protons (blue symbols) comparing a hadron resonance gas model to

STAR data. [From [249]]

the lattice results in that regime correspond to a hadron-resonance gas. In [174] it was

suggested that comparisons between lattice calculations and strangeness fluctuations

indicate a somewhat higher decoupling temperature than the one for light hadrons.

This is in line with the expectations from microscopic models, where strange particles

have a smaller cross section with other hadrons than the non-strange particles, most

prominently protons and pions.

While it is exciting to directly compare ab initio lattice calculations to experimental

data, one has to be aware of the limitations: Depending on the kinematic cuts of

the measurement, the comparison to a grand canonical ensemble calculation may

be appropriate or not: Typically only net proton fluctuations are measured and

the mapping to net baryon number fluctuations carries uncertainties; also final state

interactions and non-equilibrium effects may affect fluctuations.

The second important application of fluctuation observables is related to their

expected sensitivity to the QCD critical endpoint. Finding signatures of the critical

endpoint of the first-order phase transition between quark-gluon plasma and hadron gas

is one of the main motivations for the heavy ion program at finite densities. The theory of

phase transition dynamics predicts that the correlation length increases when the system

passes through a critical region. In particular, higher moments of the distributions of

conserved quantum numbers are related to a higher power to the increased correlation

length. In the idealised equilibrium scenario, the correlation length as well as the higher

moments diverge. In heavy ion collisions this divergence is prevented by finite-size and

finite-lifetime effects [250].

Figure 44 (left) shows the kurtosis κσ2 in the phase diagram of nuclear matter.

There are interesting structures and sign changes expected in the region around the
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Figure 44. Left: The scaled kurtosis κσ2 calculated for symmetric nuclear matter

in (T, µB) coordinates within Van der Waals equation of state for fermions. [From

[251]]. Right: Dependence of the baryon number kurtosis κ4 on the reduce temperature

parameter t the freeze-out curve (in arbitrary units). t = 0 corresponds to the location

of the critical endpoint; t < 0 is the region where the phase transition is of first order.

[From [252]]

critical endpoint of the QCD phase transition, which are analogous to those known in

standard liquid-gas phase transitions. If one follows a typical freeze-out line in the phase

diagram, Fig. 44 (right) depicts the expected beam energy dependence of the kurtosis

involving a peak and then a dip structure when going from high to low beam energies.
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Figure 45. Collision energy dependence of the ratios of cumulants, C4/C2, for proton

(squares) and net-proton (red circles) from central Au+Au collisions [253, 254, 255]

(protons are shifted horizontally).[From [256]]

Experimentally, measurements of the excitation function of the kurtosis of the net

proton distribution have been carried out within the (first) RHIC beam energy scan

program by the STAR collaboration and by the HADES collaboration at GSI (see

Fig. 45 for a compilation of results). These are extremely challenging measurements
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since the impact of efficiencies and kinematic cuts for a multi-particle correlation

measurement has to be controlled. As can be seen in Fig. 45 the data indicate a non-

trivial behaviour as function of collision energy that is not compatible with the prediction

of a transport (UrQMD) calculation which does not contain information about a critical

point. The global net baryon number conservation influences the results, but not enough

to bring them into agreement with experimental data. NA61 has looked at lower-order

fluctuation observables as a function of beam energy and system size but could, so far,

find no sign of critical behaviour. In the future, higher precision data from the Beam

Energy Scan II at RHIC, CBM at FAIR, MPD at NICA and other heavy ion physics

programs at lower beam energies will complement the existing measurements.

On the theory side, there have been many developments targeting a dynamic non-

equilibrium evolution through a critical endpoint (see [257] for a recent summary). All of

these efforts are based on extending the fluid dynamics description to include thermal

fluctuations. One approach is to add thermal noise to the relativistic hydrodynamic

evolution, which is numerically challenging. One effort to systematically work towards

a controlled description of the evolution of non-Gaussian fluctuations is shown in Fig.

46 (left). The lines depict the non-equilibrium calculation compared to the equilibrium

expectation indicated by open symbols.

Figure 46 (right) shows one example of a complementary effort, where the two-

particle correlations are propagated on top of a hydrodynamic background (Hydro+

formalism). Note that both calculations agree in their finding that the non-equilibrium

evolution has significant effects on the magnitude and behaviour of the kurtosis, even

though they are carried out in simplified settings. A full (3+1)-dimensional non-

equilibrium evolution including the critical dynamics still remains a future challenge

for a quantitative understanding of the experimental measurements.

Event-by-event fluctuations in heavy ion physics can also be used to select events

of interest. The “event shape engineering” technique groups, for example, events

according to certain features like the magnitude of radial flow or certain anisotropic

flow coefficients to provide further handles beyond centrality and beam energy. Machine

learning techniques may make it possible to access interesting information by feeding

information from single events into an artificial intelligence (AI) system. Of course

this has to be done with great care, since the machine is not smarter than the best

theoretical model on the market that was used to train the neural network. Systematic

uncertainties inherent in such approaches are difficult to assess.

5.8. Hadronization and Quark Collectivity

Hadron production from heavy ion collision in the transverse momentum region below

a few GeV/c exhibits two striking features: (1) The baryon-to-meson ratio, for both

protons and antiprotons, in central Au+Au grows steadily with pT for pT ≤ 3 GeV/c

reaching a value three times as large as in peripheral collisions as shown in Fig. 47

[261]. (2) The elliptic flow coefficient v2(pT ) for mesons and baryons shows a distinctly
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Figure 46. Left: The scaled Gaussian cumulants, kurtosis of the net-baryon number

as a function of scaled temperature T/Tc from simulating stochastic diffusive equation

with an Ising-like equation of state in (1 + 1)d [258]. Right: The magnitude of the

critical fluctuations φ(Q) at a representative radial distance for different values of

proper time τ , where the dashed curve corresponds to the equilibrium and the full

curve to the non-equilibrium expectation [259]. [From [260]]

different behavior, with the baryon v2 saturating at larger values than the meson v2, as

shown in Fig. 48 for Λ-hyperons and K-mesons [262].

Figure 47. Proton-to-pion ratio (left) and antiproton-to-pion ratio (right) for Au+Au

collisions at
√
sNN = 200 GeV collisions for several centrality windows as function of

transverse momentum pT . [From [261]]
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Figure 48. Elliptic flow coefficient v2(pT ) for neutral K-mesons and Λ-hyperons in√
sNN = 200 GeV Au+Au collisions. [From [262]]

Both phenomena can be explained by the mechanism of hadron formation by quark

recombination (or coalescence) from the quark-gluon plasma, in which each valence

quark inherits the collective flow properties of the QGP fluid. Since baryons contain

three valence quarks whereas mesons contain only two, baryons experience a stronger

push from collective flow towards higher pT than mesons [263, 264, 265]. For the elliptic

flow v2(pT ) this mechanism implies a scaling law with valence quark number nq [266]:

v2(pT ) = nqv
(q)
2 (pT/nq), (55)

where v
(q)
2 (pT ) denotes the elliptic flow coefficient for (anti-)quarks in the QGP.

Strictly speaking, the scaling with pT/nq can only be justified in the kinematic

domain where hadron masses can either be neglected or described additively by

constituent quark masses. In order to apply the scaling law heuristically over a wider

momentum range, especially down to small momenta pT , it is customary to compare the

elliptic flow of different hadrons as a function of the scaled transverse mass (mT−m0)/nq,

where m0 is the rest mass of the hadron and mT (pT ) =
√
p2
T +m2

0. This version of the

valence quark scaling law has been found to be remarkably well obeyed by a large

number of hadron species over a wide collision energy range. Two examples from the

recent RHIC beam energy scan are shown in Fig. 49. A review of theoretical and

experimental aspects of the quark recombination mechanism can be found in [267].

The valence quark scaling (55) has also been observed in identified particle emission

patterns at the LHC, where the scaling is observed to hold even for the higher flow

anisotropy coefficients v3 and v4 [269]. Figure 50 shows valence quark-number scaled

flow coefficients vn(pT/nq)/nq for n = 2, 3, 4 for several identified hadrons in Pb+Pb

collisions at
√
sNN = 5.02 TeV.

The scaled flow coefficients in Fig. 50 exhibit broad peaks around pT/nq ≈ 1.5

GeV/c. In the fragmentation-recombination scenario, this peak corresponds to a gradual
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Figure 49. Scaled elliptic flow coefficient v2/nq for eight different hadron species

in
√
sNN = 27, 54.4 GeV Au+Au collisions as a function of the scaling variable

(mT −m0)/nq. [From [268]]

transition to the fragmentation dominated regime. In the transition region it is plausible

that quarks from a parton shower recombine with thermal, collectively flowing partons

[270]. An implementation of this idea in a dynamical model (EPOS) describes hadron

formation at intermediate values of pT as string (color flux-tube) fragmentation in

the presence of a thermal parton fluid [271, 272]. Figure 51 compares ALICE data

[273] for the pT -dependence of the hyperon-to-kaon ratio NΛ/NK for different centrality

windows in Pb+Pb collisions at
√
sNN = 2.76 TeV with results from the EPOS model

that accounts for recombination of the leading parton with thermal partons as well as

fragmentation by quark-pair production from the vacuum [272].

At low momenta (pT < 1.5 GeV/c) hadronic rescattering affects baryon and meson

flow differently and amplifies the mass splitting observed in the unscaled elliptic flow

v2(pT ) [274]. Pions move much faster than baryons and push them out to larger pT
(“pion wind”, see also the end of Section 5.2), while heavy baryons have the opposite

effect on pions and other mesons. Note that this mechanism does not work for φ-mesons,

as these do not have large cross sections with pions or nucleons [275]. The increase of

the mass splitting in v2(pT ) is clearly visible in Fig. 52, which shows v2(pT ) for pions,

kaons, and protons calculated with and without hadronic rescattering in comparison

with PHENIX data from Au+Au collisions at
√
sNN = 200 GeV [276].

5.9. Jet Quenching and Parton Energy Loss

The emission of hadrons at high transverse momentum (pT > 6 GeV/c) in relativistic

heavy ion collisions is suppressed because high-momentum quarks and gluons lose energy

when they propagate through the quark-gluon plasma [277, 278]. For light quarks or

gluons the dominant energy mechanism is gluon radiation in association with scattering

off a virtual gluon in the QGP. In the BDMPS-Z formalism of multiple scattering the
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Figure 50. Valence quark-number scaled anisotropic flow coefficients vn/nq for six

identified hadron species in
√
sNN = 5.02 TeV Pb+APb collisions as a function of the

scaling variable pT /nq. Top panels: n = 2; central panels: n = 3; Bottom panels:

n = 4. Note that the momentum scale in the bottom set of panels is different. [From

[269]]

scattering power of the QGP is encoded in the parameter q̂, which describes the average

squared momentum exchange with the medium per unit path length, q̂ = d〈q2
T 〉/dx
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Figure 51. Left panel: Recombination of thermal quarks from the QGP fluid with

energetic string fragments. Right panel: pT -dependence of the hyperon-to-kaon ratio

NΛ/NK for different centrality windows in Pb+Pb collisions at
√
sNN = 2.76 TeV.

ALICE data (open symbol) are shown together with results from the EPOS model

(solid symbols). [From [271]]

Figure 52. Elliptic flow coefficient v2(pT ) for pions, kaons, and protons with and

without hadronic rescattering in comparison with PHENIX data for Au+Au collisions

at
√
sNN = 200 GeV. The solid and dash-dotted lines show calculations including

hadronic rescattering; the dotted lines are calculated without rescattering. [From

[276]]

[279, 280, 281]. The BDMPS-Z approach is well suited to describe energy loss in a thick

QGP. The GLV formalism, which is based on an opacity expansion, is better suited for a

thin QGP. The higher-twist formalism [146] aims at the description of the full virtuality

evolution of a jet created by an energetic quark or gluon and is expected to apply to
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both, short and long path lengths (see also [282]).

Figure 53. Nuclear suppression factors RAA(pT ) for direct photons, neutral pions

and η-mesons in Au+Au collisions at
√
sNN = 200 GeV. Both meson species exhibit

the same level of suppression, while photons are not suppressed. [From [283]]

Experimental evidence that high-pT hadron suppression is a final-state effect comes

most directly from the comparison of the nuclear modification factors RAA for hadrons

with that for photons or Z0 bosons. Figure 53 shows that RAA ≈ 1 for photons, whereas

RAA ≈ 0.25 for pions and η-mesons (see Eq. (7) for the definition of RAA).

Schematically, the hadron spectrum can be expressed as a convolution of the parton

distribution functions f
(A)
i (x) in the colliding nuclei with the hard QCD scattering cross

section and a fragmentation function D
(med)
i→h (z) that is modified by the medium

dNh

dpT
(pT ) = f

(A)
i (x1)⊗ f (A)

j (x2)⊗ dσij
dpT

(pT/z)⊗D(med)
i,j→h(z). (56)

The modified fragmentation function is related to the vacuum fragmentation function

by

D
(med)
i→h (z) =

〈
D

(0)
i→h

(
z

1− z∆pT/pT

)〉
, (57)

where ∆pT is the momentum loss of the hard parton in the medium and 〈· · ·〉 indicates

an average over the position and orientation of the hard scattering event. The magnitude

of the suppression thus depends not only on the amount of energy loss but also on the

steepness of the unmodified hadron spectrum. As the spectrum becomes flatter at high

collision energy, the same energy loss causes less suppression. In spite of this effect,

experimental data from RHIC and LHC confirms that the suppression increases with

collision energy, as shown in Fig. 54 for neutral pions with pT > 6 GeV/c, implying a

strong increase in the energy loss. This observation agrees with expectations, as the

energy loss parameter q̂ grows rapidly with temperature: q̂/T 3 ≈ 2− 5 (see Fig. 55).
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Figure 54. Nuclear suppression factors RAA for neutral pions in Au+Au collisions

as a function of participant number Npart at
√
sNN = 39, 62.4, 200 GeV and Pb+Pb

collisions at
√
sNN = 2.76 TeV. [From [284, 285]]

Figure 55. Reduced jet quenching parameter q̂/T 3 for quark-initiated jets in a

quark-gluon plasma determined by a Bayesian analysis. q̂/T 3 is shown as function

of temperature T (left panel) and quark-momentum p (right panel). [From [234]]

The increase with Npart reflects the strong path-length dependence of the radiative

energy loss which, for a medium of constant density, is approximately given by [281]:

∆E = −1

2
C2αsq̂L

2, (58)

where C2 denotes the SU(3) Casimir operator for the energetic parton. An independent

assessment of the path-length dependence of parton energy loss can be obtained by

measuring the azimuthal anisotropy of the nuclear suppression with respect to the
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collision plane. This anisotropy can be expressed by the Fourier coefficient v2(pT ),

defined as

dN(pT )

dφ
∝ 1 + 2v2(pT ) cos(2φ) (59)

as the “elliptic flow” coefficient. The average difference in path length dL for partons

emitted perpendicular to the collision plane compared with those emitted along the

plane is quite large as shown in the left panel of Fig. 56, implying that a significant

dependence on the emission angle relative to the collision plane is to be expected. This

expectation is confirmed by data from Au+Au collisions at RHIC, see the right panel

of Fig. 56 which shows a sizable value of v2 for hadrons up to 10 GeV/c momentum.

Data from Pb+Pb collisions at LHC for much higher pT , shown in Fig. 57, reveal a

strong correlation with the elliptic flow coefficient v2 measured in the low-pT region and

indicate that the anisotropy at high pT has the same geometric origin.

Figure 56. Left panel: Average path-length difference dL for a parton emitted

perpendicular to the reaction plane compared with a parton emitted along the reaction

plane. dL does not vanish even in central collisions because of density fluctuations in

the initial state, which generate an azimuthal anisotropy. Right panel: Azimuthal

anisotropy coefficient v2(pT ) for charged hadrons in Au+Au collisions at
√
sNN = 200

GeV for different centralities. [From [286]]

Unless they are absorbed by the QGP, the gluons that are radiated by a fast parton

in the medium, remain part of the full jet. What fraction of the radiated energy is

recovered in measurements of the full jet energy depends on the opening angle R (the

“jet radius”) that is used to define the jet. Typical values used for such studies are

R = 0.2 − 0.6. Smaller jet radii imply a larger energy loss. This trend is readily

apparent in Fig. 58, which shows the relative magnitude of RCP(pT ) for jets with total

transverse momentum pT and radius 0.2 ≤ R ≤ 0.5.

Full jet quenching exhibits many of the same phenomena as the suppression of

single hadrons at high pT , except that all results depend quantitatively on the jet

radius R. This means that full jet quenching measurements are not only sensitive to

longitudinal energy loss, but also to the angular redistribution of the energy within
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Figure 57. Correlation between the azimuthal anisotropy coefficient v2(pT ) of charged

hadrons in the high-pT region with the same coefficient measured in the low-pT region

where it is considered a measure of the collective (“elliptic”) flow. The data are for

Pb+Pb collisions at
√
sNN = 5.02 TeV. The linear correlation indicates that both

phenomena have the same underlying geometric origin. [From [287]]

Figure 58. Relative suppression factor RRCP(pT )/R0
CP.2(pT ) for jets in Pb+Pb

collisions at
√
sNN = 2.76 TeV. A larger value of RCP means less suppression. The

figure shows that more in-medium radiated energy is recovered for larger opening angles

R. [From [288]]

the jet [289]. Measurements of full jet suppression thus enable more differential

measurements, e. g., the study of how quenching modifies the jet shape in terms of

the longitudinal momentum fraction of a hadron within the jet, zh = phT/p
jet
T , and the

relative angle r < R of the momentum of a hadron with respect to the jet axis (see [290]

for a review on jet measurements).

Often the jet shape ρ(ξ, r) is expressed in terms of the variables ξ = ln(1/z) and

r. Examples of the modification of the jet shape in Pb+Pb collisions compared with
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p+p collisions are shown in Fig. 59. The data show “softening” of the shape of the jet

in terms of a redistribution of the energy in the jet to smaller z and larger angles r.

This is precisely the pattern expected from in-medium gluon radiation, which involves

lower parton virtuality than vacuum radiation and does not exhibit the same angular

ordering that suppresses low-z, large-angle radiation.

Figure 59. Left panel: Modification of the longitudinal jet shape ρ(ξ) in Pb+Pb

collisions at
√
sNN = 2.76 TeV relative to pp collisions. The hadron density in the jet

is suppressed at moderate values of z = e−ξ and enhanced at small values, reflecting the

increase in the soft components of the jet caused by additional gluon radiation in the

QGP. Right panel: Modification of the transverse jet shape ρ(r) in Pb+Pb collisions at√
sNN = 2.76 TeV relative to pp collisions for jets with R = 0.3. The hadron density in

the jet is shifted to larger angles r > 0.2, reflecting the redistribution of energy within

the jet cone by gluon radiation in the QGP. [From [291]]

Photon-tagged jets enhance the fraction of jets initiated by hard scattered quarks

over those initiated by gluons, from 35–50% to 70-80% at LHC energies [292]. A

comparison between photon-tagged jets and inclusive jets thus allows to probe the color

charge dependence of parton energy loss expressed by the dependence of the energy loss

(58) on the color-SU(3) Casimir operator (C2 = 4/3 for quarks and C2 = 3 for gluons).

Data from ATLAS shown in Fig. 60 confirm the expectation that jets initiated by quarks

are less suppressed than those initiated by gluons, manifested in a larger suppression of

inclusive jets than of photon-tagged jets.

Jets generally occur in pairs (di-jets) where one jet balances the transverse

momentum of the other. This means that the relative di-jet distribution is strongly

peaked at 180◦ in azimuthal angle. While highly correlated in azimuthal angle φ, di-

jets are not strongly correlated in pseudorapidity η but separated by a variable gap

∆η ∼ ln(x2/x1), where xi are the momentum fractions of the colliding partons that

produce the di-jet. In order to localize both partners of the dijet, one employs two trigger

particles, one for each jet, or two calorimeter-based triggers. The particle distribution

in each jet is then measured relative to the (η,φ) coordinates of the respective trigger
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Figure 60. Comparison of the suppression factor RAA(pT ) of R = 0.4 jets in

Pb+Pb collisions at
√
sNN = 5.02 TeV for inclusive jets and photon-tagged jets. The

observation that RAA is larger for photon-tagged jets can be attributed to the fact that

these contain a much smaller fraction (20–30%) of gluon-initiated jets than inclusive

jets (50-65%). [From [292]]

and denoted as [293]

1

Ntrig

d2N

d(∆η)d(∆φ)
. (60)

In order to isolate di-jets in heavy ion collisions one typically also imposes a lower pT -

cutoff on the included particles and subtracts the randomized background from mixed

minimum-bias events [293].

There are two main observables that have been studied for di-jets in A+A collisions.

One is the additional nuclear suppression of high-pT hadron pairs (di-hadrons) relative

to the suppression of single inclusive hadrons. Such a suppression is to be expected,

because both di-jet precursor partons propagate through the quark-gluon plasma and

lose energy. The additional suppression for inclusive hadron pairs is expressed in terms

of the quantity

IAA =
Rdi−jet triggers

AA

Rsingle triggers
AA

. (61)

The left panel of Fig. 61 shows the IAA in Au+Au collisions at
√
sNN = 200 GeV, relative

to the baseline from d+Au collisions at the same energy. As one can see, the additional

suppression in central collisions is comparable to the single suppression factor RAA

shown in Fig. 54. This is to be expected as the average path lengths of both scattered

partons in the medium are comparable, and thus both partons suffer similar energy loss.

The right panel of Fig. 61 shows the analogous di-jet suppression factor Idijet
AA for the

complete jets measured in Pb+Pb collisions at
√
sNN = 5.02 TeV. This quantity is to be
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Figure 61. Left panel: Di-hadron suppression factor IAA versus centrality (participant

number Npart) for Au+Au collisions at
√
sNN = 200 GeV measured by STAR. The

different symbols indicate different trigger selections. The grey band shows the

expectation for di-jet surface emission. See [293] for details. Right panel: Di-jet

suppression factor Idijet
AA measured by ATLAS in

√
sNN = 5.02 TeV Pb+Pb collisions.

For details see [294].

compared with the single jet Rjet
AA shown in Fig. 60. The additional suppression grows

with centrality, but is generally less severe than the suppression observed for single jets.

The other observable is the di-jet asymmetry AJ or, equivalently, the di-jet

imbalance ratio xJ, defined as

aJ =
pT,1 − pT,2
pT,1 + pT,2

, xJ =
pT,2
pT,1

, (62)

where pT,1 and pT,2 denote the transverse momenta of the leading and sub-leading jet,

respectively. The di-jet balance ratio xJ in central Pb+Pb collisions at
√
sNN = 2.76

TeV is shown in Fig. 62 in comparison with the same ratio in p+p collisions. The trigger

conditions were either pT,1 > 100 GeV (left panel) or pT,1 > 200 GeV (right panel) and

pT,2 > 25 GeV for jets within |η| < 2.1. For the lower trigger energy (left panel) the

di-jet balance ratio distribution in Pb+Pb collisions is peaked around xJ ≈ 0.5 and

differs strongly from the distribution observed in p+p collisions.

This behavior can be interpreted as follows: When the jet is produced well outside

the center of the fireball, one of the jets traverses a substantially shorter distance through

the medium than the other. This causes a larger energy loss, which is reflected in a

ratio xJ significantly smaller than unity. Interestingly, the difference between Pb+Pb

and p+p collisions shrinks with increasing trigger threshold until the distributions are

statistically indistinguishable for pT,1 > 200 GeV. The same trend is found when one

goes from central to peripheral collisions [295, 294].

5.10. Heavy Quark Probes

Hadrons containing heavy quarks (c or b quarks) are of interest both theoretically and

experimentally. One distinguishes hadrons with open heavy flavor, such as D- and B-

mesons or Λc baryons, and those with hidden heavy flavor, such as charmonium (cc)
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Figure 62. Di-jet balance ratio xJ in Pb+Pb collisions at
√
sNN = 2.76 TeV measured

by ATLAS. Left panel: pT,1 > 100 GeV; right panel: pT,1 > 200 GeV. (From [295])

and bottomonium (bb). Open heavy flavor hadrons in their ground states decay weakly

and live long enough so that their decay can be identified by micro-vertex detectors.

Hadrons with hidden heavy flavor can decay either electromagnetically or by gluon-

mediated strong interaction. For certain states (especially those with quantum number

JPC = 1−−, e. g. J/ψ and Υ) the strong decay channels are so strongly suppressed that

the decay into lepton pairs dominates, making them readily detectable. An extensive

survey of heavy quark physics in relativistic heavy ion collisions (as of 2015) can be

found in [296].

On the theoretical side, heavy quarks are interesting because they are almost

exclusively produced during the initial stage of the reaction by hard QCD processes,

mainly g + g → Q + Q. They may or may not subsequently thermalize, which is

an interesting question by itself, but their number remains essentially conserved from

then until hadronic freeze-out. Inside the QGP, when light quarks are deconfined,

hadrons containing both heavy and light quarks cannot exist. During hadronization,

such hadrons are created by recombination of deconfined heavy quarks with light quarks

or antiquarks. However, hadrons containing solely heavy quarks may survive under

conditions not too far above the deconfinement threshold because their binding radii

are small and their binding energies are large compared with the temperature.

The question, above which temperature T (H)
m a specific heavy heavy quark bound

state H “melts”, has been studied in great detail using lattice QCD. Initial investigations

focused on static color screening studies [297] but more recently the focus has shifted

to the investigation of dynamic properties encoded in the spectral functions [298, 299],

which include non-static effects, such as ionization by thermal gluons. More generally,

the heavy quark mass provides for a large momentum scale MQ � ΛQCD that

enables various effective field theory approaches to QCD, known as Heavy Quark

Effective Theory (HQET) or nonrelativistic QCD (NRQCD). In combination with HTL

perturbation theory techniques, these approaches form a rigorous theoretical framework
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for the calculation of transport properties of heavy quarks in the QGP, including the

formation and destruction of quarkonia [300].

Experimentally, the inclusive study of the transport properties of heavy quarks in

the QGP relies on the measurement of single leptons (e, µ) emitted in their semi-leptonic

weak decays [301]. The discrimination between leptons from b-decays and those of c-

decays requires, in addition, the identification of the decay vertex where one uses, on

a statistical basis, the property that b-quarks have a longer average lifetime than c-

quarks. The comparison of the inclusive lepton spectrum measured in A+A collision

with the binary collision-scaled spectrum measured in p+p collisions yields information

about the transport of heavy quarks in the QGP. This information is usually presented as

nuclear modification factor RAA plotted as a function of pT . In order to relate to nuclear

modification of the heavy quark spectrum, the lepton spectrum requires unfolding with

the decay spectrum of the parent hadrons in their rest frame, which is an ill-defined

procedure. One therefore usually compares the data with calculations that include the

weak decays of open heavy flavor hadrons.

Figure 63. Nuclear suppression factor RAA(pT ) for single electrons from semi-

leptonic heavy quark decays. Left panel: PHENIX and STAR results for vertex

separated electrons from b- and c-quark decays measured in central Au+Au collisions

at
√
sNN = 200 GeV. [From [302]] Right panel: Results from ALICE for electrons from

b, C decays in
√
sNN = 5.02 TeV central Pb+Pb collisions. [From [303]]

Figure 63 shows that lepton spectra from heavy flavor decays exhibit similar nuclear

modification features as those of light hadrons. The left panel, which shows flavor

separated RAA for leptons from c versus b decays in Au+Au collisions at RHIC [304, 302],

provides evidence that c-quarks experience strong rescattering in the QGP, resulting in

a suppression which is comparable to that of light quarks. The suppression effect for

leptons from b-quark decays is significantly smaller. This is expected, as the energy

loss of a b-quark in collisions with thermal partons is reduced by a factor mc/mb when

compared with that of c-quarks. In addition, radiative energy loss by heavy quarks
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exhibits a dead-cone effect [150, 305] that increases with quark mass. Although medium-

induced gluon radiation is predicted to partially fill the radiation dead cone, a mass

dependent reduction of the radiative energy loss is predicted [306].

The right panel of Fig. 63 shows the lepton RAA for unseparated b- and c-decays

in central Pb+Pb collisions at the LHC [303]. Again, the nuclear modification exhibits

similar features as that measured for light charged hadrons with a minimum around

pT ∼ 10 GeV/c. The observed trend is generally well reproduced by theoretical

calculations that include collisional and radiative energy loss.

For open charm hadrons that exhibit a characteristic hadronic weak decay mode,

such as D0, D+, and Λc, it has been possible to measure identified particle pT spectra

that do not require unfolding. The best data are available for D-mesons for Pb+Pb

collisions at LHC [307]. Figure 64 shows RAA(pT ) for identified D-mesons measured by

ALICE. The left panel confirms that all species of D-mesons are equally suppressed, in

agreement with the hypothesis that the suppression mainly reflects the energy loss of

c-quarks in the QGP. The right panel shows that the suppression is strongly centrality

dependent [308] as would be expected from the path-length dependence of the energy

loss.

Figure 64. Nuclear suppression factor RAA(pT ) for identified D-mesons in Pb+Pb

collisions at the LHC measured by ALICE. Left panel: RAA(pT ) for D0, D+, and D∗+

mesons in central collisions at
√
sNN = 2.76 TeV. [From [307]] Right panel: RAA(pT )

for all identified D-mesons in three centrality windows at
√
sNN = 5.02 TeV central

Pb+Pb collisions. [From [308]]

The strong suppression of D-mesons, similar to the pattern observed for light

hadrons, raises the question whether c-quarks thermalize in the QGP and participate in

the collective flow and if so, to what degree. A partial answer to this question is afforded

by the measurement of the elliptic flow coefficient v2 for D-mesons. Results for v2(pT )

of identified D-mesons measured by ALICE are shown in Fig. 65 in comparison with

v2(pT ) for charged pions in two centrality windows. Except at the lowest measured pT
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the D-mesons exhibit almost the same amount of elliptic flow as pions, which indicates

that they participate in the overall collective flow of the QGP. The reduced v2 at low pT
is expected because D-mesons have almost twice the mass of a proton and thus should

show an even stronger kinematic reduction of v2 at low pT than protons.

Figure 65. Elliptic flow v2(pT ) of identified D-mesons in Pb+Pb collisions at√
sNN = 5.02 TeV measured by ALICE. The two panels show results for two different

centrality windows, in comparison with the v2 for charged pions. The right panel also

shows the v2 for Ds mesons. [From [308]]

Bound states of heavy quarks (charmonium, Upsilon, and Bc), generically called

quarkonia, are sensitive to the color screening length in the QGP [309]. When the color

screening length rD, also called the color Debye length, is shorter than the radius of the

heavy quark bound state, the bound state dissolves (“melts”) in the QGP and becomes

a broad resonance. For each bound state there is a characteristic threshold temperature

[297], also called the Mott temperature TM [310]. In addition to color screening, the

other important contribution to this process is ionization by thermal gluons in the QGP.

The two determinants of the Mott temperature are the radius of the quarkonium

bound state and its binding energy. In the non-relativistic limit, these are given by

RQQ̄ = N2(αsmqQ̄c/h̄)−1 and BQQ̄ = N2α2
smQQ̄c

2, where mQQ̄ is the reduced mass and

N ≥ 1 is the principal quantum number of the Coulombic bound state. For charmonium

the 1s and 2s states are bound in the vacuum (J/ψ and ψ′); for bottomonium the 3s

state is also bound (Υ, Υ′, and Υ′′.) One thus expects that when the temperature is

raised above the critical temperature Tc, first the ψ′ and Υ′′ states melt (close to Tc),

then the J/ψ and Υ′ states (around 1.5Tx) and eventually the Υ ground state (slightly

above 2Tc). This predicted phenomenon is known as “sequential melting”.

Over the past three decades the suppression of quarkonium production in heavy ion

collisions, compared with scaled proton-proton collisions, has been measured in great

detail. The suppression is commonly expressed in terms of the ratio RAA, similar to the

suppression of jet production. Results for charmonium suppression in Au+Au collisions
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at RHIC and bottomonium suppression in Pb+Pb collisions at LHC are shown in Fig. 66.

Figure 66. Nuclear suppression factor RAA for quarkonium production as function of

centrality, measured by the particpant number Npart. Left panel: Au+Au collisions at√
sNN = 200, 62.4, 39 GeV (from [311]). Right panel: Pb+Pb collisions at

√
sNN = 5.02

TeV (from [312]).

The interpretation of the RAA data is complicated by several effects. The two most

important ones are:

• The primary production process for heavy quark pairs, gg → QQ̄, is suppressed

in nuclear collisions because the nuclear gluon distribution at small Bjorken-x is

screened (“shadowed”). This effect, which can be studied in p(d) + A collisions,

is mainly observed at low transverse momentum pT , as is visible in Fig. 67 (left

panel).

• In Pb+Pb collisions at LHC energies, cc̄ pairs are copiously produced and are

thought to be thermalized in the QGP. These pairs can coalesce into J/ψ and

ψ′ mesons when the QGP hadronizes. This regeneration mechanism leads to an

enhancement of charmonium production at low pT , which can be seen in the right

panel of Fig. 67. The same mechanism may already be visible in Au+Au collisions

at RHIC at central rapidity (|y| < 0.35), where J/ψ production is found to be less

suppressed than at forward rapidity (|y| > 1.2). The stronger suppression of ψ′

compared with J/ψ seen in this figure is also evidence for the sequential melting

concept.

5.11. Electromagnetic Probes

Electromagnetic probes are, at the same time, theoretically interesting and

experimentally challenging because they do not interact strongly and therefore are

emitted from all stages of the reaction. Many hadrons and other particles are also

produced during the whole evolution of the heavy ion reaction, but the main advantage

of electromagnetic probes is that they reach the detector undisturbed. A dilepton pair
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Figure 67. Left panel: Nuclear suppression factor R(p/d)A(pT ) for J/ψ production in

p+Au and d+Au collisions at
√
sNN = 200 GeV (from [313]). The approximately 30%

suppression at small pT is mainly due to gluon shadowing in the Au nucleus. Right

panel: Nuclear suppression factor RAA(pT ) for J/ψ and ψ′ production in Pb+Pb√
sNN = 5.02 TeV (Fig. 59 (right panel) from ALICE Whitepaper (to be published))

reference has to be added. The enhancement at small pT is attributed to recombination

of c and c̄ quarks during hadronization (regeneration).

or a photon escapes even the hot and dense reaction zone without further interaction.

The purely electromagnetic interaction mechanism leads to very small production rates

and therefore extremely challenging measurements. In addition, there typically exists a

huge background created by weak decays of hadrons that create photons and dilepton

pairs in the final state (e.g. π0 → γγ). Any interpretation of experimental results

relies therefore on theoretical input on the origin of the contributions from the different

sources and stages of the reaction.
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Figure 68. Left: Comparison of the excess mass spectrum for In-In at dNch/dη=140

to the cocktail ρ (thin solid), unmodified ρ (dashed), in-medium broadening ρ [314, 315]
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Inverse slope parameter Teff vs. dimuon mass M for dNch/dη > 30 with open charm

subtraction. [From [318]]
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There are two main physics questions that can be addressed with dilepton and

photon measurements. By investigating the invariant mass spectrum of dileptons

emitted from vector mesons one can get insight about the properties of the spectral

functions of resonances in the medium (see [319] for a recent review). The ρ-meson is of

special interest, since the idea is to study chiral symmetry restoration by observing the

spectral functions of the ρ and its chiral partner a1 become degenerate. More recently,

the focus has shifted to signatures of chiral mixing, since the measurement of the a1

spectral function is out of reach. The second main topic is the idea of extracting a

temperature of the quark-gluon plasma from the thermal radiation. For this purpose,

photons might seem more straightforward, but one has to account for a blue shift in the

photon spectrum due to radial flow. The slope of dilepton spectra in the invariant mass

region from minv = 1− 3 GeV provides a more direct measure of the thermal radiation

from the plasma.

Fig. 68 depicts the most precise dilepton measurement in a heavy ion environment

to date. The invariant mass spectrum of dimuons was recorded for In-In collisions

at Elab = 158A GeV at the CERN-SPS. After contribution from the “cocktail” of

known hadronic sources has been subtracted the remaining excess yield (see the left

panel of Fig. 68) provides a measure of the spectral function of the ρ-meson inside the

hot and dense medium. From these results, it can be concluded that the ρ-meson is

strongly modified in the medium and mainly broadened, while a mass shift of the pole

position has not been observed. The differential dimoun measurements make it possible

to fit transverse momentum spectra in different invariant mass bins and extract the

effective temperature as the inverse slope shown in the right panel of Fig. 68. In the low

mass region (LMR) the extracted values agree with the ones from the hadronic spectra,

consistent with a hadronic origin, while above 1 GeV in invariant mass the thermal

slope saturates and suggests emission from an equilibrated quark-gluon plasma. In this

mass region, there is a correlated background from heavy quark decays that needs to be

carefully subtracted.

Moving to higher beam energies the STAR collaboration has measured di-electron

invariant mass spectra as shown in Fig. 69. The excess yield above the hadronic

cocktail emission indicates that the spectral function of the ρ-meson is also broadened

at these higher beam energies. Theoretical calculations include thermal dilepton

rates from effective field theory folded with a fireball model [321, 322], coarse-grained

UrQMD transport calculations with the same thermal dilepton rates [323, 324] and fully

microscopic non-equilibrium calculations by within the PHSD approach [134, 325]. In

the future, ALICE is expected to be also able to measure precise, background subtracted

dilepton spectra in Pb+Pb collisions at LHC energies.

At GSI, the HADES experiment is dedicated to investigating dilepton emission from

elementary and heavy ion reactions. In this baryon-dominated environment the ρ-meson

is mainly modified due to its interactions with the baryonic resonances. Fig. 70 shows

the extracted thermal emission from Au+Au collisions at Elab = 1.23A GeV. There are

clear indications of medium modifications in comparison with the vacuum environment
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Figure 69. Left: Background subtracted dielectron invariant mass spectra within the

STAR acceptance from
√
sNN = 19.6, 27, 39, 62.4, and 200 GeV 0−80% most-central

Au+Au collisions (scaled for visibility). Right: The ratio of the invariant mass spectra

to the cocktail with the ω and φ yields removed compared to model calculations. [From

[320]]
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Figure 70. Left: Excess yield of dileptons extracted by subtracting η, ω contributions

as well as the NN reference normalized to the number of neutral pions, the red

curve shows a thermal dN/dMee ∝ (Mee)
3/2 exp(−Mee/T ) fit. [From [326]] Right:

Comparison of invariant mass spectra of dielectrons produced by ρ and ω in Au+Au

collisions at Ekin = 1.23 AGeV within the coarse-graining approach versus the default

SMASH dilepton production. [From [327]]

indicated by the agreement with coarse-grained (CG) transport calculations including

medium-modified spectral functions for vector mesons. The calculation (see right panel
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of Fig. 70) shows this difference explicitly for the radiation from the ρ- and ω-mesons,

the main vector mesons contributing in this mass range. In the future, HADES and

the CBM experiment will measure the excitation function of thermal dilepton emission

with the goal to identify signatures of a first-order phase transition.
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Figure 71. Direct-photon pT -spectra normalized by (dNch/dy)1.25 for (a) the

minimum bias Au+Au 39 and 62.4 GeV data sets, (b) various centrality selected

200 GeV Au+Au [328, 329, 330] and Cu+Cu [331] data sets, and (c) various centrality

selected Pb+Pb 2760 GeV data sets [332]. Also shown are (a) pp data from the

ISR [333, 334] and (b) pp 200 GeV data [335]. [From [336]]

Photon production from heavy ion collisions is dominated by sources from hadronic

decays, most prominently the π0 that decays to photons with an almost 100% branching

ratio. Therefore, it is very challenging to experimentally extract the primary photons,

usually called “direct photons”. The first measurement of a direct photon spectrum

was accomplished by the WA98 collaboration at SPS [337]. More recently, PHENIX

and ALICE have published transverse momentum spectra and flow measurements for

direct photons. A compilation of the spectra is shown in Fig. 71. At higher transverse

momenta the spectra match the expectations from perturbative QCD calculations [338],

while at lower momenta an exponential behavior is observed. By fitting the slope of the

transverse momentum spectra of direct photons, one can infer an effective temperature

of the quark-gluon plasma as depicted in Fig. 72.

In Fig. 73 state-of-the-art calculations considering direct photon emission from all

stages of the reaction are compared with spectra and elliptic flow data from the ALICE

collaboration in Pb+Pb collisions at
√
sNN = 2.76 TeV. Again the prompt photons

from the early hard collisions dominate the high pT region. At lower transverse photon

momenta the thermal emission from the hydrodynamic medium dominates. The photons
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Figure 73. Left: (a) Direct photon yield in Pb+Pb collisions at
√
sNN = 2.76 TeV,

in the 0 − 20% centrality class with depicting the different components compared to

data from the ALICE Collaboration [339]. Right: Direct photon elliptic flow vγ2 (pT ) in√
sNN = 2.76 TeV Pb+Pb collisions for different chemical equilibration times compared

to experimental data from the ALICE collaboration [340]. [From [341]]

emitted during the pre-equilibrium stage are depicted by the full line. The magnitude of

photon elliptic flow it depends on the time at which full chemical equilibrium between

quarks and gluons is achieved (indicated by the different values of τchem).

In general, it is still hard to explain the photon production yield and elliptic flow

at the same time consistently in one theoretical calculation. The intuitive reason is as

follows: Processes that increase the yield need to occur early in the evolution when the

plasma is hotter, while larger elliptic flow is reached in the later stages of the evolution.
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Therefore, elliptic flow is increased, if later sources are enhanced, for example in [342] the

contribution of the non-equilibrium hadronic stage has been shown to be significant for

low transverse momenta. In the future, it is going to be crucial to investigate emission

of electromagnetic probes from well-calibrated models for the bulk evolution [341].

5.12. Production of light nuclei and exotic hadrons

There are two different mechanism that lead to the production of light nuclei in heavy

ion reactions. In the fragmentation regions, at very forward and backward rapidity, the

spectator remnants can fragment and reach the detector as a multitude of smaller and

larger nuclei. This can happen because the spectator remnants emerge from the collision

in a highly excited state, and collisions among nucleons within these spectator remnants

often result in their disintegration. We will not discuss this phenomenon further as the

main interest here is on the production of light (anti-)nuclei at midrapidity within the

hot and dense collision region. The production of nuclei is interesting because of its

dependence on the nucleon-nucleon interaction, but also as a probe of possible differences

in the properties of matter and antimatter.

Fig. 18 shows the production yields of many particle species including light nuclei

in Pb+Pb collisions at
√
sNN = 2.76 TeV [169]. Due to the vanishing chemical potential

at this high energy the yields of deuterons and anti-deuterons, helium-3, hypertriton

and helium-4 and their anti-nuclei are pairwise identical. Generally, the predictions

within the statistical hadronization model agree very well with the measurements for

the same temperature as for all other hadron species. This poses immediately a question

of current debate: How can particles that have small binding energies of a few MeV

freeze out chemically from a fireball of hot and dense strongly-interacting matter at a

temperature that is many times higher (Tch ∼ 150 MeV)?

Besides the thermal production of light nuclei, another production mechanism is

proposed. The idea is that only individual hadrons are produced from the fireball, but

later on the nucleons or antinucleons combine to form light nuclei. This coalescence

picture [344, 345] involves calculating the overlap in phase-space of all nucleons and

drawing conclusions about the abundance of light nuclei from there. In such a picture it

is expected that the transverse momentum spectra of light nuclei and their anisotropic

flow coefficients vn scale according to the number of nucleons contained in a nucleus, in

analogy to the recombination approach and the partonic quark number scaling discussed

above (see Section 5.8). Fig. 74 depicts the expected yields at midrapidity in a thermal

and a coalescence production approach. Due to the change from a baryon dominated

to a meson dominated system the highest yields are expected in the beam energy range

of Elab = 10− 20A GeV.

Due to recent increased interest in the topic, several models have been developed

that aim to explain the mechanism behind this behavior. One model attempts to

describe the early chemical freeze-out via the Saha equation in analogy to cosmology

[346] or rate equations [347]. Another approach involves microscopic calculations of the
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Figure 74. Excitation function of dibaryons (left) and hypernuclei (right) calculated

within a thermal production model from the UrQMD hybrid approach (full lines)

compared to a coalescence approach (symbols). [From [343]]

non-equilibrium dynamics of light nuclei in the hadronic stage of the reaction [348]. At

low beam energies in a baryon-rich environment, the main reactions are the nucleon

catalysis reactions, while at high beam energies the pion catalysis is more important.

Calculations within a hadronic transport approach suggest that the chemical equilibrium

is maintained due to the high reaction cross sections during the rescattering phase in

nuclear collisions [349, 350]. The kinetic and chemical decoupling almost coincide in

such an approach.

Figure 75. Comparison of measurements of the hypertriton lifetime in heavy ion

reactions to theoretical calculations and the free value from the PDG. [From [351]]
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Hypernuclei and their properties are of particular interest since one might be able

to infer knowledge about the Λ − N interaction. For a while, the hypertriton (3
ΛH

“lifetime puzzle” attracted much interest, since the first measurements of the lifetime of

the hypertriton seemed to deviate from its free value. Recent more recent measurements

from ALICE (see Fig. 75), STAR, and HADES point instead to good agreement with

the world data.

A rather recent idea that has already been applied with considerable success, is

to measure the femtoscopic correlations of exotic hadrons in elementary and heavy ion

reactions. These final-state correlation measurements can be connected to the hadronic

interactions of those particles. In this manner it is possible to extract quantitative

information about the interaction of Ξ,Ω and other exotic hadrons containing one or

more strange quarks with other hadrons (see the recent reviews [352, 353]).

5.13. Vorticity and polarization

The initial state of a non-central heavy ion collision is characterized by a very large

angular momentum in the center-of-mass frame. For example, a collision between two
208Pb nuclei at

√
sNN = 5.02 TeV with impact parameter b = 7.5 fm commands an

angular momentum of nearly 20, 000h̄. Only a small fraction of this angular momentum

ends up in the central rapidity region where most observed particles are produced.

However, even this small fraction endows the QGP in non-central collisions with a

sizable vorticity.

Assuming thermal equilibrium, the probability for a certain spin orientation of

Λ-hyperon within the final-state hadronic gas is [354]:

PΛ(Ŝ) ∝ exp

(~ω + µΛ
~B) · Ŝ

T

 , (63)

where ~ω is the vorticity vector of the matter, µΛ = (−0.6138 ± 0.0047)µN is the Λ

magnetic moment in nuclear magnetons µN , and ~B is the magnetic field present at

emission. Since the magnetic moments of the Λ and Λ differ by their sign, a magnetic

field would cause them to be oppositely polarized, whereas vorticity of the medium

results in identical polarizations. Λ-hyperons are ideal probes of polarization, because

their parity violating weak decay Λ→ p+π− is self-analyzing. The angular distribution

of the decay proton momentum ~p = pn̂ in the Λ rest frame is given by [354]

dw

dΩ
=

1 + αΛ
~PΛ · n̂

4π
(64)

with αΛ = 0.732± 0.014 [355].

The global polarization of Λ and Λ have been measured in Au+Au collisions at

RHIC over a wide energy range [356, 357] and in Pb+Pb collisions at LHC [358].

The polarization is found to be along the direction of the angular momentum in the

collision, perpendicular to the reaction plane, and to grow with decreasing collision

energy, presumably because a larger fraction of the angular momentum carried by the
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incident nucleons ends up at midrapidity. A recent compilation of data is shown in

Fig. 76. The measured average polarizations can be converted into an estimate of the

Figure 76. Global Λ and Λ polarization with respect to the collision plane as a

function of collision energy. [From [359]]

vorticity. From (63) one finds

〈ω〉 = (〈PΛ〉+ 〈PΛ〉)T, (65)

which gives 〈ω〉 ≈ 1022 s−1 for 〈PΛ〉 ≈ 〈PΛ〉 ≈ 0.02. STAR has also measured the

global polarizations of Ξ and Ω hyperons which are of similar magnitude, confirming

the interpretation of the phenomenon as an effect of QGP vorticity [360].

The average polarizations 〈PΛ〉 and 〈PΛ〉 agree with each other at all collision

energies within the experimental errors. The most precise values have been measured in

Au+Au at
√
sNN = 200 GeV, where 〈PΛ〉−〈PΛ〉 = 0.037±0.07 [361]. This measurement

allows to set an upper limit on the magnetic field at the emission time: |B| < 1012 T

[362]. This is less than 10−3 of the maximal magnetic field generated during the collision

of the two nuclei.

In addition to the global polarization of Λ and Λ, the experiments have also

observed local polarization of hyperons along the beam direction. The orientation of

the polarization vector depends on the direction of the hyperon transverse momentum

and shows a quadrupole pattern with respect to the beam axis [363]. This effect is now

understood as a result of the shear caused by the anisotropy of the transverse flow (see

[364] for a review).

Vector meson alignment is another phenomenon related to spin that has been

experimentally observed. Both STAR [365] and ALICE [366] have found evidence

for a global alignment of the spins of K∗0 and φ mesons with respect to the collision

plane. Alignment is defined as the deviation of the m = m′ = 0 component of the

spin–1 density matrix ρm′m = 〈m′|ρ|m〉 from its equilibrium value ρ00 = 1/3 when all

spin orientations are equally likely. Different from the concept of polarization, which
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Figure 77. Estimate of the collision energy dependence of the average hyperon

polarization to the STAR measurement [1]. The solid blue curve represents the average

value of the polarization of Λ and Λ̄. [From [369]]

distinguishes between spin orientation up and down with respect to the collision plane,

alignment makes no such distinction. The mechanisms that can cause a nonzero aligment

are thus less constrained by symmetry than those that can cause polarization. Indeed,

the experiments find much larger values |ρ00 − 1/3| ≈ 0.1 − 0.2 (compared with 10−2

for global polarization), but there is currently no generally accepted explanation for the

origin of this effect.

Particle spin can be added to the hydrodynamical model of quark-gluon plasma

expansion by introducing spin degrees of freedom to the fluid [367]. The equations for

such a spinning, viscous fluid can be derived from kinetic theory in the usual way

by applying a reduction to a limited number of moments of the momentum space

distribution [368, 129] or by symmetry-based analysis of the allowed perturbations of

the energy-momentum tensor and the spin current around equilibrium [369]. In such an

approach the observed collision energy dependence of the global Λ polarization can be

explained with reasonable assumptions about the initial conditions (see Fig. 77).

5.14. Chiral magnetic effect

QCD gauge fields are characterized by a topological quantum number, called winding

number, that changes due to the action of quantum mechanical fluctuations called

instantons. While field configurations with a definite winding number break CP

invariance, the QCD vacuum realized in nature contains a superposition of such field

configurations that conserves the global CP symmetry of QCD for yet unknown reasons.

(An axion field, if it exists, would explain this mystery in a natural way through the

so-called Peccei-Quinn mechanism [370]). In the presence of electromagnetic fields,

however, these winding number fluctuations can generate local CP violations via the

chiral anomaly [371] of the axial current

∂µj
µ
5 = − Nc

2π2

∑
f

Q2
f
~E · ~B, (66)
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where Qf are the electric charges of the light quark flavors. Anomalous hydrodynamics

[372, 373] adds (66) to the conservation laws for energy-monentum, baryon number, and

electric charge as a fourth macroscopic equation. As usual, the conservation laws must

be supplemented with constitutive equations, in this case for the vector and axial vector

currents:

jµ = nuµ + σEµ + σBB
µ

jµ5 = n5u
µ + ξEE

µ + ξBB
µ, (67)

where σ, σB, ξE, ξB are transport coefficients (σ is the usual electric conductivity), n, n5

denote the usual and axial quark densities, and Eµ = F µνuν , B
µ = εµναβuνFαβ are

Lorentz covariant expressions for the electric and magnetic field. It is convenient to

express these transport coefficients through vector and axial vector chemical potentials,

µ and µ5 [373].

In the absence of explicit parity violation, the global axial chemical potential µ5 = 0,

which implies that the magnetic conductivity σB vanishes. However, the presence of

instantons implies that µ5 fluctuates locally, which means that the electric current

receives locally fluctuating contributions from the magnetic field. Owing to the motion

of the colliding nuclei heavy ion collisions generate very strong, short-lived magnetic

fields of the order eB ∼ m2
π that point perpendicular to the collision plane. One thus

expects electric current fluctuations perpendicular to the collision plane, which result in

event-by-event separation of the net electric charge of particles emitted into the upper

and lower hemispheres. This is called the chiral magnetic effect (CME) [371].

The charge separation can be understood as a direct kinematic consequence of the

alignment of quark spins along (or against) the magnetic field and the alignment of spin

and momentum encoded in the chirality of the quark. If the magnetic field aligns a

quark spin in the direction of the field, then a right-handed quark (positive chirality)

will move in the direction of the field, and a left-handed quark (negative chirality) will

move against the field. A positive axial density implies a preponderance of quarks with

positive chirality and vice versa. Since the magnetic moment of a quark depends on the

sign of its electric charge, this leads to a current in the direction of the magnetic field,

if the axial density n5 > 0, and against the field if n5 < 0, as is illustrated in Fig. 78.

Since the coefficients σB and ξB in (67) are proportional to the densities n5 and n,

respectively, the anomalous hydrodynamic equations sustain a low-energy propagating

mode corresponding to propagating coupled density-axial density fluctuations similar to

the sound mode [374]. This excitation, which propagates with a speed proportional to

the magnetic field B, is known under the name “chiral magnetic wave” (CMW). Like the

current fluctuations induced by the CME, the CMW could be seeded by the topological

charge density fluctuations in the glasma during the earliest stage of the collision.

Another phenomenon worth mentioning is the “chiral vortical effect” (CVE). A

complete analysis shows that the constitutive equations (67) also receive contributions

proportional to the vorticity vector ωµ of the QGP. Their effect is similar to the chiral

magnetic effect with axial charge fluctuations driving a fluctuating electric current along
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Figure 78. Schematic illustration of the mechanism behind the chiral magnetic effect.

The magnetic field aligns the quark spins (s) along the field lines according to the quark

charge. Chirality associates associates a momentum direction p with the quark spin;

positive chirality (right-handed) quark spins are alinged with the momentum, negative

(left-handed) quarks spins are anti-aligned. This creates a net electric current if the

QGP contains a different number of left- and right-handed quarks.

the direction of the vorticity vector. It can be similarly understood as the CME as

a result of the alignment of quark spins along the QGP vorticity vector in thermal

equilibrium, which we discussed in the context of global hyperon polarization. Thus,

the illustration in Fig. 78 applies, except that the vorticity ω replaces the magnetic

field B. In an off-central heavy ion collision both vectors, ~ω and ~B, point in the same

direction perpendicular to the reaction plane. An overview of these phenomena can be

found in [375].

A number of observables are specifically sensitive to such fluctuating electric charge

separation phenomena. A possible search strategy in the context of known background

effects is discussed in [376]. Quantitative predictions based on solutions of the anomalous

hydrodynamical equations with reasonable assumptions for the initial axial density

fluctuations can be found in [377]. The magnitude of the expected event-by-event

fluctuations also depends strongly on the longevity of the magnetic field. For the

parameters used in [377] the experimental signals for the chiral magnetic effect are

in the range of 10−4, but other assumptions may lead to much smaller predicted values

[378].

As theoretical predictions of the magnitude of observables for the chiral magnetic

effect are beset with large uncertainties, experimental searches for it are of paramount

importance. Owing to the parity conserving nature of QCD, the anomalous electric

current must fluctuate event by event, thus all signals involve the measurement of event-

by-event fluctuations. This means that other “normal” sources that are sensitive to the

orientation of the reaction plane can contribute, in particular, those involving charged
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resonance decays modulated by the elliptic flow of the final-state hadron distribution

(see [376] for an in-depth discussion and references). Experimental studies at RHIC

[379] and LHC [380] have concluded that at most a small fraction (less than 10% for

RHIC) of the observed signals can be attributed to the CME.

The comparison of measurements of observables sensitive to the chiral magnetic

effect in p+Pb and Pb+Pb collisions is another way to assess the size of background

effects. Any magnetic field-driven effect, such as the CME, should be greatly suppressed

in p+Pb collisions in comparison with Pb+Pb collisions (by a factor (1/Z2
Pb = 1.5 ×

10−4). Data from the CMS experiment constrain possible contributions of the CME to

the Pb+Pb data to less than 7% [381].

A more sensitive search for CME signals requires a suppression or cancellation of

such background effects. This motivated a comparative study of two collision systems

involving nuclear isobars, 96Zr and 96Ru, which was carried out at RHIC. The magnetic

field produced in Ru+Ru collisions is larger than that produced in Zr+Zr collisions

under otherwise identical conditions, because a 96Zr nucleus contains 40 protons, while

a 96Ru nucleus contains 44 protons. As the CME observables are proportional to the

square of the magnetic field, one expects roughly a 15% difference between the two

systems for the CME contribution to any observable. Great care was taken to ensure

that the experimental conditions for collisions in the two isobar systems were identical,

the data were subjected to a sophisticated blind analysis protocol [382], the first of

its kind in the field of relativistic heavy ion physics, and the analysis was performed

independently by several groups.

The results published by the STAR collaboration [383] showed no evidence for

the presence of a CME contribution to any of the predefined observables with an

experimental precision of ±4×10−3. Figure 79 shows the measured ratios S(Ru)/S(Zr)

for each of the signature observables S considered in the analysis. All signals are in

some way related to the difference ∆γ for same-sign and opposite-sign charged pairs of

particles of the quantity γ defined in (8), normalized to the elliptic flow anisotropy v2

that drives the background effects. A contribution from the CME would cause this ratio

to be larger than unity. Clearly, all measured ratios lie well below one, which means

that they do not provide evidence for a CME contribution.

The fact that all ratios related to ∆γ/v2 cluster around a value of 0.97 suggests that

they have a common source that can be traced to a difference between the two isobars,

which is not related to the nuclear charge. Indeed, such differences are known to exist:
96Zr has a thicker neutron skin than 96Ru (the 96Zr nucleus has four additional neutrons),

and the two nuclei have different quadrupole deformations. The experiment clearly

revealed these differences in the centrality dependence of the final-state multiplicity

distributions. This means that the shape differences of the two isobar nuclei are the

source of the largest systematic uncertainty as background effects associated with elliptic

flow do not cancel exactly. Whether this uncertainty, which lies in the percent range,

can be further reduced, is an open question.
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Figure 79. Results of the blind analysis of observables S sensitive to the CME in the
96Zr−96Ru isobar system. Shown is the ratio S(Ru)/S(Zr). The horizontal shaded

bars indicate the baseline without CME contribution, corrected for the nuclear shape

difference and minor efficiency effects. A possible CME contribution would cause this

ratio to be higher than the baseline. For details see [383].

6. Future Opportunities

The physics of heavy ion collisions is a vibrant field of research, and there are many

different avenues for future progress in understanding strongly interacting matter under

extreme conditions. In general, the field is driven by experimental measurements and

their theoretical interpretation, since only very few predictions from first principle

calculations have been possible. It is important to identify questions that require more

precise or more comprehensive data on well-studied observables or completely new types

of measurements and analysis.

There are four areas which are going to be explored in the near-to-midterm future:

• Precision measurements with ultra-relativistic nucleus-nucleus collisions at RHIC

with sPHENIX [384] and STAR and at LHC with ALICE, ATLAS, and CMS and

LHCb;

• A whole new level of heavy flavor and electromagnetic probes measurements with

ALICE3 [385];

• Ultraperipheral collisions and the transition to the electron-ion collider [386];

• Measurements at low beam energies with final results from the RHIC beam energy

scan, HADES at GSI and future FAIR.

Let us point out the main physics case and opportunities for each of the four broad

directions mentioned above.

The upcoming LHC runs 3 and 4, where much higher luminosities are going to be

achieved, will generate excellent data sets recorded for elementary particle collisions as

well as heavy ion collisions in the TeV energy range. In addition to Pb+Pb collisions,

there is the proposal to add O+O collisions to enhance the understanding of the

transition between very small systems and large collision systems. Collisions of different

species of ions might be employed to explore nuclear structure in heavy ion collisions.
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All four experimental collaborations at the LHC (ALICE, ATLAS, CMS, and

LHCb) are planning to participate in the heavy ion runs. Very precise measurements

of bulk observables and hard probes are expected. In a complementary campaign the

sPHENIX and STAR will be taking data at the lower beam energy of RHIC, but with

comparable precision for hard probes. To understand the temperature dependence of

transport coefficients like q̂ the lever arm in beam energy between
√
sNN = 200 GeV

and a few TeV is going to be important.

For Run 5 expected in the 2030’s the ALICE collaboration has proposed to construct

a completely new detector named ALICE3. This device will allow for an entirely new

level of precision for measurements of heavy flavor probes in the soft and hard sector as

well as electromagnetic probes down to very low transverse momenta. In addition, new

capabilities to identify multi-charm hadronic states will become available. ALICE3 will

provide detailed constraints for the more refined theoretical modeling that is going to

ready by the time the new detector will come online.

In addition to the study of the midrapidity region, where the quark-gluon plasma

production can be studied, it is going to be of interest to explore the whole longitudinal

phase space. For certain investigations a fixed target setup at collider facilities

provides advantages and is being discussed at LHC to study the quark-gluon plasma

in the fragmentation region. Forward rapidities may also be useful to investigate the

dependence on net baryon content of the system.

Extremely peripheral (“ultraperipheral”) events also receive increasing attention.

The idea is that in such collisions the nuclei pass without coming into direct contact

but interact via electromagnetic interactions that are enhanced by the nuclear charge Z

and the Lorentz factor γ. Exploring the interplay between electromagnetic and strong

interactions under such conditions paves the path to the planned electron-ion collider

(EIC). In 2020, the decision was been made to construct such a facilty at Brookhaven

National Laboratory, which will allows for collisions of electrons with light and heavy

ions at
√
seN up to 140 GeV. The electron-ion collider will generate unprecedented

insights into the quark-gluon structure of the proton and complex nuclei. This will

provide very detailed information for the initial state of a heavy ion collision.

Moving forward with the exploration of the QCD phase diagram at nonzero

net baryon chemical potential, several experimental efforts are worth mentioning.

The beam energy scan program at RHIC has just finished Phase 2, and precision

measurements are expected to be published by the STAR collaboration in the near

future for energies down to
√

NN = 3 GeV. The HADES experiment [387] at GSI is

running within the FAIR Phase-0 program and will measure the excitation function

of observables in the fixed target beam energy regime around Elab/A ≈ 1 GeV per

nucleon (
√
sNN ≈ 2.4 GeV). In the later part of the decade, SIS-100 will be completed

and the CBM (Compressed Baryonic Matter) experiment [388] will measure rare probes

with unprecedented precision in the beam energy region from Elab/A = 3.4 − 12 GeV

(
√
sNN ≈ 3.3− 5.3 GeV). There are also other projects proposed around the world, like

a heavy ion extension of J-PARC in Japan [389], HIAF in China [390], and NICA in
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Dubna [391].

These lower-energy facilities aim to determine the structure of the QCD phase

diagram, in particular, to find out whether there is a first-order phase transition between

the hadron gas and the quark-gluon plasma at nonzero baryon chemical potential with

a critical endpoint or whether the transition is a cross-over everywhere. Knowing

the nuclear matter equation of state at high net baryon density is also important for

the understanding of neutron star mergers. Since the first detection of gravitational

waves from such a merger event in 2017, there has been increasing interaction between

astrophysicists and the heavy ion physics community, which is likely to further intensity

in the years to come.

All of the expected measurements will need to be accompanied by theoretical

progress in the understanding of QCD matter and high energy nuclear reactions. Such

progress relies on fundamental theory developments based on lattice QCD techniques,

functional methods, and effective field theories as well as on sophisticated dynamical

modeling that connects properties of strongly interacting matter to experimental

measurements. More standardized ways to compare data to calculations will be helpful

for quantitative conclusions, e.g. based on HepMC and RIVET adapted for heavy ions.

Modern analysis tools based on machine learning and deep learning methods as well

as potential applications of quantum computing will complement the more traditional

efforts.

7. Summary

Relativistic heavy ion collisions produce matter with the highest energy density known

in nature, thereby recreating conditions similar to those in the early universe or in

neutron star mergers. We now know that this matter, the quark-gluon plasma, is also

the most “perfect” fluid and endowed with a high vorticity. This conclusion has been

reached by a concerted theoretical and experimental effort over the last three decades.

Many detailed measurements and sophisticated calculations enabled by technological

advances have led to a “standard model” for relativistic heavy ion collisions that is based

on non-equilibrium initial conditions, viscous hydrodynamics and hadronic transport.

While the quantitative insight into the properties of the quark-gluon plasma has lately

seen remarkable progress by the application of Bayesian multi-parameter model-to-

data comparisons, a more complete understanding of the structures in the QCD phase

diagram – a potential first order phase transition and critical endpoint – requires further

theoretical developments and a new level of experimental precision.

Given the multitude of available beam energies, collision systems, and experimental

probes it is important not to lose one’s overview. Everyone working in this field must

from time to time ask themselves how their current project connects to the major physics

questions of the field and what can be learned by looking from a broader perspective.

This is especially true for scientists at the beginning of their career, who have not yet

developed the breadth of knowledge and insight of more experienced scientists. In a
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field as complex as this it is easy to be misled to conclusions based on a limited set of

data and observables. To avoid going down the wrong path, the sophisticated dynamical

models now available need to be consistently applied to as many observables as possible

with the same parameter settings. In doing so, it is crucial to apply the right methods in

the right places and to be aware of the limits of applicability of each of them. Getting

a prediction from a complex numerical code does not guarantee that it is physically

meaningful!

Relativistic heavy ion physics is especially attractive to young researchers owing

to its mode of international collaboration, on the experimental as well as increasingly

on the theoretical side. The multitude of different methods that are being applied to

further our knowledge makes it an ideal training ground.

There are close connections to other fields within nuclear physics, for example

hadron physics, nuclear structure physics, and nuclear astrophysics. More recently,

the connection to the astrophysics community has intensified since it was realised that

heavy ion collisions at low beam energy allows us to produce and study conditions in

the laboratory that resemble those occurring in neutron star mergers . The hadronic

interactions that are relevant in heavy ion physics, are also of interest to the astroparticle

physics community for the description of cosmic air showers. The non-equilibrium phase

transitions and chiral phenomena encountered in heavy ion collisions have connections

to phenomena of interest to the condensed matter physics community. Last but not

least, the small system debate has revitalized the connection to the high energy physics

community. There is also some exchange of technology for model-to-data comparisons.

We hope that this review will help beginning and more experienced scientists alike to

get a more complete appreciation for the wealth of phenomena and approaches that are

currently available to study and understand relativistic heavy ion collisions. Impressive

progress is being made, and the future opportunities that await those who venture into

this field of research are great.
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[362] B. Müller and A. Schäfer, Phys. Rev. D 98, 071902 (2018), arXiv:1806.10907.

[363] STAR, J. Adam et al., Phys. Rev. Lett. 123, 132301 (2019), arXiv:1905.11917.

[364] F. Becattini, (2022), arXiv:2204.01144.

[365] STAR, S. Singha, Nucl. Phys. A 1005, 121733 (2021), arXiv:2002.07427.

[366] ALICE, B. Mohanty, PoS ICHEP2020, 555 (2021), arXiv:2012.04167.

[367] W. Florkowski, A. Kumar, and R. Ryblewski, Prog. Part. Nucl. Phys. 108, 103709 (2019),

arXiv:1811.04409.



The exploration of hot and dense nuclear matter 111

[368] N. Weickgenannt, X.-L. Sheng, E. Speranza, Q. Wang, and D. H. Rischke, Phys. Rev. D 100,

056018 (2019), arXiv:1902.06513.

[369] A. D. Gallegos, U. Gürsoy, and A. Yarom, SciPost Phys. 11, 041 (2021), arXiv:2101.04759.

[370] R. D. Peccei and H. R. Quinn, Phys. Rev. Lett. 38, 1440 (1977).

[371] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa, Nucl. Phys. A 803, 227 (2008),

arXiv:0711.0950.

[372] G. M. Newman, JHEP 01, 158 (2006), arXiv:hep-ph/0511236.

[373] D. T. Son and P. Surowka, Phys. Rev. Lett. 103, 191601 (2009), arXiv:0906.5044.

[374] D. E. Kharzeev and H.-U. Yee, Phys. Rev. D 83, 085007 (2011), arXiv:1012.6026.

[375] D. E. Kharzeev, J. Liao, S. A. Voloshin, and G. Wang, Prog. Part. Nucl. Phys. 88, 1 (2016),

arXiv:1511.04050.

[376] S. A. Voloshin, Phys. Rev. C 98, 054911 (2018), arXiv:1805.05300.

[377] S. Shi, Y. Jiang, E. Lilleskov, and J. Liao, Annals Phys. 394, 50 (2018), arXiv:1711.02496.
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