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It is suggested to diagonalize the Hamilton operator of a two- or more center shell model in
terms of oscillator functions concentrated around the individual centers. The method is applied to

the case of a two center oscillator with finite depth.

I. Introduction

In the theory of nuclear fission and heavy ion
scattering the shell effects to the potential energy
surface are calculated with the aid of two center shell
models 173, Only for a restricted class of single
particle potentials with two and more centers ana-
lytical eigensolutions can be obtained, e.g. for
the symmetric two-center oscillator with infinite
depth -4,

Already when one includes the /2- and l-8-terms
in the symmetric two-center oscillator, the single
particle Hamilton operator has to be numerically
diagonalized in order to obtain the eigensolutions.
Depending on the basis functions used in the diag-
onalization procedure we distinguish between three
different methods. As basis functions the following
three sets can be used: a) the solutions of a de-
formed harmonic oscillator potential around the
common center of mass® b) the solutions of the
asymmetric two center oscillator 2, and c¢) the solu-
tions of harmonic oscillator potentials around the
individual centers * 6. Whereas the sets of functions
in a) and b) form an orthogonal set this is not the
case with the oscillator functions around different
centers in c¢). Therefore, in applying the third
method the basis set has first to be orthogonalized.
This disadvantage is compensated by the advantage
that the matrix elements of the various single par-
ticle Hamilton operators can be analytically calcu-
lated 7. Also the basis wave functions have the right
asymptotic behaviour for large center distances
which is convenient for scattering problems.

The purpose of this paper is to describe the third
method in Sect. II by which not only two but also
more center problems can be treated numerically
quite easily. The method will be applied to the two
center oscillator with infinite and finite depth in
Section III.

I1. The Method

2.1 General Case

Let us state the problem: In general a single par-
ticle Hamilton operator H is given in which the
potential has minima around the centers at R;:

H=p¥2M+V(r,p,8,R(,....,Ry) (1)

where 8 denotes the spin vector of the nucleon.
Examples for V' are the two-center oscillator poten-
tials shown in Fig. 1 or the three-center oscillators
investigated by Bergmann and Scheefer ¢. For large
separations of the centers, i.e. |R;— R; =, the
potential approaches the sum of single-particle po-
tentials around the individual centers.

a)

Fig. 1. Shapes of the nuclear system and the potential for

various distances. a) Equipotential surfaces. b) Two-center

oscillator potential with infinite depth. ¢) Two-center oscil-
lator potential with finite depth.

To find the bound states of
H '/'quu Y'n (2)
we suggest a diagonalization of the Hamiltonian

with a very simple set of basic functions, namely
with oscillator wave functions.

Yii (r) = Pnz [ (.‘L‘ o Ri.r)/ai.r) '(f'ny[ (y - Riy) /ai,y]
@ [(2— Riz)/aiz] (3)
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where 1= (n,,n,,n,) and i=1,...,N. Since the potential is also symmetric with respect
to z =0, the eigenfunctions have good parity. There-
fore, we construct normalized functions with parity
P =11 by superposing two corresponding oscilla-

The solutions of the one-dimensional harmonic os-
cillator are given by 8:

@ () = 17-,/17 exp{ x-/2} H,(x). (4) tor wave functions (3) 9.
& 1
= n, = =7 LPn\2—23)/a;
The oscillator lengths a;, = Vh/M w;,, a;, and a;, fp(2) V2a. M, , L (( o)/e:)
are arbitrary and can be optimally adapted to the +P(-1)"¢,((z+2)/a;)] (10)
potential ¥ in the vicinity of the centers. The basis 1, a,=Vh/M w, .

set in Eq. (3) is overcomplete, i. e. . .
a- (3) prete, The normalization constant can be obtained from

vi—>vyy for |[Ri—R;|—0 the overlap integrals (z=zy/a;) :
and nonorthogonal with respect to different centers. ¢ 1
(ujlaiy =0 for i+j. (5) Sf"'pf"pdz_V_M,,,pM,,p{6"1"+P(_1)m L (20) }
The eigenenergies of Eq. (2) are the solutions of - (11)
the eigenvalue equation: where /,,, is given by ? (see Appendix A) :
[ (wj|H|4i) —E(uj|ii)]|=0. (6) 20
[ < ! >H Imn: J.(pm(x—i_x()) “Pn(x-xo)dx (12)

For solving Eq. (6) we propose a two-step proce-
i g 3 I\Iin(m.M(_l)f2—txm+n—i’t
dure. First the basis functions (3) are orthonor- — (=1 Vmlnl 2men g-aé 0

malized: o t!(m—=t)! (n—1)!
m)=3 Ay | 41) (7) Inthe special case m = n it results:
Wi
r < 1 s

with <m}n> 6mn- M",p=1+P(—1)"8_I' S;; (?)ﬁ_(_2x02) ’
Then we apply an usual diagonalization procedure (13)
to solve the transformed eigenvalue equation: Asymptotically the functions (10) approach the so-

FY H i ES8,,|=0. 8 lutions of the one dimensional two-center oscillator.
‘ % % . (] i ‘ (8) For zy— 0 all functions with a factor P-(—)"= —1

would vanish if no normalization constant is multi-
plied. Including the normalization these functions
approach a linear combination of two neighbouring

To illustrate the method we consider the special ~oscillator functions of the class P-(—)"=1
case, where the two-center potential is rotationally For zy— 0: B
symmetric around the z-axis and additionally sym- P(—1)"=1, f,,=¢,(z/a,)/Va., (14)
metric with respect to the origin at z=0. The po- 2q, d
tential centers are at z= T z,. Examples of such P(-D"= -1, fip=- 2n+1 dz Pu(2faz) =
potentials ! will be discussed in the next sections. 1 —

Because of the rotational symmetry the oscillator /(27 +1)a. [Vr+1¢u.1(3/a) - Vn Pu-1(z/az)] .
wave functions (3) have the following p- and ¢-de-
pendence in terms of Laguerre polynomials!:

2.2 Symmetrical Two-Center Potentials with
Rotational Symmetry

Since the wave functions (9) are already ortho-
gonal, we have only to orthonormalize the z-depen-

(_l)m‘zm‘ i dent functions (10). For that we use the Schmidt
Gro.m (0, ®) = ;a_l/?'f— gne, m|(0/a,)  procedure in which the orthonormalized functions
’ F;. are constructed as follows 1°:
BT B(r2) - _ 18
with  g.5(x) = l/( /3)' 2 LF(2®) exp { —22/2) Fu(z) = Za/m f(2)
and a,=Vh/M 0,;n,=0,1,2,... 9)

-1 +oc
m=0,+1,+2,... = _VT,, (i = EOF‘LU"/" & U5
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with the coefficients:

k-1 +o00
[51-71 (1 —51;")'_:2,‘01'”_[ Fifl; dz] (15a)

Qpp = VN
and

Nk=1_ Z (szfAdZ) (15b)

i=0 -o00
All the formulas are separately valid for P= 1 1.
The integrals can be written as sums over the over-
lap integral given in Equation (11).

Because of the overcompleteness of the set of
functions f, for zy— 0, care must be taken in the
range of small values of z;,. Two ways are possible:
a) Instead of using the functions (10) one diago-
nalizes the two-center Hamiltonian with one-center
oscillator wave functions concentrated at z=0: F,
=@®,. b) When we apply the formulas (15) for
29— 0, the normalization constant N, Eq. (15b),
approaches zero in all cases where the wave func-
tion f; becomes linearly dependent on the functions
fi, resp. F;, with i<k [see Eq. (15 b)]. This means,
no function F; can be constructed which is ortho-
gonal to the F; with i<k. Then the function f; is
superfluous in the basis set (15) and may be dis-
regarded. In practical calculations one gives a lower
limit ¢ <1 for N;. If the normalization constant
Ny, results smaller than this limit (V;<¢), the co-
efficients a;, are set zero, respectively Fj, =

Finally we end with an orthonormal basis set
which is suitable to diagonalize symmetric two-
center Hamiltonians:

ll'/‘:,P,rm.m=I;‘I:,I’(z)"Gﬂv,m(Qa (}7’) . (16)

III. Application to Symmetric Two-Center
Hamilton Operators

In the following we apply the formalism of the
preceding section to symmetric two-center Hamilton
operators with oscillator potentials of infinite and
finite depth.

3.1 Two-Center Oscillator Potential with
Infinite Depth !

The Hamiltonian operator has the following form
in the simplest version, where one disregards l§-
and [>-terms 1.

h?

H=-ou

4+ ——[o)202+0)22(] | =20 - (17)
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Since the eigensolutions of H can be analytically
found, the example is suitable to test the method of
the previous section. The eigensolutions are given
according to Ref.! as:

‘!/'=G,,,,,,,( ®) V., p(2) (18)
with (z=z/a,):
Unz,P:an[o(x) +P0(“x)] eXP{—%(Ix]_xo)z}
'U[_%nz,%s (II]-—Io)zl-

Here we denote the normalization constant by N, .,
the step function by 0, the parity by P= 1, and
Kummer’s confluent hypergeometric function by U.
The eigenvalues can be written:

E=haw,2n,+|m|+1) +ho,(n,+3). (19)
The noninteger values n, are functions of z, and
solve the equations:

P= _1:U(—%n23%9102)=0
P=1:

(20)
dd CXP{—%%?}U(—% n;, %9 7302) =0
Zo

After this review of the analytical solution, we solve
the eigenvalue problem with the diagonalization
procedure. The Hamilton operator separates into
(0,9)- and z-dependent parts. Since the (o, ®)-de
pendence is already solved by the functions G,, .,
we need only to diagonalize the z-dependent part of
(17). For that we calculate the energy matrix hy;
with the orthonormalized functions F; of Equa-

tion (15).

_TFe(2)h(2) Fi(z) dz (21)
with i
h(azx)=h;)z( ddo +(I]—x) )

In terms of the oscillator functions ¢, we obtain:

ho @
’l = z m %in U . 22)
8 2 ngz VMmp an " (

with the matrix (see Appendix A) :

Umn (1‘0

)=_J. [(Pm(x—xo) +P(_1)m(pm(x+x0)]
‘[2n4+14+22)(x—|2])] @ulz—20)dx
== (2 n+1)[6nm +P(_l)mlmn]
Azl ren ™ (o
V2™l m! a (Z b
'283!Hn+m—‘33—2'(10)

+1
2s+t o )'
5"

Hm—s(_xo)Hn~t(xo)) .

(22 a)

(—1)'"PZ
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The functions 1,,, are defined in Equation (12). The
Hermite polynomials satisfy the recurrence for-
mula 8

Hyo1=22¢H,—2nH,_
Va
2

with

Hy=1 and H_;=¢*' [1—erf(zy)]. (23)

nz‘

*,  States with even party *. States with odd pority

&(m* k(m
| L ;InZ 1 g
| e | 01 Mege
\_/,_z

0

Fig. 2. In Figs.a) and b) the dependence of n; on the
separation z, is shown for the six lowest states of even and
odd parity in the oscillator potential with infinite depth.
The full drawn curves are obtained by diagonalizing the
lowest basis states according to the method proposed in this
paper. The dashed part of the curves is calculated by taking
higher basis states in the diagonalization procedure into
account. In Fig. ¢ the deviations of the numerical values n»
from the exact values obtained by Eq. (20) are plotted for
the two highest states shown in Figs. a and b.

Figure 2 shows an example for the diagonalization
of the energy matrix (21). We have used the six
lowest oscillator functions ¢, from which an even
or odd set of basis functions (10) can be con-
structed. For small values of z;<1 the ortho-
gonalization procedure fails in the higher states
because of the overcompleteness of the basis. In
Fig. 2 ¢ the numerical errors in the highest niveaus
are drawn which are surprisingly small for such a
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small number of basis functions. The lower levels
have much smaller errors. We conclude that already
small basis sets are sufficient to reproduce the cor-
rect eigenvalues. L.e., the basis functions constructed
as described, approximate the exact solutions very
well.

3.2 Two-Center Oscillator Potential with
Finite Depth

The oscillator potential of the previous section
rises in the outside region, which is unrealistic for
nuclear problems. A more realistic shell model po-
tential which allows also for continuum states is the
cut-off two-center potential ! shown in Figure 1c.
The Hamilton operator is given by (without /2- and
ls-terms) :

k2

4
2—MA+(V—V0)0(1—

T/:> (24)

(25)

H— —

with
V=3M[020® +02(z]—2z)2].

The potential depth ¥ does not strongly depend on
the nuclear number 4 and can be assumed as a
constant in first approximation. If we restrict our
discussion to symmetric fission with spherical frag-
ments, the frequencies are equal: w,=®,=w. Then
the potential surface V' —V,=0 is formed by two
spheres with radii R= V2 V,/M »? around the cen-
ters at z= 1t z,. To fix the frequency @ as function
of z,, we suppose that the volume enclosed by the
potential surface V' — V=0 is conserved during the
fission process because nuclear matter is nearly in-

compressible. It results

0 (z9) = (1/R) V2 VM (26)
where R solves the equation for zy < R:
(R+20)2(2R—2) =2R3(zy=0) . (26a)

Only in the limitting cases zy=0 and zy— ~ the eigenfunctions can be found analytically as shown in
Appendix B where the harmonic oscillator with finite potential depth is solved. In the following we apply
the diagonalization method of Sect 2.2 to obtain the bound states of the Hamilton operator (24), using the

wave functions given in Eq. (16), we get:

Hy=(kPn,m|T+V-Vy|E'Pn'm) —(kPn,m|(V—-Vy) OV [Vy—1)| k' Pn,’m).

The Hamiltonian is divided into the Hamiltonian of the usual two center oscillator described in the previ-
ous section and into the rest potential acting in the region where V' >V . With the result of Eq. (22) we

obtain:

Hy =6, [(Roo2n,+|m|+1) —Vy) S + haw] — WL none’

(27)
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where
oo oo

_ho @, O, S 2 2,27 [y ko8
W= 2 ”%2 VMmpMn,pS Oly? + (x —29)2—r1¢°] " [¥*+ (2 —2¢)* = 16°] Grom(y) Gn, n(y)y dy

z=0 y=0
[on(x—29) +P(=1)" @y, (2 +20) ] [0, (x—29) +P(=1)" @y, (x+2,)] dx (28)
with ro=R/a, zy=zy/a and a=Vh/M ».
The integral has been solved analytically. Because of the finite Hermite and Laguerre polynomials it
can be rewritten as a finite sum over integrals of the type

oo

Kon(a) = | f9[y + (z—2g) 2 —rg?] 2" e” Uty eV da dy (29)
z=0y=0

with the special values of a=0, T z,. The last integral K,,, is calculated in the Appendix A.

. b)

R H{fm] By

g EW

oo 0.2.0)

7_
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P (MeV) | L

B% e 15L_000)

75 T B R 2 I VR - A )
65 L . L Fig. 4. a) Levels of the oscillator potential with finite and
01 2 3 L 5 b 721l infinite depth are drawn as functions of z,. The numbers

in parentheses give the quantum number n, n, and |m |
Fig. 3. The radius R, the potential depth ¥, and the fre- for z,=0. Only for the highest levels (4,1, 0) and (0, 2, 0),
quency h w as functions of the two-center distance z, for  differences can be recognized between the eigenenergies of
the nuclear system with 4=210. the potential with finite and infinite depths. b) The energy
differences are enlarged for these two levels. Ecc denotes
the energy in the infinite deep potential and E; the energy

in the potential with finite depth.

As an example we have calculated the levels of the finite two-center oscillator for the symmetric fission
of a nucleus with 4 =210. The used values of R, & @ and ¥, are drawn in Fig. 3 as functions of the two-
center distance z,. Examples for the levels of the cut-off two-center oscillator are given in Fig. 4 a, in
which the different curves are denoted by the quantum numbers n,, n,, m for zy=0. Only the energies
of the highest bound levels differ notably from the levels of the infinite high two-center oscillator. This is
shown in Fig. 4b, where the energies of the highest levels are related to the corresponding levels of the
infinite high two-center oscillator.

IV. Summary

In this paper we have calculated the bound states of the two-center oscillator with finite depth by a
diagonalization procedure which uses one-center oscillator functions as basis states. The basis states are
concentrated around the individual centers. The application of those basis states is adventageous because
the matrix elements of the Hamiltonian can be found analytically. The method is not restricted to the
problem of calculating bound states in two-center potentials, but may straigthforwardly extended to prob-
lems as the triple fission 1* and to cluster calculations !> where three- and more-center potentials have to
be introduced.
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Appendix A:
Integrals with Oscillator Wave Functions 12

2

In the following we consider integrals in which oscillator wave functions are involved 7> 12

1. L= f ‘Pm(x‘l'l'o) Pn (x—xo) dx
with the aid of '
Hy (2 +29) = Z ) (2z)™ % Hy () (A.1)

it follows

. romin = & (=1)Fz" -tk gy (z) gu(2)
y _ —e-Tl(_1)" ! ! Om+n _ St
¢M(x+x0)(pn(x xo) € ( 1) Vm' n'2 ],g() Zg() Vk'l' 2l+k(m k)' (n—l)'
Therefore, because of the orthonormalization of the functions ¢, we get:
. Min (m,n) (_l)tx0m+n—.?l2—t

Lin= (=1)"Vm! n! 2m+n ¢-= 2 U menl=nl " (A.2)
2. Lun= [ lgn(z-2) +P(= )" pu(z+2)] (2] -2) gu a—2) .
We have:
L,,m=2(—1)"””[((j:'ox¢m(x+x0) P2+ 75) dz +(—1)’”P(;]'°x(77,,,(x—x0) palz+z)dz].  (A3)
With the relation Hy(2) Hy(2) = 5 2551 (™) (%) Hyp o 04 (2)
the first integral in Eq. (A.3) becomes: -
[ @20 (@) 70 (2)d2 = - 2,,,3%.,,,3 25 () (1) (= 1) [ o) g e o
ST 3 241 () (N n-sres(z (A4)

V.n 2m+nmlnl 5
with the definition

JT

H_1=e“ [l—erf(xo)] and H_o=3%—20H_{(z,) .

The second integral in Eq. (A.3) is solved applying Eq. (A.1):

—_— S+ T s+t+1 ,-z°

V‘EW'F s,zo () () Hp-s(—20) Hy_(x,) 2 t(.)rr e T dr
e

C Va2mtrmlial 2

So we obtain according to (A.4) and (A.5):
2(_1)m+ne—z,’ s m n
L s—ZOZS!(s )(S)Hm+n—‘_’s—2(xo)

mn = V?I2"”"m!n!
m n S+1- +t
+p(_1)m Z (8 t)Hm—s(_'xo) Hn~t(xo)2 g (fz )'}s (A.6)

3. K (a) = _f fB[J +(x zg)2—r?]ame - Frt Yyl o= dx dy . (A.7)

z=0y=0

e~

l)fx Pm(x— xo) Pn (x+ xo) dz =

) () H o~z Ha ) 201 (1)1 (A9)

We transform:

mn(a) (_1)n

n{ ) f O[y?+ (x—xp)2—1y2] 2" e~ e e"”’yzdxdy}

dﬂ ) B To+ T 8=1

=n7 Jame-(+a*dx 4 »(_;)—» d(i?n {%Sxmg—(IH)’(e—ﬁ[ro’—(r—r..)’]_1)dx}
£=0

(Zo=10) O(T9-10)
Thus we have reduced the expression (A.7) to elementary integrals.

p=1
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Appendix B:
Harmonic Oscillator with Finite Depth

The Schrodinger equation of the spherical har-
monic oscillator with finite depth V7, and radius
R=V2V,/M®? is given by 13:

2
[
(B.1)

The eigenenergies E are discrete for E <0 and con-
tinuous for £>0. The solutions of the problem can
be factorized as:

y :‘(P(r) Ylm .
The radial function ¢ has the form for r<R:

p(r)=A (%)le—&f.r/@' F, ( i+ 3/2,(—2—)2) (B.2)

With a = Vh/M @ and with the number n defined

as function of the energy

E=hw(2n+1+3/2)-V,. (B.3)
For r>R it results:
@(r) =BLji(kr) —tgd;n(kr)] (B.4)

with
k=V2ME[R2.

The phase shift 9, is real for the continuum states
(E>0) and 6,— —i~, respectively tg 0, = —i, for

* Work supported by the Bundesministerium fiir Forschung
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forschung (GSI).

1 P. Holzer, U. Mosel, and W. Greiner, Nucl. Phys. A 138,

241 [1969].

U. Mosel, J. Maruhn, and W. Greiner, Phys. Lett. 34 B,

587 [1971]; — J. Maruhn and W. Greiner, Z. Phys. 251,

431 [1972]; — M. G. Mustafa, U. Mosel, and H. W.

Schmitt, Phys. Rev. 7C, 1519 [1973]; — K. Pruess

and W. Greiner, Phys. Lett. 33 B, 197 [1970]; —U.

Mosel, T. D. Thomas, and P. Riesenfeld, Phys. Lett.

33 B, 565 [1970]; —M. Rayet and G. Reidemeister, J.

de Physique 32, C 6-259 [1971].

3 C. Y. Wong, Phys. Lett. 30 B, 61 [1969]; — G. D.

Adeev, P. A. Cherdantsev, and I. A. Gamalya, Phys.

Lett. 35 B, 125 [1971]. >

P. Bergmann and H. J. Scheefer, Z. Naturforsch. 29 a,

1003 [1974].

5 F. Dickmann and K. Dietrich, Nucl. Phys. A 129, 241
[1969]; — M. Brack, J. Dangaard, A. S. Jensen, H. C.
Pauli, V. M. Strutinsky, and C. Y. Wong, Rev. Mod.
Phys. 44, 320 [1972]; — T. Ledergerber and H. C.
Pauli, Nucl. Phys. A 207, 1 [1973]; — P. Moller, S. G.
Nilsson, A. Sobiezewski, Z. Szymanski, and S. Wyceck,
Phys. Lett. 30 B, 223 [1969].

[

-

the discrete states:
E<O0: ¢(r) =BhW(i|k|r). (B.5)

The steady continuation of the wave functions and
their derivatives at r = R leads to the condition:

I R‘jli(k R) —tgdimi-1(kR)
"7 ji(kR) —tgdym(kR) (B.6)
=(21+1) 1Fil—n,1 t}/&gg/a)h] — (Rfa)2.

Fi—n1+3/2,(Rla)?]

In the case of E>0 the last equation determines the
phase shift d; as function of E. For E<0 we have
tgd;= —i and

ER=i(R/a)2V1— (4n+21+3)/(Rla)%. (B.7)

Then Eq. (B.6) represents the eigenvalue equation
for the discrete values n as functions of the ratio
(R/a)? and angular momentum [ In the limit
R/a— ~ we obtain the integer quantum numbers
n=0,1,2... of the harmonic oscillator. In nuclear
problems one uses k. =41 MeV/A'3 and Vo=
50 MeV which corresponds to a ratio of (R/a)?
—=2.44-A'3, For such large ratios an asymptotic
expansion of the eigenvalues can be derived:

(R)a) N +2l+1 ¢~ (Ria)?

A(N+1+1/2)! N! (B.8)

7 . a\?
[1+ (E——(N—l)(ZN—FQIAl))(’I?)...]
with ¥ =10,1,2, ... «

n—N=—

6 D. Kolb, R. Y. Cusson, and H. W. Schmitt, to be pub-

lished.

R. W. Hasse, “A Two-Nucleus Shell Model with Pairing

and its Application to Molecular Heavy-Ion or Fission

Potentials”, preprint Sektion Physik der Universitat Miin-

chen, Germany.

C. W. Wong, Nucl. Phys. A 147, 563 [1970].

L. I. Schiff, Quantum Mechanics, McGraw-Hill, New York

1955.

J. Y. Park, W. Scheid, and W. Greiner, Phys. Rev. C 6,

1565 [1972].

10 Kowalski, Lineare Algebra, Walter de Gryter, Berlin
1969.

11 P, T. Ong, Diploma thesis, University of Frankfurt
(1972), unpublished.

12 Grobner and Hofreiter, Integraltafel I, Springer-Verlag,
Wien 1965; —A. Erdelyi, W. Magnus, F. Oberhettinger,
F. G. Tricomi, and H. Bateman, Manuscript Project
“Tables of Integral Transforms”, Vol. II, McGraw-Hill
Book Comp., New York 1954.

13 M. W. Morsy and M. M. Abu-Leilah, ATKE 1968, 95.

14 H. Diehl and W. Greiner, Nucl. Phys. A 229, 29 [1974].

15 H. J. Lustig, Thesis, University of Frankfurt 1973; — J.
Hahn, Thesis, University of Frankfurt 1974; — R. A.
Degheidy, Thesis, University of Frankfurt.

® =



