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A HURWITZ DIVISOR ON THE MODULI OF PRYM CURVES

ANDREI BUD

ABSTRACT. For genus g = 2¢ > 4 and the length g — 1 partition p = (4,2,...,2,—2,...,—2) of 0, we
compute the first coefficients of the class of D(u) in Picg(Rg), where D(p) is the divisor consisting of
pairs [C,n] € Rg withn = Oc (221 +2z2+---+x-1—x; — - —x2;—1) for some points z1, . .., T2;—1
on C. We further provide several enumerative results that will be used for this computation.

1. INTRODUCTION

The moduli space R, parametrizing pairs [C, 5] with [C] € M, and n € Pic(C)[2] \ {0} comes
with a corresponding map Py: Ry — Ag—1 to the moduli space of principally polarized abelian
varieties of dimension g—1, and first appeared in order to study the moduli space of Prym varieties.
In the case g < 6 when the map is dominant, we can study R, in order to get information about
the birational type of A,_;. It is known that R, is rational for g = 2, 3,4, see [Dol85], [Cat83],
unirational for g = 5,6,7 and uniruled for g = 8, see [IGS08], [Ver08], [Don84], [MMS83], [Ver84]
and [EV16].

For g > 17, Farkas and Ludwig proved in [FL10] that R, is of general type. In order to do this,
they considered the compactification R, of R, appearing in [BCE04] and proved that the canonical
class K75 can be written as the sum of an ample and an effective class. For this, they considered

an effective divisor Do; 1.0 = {[C,7n] € Rait1 | n € C; — C;} describing the relative position of 7
with respect to the divisor C; — C; in Pic’(C), and computed some relevant coefficients of its class
in Picg(Ry). It is natural to consider a slight modification of the divisor Dy;11.2 and ask what is

its class in Picg(Ry). For g = 2i, we consider the divisor in R, parametrizing pairs [C, 7] with
n=0c(2x1+x2+ -+ Ti-1 — T — Tig1 — - -~ — Tg—1) for some points z1, ..., z4-1 on C.

Looking at this from another perspective, we can see the divisor Dy;1.2 as the image in R, of
some Hurwitz scheme. While for the moduli space of curves M, several cases when a Hurwitz
locus is a divisor are studied, see [HM82], [Har84], [Dia85], [Far09] and [vdGK12|, on the moduli
space R, the only studied example is Da;1.2. Such Hurwitz divisors are fundamental in proving
that M, is of general type for g > 24, see [HM82], [Har84] and [EH87|] and that R, is of general
type for ¢ > 17, see [FL10]. Our expectation is that slight modifications of such divisors would
prove to be interesting from the point of view of birational geometry.

Let 1 = (2mq,2ma,...,2my_1) a length g — 1 partition of 0. We can define a Hurwitz divi-
sor, denoted D(u) as the locus parametrizing pairs [C, 7] satisfying a line bundle isomorphism

n = Oc(mizy + -+ + mg_1x4—1) for some points z1,...,24—1 of C. When g = 2i + 1 and p is
(2,...,2,-2,...,—2) we recover the divisor Ds;11.2. In this article we are interested in the  case
g = 2i with partition u = (4,2,...,2,-2,...,—2) and we ask what is the class of the divisor D(u)

in Picg(R4). We consider the basis of Picg(R4) consisting of the classes A, &, §(, 5¢7™ together with
8iy0g—i,0i9—i for 1 < i < [g/2]. In this basis, we compute the first coefficients of our divisor D ()
and we obtain:
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Theorem 1.1. Let g = 2i > 4 and y the length g — 1 partition (4,2, ...,2,—2,...,—2). Then for the class

in Picg(Ry) of the divisor
[ﬁ(u)] = a/\ — b656 - bgég - baam(%am - b151 - bg,15g,1 - bltg,léltg,l — e

12i2 +10i -2 (2i—1 , 242 2 — 1
Q= ———" . ,boz B : .
2t —1 ) 2t —1 )

43 2i—1 . 2i2+3i—1 [2i—1
b”:—' —(3i—1 .221—2 bramzil
0T 51 ( i ) (Bi=1) > 20 2 — 1 i

b=t (1) ooy 2 = () b= (7))

Due to results in [FP05] and [FL10], when g < 23 all the other coefficients are irrelevant from
the point of view of birational geometry. As many interesting questions about the birational type
appear when g < 23, no relevant information is lost in this way.

we have the equalities:

In order to prove this result, we will consider the compactification of Hurwitz schemes by means
of admissible covers, see [HM82], [Dia85] and [ACV03]. Further, we intersect our divisor with some
classical test curves and compute the number of admissible covers above this intersection, along
with their multiplicities. We get in this way a system of 8 equations with 7 unknowns which will
be compatible and will conclude Theorem [L.T]

Acknowledgements: I am grateful to Gavril Farkas and Johannes Schmitt for their insightful
remarks and ideas, that proved to be fundamental in obtaining the results of this article. I am also
thankful to Carlos Maestro Pérez and Marian Aprodu for their remarks, which helped me simplify
and better explain some of the arguments.

2. ADMISSIBLE COVERS AND ENUMERATIVE GEOMETRY

We begin by providing the setting, along with some important results about admissible covers.
Next, we present the enumerative results we need in order to compute the intersection of our
divisor with different test curves.

Let u = (2m1,2ma,...,2my_1) a length g — 1 partition of 0 and let 4~ and u™* be the vectors of
negative and positive entries of . We denote by d the sum of the positive elements in p and take
the partitions of d givenas by = u*, by = —p =, b3 = -+ = bgg_1 = (2,1...,1). We further consider
the set B = {bl, bQ, . bggfl}.

Following the notation in [Dia85|], we consider the moduli space Hy p parametrizing maps
[T: X — P!] of degree d together with points ¢1, ¢, ..., q3,—1 on P! such that over ¢; the map
has ramification profile b; and is otherwise unramified. As previously mentioned, we have a com-
pactification H 4 5 of Hy g by means of admissible covers. We remark that the complete local rings
of the Hurwitz scheme H, p are determined as in [HM82].

Let S(u) be the subgroup of S;_1 generated by the transpositions {(¢, j) | m; = m;}. This group
acts on M, ,_1 by permuting the marked points, and we can consider the quotient Mg ,_1/S(1)
of this action. We then have the map

au: Hap = Mgg—1/S(1)

sending [r: X — P!] with branch points ¢1, g2, . . ., g34—1 to the stable model of the pointed curve
[X,p1,...,pg—1] where p1,...,py_1 are the points in the preimages of ¢; and ¢, considered in the
order given by 1
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We consider the subspace of M, ,_; defined as

g—1
HS(N) = {[X,pl, e 7pg71] €E Mgy | Ox <Z 2m1-pi> = Ox}

i=1
and we observe that the image of the map a,, is ﬂg (1)/S ().

We want to discount the components 7)) (%) in the space #}(11) and hence, we will only consider

the components of Hy g mapping to (H}(u) \ Hy(4))/S(u). We will denote by Hy ,, the space of
these components.

This restriction enables us to consider a map

bt (MY \HY(E)) /S(n) = R,

given as
g—1
b#([Xaplv v 7pg71]) = [Xv OX(Z m’bp’b)]

i=1

Using the compactification of H)(x) in terms of twists at the nodes, see [FP18], we are able
to extend the map b, over curves of compact type: A pointed curve [X,pi,...,p, 1] is sent to
[stab(X),n] where if C' is a component of the stabilization of X, we take n¢ to be Oc (> niq;)
where 3" 2n,;q; = 0 is the divisorial equivalence determined by the unique possible twist on the
component C.

Letc, =b,0a, and D(u) = ¢« (Hg,,). This is a divisor in R, and we want to compute the class
of its closure D(u) in R,. Let 7, : Hg, — M, be the map sending an admissible cover [r: X — T
to the curve stab(X) € M,. We consider the divisor Z (i) = m,.(H,,,). Then it is obvious that the
set-theoretical projection of D(u) to M, is Z(u). This observation implies the following:

Lemma 2.1. Let [C, 7] a point in the divisor D(u). Then there exists an admissible cover [r: X — T in
the Hurwitz scheme H 4, such that StMd(X) = StMd(C).

Our goal is to particularize to g = 2i and p = (4,2,...,2,-2,...,—2), and prove Theorem [L.1]
We make the following immediate observation which implies that we can ignore the components
of Hq g \ Hq,, in our computations.

Remark 2.2. Let u = (2myq,...,2my_1) a partition of 0 with all negative entries equal to —2. If Z
is a component of Hy p mapped to H)(4)/S(i) by ay, then the projection of Z to M, has at least
codimension 2.

2.1. Various enumerative results. We provide here some enumerative results that will be used
to compute the intersection of the divisor D(u) for u = (4,2,...,2,-2,...,—2) with various test
curves. We start by counting the number of maps to P! satisfying some ramification conditions on
a special fibre. Subsequently, we switch our attention to elliptic curves and compute the degrees of
some particular Hurwitz schemes over M ;.

We state and prove a classical result generalizing Theorem 6B in [HMS82], Theorem 2.1 in [Har84]
and Lemma 6.2 in [Dia85].

Theorem 2.3. Let d < g, [C,x1,...,x,] a generic point in Mg, and aa, ..., Qm, B1,. .., Bs positive

integers satisfying
m n
i=1 j=1
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Then the number of pairs (L,y1,...,ym) with L a degree d line bundle on C and y, ..., ym points on C
satisfying

hO(C,L) > 2and hO(C,L(= Y agys — Y Bjzy)) > 1
i=1 j=1

is equal to N, g = WM(M +m—g-1-3" L)L, of.

Moreover, due to the genericity of [C,x1,...,x,], for every such pair (L,y1,...,Yym) the line bundle
L is globally generated, h°(C, L) = 2 and h°(C, L(—= 21" auyi — Y5, Bjx;)) = 1. Furthermore, the
points T1,...,Tn, Y1, - ., Ym along with the points in the support of the effective divisor D equivalent to
div(L) — 377 ewys — 25, By are pairwise distinct.

Proof. First, observe that everything after “moreover” is true by dimension considerations. Con-
sider the map

Pa,B: Cx- X% CXCg+1_d_m — Cy
—_——
m times

given as
m n
(yl,...,ym,D) — D—i—zalyl—i-ZﬂJIJ
i=1 j=1

Let C} C C,be the locus of divisors D satisfying h°(C, D) > 2. It is easy to observe that the number
of pairs (L, y1, . ..,ym) satisfying the desired properties is the number of points in the intersection
Im(pa,) N Cy-

We will show that this intersection is transverse. Consider a point

g+1—d—m

m n
E:Zazyz—l—Zﬁji%—l— Z Zk
i=1 Jj=1 k=1

in the intersection Im(¢,,5) N C}. Because the points are all distinct and 2°(C, E) = 2 it follows that
both Im(p,,5) and C} are smooth at the point E. Inside the tangent space

Tr(Ca) = H°(C,0c(E)/Oc) = H(C,we [we(—E))”
we have the following identifications
Te(Im(¢a,5)) = Annihilator of H(C,we(— F + Z(ai — 1Dy, + Z Bjr;)/we(—E))
i=1 j=1
Tr(CJ) = Annihilator of Tm(fig)
where fig is the composition
H°(C,0¢(E)) ® H(C,we(—E)) = H*(C,we) = H(C,we /wo(—E))

It is clear that for any differential s € H°(C,wc(—FE)) we have jig(1 ® s) = 0. Consider f in
HY(C,O¢c(E)) a global section with polar divisor E. Then we have

fio(f ®5) € H(C,we(—E+ > (i = Dy + Y _ Bz;)/we(—E))
i=1 j=1
if and only if
s € H(Cowo( 2B+ (i =y + Y B;x;))
j=1

i=1
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Since H°(C, O¢(E)) is spanned by 1 and f, it follows that our loci are transverse if and only if

h(C,we(—2E + Z(ai — Dy + Zﬁj%‘)) =0
i=1 j=1

From the Riemann-Roch theorem, this is equivalent to

g+1—d—m

C’E—l—ZyH— Z Zk):2

This follows immediately from Corollary 5 in [Bud20]. Hence Im(¢, g) and C} are transverse and
the number of pairs (L,y1, . . ., yn) with the desired properties can be expressed as ¢}, 5(c}), where
c} is the class of the cycle C1.

We know from [ACGHS5], Chapter VII that
1 fo—d+1 x9—
T —dr Dl (g )

where z is the class of the divisor X, = {D € Cy | D — p > 0} and 0 is the pullback from the Jaco-
bian of the theta divisor. Finally we use the formulas in [ACGHS85], Chapter VIII to deduce

m 1 m

* 1 g| 2
- 2d+m-g-1-Y —) ][]
(pa,ﬂ(cd) d'(g F1—d— m)|( +m-—g pa @ ) L. Qy

O

In the case m = 0 the proposition still holds, using the convention that ", a; = 1 and
Zzn 1a; — =0.

Next, we consider degree d holomorphic maps f: P — P! with given ramification profiles
b1, b2 and bs over the points 0, 1, co and unramified elsewhere and ask what is their number up to
isomorphism. We denote this number by N and count it for different choices of b1, b2 and bs.

Proposition 2.4. We have the following table:

Ramification profiles Number N of maps
by = (m,n) withm # nand by = b3 = (2,...,2) 0
by = (k,k),bo =03 =(2,...,2) 1
b = (2k),bo = (4,2,...,2),b3 =(2,...,2) k—1
by = (2k),b =(2,2,...,2),b3=(2,...,2,1,1) 1
:(2k 1,1),b0 = (4,2,...,2),b5 = (2,...,2,1,1) k-1
=(2k-1,1),00=(3,2,2,...,2,1),b3 = (2,...,2) 1
=(2k—-1,1),b0=(4,2,...,2,1,1),b5 = (2,...,2) k—2
b1 ( D withm —n| #1,02 = (4,2,2,...,2),b5 =(2,...,2) 0
by = (k,k—1,1),bo = (4,2,2,...,2),b3 = (2,...,2) 1
b =2k+1),bo=0b3=(2,...,2,1) 1
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Proof. Using Corollary 4.10 in [Mir95] this question translates into a purely combinatorial one: the
number of such maps is equal to the number of conjugacy classes of 3-tuples (o1, 02, 03) of permu-
tations in Sy having cycle types b1, b2 and bs respectively and satisfying o1 o 02 = 3. We give a
proof for the third case in the table and claim that all other cases follow similarly.

Let us assume by = (2k),b2 = (4,2,...,2) and b3 = (2,...,2). We want to compute the number
of solutions of o1 o o2 = o3 up to conjugacy, where 1,02 and o3 have cycle types b, by and bs.
Since we are interested in solutions up to conjugacy, we can assume o1 = (1,2,...,2k). Moreover,
we denote the 4-cycle in o3 by (a,a + s,a + t,a + v).

The relation o o 02 = o3 implies that o3 must contain the transposition (a,a + s + 1), which in
turn implies 02(a + s + 1) = a — 1. If @ — 1 is not in the 4-cycle, we further get os3(a — 1) = a + s + 2
and so on, until we ge get a condition for an element of the 4-cycle.

We split the problem into different cases depending on the order of the numbers 0 < s,¢,v < 2k.

Case I: The order is v < s < t. Then we apply repeatedly the reasoning outlined previously and
deduce o2(a+s+t—s) = a+s—t. It then follows that t — s = 2k — v which implies the contradiction
s <w.

Case II: The order is s < t < v. In this case, we obtain as in the first case that t — s = 2k — v.
Moreover, the same argument implies a + (¢ + v) = (a + s) + (a + t). As a consequence, ¢t = k and
v = k + s. By reasoning repeatedly as explained, for every s we get the unique solution

k—s—1 k—1
o2 = (a,a+ s,a+ k,a+k+s) H (a—i,a+i+s) H (a—i,a+k+s+1i)
i=1 i=k—s+1
k—s—1 k—1
o3 = H (a—t,a+i+s+1) H (a—i,a+k+s+i+1)

i=0 i=k—s
This solution is up to conjugation the one where a = 1 and hence we get k — 1 possible solutions
depending on the value of s between 1 and k£ — 1.

Using the same method we conclude all other assumptions on the order yield no solution. [

2.2. A Hurwitz space over the elliptic curves I. For aninteger £ > 1, we are interested in degree 2k
maps from an elliptic curve to P!, having ramification profiles b; = (2k), by = b3 = (2,2,...,2) and
by = (2,1,1,...,1) over four branch points q1, g2, g3 and ¢g4. Let B := {b1, b, b3, b4} and consider
the Hurwitz scheme Hyy . Following the method in [FMNP20] Section 5, we prove:

Proposition 2.5. Forany k > 1, the map my.: Hop g — M 1 remembering the point p of total ramification
over ¢, and stabilizing the source curve has degree 6.

Proof. The proposition is clear for k = 1 so we can assume k > 2. We consider [Ew, p] the singular
curve of M; ; and we compute the length of the cycle 7} ([Ex, p]) which we know is equal to the
degree of the map.

Let us denote by 7: X — I' an admissible cover mapped by 7, to [Ew,p]. We denote by R
the rational component of X mapping to £, and by R, the component collapsing to the node of
the curve E.,. Furthermore, we will denote by v and v the two nodes where R and R; are glued
together. It follows from our notation that R contains the totally ramified point p. As for the curve
I', we denote by P; the target of R, by P, the target of R; and by ¢ the node. Finally, we denote by
f and f; the restriction of 7 to R and R; respectively.

In order to compute the length of the cycle, we distinguish three different cases for the admissible
cover m: X — I'in 7, ! ([Ew, p]) depending on the position of the branch points on the components
of I'. For each such admissible cover we compute its multiplicity in 7} ([Eso, p])-
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Case I: The points ¢; and ¢4 are on IP;. In this case, we apply the Riemann-Hurwitz Theorem to
f and deduce that there are exactly two points above the node g. This implies that the degree of f;
is 2k. Hence the only two components of X are R and R;.

Let i and j be the ramification orders of f at the points u and v. The first two rows in the table of
Proposition 2.4limply that i = j = k and there is a unique choice of the map f; up to the action of
PGL(2) on R; and P,. We are now ready to describe the maps f and f; up to the PGL(2)-action.

For f we assume that u = 0,v = 1 and p = co. Then the map can be given as

£ = 5t — 1)k
and the simple ramification point is 1. The only non-trivial automorphism of f is 7(t) = 1 — ¢,
permuting the nodes v and v.

For f; we first provide an implicit description of it. Consider v = 0,v = oo and let 7 and 7
be the automorphisms 71 (t) = % and 73(t) = £t where £ is a primitive root of order 2k. Let G be
the group of automorphisms generated by 71 and 7». Clearly it has order 2k and the map f; can be
taken to be the quotient

fi: P! - PG
The double ramification points are 1,7°,...,n* =3 over a branch point and 7*,77,...,n*~! over
another, where 7 is a primitive root of order 4k. Using this, we get an explicit description of such a
map fi to be

ko kY2
fl(t):(ttikn)

It is simply checked that the morphisms of f; are the elements of G.

We hence found a unique point in Haj p over [E, p] having an automorphism group of order
2k. We want now to compute its multiplicity in 7} ([Eoo, p]).

For this, we look at the complete local ring of [r: X — T']in Ho; . We know it is the ring of
invariants of
Clltrs tras taoll =5 =15 )
with respect to the group Aut,(X) of automorphisms « of X satisfying 7 o & = m. But this is equal
to the ring of invariants of
Clltastanstaall oy =er =t )
with respect to the action of the subgroup Aut(X) < Aut,(X) of automorphisms fixing the com-

ponent R. This happens because after a suitable change of coordinates, we can assume that Aut.(C)
acts linearly on the parameter space A.

In order to clarify this claim, let U¥_; A = Spec(C[[t1, 11,1, t12]] /s, =t —sv ) consisting of k disks
glued together at their respective origins and consider the universal deformation

[

Ny

where locally near the node u, the space C is given by z; - y1 = t;,1 and locally near the node v, the
space C is given by x5 - y» = t1,2. Because the action of Aut,(C) is linear on UleA and moreover
extends analytically to an action on C, we see that it is enough to understand how it acts at the
level of coordinates of the central fibre X of C. In the standard coordinates z; = 2 = y; = t at
0and 1, and y» = 1 at oo we have the following action of the automorphism group: Consider
the automorphism fixing R and acting as multiplication by £% on R;. This automorphism fixes
the coordinates 1 and z2 on R, multiplies y; by £% and multiplies y2 by £~27. It follows that this
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automorphism sends t1 1 = x1y; to £¥¢; 1 and t1 5 to £ %t; 5. In particular, the ring of invariants
with respect to the subgroup Aut?(X) is

Clltr, trataall ey =et et ,) = Clltas trata 2]z =1 11 2)%)

We apply the same reasoning to deduce that the automorphism acting as 7(t) = 1 — t on R and as
T1(t) = % on R sends t; 1 to —&ty o and t1 o to —£ 1ty ;. It simply follows that the rings of invariants
with respect to AutZ(X) and Aut, (X) are the same.

Hence the local picture at such a point [7: X — TI'] is the following;:

Uk A L (U A) /Aty (X) C Hawp

l

My

The contribution of the point [7: X — I'] to the length of 7} ([E, p]) is equal to the local degree
of m; at the point. We see from the diagram that this is equal to 4 - deg(U5_; A — M, ;). For each
disk, the multiplicity of the point over [r: X — I'] can be computed using curves in the universal
deformation as exemplified in [FMNP20], [HMS82] and [Dia85]. The multiplicity of each of the %
points in H;?:lA over [Es, p] is 2. It follows that the contribution of [7: X — I'] to 7}([Eso, p]) is 2.

Case II: The points ¢; and g2 are on P;. In this case, the Riemann-Hurwitz theorem applied to
f implies there are exactly k + 1 points over g. It follows that f; is a degree 2 map and the ramified
point above g4 is on R;. Furthermore, there are k — 1 rational components Ry, R3, ..., Ri, glued to
Ratthe k — 1 points in f~!(¢) \ {u, v}. For every j = 2,k the degree of the map f; = m|p, is equal
to 2.

Observe that each f; has a unique non-trivial automorphism and moreover for f;, this automor-
phism permutes v and v.

We turn our attention to the map f: R — P;. We know it has ramification types (2k), (2,2, ..., 2)
and (2,2,...,2,1,1) over three branch points and is otherwise unramified.

Up to conjugacy, there is a unique solution o1 = 03 0 o3 in Sy, for o1, 02, 03 permutations of cycle
type (2k),(2,2,...,2),(2,2,...,2,1,1), hence f is unique up to the PGL(2)-action on the curves R
and P;.

We will show that f has a non-trivial automorphism. Such an automorphism is unique since it
fixes p and permutes v and v. To see it exists, observe that f can be written as a composition

RELp L p,

This can be deduced from unicity, reasoning on the parity of k. The 2 : 1 map induces an involution
on R, which is our desired automorphism.

Consider 7 an automorphism of X that is non-trivial on the components R and R; and permutes
the components Ry, . .., Ry accordingly. For j = 2, k consider 7; the automorphism of X that is non-
trivial on R; and trivial on all other components. Then the automorphism group Aut,(X) is the
group of cardinality 2% generated by 74, . .., 7.

We know that the complete local ring of [7: X — I'] in ng_, B is the ring of invariants of

Cllt1,t1,1,t1,2,t1,3- - ,t1,k+1]]/(t1:t1,1:tl,zzti?’:m:tikﬂ)
with respect to Aut,(X). The same reasoning as in the first case implies the complete local ring is
isomorphic to

Clltall = Clitr tra - tr2 5 B ]l =t =t 02 s =2 )
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Moreover for a local disk A;, around [7: X — I'| we have a universal family

C——7P

Ay,
with central fibre 7: X — I' and with local equations z;y; = t; at the nodes of X. We see that by
collapsing the components Ry, ..., R, we get a family of genus 1 curves with central fiber £, and

with local equation at the node of the form zy = ¢3. Hence this point contributes with multiplicity
2 to the length of 7} ([Exs, p)).

The third case when the points ¢, g2 are in P; is treated identically and we thus get another
contribution of 2. To conclude, the length of 7} ([Ex, p]) = deg(my)is 2+ 2 +2 = 6.

O

2.3. A Hurwitz space over the elliptic curves II. Let again & > 2 and consider the partitions of 2k:
by = (2k —1,1), bs = (4,2,...,2),b3 = (2,...,2) and by = (2,1,1,...,1). We denote by B the set
{b1, ba, b3, by} and we consider Hoy.  the Hurwitz scheme of admissible covers of degree 2k having
ramification profiles by, bs, b3, by over four points ¢, g2, ¢3 and ¢4. We want to compute the degree
of m: Hay, g — Mj,1 remembering only the point p of ramification order 2k — 1 and stabilizing the
source curve.

Proposition 2.6. The degree of my,: Hop p — My 1 is 6k — 3.

Proof. We consider the singular point [Ex, p] of M; 1 and we compute the length of 7} ([Ewo, p]),
which we know is equal to the degree of the map. Our approach is again to consider all points in
the preimage 7, ' ([Ew, p]) and compute their multiplicity.

Let 7: X — T' an admissible cover mapped by 7, to [Ex, p]. In what follows, we preserve the
notations in Proposition 2.5 for the components and nodes of the source and target.

Depending on the position of the branch points we distinguish again three different cases.

Case I: The points ¢; and ¢, are on IP;. In this case, applying the Riemann-Roch theorem to
f: R — P; we deduce there are k + 1 points in the fibre over ¢. This is possible if and only if the
ramification profile over ¢ is (2,2, ...,2,1,1). Hence f; has degree 2 and the ramified point over ¢4
is on R;. Furthermore X has another & — 1 rational components Rs, Rs, ..., Ry that are glued to R
at the k — 1 points in f~*(¢) \ {u, v}. For every j = 2,k the degree of the map f; = 7, is equal to
2.

Such an admissible cover admits no non-trivial automorphism except the ones on the compo-
nents Rs, ..., Rj. We see from Proposition[2.4that there are k— 1 such admissible covers. Moreover,
the complete local ring at such a point in H oy, g is the ring of invariants of

Cllt1,t1,1,t1,2, 1,3, - - - 7f1,k+1]]/(t1:t1,1:t1,2:t§,3:...:t§,k+l)

with respect to Aut,(X). Using a similar argument as the one in Proposition 2.5 we deduce that
the ring of invariants is isomorphic to

Clt]] = C[[t1, t1,1, t1,2: 83 5, - - - 7t%,lﬁ—l”/(tl:t1,1:t1ygztfyi,,:»»»:tfy,wl)

and we also deduce that each such admissible cover is counted with multiplicity 2. Hence the
admissible covers in this case contribute with 2k — 2 to the count.

Case II: The points ¢; and g3 are on P;. Applying the Riemann-Hurwitz theorem to f: R — P;
we deduce that the number of points in the fibre over ¢ is k. We have two possibilities: either the
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point of ramification order 4 is on the rational component collapsing to the node of E., or the
point of ramification order 4 is on a rational component collapsing to a smooth point of E,, when
we stabilize the curve.

For the first possibility, there is a unique choice for the admissible cover, as implied by the first
and sixth rows in Proposition2.4] The map f: R — P; has ramification profiles (2k—1,1), (2,...,2)
and (3,2,...,2,1) over ¢, g3 and ¢. For the map f1: R1 — P2 we know that the ramification profiles
are (4),(2,1,1) and (3,1) over gz, ¢s and ¢q. At each of the other k£ — 2 points over g, the curve X
contains a rational curve glued to R that maps 2 : 1 to P, with branch points ¢ and g¢».

The complete local ring at this point is
Clltral] 2 Cllts, tra, b2, 8 50 8l =i =t 02 =2 )

Hence at this point Hoy g is smooth and, as the ramification orders at u and v are 3 and 1, the
multiplicity of the pointis 1 + 3 = 4.

For the second possibility, Proposition 2.4l implies there are k — 2 choices of the map f: R — P;.
The map fi: R — P is 2 : 1 with branch points ¢ and ¢4. At the point of order 4 over ¢ we have
a rational component glued to R mapping 4 : 1 to P, with two points of total ramification over ¢
and g2. At all the other points in the fibre over ¢ there is a rational component glued to R that maps
2 : 1 to P, with branch points ¢ and g».

Again, we see that these points are smooth in Ha, 5 and they are all counted with multiplicity
2. Hence the contribution of Case II to the count is 4 4+ 2(k — 2) = 2k.

Case III: The points ¢; and g4 are on IP;. In this case the map f: R — Py can have degree 2k — 1
or 2k. If we assume the degree in 2k, the Riemann-Hurwitz theorem implies there is a unique point
in the fibre over ¢, which is false, as both u and v are there.

It follows that the degree of f is 2k — 1 and, by the Riemann-Hurwitz theorem, that « and v are
the only points in the fibre over ¢. In this case, Proposition 2.4 implies that fi: Ry — Ps is the
unique map of degree 2k and ramification profile (4,2,...,2),(2,...,2), (k,k — 1,1) over ¢z, g3 and
¢. In this case, the same argument with the complete local ring implies this cover should be counted
with multiplicity ¥ — 1 + k = 2k — 1.

Adding up the three cases, it follows that the degree of 7, is 2k — 2 + 2k + 2k — 1 = 6k — 3.
a

2.4. Combinatorial identities. Another ingredient we will require is the computation of some
combinatorial sums. We state without proof the following identities

Proposition 2.7. We consider the sums Sy, = ., s" (*') and compute the first terms to be

. 2 —1 . 2 —1 . 2 —1
30_2-22”—<’, ),81_22'-2212—2i~<l, )andSQ—i(2i+1)-2212—3i2-<l, )
1 2 2

Similarly, let Ty, = >°'_( s*(*71). We compute the first terms to be

S

. 29 —1 - ) 2:—1 29— 1)5 . 29 —1)i [(20—1
TO — 227,—2, Tl — ¢ . 221—2 _ i . g ' , T2 — ( ? )7’ . 227,—2 _ ( ¢ )7’ . ? ]
2 2 1 2 2 1

3.1 , 3 2 —1
Ty = 3 Y. ZN.92i—2 _ (2.3 _ 2
=0 4H_4) 2 (21 ”( i )

9 3 , 1./2i—-1
_(d 3 Yo 9 522 4 3 .2 L.
and Ty = (i* +1 1! +42) 2 (2i* —4° — 4 —|—2z)( ; )
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3. TEST CURVES

We consider some classical examples of test curves on M, and take their pullbacks to R, in order
to obtain new ones. Using the projection formula and the description of R, over M, in [BCF04]
and [FL10], we compute their intersection numbers with all divisorial classes. All test curves on
M, we are considering can be found in [HM98] and [Mul16], while most test curves on R, we
consider appear in more detail in [P21].

Before providing the test curves we remark that Picg(R,) = Q. This follows from Theorem A
and Theorem B in [Putl2]. Consequently, the classes X, d;, §, 65*™ together with §;, 04—, d;.g—; for

1 < i < [g/2] form a basis of Picg(R,). In particular, describing the intersection of the test curves
with these classes is sufficient to describe their intersection with any class.

3.1. Test curve A. Let A be the test curve in M, consisting of a generic genus g — 1 curve C glued
at a generic point z to a pencil of elliptic curves along a base point. Taking the pullback of the curve
Ato ﬁg we obtain three test curves A,_1, A1, Ai.4—1, contained in the three divisorial components
Ag_1,A; and Ay.4_; respectively. We have the following intersection numbers, where the omitted
intersections are all 0:

Agi A=1, Agy - 6) =12, Ay_y - 54y = —1
AL A=3, A 60 =12, Ay -6 — 12, A, - 6) — —
Al:g—l A =3, Al:g—l : 66 =12, Al:g—l : 5Bam =12, Al:g—l : 61:9—1 =-3

3.2. Test curve B. Consider a generic point [C,z] € M,_1,;. By glueing the point « to a point y
moving on the curve, we obtain a curve B on M. Proceeding as before, the pullback provides 3 test
curves B’, B” and B"™™ lying in the divisors A’ , A and A*™. We have the following intersection
numbers, the ones omitted being 0:

B -8y =(1-9)(2% —4), B" - 5,01 =2%"2—-1, B 51,1 =2%"%-1
B".5,=1,B"-6 =2-2g
Bram X (%am _ 22(] 2( ) Bram 51 _ 1 Brdm 51 g1 = 22(] 2 -1

3.3. Test curves C;. Let i an integer satisfying 2 < ¢ < g — 1 and consider two generic curves
[C] € M; and [D,y] € My_;1. Let nc € Pic(C)[2] \ {0} and np €Pic(D)[2] \ {0} and consider the
test curvesin R,

[O Umwy D, (7707 OD)]zGC
[C Ugny D, (Oc,mD)]zec

[C Umfvy D (7701 nD)]wEC
by varying = along C. We denote them C}, C}_; and C},,_, respectively. Itis clear they are contained

1:g—1
in the divisors A;, Ay_; and A;.q—; respectlvely The intersection numbers are the following, where

all omitted intersectlon numbers are 0:
Cl-6;=2—2i

Cy i 0gi=2—2i

—i

Cho i b gi=2—2i

iig—1
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4. INTERSECTION NUMBERS

Thrqughout this section, the genus g = 2i is even and the partition 1 of length g — 1 is taken to
be (4,2)2,...,2,—2,...,—2). Our goal is to compute the intersection of D(u) with some of the test
cribed in SectionBland conclude Theorem [T

ider the normalization v: I, , — H,,, of the Hurwitz scheme H,,,,. Our first task is to

extend the \nap ¢, o v: F;_’# --» R4 over points in the preimage (m, o v)7*([C/;~,]) where [C, 2]
is a generi¢ foint of M,_; ;. Our approach is to describe the admissible covers in H,, ,, above such
[C /Iwy] in and based on the descrlptlon explain how the map c,, o v is extended

R can be extended over the fibre (77# o 1/) H[C)pmy])-
n element [r: X — I'in H, , above [C),.,] € M,. The genericity of [C,z] and
where C, seen as\ij component of X, is mapped to IP;. We distinguish four different possibilities for

the admissible coper 7: X — I' depending on the position of the points ¢; and ¢, on I'.

iftts g1 and ¢» are on P;. In this case, it follows that deg(mc) = g. Otherwise,
orrespond to a partition of length strictly smaller than g — 1, contradicting the
e. Moreover, as the map

HO_1(2,1,1,..,1, -1, —1) = My

genericity of the ct

corresponding to the length g —1 partition (2,1,1,...,1,—1,...,—1) is not dominant, it follows that

™(q1) ; 77*(‘]2)) % Oc

renericity of the point =, we deduce that the curve X is as in the following

Oc(

Taking into account th
figure

The other g — 2 points in the same fiber as «

FIGURE 1. A curve X corresponding to an admissible cover in Hy,,, over [C/,.,]

Here y is one of the other g—1 points in the same fiber of 7 as = and there is a rational component
mapping 1 : 1 to P, glued at the other g — 2 points of this fibre. The points x and y are glueing C' to
a rational component R mapping 2 : 1 to Ps.

As there exists no non-trivial automorphism a: X — X satisfying 7 o oo = =, the complete local
ring of [r: X — I'lin H, , has the form

(C[[tlyl, . 7t1,g7 tl, . 7t39*4]]/(t1:t1,1:"':t1,g) = C[[tl, . ,t3974]]
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This implies that H, ,, is smooth at [r: X — I']. We then consider an open (3g — 4)-dimensional

polydisk A39~% centered at [r: X — T'| and assume the equation t; = 0 parametrizes the locus of
admissible covers with singular source curve. We have the commutative diagram of maps

e

A39=4\ [t =0}

A

<l —

g

Consider a small enough neighbourhood U of [C),..,] in M, such that its preimage in R, con-
sists of disjoint open sets, each containing a unique element in the fibre over [C/,.,]. We further
shrink A39~4 so that the image is contained in U. It follows that A39=%\ {t; = 0} is mapped by ¢,, to
a unique open component of the preimage of U in R, and the map ¢, can be analytically extended
due to Hartogs” extension theorem.

We want to determine the boundary divisor of R, to which [r: X — I is mapped by this
extension. For this we consider a 1-dimensional smoothing of the admissible cover

c<§

together with the sections ¢;: A — P defining the branch points. By eventually shrinking A we
can assume that the preimages 7=*(¢1(A)) and 7~ !(g2(A)) are set-theoretically unions of disjoint
sections of C — A. It then makes sense to consider the divisor Z on C satisfying the equality
27 = 1 (q1+(A)) — 7*(g2+(A)) and take the associated line bundle O¢(Z). We then have that

OC(Z)‘Ct = OCt (Zt) S PlC(Ct)[2] forall ¢ 7é 0

As C is smooth, it follows that there exist coefficients c, c1, . .., ¢4—2 such that

g—2
Oc(2Z) = Oc(cR+ Y cjR;)

Jj=1

where R, Ry, ..., R4_2 are the rational components of the central fibre X. We know that these
rational components are disjoint with Z and the intersection numbers of the rational components
are R-R=-2,R-R;j=0Vj=1,g—2and R;- R; = —1Vj = 1,9 — 2. As a consequence, it follows
thatc =c¢; = --- = ¢4—2 = 0. Hence the central fiber of O¢(Z) is a 2-torsion point of Pic(X') and this
line bundle is trivial on all the rational components. Hence, by collapsing the rational components
we obtain an element of ﬁg over the central fibre. Moreover, this element is in the divisor A{ of ﬁg
because we have
Oc(ﬂ' (ql) 5 m (QQ)) /\7:4 OC

Case II: The points ¢; and g2 are on P». In order to treat this case, we need to introduce some
notations. Denote by 1, ...,z the points on C in the fibre 771(¢) that are different from x and y.
For each rational component P of X we are interested to which component of I' it is mapped and
also, to which of the points z ~ y,x1, ...,z it collapses when we stabilize X. We introduce the
following notations

Co,1 = Z deg(fip: P — Py)

PP collapses to x ~ y
P is mapped to Py
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€02 = Z deg(fip: P — Py)
PP collapses to = ~ y
P is mapped to P2

We similarly define ¢; ; and ¢; » for the points z; for j = 1, s. By double counting the ramification
orders at the nodes we deduce the following numerical conditions for the admissible cover 7:

ord, (m¢) + ordy (mc) + co,1 = co,2

Ordzl(ﬂ'|c) —+ 0171 = 6172

ordzs(mc) + 51 = Csp2

We claim that c;; > 1forall j = 1, s and moreover that ¢j1 > 2 if the point of ramification order
4 is on a rational component collapsing to ;. We also have a description for when equality holds.
When ¢; ;1 = 1 the only possibility is that ¢; 2 = 2. Moreover if ¢; ; = 2 and the point of ramification
order 4 collapses to z; it follows that ¢; o = 4.

To see this, assume that c¢;; = 0 for some j. This implies that there exists a unique rational
component P that collapses to z;. This component is furthermore mapped by 7 to P2 and is totally
ramified at the point of IP glued to z;. But the map 7p has only even ramification orders over ¢;
and ¢o. By the Riemann-Hurwitz theorem, this is impossible. If ¢; ; = 1 it follows again that there
is a unique component P collapsing to =; and mapped to P. This component P has ramification
profiles (2k —1,1),(2,...,2) and (2,...,2) over ¢, ¢1 and ¢2. Reasoning as in Proposition 2.4} this is
only possible if ¥ = 1 and hence ¢; 2 = 2. The case when the point of ramification order 4 is on a
rational component collapsing to z; follows analogously.

We distinguish two different cases depending on whether this point of ramification order 4 is
collapsing to « ~ y or to one of the points z1, ..., zs.

If this point collapses to x ~ y we get by adding the equalities that
deg(mc) + 5+ cop < 2i
Furthermore the genericity of [C, x] implies that

deg(mc)+s>g—1=2i—1

Because ¢p;; < 1 it follows that there is a unique rational component R mapping to P, that
collapses to z ~ y. The Riemann-Hurwitz theorem applied to 7z implies that the fibre w‘_Rl (q)
contains at least 3 distinct points. It follows that ¢y ; = 1, deg(m ) + s = 2i — 1 and the ramification
profiles of 7z over the branch points ¢, ¢; and g2 are (m,n,1),(4,2,2,...,2) and (2,...,2) where
the entries add up to 2i — 2s.

Proposition 2.4 implies that m = i — s,n = i — s — 1 and in this case there is a unique choice
for the map 7 z. We get two possible types of admissible covers 7: X — I' which we will now
describe.

For the first type, 7| has degree 2i — s — 1 and the ramification orders at  and y are i — s and
i—s—1. Furthermore 7| is the unique map with ramification profiles (i—s,i—s—1,1),(4,2,2,...,2)
and (2,2,...,2) over ¢, ¢; and ¢y, where the points of ramification orders i — s and i — s — 1 are x
and respectively y.

For the second type, 7| has degree 2i—s—1and the ramification orders at x and y are i —s—1and
i — 5. Furthermore 7 is the unique map with ramification profiles (i —s,i —s—1,1), (4,2,2,...,2)
and (2,2,...,2) over ¢, ¢ and g2, where the points of ramification orders i — s — 1 and ¢ — s are x
and respectively y.
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We see that for both types, there exists no non-trivial automorphism «: X — X which satisfies
7oa = m. As a consequence the complete local ring of H, , at the point [7: X — I'] is isomorphic
to

(C[[tl)l, tl)g, to, ... 7t39_4]]/(ti—s: i—s—1y

1,1 t1,2
By considering [7: X — I'] as a point in the normalization ﬁy of H,, we see that [r: X — T
is a smooth point of H, g The same argument using Hartogs extension theorem as in Case I
implies that the map ¢, o v can be extended over this point. Moreover, as in Case I, we deduce that
[r: X — T is mapped to A} in R,.

We now treat the case when the point of order 4 is on a rational component collapsing to a
smooth point of C'. In this case we get by adding the equalities that

deg(mc) +s+1+con < 2i

Using the inequality
deg(mc) +s5>2i—1
implied by the genericity of [C, z] we deduce that deg(m|¢) = 2i — s — 1 and ¢p,; = 0. It follows that
ord, () + ordy(m ) = 2i — 2s — 2. Proposition 2.4 implies that the ramification profiles of 7|
overq,q; and gp are (i —s— 1,1 — s —1),(2,...,2)and (2,...,2).

We see that the admissible cover 7: X — I can be described as follows. The map 7| has degree
2i—1— s containing in its fiber over ¢ the points z, y of ramification order ¢ — s — 1 and another point
of ramification order 2 to which the point of ramification order 4 over ¢; collapses. For the rational
component R, the map 7z has ramification profiles (i —s —1,i —s —1),(2,...,2) and (2,...,2)
over ¢, g1 and qo.

As a consequence, the complete local ring of H  ,, at [r: X — I is the ring of invariants of
C[[tl,la t1,27 t1,3a tQa ey t3974]]/(ti,71571:ti,72871:t%,s)
with respect to the group Aut,(X) of automorphisms «: X — X satisfying m o oo = 7.

Denote by x; the point of ramification order 2 in the same fibre as x and y and by R, the rational
component of degree 4 over P; collapsing to ;. Up to the PGL(2)-action on both the source and
the target we can describe 7z, as

TR, (t) =2 (t — 1)
In this description, observe that the point 1 corresponds to the point £ and there is a non-trivial
automorphism 7 given as 7(t) = 1 — ¢.

By first considering the ring of invariants with respect to the automorphism acting as 7 on R;
and fixing C and R we get that the complete local ring of H,, ,, at [r: X — T is the ring of invariants
of

C[[tl)l,tlg,tig,tg,...,t3g_4]]/(tiy—15—1:ti—s—lztis) gC[[tl)l,tLg,tg,.. 39— 4]]/(751 s=l_yims1y

1,2 1,2

with respect to the automorphism subgroup Autf'(X) < Aut,(X) of elements restricting to the
identity on R;. But Aut?'(X) is the group of automorphisms of R fixing the points x,y and all
components of X different from R. A description of this group appears in the proof of Proposition
We consider the parameter space of

Cllti,1,t1,2,t2,. .. 7t3gf4]]/(t77*3*1:ti*5*1)

consisting of i — s — 1 polydisks of dimension 3¢ — 4 glued together along ¢; ; = 0. Then Aut* (X)
acts on this space by identifying the i — s — 1 components with one another. As a consequence,
the space H, , is smooth at [7: X — I'] and the method of Case I applies again. By choosing a
1-dimensional smoothing we deduce that [7: X — I'] is mapped by ¢, to A{ in R,
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Case III: The point ¢; is on P; and the point gs is on Ps. The image StMd(X, 7! (q1), 7 1(g2))

by a, is an element of ﬂg(u) /S(u), hence there is a twist associated to this pointed curve. The
genericity of [C, z] implies that the partition on C' determined by the twist has length g. This imply
that on C' we have a divisorial equivalence of the form

4y1+2y2++2y1,1—2171——2171,1—56—1]50

in Pic(C) where y1,...,y;—1,21,...,2;—1 are points of C. In particular, this description implies
deg(m ) = g,deg(m ) = 2 and at every point x; there is a rational component R; glued to C' that
maps 2 : 1 to P, with branch points ¢ and gs.

From the above description it follows that the complete local ring of [x: X — I']in H, , is the
ring of invariants of
Clltia,tr2, - tiits, ta, .. 7t3g*4]]/(til:”':tiiflztl,qﬂ:tl,iﬁ»l)

with respect to the action of Aut,(X). But Aut,(X) is the group of cardinality 2°~! generated by
the automorphisms 71, ..., 7,1 where 7; for j = 1,7 — 1 is the automorphism of X that restricts to
the identity on all components except R;. In particular, the complete local ring is isomorphic to

CltE 1, 5 1ot tigns b, - ,t3g—4]]/(t§y1:...:tii%:tl,i:tlﬂl) = Cl[t1,ist2, - - - s tag—a]]

hence the point is smooth and the map ¢, can be extended to this point by Hartogs” extension
theorem.

Next, we consider a 1-dimensional smoothing of 7: X — T

c<§

together with the sections ¢1,¢2: A — P. We consider as in Case I the divisor Z on C satisfying
27 = 1 (q1+(A)) — 7 (q2+(A)). We see that

deg(Oc(Z)|r) = —1, deg(Oc(Z)|c) = i and deg(Oc(Z)|g,) = —1 forall j=1,i—1

Because we have the self-intersection numbers R - R = —2 and R; - R; = —1 we conclude that
by twisting with —R_ - Z;;ll R; and collapsing the rational components Ry, ..., R;_; we obtain an
element of AF™ in R,,.

Indeed, when restricting O¢c(Z — R — 23;11 R;) to C we obtain the line bundle
L=0c2yi+ya+ - +yii1—21— =21 —T —Y)
and it is clear that L? = O¢(—z — y). Moreover the degree of O¢c(Z — R — 23;11 R;) restricted to R
is 1, hence we obtain an element in A}P™ over the central fibre, as stated.

Case IV: The point ¢; is on P2 and the point ¢» is on P;. The image StMd(X, 7! (q1), 7 ' (g2))
through a,, is an element of ﬁg(u) /S(). Using again the genericity of [C, z] and the existence of a
twist we deduce that on C the twist determines a linear equivalence of one of the following forms

41+ 2z + -+ 2z 0o+ +y—2y1 — - —2y;, =0
200+ -+ 20,0+ A -k +ky—2y1 —---—2y; =0
where all z; and y; are points of C and k € {1,2,3}.

We claim that the map ¢, ov: H, , — R, extends over the preimages of such admissible covers

[7: X — I'| and the image of such a point is in A{ only if the linear equivalence determined by the

twist is of the second form and & = 2. If the linear equivalence is of any of the other three forms, ¢,
maps such admissible covers to AF*™.
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The case when the divisorial equivalence is of the first form follows analogously to Case III. If
the divisorial equivalence is of the second form with k = 2, we see that the complete local ring of

H, , at the point [7: X — I'| is isomorphic to
Clltra,ta2, b2, s tag-alljuz =2 ,)
Hence the parameter space consists of two (3g — 4)-dimensional polydisks glued together along

the locus ¢1,1 = 0 where the coordinates of the polydisks are considered to be ¢; 1,12, ...,t34—4. In
. . . . . 7V
particular, both preimages of [7: X — I'] are smooth in the normalization H, ,.

Over both polydisks we have a universal covering and hence the same approach as in Case I can
be applied to deduce that ¢, o v maps the preimages of [7: X — I'| to A

We are left to treat the case when the divisorial equivalence is of the second form and k = 1 or
k = 3. In both cases, the complete local ring of H ,, at the point [r: X — I is isomorphic to

(C[[tlyl, tl,Qa tQ, ceey t3g74]]/(t§’1:t1’2) &= (C[[tlyl, tQ, . ,t3974]]
Because the point is smooth, the map ¢, extends over it.

Consider now the 1-dimensional smoothing family of 7: X — I" obtained by varying the coor-
dinate ¢; ;

C———P

N

Atl,l

Observe that C is smooth except for an Az-singularity at either = or y, depending on whether
k = 1or k = 3. By blowing-up the singularity we obtain in the central fibre of the new space
C a chain RU R’ U R" of rational components connecting the two points 2 and y. We denote by
R, ... R;_ the rational curves of X glued to C at the points x5, ..., x;_;. We take the line bundle
0s(Z + 22;12 R; + R) on C and see that its restriction to C'is

3—k n k—1 )

2 T 2 Yy—un Yi

which satisfies L? = O¢(—x — y). Moreover, this line bundle on C has degree 0 when restricted
to a rational component of the central fibre except for the component R’ for which the degree is 1.
In particular, by collapsing all rational components but R’ we obtain an element in A*™ over the

central fibre.

L=0¢c(xza+ - +xi_1+

a
We are now ready to compute the intersection of the divisor with different test curves.

4.1. Intersection with test curves of type A. Before starting our computations we make a remark
about some admissible covers with elliptic source curve. We do this because such covers will ap-
pear naturally in our study and the next remark will be essential in our computation.

Remark 4.2. Let f;: E — P! be a map of degree 2k > 4 with ramification profiles (2k), (4,2, ...,2)
and (2,...,2) over three branch points. Then Aut(E, y) # Z¢s and f; 0 j = f1 for any automorphism
j: E — E fixing the point y of ramification order 2k.

Proof. We split the problem into two cases depending on whether £ is even or odd.

When £ is even, we consider the unique map 7: P! — P! with ramification profiles (k), (2,...,2)
and (1,1,2,...,2) over oo, 1 and 0, where the point of ramification order k is denoted z; and the
two unramified points over 0 are denoted z, and x3. Let 24 be one of the other k£ — 1 points of
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ramification order 2. If we take the degree 2 map g: E — P! with branch points z1, 22, r3 and x4,
the map 7 o g has ramification profiles as in the hypothesis. Hence all maps f; are obtained in this
way and it is clear that f; o j = f1 for the involution j of the source curve (E,y).

Consider the map g: E — P! of degree 2 with branch points 0, 1, co and z. Then Aut(E,y) = Z4
if and only if z = . In particular, at most one of the k¥ — 1 maps as in the hypothesis has source
curve satisfying Aut(E, y) = Z4. We prove that such a map exists.

We consider the map «’': P! — P! branched over co,0 and 1, having ramification profiles
(£),(1,1,2,...,2)and (2,...,2) if £ is even or ramification profiles (£), (1,2,...,2) and (1,2,...,2)
if £ is odd, where we take the point of total ramification to be co and the two unramified points to
be 0 and 1.

Take the map ¢': E — P! of degree 4 having ramification profiles (4), (4) and (2,2) over the
branch points 00,0 and 1. Then 7’/ o ¢': E — P! is a map with ramification profiles as in the
hypothesis and Aut(E,y) = Zy.

Let g: E — P! a degree 2 map ramified over the points 0, 1,00 and z. Then Aut(E,y) = Zg if
and only if x is a primitive root of order 6.

We consider again the map 7: P! — P!. We can describe it as
() = t(t — DQ(1)*
where Q(X) is given by the unique solution of the polynomial Pell equation
PX)P-X(X-1Q(X)*=1

with deg(P) = deg(Q)+1 = £. Observe that we have the initial solution P(X) = 2X —1,Q(X) =2
and hence our solution is given by

P(X) = QX)VX(X —1) = (2X —1-2/X(X 1))

Let ¢ a primitive root of order 6. Using the identity £ — ¢ = —1 and the binomial expansion we
deduce
k 4] 45 [k
P)=(26-1)= —(2
©=e-0%3 5 (;)

In particular, it is clear that £(§ — 1)Q(£)? = P(€)? — 1is not 0 or 1 and hence ¢ is not one of the k — 1
ramification points.

The approach when k is odd is similar. We consider the unique map 7: P! — P! with branch
points oo, 0 and 1 having ramification profiles (k), (1,2,...,2) and (1,2,...,2) where the point of
ramification order & is co and the unramified points are 0 and 1 respectively. The k — 1 maps are
obtained as in the previous case. Moreover, the unicity of the map implies that if we take 7(t) = 1—¢
the morphism fixing oo and permuting 0 and 1 we have

mor(t)=1—7(t)
implying that none of the k — 1 other ramification points is fixed by 7. Hence Aut(E,y) # Zj.

To see that Aut(E, y) # Zg it is enough to show that if £ is a primitive root of order 6, then 7 (&)
isnot 0 or 1. The map = can be described as

m(t) = 1Q(t)
where Q(X) is given by the unique solution of the generalized polynomial Pell equation
XQX) - (X —1)P(X)* =1
with deg(P) = deg(Q) = £51. We see that the solution is given by

k—1
2

XQX)-PX)VXX -1 =(X-{/XX-1)2X -1-2/X(X - 1))
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Hence we have

L%J k—1 = L%J k—3 k-l
QX)= > 4SX5(X—1)5(2X—1)T‘25( o >+2(X—1) > 4SXS(X—1)S(2X—1)T‘—28( 225)
s=0 s=0

As before, we get that £Q(€) is not 0 or 1 and hence ¢ is not one of the k£ — 1 points of ramification
order 2 of m. Hence Aut(E, y) # Zs.

O

Next, we compute the intersection of the divisor D(x) with the test curves obtained by pulling
back to R, the test curve A.

Proposition 4.3. We have the following intersection numbers

D0 Arg1 = D0 A1 =0 and D 41 = (39— 3)-0- (22 = (1)

7

Proof. We first show that an element [C' U, F, 7] € R, with [C, 2] € M,_1 1 generic, E a smooth
elliptic curve and ¢ 2 Oc is not contained in D ().

We assume by contradiction that it is. Due to the genericity of [C, z], the existence of a twist
implies that the partition on C determined by it has length g — 1. It follows that this partition is y.
We know that the forgetful map

HS_l(u) — Mg
is finite. It follows that z is not a ramification point for any of the maps f: C — P! with ramification
profiles 4™ and —u~ over 0 and oo.

If[r: X - T] € H,,ismapped by c,: H,, — Ry to [C Uy, E, 1], the previous remarks imply
deg(m ) = g and ord, (7|) = 1. This would imply deg(m ) = 1, which is impossible.
Next, we describe the admissible covers [r: X — I'| that are mapped by ¢, to a point of the test

curve A;. We denote by z1,...,z, the points of C in the same fibre of mc as . As in Case II of
Proposition &.Tlwe define

Co,1 = Z deg(fup: P— ]P)l)
PP collapses to « ~ y
P is mapped to Py

Co2 = Z deg(fip: P — Py)

PP collapses to « ~ y
P is mapped to P2

and similarly ¢;; and ¢; 2 corresponding to x; for j = 1,s. Using the properties of admissible
covers we deduce the relations

ord, (m¢) + co,1 = ordy (1) + co2

Ordzl(ﬂ'|c) + 0171 = 6172

ord,, (m)c) + ¢s1 = Cs 2
Adding them up and using that ¢;; > 1 for every j = 1, s we get that

deg(mc) + s+ co < 2i

Together with the inequality
deg(7r|c) +5>2
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coming from the genericity of [C, x|, this implies that ¢17 = -+ = ¢;7 = 1, that ¢g; = 0 and
deg(m ) = 2i — s. This implies further that ¢; 5 = --- = ¢y 2 = 2, that deg(mp) = 2i — 2s and 7|
has ramification profiles (2i — 2s), (4,2,...,2) and (2,...,2) over ¢, ¢: and g.

Consequently, the map 7: X — T is uniquely determined by the choice of a map f: C — P! of
degree 2i — s with ramification order 2i — 2s at = and the choice of a map f1: E — P! of degree
2i — 2s having ramification profiles (2 — 2s), (4,2,...,2) and (2, ..., 2) over three branch points. It
follows from Theorem [2.3land Proposition 2.4 that the number of such maps 7: X — I is equal to

i—1 i—1

2(22'_23)-((22;_7_81)38’!-@_5_1)_%Z(i_s)(i_s_n@")

s=0 s=0

As a consequence of Proposition2.7] the number of maps 7: X — I' with the desired properties
is 2%=2 — (*'71). We observe that each choice of order for the 3g — 3 simple branch points produces
a different admissible cover. We next show that each admissible cover should be counted with
multiplicity 6.

Using the description of the complete local ring, we deduce that the admissible cover 7: X — T’
admits a universal family

c<§

where A is a (3g — 4)-dimensional polydisk. This induces a map from A to the universal deforma-
tion of the curve CU, ., ¥ and the same method as in the proof of Theorem 6 in [HM82] implies that
the image intersect the singular locus A transversely at the point [C' Uy~ E]. Moreover, Aut,(X)

acts on A and A/Aut,(X) is an open neighbourhood of [7: X — I']in H, .
By computing the intersection D () - A; at the level of the universal deformation of C' U, E,
we get that each admissible cover should be counted with multiplicity 3 - 12 - %. Here,

the factor § appears because d; = £A; and the factor 12 appears as each elliptic curve shows up
12 times in the pencil. Using Remark 4.2} we deduce that the multiplicity is always 6. We conclude
that

— . 2t —1
D(p)- Ay =6-(3g —3)!1(2%72 — < " ))
i
In order to conclude that the intersection is 0 with the two other test curves, we still need to show
that an element [C' Ug~y Eoo, 1] € Ry with [E, y] the singular curve in M ; does not appear in the

intersection. The methods we used for a smooth elliptic curve extend to this case.
a

4.2. Intersection with test curves of type C;_;. We can employ a similar approach as in the case
of test curves of type A for the test curves of type C,_;.

Proposition 4.4. We have the intersection numbers

D(o-Ctts = o= tai-a)-@iv2)- (7). Dl €37t = Go-a-tai-ay-oi-2)- (1)

7

and D(p) - C{" = (3g—3)!- (4i —4) - (2i(4i + 1) - (2i - 1) —6(2i — 1) - 2%72)

Proof. We start by computing the first intersection. Let [7: X — I'| € H, , be an admissible cover
mapped to a point [C' Uy~ E, 7] on Of;il. Because ¢, = b, o a, and b, was defined in terms of
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the unique twist, we distinguish three different cases for the divisorial equivalences on C' and E
implied by the twist.

Case I: The equivalence on E is Og(2z1 — 2y) = ng and the one on C'is
Oc(2r+xa+ -+ @1 — 2 — -+ — T2i—1) = o

There are 4 choices of z; for the first equivalence, 4 - (2¢ — 1)! solutions for the second equivalence
and one choice for each solution of a point « having coefficient 2. The choices of z; are two by two
identified by the involution of E. Moreover, as the order of the points having the same coefficient is
irrelevant and as each ordering of the simple branch points produces a different admissible cover,
we get (3g—3)!-2- % -1 elements in H, , having a corresponding twist as above. If a: X — X
is the automorphism acting as the involution on F and fixing all other components of X, we get
Toq # .

The complete local ring of H,, ,, at such a point [r: X — T'| is the ring of invariants of
Clltras iz, tricn b, tsgall =it =2 =2, )

with respect to the group Aut,(X). This group has cardinality 2:~2 and consists only of automor-
phisms that fix C' and E and act non-trivially on the i — 2 rational components of X. Assuming the
action to be linear, we immediately get that the complete local ring is isomorphic to

(C[[tl,17 t%)g, . 7t%,i—17t17 . ’t3g_4]]/(tl:t%@:t%z:'”:tiifl) = (C[[tl,l, t2, PN ,t3g_4]]

We take A to be the parameter space of this ring and see it is a base for a universal deformation of
the map 7: X — I'. Consequently we get a map from A to the universal deformation of the curve
CUgy E.

The automorphism o: CUz~y E — CUg~y E lifts to an automorphism o: X — X identifying two
by two the admissible covers. It follows that at the level of the universal deformation of C Uy~ E,
the branch of the image of A is simply tangent to the locus A; parametrizing singular curves. As
a consequence, all such covers appear in the count D(u) - Olg:;il with multiplicity 2. A similar
argument to this can be found in Lemma 3.4 in [Har84].

Case II: The equivalence on E is Og(z2 — y) = g and the one on C'is
Oc(r1+z+z3+ -+ Tio1 — 2 — - —T2-1) Z1c

In this case, there is a unique choice of x5 for the first equivalence, 4-(2i—1)! solutions for the second
one and i — 2 choices for each solution of a point « having coefficient 1. The order of the points
having the same coefficient is irrelevant and each ordering of the simple branch points produces
a different admissible cover, hence we find (3g — 3)! - 4(1(7212;,12,' - (i — 2) elements in H, ,, having a

corresponding twist as above.

Case III: The equivalence on E is Og(y — x2,—1) = ng and the one on C'is

Oc(2x1 +x2+ - 4+ xim1 — Ty — - — Taj—a — ) Z ¢

Reasoning as in the previous cases we get (3g — 3)! - 41,'!((2;-:11))!! - i admissible covers in H, , with

corresponding twist as above.

Reasoning as in the proof of Theorem 6 in [HM82]] we deduce that all admissible covers in the
Cases Il and III appear with multiplicity 1. Hence we have

4.(2i—1)!

D(p) iyt = (g —3)! — G—2)

(2:24i—2+1)

We proceed to compute the intersection D(y) - Og:ll. In this case, there are only two possibilities

for the twist.
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Case I: The equivalence on E induced by the twist is Og(2x1 — 2y) = ng and the one on C'is
Oc(2r+xa+ -+ @1 — 2 — - — T2i—1) = o

In this case, we have 3 choices for z; and 4 - (2¢ — 1)! solutions on C. For each such solution on C
there is a unique choice of the point x with coefficient 2. As the order of the points having the same
coefficient is irrelevant and as each ordering of the branch points produces a different admissible

cover, we get (3g — 3)! - 3 - % elements in H, , with corresponding twist as above.

Case II: The other possibility is when the equivalence on FE is trivial and the one on C is
Oc(2x1 + 2o+ +Ti1 — 2 — -+ — T2i-1) E e

In this situation we get deg(m|) = 2i and hence deg(mz) = ord.(m ). As C is generic, it follows
that deg(7 z) = 2 and x is one of the 6i — 5 simple ramification points of 7). The order of the points
having the same coefficient in the divisorial equivalence on C' is irrelevant and each ordering of
the 3g — 3 simple branch points produces a different admissible cover. We obtain in this way

(3g —3)!- 4ii_((2ii:21))!! - (6i — 5) admissible covers corresponding to this case.

The method in the proof of Theorem 6 in [IM82] implies that all the admissible covers in the
two cases appear with multiplicity 1 in the intersection D(u) - Cg:ll. Hence we have

4.(2i—1)!

Dlu)-C371 = B39 =3 oy

- (3+6i—5)

Finally we compute D(u)-CY~". In this case, the twist on C is trivial. Moreover, for an admissible
cover [1: X — T'| mapped to CY~" we have that ¢; and ¢, are contained in the component of I that
is the target of the elliptic curve E. In the notations of Proposition 4.3]we have the relations

ordz(mc) +co1 = OI‘dy(ﬂ"E) + co2

OI’dgg1 (7T|C) +c1=cip2

Ordms (7T|C) + Cs,1 = Cs,2

We distinguish two different cases depending on the position of the point over ¢; of ramification
order 4.

If this point is on £, by adding the relations we obtain that deg () +s+co,1 < 2i. The genericity
of C implies deg(m ) + s > 2i — 1 and the genericity of £ implies deg(mc) + s +co1 < 20 — 1. It
follows that ¢y 1 = 0, deg(m¢) = 2i — 1 — s and ord,(m¢) = 2i — 25 — 1.

Consequently, the map m: X — T is uniquely determined by a map f: C — P! of degree
2i — s — 1 with ramification order 2i — 2s — 1 at a point z and a map f;: E — P! having ramifi-
cation profiles (2 — 2s —1,1),(4,2,...,2),(2,...,2)and (2,1,...,1) over g, g1, g2 and gs, satisfying
OE(ff(m);ff(%)) >~ .

Using Theorem 2.3]and Proposition 2.6] we deduce that the number of such maps 7: X — I'is
equal to

i1 .
%;4(2'—3— 1)(22'—23—1)(2'—3)(22;1) (67 — 65 — 3)
It follows from Proposition 2.7l that this is equal to 6(i — 1)(2i — 1) - 22=2 and hence the number of
admissible covers m: X — T of this form is (3g — 3)! - 6(i — 1)(2i — 1) - 222, If we consider the
automorphism a: X — X acting as the involution on E and fixing all other components, we see
that 7 o @ # m. Reasoning as in Case I of the computation D(u) - Of;il, we deduce that all the
admissible covers above should be counted with multiplicity 2.
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The other possible case is when the point of ramification order 4 is on a rational component
collapsing to z; when we stabilize X. In this case we have ¢;; > 2. This implies the inequality
deg(mc) + s + co1 < 2i — 1. Using this and the inequality deg(m ) + s > 2i — 1 coming from the
genericity of C' we get co;; = 0 and deg(m|) = 2i — 1 — s. In this case the ramification orders of ¢
at x and x; are 27 — 25 — 2 and 2 respectively.

Consequently, the map m: X — P! is uniquely determined by a degree 2i —s—1map f: C — P!
having ramification orders 2i — 2s — 2 and 2 at two points = and z; in the same fibre and a map
f1: E — P! having ramification profiles (2i — 2s —2), (2,...,2),(2,...,2) and (2,1,..., 1) over four
branch points ¢, ¢1, g2, ¢3 and satisfying O E(M) >~ pg.

From Theorem 2.3} the number of such maps f: C' — P is 8s(i —s—1)(i —s)(4i —4s —5) - (¥, ).

From Proposition 2.5 the number of such maps f;: £ — P! is 2. It follows that the number of such
maps m: X — I' is equal to

16§s(i—s— 1)(i — 5)(4i — 45— 5) . <2i_ 1>

S
s=0

which using Proposition 2.7lwe compute to be
8i(i—1)(4i+1) - <QZ B 1> —36(2i —1)(i —1)-2%72
2

Again, every ordering of the simple branch points produces a different point in H, , and hence the
number of admissible covers in this case is the number we computed multiplied by (3¢g — 3)!. We
show that all such admissible covers should be counted with multiplicity 1.

The complete local ring of H,, ,, at the point [7: X — I is the ring of invariants of
C[[tlﬂl, t172, tl, ceey t3g74]]/(tl:tffl—zs—zztiﬁ

The method of Remark .2 can be employed to prove 7 o & = m where a: X — X is the automor-
phism acting as the involution on E and as identity on all other components. The group Aut,(X)
is generated by a and the automorphism 7 acting non-trivially on the components collapsing to the
point of order 2 and fixing the other components.

By considering the ring of invariants with respect to 7 we get that the complete local ring of H, ,,
at the point [7: X — T'] is the ring of invariants of
(C[[tl)l, tiz, t1,... ’t3g_4]]/(tlztfff2572:t%2) = (C[[tl)l, t1,... ’t39_4]]/(t1:tfff2572)
with respect to a. The same method of mapping the parameter space to the universal deformation
of CUz~y E and proceeding as in [HM82] implies that all admissible covers appear with multiplicity
1. It follows that

D(p)-C{" =(3g—3)1- (8i(i — 1)(4i + 1) - (% Z_ 1) —24(2i — 1)(i — 1) - 2272)
O

4.3. Intersection with test curves of type B. Finally we compute the intersection of our divisor
with the test curves B’ and B”. The work of understanding which admissible covers [7: X — T
map to these test curves already appears implicitly in Proposition .11 We are left with the task of
computing their number and their multiplicities.

Proposition 4.5. We have the following intersection numbers:

D) = (39— 3-8~ ) 22 1) (1) and

7
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2t —1

7

D(p) - B" = (39— 3)![(8i° — 8i* — 2z')< ) — (20 — 1)(6i — 8)2%2]

Proof. We start by computing D(p)- B’. The admissible covers in H, , mapping to A{, are described
in Case I and Case IV of Proposition 411

Let [r: X — T'| be an admissible cover as in Proposition 4.1} Case I, mapped to B’. The number
of solutions for the divisorial equivalence

Oc(2x1 +xa+ -+ w1 —m — - —T2i-1) Zc
is equal to 4 - (2i — 1)! for any of the 242 — 1 elements ¢ € Pic(C)[2] \ {0}. It follows there are
1(,2(:;))‘, (2% — 4) choices of a map ¢ having degree 2i and ramification profiles (4,2,...,2) and
(2,...,2) over two points ¢; and g». For the generic point « on C, there are 2 — 1 choices of a point

y in the same fiber of 7. Moreover, there is a rational component R of X passing through = and y
and mapping 2 : 1 to P».

We fix a map 7| and a point y as just discussed. Two orderings of the (3g — 3) simple branch
points produce the same admissible cover if and only if they differ by transposing the order of the
two branch points on P,. Hence we get

(Bg—3)! (20 —-1)!

2 il —2)!

distinct admissible covers. It is immediate from the description in the proof of Proposition {.T]that
all these covers are counted with multiplicity 2.

(20 —1)- (2% —4)

For an admissible cover [7: X — T as in case IV of Proposition 4.1} the map 7| has degree 2i
and ramification profiles (2, ...,2) and (2,...,2) over g and ¢, with the generic point = one of the
ramified points over g. Moreover, there is a rational component R mapping 4 : 1 to P, connecting =
with one of the other i — 1 points in the same fiber over ¢ as z. The component R contains the point
of ramification order 4 over ¢;.

Every ordering of the (3g — 3) simple branch points produces a different admissible cover. We
obtain in this way
(2i — 1)!
).
B9 =3 S
admissible covers and we deduce from Proposition .1 Case IV that all should be counted with
multiplicity 4.

It follows that

(-1 (22— 1)

D0 B = (39 - 382 - ) 2 = 1) (1)
(3
Next we compute D(u) - B”. In Case II of Proposition E.I we outlined three possible types of
admissible covers [r: X — I'| mapping to B”.

The first type is when 7| has degree 2i — s — 1 and ramification order at 2 and y equal to i — s and
i — s — 1. In this case, for the rational component R joining z and y, the map 7|z has ramification
profiles (i — s,i —s—1),(4,2,2,...,2)and (2,...,2) over ¢, ¢g; and ¢2.

From Theorem [2.3] the number of choices of such a map mc is
(i—s—D[(i—s—1)(2i—2s—1)—1]- (22_1)
S

Proposition 2.4limplies the choice of 7| is unique. Moreover, each ordering of the simple branch
points produces a different admissible cover and the discussion in Proposition d.1limplies each of
them should be counted with multiplicity 2i — 2s — 1.
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The contribution to the count coming from this case is

S

i—1 .
(Bg—3)1-> (2i—2s—1)(i—s—D[(i—s—1)(2i —25—1) —1]- (22_1)
s=0
which we deduce from Proposition 2.7]to be equal to

(39~ 3)!-[3 - (2i = 1)(i —1)- 2272 2 — 1) <2i7 1)1

7

The second type is when 7| has degree 2i —s—1 and ramification orders r and y equal to i —s—1
and ¢ — s. The number of such maps is

(i—s)[(i—s)(2i—2s—1) 1] <2zs_ 1>

Other than that, everything follows identically as in the previous case and we get a contribution of

S

i—1 .
(3g —3)!- Z (20 —25s—1)(i —s)[(z — 8)(20 —2s — 1) — 1] - <2l_1)
s=0
which we deduce from Proposition 2.7]to be equal to

B9 =315 i- -1 222 - ni- (M)

7

The third type is when 7| is a map of degree 2i — s — 1 having ramification ordersi—s—1,i—s—1
and 2 at =,y and another point in the same fiber of 7 as z and y. For the rational component R
joining = and y, we have that 7| has ramification profiles (i —s—1,i—s—1),(2,...,2)and (2,...,2)
over ¢, q; and gs.

The number of maps 7|¢ of this type is equal to

8s(i—s)(i—5—1)2<2i8_1) —2S(i—s—1)(i—s+1)<2i_1>

S

Each ordering of the simple branch points produces a different admissible cover and each ap-
pears in D(p) - B” with multiplicity 2. Hence the contribution in this case is

(39 - 3)!5168@ —s)(i—s—1)" (2: 1) ~ (3 - 3)!§4s(i —s—1)(i-s+ 1)(2" - 1)

s=0 s=0 o

From Proposition 2.Zlwe deduce the identities

216“—5 (i—s—1)° <2Z 1)—8(i—1)i2<2i;1)—8(2‘—1)(21'—1).221'2

i—1

Sasti—s-n-s+ (7 ) =2 (1) o -2

s=0
Putting everything together, we conclude that
21—1

D(u) - B" = (3g — 3)![(8i — 8% — 2i)< .

) — (20 — 1)(6i — 8)2%7?]
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4.4. Conclusions (Proof of Theorem[1.1): We denote
5(#) = (39 — 3)' . (0)\ — b666 — blo/éé/ — bgamééam — b151 — bg_lég_l — bl;g_151;g_1 — - )

From the test curve computations we deduce we have the following system of equations

(3
2 —1 2 —1 2 —1 .
blcgl_(2i+2)-<li ) bgl_(m'—z)(Zi > b1_2i(4i+1)-<li )—6(21'—1)-2212

2 — 1
(8 — Ay — by1 — br.g_1 = (8% — 8i) - ( " ) and

7

. 2 —1
a—Ab)y — 4B 4 by = a — 12+ by_y =0, a—4bg—4bgam+b1_2.2212—2-<Z, >

(4 — 2)by — by = (8i® — 8i* — 2i) <2Z - 1) — (20 — 1)(6i — 8) - 222
(3

This is a solvable system of 8 equations in 7 unknowns. We compute the coefficients to be

127 4+100—-2 (2i-1 b 2% (2i—1
RV i )T e
22 +3i—1 (2i—1 43 (2i—1 :
pram _ . d b// — . —(3i—1)- 22172
0 2 — 1 < i )an 07 51 < i ) (Bi=1)
We remark that in Theorem [T} the contribution coming from the order of the 3g — 3 simple

branch points is not taken into account.

45. A divisorin Ry; ;1. For genus g = 2i+1and partition u = (2,...,2,-2,...,—2) of length g—1,
we can apply the same procedure to compute the divisor D(p). This is the divisor D; ;1.2 appearing
in [FL10]. By the method of test curves we deduce this divisor has the following coefficients:

1 (2 1 (2 i
= (3i+1), b = .-
“ 2i—1<z’> (Bi+1), by 21—1(@) 2’

1 (2 1 /20\ 2i+1
b//: L i2 bram: .
0 2i—1<z’) ERC 2i—1<z’> 1

As a consequence, we get the intersection D(y) - B*™ = (3g — 3)! - (%) - (22973 — 2) and by
describing explicitly the points and their multiplicity as in the proof of Proposition A.Tlwe deduce

Corollary 4.6. The degree of the map

0
H2i(2a sty 25 _23 ceey _2a _1a _1) — MQi,l
—— ———
i entries  ¢—1 entries

forgetting all but the last marking is equal to (2i)! - (2472 — 1).

We observe that the coefficient b of the divisor D(u) differs from the one computed in [FL10].
This happens because the map

¢ NH® Ago — Ai—11
used in [FL10] to compute this divisor degenerates above the locus Aj. We recall that fiberwise, ¢
is given over a point [X, 7] as
NHY(X,wx) ® H'(X,wx @n) = H'(X,AN"'Mx ® wk ®n)

where Mx is the Lazarsfeld vector bundle of wx and M|, denotes the Lazarsfeld vector bundle of
the line bundle L, as in [Laz89].
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If [C/z~y, ] is a generic point of Aj it follows that
NH(Cywe(z +y) @ H(C,we(z +y)) = HY(X, AT My gty @ wi (22 + 2y))
is not an isomorphism. We use the exact sequence
0 = AN'Myptzty@we(z+y) = NHY(Cywo(z+y)) @we(r+y) = AT My tary Qwé (224+2y) — 0
to deduce that h°(C, A" My, 444y @ wo(z +y)) and A (C, A Mg, 404y ® we(x + y)) are not 0.
Using Proposition 1.3.3 in [Laz89] regarding the Green-Lazarsfeld property (IV;—;) we deduce

Proposition 4.7. Let g = 2i and [C, x,y| a generic element in M o. Then wc(z + y) fails to satisfy the
property (N;_1).

While deriving this result using test curves is an interesting approach of Proposition 4.7} this
result is not new. It immediately follows from [AV03] Théoreme 0.3 and [Far17] Theorem 3.7.
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