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Recent data of the HADES Collaboration in Au+Au central collisions at √sNN = 2.4 GeV indicate large 
proton number fluctuations inside one unit of rapidity around midrapidity. This can be a signature of 
critical phenomena due to the strong attractive interactions between baryons. We study an alternative 
hypothesis that these large fluctuations are caused by the event-by-event fluctuations of the number of 
bare protons, and no interactions between these protons are assumed. The proton number fluctuations 
in five symmetric rapidity intervals �y inside the region �Y = 1 are calculated using the binomial 
acceptance procedure. This procedure assumes the independent (uncorrelated) emission of protons, and 
it appears to be in agreement with the HADES data. To check this simple picture we suggest to calculate 
the correlation between proton multiplicities in non-overlapping rapidity intervals �y1 and �y2 placed 
inside �Y = 1.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The investigation of the phase diagram of strongly interacting 
matter is today one of the important topics in nuclear and parti-
cle physics. Transitions between different phases are expected to 
reveal themselves as specific patterns in particle number fluctua-
tions in a vicinity of the critical point (CP) [1–6]. An even stronger 
signal can be expected from the mixed phase [7–9]. In particular, 
the deconfinement phase transition at large baryon density ended 
at the hypothetical QCD CP should yield large fluctuations of the 
conserved charges. This generally applies also to the better estab-
lished nuclear liquid-gas first order phase transition [10–14].

The particle number fluctuations can be characterized by the 
central moments, 〈(�N)2〉 ≡ σ 2, 〈(�N)3〉, 〈(�N)4〉, etc, where 〈...〉
denotes the event-by-event averaging and �N ≡ N − 〈N〉. The 
scaled variance ω, (normalized) skewness Sσ , and kurtosis κσ 2

of particle number distribution are defined as the following com-
binations of the central moments,

ω[N] = σ 2

〈N〉 = κ2

κ1
, (1)
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Sσ [N] = 〈(�N)3〉
σ 2

= κ3

κ2
, (2)

κσ 2[N] = 〈(�N)4〉 − 3〈(�N)2〉2

σ 2
= κ4

κ2
, (3)

where κn are the cumulants of the N-distribution. The size-
independent (intensive) measures of particle number fluctuations 
(1)-(3) are also applied to conserved charges such as net baryon 
number B and electric charge Q .

Having generally longer equilibration times [15,16], the fluctu-
ations of conserved charges are also thought to reflect properties 
of earlier stages of collision [5]. Studies of the higher-order fluctu-
ation measures are motivated by their larger sensitivity to critical 
phenomena [4,13,17–20]. Experimental studies of such fluctuation 
measures are in progress [21].

Total baryon number and electric charge are conserved event-
by-event. Therefore, actual fluctuations of conserved charges can 
only be seen in finite acceptance regions. An optimal choice of ac-
ceptance is important problem. If, on the other hand, acceptance is 
too small, the trivial Poisson-like fluctuations dominate [3,22–24]. 
The acceptance should be large enough compared to correlation 
lengths relevant for various physics processes [25,26].

The (net)baryon number fluctuations are expected to be an 
important signature of any critical phenomena. Because detect-
ing neutrons is problematic, in practice the (net)proton number 
distributions are studied. In central nucleus-nucleus collisions the 
(net)proton fluctuations are measured at different collision ener-
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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gies as a function of size of a rapidity interval �y. At high col-
lision energies fluctuations correspond to the Poisson distribution 
at small �y � 1 and they decrease monotonously with �y. An ex-
planation of this behavior was recently considered in Refs. [27,28]. 
The main physical effects suppressing the proton number fluctu-
ations are the global baryon number conservation and excluded 
volume repulsive interactions between protons.

Recently the HADES Collaboration data for proton number fluc-
tuations [29] were reported for 5% central Au+Au collisions at the 
center of mass collision energy of nucleon pairs 

√
sNN = 2.42 GeV. 

Note that at this small energy the antiproton production is negli-
gible. In contrast to the data at RHIC and LHC energies the HADES 
results demonstrate that the scaled variance for protons increases 
monotonously with �y from unity at �y � 1 to ω > 2 in the sym-
metric rapidity interval �Y = 1 in the center of mass system. The 
effects of baryon conservation and repulsion that appear to drive 
the behavior of proton number cumulants at high energies fail to 
describe the HADES data even qualitatively [30].

Large event-by-event fluctuations of proton number can poten-
tially be a signal of abnormal hadron matter equation of state. This 
possibility is discussed in Ref. [31], which requires strong correla-
tions among the emitted protons in the coordinate space, e.g., due 
to a possible presence of the CP in the baryon-rich regime. In the 
present paper we consider an alternative possibility when no in-
teractions between the detected protons are assumed.

The paper is organized as follows. In Sec. 2 we present the for-
mulas of the binomial acceptance procedure which connects the 
fluctuations measures in the finite acceptances with the corre-
sponding quantities in the full phase space. In Sec. 3 the HADES 
results are fitted within the binomial acceptance procedure. Con-
clusions in Sec. 4 closes the article.

2. Binomial acceptance procedure

To connect the fluctuations in different rapidity intervals we as-
sume that acceptance of particles is binomial, i.e. that each particle 
of a given type is accepted by detector with a fixed probability 
α [32,33]. This probability 0 ≤ α = 〈n〉/〈N〉 ≤ 1 equals the ratio 
of the mean number 〈n〉 of particles accepted in a fixed region 
of momentum space �y to the mean number 〈N〉 of particles of 
the same type in a “full” momentum space �Y . A full momen-
tum space does not necessarily mean complete 4π -acceptance. The 
sufficient condition for �Y is to fully encompass �y. The main as-
sumption of the binomial acceptance is that the probability α is 
the same for all particles of a given type and independent of any 
properties of a specific event. This assumption allows to relate the 
cumulants within a finite acceptance to their values in the larger, 
encompassing phase space.

Let the function P (N) be a normalized probability distribu-
tion for observing N particles of a given type in the “full” phase 
space. Assuming the binomial acceptance for particles, the proba-
bility p(n, α) to observe n particles detected in the finite α-region 
of the phase space is

p(n,α) =
∞∑

N=n

N!
n!(N − n)! αn(1 − α)N−n P (N)

≡
∞∑

N=n

B(N,n|α) P (N) . (4)

The scaled variance, skewness, and kurtosis of the accepted par-
ticles in �y ≤ 1 are then presented using the distribution (4) as 
follows [34]:

ωα[n] ≡ κ2[n|α] = 1 − α + αω[N] , (5)

κ1[n|α]

2

Fig. 1. (a): The HADES rapidity distribution are presented by symbols and solid line 
shows the gaussian fit (8). (b): Acceptance α-parameter for the HADES data as a 
function of the rapidity interval �y calculated using Eq. (9).

Sσα[n] = κ3[n|α]
κ2[n|α] = ω[N]

ωα[n]
{
α2 Sσ [N] + 3α(1 − α)

}

+ 1 − α

ωα[n] (1 − 2α) , (6)

κσ 2
α [n] = κ4[n|α]

κ2[n|α] = ω[N]
ωα[n]

{
α3κσ 2[N]

}
(7)

+ ω[N]
ωα[n] (1 − α)

{
6α2 Sσ [N] + α(7 − 11α)

}

+ 1 − α

ωα[n] {1 − 6α(1 − α)} ,

where ω, Sσ , and κσ 2 correspond to acceptance interval �Y
and are given by Eqs. (1)-(3). Note that acceptance parameter α
does not depend on the total particle multiplicity N in each single 
event.

At α → 1 in Eqs. (5)-(7), one evidently finds ωα[n] → ω[N], 
Sσα[n] → Sσ [N], and κσ 2

α [n] → κσ 2[N], i.e., the binomial accep-
tance results approach those in the full rapidity region �Y = 1. In 
the opposite limit, α → 0, the cumulant ratios are Poissonian, and 
ωα[n], Sσα[n], κσ 2

α [n] → 1.

3. HADES results for proton number fluctuations

To describe the proton number fluctuations in Au+Au central 
collisions at 

√
sNN = 2.42 GeV as measured by the HADES Col-

laboration we use the binomial acceptance procedure outlined in 
Sec. 2. The HADES data for ω, Sσ , and κσ 2 measured at 5% 
central collisions are presented for 6 symmetric rapidity intervals 
�y = 0.1, 0.2, 0.4 , 0.6, 0.8, and �Y = 1 in the center of mass 
system. A transverse momentum cut 0.4 < pT < 1.6 GeV/c was ap-
plied. In what follows we view the largest rapidity interval �Y = 1
as a “full” phase space. The quantities ω[N], Sσ [N], and κσ 2[N]
for this rapidity interval are then considered as values in the full 
space (1)-(3). They are the input parameters for the binomial ac-
ceptance formulas (5)-(7).

The first step of the binomial acceptance procedure is calculat-
ing the corresponding α-probabilities for different rapidity inter-
vals. In Fig. 1 (a) the preliminary HADES data of the proton rapidity 
distribution for 10% most central Au+Au collisions [35,36] are pre-
sented in the rapidity interval �Y = 1. We fit these data by the 
gaussian distribution

dN

dy
= C exp

[
− y2

2a2

]
, (8)

with two parameters C = 90/
√

2πa2 and a = 0.62 which estimate 
the height and the width of the distribution. For any �y ≤ 1 one 
defines the α-probabilities as
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Fig. 2. Scaled variance (a), skewness (b), and kurtosis (c) of proton number distribution as functions of the rapidity interval �y. The HADES data are shown by the symbols. 
The line corresponds to the binomial acceptance formulas (5)-(7). The blue bands represent uncertainties due to HADES data errors in the �Y = 1 rapidity interval.
α =

�y/2∫
−�y/2

dy dN/dy

1/2∫
−1/2

dy dN/dy

. (9)

The acceptance parameter α as a function of �y is shown in 
Fig. 1 (b). We checked that the binomial acceptance parameter 
α = α(�y) presented in Fig. 1 (b) remains essentially unchanged 
when 5% centrality selection and additional pT restrictions are 
used for the analysis of the proton number distribution.

The scaled variance ωα[n], skewness Sσα[n], and kurtosis 
κσ 2

α [n] of proton number distribution as functions of �y are 
shown in Fig. 2. One can see that the binomial acceptance proce-
dure gives a good agreement with the HADES data for all �y < 1. 
Thus, knowledge of “global” cumulants (in the rapidity interval 
�Y = 1) is sufficient to restore the corresponding values for any 
�y < 1, and no “local” correlations between protons within �Y
are observed.

To find the signatures of these global fluctuations we sug-
gest calculating the correlation function for two arbitrary non-
overlapping rapidity regions �y1 and �y2, both inside the sym-
metric interval �Y = 1, with 〈N〉 being the average number of 
protons inside the interval �Y = 1 (see Appendix):

ρ(n1,n2) ≡ 〈N〉 〈n1n2〉 − 〈n1〉〈n2〉
〈n1〉〈n2〉 = ω[N] − 1 . (10)

Equation (10) demonstrates the universal positive, as ω[N] > 1, 
correlations between n1 and n2. These correlations are indepen-
dent of both the sizes of �y1 and �y2 and of their locations inside 
the rapidity interval �Y = 1. Note that for ω[N] = 0 these correla-
tions would be negative and equal ρ = −1 as a consequence of the 
global N-conservation in the �Y = 1 interval. The negative values 
−1 ≤ ρ ≤ 0 correspond to small N-fluctuations with 0 ≤ ω[N] ≤ 1. 
It would be interesting to check the relation (10) from the HADES 
data.

4. Conclusions

The binomial acceptance procedure describes the scaled vari-
ance, skewness, and kurtosis of proton number distribution mea-
sured recently by HADES Collaboration in 5% central Au+Au colli-
sions at 

√
sNN = 2.42 GeV in multiple rapidity intervals. Binomial 

acceptance formulas connect the observed large proton number 
fluctuations in the rapidity interval �Y = 1 with the observed pro-
ton number fluctuations. This is consistent with the absence of 
local correlations between proton momenta inside the rapidity in-
terval �Y = 1.

The existing HADES data show large non-gaussian fluctuations 
of the number of protons within the rapidity interval �Y = 1. 
3

These large fluctuations can be due to anomalies in the equation of 
state of matter created in the collision which manifest themselves 
as local interproton correlations in the coordinate space. However, 
large fluctuations can also emerge due to some global external rea-
sons which are valid even for a system of non-interacting particles.

An evident reason for the global proton number fluctuations 
could be event-by-event fluctuations in the number of nucleon 
participants. One should exclude this trivial source of event-by-
event fluctuations. At small collision energies this is not an easy 
task as there are no clear criteria to distinguish between the spec-
tator and participant nucleons. Indeed, at the considered collision 
energy the projectile and target rapidities are approximately ±0.74
which is not far away from the kinematically accepted region 
�Y = 1 for the proton number fluctuations. The HADES data are 
corrected for volume fluctuations [29]. However, additional studies 
in this direction would be helpful.

Another complication at the collision energy this low is the 
significant presence of light nuclear fragments in the final state. 
The existence of a large fraction of baryons in the form of nuclear 
fragments can generate large fluctuations of the number of bare 
protons. Finally, collective flows of baryons at low collision ener-
gies appear to be rather small which causes a problem to transfer 
the particle correlations from coordinate to momentum space.

An interesting consequence of the picture with the global pro-
ton number fluctuations and no local correlations between proton 
momenta is a universal form (10) for the correlations of multi-
plicities in two arbitrary non-overlapping rapidity intervals �y1
and �y2, both inside the rapidity region �Y = 1. The relation 
(10) can be checked using the existing HADES data for protons at √

sNN = 2.42 GeV.
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Appendix A. Derivation of Eq. (10)

Let �y1 and �y2 be the non-overlapping rapidity regions, both 
inside the interval [−0.5, 0.5], containing n1 and n2 particles, re-
spectively. The number of particles N in the interval [−0.5, 0.5]
is described by the probability distribution P (N). For uncorrelated 
particles the particle number distribution P (n1, n2; N) can be pre-
sented in the following form:

P (n1,n2; N) = P (N)B(N,n2|α2)B(N − n2,n1|α1) , (A.1)

where α1 = 〈n1〉/(〈N〉 − 〈n2〉) and α2 = 〈n2〉/〈N〉. Using Eq. (A.1)
one then finds

〈n1n2〉 =
∑

N

∑
n1,n2

n1n2 P (n1,n2; N)

= 〈n1〉〈n2〉
(

1 + ω[N] − 1

N

)
. (A.2)
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