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ABSTRACT

Tail-correlation matrices are an important tool for aggregating risk measurements across risk cate-
gories, asset classes and/or business segments. This paper demonstrates that traditional tail-correlation
matrices—which are conventionally assumed to have ones on the diagonal—can lead to substantial bi-
ases of the aggregate risk measurement’s sensitivities with respect to risk exposures. Due to these biases,
decision-makers receive an odd view of the effects of portfolio changes and may be unable to identify the
optimal portfolio from a risk-return perspective. To overcome these issues, we introduce the “sensitivity-
implied tail-correlation matrix”. The proposed tail-correlation matrix allows for a simple deterministic
risk aggregation approach which reasonably approximates the true aggregate risk measurement accord-
ing to the complete multivariate risk distribution. Numerical examples demonstrate that our approach is
a better basis for portfolio optimization than the Value-at-Risk implied tail-correlation matrix, especially

Risk aggregation
Tail correlation
Portfolio optimization

if the calibration portfolio (or current portfolio) deviates from the optimal portfolio.

© 2021 The Authors. Published by Elsevier B.V.
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1. Introduction

Tail-correlation matrices offer an approach to aggregate risks in
a simple deterministic manner. The correlation-based risk aggrega-
tion is employed in various contexts, including the calculation of
regulatory capital requirements or a firm’s economic capital. Re-
garding a n-risks-portfolio, the approach starts from n univariate
risk measurements, which are collected in a vector x € R". Then,
a n x n-matrix R of correlation parameters is used to calculate the
aggregate risk measurement as

v XTRx (1)

The approach in line (1) is employed in the Solvency Il standard
formula, which is used to determine the regulatory capital require-
ment for most insurance companies in the European Union (EU).
Apart from the EU, the approach (1) is used in insurance regula-
tion in the United States (“Risk-Based Capital”), China (“C-ROSS”)
and the International Capital Standard. In the banking industry, the
approach is referred to as the variance-covariance approach and
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is popular in banks’ internal risk assessments (Mathur, 2015, pp.
272-274; li et al., 2015). Moreover, the approach can be used for
investment portfolio optimization (Mittnik, 2014). Structurally, the
calculation of the portfolio risk using (1) mimics the calculation of
the standard deviation of portfolio risk. Hence, portfolio selection
problems in connection with the risk measurement in (1) can be
studied analogously to those of the mean-variance framework of
Markowitz (1952).!

Using correlation parameters derived from the covariance ma-
trix, approach (1) can guarantee an exact aggregation of risk mea-
surements only if risks follow a multivariate elliptical risk dis-
tribution (McNeil et al.,, 2015, pp. 295 ff.). If risks exhibit heavy
tails or non-linear dependencies,? the aggregate risk measurement

T Apart from investment portfolio optimization, the mean-variance frame-
work has been employed in an insurance context. For example, Eckert and
Gatzert (2018) identify an insurer’s optimal risk-return combination against the
background of policyholders’ willingness to pay depending on the insurer’s solvency
level. Braun et al., 2017 investigate insurers’ asset allocations in a mean-variance
framework when they face a regulatory capital requirement determined by the Sol-
vency II standard formula. Braun et al., 2017 find that the standard formula tends
to promote inefficient portfolios over efficient ones.

2 Empirical evidence indicates that correlations between asset returns are
higher during periods of (stressful) downside moves, cf. Longin and Solnik, 2001,
Campbell et al., 2002 and Ang and Chen, 2002. In addition, risk types such as oper-
ational risks or non-life insurance risks follow more heavily tailed distribution, see
for example Bernard et al., 2018.

0378-4266/© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)


https://doi.org/10.1016/j.jbankfin.2021.106333
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jbf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jbankfin.2021.106333&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:joachim.paulusch@ruv.de
mailto:sebastian.schluetter@hs-mainz.de
https://doi.org/10.1016/j.jbankfin.2021.106333
http://creativecommons.org/licenses/by/4.0/

J. Paulusch and S. Schliitter

based on (1) can substantially differ from the “true” result in ac-
cordance with the complete multivariate risk distribution (Li et al.,
2015; Pfeifer and Strassburger, 2008).> To eliminate this bias and
in connection with the risk measure Value-at-Risk (VaR), so-called
VaR-implied tail-correlations have been proposed (Campbell et al.,
2002; Mittnik, 2014). According to European Insurance and Occu-
pational Pensions Authority (EIOPA) (2014, p. 9), the risk aggrega-
tion in the Solvency II standard formula has been calibrated based
on VaR-implied tail-correlations.

Chen et al, 2019 empirically study the sensitivities of the
correlation-based risk aggregation approach with regard to the
regulatory Risk-Based Capital (RBC) for US insurance companies,
which is referred to as the “square-root formula” in this context.*
The authors find that the insurers’ optimal investment policy is
driven by marginal capital requirements, i.e. by sensitivities of the
aggregate capital requirement with respect to the size of univari-
ate risks. Moreover, the authors demonstrate that the square-root
formula has understated the marginal capital requirement of fixed-
income investments and has thereby incentivized insurers to in-
crease those investments. The insurers’ overall risks have thus in-
creased.

Our paper elaborates on the observations of Chen et al., 2019 in
a stylized set-up. We demonstrate that the sensitivities of approach
(1) can be substantially biased if R is a traditional tail-correlation
matrix with ones on the diagonal, even if the calibration of R is
conducted based on the complete multivariate risk distribution.

To make the correlation-based risk aggregation approach a suit-
able basis for portfolio management decisions, we propose taking
a different view of matrix R. We show that for elliptical distribu-
tions, the entries of R globally coincide with the second-order par-
tial derivatives of the squared aggregate risk measurement with re-
spect to changes in the risk measurements of the univariate risks.
For general distributions, these second-order partial derivatives
uniquely define a symmetric matrix. We show that approach (1) in
connection with this “sensitivity-implied tail-correlation matrix” ap-
proximates the true aggregate risk measurement in the sense of a
second-order Taylor polynomial: hence, for the calibration portfo-
lio, it yields the aggregate risk and all first and second-order sen-
sitivities with respect to risk exposures in line with the respec-
tive results based on the true risk distribution. The deterministic
risk aggregation approach (1) thereby accurately reflects diversifi-
cation effects and how diversification changes when the portfolio
is changed in a neighborhood of the calibration portfolio.

Our method locally approximates the true risk measurement
at the calibration portfolio, but can misstate the risk of portfo-
lios distant from the calibration portfolio. We demonstrate that the
diagonal elements of the matrix R inform about the approxima-
tion error of approach (1) for stand-alone risks. For non-elliptical
distributions, the diagonal elements of the sensitivity-implied tail-
correlation matrix can substantially deviate from one, and the ma-
trix can hence cause a misstatement of stand-alone risks.

To analyze the implications of the calibration of the matrix R
for portfolio optimization and business steering, we consider an
example of a multiline-insurance company whose objective is the

3 In addition, Christiansen et al., 2012 estimate correlation coefficients between a
life insurer’s different types of biometric risks. The authors find that the correlation-
based risk aggregation in connection with the estimated correlation coefficients
leads to a conservative assessment of the aggregate risk. Breuer et al., 2010 study
banks’ summation of the regulatory capitals for market risks and credit risks—which
can be viewed as a special case of (1) with R including only ones. The authors find
that the summation is not necessarily conservative.

4 More precisely, Chen et al., 2019 consider property and casualty insurance com-
panies. For these insurers, the RBC includes six risk categories, such as stock risk,
underwriting risk and reserving risk. Five of the risk categories are assumed to be
uncorrelated and one of them (affiliated investments) is added up on the result of
the square-root formula.
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maximization of Economic Value Added (EVA) in connection with
the risk measure 99.5% VaR. As a basis of comparison, we iden-
tify the “true” EVA-optimal strategy by calculating the risk mea-
sure based on the true multivariate risk distribution. Afterwards,
we derive the EVA-maximizing strategy if the correlation-based
risk aggregation approach is used in connection with either a tra-
ditional tail-correlation matrix or our proposed sensitivity-implied
tail-correlation matrix. We find that the use of a traditional tail-
correlation matrix induces a strategy which achieves a reduced
EVA and goes along with a lower safety level than the true EVA-
optimal strategy. In combination with the sensitivity-implied tail-
correlation matrix, these distortions are very small, even if the cal-
ibration portfolio of the sensitivity-implied tail-correlation matrix
clearly differs from the true EVA-optimal portfolio.

The remainder of this paper is structured as follows.
Section 2 introduces the “sensitivity-implied tail-correlation” ma-
trix and discusses its properties and calibration. Section 3 provides
an overview of traditional tail-correlation matrices. Section 4 pro-
vides numerical examples including an analysis in terms of EVA
optimization. Section 5 concludes and outlines possible areas of
application of the sensitivity-implied tail-correlation matrix.

2. Introducing the sensitivity-implied tail-correlation matrix
2.1. Mathematical background

The mathematical core of the sensitivity-implied tail-correlation
matrix is the observation that for any function f(u) which is pos-
itive homogeneous of degree one and twice continuously differen-
tiable, the second-order Taylor polynomial for f2(u) can be pre-
sented in a simple matrix form.>

Theorem 1. Let n € N, U € R" be an open and convex cone, and the
function f : U — R be twice continuously differentiable in a neighbor-
hood of ug € U. Assume that f(u) is positive homogeneous of degree
one on U, i.e.

fOQu)=XA-f(uwforallA>0and allueU
Then
f2:U—> R u- (fu))?

is positive homogeneous of degree two. Let Df2(uy) and D?f2(ug)
denote the gradient and Hesse matrix of f%(u) with respect to u eval-
uated at ug. Then, the second-order Taylor polynomial for f% at uy,

P (u) = f2 (o) + (u — ug)" - D2 (up)
+3(u—up)" - D*f2(uo) - (u - up)

can be rewritten as
1
Pr(w) =u"- 5D*f*(up) -u
and is positive homogeneous of degree two.

Let f(ug) > 0. Thanks to Theorem 1, the original function f(u)
can be approximated at the point ug by the function

g) = /P (@) =\ JuT - 2D () -

The approximation yields g(ug) = f(ug), and all first and second-
order derivatives of g and f coincide at uy. Moreover, the function
g(u)—like f(u)—is positive homogeneous of degree one. The latter
property of g(u) is in general not fulfilled by the straightforward
second-order Taylor polynomial for f(u).

5 Throughout the article, we call the argument of the function f u instead of x,
which is merely for better presentation in line with the literature, specifically with
Tasche (2008) and Buch et al., 2011.
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The remainder sz W) = f2(u) - sz (u) allows an assessment of
the approximation error of g(u) in terms of

fw) —g) = Rp(u) +g*(u) — g(u) (2)

provided |Rf2 (u)| < g?(u) which can be guaranteed in a neighbor-
hood of ug.% Proposition 1 shows that—by homogeneity—the anal-
ysis of Rp (u) may be restricted to a unit sphere, i.e. an (n—1)-
dimensional submanifold of U.

Proposition 1. Under the definitions and assumptions of Theorem
1, the remainder Rp2 W) = f2(u) — Pp (u) is positive homogeneous of
degree two. Assume n > 2 and let

U = {u e U such that |ju]| =1}

be the intersection of U and a unit sphere with respect to some norm
I.Il. Then for any u € U\{0\}, we have

Ry (1) = [|u]? .sz<ﬁ>

with ﬁ eU.

As an alternative to analyzing Rp2 (u) on a unit sphere, one
could identify the set U* = {u € U such that f(u) = f(up)}, which
is an (n — 1)-dimensional submanifold under suitable conditions
on f. Each u* e U* allows an assessment of f(Au*) =Af(u*) =
Af(ug) for all A >0 and the remainder at Au* is hence known.
In total, the challenging task is either to identify the remainder (or
thresholds of it) on a unit sphere or to identify the submanifold
U*.

2.2. Translation to a risk measurement context

Suppose the loss of a portfolio over a specified period of time
is given by

n
u'xX =) u;- X, (3)
i=1

where neN denotes the number of relevant risks, X =
(X1, ...,Xn)T is a random vector with E[X;] < oo for alli e {1,...,n}
and the vector u = (uy, ..., un)T € R reflects the exposures to each
risk. Going forward, we assume that the multivariate distribution
of X is fixed and that the variable u fully specifies the portfolio.”
Moreover, in line with Tasche (2008), we assume that the X; are
scaled such that the coordinates u =1, = (1,...,1)T reflect the
current portfolio. Following the notation in Tasche (2008), the
function f, x measures the “true” aggregate risk of portfolio u,

fg‘x U - R,
U= (Uy,....un) = fox()=o(u'X),

with o being a risk measure which is positive homogeneous of
degree one and 1, € U C R".3 Let e, € R" denote a vector which

(4)

6 For error estimation, it is common to consider the term |f(u)—g(u)|.
Eq. (2) immediately implies that the absolute values of both sides of the equation
coincide.

7 The assumption of a linear relationship between the portfolio return and the
exposure vector u is popular in the related literature, for example Gourieroux et al.,
2000; Zanjani (2002); Tasche (2008); Buch et al., 2011; Mittnik (2014). An approach
to generalize the relationship is presented by Boonen et al., 2017.

8 Following McNeil et al. (2015, p. 275 ff.), consider a probability space (2, F, P),
let £°(2, F, P) be the set of all random variables on (€2, F, P) that are almost surely
finite, and consider a linear space of random variables M c £°(2, F,P). A risk
measure is a mapping o : M — R. Axioms on ¢ are defined as follows. Positive
homogeneity: for A >0, 0(AL) = Ao(L). Monotonicity: for Ly <Ly, 0(L) < o(Ly).
Translation invariance: for m € R, o(L + m) = o(L) + m. Subadditivity: for Ly,L; €
M, o(Ly +Ly) <o(Ly) +0(Ly). Convexity: for 0 <y <1,Ly,L e M,o(yL; +(1—
y)Ly) <yo(L1) + (1 —y)o(Ly). Law invariance: if Ly, L, € M have the same distri-
bution functions, o (L) = o(L,). A risk measure satisfying the positive homogeneity,
monotonicity, translation invariance and subadditivity axioms is called coherent.
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takes the value one at the k-th position and zero elsewhere. As-
suming that e, € U, let x € R" be the univariate risk measurements
in accordance with o, namely

Xk:fQ.X(ek):Q(Xk), k=1,....n (5)

The function g measures the aggregate risk of portfolio u based on
the risk aggregation approach (1), depending on the risk measure-
ment x and the matrix R = (Q,-j)?_j=1 e R™M:;

giu=(uy,....u)" > g(u) =/ (Uox)"R(uox), (6)

where o denotes the Hadamard product, ie. uox=
(U1X1, ..., upxn)T € R". For the case of fox(u) being twice
continuously differentiable,® Proposition 2 states that g(u) lo-
cally approximates f, x(u) if R is chosen based on second-order
sensitivities of fé,x (u).

Proposition 2. Let ¢ be a risk measure which is positive homoge-
neous of degree one and let X = (X,...,X,)T be a random vector.
Let U € R" be a convex cone with 1,,eq,...,e, € U. Assume that the
function f, x (u), as defined in formula (4), is twice continuously dif-
ferentiable in a neighborhood of 1, and f, x (1n) > 0. Let x € R" be
defined as in (5) and assume that x, > 0 for all k=1, ...,n. Then,
the matrix R = (,ou);zj:1 defined by

12,

Pre = mmfg‘x(]ln) (7)
1 af ,X(ln) 8f ,X(]ln) 82
= Xk"z( Qauk gaul +fQ'X(1n)3uk3ung’X(]ln)) (8)

is symmetric. In combination with this matrix R, let the function g be
given as in (6). Then, g(u) is defined in a neighborhood of 1,. g2(u) =
(g(u))? is the second-order Taylor polynomial for fé.x (u). Moreover,
we have

g(]ln) = fg,X(ln)v (9)
ng n) = TU( oxn), <{<n,

02 32
Wg(ﬂn) = mfg,x(lln), 1<k t<n (11)

We call the matrix R, whose entries are defined in (7), the
“sensitivity-implied tail-correlation matrix”. In connection with
this matrix R, g(u) approximates f, x(u) in the sense that it cor-
rectly determines the aggregate risk of the current portfolio, the
sensitivities of the aggregate risk with respect to the exposures of
all risks (starting at the current portfolio)!® as well as the corre-
sponding second-order sensitivities with respect to all combina-
tions of risks.

The terms in line (8) have been studied in the literature. First-
order derivatives of Value-at-Risk and Expected Shortfall (ES) can
be viewed as expectations conditioned on the rare event that the
aggregate portfolio loss coincides with the Value-at-Risk (or ex-
ceeds it in case of Expected Shortfall).! Analogously, the Hesse
matrix of the Value-at-Risk can be presented in terms of the

9 Differentiability of f,x is commonly assumed in the context of Euler capital
allocation, for example in Tasche (2008). Moreover, using second-order derivatives
can be essential in the context of portfolio optimization, cf. Buch et al., 2011.

10 The first-order sensitivities are also known as the Euler capital allocation prin-
ciple, cf. Tasche (2008).

1 This applies under quite general conditions concerning the multivariate risk dis-
tribution; (Targino et al., 2015, p. 209) provide an overview.
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covariance matrix of risk drivers conditioned on the rare event
(Gourieroux et al., 2000, p. 229). Therefore, the sensitivity-implied
correlation parameter py, is driven by the interaction of risks con-
ditioned on (tail) events that are relevant for the aggregate risk
measurement. In general, p,, is not determined solely by the bi-
variate distribution of the random variables X, and X,, but rather
depends on the joint distribution of the whole random vector X.

In connection with the sensitivity-implied tail-correlation ma-
trix, g2(u) is the second-order Taylor polynomial of fg‘x(u). There-
fore, there are well-elaborated methods for estimating the Taylor
remainder which can help to assess the error between g(u) and
fox (). Making use of Proposition 1, Appendix I demonstrates a
possible procedure for n = 2 risks. For large n, the error estimation
comes up against the challenge that a threshold for a large number
of third-order derivatives of fé,x(”) is needed.

2.3. Examples

A. Risk measure is standard deviation
Assume that risk is measured by the standard deviation:

n
Jox () =sd Zui - Xi
i1

denote the covariance matrix and Pear-

n
Let X and Rp = (pi(jp))

i, j=1
son correlation matrix of the random vector X = (X;,...,Xy)T, and
let x=0 = (sd(X),...,sd(Xy))T denote the vector of univariate

standard deviations. Assume that all these moments exist. We
have

fox(@) =VuT- 2 u=/(uoo)T-Rp- (o0)
=/ (WoX)T-Rp- (uox)

- (12)
and hence

n n
2x W) = ZZpi(].”)uixiujxj (13)

i=1 j=1
Differentiating the left-hand and right-hand sides of Eq. (13) with
respect to uy, k € {1, ..., n}, implies
9 1 (u) = 2x ; Py x; (14)
FuJox W) = kzpkj iXj

j=1

Differentiating both sides of Eq. (14) again with respect to uy, ¢ €
{1,...,n} implies

02 P
Wf;_x (u) = 2Xl<xz,0,£[ )

w_ 1 09 o

= pk@ - 2XkX( aukﬁug Q"X(U) (15)
Hence, in the outlined situation, all entries of the sensitivity-
implied tail-correlation matrix coincide with those of the Pearson
correlation matrix, irrespective of the multivariate risk distribution.

B. Multivariate elliptical distribution

Assume that the random vector X = (Xi, ..., X;)T follows an el-
liptical distribution with a finite mean vector and dispersion ma-
trix ¥ = (0"1'):1—1' Moreover, assume that

fox(u) = o(u"X) = o(u"X) - E[u"X] (16)
with ¢ being a positive homogeneous, translation-invariant and
law-invariant risk measure. McNeil et al. (2015, pp. 295) show
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that f, x(u) can be presented analogous to line (12). If the co-
variance matrix of X exists, the sensitivity-implied tail-correlation
matrix coincides with the Pearson correlation matrix. In general,
the entries of the sensitivity-implied tail-correlation matrix are
Pre = Oe//TricOee-">

C. Independent gamma distributions and multivariate mixed
gamma distribution

We now outline situations in which the sensitivity-implied tail-
correlation matrix can be calculated without Monte Carlo simula-
tions, but instead in a way which is numerically less elaborate and
not subject to sampling error.

Assume that the entries of the random vector X = (X1, ..., Xn)T
are independent and gamma distributed with shape parame-
ter ; >0 and rate parameter ¥; > 0. If all rate parameters are
equal, 91 =... =¥, =: ¥, the aggregate loss Y ; X; is gamma dis-
tributed with shape parameter y; +...+ yn and rate parameter
¥. For the case that the rate parameters are not all the same,
Moschopoulos (1985, p. 543) provides an analytical representation
of the distribution function of X, which we denote by

EcX) =F+ (X v, ..oy Yn, U1, ..., D) (17)

For scalars u; > 0, the product u;-X; is gamma distributed with
shape parameter y; and rate parameter ¥;/u;. Hence, the distribu-
tion function of uT™X = "I ; u;X;, with u; > 0 for all i, is given by
.o, Un/up) (18)

FuTX(X) = Fr+(X; Yis---s Vn, l?]/U], .

If the risk measure o is law-invariant, line (18) offers a starting
point for calculating the sensitivity-implied tail-correlation matrix.
Specifically, the Value-at-Risk of uTX,

VaR;_ (u'X) = Fr3 (1 — ), (19)

can be calculated by inverting Fry(x) from line (18) numerically
using the Newton method. First and second-order derivatives of
VaR{_q (Z}L] uiXi) with respect to scalars u; can also be calculated
numerically.

Furman et al,, 2020 introduce the class of multivariate mixed
gamma distributions. This class of distributions is dense in the
class of all continuous distributions with non-negative support.'?
Hence, mixed gamma distributions are flexible in terms of the
shape of the univariate distributions and the stochastic dependen-
cies between them. Appendix D demonstrates that the distribution
function of uTX has an analytical representation if the random vec-
tor X is mixed gamma distributed. Hence, the calculation of a law-
invariant risk measure and its sensitivities is again possible with-
out Monte-Carlo simulations.

2.4. Properties of the sensitivity-implied tail-correlation matrix

Apart from the situations in the examples A and B from
Section 2.3, the sensitivity-implied tail-correlation matrix does not
necessarily satisfy the properties of the Pearson correlation matrix.

Firstly, the sensitivity-implied matrix is not always positive
semi-definite (psd). If it is not psd, there are exposure vectors u
such that (u ox)TR(u o X) is negative, and g(u) is hence not defined
in real numbers. Apart from this issue, the missing psd’'ness may
result in optimization problems involving g(u) in the target func-
tion not being convex. Section 4.3 shows a situation in which di-
versification based on the true multivariate risk distribution does
not necessarily increase value. In this situation, the sensitivity-
implied matrix is not psd and the optimization problem is not

12 McNeil et al. (2015, p. 200-205) discuss estimating these quantities.

13 More precisely, for any random vector in the class of continuous distributions
with non-negative support, a sequence of mixed gamma distributed random vectors
can be constructed which converges in distribution to the given random vector.
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convex—neither on the basis of the function f, x (1) nor on the ba-
sis of g(u). Proposition 3 shows that the psd’'ness of the sensitivity-
implied matrix can be guaranteed by the risk measure satisfying
the convexity axiom as defined in footnote 8.

Proposition 3. Under the assumptions and definitions in Proposition
2, the matrix R with entries defined in (7) is positive semi-definite if
the risk measure o satisfies the convexity axiom.

Given that we generally assume the risk measure to be pos-
itive homogeneous, the convexity axiom is always fulfilled if the
risk measure is coherent.' Hence, the sensitivity-implied matrix is
always psd in connection with the risk measure Expected Short-
fall’> or Gini Shortfall (GS) with loading parameter A € [0,0.5]
(Furman et al, 2017, p. 74 f.). Consequently, in Section 4.3, the
sensitivity-implied matrix is indefinite in connection with Value-
at-Risk, but psd in connection with ES and GS.

Secondly, in contrast to the Pearson correlation matrix,
the sensitivity-implied tail-correlation matrix does not gener-
ally have ones on its diagonal. Appendix F provides an exam-
ple based on a discrete distribution where the diagonal ele-
ments of the sensitivity-implied matrix can become arbitrarily
large. Even negative diagonal entries are possible, as the exam-
ple in Section 4.3—building on the mixed gamma distribution—
demonstrates. Proposition 4 states a sufficient condition for the di-
agonal elements being one.

Proposition 4. Under the assumptions and definitions in Proposition
2, assuming that f, x (u) is twice continuously differentiable on U, the
entries of the sensitivity-implied tail-correlation matrix satisfy

92 2
upzJox (1n)

(20)
%f;qx (ex)

Prk =

Hence, we have py, =1 for all ke {1,...,n} if fgzvx(u) is quadratic

in u on some open and convex subspace U € R" containing 1, and e,
forallk=1,....,n

The next Proposition shows that the distance between the di-
agonal elements and one informs about the relative error between
g(u) and f, x(u) for stand-alone risks.

Proposition 5. Based on the definitions in lines (4) and (6), assuming
that f, x(ex) > 0, we have

fg,x (ex) — g*(ex)

=1- 21
924)( (ek) Pkk ( )

Assuming py, > O, this translates into

fQ,X (ek) - g(ek)
fQ,X (ek)

Proposition 5 is not restricted to the sensitivity-implied tail-
correlation matrix, as it holds for any matrix R underlying the
function g(u). Hence, the traditional notion of the diagonal ele-
ments of a tail-correlation matrix being one refers to g(u) accu-
rately reflecting stand-alone risks. Based on the sensitivity-implied
matrix, g(u) can reflect stand-alone risks with an error that can
even become arbitrarily large (cf. Appendix F).

=1- o (22)

14 Cf. McNeil et al. (2015, p. 276).

15 0n the coherence of ES, see Acerbi and Tasche, 2002. The authors propose a
definition of ES according to which the risk measure is coherent even for loss dis-
tributions with discontinuities. For continuous loss distributions, their definition co-
incides with most alternative definitions of ES.
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2.5. Estimation

Estimating the sensitivity-implied tail-correlation matrix in sit-
uations other than the examples in Section 2.3 can be based on
kernel estimation. The literature proposes consistent estimators
for the first-order derivatives of Value-at-Risk (Tasche, 2009, p.
584) and Expected Shortfall (Scaillet, 2004, p. 118 f.). Similarly,
Gourieroux et al., 2000 derive consistent estimates for a portfo-
lio’s Value-at-Risk and its second-order derivatives, which the au-
thors apply for daily stock return data. At least for Value-at-Risk,
therefore, all items in line (8) can be consistently estimated. Slut-
sky’s theorem (cf. Casella and Berger, 2002, p. 239 f.) implies that
the composition of consistent estimators in terms of line (8) pro-
vides a consistent estimator for p,,. Appendix ] applies the pre-
viously mentioned kernel estimators to the example specified in
Section 4.2.

The literature proposes a wide range of variance reduction tech-
niques in the context of estimating expectations conditioned on
rare events (i.e. first-order derivatives) from Monte-Carlo simula-
tions. Several papers estimate marginal risk contributions for credit
portfolios which are subject to systematic risk factors by employ-
ing Importance Sampling (Glasserman, 2005), kernel estimation
in combination with Importance Sampling (Tasche, 2009), or the
Fast Fourier Transform technique for risk aggregation (Siller, 2013).
Targino et al,, 2015 employ Sequential Monte Carlo simulation to
estimate the Euler capital allocation of a portfolio with stochas-
tic dependencies being modeled by a copula. To efficiently es-
timate the sensitivity-implied tail-correlation matrix, the above-
mentioned kernel estimators use the conditioned covariance, i.e.
the expectation of products of random variables. To the best of our
knowledge, an algorithm designed to address this problem is not
immediately available and is left for future research.'®

3. Traditional tail-correlation matrices

Traditionally, a tail-correlation matrix is assumed to be a sym-
metric matrix with ones on its diagonal. For n =2 risks and
risk measurements x; > 0,x, > 0, there is only one free corre-
lation parameter p;, which is to be set such that approach
(1) correctly determines the aggregate risk of the current portfo-
lio (Campbell et al., 2002, p. 89):

8(12) = fox(12)
= X2 4201 X1% + %5 = (fg.x(Ilz))2

2
(fox(12))” —x3 —x3
= P12 = 2%, (23)

For n > 3 risks, Mittnik (2014, p. 70 f.) proposes defining the ma-
trix R based on a set of ¢ benchmarking portfolio weight vectors
W1, ..., W, € R", assuming that R is symmetric with ones on the
diagonal. The %’1) free correlation parameters in R can be deter-
mined in light of the errors

F2 5 (W) — g2 (W) (24)

for the benchmark portfolios wy, k=1, ..., ¢. Mittnik (2014, p. 70
f.) shows that the term in (24) is linear in the correlation parame-
ters p;;. For ¢ =n(n—1)/2, the correlation parameters can be de-
termined such that the risk assessments of g(u) and f, x(u) co-
incide for all benchmark portfolios and the identification is called
“exact”. For ¢ > n(n—1)/2, there are more benchmark portfolios

16 To enhance the efficiency of kernel estimation, Epperlein and Smillie (2006, p.
71) and Tasche (2009, p. 584) use an adjustment to ensure that the Euler allocation
adds up to f, x(15). In our context, an additional restriction about the row sums of
the Hesse matrix of féx (up) can be used, cf. Eq. (A.3).
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than correlation parameters in g(u). In general, it is then not possi-
ble to choose correlation parameters bringing the errors in (24) to
zero for all k=1,...,¢, but the parameters are described by an
overdetermined equation system.

Mittnik (2014, p. 71) proposes identifying the correlation
parameters by a least-squares estimator minimizing the mean
squared error (MSE)
1< 2 2
72 (foxwi) — g w)". (25)
k=1
Going forward, we call the calibration with ¢ > n(n—1)/2 cali-
bration portfolios “least-squares”. The matrix R calibrated as ex-
plained so far in this section is called the “benchmark-implied tail-
correlation matrix”."”

Devineau and Loisel (2009, section 5) define R as the “minimal
standard R” which solves the optimization problem

IR = min
subject to f(1,) = g(1n), (26)

with the norm | -|| being defined as |D| = ./trace(D-DT).
Devineau and Loisel (2009) employ the approach only for n =2

risks. For this case, the authors state that the problem in (26) is
solved by (23)."® For n > 3 risks, the matrix R calibrated accord-
ing to (26) does not reflect which of the risks are more or less
interdependent, since the calibration is only based on the diver-
sified risk measurement and the stand-alone risk measurements.
Our numerical examples in Section 4 will illustrate this issue. More
generally, our examples will demonstrate that the function g(u) in
connection with a traditional tail-correlation matrix can misstate
the slope and curvature of f, x(u), and that these misstatements
can induce severe distortions in portfolio optimization.

4. Numerical examples
4.1. Set-up

We consider an insurance company with n lines of business
(lobs). The scalars uy, ..., u, represent the volume of lob i in terms
of the number of insurance contracts. We assume that the u; are
scaled, for example, in 100,000 contracts such that we may disre-
gard the integer restriction. Moreover, we assume that the diversi-
fication within each lob does not vary in u; such that the claims
costs of lob i are modeled by u; - X;. In line with Solvency II regu-
lations, risk is measured by the 99.5% Value-at-Risk of unexpected
losses.

The connections between the volume u; and the premium p;

of each lob i e {1,...,n} are determined by an isoelastic demand
function,'?
ui(p;) =m; - pf, (27)

where n; > 0 calibrates demand to market size and €; < —1 is the
price elasticity of demand which is constant in p;. We consider

7 For two reasons, we depart from the usual term “VaR-implied tail-correlation
matrix”. Firstly, the definitions in lines (23) and (25) are compatible with risk mea-
sures other than Value-at-Risk (e.g. with Expected Shortfall). Secondly, contrast-
ing the benchmark-implied tail-correlation matrix with the sensitivity-implied tail-
correlation matrix makes it clearer how the two concepts differ: the first matrix is
induced by the risk measurements of a finite set of benchmarking portfolio weight
vectors, whereas the second is induced by sensitivities of the risk measurement at
a single calibration portfolio.

18 It thereby becomes clear that Devineau and Loisel (2009) restrict R to have ones
on the diagonal.

9 To simplify the notation, p; is also scaled. If u; are specified per 100,000 con-
tracts, p; is the premium income per 100,000 contracts.
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a representative insurer whose objective is to maximize its eco-
nomic value added (EVA).2° In our model, the insurer’s EVA is
the expected profit minus the cost of capital, which is modeled
by a hurdle rate r, times the 99.5% Value-at-Risk of the aggregate
risk. In our baseline calibration, we set ¢; = —9 for all lobs i,! and
h = 5%.22

On the one hand, we consider the EVA in connection with the
risk measurement based on the true multivariate risk distribu-
tion:

EVAtrue (4) = D ui- (pit) — E[Xi]) — 1y - fox (u)
i1

= Zui - (pi(u;) — E[X])

i=1

n
— Ty - VaRogsx | > ui- (X — E[X;]) (28)
i1

with p;(u;) denoting the inverse of the demand function in
Eq. (27). We call the portfolio u, which maximizes EVA¢ye(ut), the
“true optimal portfolio”. On the other hand, we identify which
portfolio u an insurer chooses if the risk measurement is con-
ducted in connection with a tail-correlation matrix R, i.e. the port-
folio maximizing

EVAR(W) = > u;- (pi(u;) — E[Xi]) — 1 - g (1)

i=1

= Zui - (pi(uy) — E[X])

i=1

—1p -/ (Wox)"R(Uox) (29)

The chosen set-up allows us to distinguish the distortions caused
by the function g(u) in terms of EVA and in terms of the insurer’s
safety level. The insurer’s safety level is measured by the true VaR
confidence level which corresponds to g(u), i.e. the solution & of

VaRi_g| Y ui- (X —E[X]) | =gw) (30)
i=1

4.2. Relevance of first-order sensitivities

This section demonstrates that an inappropriate calibration of
the matrix R can lead to biased first-order sensitivities of the ag-
gregate risk measurement and can induce a suboptimal portfolio.

We model the basic losses of n =5 lobs using stochastically in-
dependent and gamma distributed random variables X;, ..., Xs.23
Specifically, we assume that X;, X, ~ I'(3, 2), %3. X4 ~I'(2,2) and
X5 ~T'(1,2), where I'(y, ©) denotes the gamma distribution with

20 The objective is analogous to the analysis of Chen et al., 2019. It can be justified
by assuming that the insurer jointly decides on its level of equity capital and on the
volumes uy, ..., un; the regulatory capital requirement is based on VaR and bind-
ing. The objective can easily be modified to a situation in which the insurer sticks
to a fixed capital requirement ratio (in terms of equity capital over capital require-
ment). In the context of Solvency II regulations, this ratio is relevant when insurers
transmit information about their solvency level, cf. Gatzert and Heidinger, 2020. In
related analyses, the Economic Value Added has been employed by Stoughton and
Zechner, 2007 and Diers (2011).

21 According to the empirical results of Yow and Sherris, 2008, p. 318), this may
reflect the price elasticity of compulsory third party or motor insurance.

22 7anjani (2002, p. 297) estimates that the discounted cost of holding capital is
5% in commercial automobile insurance.

2 The calculations of f,x(u) and its sensitivities are conducted according to
Section 2.3, example C, and are hence unaffected by sampling error. For calculat-
ing Fyrx(x) in (18), we make use of the R package coga, which implements the
methodology of Hu et al. (2020).
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shape parameter y and rate parameter ¢. In addition, lobs 1, 2 and
5 are exposed to a common risk factor Y ~ I'(1, 1), which is inde-
pendent from the X;. The total claims costs of the three lobs are
X; =X; +0.5Y forie{1,2,5} and X; = X; for j e {3,4}.%

The vector of stand-alone capital requirements is

x = (4.679,4.679,2.715,2.715,2.715)" (31)

and the Pearson correlation matrix is

1 025 0 0 0354
0.25 1 0 0 0354
Re=| © 0 1 0 0 (32)
0 0 0 1 0

0354 0354 0 O 1

The insurer’s current portfolio is u=15 = (1,1,1,1,1)T and the
corresponding aggregate risk measurement—based on the true
multivariate risk distribution—is

fQ,X(]lgg) = VaR0A995(X1 + ... +X5) - E[X] +... +X5] =8.115
(33)

The true sensitivities of the aggregate risk measurement—i.e. the
Euler allocation—are obtained as

Dfox(u) = (2.830,2.830, 0.416, 0.416, 1.623)T (34)
u=1s
According to line (34), the first two lobs have the strongest impact
on the insurer’s aggregate risk. The fifth lob follows next—due to
its positive correlation with the risks of the first lobs. The third
and fourth lobs are less influential due to their independence from
the other risks.

We calibrate the sensitivity-implied tail-correlation matrix as
defined in Proposition 2 with the calibration portfolio being the
insurer’s current portfolio u = 15 by numerical differentiation as
discussed in Section 2.3, example C. In Appendix ], moreover,
we estimate the matrix from Monte-Carlo simulations. To cali-
brate the benchmark-implied tail-correlation matrix in line with
Mittnik (2014), we need to choose a set of ¢ > %’1) =10 cali-
bration portfolios. We consider three of those sets. Firstly, we con-
duct a pairwise calibration based on all equally weighted two-risk
portfolios. Hence, we set wy = (1,1,0,0,0)T, wy, = (1,0,1,0,0)T,...,
wio = (0,0,0,1,1)T. Secondly, we consider an exact calibration:
We take wj,...wg as before and set wqg = (1,1, 1,1, 1)T. Thirdly,
we use the least-squares estimator minimizing (25) in connection
with all 26 portfolios consisting of two, three, four or five assets.
Finally, we calculate the “minimal standard” tail-correlation ma-
trix as proposed by Devineau and Loisel (2009) for u = 15. Table 1
presents all five calculated tail-correlation matrices. The upper part
of Fig. 4 visualizes the relative error between g(u)—in connection
with three different tail-correlation matrices—and f, x (1) depend-
ing on the exposure vector u. In connection with the sensitivity-
implied tail-correlation matrix, g(u) is relatively accurate as long
as u is close at 15 and underestimates the true risk by about -6%
for u=(0.25,0.25,1.75,1.75, 1)T, which is in the top left corner
of the considered plane of exposures. In connection with a pair-
wise calibrated tail-correlation matrix, g(u) is specifically biased

24 The expected claims costs of all three lobs are 1, e.g. we calculate E[X;]=
E[%]+05E[Y] = (3)/(3) +0.5-1/1 = 1. Moreover, the variances are var[X;]=

var[X; = var[X; ] + 0.52var[Y] = (%)/(%)2 +0.52.1/12=1 and var[X3] = var[Xs] =
var[Xs]= 0.5. The risks of lobs 1 and 2 have a relatively heavy tail, the risks of
lobs 3, 4 and 5 have a relatively light tail. The ratios of the 99.5% VaR and the
90% VaR are 3.89 for lobs 1 and 2 and 2.87 for lobs 3, 4 and 5. For comparison,
Bernard et al.,, 2018, p. 847) assume the distribution 200 - LogNormal(0, 1) for ag-
gregate non-life insurance risks. This implies a corresponding VaR ratio of 5.88. For
the aggregate market risk, Bernard et al., 2018, p. 847) assume a normal distribu-
tion, for which the corresponding VaR ratio is 2.01. This value is achieved by the
gamma distribution when setting the shape parameter to infinity.

Journal of Banking and Finance 134 (2022) 106333

at u = (0.57,0.57,1.11, 1.11, 1)T with a relative error of -22%; with
the least-squares estimator, g(u) has an error of -10.5% at u =
(0.44,0.44,0.67,0.67, 1)T.

Table 2 reports the aggregate risk of the current portfolio, u =
15, and the Euler allocations in connection with all considered tail-
correlation matrices. The results for the traditional tail-correlation
matrices clearly depend on the type of calibration. Moreover, based
on a benchmark-implied matrix, the aggregate risk of the cur-
rent portfolio can be underestimated by 9% (least-squares) or even
19% (pairwise calibration).2> In connection with all considered cal-
ibrations, the traditional tail-correlation matrices lead to substan-
tially biased Euler allocations. For instance, the risk of lob 4 can
be underestimated by 86% (pairwise calibration) or overestimated
by 250% (exact calibration). In contrast, the use of the sensitivity-
implied tail-correlation matrix leads to an accurate measurement
of the aggregate risk and Euler allocations.

In terms of the EVA analysis, we set the demand function pa-
rameters to ny = ny = 9.497, n3 = ny = 3.474 and n5 = 5.826. These
parameter values imply that the true EVA-optimal strategy is u =
15. The same strategy maximizes the EVA in line (29) if R is the
sensitivity-implied tail-correlation matrix. However, the distorted
risk measurement based on the traditional tail-correlation matri-
ces lead the insurer away from the truly optimal strategy. For ex-
ample, in the case of a pairwise calibration, the insurer chooses
Unew = (1.102,1.102, 1.157, 1.157, 1.190)T. Based on the true multi-
variate risk distribution, the aggregate risk of the chosen portfolio
is fp x (Unew) = 9.135. The benchmark-implied correlation matrix in
connection with a pairwise calibration, however, understates the
risk of this portfolio by g(unew)/fp x (Unew) —1=7.339/9.135-1 =
—19.7%. The true VaR-confidence level of the chosen strategy is
clearly too high and amounts to 1.3%. In addition, the true EVA of
the chosen portfolio, EVAtrye (Unew), is 0.9% lower than the maxi-
mal EVA, i.e. EVA¢rye (15).

In the analyses so far, the calibrations of the tail-correlation ma-
trices were centered at the true optimal portfolio, u = 15. Next, we
study how insurance companies with different properties—and dif-
ferent true optimal portfolios—choose their portfolios if their risk
measurement is based on the tail-correlation matrices calibrated
at 1s. We modify eleven parameters—namely the values of the
demand function parameters, ny,...,ns, €1,..., €5, as well as the
hurdle rate r,—by multiplying them with scalars. To this end, we
randomly choose eleven scalars as independent realizations of uni-
form random variables on the interval 0.6 to 1.4. This process is
executed 500 times to generate 500 heterogeneous insurance com-
panies. The true optimal portfolios of the 500 insurers differ from
u = 15 with a root mean squared error (RMSE) of 0.260 on aver-
age across the 500 insurers. The risk of the true optimal portfo-
lios is not measured accurately by any of the tail-correlation ma-
trices. Nevertheless, the sensitivity-implied matrix guides insurers
to a portfolio which achieves almost the same EVA as the true op-
timal portfolio (cf. Table 3: for 95% of insurers, the relative loss in
EVA does not exceed 0.01%). In contrast, measuring risk based on
a traditional tail-correlation matrix goes along with a considerable
loss in EVA. For example, the “exact” calibration of the benchmark-
implied matrix leads to a relative loss in EVA of 1.445% on average
and of 3.107% or higher for those 5% of insurers with the high-
est loss. Moreover, when using the sensitivity-implied matrix, the
true VaR confidence level of insurers’ aggregate risk is close to the
supposed value of 0.5%. With respect to traditional tail-correlation
matrices, each of the four calibration methods guides more than
95% of insurers to strategies with a true VaR confidence level above

25 As explained in Section 3, the benchmark-implied tail-correlation matrix leads
to a correct risk assessment of the current portfolio only if the number of bench-
mark portfolios coincides with the number of correlation parameters and the cur-
rent portfolio is one of the benchmark portfolios.
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Table 1
Calculated tail-correlation matrices.
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Sensitivity-implied

Lob 1 Lob 2 Lob 3 Lob 4 Lob 5
Lob 1 0.999 -0.035 -0.049 -0.049 0.243
Lob2 -0.035 0.999 -0.049 -0.049 0.243
Lob3 -0.049 -0.049 0.649 0.013 -0.036
Lob4 -0.049 -0.049 0.013 0.649 -0.036
Lob5 0.243 0.243 -0.036  -0.036  1.021
Benchmark-implied
Pairwise (Mittnik, 2014) Exact (Mittnik, 2014)
Lob 1 Lob 2 Lob 3 Lob 4 Lob 5 Lob 1 Lob 2 Lob 3 Lob 4 Lob 5
Lob 1 1.000 -0.071 -0.174  -0.174  0.110 1.000 -0.071 -0.174 -0.174 0.110
Lob2  -0.071 1.000 -0.174  -0.174 0.110 -0.071 1.000 -0.174 -0.174 0.110
Lob3 -0.174 -0.174  1.000 -0.174  -0.174 -0.174 -0.174 1.000 -0.174 -0.174
Lob 4 -0.174 -0.174 -0.174 1.000 -0.174 -0.174 -0.174 -0.174 1.000 1.376
Lob5 0.110 0.110 -0.174  -0.174  1.000 0.110 0.110 -0.174 1.376 1.000
Least-squares (Mittnik, 2014) Minimum standard
(Devineau and Loisel, 2009)
Lob 1 Lob 2 Lob 3 Lob 4 Lob 5 Lob 1 Lob 2 Lob 3 Lob 4 Lob 5
Lob 1 1.000 -0.029  -0.131 -0.131 0.163 1.000 -0.0004  -0.0002 -0.0002 -0.0002
Lob2 -0.029 1.000 -0.131 -0.131 0.163 -0.0004  1.0000 -0.0002  -0.0002  -0.0002
Lob3  -0.131 -0.131 1.000 -0.120 -0.123  -0.0002  -0.0002  1.0000 -0.0001 -0.0001
Lob4 -0.131 -0.131 -0.120  1.000 -0.123  -0.0002  -0.0002  -0.0001 1.0000 -0.0001
Lob5 0.163 0.163 -0.123  -0.123  1.000 -0.0002  -0.0002  -0.0001 -0.0001 1.0000
Table 2

Chosen portfolios of the model insurer. The risk measurement is conducted based on the true multivariate risk measure-
ment, the sensitivity-implied tail-correlation matrix or a traditional tail-correlation matrix. The bracket terms show the

relative error compared to the true risk measurement.

Type of calculation True distribution  Sensitivity-implied ~ Benchmark-implied Min. Std.
Pairwise  Exact Least-squares
Aggregate risk measurement
8.115 8.115 6.557 8.115 7.360 8.115
(£0%) (—19%) (+0%) (—9%) (£0%)
Euler allocation
Lob 1 2.830 2.830 2.641 2.134 2.716 2.696
(£0%) (=7%) (—25%) (—4%) (—5%)
Lob 2 2.830 2.830 2.641 2.134 2.716 2.696
(£0%) (=7%) (—25%) (—4%) (—5%)
Lob 3 0.416 0.416 0.059 0.048 0.306 0.908
(£0%) (—86%) (—88%) (=27%) (+118%)
Lob 4 0.416 0.416 0.059 1.456 0.306 0.908
(£0%) (—86%) (+250%)  (—27%) (+118%)
Lob 5 1.623 1.623 1.157 2.343 1.318 0.908
(£0%) (—29%) (+44%) (—-19%) (—44%)
Chosen portfolio
Lob 1 1.000 1.000 1.102 1.156 1.052 1.041
Lob 2 1.000 1.000 1.102 1.156 1.052 1.041
Lob 3 1.000 1.000 1.157 1.133 1.054 0.861
Lob 4 1.000 1.000 1.157 0.784 1.054 0.861
Lob 5 1.000 1.000 1.190 0.876 1.115 1.247
True EVA 0.676 0.676 0.670 0.666 0.674 0.668
(£0.0%) (—0.9%) (—1.5%) (—0.2%) (-1.1%)
True VaR conf. level  0.50% 0.50% 1.30% 0.65% 0.79% 0.60%

0.5%. Fig. 1 visualizes the loss in EVA and the true VaR confi-
dence level of the portfolios that the 500 insurers choose based on
the tail-correlation matrices. The figure depicts that the sensitivity-
implied matrix leads to substantially smaller distortions than any
of the traditional tail-correlation matrices.

4.3. Relevance of second-order sensitivities

This section studies the implications of biased second-order
sensitivities of the aggregate risk measurement based on a tradi-
tional tail-correlation matrix with ones on the diagonal. The three

lobs’ claims costs, X;, X, and X3, now follow a mixed gamma dis-
tribution with the parameters defined in Table 4.26

With a large weight in terms of p,, the distribution consists of
n =3 independent and identically distributed risks. However, con-
ditioning on a high aggregate loss, the risks X; and X, are nega-
tively correlated. In this set-up, the marginal capital requirement
of X; decreases when increasing the exposure to X;. Hence, the
Hesse matrix of f, x with respect to u has negative entries on the
diagonal:

-3.850 3.632 0218
D’f,x(u)=| 3.632 —-3.850 0218
0218 0218 —0.437

26 Appendix D provides more details about this distribution.
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Table 3
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Chosen portfolios of 500 randomly parameterized insurers. The risk measurement is conducted based on the true mul-
tivariate risk measurement, the sensitivity-implied tail-correlation matrix or a traditional tail-correlation matrix. The
table reports the means across the 500 insurers as well as the 5% and 95% percentiles.

Type of calculation  True distribution  Sensitivity-implied = Benchmark-implied Min. Std.
Pairwise  Exact Least-squares
RMSE between chosen portfolio and “true” optimal portfolio
Mean 0.000 0.004 0.140 0.154 0.067 0.137
Ds% 0.000 0.001 0.105 0.102 0.052 0.103
Posy 0.000 0.010 0.178 0.205 0.084 0.173
Relative loss in EVA of chosen portfolio versus “true” optimal portfolio
Mean 0.000% 0.002% 0.867% 1.445% 0.216% 1.022%
Ds% 0.000% 0.000% 0.340% 0.366% 0.090% 0.385%
Dos 0.000% 0.008% 1.559% 3.107%  0.381% 1.784%
True VaR confidence level
Mean 0.500% 0.500% 1.253% 0.653% 0.772% 0.587%
Ds% 0.500% 0.498% 1.051% 0.572% 0.712% 0.503%
Dos% 0.500% 0.503% 1.453% 0.728% 0.827% 0.686%
2.0%
Type of tail-correlation matrix:
1.5% PP .
8 ) e Sensitivity-implied
5
= o Benchmark-implied (pairwise)
]
O 1.0% . .
x Benchmark-implied (exact)
©
> P . .
2 e Benchmark-implied (least-squares)
F os% e . .
Benchmark-implied (minimal standard)
0.0%
0% 1% 2% 3% 5%
Loss in EVA

Fig. 1. Loss in EVA and true VaR confidence level for 500 randomly parameterized insurers. The risk measurement is conducted based on the sensitivity-implied tail-
correlation matrix or a traditional tail-correlation matrix. The results show that portfolio optimization in connection with the sensitivity-implied tail-correlation matrix

hardly induces distortions in terms of the VaR confidence level or the achieved EVA.

Table 4
Parameters of the mixed gamma distri-
bution.

i Ui Vi Y, Vi

1 0.5 05 9.5 0.5

2 05 05 0.5 9.5

3 05 05 4.5 4.5

Dk 099 0.005 0.005

The aggregate Value-at-Risk can be reduced by shifting the expo-
sures from u= (1,1,1)T to u= (1+h,1—h, 1)T for a small value
of h.27 We embed this distribution into the EVA-optimization prob-
lem as studied in Section 4.2. By setting n; = n, = 128.082 and
n3 =90.209, all first-order derivatives of the function EVAgye(u)
are zero at u = 13. The Hesse matrix of EVAiye(tt) is indefinite at
u = 13, reflecting the fact that it is a saddle point, as illustrated
on the left side of Fig. 2. To keep the example graphically fully
tractable, we assume from now on that uz = 1 is fixed and only u;4
and u, are decision variables. The function EVAgye (i1, tpluz =1)
then has a global maximum at (uq,uy) = (1.8365,0.5998) and,

27 This can be seen by approximating fox(u) by a Taylor polynomial of degree 2
and noting that 8/0u; f(u) = d/0uy f(u) at u = (1,1, ).

due to symmetry, another global maximum at (0.5998, 1.8365); cf.
points B and B’ in Fig. 2.

We calibrate two tail-correlation matrices, Ry and R,, both with
the calibration portfolio u = 13. Ry is the sensitivity-implied tail-
correlation matrix.8R, is calibrated such that the function g(u) re-
flects the true first-order sensitivities:

Dg(13) =Df(13) (35)
In accordance with the traditional view of tail-correlation matrices,
we restrict R, to be a symmetric matrix with ones on its diagonal.
The three correlation parameters in R, are thereby uniquely de-
fined by (35).2°

The right side of Fig. 2 depicts the EVA function in connec-
tion with the matrix R,. By construction, all first-order deriva-
tives of this EVA function are zero at u= 13. However, the

28 Table 5 presents the calculated sensitivity-implied tail-correlation matrix in
connection with the 99.5% VaR, which is the underlying risk measure of all analyses
in Section 4. The calculated eigenvalues show that the sensitivity-implied matrix is
indefinite in this situation. For comparison, Table 5 also presents the sensitivity-
implied tail-correlation matrix in connection with the 99.5% ES and the 99.5% GS
with loading parameter A = 0.1. According to Proposition 3, the sensitivity-implied
matrix is positive semi-definite in connection with the latter two coherent risk
measures.

29 Specifically, the three correlation parameters are the solution of a linear equa-
tion system. As shown by Eq. (K.2) in Appendix K, Dg(13) is linear in the correlation

parameters when fixing \/m at fox(13).
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Tail-correlation matrix R,
with ones on the diagonal

Sensitivity-implied tail-correlation

matrix R,

Fig. 2. EVA based on volumes u; and u, and for fixed u; = 1. Point A reflects u; = u, = 1; points B and B’ are optimal based on the true risk distribution.

Hesse matrix of this EVA function is negative definite, and this
function hence has a global maximum at u = (1,1,1)T—in con-
trast to the true EVA function. The lower part of Fig. 2 shows
the EVA function in connection with the sensitivity-implied tail-
correlation matrix Ry. This EVA function correctly approximates
the true EVA function at the calibration portfolio u = 13, and
the company hence does not mistake the saddle point for an
optimum.

Finally, as previously for the example in Section 4.2, the lower
part of Fig. 4 visualizes the relative error between g(u) and f, x (1)
for the sensitivity-implied and two benchmark-implied tail-
correlation matrices. The sensitivity-implied tail-correlation ma-
trix again induces the largest errors in the corners of the consid-
ered plane of exposures (i.e. -12% for u = (0.25,1.75, 1)T). In con-
nection with a pairwise or least-squares calibration, g(u) has the
largest displayed errors at u = (0.76,0.76, 1)T, amounting to -12%
(pairwise) and -7.5% (least-squares).

10

5. Conclusion

This paper demonstrates that the traditional notion of (tail-)
correlation matrices having ones on their diagonal can make it im-
possible to fit them in accordance with the true risk distribution.
Those misstatements can distort portfolio management decisions
in terms of risk and return. We show that the square-root formula
for risk aggregation is structurally related to a second-order Taylor
polynomial of a positive homogeneous risk measure. Based on this
result, we propose so-called “sensitivity-implied” tail-correlation
matrices, which approximate the risk measurement according to
the true distribution up to second-order derivatives with respect
to exposures. We see several areas of application.

In the context of regulation, the proposed method may help to
circumvent moral hazard effects arising from misstated marginal
capital requirements, as empirically detected by Chen et al., 2019.
Our example in Section 4.2 indicates that the matrix R would not
have to be calibrated for every insurer individually. Instead, the
sensitivity-implied tail-correlation leads to a relatively stable risk
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measurement and steering signals even if the insurers’ optimal
portfolios differ from the calibration portfolio of R.

In the context of a firm’s internal economic capital assessment,
the use of the correlation-based risk aggregation is sometimes
called the “hybrid approach” (Rosenberg and Schuermann, 2006,
p. 575; Hull, 2018, p. 594). In comparison with a risk aggregation
based on a Monte-Carlo simulation, the correlation-based approach
facilitates the risk measurement process, since changes in the uni-
variate risk assessments do not require new simulations of the en-
tire firm. Once the matrix R has been calibrated, various methods
(including scenario analyses, expert surveys, etc.) can be used for
the measurement of the univariate risks.

Finally, the proposed tail-correlation matrix can be helpful for
portfolio optimization in general when risk is to be measured us-
ing a positive homogeneous risk measure. For instance, optimiza-
tion problems with a VaR or ES constraint thereby become struc-
turally identical to mean-variance portfolio optimization. However,
given that the sensitivity-implied matrix is locally calibrated, the
solution of the simplified problem may only be useful if the opti-
mal portfolio is not too far away from the calibration portfolio.

Declaration of Competing Interest
None.
Appendix A. Proof of Theorem 1
Given that the function f(u) is positive homogeneous of degree

one, f2(u) is positive homogeneous of degree two: for all > > 0 we
have

) = 22 f2(u) (A1)
and Euler’s theorem for homogeneous functions implies

1

iuT Df*(u) = f*(u) (A2)

Differentiating both sides of Eq. (A.1) with respect to u implies that
Df2(u) is positive homogeneous of degree one: for all A > 0 we
have

Df?(Au) - A = A*Df?(u)
= Df*(Au) = ADf?(u)
Euler’s theorem for homogeneous functions thus implies that
u"-D*f?(u) = Df*(u) (A3)
The second-order Taylor polynomial of fZ(u) can be presented as

Pp(u) = f*(up) + (u—1up)" Df*(uo)

4o~ )" D (1) - ()

W 2uf Do) + (u ~ )" - Df (o)
3 (= 00) D2 (1) - (1)
(A3) %ug -D?f2(ug) - g + (u — up)™ - D? 2 (uo) - ug
+%(u —11p)" - D22 (ug) - (u — up)
_ %ug D% f2(up) - up + (u — ug)T - D? f2(up) - Ug

4—%uT -D?f2(ug) - u—u" - D f2(up) - up

1
+ 1y - D % (uo) - g

= 1UT

5u’ D’ f2(uo) -

1
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Finally, for all A > 0 we have sz (Au) = %(Au)T . D2f2 (ug) - (Au) =
)\.zpfz (Ll)

Appendix B. Proof of Proposition 1

For all A > 0 we have Rp> (Ax) = f2(Ax) — P2 (Ax) = A2 (f2(x) —
Pp(x) = AZsz (x). For any u € U\{0} this implies

ar) = 1% Rz ()
— )= llu .R _
) = 1R (g

Appendix C. Proof of Proposition 2

Ry (1) =sz(||u|| :

Function f, x(u) with ug=1, fulfills the assumptions of
Theorem 1. Hence, sz (u):uT~%D2f§X(Jln)~u is the second-
0X ’

order Taylor polynomial of féx (u). We have
2w € wox)Ruox)

n n
(7)
D PiUXUX; =
ij=1

i.j=1

1 62 2 (Ln)UiXiU X
2X,'Xj Bu,-auj QXA

192,
= Z 3 uou; ox (In)uij = Pr, W)
ij=1 [
Hence, the assertions in lines (9), (10) and (11) follow.

Appendix D. Distribution of portfolio loss for mixed gamma
distributed risks

According to Furman et al., 2020, p. 8 f.), the n-dimensional
mixed gamma distribution is defined as follows: let k=
(k1,...,kn) be a vector of discrete random variables which
can assume non-negative integer values, and let p(k) = P(k; =
k,..., kn =ky) denote the probability mass function of x with
k= (ki.....kn) e N§. Let fr(x;y.?) denote the density function
of the univariate gamma distribution with shape parameter y and
rate parameter . The random vector r® — (Ff’“),...,l“,(q"”)) is
distributed n-variate mixed gamma if its density function is given
by

froGa,. k) = Y7 pe(O) [T fr (s vi, 90)

keNj i=1

(D.1)

where the shape parameters are determined by y; = y; +k; with
y; > 0. Recall that -+ (X; ¥1, ..., ¥n, U1, ..., Oq) in (17) is the distri-
bution function of the sum of independent gamma distributed ran-
dom variables with different shape and rate parameters. Assuming
that there is only a finite number of vectors k with positive prob-
ability py(k), the distribution function of X = I'\*1 4 ... + T\ is

given by

{yeR? such that !, y;<x

> pe(k) // [1fr i vi 90)dys ....dys

keNg {yeR" such that Y7 ; y;<x} i=1

Z pK(’()Fr+(X; Viis oo Vins 191,

keNj

e (x) = > e [ fr i vk 90)dys ... dyn
1

) keNj i=

. Un),

and the distribution function of the linear combination ud“im +
o 4 u %Y s given by
Z P (X; Vi, - - o Vi D1/U1, -, D /Un)

keNj
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Appendix E. Proof of Proposition 3

We show that f, x is convex on U. Let uy,u; €U and y € [0, 1].
Then, by positive homogeneity and convexity of g,

fox(yur + (1= y)up) = o(yuiX + (1 - y)u3X)
< yo(uiX) + (1 - y)o(ubX)

=Y foxW)+ (1 -y)foxW)

Due to f, x being continuous with f, x (1) > 0, there is some U
open with 1, ¢ UcU and f(u) >0 for all ue U. Given that h:
[0, 00) — [0, 00), X > X% is non-decreasing and convex, the compo-
sition h(f, x (1)) = f;x(u) is convex on U. Hence, the Hesse matrix
of f2 (u) at u = 1y, sz2 (1n), is positive semidefinite. Moreover,
the sen51t1v1ty implied ta11 correlation matrix R is positive semidef-
inite: for any v € R" we have

Z 02

TRV U 8u fzx(]ln)vlvj
= E(Uo)z)TDZ

2xx] u;0u;

2 (1) (WoR) = 0,

with the entries of the vector X being defined as x; =xlf1 for all
i=1,..., n.

Appendix F. Example: No upper threshold for diagonal
elements of sensitivity-implied matrix

Consider two independent random variables defining losses
X1, X with0<c<1,
P(X; =c¢) = 96%,

P(X; = 2c) = 96%,

P(X; =1) =4%,

P(X; =2) =4%,

and the risk measure o = VaRgsy4. Then
=o0X1)=c¢, xx=0X)=2c,

Uy + 2cuy,
cuy + 2uy,

Uy < 2up
Uy > 2Uy

4c
8c2 )

such that the sensitivity-implied tail-correlation matrix at
(uq,u2)T = (1, 1)T according to (7) is

<12 ]>

R=|¢ ¢

< 1

As c can be small, the first diagonal element of R can be arbitrarily
large. Note that g(u) = uq + 2cu, coincides with f, x (1) for uy <

2uy. For c =1, f;,x (u) is quadratic, and the diagonal elements of R
are hence 1 (cf. Proposition 4).

fox(u) = min{cuy + 2uy, uy + 2cup} = {
Hence, for u; < 2u,, we have

Df;x(u)=2(u1+2cuz><zlc>, D*fgx(u) = (

Appendix G. Proof of Proposition 4

Given that fg,x(“) is positive homogeneous of degree two,
Theorem 1 implies for all u e U

1
§D2 zx(u) u= zyx(u) (G.1)
We have
a2 52
™1 (H‘sz)z féx(]ln) @G 1 (azk)zfé.x(ln) (duk)z fgx(]ln)
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If fé,x (u) is quadratic on U containing 1, and e, forall k=1, ..., n,
then %f;x(u) is constant in u on U and hence py, =1 for all
k ’

k= 1, o, n
Appendix H. Proof of Proposition 5

According to the definitions in lines (5) and (6) and with the
assumption f, x (e;) > 0, we derive

ge) X Pk
foxe) X
Assuming py, > 0 we can take the square-root on the left-hand

side and right-hand side of the equation. The assertions of
Proposition 5 immediately follow.

= Prkk

Appendix I. Example: Assessing the error between g(u) and
fo.x () with n = 2 risks

Suppose we want to estimate f,x(u)—g(u) for n=2 risks
and some u which is entrywise non-negative. In light of
Proposition 1 in connection with the norm [[ul| = 0.5- 1L, |u;], we
consider u =1, 4+« - (1, =1)T with o € [-1, 1]. We define

P15 Ras 2y (1 +a- (1, -D)
Zi-1L1]->Ramg(la+a-(1,-1)7)
Ry i [-1,1] > R a > fA(a) - & (@)

Due to the mean value theorem, the remainder can be presented
based on the third order derivative of f2(a), i.e.

5 3
Y@ (11)

for some & between 0 and «.> Therefore, a lower and upper
threshold for R 2 (a) are given by

sz (05) =

3

min {( 72)® (&) with @ between 0 and a} : % (12)
and

~ a3
max{(fz)(3>(6z) with @ between 0 and a} =T (1.3)
Moreover, at @« =1 and « = —1, the mean value theorem implies

that there are some 0 < &7 <1 and —1 < @&, < 0 such that

Eq. (21)

(F)G)(al);! = R, (1) (f2x2-e1) —g(2-e1)
=4-(1—pu) -5
=Rp (1) LY (£2,(2-02) - £(2-€2))
=4.(1—,022)-x2

If o is close to 1 or —1, we approximate & from Eq. (1.1) by &, or
&, respectively, and thus have

TR RICAL Dl

Ry () ~ (fz)(3)(6‘1)3| =4-(1-pn)-x7-a? %foc>0
! ()P (@)% =-4-(1-pn) -x3-a® ifa<0
(1.4)

As an example, consider n =2 independent Gamma distributed
risks with shape and rate parameters y; =ty =1 for risk 1
and y, = 9, = 2 for risk 2. We consider f, x (1) = VaRgg 53 (u'X) —

E(uTX). We have evaluated the remainder R for o c[-1.1].

Pk = 5 =3 =
" 2 fg_x(ek) 2 e-,l; : %szgvx(ek) - €k (au @up)? fgx(ek)

12

30 Cf. Folland (2001, p. 88).
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Fig. 4. Contour plot of the relative error between g(u) and f, x(u) according to the examples in sections 4.2 and 4.3. Upper part: x-axis reflects value of u; =u, be-
tween 0.25 and 1.75; y-axis reflects corresponding values of usz =uy4; us =1 is held constant. For example, the upper left corner of the figures correspond to u =
(0.25,0.25,1.75,1.75, 1)T. Lower part: x-axis reflects the exposures uy; y-axis reflects the exposures u;; us = 1 is held constant.

Hence, we have evaluated the error between g?(u) and fg,x (u) (as
well as the corresponding thresholds) for all weighted sums of the
portfolios u; = (2,0)T and uy = (0, 2)T. Afterwards, we have trans-
lated the error and thresholds into the error between g(u) and
fox () according to Eq. (2). Fig. 3 depicts the latter error (red
curve) and estimates of it (gray and black curves) as a percent-
age of f, x(u). The black curve in Fig. 3 shows the error estimate
according to line (I.4). While this estimate does not require the cal-

13

culation of any third-order derivatives, it is not necessarily accurate
or conservative if « is in the middle between —1 and 0 or between
0 and 1. The gray curves in Fig. 3 reflect the thresholds according
to (1.2) and (1.3). We have calculated third-order derivatives numer-
ically by

(F) (@ — Aa) =2 (f2) (@) + (F*) (@ + Aar)
(Aa)?

() ~
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Table 5
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Calculated sensitivity-implied tail-correlation matrices and their eigenvalues for three risk measures.

Risk measure  99.5% VaR 99.5% ES 99.5% GS with A = 0.1
Matrices -0.181 1.421 0.748  1.205 -0.429 0402 1.272 -0.512  0.384
1.421 -0.181 0.748  -0.429  1.205 0402 -0.512 1.272 0.384
0.748 0.748 0.606  0.402 0.402 0.926 0.384 0.384 0.945
Eigenvalues 2.03 -0.18 -1.60 1.63 1.42 0.28 1.78 1.40 0.30
Table 6

Estimation results from Monte-Carlo simulations for some ingredients of the sensitivity-implied tail-correlation matrix,

cf. line (8); ngy, = 50, 000.

f(as) fox(er) 2 fox(1s) g fox (1)
True values
8.115 4.679 2.830 -1.080
Bandwidth factor, ¢ RMSE
1 0.081 0.067 0.193 1.183
2 0.110 0.125 0.154 0.460
3 0.203 0.270 0.152 0.270
4 0.349 0.486 0.181 0.237
5 0.543 0.774 0.238 0.296

with Aa =0.1. As shown in Fig. 3, the thresholds from (1.2) and
(I.3) are conservative, but not necessarily close at Rf~2 (a) if o is
away from 0.

Appendix J. Example: Estimating the sensitivity-implied
tail-correlation matrix from Monte-Carlo simulations

We consider the example from Section 4.2. We perform
a simulation-based estimation of the sensitivity-implied tail-
correlation matrix similarly to the example in Tasche (2009, pp.
586 ff.). We draw ng,, = 50,000 simulations of the random vec-
tor (Xi,...,Xs)T and repeat the simulation 50 times. The risk mea-
surements f, x (1s) and f, x(ey) are estimated based on the Gaus-
sian kernel and recursion formula (4.2) in Gourieroux et al. (2000,
p. 234). The gradient Df, x(15) is estimated by the Nadaraya-
Watson kernel estimator for conditional expectations, cf. Tasche
(2009, p. 584, Eq. (11)). The Hesse matrix D?f, x (15) is estimated
according to Gourieroux et al. (2000, p. 235, Eq. (4.4)). In each
estimation, we set the bandwidth initially in line with the clas-
sical proportionality rule, i.e. h = (%)1/5- ;11“/5 with op being
the estimated standard deviation of 2;11 X;. Moreover, we vary the
bandwidth by multiplying it by factors c € {1, 2, 3,4, 5}. Table 6 re-
ports the RMSE of the aggregate VaR, the VaR of Xj, the first en-
try of Df, x(15) and entry (1,2) of szg,x(]ls)' each depending on
the bandwidth factor. To calculate the sensitivity-implied matrix,
we use an increased bandwidth by factor 3 for the gradient and by
factor 4 for the Hesse matrix, given that these choices seem to sta-
bilize the estimates (cf. Table 6). On average, the entries of the es-
timated sensitivity-implied tail-correlation matrix have a RMSE of
0.050. This RMSE can be reduced to 0.032 if ng,;,, = 500,000 simu-
lations are used.

op-n

Appendix K. Gradient of the function g(u)

Let n € N, R be a symmetrix matrix and x € R" such that x'Rx >
0. We consider the function g(u) as defined in line (6). The first-
order partial derivative of g with respect to an entry u;, of u is
obtained as

0 Dol PuilliXi

7 og(u) = ==L x,
vV (UoXx) R(Uuox)

8uk
In matrix notation and at u = 1, the gradient of g is determined
as

Dg(1n) =

(K1)

(Rx) ox

e (K2)
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