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We show the absence of an instability of homogeneous (chiral) condensates against spatially
inhomogeneous perturbations for various (2 + 1)-dimensional four-fermion and Yukawa models. All
models are studied at nonzero baryon chemical potential, while some of them are also subjected to chiral
and isospin chemical potential. The considered theories contain up to 16 Lorentz-(pseudo)scalar fermionic
interaction channels. We prove the stability of homogeneous condensates by analyzing the bosonic two-
point function, which can be expressed in a purely analytical form at zero temperature. Our analysis is
presented in a general manner for all of the different discussed models. We argue that the absence of an
inhomogeneous chiral phase (where the chiral condensate is spatially nonuniform) follows from this lack of
instability. Furthermore, the existence of a moat regime, where the bosonic wave-function renormalization

is negative, in these models is ruled out.
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I. INTRODUCTION

Quantum field theories (QFTs) with four-fermion (FF)
interactions, so-called FF models, are relevant for several
branches of physics and, recently, much attention has been
paid to their investigation. FF models, such as the Nambu—
Jona-Lasinio (NJL) model [1,2], and also Yukawa-type
models, such as the quark-meson (QM) model [3], are
considered as low-energy effective models of quantum
chromodynamics (QCD) and light meson physics, describ-
ing, e.g., spontaneous chiral symmetry breaking or color
superconductivity. The models are applied to study strongly
interacting, fermionic matter under (extreme) external
conditions such as, e.g., temperature, density, chiral or
isospin imbalance or magnetic fields (see, e.g., [4-21]). In
contrast to QCD, the models do not exhibit a sign problem
for finite baryon chemical potential rendering, e.g., lattice
investigations possible (see, e.g., Refs. [9,22,23]).

Often, FF models are studied in two spatial dimensions,
where they are, in contrast to three spatial dimensions,
renormalizable [24,25]. The motivation of many works
[26—41] is the study of physical phenomena in high-energy
physics such as chiral symmetry breaking or color
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superconductivity in rather simple, low-dimensional
QFTs. For example, the phenomenon of spontaneous chiral
symmetry breaking induced by an external magnetic field has
first been observed in a (2 + 1)-dimensional Gross-Neveu
(GN)-type model [42,43] (see Ref. [44] for the original
definition of the GN model in 1 4+ 1 dimensions). Also,
(2 + 1)-dimensional FF and Yukawa models are interesting
for the study of technical aspects and the development of
techniques in QFT; see Refs. [24,25,27,45-54]. Another
motivation for the study of these models is the application to
condensed matter systems with an effectively planar struc-
ture, which can be described by a relativistic fermionic
dispersion relation.! For example, symmetry breaking
schemes of graphene effective field theory [65-68] are also
present in FF models. Thus, studies of fermionic models in
2 + 1 dimensions under the influence of external parameters,
as, e.g., Refs. [40,41,59,60,69-74], are motivated both from
the high-energy and the condensed matter perspective.

In many of the above works the (chiral) order parameters
are considered to be homogeneous in space. This is a
reasonable choice for first investigations of the phase
diagram. In strongly interacting systems in condensed
matter physics, however, crystallinelike ground states are
quite common [75-82] suggesting that the assumption
of homogeneous order parameters has to be reevaluated.

'For example, it was shown that the (1 + 1)-dimensional GN
model is suitable for the description of polyacetylene and similar
systems [55,56]. In a similar way, (2 4 1)-dimensional FF and
Yukawa models can be applied in descriptions of condensed
matter systems in 2 + 1 dimensions [57-64].
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More refined investigations of FF and Yukawa-type models
have indeed revealed the presence of a chiral inhomo-
geneous phase (IP), where the corresponding order param-
eter is a function of the spatial coordinates, also in effective
theories in nuclear and high-energy physics, see Refs. [83—
85], where IPs have first been found in this context. This
has stimulated conjectures that inhomogeneous chiral
condensates and related phenomena might also be relevant
in the phase diagram of QCD. However, it has to be
remarked that many of the existing model investigations
have been carried out within the mean-field approximation,
where the bosonic quantum fluctuations are neglected.

One of the most prominent examples for an IP is the
chiral kink in the (1 + 1)-dimensional GN model® [56,86],
but also various other types of IPs with a more complicated
structure have been found in (1 4 1)-dimensional models
[87-93]. In recent literature, there is an ongoing discussion
whether these phases persist when allowing for bosonic
quantum fluctuations [94-99], where a spontaneous break-
ing of translational invariance, as in an IP, should be
forbidden in 1 4 1 dimensions according to the Mermin-
Wagner theorem [100-103].

In 3 4 1 dimensions, many of the models for sponta-
neous chiral symmetry breaking in QCD feature an IP—
typically appearing at low temperature and intermediate
densities, where one would expect a first-order phase
transition between homogeneous phases; see Ref. [104]
for a review. However, these results are mostly obtained in
the mean-field approximation and their predictive power
for QCD can be questioned. In case of the FF models, we
recently documented a regulator dependence of the IP in
the NJL model [23], where the existence and shape of the
IP depends on the chosen regularization scheme. In
combination with the nonrenormalizability of the NJL
model this raises questions about the predictive power
for QCD, especially since the chemical potentials in the
region of the IP are in the order of the necessary regulator.
The results in the renormalizable QM model suffer from
other technical problems, such as instabilities at large field
values [105,106].

Besides these difficulties of the model studies, there are
still indications that inhomogeneous chiral condensates
might be relevant in QCD [107,108]. A recent functional
renormalization group study of QCD [109] finds a so-called
moat or Lifshitz regime, where the bosonic wave-function
renormalization is negative and a modified dispersion
relation is obtained [110]. Such a phenomenon is often
related to an IP [111]. Experimental signals of this regime
are discussed in Refs. [110,112-114].

In (2 + 1)-dimensional models, only recently the atten-
tion has moved toward the study of IPs [41,115-120]. In
the (2 + 1)-dimensional GN model, IPs were observed at

’In condensed matter, the equivalent model is known as the
Frohlich model [77].

finite lattice spacing [115], but it turned out that these are
regulator artifacts depending on the chosen regularization
scheme [116,117]. After renormalization homogeneous
phases are favored. This regulator dependence further
highlights the problem of nonrenormalizability with respect
to high chemical potentials relevant in the IP of the (3 + 1)-
dimensional NJL model [23]. In lattice simulations of the
(2 4 1)-dimensional GN model, oscillating, but damped
correlators have been observed in Refs. [37,38], but
considering the found regulator dependence of the IP
[116,117] it is unclear whether these are reminiscent from
the above-described regulator artifacts or from underlying
physical reasons, such as Fermi surface effects. We note
that the existence of an IP is also not favored by the
introduction of chiral imbalance [118,119] or of a magnetic
field [41].

In this paper, we rule out the instability of homogeneous
condensates with respect to inhomogeneous perturbations
for a large class of models with Lorentz-(pseudo)scalar
isospin FF interactions. This extends the previous findings
in the GN model to a variety of different FF and Yukawa
models. We apply the framework of analyzing the stability
of the bosonic two-point functions (as, e.g., used in
Refs. [23,111,115,117,119-126]) to these models. This
analysis tests whether homogeneous field configurations
are energetically unstable against inhomogeneous perturba-
tions. Among the limitations of the method is that one can
only show the existence of an IP and not the shape of
energetically preferred inhomogeneous field configuration
(see Ref. [111] for a detailed discussion of this method). As
discussed in Ref. [111], there might still exist an IP, which is
not detected by the stability analysis. However, to our
knowledge no phase diagram has been found, where an IP
does not at least enclose a region in parameter space with
instabilities of the homogeneous minimum against inhomo-
geneous perturbations. Moreover, all IPs so-far observed in
model studies are connected by a second-order phase
transition to the chirally symmetric phase. Such a phase
transition can always be detected by analyzing the stability of
the symmetric minimum of the effective potential.

This work is outlined as follows. A general FF model,
containing all the studied interaction channels, is intro-
duced in Sec. II. Furthermore, we present an extension of
these models to Yukawa models. In Sec. III, the stability
analysis of the bosonic two-point function for finite baryon
chemical potential and temperature is presented for the FF
models and their extension to Yukawa models. Based on
this analysis, we argue that all models with Lorentz-
(pseudo)scalar interaction channels do not exhibit IPs or
moat regimes. In Sec. IV, examples for these FF models are
presented. Allowing for multiple chemical potentials, we
also show the stability of homogeneous condensates for a
few theories each containing a small subset of the pre-
viously discussed interaction channels. Finally, we sum up
our results and conclude in Sec. V.
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I1. DEFINITION OF THE CONSIDERED MODELS

In this section, we introduce a FF model, which serves as
the general prototype for the models, which will be later
studied using the stability analysis introduced in Sec. III.
We perform a bosonization with auxiliary fields and obtain
the effective action. Finally, in Sec. 1B, the Yukawa
models, obtained from extending the bosonized FF models,
are defined.

A. Four-fermion models

In order to set up our general analysis, we define

Sre(, v

A dr/ { @+ y3u)y

as the most general FF action studied in this work in
(2 4 1)-dimensional Euclidean spacetime [x = (X, ) rep-
resents the spacetime coordinate]. The integration over the
periodic Euclidean temporal coordinate 7 goes from 0 to
p = 1/T, where T is the temperature, while the integration
over d’x goes over the two-dimensional spatial plane. The
vector y contains 2N four-component fermion fields (N
identical spinors with isospin up/down respectively). We
work in the chiral limit, so no bare mass term is introduced.
The Dirac matrices are reducible, 4 x 4 representations of
the (2 + 1)-dimensional Euclidean Clifford algebra
{rorty =raw +rre=26,1 pv=123 (2)
where I is the 4 x 4 identity matrix. Useful representations
for computations in 2 + 1 dimensions can, e.g., be found in
Refs. [117,119,127,128]. The interaction vertices c¢; are

J
8 x 8 matrices in isospin and spin space and elements of

,,,,, 16 — (1,174,175, V45, T, 1774, 1775, Tras),  (3)
where 7 is the vector of Pauli matrices acting on the isospin
degrees of freedom. The spin matrices y, and ys anti-
commute with the y,, while y,5 = iy,y5 commutes with the
7,- All elements of C are 8 x 8 matrices, where the identity
matrices in spin and isospin space are not explicitly written
down whenever the matrix ¢; is diagonal in the corre-
sponding space. The channels ((x)c;y(x))* are local,
Lorentz-(pseudo)scalar FF interactions in the SU(2) isospin
space and spinor space. The vector and matrixlike FF
channels are not taken into account, since the analysis of
these interactions differs technically from the (pseudo)
scalar ones. Therefore, these interaction terms will be left to
forthcoming work. The couplings 4; of each channel have
inverse energy dimension and will be set to either O or 4 in

order to study different models and allow for different
symmetry groups of the action.” The chemical potential y is
introduced in the usual way and induces a nonvanishing
baryon density o y .

It is well known that the partition function of Eq. (1) is
identical to a partition function with auxiliary bosonic scalar
fields ¢, where ¢; can be introduced via a Hubbard-
Stratonovich transformation (an inverse shifted Gaussian
integration) in order to get rid of the FF interaction
(@ (x)c;w(x))?, up to a physically irrelevant integration
constant [44]. The partially bosonized action is then given by

NARE /d3 [NZ ] +wa} (4)

jeJ

Q=g+ 73/1+ch¢j, (5)

jel

where J is an index set (:ontaining4 all integers 1 < j < 16
with 4; # 0. The auxiliary fields ¢; have the dimension of an
energy and fulfill the Ward identity’

A

(¢;) = _N/ (wew),

jelJ. (6)
In order to relate to the literature about FF models
as low-energy effective models (e.g., Refs. [1-3,5,8,10,
12,19,21,104]), we define phenomenologically motivated
symbols for the ¢;, i.e., the tuple

= (0-77747’757’7457aO’ﬁ4’ﬁ5’ﬁ45)' (7)

The ordering of this tuple is used to directly map a field ¢, to
the corresponding fermion bilinear ¢ jy by reading of the
index j in the tuple C in Eq. (3). As one can see from Eq. (5),
nonvanishing (¢;) give rise to dynamically generated mass
terms for the fermion fields. These mass terms spontaneously
break different symmetries of the action Eq. (5). The
possibility of certain symmetry breaking schemes is, of
course, dependent on the choice of interaction channels, i.e.,
on the set J [see the definition below Eq. (5)].

In Appendix A, we define the (chiral) symmetry group
for (2 + 1)-dimensional fermion fields. Considering no
interaction terms, the fermion fields contained in y are

Typically, a FF model, which is invariant under a continuous
chiral symmetry transformation, involves two or more FF
channels, whose couplings all take an identical value in order
to allow for a rotational symmetry transformation between them.

The definition of this set ensures that an auxiliary field ¢y, is
only introduced when the coupling A, of the corresponding
channel is nonvanishing.

>The relations for these one- point functions can be derived
imposing the invariance of the functional integration measure

[1, D¢; under the infinitesimal shifts of the fields .
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TABLE L. The quantum numbers (P4, Ps) of the fields ¢;
in Eq. (7).

(P4v PS) ¢j

(+1 +) o, 50

(_»"') 774,7:%4

(+.-) N5+ Ts

(=) 455 745

invariant under transformations of the group U(4N) com-
posed of chiral transformation of the group U,(2N) and
isospin transformations, which are elements of SUz(2).
This invariance is not explicitly broken in the action (5) [or
Eq. (1]if4; = Afor® j = 1,...,16. When a subgroup of the
interaction channels is taken into account in the partially
bosonized action (5), only subgroups of the chiral sym-
metry transformations might be realized (depending on the
choice of J). The reminiscent symmetry transformations,
which are relevant in Sec. IV, are also defined in
Appendix A.

A mass term of the form myy, as spontaneously
generated by a nonvanishing expectation value of
¢ = o, breaks the full symmetry group U,(2N) down
to the Uy, (N) x U, (N) subgroup of vector transforma-
tions. Mass terms of the form imuyy p (generated by
¢, =n4) and imsyysy (generated by ¢; = n75) have the
same symmetry breaking pattern, but, in addition also break
one of the two Z, parity transformations’

Pytoy(x) = yap(=x), w(x) = y(=x)rs;  (8)

Ps: y(x) = ysy(—x),

In addition, there is a fourth mass term mysyy,sy, which
does not break a continuous symmetry, but both P, and Ps.
This parity-odd mass can be dynamically generated by a
nonvanishing expectation value of ¢, = n45. These four
different mass terms have an interpretation in condensed
matter applications, such as graphene or similar systems
[129-131]; see Ref. [51] for a summary. We assign
quantum numbers +, — to the auxiliary bosonic fields in
Eq. (7) according to their transformation behavior under the
parity transformations (8) and (9). The fields and their
quantum numbers are listed in Table I. Later, we will refer
to the fields by their behavior under parity, e.g., 17, and 7,

®In fact, the full chiral symmetry group is already realized,
whenﬂ =Aforj=1,2,3.

The parity transformation in (2 4 I)-dimensional Euclidean
spacetime is defined as an inversion of an odd number of axes.
Our convention is to flip all three spacetime coordinates. The
ambiguity of having two different parity transformations, that can
act on the fermion fields, has its origin in the reducible spinor
representation.

are fields with quantum numbers (—,+) and o, d, are
(+.+) fields.

After integration over the fermion fields in Eq. (5), one
obtains an effective action depending solely on the bosonic
fields,

Seff[(Z] _ 3 ¢2
N /d*x;ﬁ—n In $Q, (10)

where Q has been multiplied with f in order to ensure a
dimensionless argument of the logarithm. This introduces
only a temperature-dependent constant to the partition
function. We recognize that S,y is proportional to N.
Taking the limit N — oo for the FF models is equivalent to
a mean-field approximation at finite N, which is what we
consider for the rest of this work. In this approximation one
takes the fermionic fluctuations fully into account through
the functional Tr In over the Dirac operator Q, while all
quantum fluctuations in the bosonic degrees of freedom are

neglected. This causes the global minimum ¢(x) = ®(x)
of S to be the only relevant contribution in the partition
function. Thus, expectation values of observables can be
computed by evaluating them on the respective global
minimum. This can become problematic when the effective
action has multiple, degenerate global minima, for example
in the case of a first-order phase transition or minima which
are related by symmetry transformations on the level of the
effective action. In the latter case, one formally has to
introduce a small symmetry breaking parameter z and make
the extrapolation z — 0 in order to remove ambiguities. In
the mean-field approximation, however, it is common (see,
e.g., Refs. [4,8,104]) and more practical to pick one of the
degenerate minima whenever facing this situation. In the
case of a first-order phase transition or critical end point, we
will refrain from evaluating any quantities that depend on
the minimum of the effective action in order to avoid
ambiguities.

B. Yukawa models

In order to generalize our analysis of the FF models, as
defined in Eq. (1), to corresponding Yukawa models in
Sec. III, we introduce their action in (2 + 1)-dimensional
Euclidean spacetime as

SYW] _ Sef;\[/h)ﬂ

[ anlormy+ Tn(Tadm) |
(1)

where y = (y;) ., contains scalar fields of canonical

dimension energy'/?, h is the Yukawa coupling, k, are
the couplings of the self-interaction terms between the
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fields y and S is defined in Eq. (10). In the mean-field
approximation, these models can be analyzed using the
stability analysis in the same manner as the FF models, as is
discussed in Sec. III B. Thus, quantum fluctuations of the
fields y are neglected and observables are computed by
evaluating them on the global minimum of Sy using the
same formalism as described above for the FF models. A
field y;, that by its interaction channel in S corresponds
to a field ¢; in a FF model, has the same parity quantum
numbers defined in Table I from ¢);. Equation (11) defines a
QM-type of model. One can think of the fermion fields
contained in S via the fermionic determinant as interact-
ing through the exchange of the dynamical bosonic fields
X j» which in the QM model correspond to light mesons.

We note that the Ward identity for the expectation values
of the scalar fields y;, analogous to Eq. (6) for the auxiliary
fields ¢;, contains additional contributions from the self-
interaction and kinetic terms. Thus, the expectation value of
x j does not directly yield the expectation value of a fermion
bilinear (although these can nevertheless be computed).
However, the spatial homogeneity of the bosonic fields still
directly leads to the absence of inhomogeneous conden-
sates. Consequently, the investigation of IPs in Yukawa
models is possible by studying the stability of the fields y;
in the same way as we study the stability of ¢; in the FF
models.

III. STABILITY ANALYSIS OF MODELS
WITH A BARYON CHEMICAL POTENTIAL

The stability analysis is a technique to determine whether a
spatially homogeneous field configuration is unstable with
respect to inhomogeneous perturbations. It follows from this
instability that an inhomogeneous field configuration is
energetically favored over the homogeneous expansion
point. This technique has seen regular use in such inves-
tigations, e.g., in Refs. [111,117,123,126] and, thus, we

Ser® B[ d%q
zfxfizi/(z {ZI(S

jeJ

recapitulate only the most relevant steps. We provide,
however, a more detailed derivation in Appendix B. Note
that the central result of this work, i.e., showing the stability
of homogeneous condensates against inhomogeneous per-
turbations in all models with Lorentz-(pseudo)scalar inter-
action channels in a general manner, is discussed below in
Sec. [T A.

We start by considering homogeneous field configura-

tions ¢ and apply spatially inhomogeneous perturbations
543 to them, i.e.,

H(x) = b+ 55(x), (12)

where the perturbations are of an arbitrary shape and
assumed to be of an infinitesimal amplitude. Inserting this
into the effective action (10) enables a systematic expan-
sion of S in powers of 6¢p. The zeroth-order contribution

sz)f) (B5) is the so-called homogeneous effective potential

and the leading-order contribution S Sr) (B6) is proportional
to the homogeneous gap equation [compare with

Eqs. (B11) and (B12)]. Thus, S} vanishes if the homo-

geneous expansion point ¢ corresponds to a solution of the
gap equation. The second-order contribution contains the
Hessian of the effective action, which is found to be
diagonal in momentum space, but not necessarily diagonal
in field space. The diagonalization—if possible—is done
via a change of the field basis g_z,’;—> @. For the theory
considered in Eq. (10), where only a baryon chemical
potential is present, the Hessian is already diagonal in field
space, ie., @ = 43, if we set all nonzero 4; to A
Nevertheless, we use the “new” basis from here on in
order to be consistent with the later analysis, where a proper
diagonalization is indeed needed. We then obtain as the
second-order contribution

QP (M2 1. T. 4| (13)

where 5¢(q) are the Fourier coefficients of the perturbations and the magnitude of the perturbation’s momentum g = |q].

The bosonic two-point function F((fj) (M?,u,T,q?%) is the curvature of the effective action with respect to |5¢(q)|. For the

curvature we find the explicit form

@ 18 /d2 -1
F.M, LT, — —
(M0 T =54 52 | aay a%+pz+M2+ A

T)+ 3 (q2 + a, M?) 65 (M?

q* + a, M? )
(p +q)* + M?]

. T.q%) ==, (M* . T) + Ly, (M?. . T. q%).  (14)

ol =

where 7, = (v, — iu), the fermionic Matsubara frequencies v, = 2z(n —1)/p and
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M2 () = Zc;‘cj(gbj)z =M> with cF = { i

=

for ¢c; = 1.7,
(15)

—C; otherwise.

We find that a, = a, = 4 for fields ¢; with parity quantum numbers (P,, Ps) = (+,+).(-.—) and a, = a_ = 0 for
fields with (P4, Ps) = (+,—), (=, +). Accordingly, we find two possible momentum-dependent contributions

L2.+ (M27H9 T9 qZ) =

| =

(> +4M*) 25 (M? u, T, %),

1
Ly (M*.u,T,q*) = qufz(Mz,u, T.q%) (16)

to the two-point function. The integral £, at T = 0 assumes the simple form

0, W > M+ q*/4,
2 M=) 2 2 2 2
fz(Mz,u, T=0, qz) _ % ) arctan <2”) M= < pu= < M= + g~ /4, (17)
rq
arctan (ﬁ) u> < M.

Further expressions for #; and #, for various cases of yu, T, M?, g> can be found in Appendixes B 1 and B 2.

In order to make conclusions about whether inhomo-
geneous condensates are favored over homogeneous ones,
we use the global homogeneous minimum as the homo-
geneous expansion point, i.e., the field configuration @ that
minimizes Sé?f) globally with the corresponding mass
M? := M?(®). This field configuration is also a solution
of the gap equation (B12). Therefore, Sé(f)f) assumes its

minimal value while Si}f vanishes [since it is proportional
to the gap equation, compare with Eqgs. (B11) and (B12)].
Thus, negative values of Ff,,zj) (./\/lz, u, T, qz) will signal that
there is an even deeper minimum in the direction of 6¢,(q).
In order to provide dimensionless quantities, we express all
parameters in units of the mass M, which is the mass
corresponding to the global homogeneous minimum in the
vacuum of the theory.

A. Absence of instability

The global homogeneous minimum, that is the only
relevant expansion point when searching for an IP, is stable
against homogeneous perturbations, i.e., FE,,ZJ.) (Mz,u, T, q2 =
0) >0V ¢;. Consequently, negative values for finite q* and,
thus, an instability against inhomogeneous perturbations can
be ruled out, if the q-dependent part Ly, of F((,,2j> (M2,
T, ¢*) is a monotonically increasing function of ¢>. This is
exactly the case for L, ;. For T = 0 the analytical form of
L, . given by Eqs. (16) and (17) reveals its monotonically
increasing behavior for all M2, u, ¢>. The same is true for
finite temperatures which can be verified by numerical
calculations of ¢,. In Fig. 1, the functional behavior of
L, foru/My=1.0and T/ M, = 0.0, 0.05 is plotted in a
color plot. We conclude that the general model defined by

Eq. (10) does not experience an instability toward an IP. This
conclusion holds when considering any set of interaction
channels as given by J. Moreover, these models also do not
feature a so-called moat regime [110]. This regime is defined
by a negative wave-function renormalization Z  d*I"®)/
dg? and is often an accompanying phenomenon to an IP but
can also exist independently [111]. Our computations show
that L, ;. always yields Z > 0, since they are monotonically
increasing functions in gq.

Additionally, we note that £, ~ ©(u*> — M*> — ¢*/4) at
T = 0, which causes the two-point function to be constant
for momenta 0 < ¢?>/4 < u> — M?. Here not only the
wave-function renormalization Z vanishes, but also any
higher derivative of I'®) with respect to ¢. A special point is
at u/ My =1 and T = 0, where the homogeneous phase
transition in the (2 + 1)-dimensional GN is often regarded
as being first order. However, the system rather exhibits a
critical end point at this point [29]. This means that the
effective potential (e.g., computed in Refs. [26,117]) is
flat between some homogeneous field values with
M €0.0,1.0]. Such a flatness is also observed in the
two-point function where the contribution 1/4 — ¢, van-
ishes, which causes the two-point function to be constant
zero for momenta 0 < g*>/4 < p?> — M?. This vanishing
curvature of the effective action is a hint for a degeneracy
between homogeneous and inhomogeneous condensates.
Such a behavior has already been observed in the
case of the (2+ 1)-dimensional GN model also at
u/My=1.0,T/ M, =0, which has been revealed by a
study [132] with a one-dimensional ansatz for the chiral
condensate. We expect this degeneracy to be restricted to
(u, T)/ My = (1.0,0.0) and, especially, the homogeneous
condensates to be favored against inhomogeneous ones for
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Lzﬁ_(MZ,y,T, q2 = 0) = 0. However, the 0.0 contour line and its label are not drawn, because they would be obscured by the
axis. In the Supplemental Material [133], we provide a script, which allows us to do the numerical computation of L,  for arbitrary
values of (M2, u, T, q?) and that produces this figure. See Eqs. (14) and (16) for the definition of L.

all nonvanishing 7. The analysis in Ref. [132] suggests that
also higher orders of the expansion of the effective action
would vanish for a certain range of finite momenta. In
Sec. IV A, we show that the homogeneous phase diagram of
all possible models described by Eq. (10) is identical to the
one of the (2 + 1)-dimensional GN model. Thus, the above
discussion of the flatness of the effective potential and the
two-point function also applies to these models.

It should be noted that the absence of an instability does
not completely rule out the existence of an IP. As
discussed in Ref. [111] at the example of the (1 4 1)-
dimensional GN model, it is possible for the homo-
geneous minimum and global inhomogeneous minimum
to be separated by a energy barrier. Here, the homo-
geneous minimum appears stable against inhomogeneous
perturbations even though an IP is energetically favored.
Such a phase can only be found by calculations with a
guess of ansatz functions for the condensates or by
explicit numerical brute-force minimizations using lattice
field theory. For the (2 + 1)-dimensional GN model, there
is evidence in the literature that this is not realized. Lattice

minimizations of this model have not found any other IP at
finite lattice spacings than the ones also obtained by a
stability analysis of the Ilattice regularized models
[117,119,120]. It is important to note that these IPs vanish
when taking the continuum limit [116,117], as the bosonic
two-point function converges toward a momentum
dependence proportional to L, . These results of the
(2 + 1)-dimensional GN model suggest that the stability
analysis applied to our general FF model (10) also does
not miss an IP. Also, to our knowledge all IPs, which are
observed in model investigations, can at least in some
parameter region be detected by the stability analysis. In
these studies, one finds a second-order phase transition
between the IP and the chirally symmetric phase. At least,
this second-order transition can always be detected by
analyzing the stability of the symmetric minimum of the
effective potential. The sum of these arguments combined
with our analysis is strong evidence for the absence of
inhomogeneous condensates in all of the models described
by Eq. (10) [or, equivalently, Eq. (5)] independent of the
considered (sub)set of interaction channels given by J.
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Since this result is obtained in the mean-field approxi-
mation, one needs to consider its predictive power for the
full quantum theories. It is typically found that bosonic
fluctuations tend to disfavor and/or disorder (in)homo-
geneous condensation® [41,94,95,98,99,135]. Based on
these findings, we expect that the nonexistence of IPs in
(2 + 1)-dimensional FF and Yukawa models in the mean-
field approximation is a clear signal that inhomogeneous
ground states are not present in the corresponding full
quantum theories. A scenario with an inhomogeneous
ground state in a full quantum theory which is not present
in the mean-field approximation has—to our knowledge—
never been observed. In (2 4 1)-dimensional FF models,
one has so far only seen oscillating but also damped corre-
lation functions for the auxiliary fields [38]. However, these
lattice results [38] have been obtained on rather crude
lattices. So, we expect these oscillations to be reminiscent
of the IP, which can be found in mean-field investigations
of FF models at finite lattice spacings, but vanish in the
continuum limit [116,117].

B. Generalization to Yukawa models

When the models are only subjected a baryon chemical
potential, it is rather straightforward to generalize the
stability analysis of FF models to Yukawa models, which
are defined as in Eq. (11). We only discuss the final result
here and a more detailed derivation can be found in
Appendix B 3.

Applying the stability analysis to the effective action as
defined in Eq. (11), the second-order contribution again is
the first nonvanishing correction to the homogeneous
action Sg,), when the homogeneous expansion point is a
solution of the gap equation. We find the second-order
contribution to the effective action

Sy [ & [Dac, Pree). as)

where ( is the field basis that was used in the diagonaliza-
tion of the Hessian.” The two-point function

®Ref. [134] provides a rather general argumentation which
excludes the spontaneous breaking of a discrete symmetry in one
dimension, which is backed by the results in Ref. [98] that found
no homogeneous condensation in this model at 7 # 0. The
breaking of a continuous symmetry such as the translational
symmetry is forbidden in 1 4 1 dimensions at finite temperature
by the no-go theorem presented in Ref. [100]. Thus, we expect
that also inhomogeneous phases are disordered by the bosonic
fluctuations. In Ref. [94], the authors cannot distinguish between
a long-range-order scenario and an IP in the (1 4 1)-dimensional
GN model.

In contrast to the ordinary FF models, it is possible for the
Yukawa models with a baryon chemical potential to exhibit off-
diagonal terms in the Hessian matrix. These contributions are,
however, independent of q and can be removed by using symmetry
transformations on the homogeneous expansion point.

2 (M2, T, 4?)
Mzﬂﬂ’ T) + LZ.C(MZMM’ T’ qZ)

q +ZK n[

n>1

THan-n2&"] 19

can now be identified as the curvature of the effective action
in the field direction 6¢;(q). Again, one finds either L, | or
L,_ as the momentum dependence of the two-point
function. As is obvious from Eq. (19), the additional
contributions compared to the FF two-point function are
either constant or monotonically increasing in ¢>. Thus, by
the reasoning given in the last section, these additional
terms cannot facilitate the appearance of an instability
toward an IP since the corresponding FF model does not

exhibit such an instability for any ®, u, T, ¢* already.

IV. RESULTS OF THE ANALYSIS
FOR SPECIFIC MODELS

In this section, we present examples of FF and Yukawa
models where the condensates do not develop an instability
toward inhomogeneous perturbations and are, thus, very
unlikely to feature an IP. In Sec. IVA 1, FF models with
only a baryon chemical potential but multiple interaction
channels [see Eq. (1)] are presented. These results are
obtained using the stability analysis, as explained in detail
in Sec. III, where also the reasoning for the absence of
instabilities is explained in detail. After that, we allow for
multiple chemical potentials in Sec. IV A 2 and explain the
differences of the analysis compared to only a baryon
chemical potential. Again, examples for model calculations
are discussed. Finally, we turn toward the extension of our
findings to Yukawa models in Sec. IV B.

A. Four-fermion models

Before we turn toward the stability analysis of the
bosonic two-point functions, we shortly present our finding
for the homogeneous phase diagram of FF models
described by Egs. (1) and (5) (by considering different
interactions channels in the set J).

The homogeneous phase diagram of the (24 1)-
dimensional GN model, i.e., the phase diagram when
restricting the field to homogeneous field configurations,
as first obtained in Ref. [26], features a phase at low
temperature and chemical potential where the discrete
chiral symmetry is spontaneously broken by a nonzero
chiral condensate [24,26]. At finite temperature this phase is
separated from the chirally symmetric phase by a second-
order phase transition. At (u,7)/M;, = (1.0,0.0) one
obtains a first-order transition point, where degenerate
minima with M/ M, € [0.0, 1.0] have the same minimal
effective potential, which becomes flat.
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The homogeneous phase diagram for all possible mod-
els, that can be obtained from Eq. (1) by setting certain
couplings either to zero or 4, is identical to that of the GN
model. This result is related to the present symmetries of
the action, which allow us to pick homogeneous minima,
where only the scalar channel ¢ develops a nonzero
expectation value (note that this is only possible when
the fields are restricted to being homogeneous). Other
homogeneous, global minima are connected to this one via
a (chiral) symmetry transformation. Exempt from this are
the fields with parity quantum numbers (—, —) namely 75
and 7745. By analyzing the homogeneous effective potential,
we can nevertheless show that the homogeneous fields
745, 45 develop vanishing expectation values for all tem-
peratures and baryon chemical potentials. First, we discuss
this allowing for all isoscalar channels, which yields the
introduction of the auxiliary fields o, 14, 5, 1745. Using the
symmetries of Eq. (10) [or equivalently Eq. (5)] one can use
the chiral transformations Eq. (A5) to obtain nonvanishing
expectation values only for ¢ and 7,5, Then, we analyze the
fermion contribution Tr In Q, which can be represented in
a block-diagonal form with 2 x 2 blocks corresponding to
the irreducible spin representation in 2 4+ 1 dimensions.
These blocks can be interpreted as GN model contributions in
the irreducible fermion representation with chemical poten-
tial x4 and homogeneous fields ¢, JR =0 1145 (see the
theory sections of Refs. [117,119] for a more in-depth
discussion of these irreducible blocks). The model decom-
poses into two GN models with the same chemical potentials,
which gives us ¢, = ¢ and, thus 7,5 = 0. An analogous
analysis involving some additional isospin rotations is valid
for 7745. Thus, we do not observe spontaneous parity breaking
in the FF models for all ¢ and 7.

The order of the homogeneous phase transition might be
relevant, since the stability analysis of the bosonic two-
point function in the (1 4 1)-dimensional GN revealed that
a first-order phase transition can cause stability of the
homogeneous minimum even though there is an energeti-
cally preferred IP [111]. Here, the global energetically
preferred inhomogeneous minimum was only connected to
the symmetric homogeneous field configuration which was
not energetically favored over the stable nonzero minimum.
The fact that in 2 4 1 dimensions the critical point occurs at
a single point at zero temperature increases the confidence
in the presented results obtained via the stability analysis.
Moreover, by inspecting all possible expansion points via
varying the mass M, we can rule out a scenario as in 1 + 1
dimensions, since in 2 4+ 1 dimensions there is no other
unstable expansion point while the physically relevant
expansion point M is stable.

1. Models with baryon chemical potential

Table II summarizes the central findings from the
stability analysis for some models that are obtained from
Eq. (5) by defining J and setting 4; = 4, j € J. The specific

models are chosen with respect to their relevance to
phenomenology and the literature. The two-point functions
for models with other combinations of channels can easily
be calculated as discussed in Sec. IIl. The respective
symmetry transformations of the effective actions allow
us to obtain homogeneous expansion points ¢ ;> which are
vanishing except for 5. None of the two-point functions in
these models exhibit a different momentum dependence
from L, .. As discussed in Sec. IlI and illustrated by Fig. 1,
L, . are positive, monotonically increasing functions of the
square of the momentum q of the inhomogeneous pertur-
bations. Thus, we expect the absence of IPs and moat
regimes in all of these models, as discussed in detail in
Sec. III A. Therein, we also explain that there is the
possibility of a degeneracy between the homogeneous
condensate and the inhomogeneous condensate, as
observed at (u,T)/My = (1.0,0.0) in the GN model
[132]. By our analysis, we expect this degeneracy to be
restricted to (u, T)/ M, = (1.0,0.0) and, especially, the
homogeneous condensates to be favored against inhomo-
geneous ones for all nonvanishing 7.

In Table II, we discuss four FF models explicitly and give
their respective symmetry groups (defined in Appendix A)
and indicate whether the momentum dependence of the
two-point functions is L, , or L, _.

The first row shows the renowned GN model with one
single isoscalar channel with parity quantum number
(4, +) [see Egs. (8) and (9) for the definition of the parity
in 2 4+ 1 dimensions and Table I for the quantum numbers
of the fields]. The two-point function exhibits the L, ,
dependence, which was already documented in Ref. [117].

The second row shows the (2 + 1)-dimensional analog
of the (3 + 1)-dimensional NJL model. It breaks the axial
symmetry transformations Egs. (A3) and (A4), leaving
only the combined isospin and axial symmetries Eqs. (A7)
and (AS) as chiral transformations. Due to the ambiguity of
the y5 operator in 2 4+ 1 dimensions, it makes sense to use
the generators of both transformations to construct an
“NJL” Lagrangian. Similar to the case in 3 + 1 dimensions,
we find that the momentum dependence of the two-point
functions of the z-fields are given by L, _, while itis L,
for the o field [23,126].

The third row shows the (2 + 1)-dimensional chiral
Heisenberg Gross-Neveu (yHGN) model [62] with an
additional (1[/}/451//P2 interaction term that is special to
2 4+ 1 dimensions. Again, due to there being two axial
transformations Eqs. (A3) and (A4), a Lagrangian involv-
ing both generators is an appropriate choice. A nonzero
bosonic field 7,45 breaks both parity symmetries Egs. (8) and
(9) spontaneously, but does not break one of the continuous
chiral symmetries. Due to 745 = 0 for all temperatures and

""The analysis of this model with respect to an IP and their

disordering at finite flavor numbers is also motivated in
Ref. [112].
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TABLE IL

Stability analysis of the bosonized FF models. We allow for finite baryon chemical potential # and finite temperature 7.

The first column gives the models’ abbreviations for their names for further reference (whenever available names existing in the
literature are used). In the second column, the respective interaction channels kept from Eq. (1) are listed. The rest is removed by setting
A = 0. The third column lists the field basis ¢;, for which the Eq. (B8) can be diagonalized and, thus, a meaningful stability analysis can

be performed. The fourth column indicates whether the momentum dependence of Iy,

@) g given by L, (M* u,T,q*) or

L, (M? u,T.q?). The fifth column gives the full symmetry group of the model. The groups are clickable and refer to the definition

of the symmetry group.

Field basis ¢; Momentum
Model Used channels c; diagonalizing Sgg dependence of T" ((1}2/ Symmetry groups
Ly, L,_
GN 1 o ° U, (N)x U, (N)xZ,(2)
xSUz(2) x Py X Ps
NJL 1,1‘?}’4,i?}/5 o, 71'4,7?5 (o2 ﬁ4,7?5 UH4(N) X U},45(N) X SUAY“(Q,N)
xSUy, (2N) x SUz(2) x P4 x Ps

YHGNp L iys.iys, 745 0,14, 15, M5 (for ijys = 0) 0,145 N4> N5 U, (2N) x SUz(2) x P4 x Ps
PSFF L iyy, 175, 745, 0,N4:M5,M45 Qo> T4, W5, a5 0,145,645 M4 15, g, s Uy(zN) x SUz(2) x Py x Ps

T, iT}/47 iTyS’ iTY45 (for 7]45 = 7_1')45 = O)

baryon chemical potentials, the two-point functions of the
fields do not mix [as the only off-diagonal terms are « 745,
compare with Eq. (B16)] and the diagonalizing field basis
coincides with the auxiliary bosonic fields introduced in the
bosonization. Thus, one of the two parity transformations
could only be spontaneously broken if one of the fields with a
negative parity quantum number (compare Table I) develops
a spatial modulation. However, also for this model we found
that the momentum-dependent part of the two-point func-
tions of all present bosonic fields is either L, . or L, _ and,
thus, homogeneous condensates never develop an instability
toward a spatially dependent condensate.

The last row lists what we call the Pseudoscalar four-
fermion (PSFF) model, since it features all interaction
channels presentin Sec. Il and Eq. (1). Again, note that#j,5 =
7,5 = 0 which prevents off-diagonal second-order terms
from the fermionic contribution; see Eq. (B17). Even though
we considered by far the largest amount of interaction
channels in this model, no two-point function with a different
momentum dependence than L, . is obtained.

As discussed in Sec. III A, two-point functions for fields,
which have mixed parity quantum numbers [(Pg, Ps) =
(+.,-) or (P4, Ps) = (—,+)], have a momentum depend-
ence proportional to L, _, while the others have a momentum
dependence proportional to L, , . This is independent of how
large the symmetry group is and of the number of interaction
channels considered. Even when considering all 16 Lorentz-
scalar FF interactions [see Eq. (3)], we do not see a different
mathematical structure of the two-point functions. Therefore,
according to the argument given in Sec. Il A, none of the
models, which can be described by Eq. (5) by defining J and
setting 4; = 4, j € J, exhibits an instability toward an IP for
any M2, u,T,q% As argued in detail in Sec. IIl A, this is
strong evidence for the absence of IPs in these models.

2. Models with multiple chemical potentials

In this section, we allow for multiple chemical potentials
in FF models in addition to the baryon chemical potential,
which is introduced in Eq. (1) via the usual uypysy term.
Namely, we will study the effect of finite isospin chemical
potential introduced with the term u;y;73y, and chiral
chemical potential that is introduced as pysWysyvasy.
Although this requires an extensive analysis, we can again
identify the well-known function L, in the two-point
functions. Thus, also the models discussed below do not
develop an instability toward an IP. Also, the existence of a
moat regime with a negative wave-function renormalization
can be ruled out, as Z > 0 according to the discussion
in Sec. IIL

In general, the introduction of multiple chemical poten-
tials induce that (homogeneous) expectation values of
several of the auxiliary fields ¢; will have nonzero expect-
ation values; e.g., studying finite y45 can lead to a non-
vanishing expectation value of 7,5. Also, the homogeneous
phase diagram has to be computed separately for each
individual case and can have a more involved phase
structure (compare, e.g., Ref. [119]).

This also significantly complicates the analysis of the
bosonic two-point functions, although in principle the
method can be applied as introduced in Sec. III. The main
difficulty is the diagonalization of the bracketed field space
matrix in Eq. (B17), which becomes quite involved depend-
ing on the studied action. For a large number of interaction
channels and multiple nonvanishing ¢; it can become even
impossible to diagonalize this expression. Thus, a general
analysis for multiple theories, as in Sec. III for FF models
with baryon chemical potential, cannot be presented by us.

However, there are still some combinations of interaction
channels and chemical potentials, where one can still obtain
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TABLE III.

Stability analysis of the bosonized FF models with multiple chemical potentials and interaction channels. The first column

describes the used FF interaction vertices [compare Eq. (3)] in the model. The second column gives the corresponding auxiliary bosonic
fields after bosonization, that correspond to the fermion bilinear via the Ward identity (6). The third column lists the used chemical
potentials. In the fourth column, the field basis @; is defined, which diagonalizes the second-order correction, as described in detail in

Sec. IVA 2. Then, the momentum dependence of the two-point functions I'

(4]

(2)

is given in the fifth column, right to the field definition.

The last column gives an overview of the present symmetries in the model. The groups are clickable and refer to the definition of the

symmetry group.

Bosonic ) oL Momentum dependence
Used auxiliary ~ Nonzero chemical Field basis ¢; of 1”2,2]) f(M?, p) = Underlying
channels c; fields ¢; potentials diagonalizing Sgg Ly, (M*,u,T,q%) symmetry group
1,745 0. 145 Hi = p+ Has ¢ = (0 +nas) F(@7.p0) f(PRs1r) U, (N) x Uy, (N) x Z,,(2)
HR = 1 — Has ¢r = (6= 1n4s) xSU3(2) x P4 x Ps
1,75 0,dp3 S ¢T =(0+¢3) f(&%,m)f(éﬁi,m) UL(N)XUns(N)Xer(Z)
Wy = 1=y ¢, =(0-¢3) xU,, (1) x P4 x Ps
1, 73745 0, 453 My = pL + 1y @ = (0+m4s3) f(@i,/lLi,T) +f((7)i,/lk.¢) Uy, (N) x U, (N) x Z,,(2)
Mr| = ML — Hy p_ = (06— my53) F@2 pr)) + (@2 urs) xU,, (1) x Py x Ps
HRA = Hr T H1
HR| = HrR — Hi
1,753,745 0,403,145 Hets HLy» ¢ = (0 +ms) f((gr + t_lo.3)2,/4L,T) Uy, (N) x U, (N) x Z,.(2)
HRAs HR.| Pr = (0= 1a5) +f(pr — ao3)* pr)) XU, (1) X Py x Ps
do3

f((éS_R +ag3)* Hrt)
+f(pr — a03)* pr,})

@ , e
A

the momentum dependence of the two-point functions by a
comparatively easy diagonalization obtained by a suitable
choice of field coordinates ¢ it For these models, we find
the fields ¢; such that the fermion propagator (BY) is block
diagonal with 2 x 2 blocks, where each corresponds to an
irreducible spinor representation. Then, the contribution of
the fermion loop [as written down in, e.g., Egs. (B13) and
(B15)] also decomposes when AQ is written as a function
of the 6¢;. The vertices'" corresponding to the interaction
of the fermions with the new field basis ¢; project out either
one or multiple of the 2 x 2 blocks and diagonalize the
bracketed field space matrix in Eq. (B17). Then one can
proceed with the analysis as described in Sec. III and
Appendix B.

Table IIT summarizes the models, where such an analysis
with respect to the stability of homogeneous condensates
against inhomogeneous perturbations was performed by us.
All two-point functions obtained in the models in Table III
are proportional to L, . This originates in the circum-
stance, that in our derivation of the two-point function the
field variables ¢; are chosen such that one obtains a block-
diagonal structure of the homogeneous fermion propagator
(B9). These blocks behave as (2 + 1)-dimensional GN

”By vertices, we mean the 8 x 8 matrices, that describe the
coupling between the bosonic field to the spin/isospin degrees of
freedom of the fermion fields.

models (see Table II for the momentum dependence of the
two-point function of the ¢ field in the GN model) with a
single effective chemical potential and a single field ¢; or
sums of the fields. The effective chemical potentials are
linear combinations of , pys, ;. The momentum depend-
ence of the obtained two-point functions is given by linear
combinations of L, with M? and effective chemical
potentials.

The model in the first row is a GN model with an
additional (y4sy)? interaction channel and a chiral imbal-
ance via finite py5. A standard GN model subjected to fi45
without the additional interaction channel has been studied
in Ref. [119]. The corresponding homogeneous expectation
value of the field 7,5, as induced by finite y45 breaks parity
spontaneously. However, the new field basis ¢, effec-
tively decouples the theory into two, independent GN
models with chemical potentials u £ uys. This leads to
two “GN-like” two-point functions each with one inde-
pendent field and chemical potential. The same procedure
can be performed for the model in the second row, where
instead of a (y,sy)? the isospin channel (fz3y)? (leading
to an auxiliary bosonic field a3 in the bosonic theory) is
added to the GN interaction and an isospin chemical
potential y; introduces an isospin imbalance.

In the third row, we allow for both isospin and chiral
imbalance introducing both corresponding chemical poten-
tials in addition to the baryon chemical potential .
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A (Wy4st3w)? interaction channel is studied in addition to
the (y)? interaction. The corresponding bosonic auxiliary
fields m453 and o can again be combined via linear
combination to obtain the diagonalizing field basis ¢..
The two-point functions F((pzi) are now sums of different L,
contributions, each with M? = ¢, but with differing linear
combinations of the chemical potentials dictating the exact
form of L, ,. Again, we refer to Ref. [119] where an
analogous competition between two chemical potentials is
studied in the phase diagram and, although this is not
explicitly computed therein, in the two-point function of
the o field.

In the forth row, the most involved model in Table III is
considered containing both previously introduced inter-
actions resulting in the presence of the auxiliary bosonic
field 745 and ay3 in addition to the ¢ channel simulta-
neously at a finite baryon, isospin and chiral density. We
find the diagonalizing field basis to be ¢, ¢r, ag3. The
momentum dependence of the two-point functions of ¢; /¢
are again sums of two L, contributions each with
different linear combinations of the chemical potentials
and M? = (¢ g * Gy 3)*. However, % is proportional to

ap3
the sum of FE;L) and I ((}5213 combining four different con-

tributions each proportional to L, ..

Concluding, all the studied FF models in Table III do
not exhibit an instability of the homogeneous ground
state when subjected to inhomogeneous perturbations
and, thus, it is very unlikely that they feature an IP
(cf.Refs. [111,116,117] and Sec. IIT A). Nevertheless, it is
important to state that in the investigation of FF models
subjected to multiple, nonvanishing chemical potentials
we restricted ourselves to a very limited set of interaction
channels. We want to highlight at this point that the
restriction to a few interaction channels also limits the
predictive power of our models for high-energy phenom-
enology. For example, at finite isospin chemical potential
one needs to account for charged pion condensation (see,
e.g., Ref. [136]). Attentive readers may notice that the
corresponding channels are not present in the models in
Table III. In order to provide an adequate description of
this phenomenon one certainly has to extend our study in
this direction. To study a larger set of interactions with
several of the chemical potentials y, p45, ¢4 Or even more
axial imbalances'” in models with more interaction chan-
nels, is in principle possible but requires a different,
technically more involved analysis than the one done in
this work. Thus, we postpone such an analysis to future
works. However, our study allows us to conclude that the
presence of multiple imbalances in fermion densities does
not generically allow for the existence of inhomogeneous
ground states.

PFor example, one could introduce chemical potentials for the
conserved currents wy ysy or yy'y.y as in Refs. [39,72].

B. Yukawa models

In this section, the results for the Yukawa model
extension of the FF models discussed above are presented.
The generalization of the bosonized FF models (5) to a
Yukawa model is discussed in Sec. II B. In Eq. (11), the
Yukawa action is constructed out of the FF models’
effective action (10).

The homogeneous phase diagram of these models might
drastically change compared to the FF models due to the
introduction of additional couplings and self-interaction
terms. Nevertheless, the stability analysis, as described in
Sec. III, can be performed for all possible, homogeneous
expansion points y; = j; such that conclusions about the
stability of these homogeneous condensates against inho-
mogeneous perturbations can be made.

First, we discuss the generalization of the results in
Sec. IVA 1, where the FF models are studied at finite
baryon chemical potentials u. The key observation is that
all bosonic two-point functions are positive, monotonically
increasing functions of g’ and, thus, no instabilities are
observed. This observation is directly obtained for the
Yukawa extensions of these models, as these only affect
the momentum-independent offset [compare Eq. (19)] and
the physical expansion point M. The momentum structure
of the two-point function is still proportional to L, . plus an
additional positive, monotonically increasing q* term. As
discussed in Sec. III A and illustrated by Fig. 1, there is no
expansion point for which L, is not a monotonically
rising function of q>. Thus, we can conclude that there exist
no instabilities toward an IP for the Yukawa models, which
are generated by extending the FF models in Table II.
According to the reasoning in Sec. III A, the moat regime
with a negative wave-function renormalization is also ruled
out. Nevertheless, it might be possible, that such a Yukawa
model features a first-order phase transition between the
homogeneous phases. Then, one might also find the
existence of a first-order phase transition toward an IP.
In many model calculations the IP covers the homogeneous
first-order transition [86,104,105,125,126] and, thus, the
existence of such a transition could also mean that an IP
exists in these models, which is not detected by our
analysis. To our knowledge, however, a model, which
features no instability toward an inhomogeneous perturba-
tion in the whole phase diagram, but which still has an IP,
has never been observed before.

Next, we discuss the extension of the FF models from
Table III with multiple chemical potentials to Yukawa
models. In the case of multiple chemical potentials, it is not
straightforward to derive the two-point functions for the
Yukawa models, corresponding to the FF models by
Eq. (11), starting from the FF model results. This is caused
by the necessity of multiple nonvanishing homogeneous
expectation values y; as expansion points for the analysis
when the models are subjected to multiple chemical
potentials. Then, the Yukawa self-interactions of the
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bosonic fields cause nonvanishing second-order contribu-
tions, which are off diagonal in the field perturbations &y ;
[compare Appendix B 3 and Eq. (B33)], in addition to the
off-diagonal fermion contributions Eq. (B17). This is the
case for all Yukawa extensions of the models in Table III.

In the analysis of such a model one needs to diagonalize
the whole second-order contribution in Eq. (B33).
Typically, we choose a basis {; for the dynamical scalar
fields that corresponds to the field basis ¢;, which
diagonalizes the FF model part. Then, one still needs to
diagonalize the off-diagonal contributions coming from the
bosonic self-interactions. The diagonalization can become
very complicated, even when using symbolic diagonaliza-
tion of the expressions as provided by MATLAB [137]. We
provide an example of this procedure in Appendix C, where
we discuss the Yukawa extension of the model in the first
row in Table III. In this analysis, we find a more
complicated structure of the two-point functions and a
diagonalizing field basis, which depends on the studied
momentum ¢ of the perturbation as well as the homo-
geneous expectation values of the scalar fields and the
external parameters such as temperature and the chemical
potentials. Nevertheless, the obtained two-point functions
can be shown to be monotonically increasing functions in q
and, thus, again no instabilities toward inhomogeneous
perturbations are observed. For the other three models in
Table III, we do not show an explicit calculation as the
expressions become very lengthy and the analysis becomes
very involved. However, by first calculations and due to
the fact that the off-diagonal contributions coming from the
scalar fields’ self-interaction terms are not dependent on the
momentum ¢ of the inhomogeneous perturbations we
expect that also these Yukawa models do not develop an
instability toward an IP.

V. CONCLUSION AND OUTLOOK

In this work, we analyzed the stability of homogeneous
condensates against inhomogeneous perturbations in a
wide range of (2 + 1)-dimensional FF models and their
Yukawa extensions under the influence of combinations of
baryon chemical potential, isospin chemical potential and
chiral chemical potential. All investigations were per-
formed in the mean-field approximation, i.e., neglecting
bosonic quantum fluctuations. The most involved model
features 16 Lorentz-(pseudo)scalar FF interaction channels
and the other models are subsets of this model [see Egs. (1)
and (3) for the FF model].

Our main finding was the stability of homogeneous
condensates against inhomogeneous perturbations in these
FF and Yukawa models at any finite baryon chemical
potential and temperature. As argued in Sec. III A, this is
strong evidence that IPs do not exist in (2 4 1)-dimensional
FF models with Lorentz-(pseudo)scalar interaction chan-
nels and their corresponding Yukawa extension (the cor-
respondence is given in Sec. II B). Also, we can completely

rule out the existence of a moat regime whose characteristic
is a negative wave-function renormalization Z (see Sec. |
for a short discussion). The momentum dependence of the
obtained two-point functions only allows Z > 0. We drew
similar conclusions for models with a subset of the above-
mentioned FF interaction subjected to multiple chemical
potentials. In the case of multiple chemical potentials, the
extension to Yukawa models causes technical difficulties,
but, in principle, we expect the result regarding stability of
homogeneous phases to be the same. This is motivated in
Sec. IVB and an example computation for an explicit
model is provided in Appendix C. We note, however, that
the used models are not very well suited for high-energy
phenomenology in the presence of multiple chemical
potentials, as they lack, for example, the description of
charged pion condensation for finite isospin chemical
potential. Thus, one should interpret our results as a first
step to generically show that multiple imbalances of
fermion densities do not result in the existence of an IP.

Our results suggest that there might be a general argu-
ment, similar to Derrick’s theorem [138], behind the
absence of IPs in (2 + 1)-dimensional models. Such a
principle could possibly be found by studying the proper-
ties of a general Ginzburg-Landau free energy as done in
Ref. [139]. Therefore, one would probably need to encode
the fermionic determinant in our models by allowing for
higher orders in the gradient expansion.

In the present study, we did not consider vector FF
interactions, since their inclusion yields a technically differ-
ent analysis than the one presented in Sec. III. The inclusion
of these channels would also be relevant for low-energy
effective theories of QCD, where both vector and scalar FF
interaction should emerge. However, the interplay of (repul-
sive) vector interactions and the scalar interactions could play
a crucial role in developing an instability toward an IP,
especially as vector fields directly couple to fermionic
momenta in the calculation.”” In (3 4+ 1)-dimensional models
it was already observed that vector interactions can enlarge
the IP [140,141]. The presence of such interactions causes
additional contributions to appear in the two-point functions
of the corresponding bosonic fields, which do not have a
definite monotony as the momentum dependence of the two-
point functions in the present work. Calculations for (2 + 1)-
dimensional FF models with vector interactions are already
under way and we hope to report soon about the results.

With respect to high-energy phenomenology, there are
many ways to build on the present work—for example
allowing for finite quark masses, studying three-flavor
versions of the FF models allowing for strangeness effects
or the inclusion of bosonic quantum fluctuations using
lattice field theory. With respect to the stability analysis, it

PThis is also the reason why the analysis of these models
differs from the ones presented in this work and has to be
consistently presented elsewhere.
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is interesting to note that using finite bare quark masses
disfavors an IP [126] and the inclusion of strange quarks
only has marginal effects on inhomogeneous condensation
[142]. However, the effect of bosonic quantum fluctuations
beyond the mean-field approximation on the phase diagram
is a very important aspect and also currently discussed in
the literature [41,94,95,98,99,135]. The general result of
these studies is that bosonic quantum fluctuations tend to
disfavor ordered phases (such as condensed phases) similar
to the effect of thermal fluctuations. Thus, it can be
anticipated that the absence of an IP in a mean-field
calculation implies that there will be no inhomogeneous
ground states in the full quantum theories. To our knowl-
edge, there is no observation of an inhomogeneous ground
state being generated by bosonic quantum fluctuations
when there is no IP present when these fluctuations are
suppressed. An interesting aspect for (2 + 1)-dimensional
theories in general could be the inclusion of difermion
interactions in order to allow for color-superconducting
order parameters, which often are in competition with the
chiral ones; see, e.g., Refs. [11,72,143,144].

Regarding the general understanding of strongly inter-
acting fermions in 2 + 1 dimensions, it would be very
interesting to study the interference and competition of the
different chiral chemical potentials, which can be intro-
duced as parysyaW, HsWysysy OF pyspysyasy (as done in
the beginning of Sec. IVA 2) and correspond to different
conserved charges. However, the first results in our work
and in Ref. [119] suggest that this would not change the
phase diagram with respect to the existence of IPs.

ACKNOWLEDGMENTS

Foremost, we want to thank Marc Wagner for supporting
us and encouraging us to conduct this work. Moreover, we
thank Adrian Koenigstein and Marc Wagner for very
valuable comments on this manuscript. Furthermore, we
acknowledge fruitful, related discussions with Michael
Buballa, Adrian Koenigstein, Lennart Kurth, Julian
Lenz, Michael Mandl, Zohar Nussinov, Mike Ogilvie,
Robert Pisarski, Stella Schindler, Marc Wagner and
Andreas Wipf. We acknowledge the support of the
Deutsche  Forschungsgemeinschaft (DFG, German
Research Foundation) through the collaborative research
center trans-regio CRC-TR 211 “Strong-interaction matter
under extreme conditions” Project No. 315477589—TRR
211. We acknowledge the support of the Helmholtz
Graduate School for Hadron and Ion Research. We
acknowledge the support of the Giersch Foundation.

APPENDIX A: SYMMETRIES OF
(2+1)-DIMENSIONAL FERMIONS

In this section, we want to elaborate on the symmetries of
the fermionic models, which are introduced in Sec. II in
Eq. (1). Their partially bosonized action can be found in

Eq. (5) and are invariant under certain symmetry trans-
formations acting on the 2N four-component spinor fields
(the factor of 2 comes from introducing an isospin space).
The specific symmetry group, under which the model is
invariant, is determined by the choice of the set J, i.e., by
the choice 4; #0, j € J and, correspondingly, by which
auxiliary bosonic fields ¢;, j € J have to be introduced in
the bosonization. This section is intended to provide an
overview of the relevant symmetry groups present in the
models discussed in Sec. IV and Tables II and III.

Taking J = {j};_; 16 the N isospin up/down fermion
fields in Eq. (5) will be invariant under transformation of
the group U(4N), similar to the free case. This group has
(4N)? generators, which we split up into three different
categories. There are rotations within the internal space of
the N spinors generated by N x N matrices given by the
generalized Gell-Mann matrices 7% witha =1, ..., N2 -1
and the identity matrix 7V* = I;. These generators 7% can
be combined with any of the chiral symmetry transforma-
tions of a free fermion fields, which are generated by
(I4, 74, 75, 745)- Together with the internal rotations either of
these can generate a U(N) symmetry labeled by the
corresponding chiral generator, namely

Uy (M) w = ey g - gm0 (Al)
Uy (N):w — &7ty — e (A2)
U, (N): = ey, > el (A3)

U, (N): y = &l = et (A4)
with real parameters a“, ¢, {%, 1. Thus, the whole chiral
symmetry group can be defined as
U,(2N): w = Uy, (AS)

where U is a matrix element of U(2N). In addition, the FF
model in Eq. (1) is invariant under isospin transformations
of the group U(2), which is composed of a U(1) phase
factor and

SU:(2): w — effy, = et (A6)
where Z‘ are three real parameters.

Some of the models discussed in Sec. IV are only
invariant under a subgroup of the U(4N) transformations.
We will define these symmetry transformations as a
reference for Tables II and III. As in the NJL model,
one can choose J such that one or more of the two axial
transformations (A3) and (A4) is broken. Then, the action
can be still invariant under a combined isospin and chiral
rotation given by
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SUp,, (2N): g — e Ty o el Tl (A7)

SUp,, (2N): = e 5Ty, 7= el T (A8)
where the isovectors 7* and E/ “ contain three real param-
eters and a = 1, ..., N2. Typically in these cases, the vector
symmetry Eq. (A6) is not broken.

Some of the choices of J break the continuous chiral
symmetries to discrete subgroups
(A9)

Z,(2): v = sy, Y = —yya,

Z,,(2): w = ysy, Y= —yys. (A10)
Typically, when a model is in addition invariant under the
transformation (A2), then either of (A9) and (A10) can be
reproduced by a combination of (A2) and the other of the
discrete symmetries.

In Table III, only a remnant of the isospin symmetry
transformation SUz(2) is present in some of the models,
namely
W — ll‘/e—ifsﬁ .

U‘r3(1>: v = eié”l//, (All)

APPENDIX B: DERIVATION OF
THE STABILITY ANALYSIS

In this section, the stability analysis for a general FF theory
subjected to a baryon chemical potential is derived. This
discussion is similar to model-specific discussions, as, e.g.,
found in Refs. [111,117,126]. The core idea of this technique
is to analyze the stability of a homogeneous field configu-
ration under inhomogeneous perturbations. Furthermore, we
outline how an extension to Yukawa models can be done.

Consider an expansion of the auxiliary bosonic fields

+84(x),

=

P(x) = (B1)

where 5(27()() is a spatially dependent inhomogeneous

perturbation of the homogeneous expansion point ¢.
These perturbations are of an arbitrary shape and assumed
to be of an infinitesimal amplitude. The Dirac operator then
also separates into a homogeneous and an inhomogeneous
part

Q (a+ V3K + ZC]¢]> =+ ch5¢k(x

jeJ

=Q+ AQ(x), (B2)

which we can use to expand the In DetQ as

In Det[Q] = In Det[Q] — ilTr —-AQQ )",

n=1 n

(B3)

where Tr denotes a functional trace over all spaces. We
insert the expansion from Egs. (B3) and (B1) into the
effective action Eq. (10) to obtain the expansion

«?5 (@ + 5¢(x)>
= [

+ —InDet[Q] + Z%Tr -AQQ 1"

n=1
=5 sl
N n=0

(B4)

where ngf) contains all terms of order 7 in the perturbations
5¢p;, i.e., terms o []; 5¢;nj with ). m; = n. The first three
terms in the series are given by

e“ = ﬁvz — In Det[Q)], (B5)
]GJ
ng) ¢/ 2 ~A—1
v ,e/ / d?x8¢;(x) — Tr[AQQ™'],  (B6)

(2)
S 05 [ @ +5 A0 120 . (87)
]EJ J
where the zeroth-order term is proportional to the effective
potential. In the position space representation, the fermion
propagator depends only on the difference of two spacetime
variables, i.e., Q7' = Q7 !(x,y) =Q!'(x — y). The func-

tional traces are represented in position space as

Tr[(AQQ™)"] /Hd3 lr(AQ(x(M)Q! (x(1, x2)

x . AQ(xM)Q! (x(m, x(D)Y), (B8)

with tr denoting the trace in spinor and isospin space. In
order to evaluate these traces, it is instructive to consider the
Fourier representation of the homogeneous propagator

(B9)

with
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_—iyipi+ Dk i

=1
(noP) == 5

Q

, (B10)

where 7, = (v, — i), v, = 2x(n —1)/p are the fermionic Matsubara frequencies, and M and ¢* are defined in Eq. (15).
Using the Fourier representation, Eq. (B6) evaluates to

Zﬁ{/dzxacb, Hﬂ—j——z/dz (@ (vn,p)cj)] (BL1)

jeJ

which we can identify to be proportional to the homogeneous gap equations

RS e oYL=

where ¢ is a homogeneous field configuration that is a solution of the gap equations. Therefore, st <t vanishes when the
homogeneous field configurations used as an expansion point are solutions of the gap equations. If these expansion points
are used, the second-order term is the first nonzero correction. We evaluate the trace in Eq. (B8) to

1 asi(f’g
N g,

=0, (B12)

=z

d=i

Tr[Q™'AQQ™'AQ] = / [Zéd» )6 (@)Ty, 4, (M 1. T. qz)}, (B13)

j.keJ

where ¢ = |q| and we used the Fourier representation of the spatial inhomogeneous perturbations

2
x) —/(gﬂc)lzeiq"&;bj(q). (B14)

The matrix in field space Fg, ¢, can be cast into the form

(/’,l/’k /}Z/ é (Ufl’p+q)cké_](yn’p))
Ac]ck
Z/ o7 + p* + M?|[07 + (p + q)* + M?] (BL5)

with

Age, = (n + P> +p - Qte[cyicpr] + - Z biputrcicferer)

lLmel]

=68(0p +p*+p-q) - Z&z‘i’mtf[cjcfckcrﬂ (B16)

Il,meJ

where we used that tr(y;c;c,c;) = 0, cjz = 4T and that the anticommutator {y;, ¢ } evaluates to 0 or 2¢;y; for all considered
¢;. Thus, we obtain for the second-order correction of the effective action

5(2) ﬁ d2
=3 2 3 > 865 (@)5p(Q)[8;447" + T 5 (M2 1, T, ¢%)]. (B17)

j.keJ

In order to make statements about the stability of a homogeneous field configuration one has to determine a basis ¢ ]((75)
j € J for which 6 j,kl;' + Ff;j ¢k(q2) is diagonalized. This is not possible in general and depends on the present chemical
potentials and the interactions of the model. Furthermore, we assume that all 4; are either 4 or 0 according to the subset J of
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the field content that we consider. If this diagonalization is then indeed possible as is the case for all channels considered in
Eq. (1) at finite baryon chemical potential, one obtains the form

Sal _B [ dq
== 7 2F T, q? B18
o= G >0 P07 T ) (B13)
with
) e
@) (1p2 n_1_8 /dzp p*+p-q+a,M >
Iy (M=, u,T, =——= B19
n (M T 4) =3 ﬁz,; ay \ G+ 02 4 M]3 + (p+ ) + 7] (B19)
|
where a/, is a coefficient that is determined by the 8 8
é £1(M2,0,0 / d (VAT a2 - m)
considered field ;. In this diagonalized form, we identify “1( )= 27 P2k 2E A [M]
F((/,zj) (¢*) as the curvature of the effective action for an Aﬂ{ E( A—|M)|) (B23)

inhomogeneous perturbation in field direction ¢; with
momentum q. By writing the denominator of the integrand
in Eq. (B19) in a partial fraction, we can split the integral
and obtain the final form of the bosonic two-point function
as given in Eq. (14), where a,, = 2(a,, — 1). Note that the
integral Z; is also obtained in the fermlonic trace in the gap
equation (B12) for ¢, = & (compare also the GN model
gap equation in Sec. IIT of Ref. [117]). The gap equation
and, correspondingly, ¢, is typically used as a renormal-
ization condition in vacuum for the coupling con-
stant 4; = .

1. The momentum-independent part L,

We consider the integral

=5

where E? = p? + M?. The factor of 8 comes from the
traces over the four-dimensional spinor and the two-
dimensional isospin space. Performing the sum over n,
we obtain the standard result

l’ﬂl (M27 ﬂ’

, B20
(v, —ip)* + E? (B20)

&*p 1 =n(B(E+p)) —n(B(E-p))
(2r)? 2E ’

(B21)

£y (M?,u,T) :8/

where n(x) is the fermionic-distribution function

(B22)

The vacuum part is UV divergent, which we can regulate
with a spatial momentum cutoff A,

A

and use to set the value of A, via the gap equations
Eq. (B12)

L= (A= M) (B24)

with the mass M, corresponding to the minimum of the
effective action in the vacuum (defined in Sec. III).
We are interested in the contribution of #; to the two-

point function I'®), where ¢, appears exclusively as
Ly =} —#,. Using Egs. (B23) and (B24) we find

Ll(MZ’/J» T)

|M| = [M,| d’p n(B(E+p)) + n(B(E — )
8[ o +/(zﬂ)2 2E ’

(B25)

where the medium integral over the fermionic-distribution
function can be evaluated to

LiO2uT) = {|M| M

+ %m(l +ePIMI=1)) 4 %ln(l +ePUMIn) |

(B26)
For T = 0, this evaluates to
Li(M?,u, T =0)
= (M| = |Mo| + O ~ M2) (| = |M]),,  (B27)

from which we can naively take the limits y — O and/
or M — 0.
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2. The momentum-dependent part L, .

In order to calculate the momentum-dependent part of the two-point function, we start by carrying out the Matsubara

summation in ¢, and obtain

d’p 1

1 —n(f(E+p) —n(B(E—p) _

1 - n(ﬂ(Eq +/")) - n(ﬂ(Eq _:u))

f2(M2’/’t’ T’ qZ) = 8/(

where Eq =

27)22p - q + ¢? 2E

. (B28)

2E,

2+ (p + q)?. This integral is UV finite and, thus, we do not have to implement a regularization scheme.

However, the integrand has a divergence at 2p - q = —¢ that has to be treated with a Cauchy principal value prescription.
The vacuum contribution can be calculated analytically and we obtain

8
O (M2 u, T, q*) = 4q[arctan(ﬁ>+—

At any finite 7, the medium contribution has to be
calculated numerically. However, taking the limit 7 — 0
enables us to also calculate the medium contribution
analytically and we find Eq. (17). From this expression,
we can take either the limit ¢ — O to obtain

[1/2 dp%n(ﬂ(E +w) +n(BE=-p)| (B29)

While ¢, is not defined for M = g =T =0 for some
values of yu, the whole momentum-dependent contribution
to the two-point functions L, . is defined with

Ly (M>=0,4.T=0,42=0)=0. (B32)

1(0, p*>M> 3. Generalization to Yukawa models
2 —0 2 —0) —
OH(M*u, T=0,g>=0) = pe { L2 < Mm? (B30) It is straightforward to generalize the stability analysis of
M| FF models to Yukawa models, which are defined as in
o ) Sec. I B in Eq. (11). Thus, we outline only the meaningful
or the limit |M| — 0 to obtain differences with respect to the discussion of FF models in
order to preserve brevity.
£ (M? =0,u,T =0,4q°) After an expansion of Sy in powers of inhomogeneous
) ) perturbations of the fields, one identifies again Sg,o)
0, W>q /4 proportional to the effective potential. The first-order
_ 2 arctan (\/1122—4;!2))’ 0<u® < q*/4, (B31) correction Sg/l) is .proportional to the gap equations and,
nq # consequently, vanishes when one expands about homo-
z W2 =0. geneous extrema of Sy.
2 For the second-order correction S we find
|
sy _p
=z dx§ 'ThAQQ~'hA
a2 211/ X373 (x) ~ TrIQ hAQQ™ hAQ

NlH‘

j.keJ n>1

where the second line and third line contain the additional
terms resulting from the extension to Yukawa models. Note
that the third line contains nondiagonal contributions from
the self-interaction terms of the ¥ fields. However, these are
proportional to ;. and, thus, vanish when either of y;, y«
can be rotated to zero through a symmetry transformation,

{/ x(0,0x;(x)) (9,0 ;(x

+ 22 >kl = Dz [ g (x037(x),

+ZK 2n(7?)"" l/dzxé)(jz(x)}

n>1

(B33)

|
as is the case for all Yukawa-type extensions of the model
Eq. (10), where only a baryon chemical potential is present.
If this is not the case, one needs to take into account this
off-diagonal contribution in addition to the, in principle,
off-diagonal fermionic contribution. This is the case for the
models discussed in Table III with additional chemical
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potentials. A more involved diagonalization needs to be
performed, although the Yukawa contribution is not ex-
pected to change the general momentum dependence of the
two-point function, as the term is ¢ independent. An
example for such an analysis is presented in Appendix C.

In the case of only a baryon chemical potential, we
utilize symmetry transformations to obtain a homogeneous
expansion point ¥ = 7 such that the off-diagonal contri-
butions in the third row of Eq. (B33) vanish. Performing
similar steps to those between Eqs. (B16) and (14) leads to
the second-order correction Eq. (18) and the corresponding
bosonic two-point function Eq. (19).

APPENDIX C: STABILITY ANALYSIS FOR A
YUKAWA MODEL WITH MORE THAN ONE
CHEMICAL POTENTIAL

In this section, we will show how the off-diagonal
contribution from the Yukawa self-interactions [compare

the third line of Eq. (B33)] makes the diagonalization of

S (Y2> more involved. However, we will also demonstrate that
this gq-independent contribution does not alter the predic-
tions coming out of the analysis.

The model that we will study is defined as the Yukawa
model extension according to Eq. (11) of the FF model in
the first row of Table III; i.e., it contains the ¢ and 7,5 fields
as well as a baryon chemical potential # and a chiral
chemical potential p45. As documented in Table III and
Ref. [120], the FF part of the model is diagonalized by the
field basis proportional to

(0 = 1m45). (C1)

In analogy to this FF model, we study the effective
action

Setlyr, 24y 1 1
M = —Tr In[d'+ y3(Prur + Prpg) + hPryr + hPryg| + / d’xh? [)% + E(a)(L)z 3 (9xr)?
+ 3 kB3 4 2" (c2)
n>1
where y; /r are fields of canonical dimension and proportional to the dynamical scalar fields y, and y,,. as
1 1
XL Z\/—E(ZG + Xnes)s XR Zﬁ(la—){%)- (C3)

We, again, introduced a Yukawa coupling & as well as couplings «, for the self-interactions and define projectors and

chemical potentials accordingly

P (14 745).

_ b
V2

_L(+ )
'ML_\/EM H4s)s

Pr = \}5(1 — Yas), (C4)
Hr = \2 (M — Has)- (C5)

All terms except for the last row in Eq. (C2) either contain only14 1 oronly yp. Thus, the second-order correction is given

by

J=L.R

© 51 ()5 (@)K (n — D za (M2 1 L < R},

where M? = 2 + 2 =77 + % and

2) 2
S L [ o Sl @P [ 4 4 SO+ 400 = D0 )

n>1

(Co)

"“The Dirac operator within the Tr In can be decomposed into a block-diagonal form, where each block only contains either y; and y;
or up and yp. In this sense, the fermionic contributions completely decouples y; and yg.
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1 _
F/{,:; :Z_bﬂ] +L2.+(h2){%’ﬂj9 T9q2) (C7)

is the contribution that also appears in the corresponding FF
model (see Table III and Ref. [120]). The integrals #; and
L, . are defined in Eqgs. (14) and (16).

The last row of Eq. (C6) contains the off-diagonal
contribution of the self-interaction. This contribution is
not dependent on the spatial momentum q of the perturba-
tion, but it makes the diagonalization more complicated
[compare Eq. (B33) for the form of this contribution in the

more general case]. In fact, we are only able to diagonalize
this symbolically using MATLAB [137]. Using the definitions

we write the diagonalization of ng) in the (8y;(q), Syr(q))-space

—q), Syr(—

82?2 ﬂ/(

2
5 (%(FZ +TE)+1(Y, +Yg) —1A

X BN (g% . Zrobin kg T) Sy (), Sxr(q))”,

where B(

q))B(q27)_(Lv)_{RvﬂL’ HR> T)

Yi=q*+ ) rn(2(M*)" +4(n—1)F3(M?)"2), (C8)
n>1

with j = L, R as well as

I=" 4kn(n— 1)z ze(M?)"? (C9)
n>1
and
A= \JUPTS, = ITE 4+ Y, = YR + (217 (C10)
B(Tf, +T5) +5(Ye + V) +%A>

(C11)

G*. 71 Xrs Hi- fg, T) is abasis changing matrix determined by MATLAB, whose form is not relevant for our analysis. In

this form one can determine whether the diagonal entries of the matrix in Eq. (C11) are non-negative. For the physically relevant

homogeneous expansion point M both entries are non-negative for q = 0, since otherwise the expansion point would not be a

minimum when only considering homogeneous field values. Therefore, in order to prove positivity for all ¢ = |q] it suffices

again to show that the entries are monotonically increasing functions of q. We take the derivative of the entries with respect to ¢
and require it to be non-negative

2 2 Wrt -

(L2 + (Lo 424 F 5 [(Las) -

RTL + Y, =Yg !
ot g

4 >0, (C12)

(Lag)]

where Ly /g = Lo (7] jg- /&> T q7) and its derivative with respect to g is non-negative, i.e., %LZ,L/R = (Laz/r) 20,
since it is a monotonically increasing function of g (compare Sec. III). We can rearrange Eq. (C12) and square it to obtain

(T —hT) +Y, —Yg)?
(T, = WDy + YL =Yg)* + (21)?

(1) + @an1+39) > (a0 - o) P ~ (L) - (LagV P (€13

where obviously 0 < ¢? < 1 and, thus, the inequality is fulfilled for all g.

Summarizing this lengthy and delicate analysis: We
diagonalized the second-order corrections (C6) of a
Yukawa model with multiple chemical potentials given by
Eq. (C2) using computer algebra systems such as MATLAB
[137]. Analyzing the resulting expression, we find that both
eigenvalues of the relevant curvature matrix in the second-
order corrections are positive, monotonically increasing
functions of the momentum squared g of the inhomogeneous

perturbation. Thus, we do not observe instabilities of the
homogeneous condensates in the Yukawa model given by
Eq. (C2). By the same reasoning, a negative wave-function
renormalization (proportional to the second derivative of the
two eigenvalues with respect to ¢), i.e., a so-called moat
regime, is not observed in the model. Similar behavior is
expected for the other Yukawa models that correspond to the
FF models in Table III according to Sec. II B and Eq. (11).

036011-20



ABSENCE OF INHOMOGENEOUS CHIRAL PHASES IN (2 + 1)- ...

PHYS. REV. D 108, 036011 (2023)

[1] Y. Nambu and G. Jona-Lasinio, Dynamical model of
elementary particles based on an analogy with super-
conductivity. I, Phys. Rev. 122, 345 (1961).

[2] Y. Nambu and G. Jona-Lasinio, Dynamical model of
elementary particles based on an analogy with super-
conductivity. II, Phys. Rev. 124, 246 (1961).

[3] M. Gell-Mann and M. Levy, The axial vector current in
beta decay, Nuovo Cimento 16, 705 (1960).

[4] M. Asakawa and K. Yazaki, Chiral restoration at finite
density and temperature, Nucl. Phys. A504, 668 (1989).

[5] O. Scavenius, A. Mocsy, I.N. Mishustin, and D.H.
Rischke, Chiral phase transition within effective models
with constituent quarks, Phys. Rev. C 64, 045202
(2001).

[6] S. Hands and D. N. Walters, Evidence for BCS diquark
condensation in the (3 + 1)-d lattice NJL model, Phys.
Lett. B 548, 196 (2002).

[7] M. Sadzikowski, Coexistence of pion condensation and
color superconductivity in two flavor quark matter, Phys.
Lett. B 553, 45 (2003).

[8] M. Buballa, NJL model analysis of quark matter at large
density, Phys. Rep. 407, 205 (2005).

[9] S. Hands and D.N. Walters, Numerical portrait of a
relativistic BCS gapped superfluid, Phys. Rev. D 69,
076011 (2004).

[10] B.-J. Schaefer and J. Wambach, The phase diagram of the
quark meson model, Nucl. Phys. A757, 479 (2005).

[11] M. Sadzikowski, Comparison of the non-uniform chiral
and 2SC phases at finite temperatures and densities, Phys.
Lett. B 642, 238 (2006).

[12] B.-J. Schaefer and J. Wambach, Susceptibilities near the
QCD (tri)critical point, Phys. Rev. D 75, 085015 (2007).

[13] B. Hiller, A. A. Osipov, A. H. Blin, and J. da Providencia,
Effects of quark interactions on dynamical chiral symmetry
breaking by a magnetic field, SIGMA 4, 024 (2008).

[14] R. Gatto and M. Ruggieri, Quark matter in a strong
magnetic background, Lect. Notes Phys. 871, 87 (2013).

[15] J.O. Andersen, W.R. Naylor, and A. Tranberg, Phase
diagram of QCD in a magnetic field: A review, Rev. Mod.
Phys. 88, 025001 (2016).

[16] R.L.S. Farias, D. C. Duarte, G. a. Krein, and R. O. Ramos,
Thermodynamics of quark matter with a chiral imbalance,
Phys. Rev. D 94, 074011 (2016).

[17] T.G. Khunjua, K.G. Klimenko, and R.N. Zhokhov,
Dualities in dense quark matter with isospin, chiral, and
chiral isospin imbalance in the framework of the large-N,
limit of the NJL4 model, Phys. Rev. D 98, 054030 (2018).

[18] V. V. Braguta, M. I. Katsnelson, A.Y. Kotov, and A. M.
Trunin, Catalysis of dynamical chiral symmetry breaking
by chiral chemical potential in dirac semimetals, Phys.
Rev. B 100, 085117 (2019).

[19] T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, The
phase structure of two color QCD and charged pion
condensation phenomenon, Phys. Part. Nucl. 53, 461
(2022).

[20] B.S. Lopes, S.S. Avancini, A. Bandyopadhyay, D.C.
Duarte, and R.L.S. Farias, Hot QCD at finite isospin
density: Confronting the SU(3) Nambu—Jona-Lasinio
model with recent lattice data, Phys. Rev. D 103,
076023 (2021).

[21] A. Ayala, A. Bandyopadhyay, R.L.S. Farias, L.A.
Hernéndez, and J. L. Herndndez, QCD equation of state
at finite isospin density from the linear sigma model with
quarks: The cold case, Phys. Rev. D 107, 074027
(2023).

[22] D. N. Walters and S. Hands, The lattice NJL model at non-
zero baryon and isospin densities, Nucl. Phys. B, Proc.
Suppl. 140, 532 (2005).

[23] L. Pannullo, M. Wagner, and M. Winstel, Inhomogeneous
phases in the 3 4 I-dimensional Nambu-Jona-Lasinio
model and their dependence on the regularization scheme,
Proc. Sci. LATTICE2022 (2023) 156.

[24] B. Rosenstein, B. J. Warr, and S. H. Park, The Four Fermi
Theory Is Renormalizable in (2 4 1)-Dimensions, Phys.
Rev. Lett. 62, 1433 (1989).

[25] G. Gat, A. Kovner, and B. Rosenstein, Chiral phase
transitions in d = 3 and renormalizability of four Fermi
interactions, Nucl. Phys. B385, 76 (1992).

[26] K. G. Klimenko, Phase structure of generalized Gross-
Neveu models, Z. Phys. C 37, 457 (1988).

[27] S.Hands, A. Kocic, and J. B. Kogut, Four Fermi theories in
fewer than four-dimensions, Ann. Phys. (N.Y.) 224, 29
(1993).

[28] S. Hands, A. Kocic, and J. B. Kogut, The four Fermi model
in three-dimensions at nonzero density and temperature,
Nucl. Phys. B390, 355 (1993).

[29] T. Inagaki, T. Kouno, and T. Muta, Phase structure of four
fermion theories at finite temperature and chemical po-
tential in arbitrary dimensions, Int. J. Mod. Phys. A 10,
2241 (1995).

[30] L. Del Debbio and S. Hands, Monte Carlo simulation of
the three-dimensional Thirring model, Phys. Lett. B 373,
171 (1996).

[31] L. Del Debbio, S.J. Hands, and J. C. Mehegan (UKQCD
Collaboration), The three-dimensional Thirring model for
small N(f), Nucl. Phys. B502, 269 (1997).

[32] S. Hands and B. Lucini, The phase diagram of the three
dimensional Thirring model, Phys. Lett. B 461, 263
(1999).

[33] T. Appelquist and M. Schwetz, The (2 + 1)-dimensional
NJL model at finite temperature, Phys. Lett. B 491, 367
(2000).

[34] S. Hands, B. Lucini, and S. Morrison, Critical Behavior in
the Dense Planar NJL Model, Phys. Rev. Lett. 86, 753
(2001).

[35] S.J. Hands, J. B. Kogut, and C. G. Strouthos, The (2 + 1)-
dimensional Gross-Neveu model with a U(1) chiral sym-
metry at nonzero temperature, Phys. Lett. B 515, 407
(2001).

[36] C.R. Allton, J. E. Clowser, S.J. Hands, J. B. Kogut, and
C. G. Strouthos, Application of the maximum entropy
method to the (2 + 1)-dimensional four fermion model,
Phys. Rev. D 66, 094511 (2002).

[37] S. Hands, J. B. Kogut, C.G. Strouthos, and T.N. Tran,
Fermi surface phenomena in the (2 + 1)-d four Fermi
model, Phys. Rev. D 68, 016005 (2003).

[38] C. G. Strouthos, Mesons at finite baryon density in (2 + 1)-
dimension, Prog. Theor. Phys. Suppl. 153, 69 (2004).

[39] V.C. Zhukovsky, K.G. Klimenko, and T.G. Khunjua,
Superconductivity in chiral-asymmetric matter within the

036011-21


https://doi.org/10.1103/PhysRev.122.345
https://doi.org/10.1103/PhysRev.124.246
https://doi.org/10.1007/BF02859738
https://doi.org/10.1016/0375-9474(89)90002-X
https://doi.org/10.1103/PhysRevC.64.045202
https://doi.org/10.1103/PhysRevC.64.045202
https://doi.org/10.1016/S0370-2693(02)02766-1
https://doi.org/10.1016/S0370-2693(02)02766-1
https://doi.org/10.1016/S0370-2693(02)03188-X
https://doi.org/10.1016/S0370-2693(02)03188-X
https://doi.org/10.1016/j.physrep.2004.11.004
https://doi.org/10.1103/PhysRevD.69.076011
https://doi.org/10.1103/PhysRevD.69.076011
https://doi.org/10.1016/j.nuclphysa.2005.04.012
https://doi.org/10.1016/j.physletb.2006.08.086
https://doi.org/10.1016/j.physletb.2006.08.086
https://doi.org/10.1103/PhysRevD.75.085015
https://doi.org/10.3842/SIGMA.2008.024
https://doi.org/10.1007/978-3-642-37305-3
https://doi.org/10.1103/RevModPhys.88.025001
https://doi.org/10.1103/RevModPhys.88.025001
https://doi.org/10.1103/PhysRevD.94.074011
https://doi.org/10.1103/PhysRevD.98.054030
https://doi.org/10.1103/PhysRevB.100.085117
https://doi.org/10.1103/PhysRevB.100.085117
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1134/S1063779622020393
https://doi.org/10.1103/PhysRevD.103.076023
https://doi.org/10.1103/PhysRevD.103.076023
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1016/j.nuclphysbps.2004.11.135
https://doi.org/10.1016/j.nuclphysbps.2004.11.135
https://doi.org/10.48550/arXiv.2212.05783
https://doi.org/10.1103/PhysRevLett.62.1433
https://doi.org/10.1103/PhysRevLett.62.1433
https://doi.org/10.1016/0550-3213(92)90095-S
https://doi.org/10.1007/BF01578141
https://doi.org/10.1006/aphy.1993.1039
https://doi.org/10.1006/aphy.1993.1039
https://doi.org/10.1016/0550-3213(93)90460-7
https://doi.org/10.1142/S0217751X95001091
https://doi.org/10.1142/S0217751X95001091
https://doi.org/10.1016/0370-2693(96)00137-2
https://doi.org/10.1016/0370-2693(96)00137-2
https://doi.org/10.1016/S0550-3213(97)00435-5
https://doi.org/10.1016/S0370-2693(99)00843-6
https://doi.org/10.1016/S0370-2693(99)00843-6
https://doi.org/10.1016/S0370-2693(00)01046-7
https://doi.org/10.1016/S0370-2693(00)01046-7
https://doi.org/10.1103/PhysRevLett.86.753
https://doi.org/10.1103/PhysRevLett.86.753
https://doi.org/10.1016/S0370-2693(01)00885-1
https://doi.org/10.1016/S0370-2693(01)00885-1
https://doi.org/10.1103/PhysRevD.66.094511
https://doi.org/10.1103/PhysRevD.68.016005
https://doi.org/10.1143/PTPS.153.69

LAURIN PANNULLO and MARC WINSTEL

PHYS. REV. D 108, 036011 (2023)

(2 4+ 1)-dimensional four-Fermion model, Moscow Univ.
Phys. Bull. 72, 250 (2017).

[40] M. Mandl, J.J. Lenz, and A. Wipf, Magnetic catalysis in
the 1-flavor Gross-Neveu model in 2 + 1 dimensions,
Proc. Sci. LATTICE2022 (2023) 152.

[41] J.J. Lenz, M. Mandl, and A. Wipf, Magnetic catalysis in
the (2 + 1)-dimensional Gross-Neveu model, Phys. Rev. D
107, 094505 (2023).

[42] K. G. Klimenko, Three-dimensional Gross-Neveu model
in an external magnetic field, Teor. Mat. Fiz. 89, 211
(1991).

[43] K. G. Klimenko, Three-dimensional Gross-Neveu model
at nonzero temperature and in an external magnetic field,
Z. Phys. C 54, 323 (1992).

[44] D.J. Gross and A. Neveu, Dynamical symmetry breaking
in asymptotically free field theories, Phys. Rev. D 10, 3235
(1974).

[45] K. G. Klimenko, Gross-Neveu model and optimized ex-
pansion method, Z. Phys. C 50, 477 (1991).

[46] K.G. Klimenko, Three-dimensional (w)?> model and
optimized expansion, Mod. Phys. Lett. A 09, 1767 (1994).

[47] J.-L. Kneur, M. B. Pinto, R.O. Ramos, and E. Staudt,
Updating the phase diagram of the Gross-Neveu model in
2 + 1 dimensions, Phys. Lett. B 657, 136 (2007).

[48] J. Braun, H. Gies, and D. D. Scherer, Asymptotic safety: A
simple example, Phys. Rev. D 83, 085012 (2011).

[49] J.J. Lenz, B. H. Wellegehausen, and A. Wipf, Absence of
chiral symmetry breaking in Thirring models in 1+ 2
dimensions, Phys. Rev. D 100, 054501 (2019).

[50] S.Hands, M. Mesiti, and J. Worthy, Critical behavior in the
single flavor Thirring model in 2 4+ 1D, Phys. Rev. D 102,
094502 (2020).

[51] S. Hands, Planar Thirring model in the U(2N)-symmetric
limit, arXiv:2105.09643.

[52] S. Hands, The planar Thirring model with Kahler-Dirac
fermions, Symmetry 13, 1523 (2021).

[53] C. Bonati, A. Franchi, A. Pelissetto, and E. Vicari, Chiral
critical behavior of 3D lattice fermionic models with
quartic interactions, Phys. Rev. D 107, 034507 (2023).

[54] M. M. Gubaeva, T. G. Khunjua, K. G. Klimenko, and R. N.
Zhokhov, Spontaneous non-Hermiticity in the (2 + 1)-
dimensional Thirring model, Phys. Rev. D 106, 125010
(2022).

[55] A. Chodos and H. Minakata, The Gross-Neveu model as
an effective theory for polyacetylene, Phys. Lett. A 191, 39
(1994).

[56] M. Thies, From relativistic quantum fields to condensed
matter and back again: Updating the Gross-Neveu phase
diagram, J. Phys. A 39, 12707 (2006).

[57] G.W. Semenoff, I.A. Shovkovy, and L.C.R.
Wijewardhana, Phase transition induced by a magnetic
field, Mod. Phys. Lett. A 13, 1143 (1998).

[58] S. Hands, W. Armour, and C. Strouthos, Graphene as a
lattice field theory, Proc. Sci. CPOD2014 (2015) 016.

[59] D. Ebert, K.G. Klimenko, P.B. Kolmakov, and V.C.
Zhukovsky, Phase transitions in hexagonal, graphene-like
lattice sheets and nanotubes under the influence of external
conditions, Ann. Phys. (Amsterdam) 371, 254 (2016).

[60] D. Ebert, V.C. Zhukovsky, P.B. Kolmakov, K.G.
Klimenko, and R.N. Zhokhov, Magnetization in

(2 + 1)-dimensional Gross—neveu model with application
to carbon nanotubes, in Proceedings of the 17th Lomonosov
Conference on Elementary Particle Physics (World Scien-
tific, 2017), pp. 510-513, 10.1142/9789813224568_0085.

[61] B. Knorr, Critical chiral Heisenberg model with the func-
tional renormalization group, Phys. Rev. B 97, 075129
(2018).

[62] J. A. Gracey, Loop calculations for models of graphene,
Proc. Sci. LL2018 (2018) 070.

[63] J. A. Gracey, Large N critical exponents for the chiral
Heisenberg Gross-Neveu universality class, Phys. Rev. D
97, 105009 (2018).

[64] T.C. Lang and A.M. Léuchli, Quantum Monte Carlo
Simulation of the Chiral Heisenberg Gross-Neveu-Yukawa
Phase Transition with a Single Dirac Cone, Phys. Rev.
Lett. 123, 137602 (2019).

[65] J.E. Drut and T. A. Lahde, Is Graphene in Vacuum an
Insulator?, Phys. Rev. Lett. 102, 026802 (2009).

[66] D.L. Boyda, V.V. Braguta, S.N. Valgushev, M.L
Polikarpov, and M. V. Ulybyshev, Numerical simulation
of graphene in external magnetic field, Phys. Rev. B 89,
245404 (2014).

[67] V. V. Braguta, S.N. Valgushev, A.A. Nikolaev, M. L
Polikarpov, and M. V. Ulybyshev, Interaction of static
charges in graphene within Monte-Carlo simulation, Phys.
Rev. B 89, 195401 (2014).

[68] C. DeTar, C. Winterowd, and S. Zafeiropoulos, Lattice
field theory study of magnetic catalysis in graphene, Phys.
Rev. B 95, 165442 (2017).

[69] L.H.C.M. Nunes, R.L.S. Farias, and E.C. Marino,
Superconducting and excitonic quantum phase transitions
in doped systems with Dirac electrons, Phys. Lett. A 376,
779 (2012).

[70] K. G. Klimenko, R.N. Zhokhov, and V.C. Zhukovsky,
Superconductivity phenomenon induced by external in-
plane magnetic field in (2 + 1)-dimensional Gross-Neveu
type model, Mod. Phys. Lett. A 28, 1350096 (2013).

[71] D. Ebert, T.G. Khunjua, K.G. Klimenko, and V.C.
Zhukovsky, Interplay between superconductivity and chi-
ral symmetry breaking in a (2 4 1)-dimensional model
with a compactified spatial coordinate, Phys. Rev. D 91,
105024 (2015).

[72] D. Ebert, T.G. Khunjua, K.G. Klimenko, and V.C.
Zhukovsky, Competition and duality correspondence be-
tween chiral and superconducting channels in (2 4 1)-
dimensional four-fermion models with fermion number
and chiral chemical potentials, Phys. Rev. D 93, 105022
(2016).

[73] T. Kanazawa, M. Kieburg, and J.J. M. Verbaarschot,
Cascade of phase transitions in a planar Dirac material,
J. High Energy Phys. 06 (2021) 015.

[74] Y. M. P. Gomes and R. O. Ramos, Tilted Dirac cone effects
in superconducting phase transitions in planar four-
fermion models, Phys. Rev. B 107, 125120 (2023).

[75] P. Fulde and R. A. Ferrell, Superconductivity in a strong
spin-exchange field, Phys. Rev. 135, A550 (1964).

[76] A.I. Larkin and Y. N. Ovchinnikov, Nonuniform state of
superconductors, Zh. Eksp. Teor. Fiz. 47, 1136 (1964).

[77] J. Mertsching and H.J. Fischbeck, The incommensurate
Peierls phase of the quasi-one-dimensional Frohlich model

036011-22


https://doi.org/10.3103/S002713491703016X
https://doi.org/10.3103/S002713491703016X
https://doi.org/10.22323/1.430.0152
https://doi.org/10.1103/PhysRevD.107.094505
https://doi.org/10.1103/PhysRevD.107.094505
https://doi.org/10.1007/BF01015908
https://doi.org/10.1007/BF01015908
https://doi.org/10.1007/BF01566663
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1103/PhysRevD.10.3235
https://doi.org/10.1007/BF01551460
https://doi.org/10.1142/S0217732394001611
https://doi.org/10.1016/j.physletb.2007.10.013
https://doi.org/10.1103/PhysRevD.83.085012
https://doi.org/10.1103/PhysRevD.100.054501
https://doi.org/10.1103/PhysRevD.102.094502
https://doi.org/10.1103/PhysRevD.102.094502
https://arXiv.org/abs/2105.09643
https://doi.org/10.3390/sym13081523
https://doi.org/10.1103/PhysRevD.107.034507
https://doi.org/10.1103/PhysRevD.106.125010
https://doi.org/10.1103/PhysRevD.106.125010
https://doi.org/10.1016/0375-9601(94)90557-6
https://doi.org/10.1016/0375-9601(94)90557-6
https://doi.org/10.1088/0305-4470/39/41/S04
https://doi.org/10.1142/S0217732398001212
https://doi.org/10.22323/1.217.0016
https://doi.org/10.1016/j.aop.2016.05.001
https://doi.org/10.1142/9789813224568_0085
https://doi.org/10.1103/PhysRevB.97.075129
https://doi.org/10.1103/PhysRevB.97.075129
https://doi.org/10.22323/1.303.0070
https://doi.org/10.1103/PhysRevD.97.105009
https://doi.org/10.1103/PhysRevD.97.105009
https://doi.org/10.1103/PhysRevLett.123.137602
https://doi.org/10.1103/PhysRevLett.123.137602
https://doi.org/10.1103/PhysRevLett.102.026802
https://doi.org/10.1103/PhysRevB.89.245404
https://doi.org/10.1103/PhysRevB.89.245404
https://doi.org/10.1103/PhysRevB.89.195401
https://doi.org/10.1103/PhysRevB.89.195401
https://doi.org/10.1103/PhysRevB.95.165442
https://doi.org/10.1103/PhysRevB.95.165442
https://doi.org/10.1016/j.physleta.2011.12.030
https://doi.org/10.1016/j.physleta.2011.12.030
https://doi.org/10.1142/S021773231350096X
https://doi.org/10.1103/PhysRevD.91.105024
https://doi.org/10.1103/PhysRevD.91.105024
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1103/PhysRevD.93.105022
https://doi.org/10.1007/JHEP06(2021)015
https://doi.org/10.1103/PhysRevB.107.125120
https://doi.org/10.1103/PhysRev.135.A550

ABSENCE OF INHOMOGENEOUS CHIRAL PHASES IN (2 + 1)- ...

PHYS. REV. D 108, 036011 (2023)

with a nearly half-filled band, Phys. Status Solidi (b) 103,
783 (1981).

[78] G. Gruner, The dynamics of spin-density waves, Rev.
Mod. Phys. 66, 1 (1994).

[79] A. Bulgac and M. M. Forbes, A Unitary Fermi Supersolid:
The Larkin-Ovchinnikov Phase, Phys. Rev. Lett. 101,
215301 (2008).

[80] L. Radzihovsky, Quantum liquid-crystal order in resonant
atomic gases, Physica (Amsterdam) 481C, 189 (2012).

[81] D. Roscher, J. Braun, and J.E. Drut, Inhomogeneous
phases in one-dimensional mass- and spin-imbalanced
Fermi gases, Phys. Rev. A 89, 063609 (2014).

[82] F. Attanasio, L. Rammelmiiller, J. E. Drut, and J. Braun,
Pairing patterns in polarized unitary Fermi gases above the
superfluid transition, Phys. Rev. A 105, 063317 (2022).

[83] F. Dautry and E. M. Nyman, Pion condensation and the o-
model in liquid neutron matter, Nucl. Phys. A319,323 (1979).

[84] M. Kutschera, W. Broniowski, and A. Kotlorz, Quark
matter with pion condensate in an effective chiral model,
Nucl. Phys. A516, 566 (1990).

[85] M. Kutschera, W. Broniowski, and A. Kotlorz, Quark
matter with pion condensate in an effective chiral model,
Nucl. Phys. A525, 585C (1991).

[86] M. Thies and K. Urlichs, Revised phase diagram of the
Gross-Neveu model, Phys. Rev. D 67, 125015 (2003).

[87] V. Schon and M. Thies, Emergence of Skyrme crystal in
Gross-Neveu and 't Hooft models at finite density, Phys.
Rev. D 62, 096002 (2000).

[88] G. Basar, G.V. Dunne, and M. Thies, Inhomogeneous
condensates in the thermodynamics of the chiral NJL_2
model, Phys. Rev. D 79, 105012 (2009).

[89] M. Thies, Chiral spiral in the presence of chiral imbalance,
Phys. Rev. D 98, 096019 (2018).

[90] M. Thies, Phase structure of the 1+ 1 dimensional
Nambu-Jona-Lasinio model with isospin, Phys. Rev. D
101, 014010 (2020).

[91] M. Thies, Duality study of the chiral Heisenberg-Gross-
Neveu model in 1+ 1 dimensions, Phys. Rev. D 102,
096006 (2020).

[92] M. Thies, Twisted kink dynamics in multiflavor chiral
Gross—Neveu model, J. Phys. A 55, 015401 (2022).

[93] M. Thies, Tricritical curve of massive chiral Gross-Neveu
model with isospin, Phys. Rev. D 106, 056026 (2022).

[94] J. Lenz, L. Pannullo, M. Wagner, B. Wellegehausen, and
A. Wipf, Inhomogeneous phases in the Gross-Neveu
model in 1+ 1 dimensions at finite number of flavors,
Phys. Rev. D 101, 094512 (2020).

[95] J.J. Lenz, M. Mandl, and A. Wipf, Inhomogeneities in the
two-flavor chiral Gross-Neveu model, Phys. Rev. D 105,
034512 (2022).

[96] J.J. Lenz and M. Mandl, Remnants of large-N; inhomo-
geneities in the 2-flavor chiral Gross-Neveu model, Proc.
Sci. LATTICE2021 (2022) 415.

[97] C. Nonaka and K. Horie, Inhomogeneous phases in the
chiral Gross-Neveu model on the lattice, Proc. Sci.
LATTICE2021 (2022) 150.

[98] J. Stoll, N. Zorbach, A. Koenigstein, M.J. Steil, and
S. Rechenberger, Bosonic fluctuations in the (1 + 1)-
dimensional Gross-Neveu(-Yukawa) model at varying p
and 7 and finite N, arXiv:2108.10616.

[99] R. Ciccone, L. Di Pietro, and M. Serone, Inhomogeneous
Phase of the Chiral Gross-Neveu Model, Phys. Rev. Lett.
129, 071603 (2022).

[100] N.D. Mermin and H. Wagner, Absence of Ferromagnetism
or Antiferromagnetism in One-Dimensional or Two-
Dimensional Isotropic Heisenberg Models, Phys. Rev.
Lett. 17, 1133 (1966).

[101] S.R. Coleman, There are no Goldstone bosons in two-
dimensions, Commun. Math. Phys. 31, 259 (1973).

[102] E. Witten, Chiral symmetry, the 1/n expansion, and the
SU(N) Thirring model, Nucl. Phys. B145, 110 (1978).

[103] H. Watanabe, Counting rules of Nambu-Goldstone modes,
Annu. Rev. Condens. Matter Phys. 11, 169 (2020).

[104] M. Buballa and S. Carignano, Inhomogeneous chiral
condensates, Prog. Part. Nucl. Phys. 81, 39 (2015).

[105] S. Carignano, M. Buballa, and B.-J. Schaefer, Inhomo-
geneous phases in the quark-meson model with vacuum
fluctuations, Phys. Rev. D 90, 014033 (2014).

[106] S. Carignano, M. Buballa, and W. Elkamhawy, Consistent
parameter fixing in the quark-meson model with vacuum
fluctuations, Phys. Rev. D 94, 034023 (2016).

[107] D. V. Deryagin, D.Y. Grigoriev, and V.A. Rubakov,
Standing wave ground state in high density, zero temper-
ature QCD at large N, Int. J. Mod. Phys. A 07, 659
(1992).

[108] D. Miiller, M. Buballa, and J. Wambach, Dyson-Schwinger
study of chiral density waves in QCD, Phys. Lett. B 727,
240 (2013).

[109] W.-j. Fu, J. M. Pawlowski, and F. Rennecke, QCD phase
structure at finite temperature and density, Phys. Rev. D
101, 054032 (2020).

[110] R.D. Pisarski and F. Rennecke, Signatures of Moat
Regimes in Heavy-lon Collisions, Phys. Rev. Lett. 127,
152302 (2021).

[111] A. Koenigstein, L. Pannullo, S. Rechenberger, M. J. Steil,
and M. Winstel, Detecting inhomogeneous chiral con-
densation from the bosonic two-point function in the
(1 + 1)-dimensional Gross—Neveu model in the mean-field
approximation®, J. Phys. A 55, 375402 (2022).

[112] R.D. Pisarski, A.M. Tsvelik, and S. Valgushev, How
transverse thermal fluctuations disorder a condensate of
chiral spirals into a quantum spin liquid, Phys. Rev. D 102,
016015 (2020).

[113] R. D. Pisarski, F. Rennecke, A. Tsvelik, and S. Valgushev,
The Lifshitz regime and its experimental signals, Nucl.
Phys. A1005, 121910 (2021).

[114] F. Rennecke, R. D. Pisarski, and D. H. Rischke, Particle
interferometry in a moat regime, Phys. Rev. D 107, 116011
(2023).

[115] M. Winstel, J. Stoll, and M. Wagner, Lattice investigation
of an inhomogeneous phase of the 2 + 1-dimensional
Gross-Neveu model in the limit of infinitely many flavors,
J. Phys. Conf. Ser. 1667, 012044 (2020).

[116] R. Narayanan, Phase diagram of the large N Gross-Neveu
model in a finite periodic box, Phys. Rev. D 101, 096001
(2020).

[117] M. Buballa, L. Kurth, M. Wagner, and M. Winstel,
Regulator dependence of inhomogeneous phases in the
(2 + 1)-dimensional Gross-Neveu model, Phys. Rev. D
103, 034503 (2021).

036011-23


https://doi.org/10.1002/pssb.2221030242
https://doi.org/10.1002/pssb.2221030242
https://doi.org/10.1103/RevModPhys.66.1
https://doi.org/10.1103/RevModPhys.66.1
https://doi.org/10.1103/PhysRevLett.101.215301
https://doi.org/10.1103/PhysRevLett.101.215301
https://doi.org/10.1016/j.physc.2012.04.014
https://doi.org/10.1103/PhysRevA.89.063609
https://doi.org/10.1103/PhysRevA.105.063317
https://doi.org/10.1016/0375-9474(79)90518-9
https://doi.org/10.1016/0375-9474(90)90128-9
https://doi.org/10.1016/0375-9474(91)90389-N
https://doi.org/10.1103/PhysRevD.67.125015
https://doi.org/10.1103/PhysRevD.62.096002
https://doi.org/10.1103/PhysRevD.62.096002
https://doi.org/10.1103/PhysRevD.79.105012
https://doi.org/10.1103/PhysRevD.98.096019
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.101.014010
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1103/PhysRevD.102.096006
https://doi.org/10.1088/1751-8121/ac3cde
https://doi.org/10.1103/PhysRevD.106.056026
https://doi.org/10.1103/PhysRevD.101.094512
https://doi.org/10.1103/PhysRevD.105.034512
https://doi.org/10.1103/PhysRevD.105.034512
https://doi.org/10.22323/1.396.0415
https://doi.org/10.22323/1.396.0415
https://doi.org/10.22323/1.396.0150
https://doi.org/10.22323/1.396.0150
https://arXiv.org/abs/2108.10616
https://doi.org/10.1103/PhysRevLett.129.071603
https://doi.org/10.1103/PhysRevLett.129.071603
https://doi.org/10.1103/PhysRevLett.17.1133
https://doi.org/10.1103/PhysRevLett.17.1133
https://doi.org/10.1007/BF01646487
https://doi.org/10.1016/0550-3213(78)90416-9
https://doi.org/10.1146/annurev-conmatphys-031119-050644
https://doi.org/10.1016/j.ppnp.2014.11.001
https://doi.org/10.1103/PhysRevD.90.014033
https://doi.org/10.1103/PhysRevD.94.034023
https://doi.org/10.1142/S0217751X92000302
https://doi.org/10.1142/S0217751X92000302
https://doi.org/10.1016/j.physletb.2013.10.050
https://doi.org/10.1016/j.physletb.2013.10.050
https://doi.org/10.1103/PhysRevD.101.054032
https://doi.org/10.1103/PhysRevD.101.054032
https://doi.org/10.1103/PhysRevLett.127.152302
https://doi.org/10.1103/PhysRevLett.127.152302
https://doi.org/10.1088/1751-8121/ac820a
https://doi.org/10.1103/PhysRevD.102.016015
https://doi.org/10.1103/PhysRevD.102.016015
https://doi.org/10.1016/j.nuclphysa.2020.121910
https://doi.org/10.1016/j.nuclphysa.2020.121910
https://doi.org/10.1103/PhysRevD.107.116011
https://doi.org/10.1103/PhysRevD.107.116011
https://doi.org/10.1088/1742-6596/1667/1/012044
https://doi.org/10.1103/PhysRevD.101.096001
https://doi.org/10.1103/PhysRevD.101.096001
https://doi.org/10.1103/PhysRevD.103.034503
https://doi.org/10.1103/PhysRevD.103.034503

LAURIN PANNULLO and MARC WINSTEL

PHYS. REV. D 108, 036011 (2023)

[118] M. Winstel, L. Pannullo, and M. Wagner, Phase diagram of
the 2 4+ 1-dimensional Gross-Neveu model with chiral
imbalance, Proc. Sci. LATTICE2021 (2022) 381.

[119] L. Pannullo, M. Wagner, and M. Winstel, Inhomogeneous
phases in the chirally imbalanced 2 + 1-dimensional
Gross-Neveu model and their absence in the continuum
limit, Symmetry 14, 265 (2022).

[120] M. Winstel and L. Pannullo, Stability of homogeneous
chiral phases against inhomogeneous perturbations in
2 + 1 dimensions, Proc. Sci. LATTICE2022 (2023) 195.

[121] E. Nakano and T. Tatsumi, Chiral symmetry and density
wave in quark matter, Phys. Rev. D 71, 114006 (2005).

[122] P. de Forcrand and U. Wenger, New baryon matter in the
lattice Gross-Neveu model, Proc. Sci. LAT2006 (2006) 152.

[123] M. Wagner, Fermions in the pseudoparticle approach,
Phys. Rev. D 76, 076002 (2007).

[124] R.-A. Tripolt, B.-J. Schaefer, L. von Smekal, and J.
Wambach, The low-temperature behavior of the quark-
meson model, Phys. Rev. D 97, 034022 (2018).

[125] M. Buballa and S. Carignano, Inhomogeneous chiral
phases away from the chiral limit, Phys. Lett. B 791,
361 (2019).

[126] M. Buballa, S. Carignano, and L. Kurth, Inhomogeneous
phases in the quark-meson model with explicit chiral-
symmetry breaking, Eur. Phys. J. Special Topics 229, 3371
(2020).

[127] R.D.Pisarski, Chiral symmetry breaking in three-dimensional
electrodynamics, Phys. Rev. D 29, 2423 (1984).

[128] H. Gies, L. Janssen, S. Rechenberger, and M. M. Scherer,
Phase transition and critical behavior of d =3 chiral
fermion models with left/right asymmetry, Phys. Rev. D
81, 025009 (2010).

[129] G. W. Semenoff, Condensed-Matter Simulation of a Three-
Dimensional Anomaly, Phys. Rev. Lett. 53, 2449 (1984).

[130] F.D. M. Haldane, Model for a Quantum Hall Effect
without Landau Levels: Condensed-Matter Realization
of the “Parity Anomaly”, Phys. Rev. Lett. 61, 2015 (1988).

[131] C.-Y. Hou, C. Chamon, and C. Mudry, Electron Fraction-
alization in Two-Dimensional Graphenelike Structures,
Phys. Rev. Lett. 98, 186809 (2007).

[132] K. Urlichs, Baryons and baryonic matter in four-fermion
interaction models, Doctoral thesis, Friedrich-Alexander
Universitit Erlangen-Niirnberg, 2007.

[133] See Supplemental Material at http:/link.aps.org/
supplemental/10.1103/PhysRevD.108.036011  for a
PYTHON script that calculates L, . and produces Fig. 1.

[134] L.D. Landau and E.M. Lifshitz, Statistical Physics,
Part 1 & 2, Course of Theoretical Physics (Butterworth-
Heinemann, Oxford, 1980), Vols. 5 and 9.

[135] D.D. Scherer, J. Braun, and H. Gies, Many-flavor phase
diagram of the (2 + 1)d Gross-Neveu model at finite
temperature, J. Phys. A 46, 285002 (2013).

[136] B.B. Brandt, G. Endrodi, and S. Schmalzbauer, QCD
phase diagram for nonzero isospin-asymmetry, Phys. Rev.
D 97, 054514 (2018).

[137] T. M. Inc., MATLAB version 9.13.0 (r2022b) (2022), https://
www.mathworks.com.

[138] G. H. Derrick, Comments on nonlinear wave equations as
models for elementary particles, J. Math. Phys. (N.Y.) §,
1252 (1964).

[139] L. P. Pryadko, S. A. Kivelson, V.J. Emery, Y. B. Bazaliy,
and E. A. Demler, Topological doping and the stability of
stripe phases, Phys. Rev. B 60, 7541 (1999).

[140] S. Carignano, D. Nickel, and M. Buballa, Influence of
vector interaction and Polyakov loop dynamics on inho-
mogeneous chiral symmetry breaking phases, Phys. Rev. D
82, 054009 (2010).

[141] S. Carignano, M. Schramm, and M. Buballa, Influence of
vector interactions on the favored shape of inhomogeneous
chiral condensates, Phys. Rev. D 98, 014033 (2018).

[142] S. Carignano and M. Buballa, Inhomogeneous chiral
condensates in three-flavor quark matter, Phys. Rev. D
101, 014026 (2020).

[143] T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, The
dual properties of chiral and isospin asymmetric dense
quark matter formed of two-color quarks, J. High Energy
Phys. 06 (2020) 148.

[144] P. Lakaschus, M. Buballa, and D. H. Rischke, Competition
of inhomogeneous chiral phases and two-flavor color
superconductivity in the NJL model, Phys. Rev. D 103,
034030 (2021).

036011-24


https://doi.org/10.22323/1.396.0381
https://doi.org/10.3390/sym14020265
https://doi.org/10.22323/1.430.0195
https://doi.org/10.1103/PhysRevD.71.114006
https://doi.org/10.22323/1.032.0152
https://doi.org/10.1103/PhysRevD.76.076002
https://doi.org/10.1103/PhysRevD.97.034022
https://doi.org/10.1016/j.physletb.2019.02.045
https://doi.org/10.1016/j.physletb.2019.02.045
https://doi.org/10.1140/epjst/e2020-000101-x
https://doi.org/10.1140/epjst/e2020-000101-x
https://doi.org/10.1103/PhysRevD.29.2423
https://doi.org/10.1103/PhysRevD.81.025009
https://doi.org/10.1103/PhysRevD.81.025009
https://doi.org/10.1103/PhysRevLett.53.2449
https://doi.org/10.1103/PhysRevLett.61.2015
https://doi.org/10.1103/PhysRevLett.98.186809
http://link.aps.org/supplemental/10.1103/PhysRevD.108.036011
http://link.aps.org/supplemental/10.1103/PhysRevD.108.036011
http://link.aps.org/supplemental/10.1103/PhysRevD.108.036011
http://link.aps.org/supplemental/10.1103/PhysRevD.108.036011
http://link.aps.org/supplemental/10.1103/PhysRevD.108.036011
http://link.aps.org/supplemental/10.1103/PhysRevD.108.036011
http://link.aps.org/supplemental/10.1103/PhysRevD.108.036011
https://doi.org/10.1088/1751-8113/46/28/285002
https://doi.org/10.1103/PhysRevD.97.054514
https://doi.org/10.1103/PhysRevD.97.054514
https://www.mathworks.com
https://www.mathworks.com
https://www.mathworks.com
https://www.mathworks.com
https://doi.org/10.1063/1.1704233
https://doi.org/10.1063/1.1704233
https://doi.org/10.1103/physrevb.60.7541
https://doi.org/10.1103/PhysRevD.82.054009
https://doi.org/10.1103/PhysRevD.82.054009
https://doi.org/10.1103/PhysRevD.98.014033
https://doi.org/10.1103/PhysRevD.101.014026
https://doi.org/10.1103/PhysRevD.101.014026
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1007/JHEP06(2020)148
https://doi.org/10.1103/PhysRevD.103.034030
https://doi.org/10.1103/PhysRevD.103.034030

