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SECTION 1

Introduction

The contraction method has its origin in the analysis of recursive algo-
rithms, namely in the work of Résler 199111, where he proofs a weak limit
theorem for the complexity of Quicksort. For a general introduction we refer
to Rosler and Riischendorf 2004121,

A typical approach in the analysis of algorithms in general is to define and
analyze certain complexity measures, depending on the input kind and na-
ture! of the problem that is to be solved. Usually, a certain quantity within
the algorithm is identified, which can be seen as the main driver of the overall
complexity. In the analysis of Quicksort in Rosler 1991111, the number of key
comparisons is taken as the main driver of overall time-complexity, and hence
further established.

From an algorithmic problem of, for instance, divide-and-conquer or recur-
sive type one can often quite naturally obtain equations for its complexity X,
of the form

r=1

K
L(X,)=L (Z APIXT, + b(”)> : (1.1)

where (Xj(l))];o, ce (XJ(K))DO, (A™ 1) b)) are independent, [ = (Lgn))

is a random vector with values in {1,...,n}%, A" = (A,(«")) denotes a random
vector in R¥, ﬁ(XJ(T)) =L(X;)V1<j<n,1<r< K, andb(™ is a real-valued
random variable. Here, £(X) denotes the distribution of X.

A convergence of £(X,,) to a limit distribution p is usually obtained from
d(L(Xy), 1) — 0 with an appropriate metric d. The recursive equation (1.1) can
also be written as a contraction 7' : M — M on an appropriate metric space of
distributions (M, d). Therefore, the overall approach is known as "Contraction
Method".

To illustrate the basic concept of the contraction method we take an arbi-
trary distribution 1 on B(R) and define a sequence of distributions f,, recur-
sively by

p1 = fh, pngr =L (2*1/2 X, +2712 XL) : (12)

where X,, and X/ are independent with £(X,,) = L(X]) = u,. We will see
that p,, tends to the standard normal distribution under some constraints.

1 As an example take the length of a list of certain objects that the algorithm takes as input.



As metric we take the Zolotarev metric? of order 3, denoted by (3. Since
(3 only depends on the marginal distributions we write, for real-valued X and
Y, (3(X,Y) instead of (3(L(X),L(Y)). (3 is ideal of order three, i.e. for Z
independent of (X,Y"), r € R we have

GX+2Y+2)<@GXY),

GrX,rY) = [r]P G (X,Y) .

Let W be a standard-normally distributed random variable. The convolution
property of normal distributions states that

LW)=L (2—1/2 W4 9-1/2 W’) ,

where W and W' are independent with £(W) = L(WW’). Convergence in (3
implies weak convergence, hence, we have to find out if (3(X,, W) tends to
zero in order to obtain £(X,) — L(W). Applying the above notations and
properties it is straightforward to obtain

G (Xnar, W) = G (2712 X, + 272 X0, 272 4 2712307
= 2*3/2 <‘3 (Xn + X7/77W + W/)
272 (G (X + X0, W+ X0) + G (W + X5, W + W)

2752 (Gy (X, W) + G (X, W)
—9—1/2 s (Xn, W) (1.3)

<
<

Writing out the recursion we clearly observe one crucial point in using contrac-
tion method,
G (X, W) S 272G (X, W) (14)

The left handside in (1.4) convergences to zero iff (3 (X, W) is finite. The finite-
ness of (3 can be obtained using the following criterion. For real-valued ran-
dom variables X and Y it holds that

E[X*-Y*] =0 for k=1,2 .y L5
<00. .

E[|X|3+|Y|3]<oo = (3 (X,Y) (15)
Therefore, X is supposed to have a first moment of zero, a second moment
of one and a finite absolute third moment. Note that the above estimate is an
intuitive proof of a central limit law.

The normal distribution is a member of the stable distributions family. A
random variable W is called stable of order « € (0, 2] if

LWy =£(n VWit oW,

2For a systematic use of the Zolotarev metric for distributional recurrences such as (1.1) see
Neininger and Riischendorf 200471,



for all n € N, (W;) independent with L(W;) = L(WV). Since the normal distri-
bution is stable of order 2, the central limit law can also be called "stable limit
law of order 2". In general, stable limit laws of every order « € (0, 2] exist.

For stable limit laws of order less than 2 the finiteness of the recursion ori-
gin is more problematic, since stable distributions of order a@ < 2 do not have
absolute finite moments of order > «. Hence, a generalized version of the cri-
terion (1.5) does not help here. It is not clarified yet weather another criterion
for the finiteness of the Zolotarev metric ¢, s > «, is applicable in this setting.
Note that s > « has to be chosen in order to obtain contraction properties.

After introducing the basic notations and definitions in Section 2, we use
a result from Johnson and Samworth 2005 to proof the existence of A > «
such that ¢\ (X, W) < oo, for W asstable and X in the domain of strong normal
attraction of W, in Section 3. In this case, a variation of the estimate (1.3) leads
to the classical stable limit laws.

Nevertheless, a result of this kind is not applicable for the analysis of the
algorithms complexity, since the measured complexity is always finite and only
might "growth into" a stable distribution in the limit. Therefore, under the use
of the minimal ¢, metric, in Section 4 we present a stable limit law for scaled
and centered sums of independent random variables (Z,,), satisfying

N ) — /o
;ég(ZZ,W) on, <n1 ),

where W is a-stable distributed and 1 < 8 < «.



SECTION 2

Basic Notations and Definitions

The Landau Notation is widely-used for the description of the asymptotic
size of a sequence or function in a certain limit. For real-valued sequences (a,,)
and (by,) the following symbols are defined.

ian=0,(b,) =3IngeN, CeRug:lay| < Clbp|Vn=mng.
il. ap = op(bp) & YVeeR-gIng e N:a,| < klby|Vn=ng.
These symbols are also used for real functions, as
g(x) = Oy (f(z)) atw & IK >0,2>0: |g(z)] < K|f(x)|Vz = 2.
A function f : Rt — R is called slowly varying at infinity if

lim f (az)

=1Va>0.
zﬂ”/;,f(];)

SECTION 2.1
( Stable Distributions

For a € (0, 2] areal-valued random variables W is defined as stable of order

aif

Wi+ Wat ..+ Wy Z2naWw 2.1)
VY n e N, (W;) independent with £(WW;) = L(W) The definition is applied
in the same manner on distributions. The case of a = 2 leads to the normal
distribution and is special, since for the normal distribution absolute moments
of all orders exist. Under these circumstances the contraction method can be
used for stable limit laws of order 2, as presented in Section 1. We will focus on
a < 2 from now on.

The finiteness of both minimal ¢, and Zolotarev metric depends on the
(asymptotical) tail behavior of the respective random variables. This will be
seen in more details in the later sections. Therefore, it is important to under-
stand the tail behavior of stable random variables. The following estimate is
given by Mijnheer 1986/l (see (2.2)). For a € (0,2) and W an a—stable random
variable there exist constants ¢, cs € R, ¢; + ¢2 > 0 such that

P(W<z)= o + O, <1> for x - —© (2.2)

] ||



and .
IP’(W>:1:)=CQ+O$<2> for & — o0 . (2.3)
T« i

a—stable distributions are determined by a set of four parameters, the index
of stability «, the centering constant b, and the constants ¢; and ¢, from (2.2)
and (2.3) (see Appendix A). We denote the stable distribution for a fixed set of
parameters by St(a, b, ¢1, c2).

SECTION 2.2
( Domains of Attraction

When establishing limit laws for scaled sums of iid random variables (X,,),
L(X;) = X, one should ask about the distributions £(X) in scope of a limit
distribution ;.. More precisely, it needs to be examined if real-valued sequences
(an) and (by,) exist such that

L (anl DX - bn) - . (2.4)
1=1

All the distributions £(X) satisfying (2.4) with appropriate (a,) and (b,,) are
said to build the domain of attraction of ;.. It can be shown that only stable
distributions do have a domain of attraction. We set

DoA, := {E(X) | 3(an), (bn) € R,Wa— stable :

L<a;1 Z:;X —bn) —>£(W)} .

Moreover, all the distributions belonging to DoA, with a@ < 2 are exactly
known by their tail behavior as follows. For constants ¢;, c2 € Rz and i slowly
varying at inifinity we have

P(X < —z) = Cﬁx‘gz“)hqxp asx — —w
P(X >z) = 252U pz)asz — o

T

(2.5)

L(X)eDoA, < {

For more details see Petrov 1975°! (Theorem 14). Using the formula

E[X?] :f

0

P (X > xl/z> da

for non-negativ X and z > 0 we see that all random variables in the domain of
attraction of an a-stable random variable do have finite absolute moments up
to an order of &« — €,e > 0 only, i.e.

<0 ,s<a 2.6)

L(X)eDoA, = ]E[|X|§]{ :
=0 ,5=2«

6



The treatment of tail behavior for random variables in DoA,, as given in (2.5) is
complex and not obviously managable in our setting. Therefore, we focus on
a subspace of DoA,,, the domain of strong normal attraction. By definition, a
distribution £(X) belongs to this subspace iff, for ¢;, ¢ € Rz, > 0,

C1 1
and
P(X>2)=210,(— 27
( >$)—m7a+ g; W asx — 0 . ()

Note that, as an implication of (2.2) and (2.3), every astable distribution be-
longs to the domain of strong normal attraction.

Probability Metrics

( SECTION 2.3

As discussed in the Section 1, probability metrics are the major tool of con-
traction method. They are also needed to estimate convergence rates of limit
theorems in general. For an overview on the field of probability metrics one
can refer to Rachev 19911, especially the summary table on pages 464-477.

Basically, metrics can be defined on a subspace of distributions M as well
as on a subspace of random variables X. These two types of probability metrics
are linked, among others, by the following definitions. A metric d on M is said
to be the minimal metric w.r.t. a metric d* on X if, for random variables X and
Y,

: *
d(L(X),L(Y)) = ()I(I}}f'/)d (X,Y) .
Furthermore, a metric d* on X is called simple if it depends on the marginal
distribution of respective random variables only. In that case d* induces a met-
ricdon M,
(LX), L(Y)) = d* (X,Y) .

A metric d* on X is called ideal of order s € R..¢, if, for every r € R and random
variable Z independent from (X,Y),

& (X +2,Y +2) <d* (X.Y)
d* (r X,rY) = |r|°d* (X,Y) .

Here, two different metrics are used, the minimal ¢, metric and the Zolotarev
metric (.



secrion231  Minimal ¢/, Metric

The L, metric is used in many applications, as it is complete on the space of
absolute pintegrable functions. For p > 1 and random variables X,Y : Q@ — R
it is defined as

1/p
L (X,Y) = j o~y d®x.Py)(z.y) | =E[X-YPI” . @8)
QxN

Here, (Px,Py) denotes the product measure of Px and Py. On the space of all
distributions on B(R), the minimal ¢,, metric is defined as the minimal metric
wrt Ly, ie.

6L, L) = nf L, (X.Y)= inf BIX-YPI . @9)
This metric is known under many names. Rosler 19911 refers to it, for p = 2,
as Wasserstein metric, Johnson and Samworth 2005 use the term Mallows
distance, whereas Rachev 199111 also names it Kantorovich metric for the case
of p=1.

The minimal £, metric is ideal of order 1 for arbitrary p.

section232 Zolotarev Metric

Zolotarev 19761 15! introduced a metric that is useful for the study of sums
of independent random variables. For every s = m + a with m € Ny, a € (0, 1]
and real valued random variables X, Y it is defined as

G (X,Y) := sup [E[f(X)—f(YV)]],
feCs

where C* = {f € C™(R) | £ (x) = F) ()| < |v — y|° Va y}.
(s is ideal of order s and simple. Moreover, convergence in the Zolotarev
metric implies weak convergence. A criterion for the finiteness of the Zolotarev

metric is necessary to use it in the context of the contraction method. The fol-
lowing condition is easy to verify.

() E[X¥ =Y ] =0Vk=1,...,m

(b) E[IX]°+ Y]] < o0 } = ((X,)Y) <. (2.10)



SECTION 3

Stable Limit Laws via the
Zolotarev Metric

The following theorem ensures that, as pointed out in Section 1, the con-
traction method together with the Zolotarev metric is applicable for a proof of
stable limit laws for scaled sums of random variables in the domain of strong
normal attraction.

Theorem 3.1. a € (1,2),¢1,c2 € Rog,¢1 +¢co > 0,y > 0, X a random variable with
expectation i satisfying

C1 1
and
Co 1

Then, for the stable distribution L(W) = St(a, p,c1,¢2) , there exists X > « such
that
C)\ (X, W) < Q0.

The proof is given below. As a direct corollary of Theorem 3.1 we obtain
the classical stable limit laws.

Corollary 3.2. X and W as in Theorem 3.1. Then, for an iid sequence (X,,) with
L(Xi) = L(X),

L (n_l/‘x (Zn: Xi—n/L)) —>L(W —pu) as n— . (3.2)

i=1

Proof. We assume wlo.g. 1 = 0. LetY, := n_l/“(Z?lei). Ysn satisfies a
recursive equation,

}/2n = (2n)—1/04 (% Xz)
) (n Xi> + (2n)‘1/"< % Xi)
1=1 1=n+1

_ (27’L -1/



Doty 4oty (3.3)

Here, Y, := n~Yo(X" | X!) with (X!) 2 (X,) and (X!) independent of (X,).
An equation similar to (3.3) holds true for W. From the convolution property
(2.1) of stable distributions it is known that

W 2 o-leyy o leyy (3.4)

where L(W) = L(W') and W’ is independent of W. Theorem 3.1 ensures that
there exists A > a with
O(X, W) <. (3.5)

Using both (3.3) and (3.4) we find, similar to (1.3),

O (Yon, W) = (2_1/0‘ Y, + 2 Moy o=V yy 4 o=t/e W’)

=27 MG (Yo + Y, W+ W)

<27V (GO (Yo + YL, Y + W) + O (Y + W W+ W)
<27 (G (Yo, W) + G (Y7, W)

< 21N (Y, W) (3.6)

From (3.6) together with (3.5) it follows that, on account of 2!~V < 1,
Cr (Yan, W) < (2H/a)” O(X, W) =0 as n— . 3.7)

Convergence in ¢y implies weak convergence, and thus, (3.2) follows directly
from (3.7).

The proof of Theorem 3.1 uses a result of Johnson and Samworth 20054,
which states that there exists § > «a such that {3(L(X), L(W)) < . Then,
(s(X, W) is bounded in dependency of /3 and absolute (o — e}th moments.
The following preparatory lemma is a variation of Lemma 5.7 in Drmota et al.
2008121,

Lemma 3.3. Let s€ (1,2), ¢ > 0and ¢’ = T - Then, for all real-valued random

variables X and Y with equal first moments,

s—1 s—1

s—e IR [|Y|576’] s—e

G (xv) < (2 [1xr] ) feve (00, £00))

Proof. We set Z := X — Y. For every f € C*® with f/(0) = 0 the mean value
theorem implies, for appropriate 0 < ¢ < 1,

fX) =M =1f Y +2)=f(Y)

=[f()+ YV +£2)Z - f(V)]

10



= (/' (Y +€2) - f(0) Z

<YV +ezPt 2z
=Y(1-&+ex) |z
< (1t ixp) 121 (38)

Since X and Y do have equal first moments we find

sup [E[f (X) — f (V)] = sup [E[f (X) = f(0) X = (f (Y) = [ (0)Y)]|
feCs feCs

— s E[f(X)-F)] - (39)
feCs,f(0)=0
Substituting (3.8) in (3.9) yields
sup [E[f (X) = f (V]| <E[ (V7' + X171zl . (310)

feCs

Next we apply Holder’s inequality to (3.10). For p,q >1, % + % = 1 it states
that, for real-valued random variables U and V,

E[UV]] <E[UPT E[V]TY . (3.11)

By definition we have ¢’ = thus

s+6 ste—1’
! !
s€ +ed =e+e R

and therefore,

s—1 1 s2—s+se—e+s—¢ s2+se— (e+€)

s—¢ s+te $2 + se — se' — ee! s2 + se — (se! + e€’)

Hence, we can use (3.11) with p = "“;jel’ and ¢ = s + € to bound (3.10) by

7
s—e

mxmsﬁww“+wﬁﬁ“r4EWWTL. (3.12)

Bounding the first term on the right hand side in (3.12) with Minkowski’s in-
equality yields

s—1 s—1

G(X,Y) < <E [|Y|H']? +E[|X|“']”> E[|X—Y|S+E]%+E . (3.13)

Both X and Y are arbitrary chosen. Therefore, we can build the infimum over
all random variables with distribution £(X) and £(Y") respectively on (3.13)
and conclude, using that ¢, is simple,

s—1 s—1

¢ (X,Y) < <E [|Y|H’]H +1E[|X|H’]“’) Core (L(X), L(Y)) .

11



Proof of theorem 3.1. From Lemma 5.1 in Johnson and Samworth 20054 we know
that there exists 3 > « such that

lg (L(X),L(W)) < 00. (3.14)
In (3.14), 8 < 2 can be chosen w.l.o.g.. We set

=1 g r__ 0
bi=5(B—a), A:=p—0 and §:=

Note that A > a. Using Lemma 3.3 we bound ¢, (X, W) by

GX W) < (E [1xP=*] +x [|W|*—6’]3‘;’) fars (LX), LOW)) -

(3.15)
From (3.14) it holds that ¢, s(£(X), £L(WW)) is finite, so it remains to proof the
finiteness of the first term on the right hand side of (3.15). 5, 6 and ¢’ are chosen
such that &' =6/(8 — 1) > ¢, thus,

A—é’zﬁ—é—d’<5—25=5—2%(5—0¢)=a- (3.16)

Both X and W belong to DoA, by definition. Therefore, (2.6) under use of
(3.16) holds that

IE[|X|’\_5I]<00 and E[|W|’\_6I]<oo. (3.17)
Substituting (3.14) and (3.17) into (3.15) yields

C)\(X,W) < Q0.

12



SECTION 4

Stable Limit Laws Including
"Growing Into" Sequences

Until now, the ideality of the Zolotarev metric was one key argument in
using contraction method for stable limit laws!. For a stable limit law of order
o, (s with s > o was used, since it is ideal of order s. The minimal ¢, metric is
ideal of order 1 only, nevertheless, it can be used to proof stable limit laws, as
shown by Johnson and Samworth 2005!*! (Theorem 1.2).

We now use their ideas to proof a stable limit law for the scaled sum of a
"growing into" sequence. A sequence of random variables Z,, is said to grow
into a limit W, if Z,, < oo for all n and d(Z,,, W) — 0 for a metric d. These
sequences are of higher interest in the analysis algorithms as the distribution of
measured complexity is surely not an element of the domain of strong normal
attraction, as needed by Corollary 3.2. The measured complexity is finite for
all n, while it might converge to a stable distribution in the limit.

Bahr and Esseen 1965['3 proved some inequalities for the absolute 7~th mo-
ment of a sum of independent random variables. There, Theorem 2 implies
that, for 1 < r < 2 and a sequence of independent, not needfully identically
distributed random variables X; with zero mean, the absolute 1th moment of
the nth partial sum can be bound by

EHXI +- +Xn|’r] <2 ZEHXIV] s (41)

i=1

Using this inequality give a stable limit law in two different versions; one for-
mulated for scaled sums and the other for recursively defined sequences.

SECTION 4.1
( Proof for Scaled Sums

Theorem 4.1. Let o € (1,2), 1 < S < a, W cestable with zero mean, Z,, a sequence
of independent random variables with zero mean such that

> s (L(Z:), £(W)) = 0 () . 42)
i=1

1See the estimates (1.3) and (3.6).

13



Then, the scaled sum
Y, =n"* ) 7 (4.3)
=1
converges to W in distribution, i.e.

D
Y,=>W as n— .

Proof. We chose independent pairs of random variables (Z}*, W*) such that, for
alli=1,...,n,
L(ZF) = L(Zi), L) = LW)

and "
E|1z: -l <t (220, £00)) +i 72 (4.4)

Using both (4.3) and the convolution property of stable distributions (2.1) we

find
n w217
n—l/a Z;k _ n—l/a Wi*
2 2

=1
g8
—n YR [ ] . (4.5)

The particular summands (Z* — W;*) are independent and have a zero mean,
thus, we can apply (4.1) on (4.5) and obtain

g (L(Ya), LW)) < E [

n

Y zF-wr

i=1

n 1/8
05 (L(Y,), L(W)) < 20 Yo E [2 123 — W,;*W] . (4.6)

i=1
Using the inequality (a +b)¥ < a¥ +bY for a,b > 0 and y < 1 we bound (4.6) by
—1/a S ® %8 1/8
03 (L), £W)) <207V S E[|ZE -] 47)
i=1
Applying the bounds assumed in (4.4) to (4.7) yields

n

s (L(Yn), LOW)) <20 M 3 (65 (L(Z:), LOW)) +i )

=1
= o~V N0 (L(Z), LOW)) + 20~ N 2 0 (4.8)
B
i=1 =1

14



Using condition (4.2) we find for the first summand on the right handside of
(4.8) the following,

20~ N 05 (L(Z:), LIW)) = 20~ 0, (nl/"‘) S0asn—ow.  (49)
i=1
The second summand on the right-handside of (4.8) is established using the
well known fact that >° , i72 < oo,

n o>
o~ N i< Y i 5 0 as n> o0 (4.10)
i=1 i=1

Substituting (4.9) and (4.10) in (4.8) we conclude

05 (L(Yy), LOW)) =0 as n— .

SECTION 4.2
( Formulation as a Degenerate Recursion

In most cases, the recursive equation itself contains certain information
about the limit distribution. As an example consider the recursive equation
(1.2) in Section 1,

X, =X, Xp 222X, +2712X/ .
It is obvious that, if a limit distribution p exists, it must fulfill
p="L (2*1/2 Y 4212 Y’) :

where Y and Y” are independent with £(Y) = £L(Y”) = p. In this paradigm the
limit distribution x is asured to be a normal distribution.
There exists recursive equations which, in the limit, become

xX2x,

and thus give no information about the limit distribution. Recursions of that
type are called degenerate.

Neininger and Riischendorf 20048 prove a normal limit law for degenerate
recursive equations under certain constraints using the Zolotarev metric. A
natural question arises if this result can be generalized to stable limit laws of
arbitrary orders?.

2Such a stable limit law of order 1 is shown for a particular setting with analytical methods in
Drmota et al. 2009,

15



In order to give an idea of how such a stable limit law may look like we
modify the conditions in Theorem 4.1. Let (Z,) and W as in Theorem 4.1.
Instead of defining Y;, directly we can determine it by a degenerate recursion,

n 1/« 1 1/«
Yii=21, Y11= <n mn 1) Y, + <n+1) Znt1 - (4.11)

By a simple induction we see that
n
Y, =n7Y* 37,
i=1

and hence, as Theorem 4.1 ensures, Y;, converges to W in distribution. The case
n = 1is fulfilled by definition, for n + 1 it holds

1/c 1/
n 1
YnJrl: <n+1> Yn+<n+1> Zn+1

1/c 1 1/a n 1 1/a
- Zi — - Zﬂ,
() B7)+ () e

-
Il
Ja

16



SECTION 5

Conclusion

We presented a proof for the classical stable limit laws under use of contrac-
tion method in combination with the Zolotarev metric. Furthermore, a stable
limit law was proved for scaled sums of growing into sequences. This limit law
was alternatively formulated for sequences of random variables defined by a
simple degenerate recursion.
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APPENDIX A

Stable Distributions and
Characteristic Functions

The content of this section is mainly taken from Feller 1966I°, all references
in this section correspond to the same book!. Let 1 be a probability distribution
on B(R), its characteristic function ¢, : R — C is defined as

vel
bul) = | e duto)
—L

The characteristic function is finite by definition, and thus can be used for the
description of arbitrary distributions. Distinct distributions do have distinct
characteristic functions, and every characteristic function defines uniquely a
distribution. One further important property of the characteristic function is
that it holds the following formula for the sum of independent random vari-
ables X and Y, i.e.

brx+v) = box)Pry) - (A.1)

A distribution p is called infinitely divisible if, for any n € N, there exists a
distribution u,, such that

n = £ (Xml + Xn72 +-+ Xn,n) ’

where the X, ; are independent with £(X,, ;) = u,. This property can as well
be written under the use of characteristic functions, on account of (A.1). u is
infinitely divisible if, for any n € N, there exists a characteristic function ¢,
such that
¢u = ¢Z .

Note that stable distribution are infinitely divisible. In terms of characteris-
tic functions, the convolution property (2.1) can be written as, for W cestable
distributed,

brmiewy = PLw) - (A2)

The characteristic function of an infinitely divisible distribution  matches the
following unique form (see XVIL.2 (2.9)),

I
te 1 —jtsinz

sul)=expd [

—a0

dM(z) } (A.3)

x2

1For a more modern view we refer to Klenke 20085, Chapter 16.
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where M, the so called canonical measure, attributes finite masses to finite
intervals and satisfies

M+(x)=fy_2d1\/[(y)<oo and M_(x)zjy_de\/[(y)<oo. (A.4)

For stable distributions, according to (A.2), the canonical measure Mgple is
given by (compare to XVIL3 (3.17))

Mstable{_xa 0} = 2?7 and Mstable{oax} = C2 z s (A.5)

where ci,¢c2 = 0,¢; + c2 > 0. Therefore, the quantities M;t’able and Mz, . as
defined in (A.4) can be calculated as follows.

x

M e (%) = J Y% dMaple(y) = c1z7%,

—C

and similarly
o sl

M e () = Jy‘2 dMstable(y) = cox™" .

x

The tail behavior of stable distributions asymptotically equals M, . and M7 -
(see XVIIL.4 (d)), therefore, the constants ¢; and and ¢, are the same as in (2.2)
and (2.3), respectively. The general form of the characteristic function of a sta-
ble distribution 20 is obtained by substituting (A.5) in (A.3) and adding a cen-

tering constant b. This results in

exp{ibt + [t|* ZE‘Z—Q) ((c2 + ¢1) cos B2 + sign (t) i (cz — c1) sin Z2)}

—1)
) ,a#1
P2 O explibt = ] (ea + c1) (F +sign ()1 (c2 — en) o )

,a=1
(A.6)
Hence, every stable distributions is uniquely determined by a set of four pa-
rameters («, b, ¢1, ¢3). The above form (A.6) is often referred as

)

dap (1) = eXP{ibt + |¢|” ngi:?g (cos T 4 sign (t) iy sin %)} ,a#1
exp{ibt — |t| C(5 + sign () iylog|t])} ,a=1

with C = co + coand v = (ca — ¢1)/(c2 + 1).
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