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Abstract

Many tax-codes around the world allow for special taxable treatment of savings in
retirement accounts. In particular, profits in retirement accounts are usually tax exempt
which allow investors to increase an asset’s return by holding it in such a retirement ac-
count. While the existing literature on asset location shows that risk-free bonds are usually
the preferred asset to hold in a retirement account, we explain how the tax exemption of
profits in retirement accounts affects private investors’ asset allocation. We show that to-
tal final wealth can be decomposed into what the investor would have earned in a taxable
account and what is due to the tax exemption of profits in the retirement account. The
tax exemption of profits can thus be considered a tax-gift which is similar to an implicit
bond holding. As this tax-gift’s impact on total final wealth decreases over time, so does

the investor’s equity exposure.
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1 Introduction

Profits from dividends, interest and capital gains are usually subject to taxation. In tax-
sheltered retirement accounts, however, profits remain untaxed which allows the return of an
asset to increase from its after-tax to its pre-tax return by holding it in such a tax-sheltered
retirement account. This paper explains optimal asset allocation (i.e. which assets to hold) and
asset location (i.e. in which account to hold these assets) for investors having the opportunity
to invest in both taxable and retirement accounts. In particular, it explains why the equity
exposure in both taxable as well as retirement wealth decreases with a decreasing investment
horizon. It is most closely related to the recent literature on optimal asset location decisions
including Shoven and Sialm (1998), Shoven and Sialm (2003), Dammon, Spatt, and Zhang
(2004), Poterba, Shoven, and Sialm (2004), Huang (2006) and Garlappi and Huang (2006).
These papers conclude that assets facing a high tax-burden should generally be located in
retirement accounts, while assets facing a low tax-burden are better located in conventional
taxable accounts. Garlappi and Huang (2006), however, show that this finding does not hold
in general.

While, in general, the existing literature shows that risk-free bonds are the preferred asset
to hold in the retirement account, we explain how the investor’s equity exposure in both the
taxable and the retirement account depends on the length of the remaining investment horizon
and the fraction of total wealth in the retirement account. Due to the tax exemption of profits in
the retirement account, total wealth contains a tax-gift which becomes bigger as the remaining
investment horizon increases. As bonds are usually the preferred asset to hold in a retirement
account the tax-gift can be considered an implicit bond holding that is not directly observable in
security accounts. As this tax-gift decreases with decreasing length of the remaining investment
horizon, so does the unobservable bond holding and the observable equity exposure.

The paper proceeds as follows. Section 2 reviews the related literature. Section 3 introduces
the model and discusses the tax-effects of investments into tax-sheltered retirement accounts.

Section 4 provides numerical evidence. Section 5 provides a conclusion.

2 Prior Studies

Dilnot (1995) categorizes retirement accounts according to the taxable treatment of contri-
butions, profits and withdrawals. Even though theoretically, there are many combinations of

taxable treatments, in practice there are only three main types of retirement accounts to be



found. The so-called taxable accounts (TAs) are accounts in which contributions can only be
made from after-income-tax dollars, and where profits are taxable and withdrawals are tax
exempt. Tax-deferred accounts (TDAs) such as IRAs are characterized by the opportunity to
contribute to them from pre-income-tax dollars, and withdrawals are taxable while profits are
tax exempt. In tax exempt accounts (TEAs) like Roth-IRAs, contributions are made from after
income tax dollars, profits are tax exempt, and withdrawals are tax-exempt. In many coun-
tries, different kinds of accounts coexist with different taxable treatment. Whereas TAs can be
used for other investment objectives besides saving for retirement, TEAs and TDAs are pure
retirement accounts. Early withdrawals from them are subject to a penalty tax and contribu-
tions to them are limited by law. As TAs can be used as saving accounts for other investment
objectives as well, only TEAs and TDAs are referred to as retirement accounts (RAs) in this
article. Due to the differing taxable treatment of the funds in the various accounts, investing
a pre-tax dollar in each of the separate types of accounts usually results in varying risk-return
profiles of that dollar and different changes in wealth.

Although optimal asset allocation is a topic that has been intensively discussed in economic
literature, research on optimal asset location is quite a recent field of research. It goes back to
studies of Tepper and Affleck (1974), Black (1980) and Tepper (1981). They analyze optimal
investment strategies of companies that run defined-benefit pension plans. If these companies
do not face any short-selling restrictions and their gains are fully taxable at the moment of
occurrence (i.e. there is no deferral option), they should hold bonds only in their defined-
benefit pension plan, where the taxable treatment is similar to that of TEAs. Auerbach and
King (1983) point out that this result also applies to investors having the opportunity to invest
into a retirement account and a TA.

Shoven and Sialm (1998) and Shoven (1999) introduce the problem of asset location to
household investment decisions and point out that each choice of an investment strategy for
retirement saving does not only contain a choice about the assets to invest in (the so-called
asset allocation problem), but also a choice about which of these assets to locate in a retirement
account and which to locate in a taxable account (the so-called asset location problem). In their
studies, they analyze asset location and asset allocation decisions for simulated distributions of
wealth. They arrive at the conclusion that due to tax-inefficiency of many actively managed
mutual funds, these funds have their preferred location in a retirement account, while tax
exempt bonds should be held in a taxable account.

Bodie and Crane (1997), Poterba and Samwick (2001) and Barber and Odean (2003) analyze

asset location strategies used by private investors in practice. They report that investors do not



realize the opportunities that TDAs offer to them. In particular, they often choose suboptimal
asset location strategies. Contribution rates have been found to have an especially substantial
impact on utility losses (Gomes, Michaelides, and Polkovnichenko (2006)). Amromin (2002)
and Bergstresser and Poterba (2004) report similar findings and further point out that many
investors have considerable amounts of money in both accounts and hold significantly more
stocks in their TDAs than in their TAs. Benartzi and Thaler (2001) point out that investors
tend to follow naive %—diversiﬁcation strategies in their retirement accounts and pension plans
and thus the more stock funds offered to them by these plans the more stocks investors tend
to hold.

According to Gale and Scholz (1994), the majority of investors in the US that contribute to
an individual retirement account are either older than 59 or have substantial funds in a TA in
addition to the funds in the IRA. Either of these cases makes the need for an early withdrawal
- which is accompanied by a penalty tax - quite unlikely. This is why we put the focus of
our analysis on the asset location and asset allocation decisions induced by the tax-effects and
ignore early withdrawals.

A dollar invested into a risk-free asset in an RA results in a higher after-tax yield than a
dollar invested into the same risk-free asset in a TA. Hence, the dollar in the RA is worth more
than the dollar in the TA, a fact which has been pointed out by Dammon, Spatt, and Zhang
(2004) and Poterba (2004). Dammon, Spatt, and Zhang (2004) call the difference between the
value of the dollar in the TEA and the value of the dollar in the TA the "shadow price” of that
dollar. This "shadow price” depends on the relative dividend of the assets, the relative capital
gains of the assets, the level of tax-rates on these dividends and gains, and the length of the
remaining investment horizon. Due to the penalty tax for early withdrawal and the maximum
contribution limits for TEAs and TDAs, TAs are often used for retirement saving as well.
Hence, private investors saving for retirement usually only locate some part of their retirement
savings in a retirement account. Due to the difference in taxable treatment of assets between a
taxable account and a retirement account, it is important to make an informed decision as to
which asset to locate in the retirement account and which to locate in the taxable account.

In many countries, capital gains and profits from interest and dividends are subject to
different taxable treatment. Profits from capital gains are usually not taxed when they occur,
but rather when these capital gains are realized by selling the corresponding assets. This special
treatment of capital gains allows investors to follow tax-timing strategies like those described in
Constantinides (1983) and Constantinides (1984). His results are derived in a model in which

investors only have access to a TA, but they can be applied in a two-account setting as well.



According to these tax-timing strategies one should realize losses immediately in order to let
the treasury participate in them and defer realizing gains as long as possible in order to earn
the compound interest. Furthermore, if short-term capital gains are taxed at a higher tax-rate
than long-term capital gains, it can be optimal to realize long-term gains and repurchase the
assets to regain the opportunity of realizing short-term losses in these assets (Constantinides
(1984)). The advantages of tax-timing are accompanied by the risk of not selling assets for
fiscal reasons and thereby ending up with a portfolio that is not well diversified. Tax-timing
is not a problem that develops from the asset location problem itself, but from the taxation of
assets in a taxable account. Thus, for simplicity, it is assumed that capital gains are taxable at
the moment of occurrence and cannot be deferred until realization. An equivalent assumption
is to consider the tax-rates as the effective tax-rates, as described in Constantinides (1983),
which reflect the unmodeled optimal tax realization strategy in the risky asset.

The impact of tax-timing strategies on optimal asset location decisions with diversification
concerns is analyzed in Zaman (2005). In his numerical study, stocks tend to have their preferred
location in the taxable account to use potential benefits from tax-timing and exploit the higher
tax-burden of bonds. This result does not differ from that in Dammon, Spatt, and Zhang
(2004), whose analysis contains only one risky asset.

Furthermore, (long-term) capital gains are often subject to a lower tax-rate than dividends
and interest. This is why the returns on stocks that mainly consist of capital gains tend to be
taxed at a lower rate than the returns on bonds mainly consisting of interest payments. For
this reason, Shoven and Sialm (2003) argue that bonds should have their preferred location in
a retirement account and stocks shall only be held there if no bonds are held in the taxable
account at all. This argument seems to be very convincing at first sight and has been shown
to be correct for investors that are not facing short-selling restrictions (see e.g. Dammon,
Spatt, and Zhang (2004), Shoven and Sialm (2003) or the theoretical paper of Huang (2006)).
However, Garlappi and Huang (2006) show that this does not necessarily hold if the investor
is short-selling constrained.

If investors are facing high labor income risk and have limited liquid financial resources, some
papers, among them Amromin (2003), Dammon, Spatt, and Zhang (2004) and Amromin (2005),
argue that holding stocks in the retirement account and bonds in the taxable account can also
be an efficient investment strategy when taking labor income shocks into account. They base
their argument on the fact that due to the lower volatility of bonds, holding them in the taxable
account reduces the probability of having to withdraw funds from the retirement account and

to pay the penalty tax. The higher the probability and the order of magnitude of income
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shocks and the lower the liquid financial resources, the better the strategy to hold sufficient
TA-wealth in bonds. Besides, under current law there seem to be tax arbitrage opportunities
between savings in retirement accounts and mortgage payments (Amromin, Huang, and Sialm
(2006)). The literature on taxation and optimal portfolio choice is surveyed in Poterba (2002).
Campbell (2006) provides an overview of the complexity of other households’ financial decisions
and their participation in financial markets.

While the focus of the existing literature is on the asset location decision, we concentrate on

the impact of the tax-effects in retirement accounts for the investor’s asset allocation decision.

3 Tax-Effects in Retirement Accounts

3.1 Effects of Tax Deferral

in this article it is assumed that dividends, interest, and capital gains in the TA are taxable
at occurrence. That is, no matter if realized or not, capital gains are fully taxable, i.e. there
is no tax-timing option. Equivalently one could also assume the corresponding tax-rate to be
the "effective tax-rate” as described in Constantinides (1983), which reflects the unmodeled
optimal tax realization strategy in the risky asset. It is further assumed that the investor
cannot go short and there is no need for an early withdrawal from a retirement account. This
in particular implies that the investor does not have to pay the penalty tax for early withdrawal
at any point in time. A market with n assets is considered. Assets can be traded without
incurring any transaction costs. Let oy;; denote the proportion of asset ¢ in period & with
location [ € {R, T}, in which R denotes the location in a retirement account (TDA or TEA)
and 7" denotes a location in the taxable account. Let oy, == (a1 4, - - - ,ozl’mk)T be the vector of
proportions of the n assets in period k with location [. 0 < 7; < 1 denotes the constant tax-rate
on dividends and interest, and 0 < 7, < 1 the constant tax-rate on capital gains. In particular,
it is assumed that short-term and long-term capital gains are subject to the same tax-rate.
0 <dg;r and —1 < gg,; are the dividend or interest rate (dividend rate in this article) and
the capital gains rate, respectively, for asset i in period k in the retirement account (and thus
on a pre-tax basis). dr; i := (1 — 74)drix and gr;x = (1 — 7,)grx denote the dividend rate
and the capital gains rate of asset 7 in period k in the TA (and thus on an after-tax basis).
dis = (di1k, -, dingk)" denotes the vector of dividend rates in period k with location ! and
gk = (grik--- ,gl,nk)T denotes the vector of capital gains rates in period k with location .

0 <7, <1 denotes an exogenously given personal income tax-rate of the investor in period



k. 1 denotes a column vector of n ones. The vector of gross returns R;; in period k for assets
with location [ is given by Ry := 1 4+ d;j + g5 Wr i denotes the wealth of some investor in
a TA after payment of taxes on capital gains, interest, and dividends, and Wpg the wealth of
that investor in a RA at the end of period k.

Tax-deferred accounts allow deferring income taxation until withdrawal. That means con-
tributions to such tax-deferred accounts are made from pretax-income. This is in contrast to
taxable accounts and tax exempt accounts, where contributions can only be made from after-
tax dollars. Investors facing a high marginal income tax rate at the time of contribution, but
expecting a lower personal income tax-rate at the time of withdrawal can lower their expected
relative income tax burden by an investment in a TDA.

Assume the investor is initially endowed with Wrq dollars in a TA and Wg  dollars in a
TEA. For simplicity, he is not allowed to shift funds between the two accounts and maximizes
utility over a ¢-period investment horizon from total final wealth W, := Wy, + Wg,.

The investment decision of the investor can be decomposed into two parts. On the one hand,
the investor has to decide which assets to hold. This problem is known as the asset allocation
problem. On the other hand, he has to decide which of the assets to hold in the retirement
account and which in the taxable account. This problem is known as the asset location problem.
In the remainder of this paper an asset allocation for a t-period investment horizon is defined to
be a tuple (a, ..., a;) of vectors oy, (k € N, := {n € N|n < t}), which contain the proportions
of the assets relative to total wealth W;. An asset location for a t-period investment horizon

with investment opportunities in a retirement account and a TA is a tuple (Ly, ..., L;) of tuples

Ly = (apy, ary) (k € Ny), such that oy, = Wkt oy ), 4+ Wkt

e, QR (k € N;). When returns

are stochastic, Wy _1, Wgi—1, and Wj_; are not known before the end of period k — 1, which
is why ark,opk, and oy also cannot be determined before the end of period k — 1, that is
at the beginning of period k. The tuple (Iy,...,I;) of tuples I} = (ag, ark, ari) (k€ Ny)
is called an investment strategy. While the asset allocation (e, ..., a;) provides information
about proportions of the asset relative to total wealth, the asset location (L, ..., L;) provides
information about the accounts in which these assets are held and with which proportions.

If one pre-income-tax dollar at the end of period 0 is invested in a TDA for a t-period
investment horizon and z - y denotes the Euclidian scalar product of two n-dimensional vectors

x and y, total final wealth after income tax is given by

t t
H(aRZ- 1+gR,i+dR,i)> 1—7'1,,7 H CIRz RTz (]_—Tpﬂg). (1)
=1

=1



If one invests one such dollar for a t-period investment horizon in a TEA, income taxation is

already due at the time of contribution and one ends up with a final wealth after income tax of

t t

(1 - Tp,o) H (aRﬂ- : (1 + gR,i + d}u)) = (1 - Tpgo) H (aRﬂ- : RT,i) . (2)

i=1 =1

The only difference in total final after income tax wealth of an investment in a TDA and a TEA
is the point of time at which the investor has to pay the income tax. As 7, might differ from
Tpt, an investment in a TDA might result in different final wealth than an investment in a TEA.
An investment in a TDA offers the opportunity to face an income tax-rate at withdrawal 7, ,
that is lower than the income tax-rate at contribution 7, , but bears the risk that 7, ; is higher
than 7,0. If contributions to a TEA are made from income that has already been subject to
income taxation, the factor 1 — 7, is to be omitted.

If one invests one pre-income-tax dollar in a TA for a t-period investment horizon, total

final after income tax wealth is given by

t t
(1—7p0) H(Osz 1+(1_Tg)gR,i+(1—Td)dR,i)> (1—7p,0) H ar;-Rr;). (3)
=1 =1

Total final wealth after income tax of an investment in a TA and a TEA with the same propor-
tions of the assets ap; = ap; Vi € N, only differs in the rates of return. In the TA, dividend
rates and capital gains rates shrink towards zero by the factor 1 — 7; and 1 — 7, respectively.
If one invests in assets whose dividend rates and capital gains rates cannot become negative,
an investment in a TEA is at least as good as an investment into a TA. If 7,0 > 7,,;, this also
holds for a comparison between an investment in a TA and a TDA. If however 7,; > 7,0, an
investment in a TA does not necessarily dominate an investment in a TDA, because for invest-
ment horizons of sufficient length, the tax exemption of profits in the TDA can outweigh the

effect of the higher income tax-rate.

3.2 Effects of Tax Exemption of Profits in Retirement Accounts

Saving for retirement is usually a process lasting several decades, where the effect of tax exemp-
tion on profits in TDAs and TEAs becomes of increasing importance due to the compounding
of interest and the length of the investment horizon. When combined with the effect of shrink-
ing returns on total final wealth, the tax exemption of profits in retirement accounts can be

considered a public contribution to private retirement saving. This contribution does not come



directly in the form of a payment to the retirement account, but indirectly as what can be
called a tax-gift. For an investor who can invest in a TA and a TEA total final wealth is given

by

t t
Wy = Wry H (ary - Rog) + Wryo H (api - Rryg) - (4)
k=1 k=1
For positive returns and ar, = agry (kK € Ny), growth of wealth in the TEA is higher than
in the TA due to the tax exemption of profits. Thus, the longer the investment horizon the
stronger the impact of wealth in the TEA on total final wealth. The tax advantage that results
from the tax exemption of profits in the TEA in period k is given by

Ty = agy - (Rri — Rrx) = arp - (Tadri + 748R %) - (5)

T} can be interpreted as a relative tax-gift in period k that is paid for each dollar invested into
a TEA. Besides the vector of pre-tax and after-tax returns on the assets and the tax-rates on
gains and dividends, the relative tax-gift depends in particular on the choice of the proportions

of the assets agy in the TEA in period k. Equation (4) can be rewritten as

t t k—1 t
Wy =(Wro+ Weo) [[ (o -Rax) + D> Wao [[ (rs - Re) Tk [ (- Ray).  (6)
k=1 k=1 =1 j=ht1

Total final wealth after income tax W, at the end of period t, thus consists of two components.
The first summmand is total final wealth an investor would have attained without having
had the opportunity to invest in a TEA and is thus driven to invest his entire initial wealth

Wro+ Wgo in a TA. The second

t k—1 t
Gy = Z Whryo H (ar; - Rrj) Th H (@ - Rr) (7)
k=1 j=1 j=k+1

is the amount of total final wealth W, that results from the tax exemption of profits as well
as interest and compound interest on the profits in the TEA. It can be interpreted as a public
tax-gift for private retirement saving in terms of non-levied taxes on gains and dividends as
well as interest and compound interest and will be referred to as total taz-gift.

Especially for long investment horizons this tax-gift can be a substantial fraction of the
investor’s total final wealth. To demonstrate the power of this tax-gift consider an investor

who is initially endowed with $ 5,000 in both his taxable and his retirement account and can



only invest into one risk-free asset with a pre-tax return of 6%. If the investor’s investment
horizon is 40 years and the tax-rate applicable to the return of the asset is 36%, i.e. his after-tax
return is 3.84%, his total final wealth is $ 74,000 and his tax-gift is $ 28,857, which is about
39% of his total final wealth. The tax-gift thus has a tremendous impact on total final wealth.

Equation (7) can be further decomposed into

t i—1 t k—1 t
Gy = Z Wro H (aR,j : RR,j) T H (Oéj : RT,j) + Whgpo H (aR,j ) RR,j) T H (O‘j ’ RT,j)
i=1 =1 j=i+1 j=1 j=k+1

ik J#k
i—1 t

t
+ Z Wro H (agrj-Rrj) (arr-Rrr—1)T; H (o - Rry).

i=k+1 j:i j=i+1

(8)

According to Equation (8), the total tax-gift contained in total final wealth W; can be decom-
posed into three summands. The part of G; that is independent from the investment decision in
period k and only depends on the tax-effects of the other periods is given by the first summand.

The absolute change in total final wealth that results from the second summand

k—1 t
Wio [ [ (@ry-Rey) Te I] (a;-Ray) (9)
=1 j=k+1

describes the change in total final wealth that results from the relative tax-gift in period k£ and
is called the direct tax-effect of the investment decision in period k, or just the direct tax-effect
in this article. It depends on growth of TEA-wealth until the end of period k — 1 and therefore
also on the proportions of the assets in the TEA ap; (j € Niy_1) until period k£ — 1, the relative
tax-gift Ty, and the after-tax growth rate Hj:k 41 (@ - Ryj) until the end of the investment

horizon. Wg Hf;ll (arj - Rp;) Tk describes the taz-gift in period k which then grows by the
t

after-tax growth rate [[;_,

(aj - Ry ;) until the end of the investment horizon. The absolute

change in total final wealth that results from the third summand

t 1—1 t
> Wao [ (@rs Rej) (ars-Rex — DT [] (@) Ray) (10)
i=k+1 ;;; Jj=1+1

is the change in total final wealth that results from the change of period k retirement wealth
and is called the indirect tax-effect of the investment decision in period k or just the indirect
tax-effect in the preceding.

Each summand in (10) can be interpreted as follows: Wg Hf;ll (g - Rp,) is TEA wealth



at the end of period k — 1, (agy - Rry — 1) is the relative change in TEA wealth that results
e

from the investment decision in the TEA in period k, and []'_} 11 (agr; - Rgj;) is the change in
TEA wealth from period k41 to period i—1 which results from the investment decision in period
k. T; is the relative tax-gift in period i. Hence Wg H@% (ar; Rry) (ary-Rry —1)Tjis the
effect on period ¢ total wealth, which results from the éhoice of ag, in period k and the increase
of the tax exempt basis in that period. It then grows with after-tax return H;Zl 41 (aj - Rry)
until the end of period ¢ to the indirect tax-effect.

The direct tax-effect from Equation (9) has a singular effect, as it only has an impact on
total wealth in one single period and then grows with an after income tax return until the end
of the investment horizon. The expression for the indirect tax-effect in Equation (10), however,
has more than one summand for £ <t — 2. Due to the change in the tax exempt basis, it has
an impact on all future periods. This is why the impact on total final wealth from the indirect
tax-effect in period k can be quantified by the direct tax-effects of all future periods on that
part of TEA wealth that results from the investment decision in period k.

Both the direct and the indirect tax-effect are not necessarily an advantage to the investor.
If the total return on TEA-wealth in period k is negative, the relative tax-gift Tj can become
negative. This is because contrary to an investment in a TA, the treasury does not participate
in these losses via the taxation of dividends and gains. If T} becomes negative, so does the
direct tax-effect. As with the direct tax-effect, negative gains that outweigh potential interest
or dividends can lead to a negative return on TEA wealth, which causes a relative reduction

in the tax exempt basis of forthcoming periods by (g - Rrr — 1) < 0, and shows a negative

indirect tax-effect.

3.3 Generalization to TDASs

The argument for the case of an investment opportunity set with a TEA and a TA can be
generalized to the case of an investment opportunity set with a TDA and a TA as follows:
Initial wealth Wg( which has been invested into a TEA at the end of period 0 must have been
made from after income tax dollars. As an investment into a TDA is made from pre income-tax
dollars, instead of investing Wr o after income tax dollars into a TEA, one can invest K% pre

income-tax dollars in a TDA. As wealth in a TDA is still subject to income taxation at the

. . . . 1— .
end of the investment horizon at rate 7,, the investor can only consider Wy, , := Wg i :’7; his
) ? —Tp

3

effective wealth, as the remainder falls to the treasury at the end of period ¢. If 7,,; < 7,9, then

Whi > Wry and an investment in a TDA results in a higher final wealth than an investment

10



into a TEA due to the lower burdening with income tax. As Wl’%’k and Wg only differ by

the constant factor i::p’t, the problem of finding the optimal investment strategy with an
p,0

’

investment opportunity set with both a TEA and a TA, is equivalent to the problem of with a
TDA and a TA. Hence, it suffices to consider an investor with the opportunity to invest into
both a TA and a retirement account. As before, Wg; denotes the wealth in the RA if the
retirement account is a TEA and the effective wealth in the RA if the retirement account is a

TDA.

3.4 Optimal Asset Location Decisions

According to the seminal work of Huang (2006), investors that do not face short-selling con-

straints should invest their entire retirement-wealth into the asset a with the highest effective

tax-rate
1+ (1—7))dg) (z, — 1
040y (5 - ) o
(L4 (1 —74)dp) s — 1
in which z, = 1_179 + (1—256:(?)—;3 7 is the replication cost in the TA of one dollar of asset

a in the RA. Furtermore, in this case, the asset location and asset allocation problem are

independent from each other, as each dollar in asset a in the RA can be replicated by 1_17g
da(T4—Tg)—Tg
—79)(1+(1-7q)

dollars of that asset and a ) dollars of the risk-free asset in the TA. In particular,
in such a setting the asset allocation and asset location decision are independent from each
other.

If, however, the investor is not allowed to go short, it is no longer necessarily optimal for him
to hold the asset with the highest effective tax-rate in the RA as shown in Garlappi and Huang
(2006). This is due to the fact that the investor cannot replicate the tax-deferred portfolio in
the taxable account if this required to go short. Garlappi and Huang (2006) have also pointed
out that holding stocks in the RA can help smooth the ratio of the relative tax-gift T} times
Whgi—1 to total wealth Wj_;. They call this ratio the tax-subsidy. This tax-subsidy can be
interpreted as that part of growth in total wealth that results from the relative tax-gift in period
k. This growth in total wealth can be smoothed by constructing portfolios in the RA and the
TA that have similar weights in the two assets.

Smoothing these extra growth-rates results in less volatile distributions of final wealth,

which is desirable for risk-averse investors. However, Garlappi and Huang (2006) assume the

return of the risky asset to be binomially distributed. In this case, it is possible to smooth
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the tax-subsidy in such a way that it takes the same value, independent from the realization
of the return from the risky asset. If, however, the return on the risky asset S has a more
complex distribution and can take more than two realizations, it is no longer possible to keep
the tax-subsidy at the same level independent from the realization of the return. Nevertheless,
in such a case, it is still possible to dampen the impact of the total tax-gift, which, according to
Equation (7), is ceteris paribus best attained when only holding bonds in the RA. As one can
see from Equation (6), in addition to the risks due to the volatility of growth of total wealth
after-tax, the volatility of the total tax-gift is a second source of risk to which total final wealth
is exposed when holding stocks in a retirement account.

For a given asset allocation a; (i € N;\{k}), the decision to locate stocks instead of bonds in
the retirement account in period k has three effects on the risk-return profile of total final wealth
given everything else as equal. First, it has an impact on the direct tax-effect whose sign is
depending on the absolute tax-burden of stocks and bonds. Second, due to the higher expected
pre-tax return on stocks the expected indirect tax-effect increases. Third, if the pre- and the
after-tax returns of S and B are not negatively correlated, the volatility of total final wealth
increases as both the direct and the indirect tax-effect are subject to higher volatility. While
according to the first and third effect, bonds should be preferably located in the retirement
account, the second effect suggests that stocks could be preferably held in the retirement account
as well.

However, the changes of the risk-return profiles of stocks and bonds when shifting them
from the TA to the RA suggest that bonds should still be the preferred asset to hold in the RA.
Shifting bonds from the TA to the RA increases their return. However, shifting stocks from the
TA to the RA does not only increase their expected return, but also its volatility. Moreover,
bonds usually come with a higher effective tax-rate than stocks.

According to Equation (6) total final wealth consists of two components: total final wealth
the investor would have attained without the opportunity of investing into a retirement account
and a tax-gift that results from the tax exemption of profits in these accounts. As the impact
of the tax-gift decreases with a decreasing investment horizon, its impact is stronger, the longer
the remaining investment horizon. Due to the fact that investors usually prefer bonds in their
retirement account, the properties of the tax-gift are more similar to those of bonds than
to those of stocks. The tax-gift can thus be regarded an implicit bond position that is not
directly observable in the investor’s security accounts. The higher the unobservable implicit
bond position, the higher the observable equity position. This is why for longer remaining

investment horizons investors will have a higher observable bond position than for shorter
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remaining investment horizons. Hence, besides decreasing future labor income, decreasing
unobservable bond holding in retirement accounts are another reason for decreasing equity
exposure over the life cycle.

Due to the risks associated with the indirect tax-effect, the preference for bonds in the
retirement account, and the shadow price of one dollar in the retirement account, an investor
with a high fraction of his wealth in a retirement account will hold a lower total fraction of

stocks than an investor with a high fraction of his wealth in a taxable account.

4 Numerical Evidence

For the numerical analysis, a short-selling constrained investor who can invest in a market
with a risky asset S and a risk-free asset B is considered. The characteristics of S and B are
similar to those of stocks and bonds, respectively. The capital gains rate of S is lognormally
distributed with an expected gain of ji4 5 = 0.09 and a standard deviation of o, ¢ = 0.20. Asset
S has a constant dividend rate of dg = 0.02. Asset B has a certain interest-rate of dg = 0.06
and no capital gains. An investment horizon of T" = 40 years is considered and the investor
is initially endowed with a retirement wealth of Wgro = 5,000 dollars and a taxable wealth
of Wro = 5,000 dollars. The tax-rates on dividends and gains are 74 = 0.36 and 7, = 0.2,
respectively. This parameter choice follows Dammon, Spatt, and Zhang (2004). For these
parameter values, the effective tax-rates for stocks and bonds are 7¢ = 0.16 and 75 = 0.36,
respectively. Thus, investors that are not short-selling constrained in their taxable accounts
should hold their entire retirement wealth in bonds.

The investor is assumed to maximize his utility of total final wealth W; from a power-utility

function with a parameter of risk aversion of v € [0, 00)

1—v

W for
vy = 7 (12)

In(W;) for v =1.

13



His optimization problem is

Jnax B (U W] (13)
s.t.

Wi =Wgi + Wry (14)

Wri+1 = Wri (ari - Reg) (15)

Wrgs1 = Wry (arg - Rryg) (16)

0<apryor; <1 (17)

in which ar := (ar1,...,a7;) and ag := (agy,...,ar:). Normalizing by W; and taking into
account that U is homogeneous in wealth implies that the optimization problem is equivalent

to the solution of

W,
E|\U|— 18
B |V |7 19
S.t.
WRk WTk:
1 : 19
W, + W, ( )
W. %%
W= Ty (@ne Rag) (20)
W- W.
= (e R (21)
0 S &Rk, Tk S 1. (22)

If Vi(X%) denotes the investor’s utility as a function of his states variables Xj at time k, it

holds for an investor with risk-aversion of v ## 1 that

%%
V(X = o E [U { V;:H (23)
T,
W W, =

The solution of this problem can thus be computed numerically using backward induction. For

the optimization procedure one state-variable (the percentage of wealth in the RA relative to

Wr.k
Wi

total wealth X = at the end of period k) is sufficient. The grid is spanned with 101 grid

points that are equally distributed on [0, 1].

14



If the investor would only have the opportunity to invest into one account, he would hold
the same fraction of stocks in all periods according to the classical result of Merton (1969) and
Samuelson (1969). All derivations from a constant fraction of stocks thus have to be driven by

the different taxable treatment of the assets in the two accounts.

Figure 1 about here

Figure 1 shows the optimal equity proportion for an investor with risk-aversion of v = 3 as
a function of time passed since the initial investment and his fraction of retirement wealth to
total wealth. The upper left and the upper right graphs show his optimal fraction of stocks
in the TA and the RA, respectively. If his fraction of wealth in the retirement account is zero
or one, the investor is in the one-account world, there is no asset location decision, and in line
with Merton (1969) and Samuelson (1969) he holds the same fraction of stocks independent
from the remaining investment horizon. If, however, the investor is endowed with both taxable
and retirement wealth, he has to decide, which assets to hold in the retirement account and
which in the taxable account. Confirming the findings of the recent literature on optimal asset
location, we find the investor to prefer bonds in the retirement account and stocks in the taxable
account.

The lower right graph, which depicts the sum of the investor’s optimal fraction of stocks
in the TA and the RA, shows that the investor only holds stocks in the retirement account
if his taxable wealth is entirely invested in stocks. With an increasing fraction of wealth in
the retirement account, the investor first increases his fraction of stocks in the TA until it has
attained 100% as can be seen from the upper left graph. However, increasing his fraction of
retirement wealth further, does not cause the investor to immediately increase his fraction of
stocks in the retirement account - as can be seen from the lower right graph. For small increases
in retirement wealth, he keeps his fraction of stocks in the retirement account at 0% (plateau
effect), which reflects the fact that bonds are preferred in the RA as they come with a more
advantageous risk-return profile in the retirement account. Furthermore, if only risk-free bonds
are held in the RA, there is no additional source of risk from the tax-effect. The size of the
plateau effect increases with a short-term investment horizon. This is due to the fact that for
short investment horizons the probability of facing a negative tax-effect when being invested
into equities in the retirement account is significantly higher than for long investment horizons.

If the fraction of retirement wealth increases even further, the investor increases the fraction

of stocks in the retirement account. This reflects his desire not to get too heavily invested into
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bonds. However, the increase in the fraction of stocks in the retirement account is slower than
in the taxable account. If the investor does not have any retirement wealth, his optimal equity
exposure is about 70%, if he does not have any taxable wealth his optimal equity exposure
is only about 50%. This is due to the fact that bonds have a more advantageous risk-return
profile in the retirement account.

The investor’s fraction of stocks in both the taxable account and the retirement account
decreases with decreasing length of the remaining investment horizon. This is due to the
fact that with decreasing investment horizon, the expected tax-gift decreases. As the investor
prefers bonds in the retirement account for lower levels of retirement wealth, the tax-gift can
be considered a certain income stream which is similar to a risk-free bond. If the investor has
a higher retirement wealth, the tax-gift is still more similar to a risk-free bond than to a stock
as the investor’s fraction of stocks in the RA remains below 50%, despite the associated risk.
This does not necessarily hold for investors with even lower risk-aversion which is why in that
case the tax-gift can become more similar to an implicit stock-holding. Due to the absence of
this implicit bond holding, the investor increases his explicit bond holding and thus decreases
his equity exposure for short investment horizons.

The lower left graph depicts the fraction of stocks relative to total wealth. For low levels
of retirement wealth, the stock fraction is more prevalent. This is due to shartp increases in
equity exposure in the taxable account. This is explained by the fact that one dollar of bonds in
the retirement account has a higher impact on total final wealth than one dollar in the taxable
account due to the tax-effect. In particular, the indirect tax-effect has a tremendous impact for
long investment horizons. As the tax-effect diminishes with decreasing investment horizon, the
increase in the total fraction of stocks decreases with increasing time passed since the initial
investment.

For higher levels of retirement wealth, the total fraction of stocks first rapidly decreases
due to the plateau effect and the investor’s aversion against holding stocks in the retirement
account. For even higher levels of retirement wealth, the total fraction of stocks decreases even
further, a finding noted by Dammon, Spatt, and Zhang (2004). Consequently, one dollar of
stocks in the retirement account has a higher impact on total final wealth than one dollar of
stocks in the taxable account. However, the slope of the decrease is somewhat lower as the
investor starts holding stocks in his retirement account. Nevertheless, as bonds come with a

more advantageous risk-profile in the retirement account, this increase is not strong enough to
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prevent the total fraction of stocks from decreasing as retirement wealth increases.

Figure 2 about here

Figure 2 shows the total fraction of stocks for investors with risk-aversion of v = 2, v = 5,
~v =7 and 7 = 10. It shows that even though the absolute level of equity exposure changes
with risk-aversion the patterns observable for the case of an investor with risk-aversion of v = 3
remain valid. However, the peak where the investor holds the maximum total fraction of
stocks increases in retirement wealth with increasing v and decreases in retirement wealth with
decreasing . This is due to the fact that for higher levels of risk-aversion the investor tends
to hold fewer stocks, and thus deserves a higher fraction of wealth in the retirement account,
until he ends up with 100% of stocks in his taxable account. Alternatively, for lower levels of
risk-aversion he holds more stocks and thus holds 100% of stocks in his taxable account for

quite low levels of retirement wealth already.

5 Conclusion

In this paper, the field of asset location decisions for retirement savers having the opportunity
to invest into both a retirement account and a taxable account is outlined.

Confirming recent findings in economic literature that bonds are the preferred asset to hold
in the retirement account, we show that the investor only holds stocks in the RA if his taxable
wealth is entirely invested into equity. We further show that the investor does not increase his
equity exposure in the retirement account immediately with increasing retirement wealth, but
prefers to hold only bonds in his retirement account for small increases in retirement wealth
which is another indication for his preference for bonds in the retirement account. If, however,
the investor’s retirement wealth is substantial, he also holds some stocks in his retirement
account in order to prevent from investing too heavily in bonds.

While the literature on optimal asset location concludes in (almost) one voice that bonds
are the preferred asset to hold in retirement accounts, this paper focuses on the relation of asset
location and asset allocation and shows that besides the locational preference, the opportunity
to invest in a retirement account also has an impact on asset allocation. It is argued that the
different taxable treatment of capital gains and dividends in taxable as well as tax-sheltered
retirement accounts has an impact on asset allocation. Compared to the benchmark of a

constant equity proportion in a one-account problem, the investor’s equity proportion depends
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on both his fraction of total wealth in the retirement account and the length of the remaining
investment horizon. The longer the remaining investment horizon, the higher the investor’s
equity exposure in both taxable and retirement account. This finding is due to the fact that
total final wealth can be decomposed into what the investor would have attained in the absence
of a tax-deferred investment vehicle and a tax-gift resulting from the tax exemption of profits
in retirement accounts. As the properties of the tax-gift are more similar to those of risk-free
bonds than to those of stocks and its impact is decreasing with decreasing remaining investment
horizon, the investor is endowed with some implicit bond holding that is unobservable in his
security account. As the impact of the tax-gift on total final wealth is stronger the longer the
remaining investment horizon, the investor’s equity exposure is higher the longer the remaining

investment horizon.
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Figure 1: This Figure shows the optimal asset location and asset allocation strategy for an
investor with risk-aversion of v = 3 as a function of his fraction of retirement wealth to total
wealth and the time passed since the initial investment. The upper left graph shows his optimal
fraction of stocks in the TA, the upper right graph depicts his optimal fraction of stocks in the
RA. The lower left graph shows the optimal overall equity exposure, the lower right graph
shows the sum of the optimal relative equity exposure in the TA and the RA.
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Figure 2: This Figure shows the optimal total equity exposure of investors with different degrees
of risk-aversion as a function of their fraction of retirement wealth to total wealth and the time
passed since the initial investment.
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