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Introduction

Random constraint satisfaction problems have been on the agenda of various sciences such as discrete
mathematics, computer science, statistical physics and a whole series of additional areas of application
since the 1990s at least. The objective is to find a state of a system, for instance an assignment of a
set of variables, satisfying a bunch of constraints. To understand the computational hardness as well
as the underlying random discrete structures of these pr oblems analytically and to develop efficient
algorithms that find optimal solutions has triggered a huge amount of work on random constraint

satisfaction problems up to this day.

Referring to this context in this thesis we present three results for two random constraint satisfac-
tion problems. Concerning probabilistic combinatorics, we provide a result on random regular graph
colouring. Both, an improved upper and lower bound on the conjectured k-colourability threshold,
imply an almost complete solution for the chromatic number problem on the random regular graph
obtained by Coja-Oghlan, Efthymiou and the author of this thesis. It was published 2016 in the Jour-
nal of Combinatorial Theory, Series B [39]. Regarding algorithms we present negative results for
two algorithms on random k-SAT instances. This thesis includes an analysis of Walksat, a local
search algorithm, by Coja-Oghlan, Haqshenas and the author of this thesis, that was submitted to the
SIAM Journal on Discrete Mathematics [38]. Moreover, we present the first appropriate and rigorous
analysis of Survey Propagation Guided Decimation (SPdec) which is based on highly sophisticated
statistical physicists insights into random constraint satisfaction problems. It was established by the
author of this thesis, published in the Proccedings of the 43rd International Colloquium ICALP in
Rom 2016 and awarded as Best Student Paper - Track A [73] 1.

Determining the chromatic number of random graphs is one of the longest-standing challenges in
probabilistic combinatorics. The chromatic number of a graph is the smallest integer k£ such that
there exists a colouring of the vertex set with k colours avoiding monochromatic edges (both incident
vertices obtain the same color). For the Erdés-Rényi model (Ggr(n,m)), the single most intensely
studied model in the random graphs literature, the question dates back to the seminal 1960 paper that

started the theory of random graphs [60].

Apart from Ggg(n, m), the model that has received the most attention certainly is the random regular

graph G(n,d) [23, 77] which is a graph chosen uniformly at random among all d-regular trees on

"Main parts of this thesis are to a large extend word-by-word adoptions from [39, 73, 38] and a preprint of [73] that is
available online (arXiv:1602.08519) - in particular parts of this introduction.
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Introduction

n vertices. In this thesis we provide an almost complete solution for the chromatic number problem
on G(n,d), at least in the case that d remains fixed as n — oo. The result is obtained by reversing
the roles of the game. For a fixed & we check if G(n,d) is k-colourable for various values of d. In
particular we prove that G(n, d) is k-colourable with high probability? if d < (2k—1)Ink—2In2—¢
and fails to be k-colourable w.h.p. if d > (2k — 1) Ink — 1 + ¢, where €y, is an error term tending to
0 with £ tending to infinity. Since these lower and upper bound on the k-colourability property differ
only by a small constant ~ 0.386 + ¢, there is a set D C Zx>( of asymptotic density 1 and an explicit
function F : D C Z>¢ such that for all d € D the chromatic number of G(n, d) is F(d) w.h.p.

For decades random k-SAT instances have been known as challenging benchmarks [30, 102, 119].
The simplest and most intensely studied model goes as follows. Let k& > 3 be an integer, fix a clause-
to-variables density parameter r > 0, let n be a (large) integer and let m = [rn|. Then @ = @y (n, m)

signifies a k-CNF chosen uniformly at random among all (2n)*™ possible formulas.

Since the very beginning research on random k-SAT has been driven by two hypotheses. First, that
for any k& > 3 there is a certain critical density r,_gaT > 0, which was called k-SAT threshold, where
the probability that the random formula is satisfiable drops from almost 1 to nearly 0. Second, that
random formulas with a density close to but below r;_gat are “computationally difficult” in some
intuitive sense [26, 30, 102].

The best current algorithms are known to find satisfying assignments in polynomial time merely up to
Talg ™~ 2% In k /k [34]. Carrying out a vanilla second moment argument together with a sharp threshold
result by Friedgut [63] shows that there exist solutions with high probability for densities smaller than
Tsecond ~ 2F1Ink — k [11]. Whilst the case for small k = 3,4 may be the most accessible from a
practical (or experimental) viewpoint, the picture becomes both clearer and more dramatic for larger
values of k. In fact, standard heuristics such as Unit Clause Propagation shipwreck for even smaller
densities, namely r = ¢2¥ /k for a certain absolute constant ¢ > 0 [65]. The same goes (provably) for
various DPLL-based solvers [2, 107]. Hence, there is a factor of about &/ In k between the algorithmic
barrier ;g and rgecond. Although the experimental evidence for such an algorithmic barrier is more
than striking, there has been little progress in proving this in generality or at least establishing upper

bounds on the performance of particular algorithms.

During the past years, random constraint satisfaction problems have been in the focus of an enormous
scientific development. It was mainly triggered by an emerging interaction between researchers from
different scientific disciplines. In the early 2000s physicists put forward a sophisticated but non-
rigorous approach called the cavity method to cope with random constraint satisfaction problems both

analytically and algorithmically. In particular, the cavity method yields a precise prediction as to the

2We say that a random object enjoys a property with high probability (w.h.p.) if the probability that the property holds
tends to 1 as n tends to infinity.
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value of r;_gaT for any k£ > 3 [96, 98], which was recently verified rigorously for sufficiently large
values of k [56]. The result on the chromatic number of random regular graphs presented in this
thesis is in line with this development. It is obtained by implementing insights preserved by the cavity
method on random graph colouring [28, 89, 110, 106, 137] into standard techniques of probabilistic

combinatorics.

Additionally, the non-rigorous cavity method provided a heuristic explanation for the demise of sim-
ple combinatorial or DPLL-based algorithms well below rj,_gat. Specifically, the density 2¥ In k/k
marks the point where the geometry of the set of satisfying assignments undergoes a dramatic change.
From (essentially) a single connected component it breaks up into a collection of tiny well-separated
clusters w.h.p. [88]. In fact, a typical satisfying assignment belongs to a “frozen” cluster, i.e., there
are extensive long-range correlations between the variables. In particular, there are many “frozen vari-
ables”, which take the same truth value in all the satisfying assignments in that cluster. Thus, the set
of satisfying assignments broadly resembles an error-correcting code, except that there is no simple
underlying algebraic structure known. In effect, if, say a local search algorithm attempts to find a sat-
isfying assignment, it would apparently have to have the foresight to steer into one cluster and get all
its frozen variables right almost in one go. This appears impossible without a survey of the “global”

dependencies amongst the variables.

The cluster decomposition as well as the freezing prediction have largely been verified rigorously [13,
104, 4] and we begin to understand the impact of this picture on the performance of algorithms [3].
In fact, the density, where clustering and freezing occur, matches the density up to which algorithms
are rigorously known to find satisfying assignments, at least asymptotically for large enough clause
lengths k. To be precise, the k-SAT threshold is asymptotically equal to r,_sat = 2¥In2 — (1 +
In 2)/2+ 0y (1), where oy (1) hides a term that tends to 0 in the limit of large k [8, 43, 56]. Furthermore,
for repuster > (1 + 0x(1))2% In k/k it is rigorously proven that clustering and freezing occur [3, 13, 4,
103, 104]. Recall that the algorithmic barrier also reads as g ~ 2k In k /k. Thus, in contrast to the
initial hypotheses one might expect that random formulas turn “computationally difficult” for densities
almost a factor of k below the k-SAT threshold. Yet, despite the structural results and the compelling
intuitive picture drafted by the physics work, it has emerged to be remarkably difficult to actually

prove that these structural properties pose a barrier even for fairly simple satisfiability algorithms.

We provide a first attempt in proving such a result for Walksat, one of the simplest non-trivial
satisfiability algorithms. Walksat is a local search algorithm, known to outperform exhaustive search
by an exponential factor in the worst case and the procedure has been an ingredient for some of the
best algorithms for the k-SAT problem [57, 71, 72, 74, 75, 118, 125]. We prove that on @, if r >
c2F In? k /k for some constant ¢ > 0, it is exponentially unlikely that Walksat spits out a satisfying
assignment even running it an exponential number of iterations w.h.p. This density is still a ~ In k

factor above the observed algorithmic barrier 74, and the coinciding rigorously proven clustering

IX
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zChaff | 5.35
e | 5.54 !
vanilla BP 19.05
"biased" BP | 9.24
SP 19.73

Pa_gAT ~9.93 T

Figure 0.1.: Experimental performance of various aglorithms on random 4-SAT.

threshold rcjyster- However, our proof exploits the clustering picture and marks one of the first rigorous

analysis of algorithms taking benefit from the insights gained by the physicists work [66, 67].

What seems to be most remarkable is the fact, that the physics work has led to the development
of a new efficient “message passing algorithm” called Survey Propagation Guided Decimation to
overcome this algorithmic barrier ryg [27, 87, 101, 108]. More precisely, the algorithm is based on
a heuristic that is designed to find whole frozen clusters, not only single satisfying assignments, by
identifying each cluster by the “frozen” variables determined by long-range correlations and locally
“free” variables. Thus, by its very design Survey Propagation Guided Decimation is built to work at

densities where frozen clusters exist.

In Figure 0.1 we present a comparison of the experimental performance of various algorithms on
random 4-SAT from [35]. The conjectured satisfiability threshold in this case reads as r4_sar ~ 9.93
[96]. Survey Propagation Guided Decimations finds satisfying assignments efficiently for densities
up to r = 9.73 according to experiments in [87]. A different message passing algorithm, also put
forward by statistical physicist to be performed on random constraint satisfaction problems, is Belief
Propagation. Following experiments in [122] a vanilla version of a decimation algorithm based on
Belief Propagation succeds up to » = 9.05 and a slightly enhanced “biased” version (using a different
decimation rule) in [87] up to » = 9.24. In contrast, the best “classical” algorithm using a shortest
clause heuristic (SC) from [65] succeds merely up to » = 5.54 and an industrial SAT solver (zChaft)
solves instances efficiently up to » = 5.35 after which it starts to backtrack frequently [87]. Although
the experimental performance for small £ is outstanding this yields no evidence of a relation between
the occurrence of frozen clusters and the success of the algorithm. Yet, not even the physics methods
lead to a precise explanation of these empirical results or to a prediction as to the density up to which
we might expect Survey Propagation Guided Decimation to succeed for general values of k. In effect,
analysing Survey Propagation has become one of the most important challenges in the context of

random constraint satisfaction problems.

In the present thesis we provide a proof that the basic version of Survey Propagation Guided Decima-

X



tion w.h.p. fails to solve random k-SAT formulas efficiently already for r = 2¥(1 + ¢;,) In(k) /k with

limy_, € = 0 almost a factor k below rj_gat.

After a bit of preliminaries and notation in Chapter 1 we will give a further and more general back-
ground on the interdisciplinary work on the field of random constraint satisfaction problems in Chap-
ter 2. We will state the results in more details, relate them to further work and give an outline of the
proofs in Chapter 3. In Chapter 4 we prove the result on the chromatic number of random regular
graphs. Chapter 5 contains the proofs of the analysis of SPdec the basic version of Survey propa-
gation Guided Decimation on random k-SAT. Finally, Chapter 6 provides the detailed proofs of the
analysis of Walksat.
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1 Preliminaries and notation

In this section we collect a few elementary definitions and facts that will be referred to repeatedly
throughout the thesis. This chapter contains to a large extend a word-by-word adoption from the papers
“On the chromatic number of random regular graphs” [39], “Analysing Survey Propagation Guided
Decimation on Random Formulas” [73] and “Walksat stalls well below the stisfiability threshold”
[38].

Random graphs and formulas Let G(n,d) be the random d-regular graph on the vertex set V' =
{1,...,n}. As our goal is to study random d-regular graphs on n vertices, we will always assume that
dn is even. Unless specified otherwise, we let d and k£ > 3 be n-independent integers. In addition, we
let Ggr(n, m) denote the uniformly random graph on V' with precisely m edges (the “Erd6s-Rényi
model”).

For integers £ > 3 and n,m > 0 let & = Pr(n,m) = &, A ... A &, be a random Boolean
formula in conjunctive normal form with clauses ®; = ®;1 V ...V @, of length k over the Boolean
variables z1, . .., z,, chosen uniformly at random from the set of all (2n)*™ possible such formulas.

Additionally, we define the clauses/variables ratio, or density as r = m/n.

For a k-CNF @ on the variables V' = {zy, ..., z,} we generally represent truth assignments as maps
o:V — {—1,1}, with —1 representing “false” and 1 representing “true”. Let ¥ = ¥,, = {—1,1}"
be the set of all 2" assignments. Let S(®P) be the set of all satisfying assignments of @.

First of all, we note for later reference a well-known estimate of the expected number of satisfying

assignments (see e.g [11] for a derivation).
Lemma 1.0.1. We have E[S(®)] = ©(2"(1 — 27%)™) < 2" exp (—rn/2F).

If [ is a literal, then we write |l| for the underlying variable. Thus, |I| = x; if | = x; or | = —x;.
In the factor graph notation we let sign(x;,a) = 1 if z; appears in clause a and sign(z;,a) = —1 if
—x; appears in clause a. Moreover, the Hamming distance of two truth assignments o, 7 is denoted by

dist(o, 7). Additionally, for two truth assignments o, 7 : V' — {0, 1} we let

Ao, 1) ={x €V :01(x) #71(x)} (1.1)



1. Preliminaries and notation

be the set of variables where o, 7 differ; hence, |A(co, 7)| = dist(o, 7). Set & = In k/k. Further, for
o € ¥ and r1,ro > 0 define

Dy(r1,1m2) = {7 € X: |rikn] <dist(o,7) < |[rekn]}. (1.2)

Hence, D, (r1,72) is a ring around o with inner radius 7 kn and outer radius roxn. Additionally, let

Dy (r) = Dy(r,r) be the set of assignments at distance exactly rxn.

Asymptotics We say that a property £ holds with high probability (‘w.h.p.’) if lim,_,» P [£] = 1.
Many of the results contained in this thesis are “with high probability” statements, so we are generally

going to assume that the number n of vertices is sufficiently large.

We are going to use asymptotic notation with respect to both n and k. More precisely, we use
O(+),Q(+), etc. to denote asymptotics with respect to n. For instance, f(n) = O(g(n)) means that
there exists a number C' > 0 such that for n > C we have |f(n)| < C|g(n)|. This number C' may
or may not depend on k, the number of colors. By contrast, we denote asymptotics with respect to
k by the symbols O (), Qx(+), etc.; these asymptotics are understood to hold uniformly in n. Thus,
f(k) = Og(g(k)) means that there is a number C' > 0 that is independent of both n and & such that
for k > C we have |f(k)| < C|g(k)|. Furthermore, we use the notation f(k) = O(g(k)) to indicate
that for some C' > 0 independent of n and k and for k > C we have

[f(R)] < lg(k)| - I k.

Norms If & = (&,...,§) isavectorand 1 < p < oo, then ||£||p denotes the p-norm of £. For a
matrix A = (ai;)ie[m),jev) We let ||A]|, signify the p-norm of A viewed as the N - M-dimensional

vector (a1, ...,apN).

For areal b x a matrix A let

— max IAC]
¢eRa\{0} [/l

IA]lo

Thus, ||A||g is the norm of A viewed as an operator from R equipped with the L*°-norm to R?
endowed with the L'-norm. Foraset A C [a] = {1,...,a} welet 14 € {0, 1} denote the indicator
vector of A. the following well-known fact about the norm || - || of matrices with diagonal entries

equal to zero is going to come in handy.



Fact 1.0.2. For a real b x a matrix A with zeros on the diagonal we have

[Alo <24 m

Al4,15).
AC[aLBc[a[;T:{AmB:@K A B>|

Throughout the thesis we let .S;, denote the set of permutations of [n].

Large deviations We also need some basic facts from the theory of large deviations. Let X be a
finite set and let p1, v : X — [0, 1] be two maps such that }°_ » p(x), > v(z) < 1 and such that
u(x) =0if v(x) = 0forall z € X. Let

H(p) == (@) Inp(x)
reX

denote the entropy of . In addition, we denote the Kullback-Leibler divergence of p, v by

Dxy, (p,v) = Z w(z) In /Ijgg

reX

Throughout the thesis, we use the convention that 0In0 = 0, 01n(0/0) = 0. It is easy to compute the
first two differentials of the function pu — Dxy, (u, v):

0Dk (p,v) G

B = i (1.3)
O*Dxr, (p,v) . 9Dk, (u,v)

G A e e (a9

Furthermore, we need the following well-known

Fact 1.0.3. Assume that ., v are probability distributions on X such that that p(x) = 0 if v(z) = 0.

1. We always have Dx1, (i1, v) > 0 while Dx1, (i, v) = 0 iff p = v.
2. The function p — Dxy, (@, v) is convex.
3. There is a number § = §(v) = Mingey.y@)>0 #(x) > 0 such that for every ji we have

Dxr (p,v) > €3 e x () — v(x))?.

In the case that X = {0, 1} has only two elements, a probability distribution x on X’ can be encoded by
a single number, say, 1(1). With this convention, the following well-known lemma “Chernoff bound”
states that the Kullback-Leibler divergence provides the rate function of the binomially distribution
(e.g., [77, p. 21]).
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Lemma 1.0.4. Let p,q € (0,1) be distinct and let X,, = Bin(n, p). Then
1 Inn .
SP[X <gn] = —Dgi(¢,p) + O | —= if g <p,
1 Inn .
WP X > gn] = —Dkr. (¢,p) + O | == ifq > p.

Recall that the Kullback-Leibler divergence of p,q € (0, 1) reads as

1—g¢q
-

Dkt (q,p>=q1ng+<1—q>ln

We are going to need the following “random walk” version of Lemma 1.0.4.

Corollary 1.0.5. Suppose that (Wp,)n>1 is a sequence of independent random variables such that
0<PW,=1=1—-P[W,,=—-1]=p<1/2 Let ¢ > 0. Then

lim llnP [Z W, > qn] =Dk ((1+q)/2,p).

n—o0 M
t=1

Proof. Let X; = (1 + W;)/2forallt > 1. Then S, = > ;' ; X; is a binomial random variable
with parameters n and p and ) ;' | Wy = 2(>°)" | X;) — n. Hence, ) ;- Wy > gniff Y | X; >
n(1 + ¢)/2 and the assertion follows from Lemma 1.0.4. O

Additionally, we have the following Chernoff boundon the tails of a binomially distributed random

variable or, more generally, a sum of independent Bernoulli trials [77, p. 21].

Lemma 1.0.6. Let p(z) = (1 + z)In(1 + z) — x. Let X be a binomial random variable with mean
> 0. Then for any t > 0 we have

PIX>p+t] < exp(—p-p(t/p), PX <p—t]<exp(—p-o(=t/n)).

In particular, for any t > 1 we have P [X > tu] < exp[—tuln(t/e)].

For a real a and an integer j > 0 let us denote by
J
(@); =[Ja—i+1)

=1

the jth falling factorial of a. We need the following well-known result on convergence to the Poisson



distribution (e.g., [23, p. 26]).

Theorem 1.0.7. Let Ay, ..., \; > 0. Suppose that X1(n),...,X;(n) > 0 are sequences of integer-

valued random variables such that for any family q1, . . ., q; of non-negative integers it is true that

l

l
E H(Xj(n))‘lj ~ H)\?j asmn — oo.
j=1 j=1

Then for any q1, . .., q we have

P[X1(n) =q1,...,Xi(n) = q] ~ [[P[Po(\)) = g;]. (1.5)

If (1.5) holds for any g1, ..., q, then X (n),..., X;(n) are asymptotically independent Po(\;) vari-
ables.

In many places throughout the thesis we are going to encounter the hypergeometric distribution. The
following well-known relationship between the hypergeometric distribution and the binomial distri-

bution will simplify many estimates.

Lemma 1.0.8. For every integer d > 1 there exists a number C' = C(d) > 0 such that the following
is true. Let U be a set of size u > 1. Choose a set S C U x [d] of size |S| = s > 1 uniformly at
random and let e, = |SN({v} x [d])|. Furthermore, let (b,)scu be a family of independent Bin(d, 3-)

variables. Then for any sequence (l,)ycu of non-negative integers such that ), _; t, = s we have

PVMoeU:e, =t,|=P|YveU:b,=t, <CVu-PNveU:b,=t,.

vazs

vel

A bit of calculus Finally, the following version of the chain rule will come in handy.

Lemma 1.0.9. Suppose that g : R* — R and f : R® — R are functions with two continuous
second derivatives. Then for any xo € R®* and with yo = g(x¢) we have for any i, j € |a]
b 2
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1. Preliminaries and notation

For real numbers 0 < x,y < 1 such that max{x, y} > 0 we define

zy - W(z,y) if¢=0
Ye(z,y) = (1—2)y-V(z,y) ifc=1 , VY(xy=@@+y—ay ' (1.6)
(1-yz - ¥(z,y) if(=-1

Ifz =y =0setyy(0) = 0and ¢4 (0) = 1.
By definition (1.6) we have
1 = 2¢1(x1) + Yo(z1) = 2¢—1(21) + tho(a1) (1.7)

and we compute the following bound on the derivative of ).

Lemma 1.0.10. Let 0 < z1,22,p1,p2,€1,62 < 1. Assume that |x1 — p1| < €1 and |x9 — pa| < eo.
Then

[P0 (21, 22) — Yo(p1,p2)| < €1 + €2

Suppose £1 < p1/2 and €3 < pa/2. Then for ( € {—1,1} we have

|V¢ (w1, 22) — Ye(p1,p2)| < 2- <; i ;z) '

Proof. By the mean value theorem there exist 0 < §§ < 1 such that for s = 1, 2 we have

‘p—ﬁf < g and (1.8)

2

Yelwr,m2) = Uclprp2) + D (pi— &)

=1

0

5o, (€1 65): (1.9)

Thus, we have to bound the first derivatives of the functions v which are given by

o _ oY -

Gixf = x% - U(xq,22) 2 7636;] = x% (21, 22) 2

o 0

afi =~y - W1, 22) 7" a;/); = a1(1— 1) - Wy, 29) 7
N oY_

gill = 29(1 — m3) - U(my, 20) 2 (;i; = —z1 - U(wy,a2) 7%

Forall 0 < &1,&2 < 1wehave U(£1,8) = &1 +82—&1&2 > &1, &2 and thus %(51,52) < 1. Together



with (1.8) and (1.9) the first assertion follows.

Forall 0 < &1,&2 < 1suchthat [§; — p1| < &1 < pi/2and |{2 — p2| < e2 < pa/2 we have

& < & < 1 <e&l<o d
G +&-6&)7 ~ (max{&,&})” T max{&, &t T Qs o
&2 < &2 ! <&t <2/p.

<
(61 + & —66) — (max{&, &) T max{&, &)

0T

6]
Thus, %(51752)’ < 2/p1 and

assertion follows.

%(fl,ﬁg)‘ < 2/py. Together with (1.8) and (1.9) the second

O]






2 Background

2.1. Probabilistic Combinatorics

The work of Erd6s and Rényi starting in the 1950s and reaching its climax with their profound series
of papers in the 1960s established the research of random discrete structures constituting a whole new
branch of discrete mathematics. Erdés introduced the notion of a random graph to obtain a lower
bound on Ramsey numbers as early as 1947 [59]. His approach is known as The Probabilistic Method
[16].

Given a finite vertex set of n vertices a random graph is a graph constructed by a random procedure
resulting in a distribution on the set of all 2(3) possible graphs on n vertices. The distribution ob-
tained depends entirely on the specific random procedure performed. The procedure first described by
Erdds is as simple as just flipping a fair coin for each possible edge deciding on its presence in the
random graph. Of course this random procedure can be changed very easily in two directions: one
could either use a biased coin or discard the result every once in a while. For instance one could dis-
card the result if the constructed graph lacks a specified property resulting in a distribution on a subset
of all possible graphs on n vertices. Furthermore, an additional random decision after constructing
the random graph could be performed leading to a distorted distribution. Using a biased coin with
success probability p the random graph model is referred to as the binomial random graph model. A
prominent example where the probability space is restricted is the so called uniform random graph
model, that is the uniform distribution on all graphs on n vertices with exactly m edges for a fixed
parameter 0 < m < (g) to which we refer to as the “Erd&s-Rényi model”. It turns out be equivalent to
the binomial model if m = p(n — 1) for monotone graph properties in the large n limit [77, Chapter 1].
The whole concept is easily generalized to directed graphs and hypergraphs as well, where edges con-
sist only of tuples of vertices of size larger than two. Although random graphs have originally been
introduced as a tool to prove results for instance in extremal combinatorics, random graph models are
widely studied for their own purpose. Let us mention for the sake of completeness that Gilbert already

introduced and studied connectivity of the binomial random graph in 1959 [68].

Already in their seminal 1961 paper [60] Erdds and Rényi outlined the main goals of the theory
of random graphs. They observed that all the results they had achieved so far entailed threshold
characteristics or phase transition phenomena. Proving and reaching for a better understanding of

these thresholds and phase transitions has been on the scope of probabilistic combinatorics to this day.



2. Background

The set of problems appearing in the work of Erd6s and Rényi are manifold: connectivity, match-
ings, Hamilton cycles, connected components, degree distributions, the k-core, the chromatic number,
cliques, independent sets and the number of graph automorphisms. For a comprehensive overview on
the origins of the theory of random graphs see [80]. Since the seminal work of Erdds and Rényi a
huge amount of work has been devoted to random graphs and many additional problems arose. A di-
verse set of powerful tools and techniques has been developed to deal with them. Almost all problems
originally stated in the initial work have been solved to a large extent of satisfaction to this day. The
result concerning the chromatic number problem for sparse random regular graphs in the present thesis
contributes to the completion of the program dictated by the seminal work of Erdés and Rényi. For a

comprehensive overview on random graphs and important achievements on this topic see [23, 77].

2.2. Combinatorial optimization and random instances

In probabilistic combinatorics as well as in theoretical computer science similar discrete combinatorial
structures always played an important role. Starting with the substantive work of Cook and Karp in
the 70s computer scientist have developed a theory to answer the question which tasks computers
are able to perform efficiently. To state this question with scientific accuracy, precise definitions and
coherent models of computation and efficiency had to be developed. Aspects such as running time,
memory, difference in performance of various solution schemes and methods have been considered

and formalized.

The spectrum of computational problems is very diverse. A large family consists of combinatorial
optimization problems and actually constraint satisfaction problems are part of that family. Combi-
natorial optimization problems are summarized under the following scheme: the task of finding an
element of a finite set which maximizes an easy to evaluate function. These kind of problems oc-
cur naturally in many real world scenarios as well as in science. One distinguishes three types of

optimization problems

e Optimization: Find an optimal configuration,
e Evaluation: Give the cost of an optimal configuration,

e Decision: Is there a configuration with a cost less than a given value.

Inevitably, the question arises if some of these problems are intrinsically harder to solve than others. To
approach the question of distinguishing problems with respect to their hardness, it appears reasonable
to compare the running times of the best (known) algorithms for each problem. To do so a precise
model of computation is required which is given by concepts as Turing machines. For many algorithms
it turns out to be equivalent to determine the running time by just counting elementary operations such

as summing, multiplying, comparing. In many problems there is a canonical measure of the size of an
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2.2. Combinatorial optimization and random instances

instance n (e.g. the number vertices/edges in a graph or the number of variables) and the size of the
configuration space often scales exponentially in n. The complexity of an algorithm is then measured

by the number of elementary operations required to solve an instance taking the large n limit.

In general, an algorithm may have different running times for two instances of the same problem
although they are of the same size. This leads to the problem of defining the running time of an
algorithm for a fixed problem in terms of the instance size n in a clear way. A crucial way to get over
this problem is to introduce the concept of worst-case analysis. In this model, the running time of an
algorithm for a computational problem of instance size n is simply the maximal running time over all

instances of size n.

With a concept of computational complexity in hand it is possible to classify the range of problems.
A first and simple classification claims that a problem for which an algorithm is known to solve the
worst case instance in a running time that is a polynomial in the instance size n is efficiently solvable
(or solvable in polynomial time). Therefore, we obtain a first class in the set of all problems denoted
P for which polynomial time algorithms are known. A superset of this class is the class of algorithms
denoted by NP containing all problems for which a short (efficiently to check) certificate of verification

exists.

The definition of computational complexity builds strongly on the knowledge of algorithms. A prob-
lem that belongs to the class NP but not to P, so far may be solved efficiently by an algorithm that is not
found yet, but possibly exists. Therefore, an algorithm independent way of comparing computational
hardness of two problems is given by the concept of reduction. We say: problem A reduces to problem
B if there is an efficient way to solve an instance of A by efficiently solving instances of problem B.
This is a rule of efficiently constructing an instance of problem B depending on a given instance of
problem A such that the solution of this particular instance of problem B can be used to construct a
solution of the given instance of problem A efficiently. This implies, in terms of polynomial running

time, that there exists a polynomial time algorithm for problem A if there exists one for problem B.

Returning to the question of classifying computational problems, a third class contained in NP is then
defined. The class NP-complete contains all problems in NP with the property that all other problems
in NP can be reduced to them. In a intuitive sense, these problems are the hardest ones in NP. Solving
one of these NP-complete problems efficiently would lead to a collapse of the distinction of P and NP.
Indeed, this is still an open problem, the famous so called P unequal NP problem, which is one of the
Millennium problems of the Clay mathematics institutes. The problem may be phrased as answering
the question of existence of an efficient algorithm that solves a NP-complete problem i.e. showing
that all problems in NP are actually in P. Since the set of computational problems is manifold, there
exists a vast set of other complexity classes. Considering them all would lead us too far. For a more

comprehensice overview on complexity theory see [113].
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2. Background

A priori the existence of NP-complete problems is not obvious. Cook proved in 1971 the following

famous
Theorem 2.2.1 ([48]). The satisfiability problem is NP-complete.

It is a basic question, whether the concept of worst-case analysis leads to a reasonable classification of
computational problems with respect to hardness of computation. Theoretically, a problem could be
classified as difficult only because of the existence of a very small number of (for at least all known
algorithms) difficult to solve instances that are of no practical relevance. But for instances in real world
problems efficient algorithms are known. Interestingly, the canonical NP-complete problem SAT is

solved in practice frequently with highly sophisticated and efficient industrial SAT-solvers [21].

The hypotheses that random instances of computational optimization problems in particular the ran-
dom k-SAT problem are closer to realistic distributions has not been confirmed. Computer scientists
put enormous effort in studying random instances, starting alreay in the early and taking off in the
late 80s [69, 62, 126]. Unlike as hoped, these random instances in effect appeared to be hard to solve,
which is strongly contradicting real world scenarios. Actually, no way of creating hard instances deter-
ministicaly is known to this day. However, with these random instances computer scientest obtained a
tool to construct far from beeing realistic (for each real world instances there is arguably some under-
lying deterministic structure) but hard to solve instances. Thus, randomly generated instances became
benchmark problems for algorithms [32, 31, 33, 102, 83, 127]. For a more in depth introduction on

the computer science work on random k-SAT instances see [21, Chapter 8].

2.3. Statistical physics and disordered systems

Irrespective of the developments regarding random discrete structures in discrete mathematics and
complexity theory in computer science, a branch in statistical physics arose in the early 2000s studying

the same objects but using a different language to state them.

Generally speaking, statistical physics investigates the collective behaviour of many interacting com-
ponents. In their tradition statistical physicists have been studying ordered materials such as crystals,
where the atoms lay on periodic lattices, or liquids and gases with a uniform particle density. Only in
the 1970s they started to investigate strongly disordered systems. From the start spin glasses, structural
glasses and polymer networks have been studied. The fascination has been stimulated by the incred-
ible diversity of behaviour and phenomenology of these materials. Additionally, proving difficult to

fathom these phenomena conceptional goaded on the scientific curiosity even more.

In other words, the main goal of statistical physics may be summarized as describing and explaining
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2.3. Statistical physics and disordered systems

the complex behaviour resulting from the interaction of a huge number of elementary particles. To give
a simple example consider water. Depending on the temperature the interaction of HoO molecules
results in completely different macroscopic states which mark three phases: solid, liquid and gaseous.
A very striking observation is the strictness of the transitions of these three phases. At temperature
only slightly below 0 degree Celsius the equilibrium state of water is solid, at temperature only slightly
above 0 degree Celsius, the equilibrium state of water is liquid. Developing a theory explaining the
main macroscopic properties of these different phases and the phenomena of these macroscopic strict
phase transitions despite non changing microscopic interaction has been at the top of the agenda ever

since statistical physicists started looking at disordered systems.

The basic ingredients to frame physical systems in terms of probability theory are the following. For

the sake of representation we now restrict ourselves to systems with n particles.

The first ingredient is the configuration space §) containing all possible states of the system as its
microscopic determination. For the sake of clear presentation it is convenient to restrict ourselves to
Q) being a finite set. The elements in ) are usually referred to as spins. For a system on n particles
V = {x1,...,xz,} the configuration or state of a system is a map o : V' — (2, where o(z;) indicates

the current state (spin) of one particle at site 7.

The second ingredient is a set of observables. Each observable is a function from the configuration
space into the reals. The real world counterparts are physical quantities that are measurable in an

experiment.

The third ingredient is actually an observable playing an important role by setting up the probabilistic
description of the model which is the energy function E(o) establishing an energy for each configura-
tion. Let P([n]) be the power set of the first n integers and for any S € P([n]) let og be the restriction
of o to S. Then let

E(c)= )Y Es(os)

SeP([n])

where Eg(0g) is a map from the set of all maps 7 : S — € into the reals.

Finally, we define the Boltzmann distribution which supposedly gives the equilibrium probability that

the system is found in configuration ¢ by

Mﬂ(f"):Z(lﬁ)eXP(—ﬂE(J))a 28)= Y exp(—BE(0))

o:V—Q

which is simply a Gibbs measure. The parameter (3 is called the inverse temperature and the nor-

malization constant Z(3) the partition function. Observe that in the so called high-temperature limit
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2. Background

when [ tends to 0 the uniform distribution is recovered. In the low-temperature limit where 5 — oo
the Boltzmann distribution concentrates on the set of global minimiser of the energy function, which

is called the set of ground states.

The energy function plays an important role in translating the microscopic interactions of the parti-
cles into a macroscopic measurable observable. There is a great number of possible models since
each possible energy function may define a different model. It is a rather fundamental and contra-
dictory question if a certain model may be considered as a good description of real material or if the

understanding of certain properties of a model has any practical value.

According to statistical physicist the main task consists in finding the thermodynamic potentials of
a system such as the internal energy, the canonical entropy and most importantly the free entropy,

sometimes denoted as pressure,

®(8) = In(Z(B))-
These potentials incorporate the most important properties of the Boltzmann distribution.

Since statistical physics studies the macroscopic behaviour of systems with an enormous number of
particles, the with n normalized large n limit of the termodynamic potentials is studied. As a weak
justification take a glass of water for instance in which a large number of ~ 10?4 many H>O molecules

are contained.

The free entropy is an analytic function of 3. Assuming the existence of the thermodynamic limit
the question if analyticity is preserved arises. In statistical physics terminology a phase transition
occurs at some real § if the thermodynamic limit of the free entropy is non-analytic in 5. A priori,
it is of course just a claim that besides the mathematical interest of the concept of phase transition,
there is in fact a qualitative change in the corresponding physical system at the point where a phase
transition occurs that obtained further justification ever since statistical physicist studied these models.
It is not an exaggeration to say that it has always been one of the main tasks of statistical physics to
describe and separate certain phases by introducing the right quantities, features and characteristics of

the system.

2.3.1. From the Ising spin model to Spin glasses

Towards explaining the statistical physics work on constraint satisfaction models we are going to
introduce a few models on which the methods first have been applied, namely several kinds of spin
models. The results presented in this section are not rigorous and are to a large extend lacking a

reliable mathematical justification.
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2.3. Statistical physics and disordered systems

Not until the 1920s the Ising model was introduced to study magnetic materials that contain molecules
with a magnetic moment. It assumes that a colloquial of elementary magnets or magnetic moments
sit on a grid interacting with one another. In general, assume a d-dimensional lattice with magnetic
moments on the vertices. To keep the configuration space finite we consider the d-dimensional cube
L of side length £ such that £ = [¢(]%. On each site i € L sits an Ising spin x; taking values in {+1}.
A configuration of the system is given by fixing the value of each spin at each lattice point. Finally,

the energy function in the so called ferromagnetic case is defined as

Bo)=— Y. o@)ola) - BY olx)

(i,5)eL?: dist(s,j)=1 el

where the real value B measures an external magnetic field. In this ferromagnetic case the energy
function gets smaller as more neighbouring sites agree on their spin and point in the direction of the
external field. In the anti-ferromagnetic case the minus in front of the first summand is omitted. To
determine the thermodynamic limit of the free entropy is a non-trivial problem that was solved for the
1-dimensional case by Ernst Ising in 1924 showing that no phase transition takes place [76]. Over two
decades later Lars Onsager solved the 2-dimensional case showing the existence of a phase transition

[112]. Nothing further is known for higher dimensions.

As one of the simplest solvable cases with a finite-temperature phase transition, the Curie-Weiss model
introduced by Curie and then by Weiss [111] has to be mentioned. The only difference to the ferro-
magnetic Ising model is the non-geometric interaction of all pairs of sites and an appropriate scaling

of the first sum in the energy function

E(o) = —% S o@o@) - B Y o).

(3,5)EV?2 i€[n]

One of the important features of the Curie-Weiss model is the interaction of all sites. Systems with this

interaction scheme are called mean-field models, which describe a family of widely studied models.

Both, the Ising Spin model as well as the Curie-Weiss model, do not belong to the class of disordered
systems as the interaction between pairs of particles is well ordered. To move into the direction of
disordered systems let us mention the Edwards-Anderson model as a generalization of the Ising spin
model, which was the first universally accepted model of spin glasses introduced by Edwards and
Anderson in 1975 [58]. Generally speaking, Spin glasses are disordered systems whose magnetic
properties are determined fundamentally by randomly placed impurities. In this model for each inter-

2

acting pair of sites (ij) € [n]° an additional real parameter .J;;, the so called coupling, is introduced.

The interaction between two sites (ij) is ferromagnetic if J;; > 0 and antiferromagnetic if J;; < 0.
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2. Background

The energy function reads as

E(o0) = — > Jijo(zi)o(x;) = BY olx).

(i,5)eL?: dist(i,j)=1 €L

The Edwards-Anderson model is far from being as well understood as the two previously mentioned
models. A reason for this, is the possibility of insolvable conflicts of local constraints named frustra-

tions in statistical physics terminology.

As a next step of escalation and to finally speak about disordered systems in statistical physics let
us introduce the following two models. First, the p-spin glass model on n Ising spins, where each
p-tuple interacts with a coupling chosen respectively to a given distribution. It was introduced in
1975 and 1978 by Sherrington and Kirkpatrik [130, 84]. The energy function in this model is not
a deterministic one but the result of a random process. The special case p = 2 is known as the
Sherrington-Kirkpatrick model. Second, the random energy model (REM), where the energy function
is also not a deterministic function but itself a random object, was introduced as a large p limit of p-
spin glasses by Derrida [53]. In this model, for each of the || configurations, the energy is a random
variable drawn from a specific distribution. Each realization of the |{2|"-dimensional energy vector
is then an instance of the REM. For the REM as well as the p-spin glasses two levels of randomness
are involved. First, in generating a random instance by generating the coupling and interaction of the
particles i.e. the energy function. Second, the randomness associated with the Boltzmann distribution.

Therefore, the main objective of these models, the free entropy, becomes a random variable.

In 1978 Sherrington and Kirkpatrik found a replica symmetric solution for the p-spin glass model
that was not satifactory on a heuristic level by exhibiting “unphysical behavior” even for the case
p = 2 for small temperatures [84]. A similar, in the same sense not exhaustive solution, was found by
Derrida for the REM [54]. It was Parisi who extended the replica theory in 1979 introducing replica
symmetry breaking as a tool to tackle these low temperature regimes and giving a precise formula
to compute the free entropy in models with this property [115]. The Approach is now called Parisi
ansatz and the formula is known as the Parisi formula [79]. It turned out that the low temperature
regime of the Sherrington Kirkpatrik model and the REM lacks the replica symmetry property. In
fact, there appears to be a phase transition, where replica symmetry breaking sets in. This transition is
called condensation transition that was first observed by Parisi in this kind of models [116]. Later on
Mézard, Parisi and Virasoro developed a rather general formulation of replica symmetry breaking to be
applied to various spin glass models [100]. This method has been widely applied, but still, a rigorous
mathematical foundation is lacking. For a comprehensive overview see [117]. The correctness of
the Parisi formula for the Sherrington Krikpatrik model was finally rigorously proven by Talagrand
[131, 132].

Only in the beginning of the 2000s, Mézard, Parisi and Zecchina introduced the cavity method, a
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2.3. Statistical physics and disordered systems

reformulation of the replica theory for sparse random constraint satisfaction problems [99, 101]. In
particular they applied the cavity method to a broader class of disordered systems, the so called diluted
mean field models. In this models, potentially, every variable may interact with any other referring to
the term mean-field but the size of the interactions is bounded by a constant and the number of all
interactions is of the same order as the number of variables, which is reflected in the term diluted.
Moreover, the term disordered system indicates that the underlying structure in the model involves

randomness.

To phrase it carefully, diluted mean-field models are considered by some phycisits to be a better
approximation to “real” disordered systems (such as glasses) than models where the underlying graph
is complete, such as the Sherrington-Kirkpatrick model [85]. An in-depth introduction to the cavity
method and its impact on combinatorics, information theory and computer science can be found in [97,
98].

2.3.2. Combinatorial optimization in the guise of statistical physics

Let us now explain how constraint satisfaction problems are formulated in the statistical physics lan-
guage. Each optimization problem comes with an energy function that is simply the cost function. If
we consider constraint satisfaction problems the cost function is actually the number of violated con-
straints. For example in graph colouring, the cost function corresponds to the number of monochro-

matic edges, in k-SAT to the number of unsatisfied clauses.

For the k-SAT problem and a given k-CNF formula ¢ we obtain the energy function

Eysar(o) = Z 1{@‘,- is unsat. by o}

JEm]

Considering the Boltzmann distribution we obtain

1
:U',B(U) = Z(,B) exp | =5 Z 1{¢j is unsat. by o'} | » (2.1)

J€m]

Z(ﬁ) = Z exp | -8 Z 1{45]~ is unsat. by o'}

o€ J€[m]

Since the satisfying assignments have vanishing energy in the Boltzmann distribution for /3 tending
to infinity all the mass is uniformly concentrated on the set of all satisfying assignments. In this limit
the partition function simply counts the overall number of satisfying assignments. Determining the
partition function or the free entropy in this case revisits the original optimization problem. Introduc-

ing the inverse temperature in the statistical physics approach may be considered as a generalization
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of optimization problems. Answering the question whether Z is strictly positive in the infinite 3 case

with a certain probability is equivalent to the decision version of the constraint satisfaction problem.

2.3.3. Factor graphs and graphical models

Systems of an immense number of variables interacting (by constraints or conditions) leading to mu-
tual dependencies appear in many fields of science. In real-life problems often only a small number
of variables are interacting with one another. For example in physics, heuristically, in a proper model
for three-dimensional materials, only neighboured or nearby particles are interacting. In a sense this
dominant kind of local interaction usually leads to the possibility of “factorizing” the dependencies.
Over time, different concepts of representing these dependencies graphically have been developed, for
instance graphical models or Bayesian networks. In statistical physics it is common to use the concept

of factor graphs.

Given a set of n variables z1,...,x, taking values in a finite alphabet & let us define their joint

probability distribution

1 m m
Po) = [[talonvw). 2= > [[valonw) 2.2)
a=1 o:V—=Qm a=1

where we let N (a) C [n], ¥, be a non-negative map from QV(®l into the reals called compatibility
function for each a € [m] and Z be a normalization constant. Specifying the sets N (a), the parameter
m and the compatibility function will determine the probabilistic model. These models are often

referred to as undirected graphical models.

A factor graph is a graphical representation of distributions of the form (2.2). It contains two types of

vertices.

e For each of the n variables 1, . .., x, there exists a corresponding variable node labelled with
the corresponding index ¢ € [n].
e For each of the m compatibility functions /1, . . . , ¥, there exits a corresponding function node

labelled with the corresponding index a € [m].

There exists an edge between a variable node and a function node if the underlying variable is an
argument of the underlying compatibility function. The sets N (i) and N (a) for i € [m] and a € [m]
are defined in the sense of the common neighbourhood definition in graphs. If one considers the
Boltzmann distribution for the k-SAT problem (2.1) one easily verifies that they are indeed of the
form (2.2).
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2.3. Statistical physics and disordered systems

2.3.4. On Belief Propagation and the Cavity Method

Given a graphical model on n variables taking values in a finite alphabet {2, a simple question arises
naturally: is it possible to efficiently compute the marginal distribution for each of the n variables?
Furthermore, there exists an efficient way to compute the normalizing constant Z of (2.2) given the
marginal distribution. Moreover, the Boltzmann distribution of random constraint satisfaction prob-
lems is of the form (2.2) and actually this is the case for diluted mean field models in general. There-
fore, computing Z is eqivalent to computing the partition function i.e. the free entropy of these models.
For optimization problems, determining Z exactly is also an interesting task since it counts the number
of optimal solutions for instance colorings, matchings and stable sets in random graphs or solutions to

random formulas [113].

A naive approach, summing over all of the |Q2|" assignments is of course highly inefficient. For a
few cases where the underlying factor graph entails certain structures much more efficient algorithms
are known. In the tree-case there exists an algorithm that computes marginals in linear running time,
reducing the complexity dramatically in that case. This algorithm has been discovered in various
sciences and is known as the Bethe-Peierls approximation in statistical physics, the sum-product algo-
rithm in coding theory and Belief Propagation in artificial intelligence, the notion we adhere to [90].
The procedure may be described as a recursive computation to find a fixed point solution of certain
graph dependent equations, the so called Belief Propagation equations. In the tree case it reduces to
carrying out in parallel a number of computations associated to the vertices of the tree beginning at
the leaves of the tree working all the way up to the root and back down again. Thus, the number of

computations is of order twice the height of the tree.

Before we state the Belief Propagation equations in general, let us emphasize that this sketched itera-
tive computation scheme to find the fixed point of the Belief Propagation equations can be formulated
as a rather general dynamical programming procedure. As we will see the Belief Propagation equa-
tions are formulated by the use of variables assigned to the edges of the factor graph. Therefore, the
Belief Propagation equations are highly suitable to run as a message passing algorithm on the factor
graph to find fixed points. A message passing algorithm recursively updates variables i.e. messages
that are associated with edges of the factor graph. To do so, it performs only local computations up-
dating the messages. The term “local computation” refers to the fact that only messages of incident
edges are taken into account by updating messages. These recursive computations denoted as update

rules determine the message-passing algorithm.

Let us now state the Belief Propagation equations for a graphical model with factor graph G. For each

variable node i € [n] and function node a € N(z) we will denote the ordered pair (i,a) by i — a.
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For i € M(G) we define for all { €

pisaQ) = Zid, T i),
beN(i)\{a}

where Z;_,, = Z H ﬂb%(C’)

C'eQbeN (i)\{a}

and iosi(Q) = Z8 D wa(@) ] misalo(zy),

o:N(a)\{i}—Q JEN(a)\{i}
where Z, ., = Z Z Ya(0) H Hj—a(0(2;5))
CeQ o:N(a)\{i}=Q JEN(a)\{s}

If N(i) \ {a} is empty or Z;_,, = 0, we let y;,o(¢) = 2|~ for all ¢ € Q which is be the uniform
distribution over the values in Q. If N(a) \ {i} is empty or Z,_,; = 0 we set fiq—i(¢) = ¥a(C).

Figure 2.1.: The Belief Propagation equations for a graphical model with factor graph G.

Similarly, a — i stands for the pair (a, ). The message space M(G) is the set of tuple

(/Liﬁa(C))ie[n},aEN(w)7CEQ

such that p;—4(C) € [0, 1] forall ¢ € Qand } ¢ pisa(¢) = Lforalli € [n] and a € [m]. In Figure
2.1 the general Belief Propagation equations for a graphical model with factor graph G are given.

Starting with a set of messages ;1 € M(G) one can iteratively update the messages by first applying
the right-hand side of equation (2.3) and then the right hand side of (2.3) to the results obtained in the
first step. In a sense at each update step each variable node sends a distribution over its possible values
from the finite alphabet 2 to each incident factor node. Each factor node takes this incoming messages
and computes for each incident variable node an individual message which is again a distribution over
all values from the finite alphabet {2. Finally, each variable node updates its message for the next

iteration step by using these incoming messages from each incident factor node.

Parsing the update rules one might observe that the underlying heuristic in these update computation
goes as follows. At each factor node a a belief of the marginal distribution for each incident vertex
i € N(a) is computed under the assumption that the incoming marginals of the others incident variable
nodes in N (a)\ {i} are the right ones in a graph where factor node « is not present. A similar heuristic
explains the update rules at the variable nodes. One might expect that a fixed point exists if at each
vertex all incoming messages decorrelate. It is easily verified, that for trees this in fact is the case.
A more detailed explanation and discussion of the Belief Propagation heuristic can be found in [29,
p. 519].
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2.3. Statistical physics and disordered systems

The success of the Belief Propagation computations consists not only in the possibility of computing
marginals but also in being able to compute the partition function by means of the so called Bethe Free

Entropy formula, which is provably right on trees [135, 136].

Inherently, the Belief Propagation equations can be formulated for any factor graph even for those
containing cycles. Of course, in general, it is not clear if the Belief Propagation equations of such
graphs entail one fixed point, or many and if they do, whether there is any reasonable interpretation. If
the compatible functions 1 of the underlying distribution (2.2) are strictly positive there provably exists
at least one fixed point [98]. If no fixed point exists there may exist “approximated-fixed-points” with
a right notion of approximation allowing a small error for each single Belief Propagation equation.
Additionally, it is far from being clear if the message passing procedure finds these approximated-

fixed-points and if several exist, to which one it converges [61, 98]

The factor graph of random sparse constraint satisfaction problems is locally tree-like with high prob-
ability. Thus, for almost all vertices the neighbourhood is a tree up to a large depth, say O(Inn).
Therefore, one might expect analysing the Belief Propagation equations of these models being rea-
sonable. There may exist messages that are approximately satisfying the Belief Propagation equations

associated with the vertices whose neighbourhood resembles a tree.

In fact, a good portion of the work studying random constraint satisfaction problems has been dedi-
cated to evolve a theory connecting these approximated-fixed-points, a representation of the underly-
ing Boltzmann distribution as a sum of Bethe measures and stationary points of the Bethe Free Entropy
operator. As mentioned above, the set of solution shatters into many clusters at a certain model de-
pending density. In these clusters many frozen variables exist. Since these frozen variables are forced
to take a certain value, by long-range correlations, the messages of these frozen variables ought to put
all the mass on exactley one value (to which the variable is frozen). Therefore, there may be some
correspondance between approximated-fixed-points of the Belief Propagation equations and clusters.
For a more in depth introduction on Belief Propagation in the context of disordered systems we refer
to [98].

Let us now finally sketch the cavity approach. To get a handle on these approximated-fixed-points
of the Belief Propagation equations we take one step back and introduce distributions over messages.
Since the factor graph is a random object by itself, one might expect to understand the whole factor
graph by studying the “typical” neighbourhood of a uniformly at random chosen vertex. In many
models the neighbourhood distribution converges in a sense of local weak convergence to a random
tree process [20]. Analysing the Belief Propagation equation on this random tree might be in cor-
respondence with the Belief Propagation equations of the whole random factor graph, which is the
basic hypothesis when applying Belief Propagation to graphs with a small number of short cycles.

Therefore, within the cavity method a distribution over the messages sent to the root of such a random
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neighbourhood tree is computed. This is done by finding a certain distributional fixed point. Finally,
with this fixed point in hand a distributional version of the Bethe Free Entropy is used to estimate the

free entropy.

Due to long-range dependencies, the decorrelation assumption may not be true any more when the con-
straint density increases. If this happens, in statistical physics terminology replica symmetry breaking
takes place. Broadly speaking, the answer on the random neighbourhood tree does not coincide with
the answer on the whole factor graph anymore, due to long-range correlations. To overcome this is-
sue distributions on the distributions of the messages on the tree are introduced. This procedure may
be reiterated several times if necessary. If one of these steps is sufficient, one-step-replica symme-
try breaking is said to take place. If an infinite iteration of this procedure is necessary full-replica

symmetry breaking is said to occur. For a more in depth introduction to the cavity method see [98].

Finally, carrying out these cavity computations led to a whole lot of predictions on phase transitions
and diagrams for random sparse constraint satisfaction problems [88]. Many rigorous results obtained
using these insights like phase transitions and structural properties of the solution space geometry
are to a large extent due to combinatorial implementations of the picture drawn by this approach.
To simply apply the cavity method as a sophisticated tool i.e. developing a rigorous mathematical
foundation of the theory of Bethe measures, has not been achieved to this day. However, first steps in
this direction have been taken [46, 45, 50, 51, 52].
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3 Results, Discussion and Outline

This chapter contains to a large extend a word-by-word adoption from the papers “On the chromatic
number of random regular graphs” [39], “Analysing Survey Propagation Guided Decimation on Ran-
dom Formulas” [73] and “Walksat stalls well below the stisfiability threshold” [38].

3.1. The chromatic number of random regular graphs

The main result on the chromatic number of random regular graphs is obtained by improved bounds
on the conjectured k-colourability threshold in random regular graphs stated in Theorem 3.1.1. Then,
Corollary 3.1.3 gives the almost complete solution on the chromatic number problem on random

regular graphs.

The strongest previous result on the chromatic number of G(n, d) is due to Kemkes, Pérez-Giménez
and Wormald [82]. They proved that w.h.p. for & > 3

X(Gn,d) =k if de((2k—3)In(k—1),(2k —2)In(k —1)), and  (3.1)
x(Gn,d)) € {k,k+1} if de[(2k—2)In(k—1),(2k —1)Ink]. (3.2)

These bounds imply that G(n, d) is k-colourable w.h.p. if d < (2k — 2) In(k — 1), while G (n, d) fails
to be k-colourable w.h.p. if d > (2k — 1) In k. Our main result is

Theorem 3.1.1. There is a sequence (£)>3 with limy_,o e, = 0 such that the following is true.

1. Ifd < (2k — 1) Ink — 2In2 — &y, then G(n, d) is k-colourable w.h.p.
2. Ifd> (2k —1)Ink — 1 + ¢y, then G(n, d) fails to be k-colourable w.h.p.

We have not attempted to explicitly extract or even optimize the error term €y.

Theorem 3.1.1 implies the following “threshold result”.

Corollary 3.1.2. There is a constant kg > 0 such that for any integer k > kg there exists a number

dy._col With the following two properties.
o Ifd < dy_col, then G(n,d) is k-colourable w.h.p.
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3. Results, Discussion and Outline

o Ifd > di_col, then G(n,d) fails to be k-colourable w.h.p.

To obtain Corollary 3.1.2, let 4 as in Theorem 3.1.1 and consider the interval
I = ((2k —1)Ink — 2In2 — e, (2k — 1) Ink — 1 +&4).

Then I, has length 21In 2 — 1 + 2ej, /=~ 0.386 + 2¢y. Since €;, — 0, for sufficiently large k the interval
I, contains at most one integer. If it does, let di_.o; be equal to this integer. Otherwise, pick any

dg—co in If.

For infinitely many values of k, di_.o is not an integer, in which case Corollary 3.1.2 solves the
k-colourability problem on G(n,d) completely. In fact, we can make the following more precise
quantitative statement. Let x mod 1 = z — |z] for z > 0. Moreover, recall that a sequence
(ax) of numbers in [0, 1] is asymptotically uniform on [0, 1] if the sequence of empirical distributions
(K1Y 1< i 64, ) ic converges weakly to the uniform distribution distribution on [0, 1]. Further, a set
A C Z> has asymptotic density o if limpy oo N7 AN{1,..., N}| = a. Since the sequence ((2k —
1)Ink mod 1) is asymptotically uniform on [0, 1] by Weyl’s criterion [91], the set {k : di_co1 & Z}
has asymptotic density 2(1 — In 2) ~ 0.614.

Another consequence of Theorem 3.1.1 is that it allows us to pin down the chromatic number x (G (n, d))

exactly for “almost all” d.

Corollary 3.1.3. There exist a set D C Zx>q of asymptotic density 1 and a function F : D — Zxg
such that for all d € D we have x(G(n,d)) = F(d) w.h.p.

To obtain Corollary 3.1.3, let ko, (dk—co1) x>k, be as in Corollary 3.1.2, let
D =%Z> \ ([07 dkzo—col] U {dk—col k> ko})

and define F(d) to be the smallest integer k& > kg such that d < dj_o1. Because d(k+1)fcol —dp—_col >
In £ for large enough k, D has asymptotic density one.

To compare Corollary 3.1.3 with the best prior bounds (3.1)—(3.2), observe that (3.1) yields the typical

value of the chromatic number of G(n, d) on the set

D' =Z>0N | J((2k - 3)In(k — 1), (2k — 2) In(k — 1)),
k>3

whose asymptotic density is . On the complement D” = Zxq \ T/, (3.2) determines the chromatic

number up to an additive error of one.
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3.1. The chromatic number of random regular graphs

3.1.1. Colouring random graphs: techniques and outline

The best current results on colouring Ggr(n, m) as well as the best prior result on x(G(n,d)) are
obtained via the second moment method [10, 47, 82]. So are the present results. Generally, suppose
that Z > 0 is a random variable such that Z(G) > 0 only if G is k-colourable. If there is a number
C = C(k,d) > 0 such that

0<E[Z?] <C-E[Z), (3.3)
then the Paley-Zygmund inequality
P[Z >0] > E[Z]2 (3.4)
~ E[Z77]

implies that there exists a k-colouring with probability at least 1/C' > 0.

What random variable Z might be suitable? The obvious choice seems to be the total number Zj_ o
of k-colourings. However, the calculations simplify substantially by working with the number Zj, 1,a1
of balanced k-colourings, in which all of the & color classes are the same size (let us assume for now
that k& divides n). Indeed, the core of the paper by Achlioptas and Naor [10] is to establish the second
moment bound (3.3) for the number Zj, 1,1 (GEr (1, m)) of balanced k-colorings of Ggr (n, m) under
the assumption that

d=2m/n <2k —2)Ink — 2 + ox(1),

with o (1) a term that tends to 0 as k gets large. Achlioptas and Naor rephrase this problem as a non-
convex optimization problem over the Birkhoff polytope, i.e., the set of doubly-stochastic k x k matri-
ces, and establish (3.3) by solving a relaxation of this problem. Thus, (3.4) implies that Ggr(n, m) is
k-colourable with a non-vanishing probability if d < (2k —2) In k—2+ 0y (1). This probability can be
boosted to 1 — o(1) by means of the sharp threshold result of Achlioptas and Friedgut [5]. In addition,

a simple first moment argument shows that Ggg (n, m) is non-k-colourable w.h.p. if d > (2k—1)In k.

Achlioptas and Moore [9] suggested to use the same random variable Zj, o1 on G(n, d). They realized
that the solution to the (relaxed) optimization problem over the Birkhoff polytope from [10] can be
used as a “black box” to show that Zj, ,,1(G(n, d)) satisfies (3.3) for some constant C' > 0. Hence,
(3.4) implies that G(n, d) is k-colourable with a non-vanishing probability if d < (2k —2)Ink — 2+
or(1). But unfortunately, in the case of random regular graphs there is no sharp threshold result to
boost this probability to 1—o(1). To get around this issue, Achlioptas and Moore instead adapt concen-
tration arguments from [93, 129] to the random regular graph G(n, d). However, these arguments in-
evitably require one extra “joker” color. Hence, Achlioptas and Moore obtain that x (G (n,d)) < k+1
w.h.p. ford < (2k —2)Ink — 2 + o (1).

The contribution of Kemkes, Pérez-Giménez and Wormald [82] is to remove the need for this addi-
tional color. This enables them to establish (3.1)—(3.2), thus matching the result established in [10]
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3. Results, Discussion and Outline

for the Erd6s-Rényi model. Instead of employing “abstract” concentration arguments, Kemkes, Pérez-
Giménez and Wormald use the small subgraph conditioning technique from Robinson and Wormald
[124]. Roughly speaking, they observe that the constant C' that creeps into the second moment
bound (3.3) results from the presence of short cycles in the random regular graph. More precisely,
in G(n, d) any bounded-depth neighbourhood of a fixed vertex v is just a d-regular tree w.h.p. How-
ever, in the entire graph G(n,d) there will likely be a few cycles of bounded length. In fact, it is
well-known that for any length j the number of short cycles is asymptotically a Poisson variable with
mean (d — 1)7/(2j). As shown in [82], accounting carefully for the impact of short cycles allows to

boost the probability of k-colourability to 1 — o(1) without spending an extra color.

Recently, Coja-Oghlan and Vilenchik [47] improved the result from [10] on the chromatic number of
Ggr(n, m). More precisely, they proved that Ggr(n, m) is k-colorable w.h.p. if

d=2m/n<(2k—1)Ink —2In2 — ox(1), (3.5)

gaining about an additive In k. This improvement is obtained by considering a different random vari-
able, namely the number Zj, 5,04 of “good” k-colourings. The definition of this random variable
draws on intuition from non-rigorous statistical mechanics work on random graph coloring [88, 137].
Crucially, the concept of good colourings facilitates the computation of the second moment. The
result is that the bound (3.3) holds for Zj, go0d(GER(1,m)) for d as in (3.5). Hence, (3.4) shows
that Ggr(n, m) is k-colourable with a non-vanishing probability for such d, and the sharp threshold
result [5] boosts this probability to 1 — o(1).

Theorem 3.1.1 provides a result matching [47] for G(n, d). Following [82], we combine the second
moment bound from [47] (which we can use largely as a “black box”) with small subgraph condi-
tioning. Indeed, for the small subgraph conditioning argument we can use some of the computations
performed in [82] directly. In the course of this, we observe a fairly simple, abstract link between par-
titioning problems on G(n, d) and on Gggr(n, m) that seems to have gone unnoticed in previous work
(see Section 4.1.2). Due to this observation, relatively little new work is required to put the second
moment argument together. In effect, the main work in establishing the first part of Theorem 3.1.1
consists in computing the first moment of the number of good k-colourings in G(n,d), a task that

turns out to be technically quite non-trivial.

The previous lower bound on the chromatic number of G(n, d) is based on a simple first moment argu-
ment over the number of k-colorings. The bound that can be obtained in this way, attributed to Molloy
and Reed [105], is that G(n, d) is non-k-colourable w.h.p. if d > (2k—1) In k. By contrast, the second
assertion in Theorem 3.1.1 marks a strict improvement. The proof is via an adaptation of techniques
developed in [42] for the random k-NAESAT problem. Extending this argument to the chromatic
number problem on G(n, d) requires substantial technical work. A matching improved lower bound
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on the chromatic number of Ggg(n, m) was recently obtained via a different argument [37].
3.1.2. Further related work

The four coloring problem which was introduced by De Morgan 1852 has to be mentioned inevitably
speaking about graph coloring. It was solved by Appel and Haken in 1976 [18] provoking a lot of doubt
and objection and later resolved by Robertson, Sanders, Seymour and Thomas [123]. Accordingly,
the graph colouring problem has been on the agenda of mathematicians for more than one century.
Unsurprisingly, the chromatic number problem on Gggr(n,m) has attracted a big deal of attention

since it was posed by Erdés and Rényi.

A straight first moment argument yields a lower bound on x(GEgr(n,m)) that is within a factor two
of the number of colors that a simple greedy coloring algorithm needs [6, 70]. Closing this gap was a
long-standing challenge. Shamir and Spencer used martingale bounds to prove concentration bounds
for the chromatic number of Ggg(n,m) [129]. This was enhanced by Luczak [93] and by Alon and
Krivelechich later one [17] using the Lovasz Local Lemma to prove that the chromatic number is

concentrated on two consecutive integers for m < n!/2.

Finally, Bollobds [22] managed to determine the asymptotic value of the chromatic number in the

“dense” case d = 2m/n > n?/3

. His work improved Matula’s result [95] published only shortly
before. Subsequently, Luczak [92] built upon Matula’s argument the so called “merge-and-exposure”

technique [95] to determine x(GEgr(n,m)) within a factor of 1 + o(1) in the entire regime d > 1.

In the case that d remains bounded as n — oo, Luczak’s result [92] only yields x(GEgr(n, m)) up to
a multiplicative 1 4+ 4, where ¢4 — 0 slowly in the limit of large d. The aforementioned result of
Achlioptas and Naor [10] marked a significant improvement by computing x(Ggr(n, m)) for d fixed
as n. — oo up to an additive error of 1 for all d, and precisely for “about half” of all d. Coja-Oghlan,
Panagiotou and Steger [44] combined the techniques from [10] with concentration arguments from

Alon and Krivelevich [17] to obtain improved bounds on x(Ggg(n,m)) in the case d < n'/%.

With respect to random regular graphs G(n,d), Frieze and Luczak [64] proved a result akin to
Fuczak’s [92] for d < n!/3. In fact, Cooper, Frieze, Reed and Riordan [49] extended this result
to the regime d < n!'—¢ for any fixed ¢ > 0, and Krivelevich, Sudakov, Vu and Wormald [86] further
still to d < 0.9n. For d fixed as n — oo, the bounds from [64] were improved by the aforementioned

contributions [9, 82]. For an extensive literature overview see [23, 77].

In addition, several papers deal with the k-colorability of random regular graphs for k¥ = 3,4. This
problem is not solved completely by [82] (nor by the present work). Achlioptas and Moore [7] and
Shi and Wormald [133] proved that x(G(n,4)) = 3 w.h.p., while Shi and Wormald [134] showed that
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X(G(n,6)) = 4 w.h.p. Moreover, Diaz, Kaporis, Kemkes, Kirousis, Pérez and Wormald [55] proved
that if a certain four-dimensional optimization problem (which mirrors a second moment calculation)
attains its maximum at a particular point, then x(G(n,5)) = 3 w.h.p. Thus, determining x(G(n,5))

remains an open problem.

Precise conjectures as to the chromatic number of both Ggg (n, m) and G(n, d) have been put forward
on the basis of sophisticated but non-rigorous physics considerations [28, 89, 110, 106, 137]. Namely,
following [137], let a(d, k) € [0, 1/k] be the solution to the equation

S0 (RN (1 = (4 Dagp)? !
Zf;é(—l)r(il)(l — (r 4 1)agg)d-!

adk =

and let

k—1
k d
¥(d, k) =In [;(—1)’" (r N 1) (1—(r+ 1)ad,k)d] — 5 (1 - dag p)-
Moreover, let dj, be the smallest positive zero of ¥(d, k). Then the conjecture is that G(n,d) is k-
colorable w.h.p. if d < dj and non-k-colorable w.h.p. if d > di. An asymptotic expansion yields
drp = (2k — 1)Ink — 1 4 ¢ with limy o0 £ = 0.

This conjecture results from the application of generic (non-rigorous) methods, namely the replica
method and the cavity method, see Section 2.3. Theorem 3.1.1 largely confirms the physics conjecture
on x(G(n,d)) in the case of sufficiently large d. Indeed, the lower bound on the chromatic number in
Theorem 3.1.1 matches the asymptotic formula for d (up to the €, error term). The upper bound is
off by an additive error of 2In 2 — 1+ ¢ with €}, — 0. In fact, the upper bound that we prove matches
the so-called “condensation phase transition” predicted by the physics methods. In other words, the
point (2k — 1) Ink — 21In 2 + €}, is expected to mark another phase transition, which is conjectured to
render a second moment method as pursued in the proof of the present result powerless. For a more

detailed discussion of condensation we refer to [19, 88].

3.2. Survey Propagation Guided Decimation fails on random k-SAT

formulas

The result presented in this section furnishes the first rigorous analysis of SPdec (the basic version
of) Survey Propagation Guided Decimation for random k-SAT. We give a precise definition and de-
tailed explanation below. Before we state the result let us point out that two levels of randomness
are involved: the choice of the random formula &, and the “coin tosses” of the randomized algorithm
SPdec. For a (fixed, non-random) k-CNF @ let success(®) denote the probability that SPdec(P)
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outputs a satisfying assignment. Here, of course, “probability” refers to the coin tosses of the algo-
rithm only. Then, if we apply SPdec to the random k-CNF &, the success probability success(P)
becomes a random variable. Recall that & is unsatisfiable for r > 2¥ In 2 w.h.p.

Theorem 3.2.1. There is a sequence (£)i>3 with limy_,o €, = 0 such that for any k,r satisfying
28(1 4 &) In(k) /k < r < 2% In 2 we have success(®) < exp(—Q(n)) w.h.p.

If the success probability is exponential small in 7 sequentially running SPdec a sub-exponential
number of times will not find a satisfying assignment w.h.p. rejecting the hypotheses that SPdec
solves random k-SAT formulas efficiently for considered densities. Thus, Theorem 3.2.1 shows that
SPdec does not outclass far simpler combinatorial algorithms for general values of k. Even worse, in
spite of being designed for this very purpose, the SP algorithm does not overcome the barrier where
the set of satisfying assignments decomposes into tiny clusters asymptotically. This is even more
astonishing since it is possible to prove the existence of satisfying assignments up to the satisfiability
threshold rigorously based on the cavity method but algorithms designed by insights of this approach
fail far below that threshold. Nevertheless, let us note that the insights gained from Theorem 3.2.1 is
actually in line with some non-rigorous physics work on the Belief Propagation algorithm that might
extend to Survey Propagation as well [121] although this was explicitly conjectured to be not the case
in that paper. Also there is some rigorous justification of this work its implications on algorithms is
not clear [41]. Still, there is some arguing if there is any connection between the failure of algorithms
and either the clustering or the so called freezing phenomenon in the statistical physics and computer
science community. Both, neither the connection to clustering nor to freezing have been rigorously

proven yet.

We are going to describe the Survey Propagation algorithm in the following section. Let us stress
that Theorem 3.2.1 pertains to the “vanilla” version of the Survey Propagation Guided Decimation
algorithm. Unsurprisingly, more sophisticated variants with better empirical performance have been
suggested, even ones that involve backtracking [94]. Also the first version introduced by Mézard,
Parisi and Zecchina [101] contained a bias towards “frozen” variables for the choice of the variable at
each decimation step. However, the basic version of the Survey Propagation Guided Decimation algo-
rithm analysed here arguably (regarding the physicists picture of freezing, correlation decay, replica
symmetry assumption [98]) encompasses all the conceptually important features of the Survey Prop-

agation algorithm.
3.2.1. Related work

The only prior rigorous result on the Survey Propagation algorithm is the work of Gamarnik and

Sudan [67] on the k-NAESAT problem (where the goal is to find a satisfying assignment whose com-
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plement is satisfying as well). However, Gamarnik and Sudan study a “truncated” variant of the
algorithm where only a bounded number of message passing iterations is performed. The main result
of [67] shows that this version of Survey Propagation fails for densities about a factor of k/In%k
below the NAE-satisfiability threshold and about a factor of In & above the density where the set of
NAE-satisfying assignments shatters into tiny clusters. Though, experimental data and the concep-
tional design of the Survey Propagation algorithm suggest that it exploits its strength in particular by
iterating the message passing iterations a unbounded number of times that depends on n. In particular,
to gather information from the set of messages they have to converge to a fixed point which turns out

to happen only after a number of iterations of order In(n).
3.2.2. The sPdec algorithm

The proof of Theorem 3.2.1 is by extension of the prior analysis [35] of the much simpler Belief
Propagation Guided Decimation algorithm. To outline the proof strategy and to explain the key dif-
ferences, we need to discuss the Survey Propagation algorithm in detail. Survey Propagation is an
efficient message passing heuristic on the factor graph G(®). The factor graph of @ is a bipartite
graph representation of ¢ where each clause and each variable is represented by a vertex. Two ver-
tices are incident if the corresponding variable is contained in the corresponding clause, see Section
2.3.3.

Before explaining the Survey Propagation heuristic, we explain the simpler Belief Propagation heuris-
tic and emphasize the main extensions later on. To define the messages involved we denote the ordered
pair (x,a) with x — a and similarly (a, x) with a — x for each z € V and a € N(x), where N (z)
denotes the neighbourhood in the factor graph G(®). The messages are iteratively sent probability
distributions (tz—a(C))evi aen(z),ce{—1,1} ©ver {—1,1}. In each iteration messages are sent from
variables to adjacent clauses and back. After setting initial messages due to some initialization rule
the messages sent are obtained by applying a function to the set of incoming messages at each vertex.
Both the initialization and the particular update rules at the vertices are specifying the message passing

algorithm. The messages are updated w(n) times which may or may not depend on 7.

It is well known that the Belief Propagation messages on a tree converge after updating the messages
two times the depth of the tree to a fixed point. Moreover, in this case for each variable the marginal
distribution of the uniform distribution on the set of all satisfying assignments can be computed by the
set of the fixed point messages. Since G(®) for constant clauses/variables ratio contains only a small
number of short cycles one may expect that on the base of the Belief Propagation messages a good
estimate of the marginal distribution of the uniform distribution on the set of all satisfying assignments
of @ could be obtained. Of course it is not even clear that the messages converge to a fixed point on

arbitrary graph. The fact that only a small number of short cycles are containd in the factor graph
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3.2. Survey Propagation Guided Decimation fails on random k-SAT formulas

Define for all z € V;,a,b € N(z),( € {—1,0,1} and £ > 0

1 .
AL, =20 wl.o=0 gl 0=1- )y (—sign(y,b))  (3.6)
yeN(O)\{z}
S TES DI [ (RPN () (3.7)
beEN (z,+1)\{a}
p5 () = (SP(U))amsa(Q) = v (mlfd, (1), 7, (—1)). (3.8)
Let w = w(k,r,n) > 0 be any integer-valued function. Define
e, £ = [ w0
bEN (,£1)
pbl( @y, ¢) = e (alet (@4, 1) - wl T (y, - 1)) (3.9)
[w]
€z o ’1 w w
(@) = o | . ]) = 1 (2,1) + ”(%0) (3.10)

e (@1,1) + i (21, 1)
Figure 3.1.: The Survey Propagation equations that are the Belief Propagation equations on covers.

with high probability seems not to be sufficient for Belief Propagation to compute the right marginals
as shown in [35]. However, at each decimation step using the Belief Propagation heuristic the Belief
Propagation guided decimation algorithm assigns one variable due to the estimated marginal distribu-
tion to —1 or 1. Simplifying the formula and running Belief Propagation on the simplified formula
and repeating this procedure would lead to a satisfying assignment chosen uniformly at random for

sure if the marginals were correct at each decimation step. For an overview see Section 2.3.4.

Let us now introduce the Survey Propagation heuristic. As mentioned above the geometry of the set of
satisfying assignments comes as a collection of tiny well-separated clusters above density 2* In(k)/k.
In that regime a typical solution belongs to a “frozen” cluster. That is all satisfying assignments in
such a frozen cluster agree on a linear number of frozen variables. Thus, identifying these frozen
variables gives a characterization of the whole cluster. Flipping one of these variables leads to a set
of unsatisfied clauses only containing additional frozen variables. Satisfying one of these clauses
leads to further unsatisfied clauses of this kind ending up in an avalanche of necessary flippings to
obtain a satisfying assignment. This ends only after a linear number of flippings. Given a satisfying
assignment with identified frozen variables each satisfying assignment that disagrees on one of these

frozen variables has linear distance therefore belonging to a different cluster.

This picture inspires the definition of covers as generalized assignments o : V' — {—1,0, 1}" such
that
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3. Results, Discussion and Outline

Algorithm 3.2.2. SPdec(?)

Input: Ak-CNF@onV = {z1,...,2,}.
Output: An assignment o : V' — {—1,1}.
0. Let &5 = &.

1 Fort=0,...,n—1do
2. Use Survey Propagation to compute u.[ﬂl (Py).
3 Assign

1 with probability z (¢
U($t+1):{ P e (50 (3.11)

—1  with probability 1 — u, (®,).

P

Obtain a formula ¢, from &, by substituting the value o (1) for x;; and simplifying.
Return the assignment o.

o

Figure 3.2.: The SPdec algorithm.

e cach clause either contains a true literal or two 0 literals and
e for each variable © € V that is assigned —1 or 1 exists a clause @ € N(x) such that for all

y € N(a) \ {z} we have sign(y,a) - o(y) = —1.

These two properties mirrors the situation in frozen clusters where assigning a variable to the value
0 indicates that these variable supposes to be free in the corresponding cluster which is obtained by
only flipping 0 variables to one of the values —1 or 1. However, implementing the concept of covers,
Survey Propagation is a heuristic of computing the marginals over the set of covers by using the Belief
Propagation update rules on covers. This leads to the equations given by Figure 3.1. For a more
detailed explanation of the freezing phenomenon we point the reader to [104]. For a deeper discussion

on covers we refer to [36].

We are now ready to state the SPdec algorithm by giving the pseudocode in Figure 3.2. Let us
emphasize that the value ,uk‘i]ﬂ (@) in Step 2 of SPdec is the estimated marginal probability over the
set of covers of variable x4 in the simplified formula to take the value 1 plus one half the estimated
marginal probability over the set of covers in the simplified formula to take the value 0. This makes
sense since by the heuristic explanation a variable assigned to the value 0 is “free” to take either value

1 or —1. Thus, our task is to study the Survey Propagation operator on the decimated formula &;.
3.2.3. Outline of proof

The probabilistic framework used in our analysis of SPdec was introduced in [35] for analysing the
Belief Propagation Guided Decimation algorithm. The most important technique in analysing algo-
rithms on the random formula @ is the “method of deferred decisions”, which traces the dynamics of
an algorithm by differential equations, martingales, or Markov chains. It actually applies to algorithms

that decide upon the value of a variable x on the basis of the clauses or variables at small bounded dis-

32



3.3. Walksat stalls well below the satisfiability threshold

tance from x in the factor graph [1, 12, 8, 81]. Unfortunately, the SPdec algorithm at step ¢ explores
clauses at distance 2w from x; where w = w(n) may tend to infinity with n. Therefore, the “deferred
decisions” method does not apply and to prove Theorem 3.2.1 a fundamentally different approach is

needed.

We will basically reduce the analysis of SPdec to the problem of analysing the Survey Propagation
operator on the random formula &’ that is obtained from & by substituting “true” for the first ¢ vari-
ables x1,...,x: and simplifying (see Theorem 5.1.5 below). In Chapter 5 we will prove that this
decimated formula has a number of simple to verify quasirandom properties with very high probabil-
ity. Finally, we will show that it is possible to trace the Survey Propagation algorithm on a formula ¢

enjoying this properties.

Applied to a fixed, non-random formula® on V' = {x1,...,z,}, SPdec yields an assignment o € 3
that may or may not be satisfying. This assignment is random, because SPdec itself is randomized.
Hence, for any fixed ¢ running SPdec(®) induces a probability distribution 53 on X. With S(P) the

set of all satisfying assignments of @, the “success probability” of SPdec on @ is just
success(?) = Bao(S(P)).
Thus, to establish Theorem 3.2.1 we need to show that in the random formula
success(P) = Lo (s(P)) = exp (—N2(n))
is exponentially small w.h.p.

To this end, we are going to prove that the measure B¢ is “rather close” to the uniform distribution on
Y w.h.p., of which §(®) constitutes only an exponentially small fraction. However, to prove Theorem
3.2.1 we prove that the entropy of the distribution 3¢ is large. Let us stress that this is not by Moser’s
entropy compression argument which only works up to far smaller densities [109].

3.3. Walksat stalls well below the satisfiability threshold

Walksat is a local search algorithm. It starts with a uniformly random assignment. So long as the
current assignment fails to be satisfying, the algorithm chooses a random unsatisfied clause and flips
the value assigned to a random variable in that clause. That clause will thereby get satisfied, but other,
previously satisfied clauses may become unsatisfied. If after a certain given number w of iterations
no satisfying assignment is found, Walksat gives up. Thus, the algorithm is one-sided: it may find
a satisfying assignment but it cannot produce a certificate that a given formula is unsatisfiable. The

pseudocode is shown in Figure 3.3; for a formula ® with m clauses and o € ¥ we write Ug (o) for the
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3. Results, Discussion and Outline

Algorithm 3.3.1. Walksat(®P,w)

Input: A k-CNF @ on V' and an integer w > 0.

Output: A truth assignment.

1 Choose an initial assignment ¢!°! uniformly at random.

2 Fori=0,...,wdo

3 If ol is a satisfying assignment output " and halt.

4. Choose &; € Ug(cl) and an integer from 1 < j < k uniformly at random.
5 Obtain o[+1 from ¢! by flipping the value of the variable of the literal ®; ;.
7 If o1 is a satisfying assignment output ¢[“!. Otherwise output ‘failure’.

Figure 3.3.: The Walksat algorithm.

set of all indices i € [m] such that clause ®; is unsatisfied under o and we let Up (o) = |Up(0)| be the
number of unsatisfied clauses. Recall from the introduction that Walksat is known to outperform
exhaustive search by an exponential factor in the worst case and the procedure has been an ingredient
for some of the best algorithms for the k-SAT problem [57, 71, 72, 74, 75, 118, 125].

For a given formula ® and w > 0 similar as for SPdec we let success(®,w) be the probability (over
the random decisions of the algorithm only) that Walksat(®,w) will find a satisfying assignment.

Thus, success(®, w) is a random variable that depends on the random formula ®.

Theorem 3.3.2. There is exists a constant ¢ > 0 such that for all k and all v > ¢2F 1n® k /k w.h.p.

success(®, [exp(n/k?)]) < exp(—n/k?).

The random formula ® is well-known to be unsatisfiable w.h.p. if » > 2¥ In 2. Therefore, the condition
r>c2kIn?k /k in Theorem 3.3.2 implies a lower bound on the clause length k for which the statement

is non-vacuous. We have not tried to optimise the constant c.

The density required by Theorem 3.3.2 exceeds the clustering/freezing threshold by a factor of cln k,
but still the k-SAT threshold is almost a factor of k away. Moreover, the theorem shows that Walksat
fails in a dramatic way: on typical random formula ® the success probability of Walksat is expo-
nentially small, even if we run Walksat for an exponential number of rounds. In particular, even
if we restart Walksat any polynomial number of times from a new starting point the cumulative

success probability of all trials will remain exponentially small.

Why is it difficult to prove a result such as Theorem 3.3.2 given what we know about freezing and
clustering? At the densities well below the k-SAT threshold like in Theorem 3.3.2 we know that a
uniformly random satisfying truth assignment of the random formula ® will lie in a “frozen cluster”

w.h.p. But there may very well exist unfrozen clusters; in fact, recent physics work suggests that
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3.3. Walksat stalls well below the satisfiability threshold

there are exponentially many [25]. Hence, because Walksat just aims to find a single satisfying
assignment rather than to sample one uniformly at random, the algorithm just needs to be lucky enough
to find one weak, unfrozen spot, as it were. In other words, we have to rule out the possibility that the
algorithm somehow manages to home in on those spots where the “barriers” of the set S(®) are easily

overcome.

But establishing such a statement is well beyond the standard arguments for analysing algorithms on
random structures. The main techniques such as the “method of differential equations” are suitable
merely to trace algorithms for a small linear number of steps and run into severe difficulties if the algo-
rithm ever backtracks. By construction, Walksat backtracks constantly (very likely many variables
will likely be flipped more than once) and we actually need to follow the algorithm for an exponential
number of steps. Hence, a different approach is needed. Section 3.3.2 provides a detailed outline of
the proof of Theorem 3.3.2.

3.3.1. Related work

On the positive side, Walksat is known to find satisfying assignments for densities r < 2% /(25k)
for large enough k in linear time [40]. Thus, the present result matches the positive result up to
a O;g(ln2 k)-factor. Physics arguments suggest that Walksat should actually be effective up to
r = (1 + ox(1))2%/k [128], but not beyond. Positive results for Walksat for small k& were ob-
tained by Alekhnovich and Ben-Sasson [14]. Additionally, they obtained exponential lower bounds
for Walksat in the planted 3-SAT problem for densities far above the satisfiabilty threshold, where
in the planted model a random 3-SAT formula is chosen conditioned on the existence of one solu-
tion [15].

Gamarnik and Sudan [67] obtained negative results for a class of algorithms that they call “sequential
local algorithms” for the random k-NAESAT problem, a cousin of random k-SAT. Sequential local
algorithms set the variables z1, ..., x, of the random formula one by one in the natural order. They
do not backtrack. The algorithm determines the value of variable z; based on the depth-¢ neighbour-
hood of z; in the hypergraph representing the formula. To this end the algorithm takes into account
the values assigned to those variables amongst z1, ..., x;_1 that occur in that part of the hypergraph.
The class of sequential local algorithms encompasses truncated version of message passing algorithms
such as Belief Propagation Guided Decimation and Survey Propagation Guided Decimation. ‘Trun-
cated” means that only a bounded number of parallel message updates are allowed; however, to reach
an asymptotic fixed point of the messages it may be necessary to update for ©(In n) rounds. The main
result of [67] is that sequential local algorithms fail to find NAE-satisfying assignments for densities
above C'2F In? k/k for a certain constant C' > 0.

While Walksat is not a sequential local algorithm, we critically use one idea of the analysis from [67],
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3. Results, Discussion and Outline

called “overlap structures” in that paper. Specifically, Gamarnik and Sudan prove that for an appro-
priate integer [ no [-tuple of NAE-satsifying assignments exist with pairwise distance about n In(k)/k
if the clause/variable densities is above C'2¥ In” k/k. However, a coupling argument shows that if
a local sequential algorithm were likely to succeed, then there would have to be such an [-tuple of
NAE-satisfying assignments with a non-vanishing probability. Actually the idea of overlap structures
originates from the work of Rahman and Virag [120], who improved the density of an earlier negative
result of Gamarnik and Sudan [66] for a more specialised class of algorithms for the independent set
problem. The definition of “mists” defined in Chapter 6 and used in our proofs is directly inspired by

overlap structures.

Amin Coja-Oghlan obtained a negative result for the message passing algorithm Belief Propagation
Guided Decimation for random k-SAT that does not require bounds on the number of iterations [35].
The same holds true for the message passing algorithm Survey Propagation Guided Decimation for
random k-SAT presented in this thesis [73]. Specifically, [35] shows that a basic version of Belief
Propagation Guided Decimation fails to find satisfying assignments for densities » > C2F/k for a
certain constant C' > 0. Moreover, Theorem 3.2.1 shows that a basic version of the conceptually more

powerful Survey Propagation Guided Decimation algorithm fails if 7 > (1 + 0x(1))2* In k/k.

Further negative results deal with DPLL-type algorithms. In particular, Achlioptas, Beame and Mol-
loy [2] proved that certain types of DPLL-algorithms fail for densities » > C2F/k. By comparison,
unit clause propagation-type algorithms succeeds on random k-SAT formulas for r < C'2% /k [31, 33].
Finally, the best current algorithm for random k-SAT succeeds for 7 < (14 04(1))2" In k/k but seems
to fail beyond [34].

3.3.2. Outline

The classical worst-case analysis of Walksat goes as follows. Suppose that ® is a satisfiable k-SAT
formula on n variables and fix a satisfying assignment 7. At any step the algorithm flips a randomly
chosen variable in an unsatisfied clause. Because T must satisfy that clause, there is at least a 1/k
chance that the algorithm moves toward 7. Hence, in the case k = 2 the distance evolves at least as
good as in an unbiased random walk, and thus we expect to reach 7 or another satisfying assignment
in O(n?) steps [114]. By contrast, for k& > 3 the corresponding random walk has a drift away from
7 and the probability of reaching 7 in polynomial time from a random starting point is exponentially
small. Yet calculating the probability of starting at distance a bit less than n/2 from 7 and then dashing

towards it reveals that Walksat beats the naive 2" exhaustive search algorithm [125].

Of course, on a random formula this analysis is far from tight. For example, for r below the satisfi-
ability threshold the number |S(®)| of satisfying assignments is typically exponential in 7. In fact,
w.h.p. we have In [S(®)| = n1ln2+71n(1 — (14 0(1))27%) [4]. Hence, if r = O, (2¥ In® k/k), then
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3.3. Walksat stalls well below the satisfiability threshold

w.h.p. the number of satisfying assignments is as large as

|S(‘I’)| _ 2n(1—0k(1n2 k/k)) )

This observation obliterates some obvious proof ideas, such as combining the random walk argument
from the previous paragraph with some sort of a union bound on the number of satisfying assignments;

there is just too many of them.

Another type of approach that seems doomed is meticilously tracing every step of the Walksat algo-
rithm. This is basically what the proof of the positive Walksat result from [40] does. Such analyses
typically depend on the principle of deferred decisions, i.e., the idea that the parts of the formula that
the algorithm has not inspected yet are “random”, subject to some relatively weak conditioning. This
kind of approach can follow an algorithm for a small linear number of steps. But here we are trying
to prove a statement about an exponential number of iterations. By that time the algorithm will likely
have visited every clause of the formula several times over and thus there is “no randomness left”.

Hence, we need a different approach.

Our strategy is to split the analysis in two parts. First, we are going to formulate a few quasirandom
properties. We will show that Walksat is exponential on any given formula that has these prop-
erties. Second, we will prove that the random formula has these quasirandom properties w.h.p. As
seen in Section 3.2.3 a similar type of argument was used, e.g., in prior work on message passing
algorithms [35, 73].

The key is to come up with the right quasirandom properties. To this end, we need to develop an
intuition as to what Walksat actually does on a random input ®. Because Walksat starts from
a random assignment, initially there will be about 2~%m = pn unsatisfied clauses. In fact, we can
establish a stronger, more geometric statement. Let 7'(®) be the set of all truth assignments 7 € 3
such that Ugs(7) < np/10 (i.e., the number of violated clauses is a tenth of what we expect in a
random assignment). Recall, that x = In k/k. Then a union bound shows that the initial assignment
o9 will most likely be at distance at least 10xn from all 7 € T(®) D S(®).

The second observation is that Walksat will likely have a hard time entering the set 7'(®). Intu-
itively, for 7 > (1 + o05(1))2* In k/F it is not just the set S(®) that shatters into tiny well-separated
clusters, but even the set 7'(®) has this property. Moreover, the no man’s land between different clus-
ters provides no clues that nudge Walksat towards any one of them. In fact, there is a repulsion
effect. To be precise, consider a “target assignment” 7 € T'(®) and suppose that o € X \ T'(®) has
distance at most 100xn from 7. Because o ¢ T'(®), the assignment leaves at least np/10 clauses
unsatisfied. Let us pretend that these unsatisfied clauses are random. Then if we pick a variable in an
unsatisfied clause randomly, the probability of hitting a variable in A (o, 7) is as small as 100k < 0.1

(for large enough k). Hence, there is a 90% chance that Walksat will move away from 7, deeper into
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no man’s land. Thus, to reach a satisfying assignment or, in fact any assignment in 7'(®) Walksat

would have to beat the odds and overcome a substantial negative drift, which is exponentially unlikely.

However, there is one point that we missed. Although the probability of walking towards one satisfying
assignment at distance at most 100xn from the present assignment may be small, the total number of
satisfying assignments is enormous and Walksat just has to find any one of them. In other words,
at any step Walksat may be taking part in an exponential number of “lotteries”. While any one of
them may be rigged against the algorithm, the sheer number of simultaneous lotteries may yet give

the algorithm a chance to succeed in polynomial time.

To rule this possibility out we introduce the concept of a mist, which is an adaptation of the “overlap
structures” from [67]. More precisely, we will argue that we do not need to track the distance between
Walksat’s current assignment and the entire set 7'(®) but merely the distance to a much smaller set
M of assignments. This subset is “sparse” in the sense that for any truth assignment ¢ the number of
assignments in M at distance at most 10xn from ¢ is bounded by & rather than exponential in n. We
will use this fact to argue that at any time the algorithm only takes part in at most k lotteries rather
than an exponential number. This will enable us to prove that reaching 7'(®) will most likely take an

exponential amount of time.
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4 On the chromatic number of random regular graphs

Before we dig into the proof of the improved upper and then lower bound on the chromatic number we
are going to introduce the configuration model, present the promised abstract link between partitioning
problems on G(n,d) and Ggr(n,m) and introduce the small subgraph conditioning technique in
Section 4.1. Then we adapt the concept of good k-colourings from [47] to G(n, d) in Section 4.2. In
Section 4.3 we compute the first moment of the number of good colourings, thus accomplishing the
main technical task in proving the first part of Theorem 3.1.1. Then, in Section 4.4 we compute the
second moment. Finally, in Sections 4.5 and 4.6 we prove the second part of Theorem 3.1.1, i.e., the
lower bound on x(G(n, d)).

The representation in this chapter is to a large extend a word-by-word adoption of the paper “On the
chromatic number of random regular graphs” [39]. The author of the thesis contributed in particular

Section 4.3, Sections 4.5 and 4.6 and extensive revision work throughout the whole chapter.

4.1. A bit of tools and techniques

Since Theorem 3.1.1 is a “with high probability” statement, we are generally going to assume that the
number n of vertices is sufficiently large. Furthermore, Theorem 3.1.1 is an asymptotic statement in
terms of k due to the presence of the €y, “error term”. Therefore, we are going to assume implicitly

throughout that k > kg for a sufficiently large constant kg > 0.
4.1.1. The configuration model

To get a handle on the random regular graph G(n, d), we work with the configuration model [24].
More precisely, an (n, d)-configuration is amap I' : V' x [d] — V X [d] such that '(v, j) # (v, )
but I'(T'(v, 5)) = (v, j) for all (v,j) € V x [d]. In other words, an (n, d)-configuration is a perfect
matching of the complete graph on V' x [d]. Thus, the total number of (n, d)-configurations is equal

to
(dn)! 1
(dn — 1)” - W = @( (dn)'/(dn)4) (41)

We call the pairs (v, j), j € [d] the clones of v.

Any (n, d)-configuration I" induces a multi-graph with vertex set V' by contracting the d clones of

each v € V into a single vertex. Throughout, we are going to denote a uniformly random (7, d)-
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4. On the chromatic number of random regular graphs

configuration by I'. Furthermore, G(n, d) denotes the multi-graph obtained from I'. The relationship
between G(n, d) and the simple random d-regular graph G(n, d) is as follows.

Lemma 4.1.1 ([24]). Let S(n,d)
we have P [G(n,d) € B] = P [G(n,d) € B|S(n,d)]. Furthermore, there is an n-independent number
eqa > 0 such that P [S(n,d)] > eq4.

denote the event that G(n, d) is a simple graph. Then for any event 3

Thus, if we want to show that some “bad” event 3 does not occur in G(n, d) w.h.p., then it suffices to

prove that this event does not occur in the random multi-graph G(n, d) w.h.p.
For two sets A, B C V of vertices we let
egna) (A, B) = [{(v,1) € Ax [d] : T(v,i) € B x [d]}| = [{(w,j) € Bx[d] : T'(w,j) € Ax [d]}]

denote the number of A-B-edges in G(n,d). If A = {v}, we use the shorthand eg,, 4)(v, B), which
is nothing but the number v-B edges. (Of course, as G(n, d) is a multi-graph, this is not necessarily

the same as the number of neighbours of v in B.) If A = B, we let

eG(n,d)(A) = eg(n,a) (4, A).

4.1.2. Partitions of random regular graphs

The graph colouring problem is just a particular kind of graph partitioning problem. Therefore, the
following (as we believe, elegant) estimate of the probability that the random regular graph admits a

particular partition will be quite useful; it seems to have gone unnoticed so far.

Let K > 2 be an integer and let p = (p;);c[x) be a probability distribution on [K]. Moreover, let
= (i5)i,je[x] be a probability distribution on [K] x [K] such that p1;; = pj; for all i, j € [K]. We
say that (p, p1) is (d, n)-admissible if p;n, p;jdn are integers for all 4, j € [K] and if

Z Wij = Z pji = p; foralli € [K].

JEIK] JEIK]

In other words, p is the marginal distribution of 1 (in both dimensions). Let p ® p denote the product

distribution (p;p;); je[x) on [K] x [K].

Lemma 4.1.2. Let (p, i) be (d, n)-admissible. Moreover, let V1, . .., Vi be a partition of the vertex
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set V such that |V;| = pin forall i € [K]. Then

1 . d
- InP [Vz,j € [K]:egm,a)(Vi, Vj) = ,uijdn] = —§DKL (,p @ p)+O(nn/n). 4.2)

Before we prove Lemma 4.1.2, let us try to elucidate the statement a little. If we fix the partition
Vi,..., Vi and generate a random multi-graph G(n, d), then the expected number of edges between

any two classes is just
E [eg(n,a) (Vi V5)| = pipjdn.

Thus, the “expected edge density” of the partition V7, ..., Vi is given by the product distribution
p® p. Lemma 4.1.2 provides an estimate of the probability that the fraction of edges that run between
any two partition classes V;, V; (or within one class if ¢ = j) follows some other distribution z. Unless
L is very close to p ® p, the probability of this event is exponentially small, and Lemma 4.1.2 yields

an accurate estimate in terms of the Kullback-Leibler divergence of 1 and the “expected” distribution

PR p.

Interestingly, a simple calculation shows that (4.2) holds true if we replace G(n, d) by the Erd6s-Rényi
random graph Ggr(n,m) (with m = dn/2). In other words, on a logarithmic scale the probability
of observing a particular edge distribution w is the same in both models. This observation will be
crucial for us to extend the second moment calculation that was performed in [47] for Ggr(n, m) to

the random regular graph G(n, d).

Proof of Lemma 4.1.2. Let € be the event that eg(,, q)(Vi, Vj) = pijdn for all 4, j € [K]. Letus call a
map o : V x [d| — [K] a u-shading if for all 4, j € [K] we have

{(v, 1) € Vix[d] 1 o(v,1) = j}| = pijdn.

Clearly, the total number of p-shadings is just

_ pidn
Nﬂ B H </J'i1dn7 s 7/-1"LKdn> .

=1

Any configuration IT' that induces a multi-graph G such that eg(V;,V;) = p,jdn for all 4,j € [K]
induces a p-shading or. Indeed, the shade of a clone (v,1) is just the index j € [K] such that
I'(v,1) € V; x [d].

Conversely, for a given p-shading o, how many configurations I' are there such that o = or? To
obtain such a configuration, we need to match the clones (v,l) € V; x [d] with o(v,l) = j to the
clones (v',1") € V; x [d] such that o(v',1") =i forall1 < ¢ < j < K. Clearly, the total number of
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such matchings is

Hence,

Using Stirling’s formula and (4.1), we find that

ln./\/’u

Plugging these estimates into (4.3), we obtain

InP[€] =

as claimed.

1<z<j<K
Ny M
P& = 4.3
] (dn —1)N (43)
K
dn Y~ piIn(pi/paig) + O(Inn),
ij=1
1IHW+O(lnn)——1ln< dn >+O(lnn)
2 (dn)! 2 \(ijdn); jex
d
?n pij In pij + O(Inn).
1,j=1
K .
i (2 lng + ln,uij> + O(lnn) Z Lhij n + O(lnn)
ij=1 Hij 1
7] 7]
1 PiPyj B .
pijIn —— + O(Inn) [as pi5 = pj; forall ¢, j € [K]]
ij=1 &
dn
O

Corollary 4.1.3. Let (p, j1) be (d,n)-admissible and let Z,, denote the number of partitions Vi, .. ., Vi

of V such that

Then
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Vil = pin  foralli € [K], and 4.4)
egm,d)(Vi, Vi) = pijdn  foralli,j € [K]. 4.5)

1 d
~IE[Z,] = H(p) = 5Dk (1, @ p) + O(lnn/n). (4.6)



4.1. A bit of tools and techniques

Proof. Lemma 4.1.2 provides the probability that for any fixed partition Vi,..., Vg we have
eg(md)(‘/}, Vj) = pijdn for all 4,j € [K]. Furthermore, by Stirling’s formula the total number of
partitions Vi, ..., Vk with |V;| = p;n for all i € [K] is

( " ) =exp [H(p)n +O(lnn)]. 4.7)
pin y PETY
Thus, the assertion follows from (4.2), (4.7) and the linearity of expectation. ]

Finally, the expression (4.6) can be restated in a slightly more handy form if we assume that p;; = 0

for all 7 € [K]. More precisely, we have

Corollary 4.1.4. Let (p, 1) be (d,n)-admissible such that j1; = 0 for all i € [K|. Let Z, denote
the number of partitions V1, ..., Vi that satisfy (4.4) and (4.5). Moreover, let p = (faij)i,jE[K} be the

probability distribution defined by
b= Lizj - pipj
1] 2
1—lpll3

Then

1 d d .
- InE[Z,] = H(p) + B In(1 — pll3) - §DKL (1 p) + O(Inn/n).

Proof. Corollary 4.1.3 yields

1 d & i Inn

“mEZ] = H(p) -5 > pyn 40 <>

n 2 ) pip; n
Setting y = [|pll5 = 305 pf, we get
1 d ,u,] Inn K
~IE[Z] = H(p)+ 5In(l-y)~ 5 Z [t In +O(— ) las 8y pij =11
n ” 1 PiPyj n

d d 1
= H(p)+§ln(1— )—fDKL(,u, )+O< I;Ln) , [as p;i = O forall i € [K]]

as claimed. O

For a given collection p of class sizes, Corollary 4.1.4 identifies the edge distribution p for which
E[Z,] is maximized subject to the condition that ;;; = 0 for all . Indeed, the maximizer is just
u = p. This is because Dky, (i, p) > 0 for all p, and Dk, (i, p) = 0 iff p = p (by Fact 1.0.3).
Furthermore, the term Dy, (i, p) captures precisely just how “unlikely” it is to see some other edge
distribution u # p.
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4. On the chromatic number of random regular graphs

4.1.3. Small subgraph conditioning

To show that G(n, d) is k-colourable w.h.p. we are going to use the second moment method. This is
facilitated by the following statement, which is an immediate consequence of [78, Theorem 1] (which,

in turn, generalizes [124]).

Theorem 4.1.5. Let d, k > 3 and assume that k divides n and that dn is even. Let

— 1) .
\j = (d2j1) and §; = —(1— k)7 (4.8)

and let Z; be the number of cycles of length | in G(n,d) for | > 1 (with 1-cycles being self-loops and
2-cycles being multiple edges). Suppose thatY = Y (G(n,d)) > 0 is a random variable with the

following properties.
i. E[Y]=exp(Q(n)).

ii. For every sequence qi, . . ., q; of non-negative integers (that remains fixed as n — oo0) we have

l
E|Y-T[E)y| ~ENT- [Ty +6)%.

j=1 j=1
iii. B[Y?] < (14 0(1))E[Y]?- exp [2;11 Ajaﬂ .
Then P[Y > 0|21 = 0] = 1 — o(1).

The very same statement is also the basis of the second moment argument in [82]. Theorem 4.1.5 is
referred to as small subgraph conditioning because verifying the assumptions of the theorem amounts

to studying the random variable Y given the number of short cycles in G(n, d).

4.2. Upper-bounding the chromatic number: outline

Throughout this section, we assume that k divides n and that
(2k—2)In(k—1) <d<(2k—1)Ink —2In2 — ¢, 4.9)

for a sequence . that tends to 0 sufficiently slowly in the limit of large k.

In this section we introduce the random variable upon which the proof of the first part of Theorem 3.1.1

is based. The first random variable that springs to mind certainly is the total number Zj_.. of k-
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4.2. Upper-bounding the chromatic number: outline

colourings. However, the corresponding formulas for the first and the second moment turn out to be
somewhat unwieldy. Therefore, following [10, 82], we confine ourselves to colourings that have the

following property.
Definition 4.2.1. A map o : V — [k] is balanced if |oc ' (i)| = n/k for all i € [k].

The number Zj, pa1 = Zj bal(G(n, d)) of balanced k-colourings is the random variable used in [82].
Unfortunately, it is not possible to base the proof of Theorem 3.1.1 on Zj 1,,. Indeed, there exist
infinitely many & such that for d = [(2k — 1) Ink — 21In 2] we have

E [Z} 1] > exp(Q(n))E [Zgpal” -
Thus, Zj, 1,1 does not satisfy the second moment condition (3.3)

To cope with this issue, we use a different random variable from [47]. Its definition is inspired by
statistical mechanics predictions on the geometry of the set of k-colourings of the random graph.
According to these, for d > (1 + o0x(1))kInk the set of k-colourings, viewed as a subset of [k]"

decomposes into an exponential number of well-separated ‘clusters’.

To formalize this notion, let o, 7 : V' — [k] be two balanced maps. Their overlap matrix is the k x k

matrix p(o, 7) with entries
k 1. 1.
pij(o,7) = o o™ (@) N7 (5)] (cf. [10D. (4.10)

This matrix p(o, 7) is doubly-stochastic. Following [47], we define the cluster of a k-colouring o of a
graph G to be the set

C(o) =Cq(o) = {7 € [k]" : T is a balanced k-colouring of G and p;;(o, 7) > 0.51 for all 7 € [k]}.
(4.11)
Thus, C (o) consists of all balanced k-colourings 7 that leave the colour of at least 51% of the vertices

in each colour class of ¢ unchanged. In addition, also following [47], we have

Definition 4.2.2. A balanced k-colouring o is separable in G if for any other balanced k-colouring
7 of G and any i,j € [k| such that p;j(o,7) > 0.51 we indeed have p;j(o,7) > 1 — K, where
k=1 k/k = o (1).

These definitions ensure that the clusters of two separable k-colourings o, T are either disjoint or
identical. In addition, we would like to formalize the notion that there are many disjoint clusters. To

this end, we simply put an explicit upper bound on the size of each cluster; this is going to entail that
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4. On the chromatic number of random regular graphs

many clusters are necessary to exhaust the entire set of k-colourings. We thus arrive at

Definition 4.2.3 ([47]). A balanced k-colouring o of G(n,d) is good if it is separable and |C(0)| <
LE [Zj pa] -

Let Zj good = Zk,good (G(n, d)) be the number of good k-colourings. Working with Z, 004 instead
of Zj, pal s vital for our proof of Theorem 3.1.1. More specifically, the second moment argument
comes down to proving that if we choose a pair (o, 7) of good k-colourings of G(n, d) uniformly at
random, then w.h.p. their overlap p(co, 7) is “close” to the “flat” overlap matrix p all of whose entries
are 1/k (cf. [10, 47]). This argument is facilitated by the notion of “good”, which puts an a priori
bound the contribution of a wide range of overlaps by hard-wiring the “clustered geometry” of the
set of k-colourings into the random variable Zj, 5o0q. In fact, this measure is not merely helpful but
necessary. For instance, without an explicit bound on the cluster size the contribution to the second
moment would come from pairs (o, 7) with overlap p(o,7) = aid + (1 — a)k~!1 for a certain
a =1—(1+ o0(1))/k would exceed the contribution of pairs with overlap approximately equal to
p; here id is the identity matrix and 1 is the matrix with all entries equal to one. The reason for this
blow-up of the second moment is the existence of a very small number of random graphs that have
extremely large clusters of k-colourings. By confining ourselves to the number of good k-colourings,
we dismiss such pathological cases a priori. Technically, the separability condition and the bound on

the cluster size will be used in Section 4.4.

Hence, we need to estimate E [Z; 504]. The first step is to compute the expected number of balanced
k-colourings. Fortunately, we do not need to perform this computation from scratch since it has

already been carried out in [82].

Proposition 4.2.4 ([82]). We have
E [Zkpal]l = O(n~FD/2) k(1 — 1/k)™/2,
Moreover, Zj, a1 satisfies condition ii. in Theorem 4.1.5.

In addition to the size of the colour classes, we also need to control the edge densities between them.

Let us call a balanced k-colouring o of G(n, d) skewed if

dn

1, —1/\
| Jnax | eg(nay(o (1), 07 (j)) - > nlnn.
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4.2. Upper-bounding the chromatic number: outline

Corollary 4.2.5. Let Z ;C’bal be the number of skewed balanced k-colourings of G(n,d). Then
E [Z}, ] < exp(=Q(In*n)) - E [Zg pa] -

Proof. The proof is based on Corollary 4.1.4. Let p = k~'1 be the uniform distribution on [k].
Moreover, let 1 = (f1i5); je[x) be a probability distribution such that (p, u) is an admissible pair, and
such that ;s = 0 for all ¢ € [k]. As in Corollary 4.1.4, let Z,, be the number of balanced k-colourings
o such that the edge densities between the colour classes are given by p, i.e.,

egma) (0 (i),07 1 (j)) = pagdn  foralli, j € [k].

Furthermore, let p = (p;;); je[r) be the probability distribution on [k] x [k] defined by p;; = k(llfl)

Then Corollary 4.1.4 and Proposition 4.2.4 yield

1
ElnE Z, = Ink+ gln(l —1/k) — gDKL (1, p) + O(Inn/n)
1 d .
= I E [Z bal] — §DKL (1, p) +O(Inn/n). (4.12)

Furthermore, by Fact 1.0.3 there is an n-independent number £ = £(k) > 0 such that
k
Dxr (11, 0) = €Y (mij — i)
ij=1
Hence, if p is such that |dn;j — dnp;j| > v/nInn for some pair (¢, j) € [k] x [k], then Dky, (11, p) =
Q(In? n/n). Therefore, (4.12) implies that
E[Z,) < exp(—Q(n®n)) - E[Zpal (4.13)

To complete the proof, let M be the set of all x such that (p, 1) is an admissible pair and such that
|dnpi; — dnpij| > +/nlnn for some (i,5) € [k] x [k]. Because dny;; has to be an integer for all
i,j € [k], we can estimate | M| < (dn)** (with room to spare), i.e., | M| is bounded by a polynomial
in n. Hence, (4.13) yields

E [Z} pa] < Z E[Z,] < IM|exp(—Q(In*n)) - E [Zypal] < exp(—Q(In*n)) - E [Zgpall ,
HEM

as desired. ]
In Section 4.3 we use Corollary 4.2.5 to compare Zj, go0d4 and Z, p,a1; the result is
Proposition 4.2.6. We have E [Z}; 5o0d] ~ E [Z}; bal-
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4. On the chromatic number of random regular graphs

Combining Proposition 4.2.4 and 4.2.6, we obtain the following.

Corollary 4.2.7. The random variable Zj; 004 Satisfies conditions i. and ii. in Theorem 4.1.5.

Proof. Condition i. follows directly from Propositions 4.2.4 and 4.2.6. Indeed, using the expansion
In(l1 —z) = —z — 22/2 + O(23), we find that

1 1
- InE[Zk go0d] ~ - InE[Z}, pai [by Proposition 4.2.6]
d -
~ Ink+ 3 In(1 —1/k) [by Proposition 4.2.4]
d d
- k- — - % 3,
nk— o - o5+ O(d/k?)

It is easily verified that the last expression is strictly positive if d < (2k — 1)Ink — 2In2 and for
sufficiently large k > k.

To establish condition ii., fix a sequence qi,...,q of non-negative integers. Recall from Theo-
rem 4.1.5 that Z; denotes the number of cycles of length j in G(n, d), with 1-cycles being self-loops
and 2-cycles being multiple edges. With §;, \; as in (4.8), we aim to show that

l l
E | Zkgood - [ [ENa; | ~ E [Zkgood) - [ [N (4.14)
Jj=1 j=1

There are two cases to consider.

Case1q; > 0. If Z1 = q1 > 0, then Zj, 4o0a = 0 with certainty (because a self-loop is a monochro-
matic edge under any colouring). Moreover, as ; = —1 we also have H 1 (Aj(1445)% = 0.
Thus, (4.14) is trivially satisfied in this case.

Case 2 ¢; = 0. By Proposition 4.2.4, for every non-negative integers po, . . ., p; we have

l l

E | Zpar - [[Eip, | ~ E [ Zypall - H (145)) (4.15)
=2 =2

For a balanced map o : V' — [k] and let &, be the event that o is a k-colouring of G(n, d).

Summing over all balanced o and using the linearity of expectation, we obtain

l

I
E Zk,balH<Ej)Pj ZE H (Z5)p;

Jj=2 j=2

E | -PlE]. (4.16)

Pick and fix one balanced map o¢ : V' — [k] and let £ = &,, for the sake of brevity. For
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4.2. Upper-bounding the chromatic number: outline

symmetry reasons (namely, because | | j(Ej)pj is invariant under permutations of the vertices),

we have

|E for every o.

Thus, (4.16) gives

Hence, (4.15) yields

l

E TG €] ~ T +6))%.

j=2 Jj=2
Therefore, Theorem 1.0.7 implies that given &, (Ea,...,=;) are asymptotically independent
Po(Aj(1 4+ 0;)) variables. Consequently, because we keep ¢, . . ., ¢; fixed as n — oo, we get

l

,_,qu
e

=2

l
E| ~ [ E[Po(A;(1 +6;))°5] = O(1).
j=2

Thus, again by symmetry and the linearity of expectation,

! !

—2q; —2q;

E | Zikpa H =7 = E[Zgpal-E H =7
i=2 j=2

&| = O(E [Zg pall)- (4.17)
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4. On the chromatic number of random regular graphs

Now, by Cauchy-Schwarz

l
E (Zk,bal - Zk,good) H(Ej)q]

1
< E[Zkpba — Zk,good)?
j=2
-1
. 3
‘E [ (Zkpal — Zk,good) H E) qj
Jj=2 ]
_1
2
1 ~
<  E[Zkpal — Zkgood)? - E Zk,balﬂ(:j)?]j
1
2
1 _2g;
< E[Zkpa — Zkgood)? - E | Zibal H ‘:‘jqj
“.17)

[N
N[

< E[Zkpa — Zkgood|? - O(E [Zk pal])
= o(E[Zkpal) [by Proposition 4.2.6].  (4.18)

Finally, combining (4.15) and (4.18), we find

!

l
E | Zk good | [ (E1)a; E | Zkwar [ [Ed)g; | + 0B [Zkpal])
j=2 j=2

l

~ E[Zypal - [JOG(1+8;)%
j=2

~ B [Zkgood - H (14 65) [by Proposition 4.2.6].
Thus, (4.14) holds in either case. ]
After proving Proposition 4.2.6 in Section 4.3, we are going to carry out the second moment argument
in Section 4.4. This implies that the random variable Zj, 4,0q also satisfies condition iii. in Theo-

rem 4.1.5. Finally, in Section 4.4.4, we are going to apply Theorem 4.1.5 to complete the proof of the
upper bound on x(G(n,d)) claimed in Theorem 3.1.1.
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4.3. The expected number of good colourings

Throughout this section we assume that k > ko and n > ng are sufficiently big. We also continue to

assume that d satisfies (4.9) and that k divides n.
4.3.1. Outline

The aim in this section is to prove Proposition 4.2.6. The proof is guided by the corresponding anal-
ysis for the Ggr(n, m) model performed in [47]. Indeed, several of the formulas that we arrive at
ultimately are quite similar to the ones in [47]. However, arguing that these ideas/formulas carry over

to the random regular graph turns out to be a technically rather non-trivial task.

The proof is by way of a d-regular version of the “planted colouring” model. To define this model, fix
a balanced map o : V — [k] and let V; = o1 (i). Moreover, let i = (;); j1,.. be a probability
distribution on [k] x [k] such that j;jdn is integral for all 7, j satisfying

pii = 0and Y1 ;= Zle pi; = 3 forall i, j € [k] and

1 . (4.19)
Mij:,uji:m+f(n) foralll <i<j<k,
where f(n) = O(n~1/3).
We let I'; ;, denote a configuration chosen uniformly at random subject to the condition that
H(v,l) € Vi x [d] : T'(v,1) € Vj x [d]}| = dnpij foralli,j € [k]. (4.20)

In addition, we denote by G(o, 1) the multi-graph obtained from I',, by contracting the clones.
Then by construction, o is a “planted” k-colouring of G(o, i), and eg(4,,,)(Vi, Vj) = pijdn for all
1<i<jy<Ek.

We prove Proposition 4.2.6 in two steps: the first step is

Proposition 4.3.1. Let o : V — [k] be balanced and assume that i satisfies (4.19). Then

Plo is separable in G(o, )] > 1 — O(1/n).

We defer the proof of Proposition 4.3.1 to Section 4.3.2. Furthermore, in Section 4.3.3 we are going

to prove

Proposition 4.3.2. Let 0 : V — [k] be balanced and assume that y satisfies (4.19). With probability
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4. On the chromatic number of random regular graphs

1 — O(1/n) the random multi-graph G (o, ) is such that

1 1
—In[C(0)| < — InE[Z} pall-
n n

Proof of Proposition 4.2.6 (assuming Propositions 4.3.1 and 4.3.2). Let o : V' — [k] be balanced
and let M, be the set of all probability distributions 4 that satisfy (4.19) such that dnpu;; is integral
for all 4, j. For any balanced o and for any 1 we let A, , be the set of all (n, d)-configurations I" that
satisfy (4.20). In addition, let A, ,, be the set of all (n, d)-configurations I' € A, , such that o is a
good k-colouring of the multi-graph induced by I'. By Propositions 4.3.1 and 4.3.2, for any balanced

o and for any p € M, we have
1 ~
P |0 is separable in G(o, 1) and — In |[C(0)| < (1/k + Ok(k™%))In2| ~ 1. 4.21)
n

Because the “planted” configuration I'; ,, is nothing but a uniformly random element of A, ,, (4.21)
implies that
|Agopnl ~ Aoyl (4.22)

for any balanced o and any 1 € M,. Now, let

AU = U AO'HU,) Ag)o' = U Agvguu'
pnEMs HEMs

Then (4.22) yields
[Ago| ~ [As]. (4.23)

Summing over all balanced o, we obtain from (4.23) and the linearity of expectation

[Ag,o [Aq|
E[Zk,good] > Z W ~ Z m (4-24)

To relate (4.24) to E[Z}; a1, let A, be the set of all configurations I' such that o is a skewed k-
colouring of the multi-graph induced by I'. Then

[As UAL| [Aq| [AG]
= - 2. . .
BlZival = > i1 ZU: (dn—D)! +ZU: (dn— 1)1 (4.25)

g

Letting Z, , ., denote the number of skewed balanced k-colourings of G(n, d), we obtain from Corol-
lary 4.2.5

/ Ay
ElZ} pal = Z (drl—‘l)” = o(E[Z bal])- (4.26)
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4.3. The expected number of good colourings

Finally, combining (4.24)-(4.26), we see that E[Z}, 500d] ~ E[Z}; a1, as desired.

4.3.2. Separability: proof of Proposition 4.3.1

Throughout this section, we let o : V — [k] denote a balanced map. We let V; = o=1(i). Moreover;
i denotes a probability distribution that satisfies (4.19) such that dny;; is integral for all i, j.

The proof of Proposition 4.3.1 proceeds in several steps, all of which depend on the binomial approx-
imation to the hypergeometric distribution from Lemma 1.0.8. We start by proving that w.h.p. in the
multi-graph G (o, ) with planted colouring o there is no other colouring 7 such that the overlap matrix
has an entry p;; (o, 7) € (0.509,1 — k~%499) wh.p.

Lemma 4.3.3. In G(o, i) the following is true with probability 1 — exp(—(n)).

Let 0.509 < o < 1 — k79499, Forall i € [k] and for any set S C V; of size |S| =
an/k the number of vertices v € V \ V; that do not have a neighbour in S is less than (4.27)
(1—a)n/k —n?/3.

Proof. Without loss of generality we may assume ¢ = 1. Thus, let S C Vj be a set of size |S| = an/k
for some 0.509 < o < 1 — k0499 et

ejs = |{(v,1) € S x[d] : Ty (v,1) € V; x [d]}|

be the number of edges from S to Vj in G(o, 1) for j = 2,..., k. Since we are fixing the numbers
(p15dn) j=2,...k of edges between V; and the other colour classes, we can think of ¢; 5 as follows:
choose a subset of V; x [d] of size dnyi1; uniformly at random; then e; g is the number of chosen
elements that belong to S x [d]. Thus, we are in the situation of Lemma 1.0.8, which we are going
to use to estimate e; 5. Hence, let p; = kuqj; then p; ~ (k — 1)~! by our assumption (4.19) on
. Further, let €; ¢ be a random variable with distribution Bin(|S|d,p;). Let § = In~/3 k. Then
Lemma 1.0.8 yields

IN

(= 9)d|S| 6)d|5|] (4.28)

P .

Further, by Lemma 1.0.6 (to which we are going to refer as “the Chernoff bound” from now on),

O(vm) P [éj,s < “‘W'Sq .

k-1

(1- 5)d|S|] . [_ 52d|S|
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4. On the chromatic number of random regular graphs

Since the total number of possible sets .S is bounded by 2n/k(4.28) and (4.29) yield

1-94)d|S
P 35,7 :¢js < (k:)1’| < (k—1)2"* exp(—n/k) = exp(—Q(n)). (4.30)
Thus, let £ be the event that e; g > % for all j = 2,..., k. Due to (4.30), we may condition

on the event £g from now on.

Given the numbers e; g, the actual clones in V; x [d] that T, ,, joins to S x [d] are uniformly distributed.
Thus, we can use Lemma 1.0.8 to estimate the number X; s of vertices in v € V that I fails to join

to S. To this end, let (by),cv; be a family of independent Bin(d, deé—/sk) random variables. Let
q; =P[b, =0] foranyv e Vj, and Xj,g = Bin(n/k, g;).
Then Lemma 1.0.8 yields
P[X,s > t|€s] < O(vn) P [Xjﬁ > t] for any ¢ > 0. 4.31)

Furthermore, since we are assuming that e; ¢ > (1 — 9)d|S|/(k — 1), we find

¢ = [(1- 5.8 d<eXp _%iS < exp _(A—d)ad < p—20(1-20) (4.32)
j dnjk) = nk| = K—1 | ° ‘ '

Set ¢ = k2¢(1=20) et Xg = Bin((1 — 1/k)n, q), and let X5 = 3°F_, X; 5. Then (4.31) and (4.32)
imply

P[Xg > t|€s] < O(v/n) P [XS > t] for any ¢ > 0. (4.33)

Thus, we are left to estimate the binomial random variable X with mean E[Xs] = |V \ Vi|g < gn.
By the Chernoff bound,

PRz -k -] < e |-1-ato)fm (L))

< exp [(1 —a+ 0(1))% ‘In (2;;‘)] . (4.34)

Combining (4.33) and (4.34), we see that

P [XS > (1—a)n/k —n?3

55} < exp [—(1—a+o(1)):.1n<1e;qa>]. (4.35)
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4.3. The expected number of good colourings

Furthermore, the number of ways to choose a S C Vj of size an/k is

(75 (725) T =emfia-on-ma-a]. e

Using (4.35), (4.36) and the union bound, we obtain

P [EIS:XS > (1 —a)n/k‘—nQ/?’ﬂSg}

< exp [(1_];‘)” : <1 ~In(l-a)—In (1 - O‘)) —I—O(n)] . (@437)

erq

We need to verify that the last term is exp(—£2(n)). Thus, we need to estimate

11—« e?
1-In(l—a)—1 =In(—kl2at4ad) 4.38
(1o () = (5 438
This is negative iff
1 1-—
exp [(2 —a+ 2a5> In k] < . a' (4.39)

By the convexity of the exponential function, the Lh.s. and the linear function on the r.h.s. intersect
on at most two values of a.. Between these intersections the linear function is greater. Moreover, it is
easily verified that the r.h.s. of (4.39) is larger than the Lh.s. at both o = 0.509 and o = 1 — k0499,
Thus, (4.39) is true in the entire range 0.509 < o < 1 — k=499, Consequently, for such o the
term (4.38) is strictly negative, whence the r.h.s. of (4.37) is exp(—€2(n)). Thus, the assertion follows
from (4.30). ]

To complete the proof of Proposition 4.3.1, we also need to rule out the possibility that G(o, 1) has
a colouring 7 such that p;(o,7) € (1 — k7949 1 — k), where & = In k/k = 04,(1) as defined
in (4.2.2). To this end, we are going to use an expansion argument. This argument is based on
establishing that in G(o, 1) “most” vertices outside colour class V; have a good number of neighbours

in V; w.h.p. More precisely, we have

Lemma 4.3.4. With probability 1—exp(—(n)) the random graph G (o, ) has the following property.

Let i € [k]. No more than nk™2In'" k vertices v ¢ V; have less than 15 neighbours in V;.  (4.40)

Proof. Assume without loss of generality that 7 = 1. We are going to use Lemma 1.0.8 once more.
Our assumption (4.19) ensures that for each j € {2,...,k} the number of V;-V; edges in G(o, 1)
is p1jdn ~ k=1 (k — 1)~ dn. Thus, let (b,)vev; be a family of independent random variables with
distribution Bin(d, p;), with p; = ku1; ~ (k — 1)~!. Furthermore, let X; be the number of v € V;
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4. On the chromatic number of random regular graphs

with fewer than 15 neighbours in V7, and let Xj = |[{v € Vj : b, < 15}|. Then by Lemma 1.0.8 we
have
P[X; >t < O(v/n)P [Xj > t} for any ¢ > 0. 4.41)

Furthermore, because the random variables b,, v € Vj, are independent, Xj has a distribution
Bin(n/k, g;), with ¢; = P [Bin(d, p;) < 15].

Now, let X = Z?:Q X and let X be a random variable with distribution Bin((1 — 1/k)n, ¢), with
¢ = max;>2 ¢j. Then (4.41) implies

P[X >t < O(v/n)P [X > t} for any ¢ > 0. (4.42)

Furthermore, our assumption (4.9) on d ensures that

1+ 0(1)

E {X} <ng=nP [Bin (d, 1

) < 15] < Op (k=2 10’ k)n.
Hence, P[X > nk2In'" k] < exp(—Q(n)) by the Chernoff bound. Thus, the assertion follows
from (4.42). ]

Given Lemma 4.3.4, how do we argue that w.h.p. there is no 7 such that p;; (o, 7) € (1—k~%4% 1—k)?
Such a colouring 7 would have to give colour i to a good number of vertices from V' \ V; with at least
15 neighbours in V; (because there is no sufficient supply of vertices that have less than 15 neighbours
in V;). However, we are going to show that assigning colour ¢ to many such vertices “displaces” a very
large number of vertices from V; due to expansion properties, and that it is therefore not possible that
pij(o,7) € (1— k0499 1 — k) wh.p. To put this expansion argument together, we need the following

upper bound on the probability that a specific set of edges occurs in the random configuration I';, ;.

Lemma 4.3.5. Let I be a set of edges of the complete graph on V' x [d] of size |E| < g1 Let
eij={ecE:en(Vix[d)#0#en(V;x[d})|  (i,j € [k])

be the number of edges e € E that join a V;-clone with a Vj-clone and assume that e;; = 0 for all 1.
Then

L
PECT,,]<(=>) .
[ - ,,u,] — (dn)

Proof. Lete; = Zle eijand set e = Y% e; = 2|E|. Let mi; = dny;j for all i, j € [k]. We claim
that

k dn/k—e;
|:Hi:1 ((mijn_/eij);[k])] {ngKjgk(mij - 61‘1‘)!}

T (% )] Misicyenmiit]

(mig) e

P[E CT,,] =

(4.43)
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4.3. The expected number of good colourings

Indeed, the numerator is obtained by (fixing the edges in E and) counting the number of ways to match
the remaining clones, given . More precisely, for every fixed i € [k] the corresponding factor in the
first product counts the number of ways to choose the m;; — e;; clones that are going to be matched
with clones from colour class j. Moreover, for fixed ¢, j the corresponding factor in the second product
counts the number of matchings between the clones thus designated. The denominator simply is the

number of configurations respecting o, (.

Because m;; = mj; by assumption and e;; = ej; by definition, (4.43) yields

P[ECT,,] = [Hle ((m?i/fj_)ie[k])] {Hf (my — fi)!} 1/2
L (o ] [T ey mst] 7
b 1 k 1/2
- L_l Wl/k)e] igl(mij)eij

Furthermore, because of the assumptions || < g and (4.9) on d we have

Finally, recalling from (4.19) that |u;; — k1 (k — 1)7!| < 0.01k=2 for all 4, j € [k], we get

[k €; k i/
. k 101d7’L J
PIE C Ty < l[2“<dn) ] 1 <k<k—1>>
Li= 27.7:1

Ak N\ 1\%] | & ) 5\ 2
" - eij/2 < [ =
(k — 1) (dn> ] ig:[l(mldn) < <dn> ,

as claimed. OJ

Remark 4.3.6. Even though in this section we are assuming that fi;; ~ kY k—1)"Yforalll1 <i<
pij — k=t (k — 1)~ < 0.01k2. Moreover,
the same proof also goes through if we merely assume that, say, |oc~'(i) — n/k| < 0.01n/k for all

7 < k, the proof of Lemma 4.3.5 only requires that, say,
i € [k] rather than that o is balanced. This observation will be needed in Section 4.6.
Using Lemma 4.3.5, we can now prove that w.h.p. the random graph G(o, 1) does not feature a “small

dense set” of vertices (i.e., a small set of vertices that spans a much larger number of edges than

expected). This will be the key ingredient to our expansion argument.
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4. On the chromatic number of random regular graphs

Corollary 4.3.7. With probability 1 — O(1/n) the random graph G (o, 1) has the following property:

For any set S C V of size | S| < k=*/3n the number of edges spanned by S in

(4.44)
G(o, ) is at most 5|9).

Proof. Fix a set S of size s = |S| with 1 < s < k~*/3n. Furthermore, let Y(S) be the number of

edges in ', , that join two clones in S’ x [d].

We are going to use the union bound to estimate Y (S). Let E be a set of |E| = 5s unordered pairs
of clones in S x [d]. Let e;; = [{{z,y} € E:0(x) =1, o(y) = j}|. Clearly, if e;; > 0 for some
i € [k], then E ¢ I';, (because I'; |, respects o). Thus, assume that e;; = 0 for all 7 € [k]. Then
Lemma 4.3.5 implies

5 5s
P[ECT,, < <dn) . (4.45)

By the union bound and (4.45),

P[Y(S)>5s] < P[dFasabove: £ CTI,,| < <(;2:)> < > )58 < (eds/n)® . (4.46)

Using the union bound and (4.46), we find

P[ES CV,|S]|=s:Y(S) > 5]

IN

(Z) (esd/n)*

< [exp(6)(s/n)*d"]”. (4.47)

[N
| —
| §
—
@

o

o9

~—
3

N—
at
|
vy

Finally, summing (4.47) up, we find

P|3ScV,|S| <k ™*3n:Y(S) > 55} < Z [exp(6)(s/n)*d®]” = O(1/n),

1<s<k=4/3n

as desired. O]

Proof of Proposition 4.3.1. We need to show that the following holds w.h.p.

Let 7 be a balanced k-colouring of G(o) and let i € [k] be such that 7(v) = ¢ for at least
0.51n/k vertices v € V;. Then [{v € V; : 7(v) =i} | > Z(1 — k).

By Lemmas 4.3.3, 4.3.4 and 4.3.7, we may assume that (4.27), (4.40) and (4.44) hold. Moreover,
without loss of generality we may assume that ¢ = 1.
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4.3. The expected number of good colourings

Let 7 be a balanced k-colouring and let S = 771(1) N V3. Assume that
0.51n/k < |S| < (1 — k~)n/k. (4.48)

LetT = 7-(1)\ V4. Then SUT = 7~ (1) is an independent set. In particular, none of the vertices in
T has a neighbour in S. Moreover, |T'| > n/k— |S| because 7 is a balanced colouring. But then (4.48)
contradicts (4.27). Thus, we know that |S| > (1 — k= %49)n /k.

Let () be the set of all vertices v € 7-(1) \ Vi with at least 15 neighbours in V;. Moreover, let

R =V \ 771(1). Because both o and T are balanced, we have
IRUQ| <2 [% - ysy} < onk149 < |43y, (4.49)

The set R contains all the neighbours that the vertices in ) have in V; (because 771(1) is an indepen-
dent set). Hence, by the definition of @), the number E of edges spanned by R U @ in G(o, p) is at
least E > 15|Q|. Consequently, (4.44) and (4.49) yield

15|Q| < E < 5|RUQ|, whence |Q| < |R|/2. (4.50)

Let W = 771(1) \ (Q U V4) be the set of all vertices with colour 1 under 7 and another colour under
o that have fewer than 15 neighbours in ;. Once more because ¢ and 7 are balanced, we get

S|+ [R| = n/k=[S|+ Q| + [W|

Thus, (4.50) yields
R = Q[+ [W| < [R|/2+[W|.

Hence, (4.40) implies that |R| < 2|W| < 2nk~21n'" k < ns/k. Finally, because 7 is balanced this
entails that |7~ (1) N Vi| = & — |R| > (1 — k), as desired. O

4.3.3. Upper-bounding the cluster size: proof of Proposition 4.3.2
The goal in this section is to establish the bound on the cluster size |C(o)| in the random graph G(o, ),
where we continue to assume that o is balanced and that p satisfies (4.19). The following definition

provides the key concepts.

Definition 4.3.8. Let ¢ > 0 be an integer.

1. The (o,£)-core of G(o, ) is the largest induced subgraph (V', E') such that for all v € V' and
all i # o(v) we have ’eg(o,,u,) (v, V'N U_l(i))’ > /.
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4. On the chromatic number of random regular graphs

2. Let V' be the (o, {)-core and let a > 0 be an integer. A vertex u € V is a-free if
}{26 Leglo(w, V' No™ ('))zO}’Za—i—l.

3. A vertex that fails to be 1-free is complete.

In words, the (o, £)-core of G(o, 1) is the largest subgraph V"’ such that every vertex v € V' has at
least £ edges into every other colour class except its own. Furthermore, a vertex v is a-free if there are
a colour classes in addition to its own such that v fails to have a neighbour in that colour class that
belongs to the (o, ¢)-core. Finally, a vertex is complete if in every other colour class but its own it has

a neighbour that belongs to the core. For the sake of concreteness, we let £ = 100 in the following.

The proof strategy is as follows. As a first step, we show that w.h.p. the random multi-graph G (o, )

has a huge (o, £)-core. More precisely, in Section 4.3.4 we will establish

Proposition 4.3.9. With probability 1 — O(1/n), G(o,p) has a (o,100)-core containing all but
O (k~Y)n vertices.

Based on this estimate, we can bound the number of 1-free and 2-free vertices. Indeed, in Section 4.3.5

we are going to prove

Proposition 4.3.10. With probability 1 — O(1/n) the random graph G (o, i) has the following prop-

erties.

1. At most (1 + Ok (1/k)) vertices are 1-free.
2. At most Ok(k n vertices are 2-free.

While, of course, Proposition 4.3.10 merits a proof, the two estimates are unsurprising. Indeed, for
the value of d we are concerned with, the average number of neighbours of a vertex v that have
colour i # o(v) is about d/(k — 1) = 2Ink + og(1). If we pretend that this number has a binomial
distribution Bin(d, 1/(k — 1)), then the probability that v fails to have a neighbour of colour i is about
exp(—d/(k — 1)) = (1 + ox(1))k=2 for every i # o(v). Since there are k — 1 colours i # o(v),
the probability that v is 1-free should be approximately (1 + ox(1))(k — 1)k=2 = (1 + o (1))k~ L. A
similar reasoning applies to the number of 2-free vertices.

As a next step, we observe that, due to the expansion properties of G(o, 1), the colours of all the
complete vertices are “frozen” in (o). More specifically, w.h.p. there does not exist a colouring 7 in

the cluster C(o) that assigns a complete vertex a different colour than o does.
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4.3. The expected number of good colourings

Lemma 4.3.11. With probability 1 — O(1/n) the random graph G(o, i) has the following property.

For all complete v and all T € C(0) we have o(v) = T(v). (4.51)

Proof. By Proposition 4.3.1 we may assume that o is separable in G(o, 1) and by Corollary 4.3.7 we
may assume that G(o, u) has the property (4.44). Let V' be the (o, £)-core. Moreover, let 7 € C(o)
and let

Af={veV irw)=i#to}, A ={veV :ir(v) #i=0c(v)}.

In words, A are the vertices that take colour i under 7 and a different colour under o, and A} are

the vertices that receive colour 7 under ¢ and a different colour under 7. Clearly,

k k
SMaf I ={veV o) £} =) |A7] (4.52)
i=1 i=1
Moreover, because o is separable and as both o, 7 are balanced, we have
AF < and Arp< 2 453
Igelﬁlzl_ ? grel%gf\z\_ - (4.53)
We are going to show that
{fveV o) #1(v)} =0. (4.54)

This implies that indeed o (v) = 7(v) for all complete vertices v, because in order to change the colour

of a complete vertex it is necessary to change the colour of a vertex in the core V' as well.

To establish (4.54) let S; = A} U A7 fori € [k]. Then (4.53) implies that |S;| < k~3/2n for all
i. Furthermore, (4.44) implies that none of the set S; spans more than 5|.5;| edges. Because 7 is a
k-colouring, all the neighbours of v € A;r in V that take colour 7 under o must belong to A" Since
any v € A C V’ has at least 100 neighbours in V/ N o~1(4), we thus obtain

100[AS] < 51Si < B(IAS]+[AT].

Consequently, |A;"| > 2|Af| for all i. Therefore, (4.52) yields A = A;” = 0 for all i, whence (4.54)
follows. [

Proof of Proposition 4.3.2 (assuming Propositions 4.3.9 and 4.3.10). By Lemma 4.3.11 we may
assume that (4.51) holds. Let F, be the set of all a-free vertices. If a vertex v is 1-free but not 2-free,
then (4.51) implies that there is a set C,, C [k] of size two such that

T(v) € C, forall 7 € C(0).
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4. On the chromatic number of random regular graphs

Hence,
C(o)| < 2PNl gl (4.55)

Thus, the assertion follows by comparing the bounds on | F} |, | F»| provided by Proposition 4.3.10 with
the estimate of E [Z}, 1,a1] from Proposition 4.2.4. Indeed, Proposition 4.3.10 and (4.55) imply that with
probability 1 — O(1/n) we have

1 Fi\ F F: In2 ~
“Inlclo)| < BNFe o By 2 Or(k™2). (4.56)
n n n k
By comparison, Proposition 4.2.4 yields
1 d
*1HE[Zk7ba1] = Ink+ 5111(1 — 1/k‘)
n

d/1 1 -

lasIn(1+2) = 2z 4+ 22/2 + O(23), d < 2kInk]

= g+ Ok fasd = (2h—1)nk—cl.  @57)
Comparing (4.56) and (4.57), we see that indeed % InE [Z}, 1,,4] is strictly greater than 1 In|C(c)| if
c>2In2 — g with, say, e, = O (k~%9). -

4.3.4. Proof of Proposition 4.3.9

The “canonical” way of constructing the core is by iteratively evicting vertices that violate the core
condition from Definition 4.3.8, i.e., that have too small a number of neighbours in some colour class
other than their own inside the core. In principle, this process could be studied accurately via, e.g., the
differential equations method. However, there is a technically far simpler way to obtain the estimate
promised in Proposition 4.3.9. Roughly speaking, the simpler argument is based on the observation
that, due to the expansion properties of G(o, ), the core “almost” contains the set of vertices that have
at least 3¢ neighbours in each colour class other than their own in the entire graph G(o, ). The size

of this set of vertices can be estimated fairly easily.

More precisely, to estimate the size of the core we introduce a few vertex sets. Ultimately, the idea
is to define a big subset of the core whose size can be estimated (relatively) easily. Recall that we set
¢ =100 and let V; = o~1(4). First, we consider the sets

Wij = {v € Vi: €gou(v,Vj) < 3land eg(, (v, Vi) < 20Ink forall h € [k]} (i,5 € [k], i # j).

In words, W;; contains all vertices v of colour 7 that have “only” 3¢ edges towards colour class j, while
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4.3. The expected number of good colourings

there is no colour class h where v has more than 2/ In k neighbours. This definition is motivated by the
observation that, because o is balanced and d = (24 0x(1))k In k, the expected number of neighbours
that a vertex v € V; has in some other colour class V; is about 21n k. Hence, we expect that for k
sufficiently large only very few vertices either satisfy eg(q, ) (v, Vj) < 3l or €6 (o) (V5 Vi) > 20Ink
for i # j, h. Thus, we expect W;; to be “small”. In addition, we let

k k
Wi =0, W; = | Wi forall i € [k], and W = | W (4.58)
Jj=1 i=1

Furthermore, for i, j € [k], i # j we let

Ul'j = {UEW\W:GQ(U#)(U,WJ') >€} andU:UUij,

ij

Uj = {veVi\W :eg(v,V;) >20Ink} andU’:UUi’j,
j

Thus, U;; contains those vertices v € V; that have “a lot” of neighbours in the “bad” set TV;. Because
the sets W are small, the expansion properties of G (o, 1) will imply that the set U is tiny. Moreover,
U’ consists of vertices that have much more neighbours than the expected 2 In & in one of the colour

classes. The set U will turn out to be tiny as well, because the numbers eg(, ,,) (v, V;) will emerge to

o, pt)
be somewhat concentrated about their expectations.

Finally, we define a sequence of sets Y (®), ¢ > 0. Welet Y(O) = U UU’. For t > 1, we define Y¥) as

follows:

If there exists a vertex v € V' \ Y ¢~1) that has more than £ neighbours in Y (*=1), then let
v be the smallest such vertex and let YY) = Y (=1 U {v,}. If there is no such vertex v,
then let YV = y(t=1),

Let

y=Jy® (4.59)
t>0

With this construction in place, we have

Proposition 4.3.12. The set V' \ (W UY) is contained in the {-core of G(o, ).
Proof. Let V" = V' \ (W UY). To show that V" is contained in the ¢-core of G(o, ), it suffices

to verify that every vertex v € V" has at least £ edges into V” NV} for every j # o(v). Indeed,
because v ¢ WNU' we know that eg(,. (v, V;) > 3¢. Furthermore, as v ¢ U C Y, we have
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4. On the chromatic number of random regular graphs

€G(o,u) (v, W) < L. Finally, the construction of Y ensures that eg(,. ,)(v,Y) < {. Hence,

o)
€0 (0, V' NV V}) 2 eGo.) (v, V) = €G(ou) (V: W) = €g(oy (0, Y) 2 £,

as desired. O]

Thus, to complete the proof of Proposition 4.3.9, we are left to estimate the sizes of the sets W,
U, U, Y. These estimates are based on the approximation to the hypergeometric distribution from
Lemma 1.0.8.

Lemma 4.3.13. With probability 1 — exp(—(n)), we have
\Wij| < nOx(k™3)  foralli,j € [K].

Hence, |W;| < n - Op(k™2) forall i € [k] and |W| < n - Op(k™"). Furthermore, with probability
1 —exp(—Q(n)) we have |U’| < E—100,,

Proof. Fix two indices i, j € [k], i # j, and let
WZ'J = {v eV;: eg(mu)(v,Vj) < 36} .

Since we are fixing the number dnyu;; of V;-V; edges, the set of clones in V; x [d] that T, ,, matches
to the set V; x [d] is a uniformly random set of size dn;;. Hence, Lemma 1.0.8 applies. Thus, let
(by)vey; be a family of independent Bin(d, p) variables, with p = ku;; ~ (k — 1)~%. Let Wi; =
|{v € V; : b, < 3(}|. Then Lemma 1.0.8 yields

P[|W,| > ] <O(/n)-P [WJ > t} for any ¢ > 0. (4.60)

Furthermore, because the random variables b, are mutually independent, VVU has distribution

Bin(n/k, q), with ¢ = P [Bin(d,p) < 3¢]. Since p ~ (k — 1)~!, our assumption (4.9) on d implies
that ¢ < k2103 k. Therefore, by the Chernoff bound

P {Ww > nk 3 I3 g = né(kf?’)} < exp(—Q(n)). (4.61)

Further, let W/i = [{v € Vi : eg(s) (v, Vj) > 20In k}|. To estimate the size of this set, we consider
Wij =

{veV;:b,>20Ink}|. Applying Lemma 1.0.8 once more, we see that
P[W! >t <O(/n)-P [Wij > t} for any ¢ > 0. (4.62)
Due to the independence of the b,,, W;; has distribution Bin(n;, §), where § = P [Bin(d, p) > 2¢1n k].
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4.3. The expected number of good colourings

Since p ~ (k — 1)~!, we have dp < 31n k. Hence, by the Chernoff bound
G < exp(—20Ink) < k2%,
Consequently, invoking the Chernoff bound once more, we find

P [Wij > nk*199] < exp(—Q(n)). (4.63)

Finally,

k
Wi c | Wy
j=1

Hence, combining (4.60)—(4.61), we see that with probability 1 — exp(—Q(n)) we have |W;| <
Ok(k:_Q)n. Furthermore,

k
v c | wg

ij=1

Hence, (4.62)—(4.63) show that |U’| < k=% (with room to spare) with probability 1 —exp(—Q(n)).

O
Lemma 4.3.14. With probability at least 1 — exp(—$(n)) we have |U| < nk=30,
Proof. Fori,j € [k],i # j let
Ui = {v € Viiegou(v, W) > 5} D Uyj. (4.64)

We are going to bound |U[. By construction, for all v € W; we have eg(, (v, V;) < 2¢Ink.
Moreover, by Lemma 4.3.13 we may assume that [W;| = Oy (k~2)n. Hence, the number 7;; of
Vi x [d]-W; x [d] edges in T, satisfies n;; = Oy (k~2)n. Given 7;;, the actual set of clones in
Vi x [d] that 5 ,, connects with W x [d] is a uniformly random set. This is because the definition
of the set W is just in terms of the numbers e(v, V},) of edges from v € Vj to V}, for h # j in the
contracted multi-graph G (o, ).

Thus, we are in the situation described in Lemma 1.0.8. Hence, consider a family (b, ),cy; of mutually

independent random variables with distribution Bin(d, p) with p = d:?/ik. Let ﬁij be the number of
vertices v € V; such that b, > /2. Then Lemma 1.0.8 yields

P (U > 1] <P[|U5] > t] <O(vn)-P [U,-j > t] for all t > 0. (4.65)
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4. On the chromatic number of random regular graphs

Furthermore, ﬁij has distribution Bin(n;, ¢) with ¢ = P [Bin(d, p) > ¢/2]. Since n;; = Op(k~?)n,
we have p = O (k~2) and thus dp = E [b,] = O(k~"). Consequently, the Chernoff bound yields

q = P [Bin(d,p) > £/2] < Ox(k~%/?).

Hence, using the Chernoff bound once more, we find that

P [0 < Ok(k™2)n] > 1 - exp(~(n)). (4.66)
Thus, the assertion follows from (4.65), (4.66) and our choice of /. ]

Lemma 4.3.15. With probability at least 1 — O(1/n) the set Y satisfies |Y| < 4nk 3,

Proof. By Lemmas 4.3.13 and 4.3.14 we may assume that [UUU’| < 2nk=30. Now, let ty = 2nk—3.
IfY = Y for some t < tg, then clearly |Y| = |Y(!)| < 4nk—3, because only one vertex is added
at a time. Thus, we need to show that the probability that Y # Y ®) is O(1/n).

Indeed, after completing step t, the subgraph of G(o) induced on Y (o) spans at least £ - ¢, edges,
while the number of vertices is | Y %0)| < [UUU’|+1ty < 2t < 4nk~3C. Hence, G(o) violates (4.44).
Lemma 4.3.7 shows that the probability of this event is O(1/n). O

Finally, Proposition 4.3.9 follows immediately from Proposition 4.3.12 and Lemmas 4.3.13—4.3.15.
4.3.5. Proof of Proposition 4.3.10

Let V; = 071(4) for i € [k]. In order to estimate the number of complete vertices, we need to get a
handle on two events. First, the event that a vertex v € Vj fails to have a neighbour in some colour
class V; with j # <. Second, the event that, given that v has at least one neighbour in colour class
Vj, it indeed has a neighbour inside the core. More precisely, with W, Y the sets defined in (4.58)
and (4.59), it suffices to bound the probability that all neighbours of v in Vj lie in W U Y. This is
because V' \ (W UY) is contained in the core by Proposition 4.3.12.

Thus, let Sy be the set of vertices that fail to have a neighbour in at least one colour class other than
their own in G(o, 1t). Moreover, let S; be the set of vertices v ¢ Sy such that for some colour ¢ # o (v)

all neighbours of v in V; belong to W;.

Proposition 4.3.16. If v is a 1-free vertex, then one of the following three statements is true.

P1 v € S.
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P2 v € S;.
P3 v has a neighbour in'Y .

Proof. Let v be a vertex that satisfies none of (P1)—(P3). Let j € [k] \ {o(v)}. Since v & Sp, v has at
least one neighbour in Vj. In fact, as v ¢ .Sy, v has a neighbour w € V; \ W. Furthermore, because v
does not have a neighbour in Y, we have w € V'\ (W UY"). Proposition 4.3.12 implies that w belongs

to the (o, £)-core, which means that v is not 1-free. O

Thus, in order to prove Proposition 4.3.10 it suffices to estimate |Sp|, |S1| and the number of ver-
tices that satisfy (P3). These estimates employ the binomial approximation to the hypergeometric

distribution provided by Lemma 1.0.8.

Lemma 4.3.17. With probability at least 1 — O(1/n) we have |So| < (1 + Or(1/E)).

Proof. Letus fix i,j € [k], i # j, and v € V}. Let Sp;; be the set of all v € V; that do not have a
neighbour in Vj in G (o, 11). Given the number dnp;; of V;-Vj-edges, the actual set of clones in V; x [d]
that T, ,, joins to a clone in Vj x [d] is uniformly distributed. Hence, Lemma 1.0.8 applies: let (by)ycv;

be a family of independent Bin(d, p;;) random variables with p;; = kpu;; ~ (k — 1)~1. Moreover, let
4y = P [Bin(d, pij) = 0] ~ (1 — 1/(k — )"

Then with Sp;; a random variable with distribution Bin(n/k, ¢;;) we have

P[|So;;| >t] < O(v/n)-P {SOZ-]- > t} for all t > 0. (4.67)
Since by our assumption (4.9) on d we have

@i ~ (1= 1/(k = 1))* < exp(—d/(k = 1)) <k + O(k™),
we see that E[S'Oij] < n(k=3 4+ O (k~*)) for all i # j. Hence, by the Chernoff bound we have
P [gol-j > n(k~3 + Op(k™4))| = o(n™2).

Summing over all 4 # j and using (4.67), we thus obtain P[|Sy| < n(k™! + Ok(k:_g))] >1-
O(1/n). O

To bound the size of Sy, consider first for every vertex v € V; and every set of colours J C [k] \ {i}

the event By, ; = {e(v,U;c; Vj) < 5} Let B; ; be the number of vertices v € V; for which the event

B, occurs.
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Lemma 4.3.18. For any set J of size |J| < 2 we have

P|B;, < -Ok(k:_Q“”)] > 1 — exp(—Q(n)). (4.68)

n
k
Proof. Let j € J. Given p;j, the set of clones in V; x [d] that I'; , links to V; x [d] is uniformly
distributed and therefore the the set of clones in V; x [d] that T'; , links to (J;c; V; % [d] is. Thus,
Lemma 1.0.8 applies: let (b, j)yev; be a family of independent random variables with distribution
Bin(d, p;j), where p;; = ZjeJ kpij ~ |J|(k —1)~1. Let B%(; be the number of vertices v such that
by,; < 5. Therefore, Lemma 1.0.8 yields

P[B,;>t < On'?).Pp [Bi,J > t} for any ¢ > 0. (4.69)

Furthermore, because the random variables (b, ;) are independent and E [b, ;] = dp;; > 2Ink, the
Chernoff bound yields

P |Bi;

% Oy (WU\)] > 1 — exp(—Q(n)). (4.70)

Thus, (4.68) follows from (4.69) and (4.70). ]

Corollary 4.3.19. With probability at least 1 — o(n~") we have |S| < n - Op(k~2).

Proof. Leti,j € [k],i # j. By Lemma 4.3.13 we may assume that |IW;| < O (k~2)n. Hence,
eg(o) (Vi Wj) < Ox(k~2)n,

because eg(,. ) (w, Vi) = Ok(In k) for all w € W by the definition of W;. By comparison,

(J,u)(‘/lav) = d?’L,uzj ~ dn/( ( 1)) :

Now, condition on the event that eg(q, ) (Vi, W;) = w;; for some specific number w;; = Or(k=?)n.
In addition, let (e,;),cv; be a sequence of non-negative integers such that ZUEV €yj = dnjp;j, and
condition on the event that eg(, ,)(v, V) = ey; for all v € V;. Given this event F = F(wjj, {€v;}),

we are interested in the random variables f, = eg(y.)(v, W;), v € V;. Let (gy)vey; be a family of
independent random variables such that g, has distribution Bin(e,;, w;;/(dnu;)). Given F, the set
of clones among V; x [d] that I, ,, matches to W X [d] is simply a random subset of size w;; of the

set of clones that get matched to V; x [d]. Therefore, by Lemma 1.0.8, for any sequence (t,),cy; of
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integers we have

PWMoeVi:fo=t|F] = P|WweV,:g,=1,

ng = Wij

veV;

IA

O(Vn)PNv e V;:g, =t,]. (4.71)

Now, let S{ij be the number of all vertices v € V; such that all neighbours of v in V;; belong to W;
and such that eg(,. ,) (v, V;) > 5. Moreover, let S’iij

Because wy; /(dnpij) = Op(k~"), we find that

be the number of v € V; such that g, = e,; > 5.

Furthermore, S iz j is a binomial random variable. Therefore, the Chernoff bound yields

P “z‘j < % ' Ok(’f*‘r’)} > 1 —exp(—Q(n)). (4.72)

Combining (4.71) and (4.72), we obtain

n ~

P[St; < 2 Ou(k™)|F]| = 1 - exp(=Q(n)). (4.73)

Further, because (4.73) holds for all w;;, {evj}, we obtain the unconditional bound

n ~

< ok(k—5)} > 1 — exp(—Q(n)). (4.74)

P[iij—%'

In addition, let i’ij be the number of vertices v € V; such that all neighbours of v in V; belong to W
and 1 < e(v,V;) < 5. Because we are conditioning on the numbers e, ;, the event F determines the
number B; ¢, of vertices v € V; with e,; = e(v, V;) < 5. Now, consider the number S’i’ij of vertices

v € V; with 1 < e,; < 5 such that g, = e,;. Then S{’Zj is a binomial random variable with

E|$1,] < Bigy - Oulh ™).

Hence, by the Chernoff bound

P [Afij < By Op(k™h) + n2/3\]-'} >1—o(n?). (4.75)
Combining (4.71) and (4.75), we find

P[81, < Bugy - Ox(k™) +n8|F] 21— o(n™).
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4. On the chromatic number of random regular graphs

Thus, Lemma 4.3.18 yields the unconditional bound

P [ to<n- Ok M| > 1—o(nY). (4.76)

Combining (4.74) and (4.76) and using the union bound, we obtain

14j 14j
i,j€[k]:i£]

Pl < Y Siy+ Sty <n-Ox(k™?)| 21-o(n™),

as claimed. O

Lemma 4.3.20. With probability at least 1 — exp(—§2(n)) there are no more than nk =2 vertices that

have a neighbour in'Y .

Proof. Lemma 4.3.15 shows that with probability 1 — exp(—(n)) we have |Y| < nk=2. In this
case, the number of neighbours of vertices in Y is bounded by d|Y'| < nk~2", because all vertices
have degree d < 2kInk. Thus, P [|[Y UN(Y)| < nk™2] > 1 — exp(—Q(n)). O

Proof of Proposition 4.3.10. Since Proposition 4.3.16 shows that any 1-free vertex satisfies one of the
conditions (P1)—(P3), Lemmas 4.3.17-4.3.20 imply that with probability 1 — O(1/n) the number of
1-free vertices is bounded by n (k! + Oy (k~2)). This establishes the first assertion.

Let v be a vertex that satisfies none of (P2) and (P3) and has no neighbour in at most one colour class
other than its own in G(o, it). In a similar argument as in the proof of Proposition 4.3.16 we conclude
that v is not 2-free. To bound the number of 2-free vertices we let i € [k], let J C [k] \ {¢} be a set
of size |J| = 2 and let T; ; be the number of vertices v € V; that fail to have a neighbour in (J; ; V;.
Then T; ; < B; ;. Therefore, Lemma 4.3.18 implies that

P|Tis < 7 Oclk™)| 21— exp(—Q(n)). @.77)

Furthermore, by Corollary 4.3.19 and Lemma 4.3.20 with probability 1 — O(1/n) the number of
vertices that satisfy either (P2) or (P3) is bounded by nék (k_Q) and thus the total number 7T of 2-free
vertices satisfies

k
T<nOx(k*)+), > T (4.78)

i=1 JC[k\{i}:]|J|=2

Combining (4.77) and (4.78) and using the union bound, we thus obtain the desired bound. ]

Let v be a vertex that satisfies none of (P1)—-(P3). Let j € [k] \ {o(v)}. Since v &€ Sy, v has at least

one neighbour in Vj. In fact, as v ¢ S, v has a neighbour w € V; \ W. Furthermore, because v does
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not have a neighbour in Y, we have w € V' \ (W UY"). Proposition 4.3.12 implies that w belongs to

the (o, £)-core, which means that v is not 1-free.

4.4. The second moment
Throughout this section, we assume that k divides n and that d satisfies (4.9).
4.4.1. Outline

In this section we complete the proof of the first part of Theorem 3.1.1 (the upper bound on the
chromatic number of G(n, d)). The key step is to carry out a second moment argument for the number
Zkgood of good k-colourings. Let B be the set of all balanced maps o : V' — [k] and let R =
{p(o,7) : 0,7 € B} be the set of all possible overlap matrices (as defined in (4.10)). For each p € R

we consider
Zpgood = {(0,7): 0,7 are good k-colourings p(o,7) = p}| and
Zpval = |{(o,7): 0,7 are balanced k-colourings with p(o, 7) = p}| > Z, go0d-

Because the second moment E[Z?

-.good| Of the number of good k-colourings of G(n, d) is nothing but

the expected number of pairs of good k-colourings, we have the expansion

E [Zlg,good] = Z E [Zp7good] . 4.79)
PER

The second moment argument for the number Z, 1,1 of balanced k-colourings of G(n, d) carried out
in [82] does not work for the (entire) range of d in Theorem 3.1.1. However, an important part of
that argument does carry over to this entire range of d. More precisely, we can salvage the following

estimate of the contribution of p “close” to the flat matrix p = %1 with all entries equal to 1/k.

Proposition 4.4.1 ([82, eq. (3.14)]). Let
R = {pER: lp— 7l gn—1/21n2/3n}. (4.80)

Then with 6, \; as in (4.8) we have

> EZppat] < (1+ 0(1)E [Zpa]” - exp | > A;07
PER J=1
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4. On the chromatic number of random regular graphs

Of course, to estimate the right-hand side of (4.79), we also need to estimate the contribution of
overlaps p € R. To this end, we are going to establish an explicit connection between (4.79) and the
second moment argument for Ggg(n, m) performed in [47]. As in [10, 47], we define for a doubly-

stochastic k x k matrix p = (p;;); je[r the functions
fp) = H(p/k)+ E(p),  where

k
H(p/k) = Ink-— Z % Inp;;  is the entropy of the distribution p/k = (pi;/k); je(x)> and
ij=1

k
d 2 1
E(p) = sh|1-2+=3 o2
2 RTR A

In Section 4.4.2 we are going to establish the following bound.
Proposition 4.4.2. For any p € R we have E [Z,, go0a) < E[Z, pat] < nW exp [nf(p)].

Similar bounds as Proposition 4.4.2 were derived, somewhat implicitly, in [9, 82]. We include the
proof here because the present argument is substantially simpler than those in [9, 82] and because we

are going to need some details of the calculation later to finish the proof of Theorem 3.1.1.

Thus, we need to bound f(p) for p € R\ R. This is precisely the task that was solved in [47] and that
does, indeed, form the technical core of that paper. Hence, let us recap some of the notation from [47].
We start by observing that the definition of “good” entails that a priori Z, 3,04 = 0 for quite a few
p € R\ R. More precisely, call a doubly-stochastic matrix p separable if for every 4, j € [k] such that
pi; > 0.51 we have p;; > 1 — « (with x as in Definition 4.2.2).

The definition of “good k-colouring” ensures that Z, ;o4 = 0 unless p is separable. Indeed, assume
that there exist balanced k-colourings o, 7 such that p(o, ) fails to be separable. Then there is a
permutation 7 of the colours [k] such that 0.51 < p1;(0,m o 7) < 1 — k. Hence, o is not separable,

and thus not good.

The set of separable matrices can be split canonically into subsets determined by the number of entries
that are greater than 0.51. Let us say that p is s-stable if there are precisely s pairs (4, j) € [k] x [k]
such that p;; > 1 — k. Let

Rsgood = {p € R: pisseparable and s-stable for some 0 < s < k — 1} and

k—1
7?'good = URs,good-
s=0
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Let us turn the problem of estimating f(p) over p in the discrete set Rg404 into a continuous optimiza-
tion problem. As n — oo the set R of overlap matrices lies dense in the set D of all doubly-stochastic

k x k matrices, the Birkhoff polytope. Furthermore, the sets R good and Rgooq are dense in

Dsgood = {p € D : pis separable and s-stable for some 0 < s <k — 1},

k—1
Dgood = U Ds,good-
s=0

Proposition 4.4.3. For any fixed n > 0 we have

max {f(p) : p € Dgood such that ||p = plloc = 1} < f(p)-

Proof. This follows from Propositions 4.4—4.6 and Corollary 4.8 in [47]. (In [47] the term “tame” is
used instead of “good”. Thus, the sets Dj 440q correspond to the sets D tame in [47]. Propositions 4.4—
4.6 cover the case that 1 < s < k and Corollary 4.8 deals with k = 0.) O

Based on this estimate, we will prove the following bound in Section 4.4.3.

Proposition 4.4.4. We have

Z E [Zypat] = 0(E [Zk bal]®).-
pERO,good\ﬁ

Corollary 4.4.5. The random variable Zj, go0q has the properties i.—iii. in Theorem 4.1.5. Further-

more, we have

Z E [Zp,good] =o(E [Zk,good]Q)' (4.81)
PER\R

Proof. Corollary 4.2.7 already establishes conditions i.—ii. Recall that condition iii. reads

E [Z} gooa] < (14 0(1))E [Zgood]” - exp | Y A67 | - (4.82)
j=1

Propositions 4.4.1 readily yields

> ElZpgood] < D E[Zppal < (L +0())E [Zipal®-exp [ D Nd7| . (483)
pER pER Jj=1

Additionally, we need to bound the contribution of p € R \ R.
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4. On the chromatic number of random regular graphs

We start with p € Rgood \ Ro,g00d- Any such p has an entry p;; > 0.51, whence ||p — pl|,, > %
Therefore, Proposition 4.4.3 implies that there is an n-independent number § > 0 such that f(p) <
f(p) — 6. (This ¢ exists because Proposition 4.4.3 is not an asymptotic statement but just a result
concerning the maximum of the n-independent function f over the equally n-independent compact

set Dgo0q.) Consequently, by Proposition 4.4.2
E[Zpg00a] < exp[f(p)n—Q(n)]. (4.84)
Moreover, a direct calculation yields
f(p) = 2lnk+dIn(l —1/k) ~ %lnE [Zk bal [by Proposition 4.2.4]. (4.85)
Combining (4.84) and (4.85), we obtain
E[Z,g00d] < E[Zipal’ - exp[-Q(n)].
Because the entire set R of overlap matrices has size |R| < nt* (with room to spare), we thus obtain

S ElZpgod < nFE[Zipal’ exp[-Qn)] = o(BE[Zipal®).  (4.86)
pGRgood\RO,good

Further, if Z, g,0q > 0 for some p & Rgood. then p must be k-stable (because Rgo0q4 contains all
separable overlap matrices that are s-stable for some s < k). Thus, let R be the set of all k-stable
p € R. If o, T are balanced k-colourings such that p(c, 7) is k-stable, then there is a permutation \ of
[k] such that A o 7 € C(o). Therefore, letting o range over good k-colourings of G(n, d), we obtain
from the upper bound on |C(o)| imposed in Definition 4.2.3

k!
< ol E [Z1. bal) E [Z1 good) = 0(E [Zk pal]®)- (4.87)

E Y Zpgood| < E[Zk!]C(U)]

PER o

Finally, combining (4.83), (4.86), (4.87) and Proposition 4.4.4, we see that
[o¢]
E[Z} sood] < (1+0(1)E [Zipal® - exp | > X7 | + o(E [Zk,pall®) (4.88)
j=1
Furthermore, as E[Z, pa1] ~ E[Z} go0d] by Proposition 4.2.6, (4.88) yields

E [le,good} < (1 + 0(1))E [Zk,good]2 - €Xp Z )\j(5]2 + O(E [Zk,good]2)' (489)
j=1
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Recalling the values of \;, d; from (4.8), we see that the sum > 22 Ajéjz converges. Therefore, (4.89)
implies (4.82). ]

Together with Theorem 4.1.5, Corollary 4.4.5 implies that G(n, d) is k-colourable w.h.p. in the case
that k£ divides n. In Section 4.4.4 we are going to provide a supplementary argument that allows us to
extend this result also to the case that the number of vertices is not divisible by &, thereby completing
the proof of the first part of Theorem 3.1.1. But before we come to that, let us prove Propositions 4.4.2

and 4.4.4 (under the assumption that k divides n).
4.4.2. Proof of Proposition 4.4.2

Let p be a doubly-stochastic k£ x k matrix. Moreover, let ;1 = (iijst); .5 tc[k) have entries in [0, 1]. We
call (p, ) a compatible pair if the following conditions are satisfied.

e 7pijis an integer for all i, j € [k].
e dnji;je is an integer for all ¢, j, s, t € [k].
e We have

Wijst = Mstij, Hijit =0,  pijsj =0 Vi, j,s,t € [K], (4.90)

k
> wigs = pylk Vi je k] (4.91)

s,t=1

If (p, 11) is a compatible pair, then (4.91) ensures that ( p, 1t) is (d, n)-admissible (cf. Section 4.1.2), if

we view 1 p as a probability distribution on [k] x [k] and y as a probability distribution on ([k] x [k])? =

[k]".
Let us also say that a pair (o, 7) of k-colourings of a multi-graph G has type (p, ) if p(o, 7) = p and
eglo M @) NT1(G), 0 M s) N T (t) = pijedn  foralli, j, s, t € [k].

Let Z, , be the number of pairs of k-colourings of G(n,d) of type (p, ). Recall that H (-) denotes
the entropy. Applied to the notion of compatible pairs, Corollary 4.1.3 directly yields

Fact 4.4.6. Let (p, 1) be a compatible pair. Then

%lnE Zou) =1 (£) - gDKL (n 2 @ 2) +O(nn/n).

To proceed, we need to rephrase the bound provided by Fact 4.4.6 in terms of the function f(p).
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Corollary 4.4.7. Let (p, i) be a compatible pair. Let F = {(i,],s,t) € [k‘}4 ci=sVj=t}and
define

P
5 <pz2gpst (Z,],s,t)€]2:> . (4.92)
k? — 2k + ||pll5 i,4,8,t€[K]

Then p is a probability distribution on [k]* and

%lnE Zpu) = flp)— gDKL (1, p) + O(Inn/n).

Proof. Because p is doubly-stochastic, we have

Z PijPst = Z PijPst — Z PijPst

(i,4,5,t)&F ij,s,tE (k] (i,4,5,t)EF
k
2
= k- Z PijPit — Z PijPsj + Z P =k =2k + |pl3-
ij,telk] ij,s€[k] ij=1

Thus, f is a probability distribution. Moreover,

PP _ 212
Dict, (£ ® %) +In(1 = 2/k + k2 o]}

k2 it Lo 2
T [1n<)+1n<1—2/k+k ||pu2>}

ijstelk] PijPst
las 32 j s vein) Mijst = 1]
= Z Hijst In (Mz’jst . l~::2—2k:+Hp||§> [due to (4.90)]
A PijPst
= Dxkw (1, p) -
The assertion thus follows from Fact 4.4.6. O

Proof of Proposition 4.4.2. Let p € R and let M(p) be the set of all probability distributions x on
[k]* such that (p, ;1) is a compatible pair. Then

Zopar = Y Zpp (4.93)
HEM(p)
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Furthermore, | M(p)| < (dn)*" because of the requirement that Mijstdn be integral for all 4, j, s,t €
[k]. Hence,

1 1 1 1
- InE[Z,pa] < - In | M(p)| + - Hén/\a/[u((p) ImE[Z,,] =O0(nn/n)+ - ugl/\i}[)((p) ImE[Z,,]. (494)

Since Dxkr, (i, p) > 0 for any u, Corollary 4.4.7 yields

1
— max InE|[Z, ] < + O(lnn/n). (4.95)
© max B (Z,,] < f(p) + O(tun/n)

The assertion is immediate from (4.94) and (4.95). ]

4.4.3. Proof of Proposition 4.4.4

We begin by estimating f(p) for p close to p. The proof of the following lemma is based on consider-

ing the first two differentials of f at the point p; a very similar calculation appears in [47].

Lemma 4.4.8. There is a number 1 > 0 (independent of n) such that for all
pERo={peRo:llp—plo <n}
we have f(p) < f(p) — %o — 5l

Proof. By construction, we have Zf j=1pij = kforall p € R. Therefore, we can parametrize the set
‘R as follows. Let

~

2_ 2 N ~ A
£ o, 1]k - [0, 1]k P (Pij)(m)e[k}?\{(k,k)} = L(p) = (L (P))ijek)
where

Lij(p) = Pii if (i, 5) # (k. k)
j k= Z(S,t)#(k,k) pst ifi=7=%F.

Let Rg = £} (7~20). Then £ induces a bijection Ro — Ro.

It is straightforward to compute the first two differentials of fo L = H o (%E) + F o L. The result is
that the first differential D( f o £) equals zero at p. Furthermore, for p € Ry the second differential is
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given by
82;%[:@) B _% [ﬁz‘jl(ﬁ) * Ekk(ﬁ)] +Oullnk/k) (g elk—1)
m(ﬁ - _k:ﬁ:k(ﬁ) + Ox(Ink/k) (a,b,4,5 € [k = 1], (a,b) # (i, 7))
Evaluated at p we find
L) = (i.d e lk—1)
iZ%ip - (a,b,i,5 € [k = 1], (a,b) # (i..)))

which is the sum of a negative multiple of the identity matrix and a negative multiple of the all-ones
matrix which is negative-definite with all eigenvalues smaller than —1/2. Thus, for > 0 sufficiently
small the Hessian D?(f o £) is also negative-definite with all eigenvalues smaller than —1/2. Hence,

the assertion follows from Taylor’s theorem. O

Proof of Proposition 4.4.4. Assume that p € R good \ R. We claim that
fp) < f(p) — Qn " n). (4.96)

To see this, let n > 0 be the (n-independent) number promised by Lemma 4.4.8. We consider two

cases.
Case 1 ||p — p||,, < 1. By the definition (4.80) of R and as p ¢ R, we have
1 2
lp=plloe =03 nin.
Moreover, because ||p — pl| ., < 7, Lemma 4.4.8 applies and yields

1 1. B
F) = £(p) < =4 o= pllz < = 17 = plls < —n~' /41050,

as desired.
Case 2 |p — p||, > 7. Since n > 0 remains fixed as n — oo, Proposition 4.4.3 yields an n-
independent number £ = £(n) > 0 such that f(p) < f(p) — & Hence, (4.96) is satisfied

with room to spare.
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Finally, plugging (4.96) into Proposition 4.4.2, we obtain

§ ElZ,va] < |Rogood| - max E[Z,pal
_ pERO,good\R
pERO,good\R

< nPW . max exp(f(p)n) [as Ro good < |R| < nkz]
pERO,good

< exp(f(p)n — Q(In*'?)) = o(E [Zi.par]?),

as claimed. O

4.4.4. Proof of Theorem 3.1.1 (part 1)

Corollary 4.4.5 shows that Zj, 4,04(G(n, d)) satisfies the assumptions of Theorem 4.1.5, which there-
fore implies that G(n, d) is k-colourable w.h.p. for n divisible by k. To also deal with the case that
the number of vertices is not divisible by k, we need a few definitions. Recall from Section 4.2 that a

balanced k-colouring o of G(n, d) is skewed if

dn

g (o (), ()) — k(k_l)' = Vrlon,

max
1<i<j<k

In addition, a skewed pair is a pair (o, 7) of good k-colourings such that either

o, T)—p > n_%lnwgn or
(e, 7) = Plloo

max €g(n,d)(0_1(i) n T_l(j)a 0_1(3) N T_l(t)) B k2(kdﬁ1)2

i7j7s7te[k]:i7ésvj7ét

> +/nlnn.

The following lemma paraphrases the argument from [82, Section 4].

Lemma 4.4.9. Assume that for n divisible by k the following is true.

1. The random variable Zy, go0q satisfies the conditions i.—iii. of Theorem 4.1.5.
2. The expected number of skewed k-colourings is o(E [Z}; good])-
3. The expected number of skewed pairs is o(E [Zhgood]Q).

Then G(n + z,d) is k-colourable w.h.p. for any 0 < z < k such that d(n + z) is even.

Proof of Theorem 3.1.1, part 1. Due to Lemma 4.1.1 we just need to verify the assumptions of
Lemma 4.4.9. Corollary 4.4.5 readily implies the first assumption. Furthermore, the second assertion

follows from Corollary 4.2.5 and Proposition 4.2.6.
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4. On the chromatic number of random regular graphs

With respect to the third assertion, we call from (4.81) that

Z E [Z/Lgood] =o(E [Zk;good]Q)- 4.97)
pillp=pll oo >n=1/2 1?2 n

Now, assume that p satisfies ||p — p|, < n~Y21In%3 n. Let p = (Wijst)ij,ste[k] be such that (p, p)
is a compatible pair. Let Z,, be as in Section 4.4.2 and let p be as in (4.92). Then (4.93) and
Corollary 4.4.7 yield

1 1 1
~InE[Z,pa] = —In Y Zyu> ~InZ,, = f(p) + O(lnn/n). (4.98)
HEM(p)

Thus, by Proposition 4.4.2 and again Corollary 4.4.7 equation (4.98) yields
_ . 0() dn .
EZpu) = n"VEZpal exp | =5 D () | - (4.99)

2

Suppose that i, j, s, t € [k], i # s, j # t are indices such that |u;;s¢ — k= 2(k — 1)72| > % Inn

Since ||p — pll, <1~ Y2 10?3 n, we have
‘,uijst - pAz'jst‘ = (n_l/Q In n) :
Therefore, Fact 1.0.3 implies that Dky, (i1, p) = Q(In? n/n) since the hidden constant
= min T
¢ :L‘EX:;;(:(:)>ON( )
is uniform for all p. Hence, (4.99) yields

EZ,,] = n°WE[Z,pa]exp [-Q(n*n)] = E[Z,pa]exp [-Q(n?n)] . (4.100)

Since the number of possible matrices p is bounded by nk*, (4.100) entails that the number Zl’) of

skewed pairs (o, 7) with overlap p satisfies
E[Z)] < o E[Z,palexp [-Qn°n)] = E[Z,pa]exp [-Q(In2n)] . (4.101)

Since Zpeﬁ E[Z,pa] = O(E [Zhbal]Q) by Proposition 4.4.1, (4.97), (4.101) and Proposition 4.2.6
imply that the total expected number of skewed pairs is o(E [Zhgood]Q), as desired. O
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4.5. The Lower Bound on the Chromatic Number

4.5.1. Outline

The goal in this section is to establish the second part of Theorem 3.1.1, i.e., the lower bound on the

chromatic number of x(G(n, d)). More precisely, we are going to show that with
dt =2k —1)Ink —1+3In~ Y4k,

the random multi-graph G(n, d) fails to be k-colourable w.h.p. for d > d*. Then Lemma 4.1.1 implies
that the same is true of G(n, d). To get started, we recall the upper bound on the expected number of
k-colourings of G(n,d). This bound has been attributed to Molloy and Reed [105]. We include the
simple calculation here for the sake of completeness. For a probability distribution p = (p1,. .., pk)
on [k] let Z” denote the number of k-colourings o of G(n, d) such that |0~1(i)| = p;n for all i € [k].
From here on we exclude the cases where p; = 1 for some i € [k| since there exists no such
k-colouring in G(n, d).

Lemma 4.5.1. We have
1 o d 9
- InE[ZP] = H(p) + B In(1 —|[pl|3) + O(Inn/n). (4.102)

Proof. Let M be the set of all probability distributions p on [k] x [k] such that (p, p) is (d,n)-
admissible (as defined in Section 4.1.2). Moreover, for any y € M let Z, , be the number of k-
colourings of G(n, d) such that |o~(i)| = p;n forall i € [k] and such that egm,ay (o (i), 071(j)) =
dnpij; for all 4, j € [k]. Then Fact 1.0.3 and Corollary 4.1.4 yield

1 d d .
SWE[Zpu) = H(p)+5In(1 - oll3) — o Dxu (4, p) + O(lnn/n)  forany p € M. (4.103)

Since |[M| < (dn)’g2 (as dnpi;; must be an integer for all 7, 5), (4.103) implies together with Fact 1.0.3
that

1 1 d
~IB[Z7] = ~In Y E[Z,,] = H(p) + 5 In(1 = ||pl}3) + O(tun/n),
neM

as claimed. O

Corollary 4.5.2. We have

1 InE|[Zk_col] =Ink + gln(l —1/k) + O(Inn/n).
n
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4. On the chromatic number of random regular graphs

Furthermore, if d > (2k — 1) Ink, then E[Z};_co1] < exp(—Q(n)).

Proof. Let p be a probability distribution on [k] and let Z” be as in Lemma 4.5.1. Clearly, the entropy
H(p) is maximized if p = %1 is the uniform distribution. The uniform distribution p = %1 also

happens to minimize || p||§ Therefore, (4.102) implies that for any probability distribution p we have
1 d
—InE[Zf] < lnk+§ln(1—1/k)+0(lnn/n), (4.104)
n

with equality in the case that H p— %1 HOO = O(n~'/2). Since the number of possible distributions p

such that p;n is an integer for all 7 € [k] is bounded by n*, (4.104) implies that
1 d
—InE[Zy_co] =Ink+ 3 In(1 —1/k)+ O(Inn/n).
n
Furthermore, for d > (2k — 1) In k the elementary inequality In(1 — z) < —z — 22/2 — 23 /3 yields

1 d (1 1 1
—InE|Z,_ < Ink—=(-4+—+— 1
n n [ k col] > nk B <k+2k2+3k3>—|—0(nn/n)

1 1
< p— R —
< <12k‘2 6k3>1nk:+0(1nn/n) < 0,

as desired. O

Due to Corollary 4.5.2, we may assume in the following that d is the unique integer satisfying
dt <d< (2k—1)Ink.

Corollary 4.5.2 shows that for this d the first moment is

1 d d/1 1 -
— — — — < — — -
- InE[Zk_col Ink + 5 In(1-1/k)+o(1) <Ilnk 5 <k + 2k2) + O(k™2)

1 3 ~
_— —_— E2). 4.1
ok o + Op(k™7) (4.105)

The fact that the right-hand side is positive is not an “accident”: indeed the first moment E[Z},_ ] is
generally exponentially large in n for this d. Therefore, the standard first moment argument does not
suffice to prove that x(G(n,d)) > k w.h.p.

Instead, we develop an argument that takes the geometry of the set of k-colourings into account; this
argument is similar in spirit to the one used in [42, Appendix B]. We already saw that the k-colourings
of G(n,d) come in clusters of exponential size. Roughly speaking, the volume of these clusters is

what drives up the first moment, even though G(n, d) does not have a single k-colouring w.h.p. To
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overcome this issue, we are going to perform a first moment argument that takes the cluster volumes

into account. To implement this idea, we need the following

Definition 4.5.3. Let o be a k-colouring of a multi-graph G and let p € [0, 1].

1. A vertex v is rainbow if for every colour i € [k] \ {o(v)} there is a neighbour w of v with
o(w) =1i.

2. We call o p-rainbow if precisely pn vertices are rainbow.

For two (not necessarily balanced) k-colourings o, 7 of G(n,d) we define the overlap p(o, 7) just as

in (4.10). Similarly, we define the cluster
C*(0) = {7 : 7 is a k-colouring with p;;(o,7) > 0.51 for all i € [k]} .

(The difference between C (o) as defined in (4.11) and C*(o) is that the former only contains balanced

k-colourings.)

A priori, the definition of C*(o) does not ensure that the clusters of two colourings o, 7 are either
disjoint or identical. In order to enforce that this is indeed the case, we are going to show that we may

confine ourselves to “nice” k-colourings with certain additional properties.

Definition 4.5.4. Let o be a k-colouring of G(n,d). We call o nice if the following three conditions

are satisfied.
1. Let p = (pi)icy) be the vector with entries p; = |0~ (i)|/n. Then
-1 1, -1
lp— k"1, <k 'In"5 k. (4.106)

2. Let p = (kiz); je[k) be the matrix with entries j1;; = eg(n.ay(0 (i), 071 (j))/dn. Moreover; let
fi = ([iij); jepy) be the matrix with entries fi;; = 125k~ (k — 1)~%. Then

e —illy < 8k~ (k — 1)~ In"3 k. (4.107)

3. If T € C*(0) is a k-colouring such that

2n

1/ _2 o an
O 2 < Rk

foralli € [k]
then the overlap matrix satisfies p;;(o,7) > 0.9 for all i € [k].

Hence, in a nice colouring all the colour classes have size about n/k and the edge densities between
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4. On the chromatic number of random regular graphs

different colour classes are approximately uniform. Let Z’ be the number of k-colourings of G(n, d)

that fail to be nice. In Section 4.5.2 we are going to derive the following bound.

k.

Wl

Proposition 4.5.5. We have 2 InE[Z'] < —1k~'In

Furthermore, in Section 4.6 we are going to establish the following proposition, which yields the
expected number of nice p-rainbow k-colourings and effectively puts a lower bound on the cluster
size of a nice p-rainbow k-colouring. Let Z, denote the number of nice p-rainbow k-colourings of

G(n,d). Let us call a k-colouring o of G(n, d) p-heavy if it is nice, p-rainbow and if
IC*(0)] > 2™», where we lety, = (1 — p)(1 — In" /3 k). (4.108)

Let Z; be the number of nice p-rainbow k-colourings that fail to be p-heavy. Further, let Z" =
ZpE[O,l] 1/0/ , where it is understood that the sum runs over those p € [0, 1] such that pn is an integer.
Thus, Z” is the number of nice k-colourings that are p-rainbow for some p € [0, 1] whose cluster is
to small with respect to p. The following proposition shows that this number is actually small. Set

— 20 1
A=[1-21— 557

Proposition 4.5.6. Let p € [0, 1] be such that np is an integer.

1. We have tInE[Z"] < — .
2. IfpE A then L InE[Z,)] <Ink+ ¢In(l — k') — Dgr(p,1 — 1/k) + Op(k~  In~7/8 k).

3. Ifp g€ A then 1 InE[Z,] < — 4.

Proof of Theorem 3.1.1, part 2 (assuming Propositions 4.5.5 and 4.5.6). We are going to show that
the probability that there exists a k-colouring tends to zero. To this end, let Z"” be the number of

k-colourings that are p-heavy for some p ¢ A. By Propositions 4.5.5 and 4.5.6 we have

P[Z' + 7"+ Z" > 0] < E[Z'] + E[Z"] + E[Z"] < 3exp(—n/(4k)) = o(1). (4.109)

Due to (4.109), we are left to bound the number of p-heavy k-colourings for p € A. The basic idea
is as follows. By the very definition (4.108) of “p-heavy”, each such k-colouring belongs to a cluster
of size at least 2™, If all k-colourings in this cluster were p-rainbow, then by Markov’s inequality
the probability that G(n, d) has a p-heavy k-colouring would be bounded by 27"%*E[Z,]. One could
verify easily that 27" E[Z,] = exp(—2(n)). Therefore, summing over all O(n) possible values
of p, we obtain that w.h.p. G(n, d) does not feature a p-heavy k-colouring whose cluster consists of
p-rainbow k-colourings only. However, this argument does not rule out the existence of p-heavy k-

colourings whose clusters contain colourings that are p-rainbow for some p € A \ {p}. To eliminate
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4.5. The Lower Bound on the Chromatic Number

this possibility as well, we are going to partition the interval A into successive sub-intervals and argue

inductively about the values of p in the sub-intervals.

The first sub-interval is [I — 20/k, p], where we let p = 1 — 2. Thus, let Z ©) be the number of
k-colourings of G(n, d) that are p-heavy for some p € [1 — 20/k,p]. If p € [1 — 20/k,p], then a
p-heavy k-colouring o comes with a cluster of size at least |C*(o)| > 2"¥» > 2™ In particular, if
Z©) > 0, then Zj_qo1 > 2"¥7. Therefore, by Markov’s inequality

P[ZO) > 0] < P[Zj—col = 2Y7] < B[Zj—cot]27™7.

Hence, by the first moment bound (4.105) and the choice of p,

1 3In2
P[Z®) > 0] < exp [n((2k)™' — yIn2)] < exp [Z <2 - jll + ok(1)>} = exp(—Q2(n)).
(4.110)
To define the other sub-intervals, fix a strictly increasing sequence (py, . .., ps) with s < 8" such that
po=p, ps=1-1/(20k) and |pj —pj+1|<8F  forall0<j<s. (4.111)

Forj > 1letZ (9) be the number of k-colourings that are p-heavy for some p € (p;—1,p;]. We are
going to show that Z(9) = 0 w.h.p. forall j < s. In fact, since the total number of intervals is bounded

as n — oo, it suffices to prove that
P[ZU) > 0] =o0(1)  foreach0 < j < s. (4.112)
Since the construction of the random variables ensures that

Tl < Z'+ 7"+ 7" + Z A (4.113)
0<j<s

the assertion will follow from (4.109) and (4.112).
The proof of (4.112) is by induction on j. Since (4.110) deals with j = 0, we may assume that j > 1.
Set Z0U) = D i Z® 1f ZU) > 0, then there is a p-heavy k-colouring o for some p € (p;_1, p;]. By

(4.111) its cluster size satisfies n™" In |C*(0)| > yp, In2 + Ok(87%). Unless Z’ + Z” + Z" > 0 or
Z9) > 0 for some g < j, we thus obtain n "' In Z0) > y, In2 + O4(87%). Hence, by (4.109) and
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the induction hypothesis,
P [Z(j) >0} <P[Z+2'+7">0+P [30§g<j:Z(g) >0}
+P [i Iz >y, In2+ Ok(8"“)}
< o(1) + E[2U))27wp; +Ox(E71) (4.114)

Further, by Proposition 4.5.6 and (4.105) we have

. 1 d
it N < = — z _
nE[ZY] < ~1n Y 7 Ink+ 2 In(1—1/k)
PE(P),ps]
— min  Dgp(p,1—1/k) + Op(k~  In"7/3 k)
PE[Pj—1,ps]
<1 i Dir(p,1—1/k) — Qu(k~ In =4 k). (4.115)
2k pelp;—1.ps]

Because p;_1 > po = p > 1—1/k and by Fact 1.0.3, the convexity of the Kullback-Leibler divergence
and expanding the function D r,(p,1 — 1/k) around p; entails that

6[min }DKL(p, 1—1/k) = Dxy, (pj—1,1 — 1/k) = Dkr (pj, 1 — 1/k) + Ox(7.97%).
pc|Pj—1,Ps

Hence, (4.114) and (4.115) yield

. 1
P [Z(]) > 0} < o(1) + exp [n (% — Dk (pj, 1 = k7) = yp,; n(2) — (b~ In =14 k))] -

(4.116)
To bound the r.h.s. of (4.116), consider the function  : p € A — Dkp, (p,1 —1/k) + (1 —p)In2.
Because the Kullback-Leibler divergence is convex, so is £&. Moreover, its derivative works out to
be &'(p) = In(p/(1 — p)) — In(2k — 2). Consequently, ¢ attains its unique minimum at the point

Pmin = 1 — 5= Plugging this value in, we obtain &(p;) > &(Pmin) = (2k) "1+ O (k~2). Combining
this bound with (4.116) and recalling the definition (4.108) of y,, we get

P [Z(J') > 0} < o(1) 4+ exp | —nQ (k™ In V4 k)| = o(1),

thereby completing the proof of (4.112). Finally, the assertion follows from (4.109), (4.112) and
(4.113). O
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4.5.2. Proof of Proposition 4.5.5

Lemma 4.5.7. Let ¢, = k=" In"Y3 k and let p be such that o — %1”2 > ei. Then L InE[ZP] <
In'/3 k
3k

Proof. Let p be a probability distribution such that Hp — %IHOO = O(n~') and such that p;n is an
integer for all ¢ € [k]. Because the entropy function attains its global maximum at %1, Lemma 4.5.1
yields

%mE 12°] - %mE (27) = H(p)— H(p)+ g [1n(1 —1pl2) = In(1 - 1/k)] +O(lnn/n)

d
< Z
- 2

[111(1 —1lI2) = In(1 — 1/l<:)} +O(lnn/n). @.117)

To bound this expression, we compute the first two derivatives of the function g(p) — 4 In(1— | oll3):
fori,j € [k], i # j we find

0 2 2p;
In(1 — = ——,
8p¢ ( HIOHQ) 1— ||pH§
82 9 2 4p2
(1 —lplly) = — - NEIVE
92p; 1—|lpll3 (1 —=pl3)2
0? 2 4pip;
In(1—pll) = ——5.
00, il (1 [loI2?

Because the rank one matrix (4p;p;/(1 — HPH;))i,je[k] is positive semidefinite for all p € [0,1]", all
eigenvalues of the Hessian (%{; In(1—|pl13)); je[x) are bounded by —2/(1 — pll3) < —2. Taylor’s
7 ] ’

formula yields

_ _ 1 - _ _
9(p) = 9(p) + Dg(p)(p = p) + 5 (D*9(5)(p = P). (p = 7)) (4.118)
for some p = ap + (1 — a)p with a € [0, 1]. Therefore, (4.117) entails
1 1 5 d 12
ElnE[Zp] < ElnE[Z"] —§\|p—p|]2—|—0(lnn/n)

1 d
< B (Zhcoll = 5 o~ I + Otnn/n)

1

<
- 2k

- g lp — A3+ O(nn/n) [due to (4.105)],

whence the assertion is immediate. OJ
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Let p be a probability distribution on [k] and let x4« be a probability distribution on [k] x [k] such that
(p, 1) is (d, n)-admissible. Let Z, ,, be the number of k-colourings o of G(n, d) such that |o~1(i)| =

pin and

eg(n,d)(afl(z'), o 1(j) = dnpi; foralli,j € [k].
In addition, let i = (fi;;); je[] be the probability distribution defined by fi;; = 12k (k — 1)1,
Lemma 4.5.8. Withe, =8/(k(k —1) In3 k) assume that ||p — %1”2 < k~'In"3 k but e — gy >

€k. Then ) )
~nE[Z,,] < -~k 1In!/3E.
n n K| p,u] ="y n

Proof. Let p = (pij); jex) be the probability distribution with p;; = %. Then by Corollar-
- 2
ies 4.1.4 and 4.5.2 we have

1 d d .
CnE[Z,,] = Hip)+ 5~ l2) ~ 5Dt (n,7) + Ofinn/n)
1 d .
< - InE[Z}_col] — §DKL (1, p) + O(lnn/n)
1 d .
< % §DKL (1, p) + O(Inn/n). (4.119)

By Fact 1.0.3 the function u — Dk, (1, p) takes its minimum value (namely, zero) at ;1 = p. Recall-
ing its differentials from (1.3), (1.4), we see that the Hessian (#{;@DKL (145 P) )i j s b€ k]sistg st 18 @

positive-definite diagonal matrix with diagonal entries 1//1;; (i # j).

Because Hp - %1“2 < k~'(Ink)~'/3 we have |p — fill, < ex/2. Consequently, our assumption
| — 1]l > e implies that || — pl|, > /2. In fact, let a € [0, 1] be such that i = ap + (1 —a)p
is at /2-distance exactly £;/2 from p. Then due to the convexity of the Kullback-Leibler divergence
(Fact 1.0.3), we have Dy, (11, p) > Dk, (f1, p). Furthermore, because ||t — p||, = /2, we have
fiij < 2/k?foralli,j € [k], i # j. Therefore, applying Taylor’s formula as in (4.118) together with
the above analysis of the Hessian of D, (-, p), we find

R o P =
Di, (1) = Dict o) > - i plE = "k (4.120)
Plugging (4.120) into (4.119), we see that for any p such that || — pl|, > ey,
1 1 dk?s? In'/3 k
- nE[Z,,] < % T3 +O(Inn/n) < — k [asd > 1.9k In k],
thereby completing the proof. O
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Lemmas 4.5.7 and 4.5.8 put a bound on the expected number of k-colourings of G(n, d) that violate
the first two conditions in Definition 4.5.4. To estimate the number of colourings for which the third
condition is violated, we need to establish a similar statement as Lemma 4.3.3, albeit under signifi-
cantly weaker assumptions. In particular, we need to work with the “planted colouring model” G (o, )
from Section 4.3. The following statement is reminiscent of Lemma 4.3.3; the difference is that here
we make weaker assumptions as to the “balancedness” of the colouring, while also aiming at a weaker

conclusion.

Lemma 4.5.9. Let (p, v) be (d, n)-admissible and assume that for all i, j € k], i # j we have
lpi = 1/k| <k P~ Y3%, Juy — Kk — 1) 7Y < 8/(k(k — 1) /3 k). (4.121)

Let i € [k] and let 0.509 < o < 0.99. Then in G(o, ) with probability 1 — exp(—nS;(Ink/k)) the
following is true.
For any set S C V; of size |S| = an/k the number of vertices v € V '\ 'V; that

4.122
do not have a neighbour in S is less than (1 — a — 2 In~Y4 k). ( )

Proof. As in the proof of Lemma 4.3.3, we assume ¢ = 1, fix aset S C Vj of size |S| = an/k, and
let
ej,s = |{(v,1) € S x[d] : Ty (v,1) € V; x [d]}].

Let p; = p1j/p;. Then (4.121) ensures that p; = (1 — 0x(1))/k. Let é; 5 be a Bin(|S|d, p;) random
variable. Setting § = 104, we obtain from Lemma 1.0.8 and the Chernoff bound (Lemma 1.0.6)

‘ (1—10)d|S| . (1 —10)d|S|
Plejs < 1 < O(\/ﬁ) Pléjs < 1
62d|S|
< O(v/n)exp “3-1) <exp(—n- Q(lnk/k)). (4.123)
Let £g be the event that e g > % for all j = 2,..., k. Taking a union bound over all < on/k

possible sets S and all £ — 1 colours j, we obtain from (4.123)

P [3S : g does not occur] < (k — 1)2"F exp(—n - Qi(Ink/k)) < exp(—n - Q(In k/k)).(4.124)

Conditioning on &g, let X; g be the number of vertices in v € Vj that do not have a neighbour

in S. Using Lemma 1.0.8 (the binomial approximation to the hypergeometric distribution), we can
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4. On the chromatic number of random regular graphs

approximate X ; ¢ by a binomial random variable X j.s = Bin(pjn, ¢;), where

. €58 €5,8 d (1 — (S)Oéd 1-§
P |Bin d, dnpj =0 S 1-— Wp] é eXp —ﬁ [aS €j7s Z md|5|]

qj
< f2e0-20) (4.125)
More precisely, Lemma 1.0.8 yields

P[X;s > t|€5] < O(v/n) P [fgg > t] for any ¢ > 0. (4.126)

Setting ¢ = k—20(1-20) Xg = Bin((1 — p1)n,q), and Xg = Z;?:Q X 5, we obtain from (4.125)
and (4.126)

P[Xg > t|€s] < O(v/n) P {Xs > t] for any ¢ > 0. (4.127)

Leta’ = a + 2In~Y/* k. By (4.127) and the Chernoff bound,

P|Xs > %(1 ~d)lEs| < O(Vm)P [Xs > %(1 ~ )]

n

exp[ k(l—a’+o(1))ln<1;€;/>]. (4.128)

IN

Further, we let o = a(1 + Oy (In"'/3 k)) such that o’ pyn = an/k and take the union bound over
all

(( pim > <exp(pin(l —a”)(1 —In(1 —a")))

1—a"pin
ways to choose the set S: from (4.128) we obtain
n /

%mP [HS Xg 1o, > (1 o/)} < (1—a")(1-In(1—a"))—(1—a)In 16_]{;;‘ +o(1). (4.129)

x>

Because the function z € [0, 1] — —zIn z is bounded, (4.129) yields

Fnp [35 X 1e, > %(1 . a’)] < Op(1) + (1 — &) In(kq)
mn

< Op(1) + (1 = 2a(1 — 20))(1 — o/) In k. (4.130)

Finally, because 0.509 < o < 0.99 and § = 10~%, we see that 2a(1 — 2§) > 1.001. Hence, (4.130)
implies
1
“InP |35 Xg 1g, > %(1 — o) < —Qu(lnk/k)n. 4.131)
n

The assertion follows from (4.124) and (4.131). ]
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4.6. Lower-bounding the cluster size

Proof of Proposition 4.5.5. Lemmas 4.5.7 and 4.5.8 readily imply the desired bound on the expected
number of colourings that violate the first or the second conditions in Definition 4.5.4. With respect
to the third condition, let (p, ;) be an admissible pair that satisfies (4.121) and let Z [’)’7 ., be the number
of k-colourings o such that 01 (i) = pyn and eg(,, 4y (071 (i),071(j)) = dnpg; for all i, j € [k] that
violate (4.122) for some 0.509 < a < 0.99. We claim that

1
” InE[Z) ] < —Q(nk/k). (4.132)

Indeed, by (4.105) the total number Z, ,, of k-colourings such that
o li)y=pn  and  egua) (o (i),07 (§) = dnp; (4.133)
for all 4, j € [k] satisfies
%mE [Zp ] < %mE [Z—col] = Ok (E71). (4.134)

Furthermore, if o : V' — [k] is such that |0=1(7)| = p;n for all i € [k], then G(o, ) is nothing but
the conditional distribution of the random graph G(n, d) given that eg(, 4) (0~ (i), 01 (j)) = dnyui;.
Thus, Lemma 4.5.9 shows that for any such o,

1
—InP [(4.122) is violated|eg(, ) (0" (i),0 ' (j)) = dnpy; forall i, j € [k]] < —Q(Ink/k).
n b
(4.135)
Combining (4.134) and (4.135) and using the linearity of expectation, we obtain (4.132).

Finally, assume that o : V' — [k] has the property (4.122). Let 7 : V' — [k] be another colouring
that satisfies condition 1 in Definition 4.5.4 and assume that 7 € C*(0). Let i € [k] and consider
the sets S = o~ 1(i) N 771(i) and T = 771(i) \ o~1(i). Because both o, T satisfy condition 1. in
Definition 4.5.4, we have |S| > 0.509%. For the same reason, the set 1" satisfies

2
7| > % 18] = Op (kI3 k) > % — 18] - %m—”%.

Hence, (4.122) implies that 7 p;; (o, 7) = [S| > 0.99%. Thus, o satisfies the third condition in Defini-
tion 4.5.4. Therefore, the assertion follows from (4.132). L]

4.6. Lower-bounding the cluster size

Throughout this section we keep the notation and the assumptions from Section 4.5.1. In particular
let p be a probability distribution on [k| and 1 be a probability distribution on [k] x [k] that satisfy
condition (4.106) and (4.107).
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4. On the chromatic number of random regular graphs

4.6.1. Outline

The aim in this section is to prove Proposition 4.5.6. Essentially this means that we need to establish a
lower bound on the size of the cluster C* (o) of the nice p-rainbow k-colouring o. Roughly speaking,
we are going to show that almost all vertices that fail to be rainbow have precisely two colours to
choose from, and that these colour choices can be made nearly independently. In effect, it is going
to emerge that for a p-rainbow colouring the cluster size is about o(1-p)n. Technically, a bit of work
is required because we need to get a rather precise handle on the probability of certain “rare events”.

That is, we need to perform some large deviations analyses relatively accurately.

More precisely, throughout this section p signifies a probability distribution on [k] that satisfies the
first condition (4.106) in the definition of “nice”. Further, o : V' — [k] denotes a map such that
|o=1(7)| = psn for all i € [k]. A vertex v is i-vacant with respect to o in a graph G on V if o(v) # i
and if v does not have a neighbour in V; = o~ !(i). We are going to work once more with the
random multi-graph G(o, 1) as defined in Section 4.3 with x a probability distribution on [k] x [k].
Let A, » = Ap (1) be the event that o is p-rainbow in G (o, 1t). Finally, let Ai(G) denote the set of all
nice k-colourings of the d-regular (multi-)graph G. Recall that Z’(G) is the number of k-colourings
of G that fail to be nice.

Proposition 4.6.1. Let p be a probability distribution on [k] and p be a probability distribution on
[k] x [k] that satisfy condition (4.106) and (4.107) such that (p, i) is (d, n)-admissible. Let o : V —
[k] be such that |c=1(i)| = pin for all i € [k]. Then in the random multi-graph G(o, 1) the following

statements are true.
1. There exist p', q satisfying
r_ —11,.-7/8 1 —17,.-1
p=p+Or(k™" In k)Yandq=1—1/k+ O(k™ " In"" k) (4.136)

such that Pg(, ) [Ap.s] < exp [— min {DKL (', q) + Or(k~  In~ 7% k), Qi (In'/3 k:/k‘)} n} .

2. Let V* be the set of vertices v such that there exist 1 < j < j' < k such that v is both j-vacant

and j'-vacant. Then

* n 1/9
" | < _n. )
Pg(o) {yv B k:ln?’/‘*k:} < exp |~ Q' k/1)|
3. Let V;; be the set of j-vacant v € o~ (i) andV =S ijet) Visl - Ly >n/p20. Then

- 2n 1
7t | < —n. /9 )
Pgop) {V! > kln3/4k} < exp { n - Q(ln k/k)}
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4.6. Lower-bounding the cluster size

We defer the proof of Proposition 4.6.1 to Section 4.6.2. In addition, in Section 4.6.3 we are going to

prove that the j-vacant vertices do not span a lot of edges w.h.p. More precisely, we have

Proposition 4.6.2. With the notation and assumptions of Proposition 4.6.1, let V; = Vi; \ V* if
[Vijl < n/k>9, while Vi; = 0 otherwise. For each j € [k] let Ej be the number of edges spanned by
Uiepy Vij and set E =3y Ej. Then

Pgoy | E > 14/5k nZ’ 1 €[0.01,100] | < exp —Qk(lnl/%/k)n].
i#]

Proof of Proposition 4.5.6. Given o : V — [k] and p such that |c~1(i)| = p;n for all i € [k] let M
be the set of all probability distributions x on [k] x [k] that satisfy (4.107) such that (p, i) is (d, n)-
admissible. Write A = A (G(o, 1)) for the sake of brevity. Recall that Z,, denotes the number of nice

p-rainbow k-colourings of G(n, d). By Bayes’ formula and because | M| = n©(),
1 1 1
~mEB[Z)] < —IE[Zco]+—In > Pglowlo € A, Ayl
neM
1 1
< o(1)+ - InE [Z_col] + - In max Pgowlo € A, Ap ). (4.137)

pe

Ifpe A=[1- %, 1—- 20k] then the first part of Proposition 4.6.1 implies together with (4.137) that
there exist p’, ¢ satisfying (4.136) such that

1 1
ik [Zp] < Ik [Zk—coll = Drr(p',q) +0(1) [as Dk (p',q) = Ox(1/k) for p € A].
Together with (4.105) this proves the second part of Proposition 4.5.6.

Further, if p ¢ A, then for any p’, ¢ satisfying (4.136) we have Dxy, (p/, q¢) > 0.94/k. Therefore, the
first part of Proposition 4.6.1 implies together with (4.105) and (4.137) that

1 1 1 0.94 1
- P — E < = _ v < )
n InE [ZP] n In nt P[U € Aa AP,U] = n InE [Zk’—col] k + Ok(l/k) = 3K’ (4.138)

whence the third assertion of Proposition 4.5.6 follows.
We are left to prove the first assertion, i.e., the bound on the number of Zl’)’ of nice p-rainbow k-
colourings that fail to be p-heavy. Due to (4.138) we may confine ourselves to p € A. With the

notation from Proposition 4.6.2, let V' = J;,; V;;. Let By, be the event that either [V'[ < (1 —
p) 1 — 22 k)n or [V > n/(kIn®* k) or |V| > 2n/(kIn** k) or E > nk~'In~*/° k. Then
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4. On the chromatic number of random regular graphs

Propositions 4.6.1 and 4.6.2 imply

max Pgou) [Apos Bpo,o € Al < exp(— Qi (In'/? k/k)n). (4.139)
ne

Suppose that ¢ € A and that A, , occurs but B, , does not. Let V" be the set of vertices v € 1’ such
that v is j-vacant for some j € [k] and such that v is not adjacent to any other j-vacant vertex in V.

Because B), , does not occur, we have
V>V =2E>1—-p)(1—In2Bk)n—2nk ' In Pk > (1 —p)(1 — 2l 23 k)n.

For any subset S C V" there exists a k-colouring 7 such that 7(v) # o(v) for all v € S and
7(v) = o(v) forallv € V' \ S. More precisely, since every vertex v € S is j-vacant for precisely one
j # o(v), we can set 7(v) = j. This yields a k-colouring because by the construction of V' no two
vertices in .S that receive colour j under 7 are adjacent. Let C. (o) denote the set of colourings 7 that

can be obtained in this way. We have just established that if A, ;,0 € A occur but B, , does not, then

C*(O') > 2(1—]))(1—21n*2/3 k)n > QYT

Further, we claim that given A, ,,0 € A, we have
C«(0) C C* = {1 : T is a k-colouring of G(c, 1) and p;;(o,7) > 0.51 forall i € [k]}.  (4.140)

Indeed, |V;| < n/ k%9 for all 4,7 € [k] by the very definition of theses sets. In combination with
(4.106) this bound implies that |7~1(i) — n/k| < n/(kIn'/?k) for all i € [k] and all T € C*.
Consequently, the third condition in Definition 4.5.4 entails that 7 € C*. Finally, Bayes’ formula,
(4.105), (4.139) and (4.140) yield

1 1 1
| "M <« = - - _ 1/9
~InE [2"] < ~IE[Zco] + - In > Pgloy) [Ape Bpo: o € Al = (0" & /k),
pneM
as claimed. O

4.6.2. Proof of Proposition 4.6.1

We continue to assume that p, ju satisfy (4.106) and (4.107). Fix a map o : V. — [k| with colour
classes V; = 0= 1(i) of sizes |V;| = pin. Clearly, whether a vertex is i-vacant or not only depends on
the colours of its neighbours. Recall from Section 4.3 that for a probability distribution y on [k] x [k]
we denote by I, : V' x [d] — V x [d] arandom configuration that respects o and .. Because we are

only interested in the colours of the neighbours of the vertices, we let ', : V' x [d] — [k] map each
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4.6. Lower-bounding the cluster size

clone (v, 1) to the colour i if I'; ,,(v,1) € V; x [d].

To describe the distribution of the random map I'; , in simpler terms, let g,y = (go,u(v, 1)) 1€[d),vev

be a family of independent [k]-valued random variables such that

Hij

) forl € [d],i,5 € [k],v € V.

Plgou(v,l) =] =

Let BB, be the event that |{(v,l) € V; x [d] : go,u(v,1) = j}| = pijdn forall 4, j € [k]. Then we have
the following multivariate analogue of Lemma 1.0.8 (the binomial approximation to the hypergeomet-

ric distribution).
Fact 4.6.3. For any event € we have P [T , € €] = P[g,,, € €|B,] < n®M . Plg,, €E&].

Let us call v € V' j-vacant in g, if o(v) # j and g5, (v,1) # j for all [ € [d]. Moreover, v is
rainbow in g, , unless it is j-vacant for some j € [k]. Armed with Fact 4.6.3, we can analyse the

number of j-vacant vertices fairly easily.

Lemma 4.6.4. Let U* be the number of vertices v € V such that for two distinct colours j,j' €
(k] \ {o(v)}, v is both j-vacant and j'-vacant in g.,. Then

* n 1/9
P [U > kln3/4k] < exp { n - Qx(In k‘/k‘)} .

Proof. For a vertex v and colours j, i’ € [k] \ {o(v)}, 7 # j' let

Pujj = Plgou(v1) & {j,j'} forall I € [d]].

Because the (g,,,.(v,1));e[q) are mutually independent, we have

Hij + Hijr ¢
Pujg = (1—=———""] .
Pi

Our assumptions (4.106) and (4.107) on p and p ensure that (u;; + pi57)/p;i > 1.99/k. As, moreover,
d > 1.99kIn k, we obtain

Dojj < (1 o 0.99/]{)1.9916111](3 < k’_l'g.

Because this estimate holds for all v, j, j" and since the (g,.(v,1))yev;c]q are mutually indepen-

dent, we conclude that U* is stochastically dominated by a binomial random variable Bin(n, k~1-9).
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4. On the chromatic number of random regular graphs

Therefore, the Chernoff bound (Lemma 1.0.6) yields

n
PlU" > ——
[ kln3/4k:]

P |Bin(n, k=% > — }
[ ( ) EIn3/4 k

< exp [— L < k;?-9 >} < exp [—n (0P kK|,
kIn®/* eln®*k

as claimed. O

Lemma 4.6.5. Let U be the number of v € V that are rainbow in g, ,,. For any p € [0, 1] there exist
p', q satisfying (4.136) such that

%mp (U = (1~ p)n] < max | ~Dict, (1~ #',0) + O™ I~ k)~ k/R) } + (1),
Proof. Let T be the set of all ¢ € [k] such that

lpi —1/k| <k 'In2k and (4.141)

i — k(=17 <k Y E—-1)"'In"%k forall j € [k]\ {i}.  (4.142)

Our assumptions (4.106) and (4.107) on p, u ensure that there are fewer than In® k indices i € [k]
such that (4.141) is not satisfied and fewer than In® & indices i € [k] such that (4.142) is not satisfied.
Therefore, the number 7 of vertices v that belong to a class V; such that i ¢ T is 2 = nOy(In® k/k)
since |V;| = pin < 1.01/k for all i € [k] by (4.106). Let € = 2/n = O (In® k/k) be the fraction of

vertices that belong to a class V; such thati ¢ Z. Let UI be the number of vertices v € UieI V; that

are not rainbow and Uz be the number of v € Ui¢I V; that are not rainbow.
Assume that i € Z. Due to (4.142) the probability that v € V; is j-vacant in g, , for j # i is
pii = (1—pij/p))? =1 —1/k+Op(k~ ' In"2k))? = exp(—2Ink + Ox(In"1 k).

Similarly, (4.142) ensures that for ;' & {i, j} the probability that v € V; is both j-vacant and j'-vacant

ingg,, is
Py = (1= (ij + pij)/pi)* = (1= 2/k+ Or(k™" In"? k) = exp(—4Ink + Ok(In"" k).

Hence, by inclusion/exclusion the probability that there exists j € [k] such that v € V; is j-vacant in

9o,y 18

pi = (k+0,(In®k))exp(—2Ink + Op(In™ k) = k1 (1 + Ox(In"1 k)).  (4.143)
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We proceed to estimate the probability that v € J;47 V; is j-vacant for some j € [k].

Thus, let i € [k] \ Z and let v € V;. Our assumptions (4.106) and (4.107) on p, u ensure that for
j € [k]\ {i} the probability p;; = (1 — ;;/p:)¢ that v is j-vacant in g, satisfies (with room to

spare)

Similarly, the probability p;;;r = (1 — (pij + pije)/ p:)? that v is both j-vacant and j’-vacant in Go,u
for distinct 7, j' € [k] \ {4} is bounded below and above by

k74.1 < (1 _ 2.01/]{)2‘0116111’4: < Dijjr < (1 . 1.99/k)1'99k1nk < k73.9.
Hence, by inclusion/exclusion the probability that there is j such that v is j-vacantin g, ,, is

E < p < k709, (4.144)

Because the events {v is j-vacant in g, , } are mutually independent for all v by the definition of g, ,,
(4.143) implies that Uz is stochastically dominated by a random variable with distribution Bin((1 —
€)n, p*) with parameter p* = k' (1 + O (In~* k)). On the other hand, (4.143) also implies that Uz
stochastically dominates a random variable with distribution Bin((1 — €)n, p,) with p, = k=11 +
Or(In"'k)) < p*. We distinguish three cases to show that for any p € [0, 1] there exists ¢ =
1 —1/k 4 Og(k~'In~! k) such that

%lnP [UI =p(l— e)n} < —(1-¢e)Dkr (1 —p,q) +o(1). (4.145)

Case 1 p. <p <p*. Setq=1—p. Then Dxy, (1 — p,q) = 0 and, of course,

%mP [Uz =p(1 - 6)%} < o(1).

Case2p <p,. Setqg=1—p. =1—-k 11+ Ok(ln_1 k)). Since p < 1 — ¢ we have
P[0 =p(1 - e)n] < P [ﬁz <p(l— e)n} <P[Bin((1—e)n,1—q) < p(l — e)n]
= exp[—(1 —€)Dkr (p,1 —¢)n+ O(lnn)] [by Lemma 1.0.4]

= exp|[—(1 —¢€)Dkr (1 —p,q)n+ O(lnn)].
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Case3p>p* Setq=1—p* =1—k (14 Or(In"1 k)). Since p > 1 — ¢ we have

P |Uz =p(1 — e)n] < P [ﬁz >p(l—e)n| <P [Bin((1 —€)n,1 —q) > p(l —€)n]
= exp[—(1 —€)Dkr (p,1—¢)n+ O(lnn)] [by Lemma 1.0.4]

= exp[—(1—¢)Dkr (1 —p,g)n+O(lnn)].
Thus we have established (4.145) in any case.

Furthermore, the bound (4.144) implies that Uj is stochastically dominated by a random variable with
distribution Bin([1.01n1n® k/k], k~%9). Consequently, Lemma 1.0.6 (the Chernoff bound) gives

= n . 1/8
P[Uzzklnmk] < exp[ n(In k:/k)]. (4.146)

To complete the proof, suppose that (1 — p)n is an integer. Since Ur<n—-U<Uzr+ Uj', (4.146)
yields

PU=(1-pn] < P [UI =n(p+ Op(k™ ' In~7/8 k))] + exp {—nﬂk(lnl/s k:/k:)](.4.147)

Hence, consider a number
P=0-"t(p+ Ok In" k).
Then p' = (1 + €)p + O (k™ In~7/® k) and (4.145) shows that there exists
q=1-1/k+Op(k ' In~"k)
such that
P [ﬁz =p/'(1- e)n} < exp|—(1—€¢)Dkr, (1 -p,q)n+O(lnn)] . (4.148)
We consider two cases.
Case 1 p’' < k=99, Expanding the Kullback-Leibler divergence to the second order, we find
(1—e)Dxr, (1 -p',q) = Dxr, (1 — 9, q) + Op(k~  In"/8 k).

Case 2 p' > k=99, We have Dy, (1 — p”,q) = Qi(Ink/k).

Thus the assertion follows from (4.147) and (4.148). ]
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Lemma 4.6.6. Let U;; be the number of vertices v € V; that are j-vacant in g, ,. The random

variable

U= 2 WUyl L onms
i,j€[K]

satisfies P [(7 > ﬁ} < exp [—an(lnl/g k/k)} .

Proof. Let Ui’ j be the number of vertices v € V; that are j-vacant in g, but not j'-vacant in 9o, for
any j' € [k] \ {7,7}. Let

U= > UGl Yy o
i€ [k]:i7]

Due to Lemma 4.6.4 it suffices to prove that

P [U' > MZMJ < exp [—an(lnl/g k/k)| . (4.149)
n

To establish (4.149) we use a first moment argument. Let Z C [k]? be a set of pairs (i, j) such that

i # j. Moreover, let s = (s;;); jez be a family of non-negative integers such that

si; > n/k¥ forall (i, j) € T and sii = {”w . (4.150
J / ( j) (Z]z);z J kln3/4k: )

Furthermore, let S = (S;;); jez) be a family of pairwise disjoint sets such that
Sij C Vi and |Sj;| = s;; forall (i,7) € Z. (4.151)

Let £(S) be the event that for all (7, j) € Z the vertices v € S;; are j-vacant in g, ,, and let £(s) be
the event that there exists S satisfying (4.151) such that £(.S) occurs. Clearly, if U>nk tIn=3/*k,
then £(s) occurs for some Z and some s satisfying (4.150). Thus, we need to bound P [£(s)].

We begin by estimating P [£(S)]. Consider a vertex v € S;; for some (i,5) € Z. Our assump-
tions (4.106) and (4.107) on p and p ensure that

P [vis j-vacantin g] = (1 — p;;/pi)® < (1 — 0.99/k)1-9%Ink < J=1.95

Since these events occur independently for all v € S;; and because the sets S;; are pairwise disjoint,

we obtain

P[E(S)] < H H P [v s j-vacant in g, ] < k™90 2 Gier i (4.152)
(3,§)EZ vES;;
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To estimate P [£(s)], we use the union bound. More precisely, for a given s satisfying (4.150) the

number of possible S satisfying (4.151) is bounded by

H = H (pm> < H <2n/k) [by our assumption (4.106) on the p;]

s s
(ig)ex Y (ij)ex ~ Y

2
< exp Z sl-jln< en/ ) < exp Z sij In (2614:1‘9) [as s;; > k=29]. (4.153)

= Sij =
(3,9)€Z (i,J)€T
Combining (4.152) and (4.153), we obtain
PE(s)] < M-k 19P26nersy < exp sij In (2ek~00%)
(4,9)€T
< exp (—an(ln1/4 k/k:)) [as Z(i,j)ez sij >nk™t In—3/4 k). (4.154)

Since the total number of sets Z and vectors s satisfying (4.150) is bounded by a polynomial in n, the
assertion follows from (4.154). L]

Finally, Proposition 4.6.1 follows by combining Fact 4.6.3 with Lemmas 4.6.4, 4.6.5 and 4.6.6.
4.6.3. Proof of Proposition 4.6.2

The proof is based on a first moment argument. Let V; = o~ (i) forall i € [k]. Let Z C [k]® be a set

of pairs (7, j) such that i # j. Moreover, let s = (s;;)(; j)ez be a non-negative integer vector such that
0 < si; <k >nforall (i,7) € Zand 0.01% < 35 yer sij < 100%. (4.155)
Further, let S = (SZ-]-)(L j)ez be a family of pairwise disjoint sets such that
Sij C Vi and |S;;| = s;5 forall (4, j) € Z. (4.156)
In addition, let @) be a set of edges of the complete graph on V' x [d] such that the following is true.

We have |Q| = [nk~!In~*° k]. Moreover, for any edge {(v,1), (v/,I')} € Q
there exist indices ,4’, j such that i # ¢, (4,7) € Z, (¢,j) € Z,v € Sj;, (4.157)
v e Si’j-

In words, any edge in ) connects clones of vertices in sets S;;, S;7; with i # i'. Let £(S, Q) be the

event that the vertices in \S;; are j-vacant for all (¢, j) € Z and that the matching I, ,, contains Q).
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Furthermore, let £(.S) be the event that £(S, Q) occurs for some Q) satisfying (4.157), let £(s) be the
event that £(.S) occurs for some S satisfying (4.156), and let £ be the event that £(s) occurs for some
s that satisfies (4.155). If E > nk~1In"%/° k and % > ix; [Vi;] € 10.01,100], then the event £ occurs.

Hence, our task is to prove that
P (€] < exp(—Qu(In'/? k/k)n). (4.158)

To establish (4.158), we are going to work our way from bounding P[£(S, )] to bounding P[£]. Let
us begin with the following simple bound on the probability that the edges @ occurin I ,.

Lemma 4.6.7. Suppose that s, S and Q satisfy (4.155)~(4.157). Then P [Q C Ty,)] < ()9
Proof. This follows immediately from Lemma 4.3.5 and Remark 4.3.6. O

Based on Lemma 4.6.7, we can estimate P[E(S, Q)].

Lemma 4.6.8. Suppose that s, S and Q) satisfy (4.155)—(4.157). Let s = Z( ez Sij- Then

i,5)
P[E(S,Q)|Q CT,,] < J— (240K (I k))s

Proof. Let W C V x[d] be the set of all clones that do not occur in any of the edges in . Moreover, let
gij be the number of V; x[d]-V; x[d] edges in Q and set p1;; = f1;5— 24 In addition, let p} = 2 ek Mij-
Furthermore, let g’ : W — [k] be a random map defined as follows.

For each pair (v,l) € W with v € V; and every j € [k] \ {i} let g’(v,l) = j with
probability 1;;/p;, independently of all others.

Then in analogy to Fact 4.6.3, we have

P (T} ,(w, 1) wew,jelg € A] < nMp g’ € A] for any event A. (4.159)

Since (4.157) provides that |Q|/n ~ k= In~%/ k, we see that
Hp—p’Hl < Hu—//Hl SOk(k”ln*g/g’k). (4.160)

Now, let Z’ be the set of all (i, j) € Z such that

2
kln*k’

. B 2
i =k~ (k=17 <

—C and |-k <
(k—1)In'k 7 <
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4. On the chromatic number of random regular graphs

Then (4.160) implies together with our assumption on p, x that
IZ\Z'| < n*? k. (4.161)

Furthermore, for (i, j) € Z' we let S}; = {vesS;:|({v} x[d)NW]|>d—k7/8} . In other words,
S! j contains all v € .S;; that occur in no more than k7/8 edges in Q).

The bound (4.159) implies together with the construction of g’ that
PIE(S,Q)Q c Ty, < nPW.PV(i,j) €Z,veS:visj-vacant in g']
< nfM.p [V(i,j) € T',v € Sj; : vis j-vacant in ¢']

= p0W) H H P [vis j-vacantin g'] . (4.162)
(4,5)€T’ veSs;

Further, because for any v € .S}, the values (g'(v,()).(v,1yew are independent, we have

P [vis j-vacanting'] = (1 /pf)(CHWE< (1 b /phyd=F fas v € 811
< (1—-k*14O(In™* k:)))d*k?/8 [because (7,7) € 7]
< EZHOs(nTiR) (4.163)

To complete the proof, let s" = >, o7/ |S;;|. Because |Q|/n ~ k~1In~ k by (4.157), we have

1
> 1S5\ 8yl < §k*15/8n-
(4.9)€T’

Furthermore, as |S;;| < k~2n for all (i, j) € Z, we have

> 18yl < T\ n < k7 [due to (4.161)].
(4,9)€Z\T’

Combining these two bounds, we see that s’ > s — k—15/8, Thus, (4.162) and (4.163) yield

p [8(5, Q)’Q cT, ,u,] < k*(2+ok(11174 k))s’ < k7(2+0k(1n74 k))s

Y

as desired. O

Corollary 4.6.9. Suppose that s and S satisfy (4.155) and (4.156). Let s = Z( c7 Sij- Then

1’7j)

P[E(S)] <exp [—25 Ink — Qp(In'/® k/k)n| .

102



4.6. Lower-bounding the cluster size

Proof. Given s and S, let H = H(s, S) be the number of sets () that satisfy (4.157). Any such set
@ decomposes into sets (); of edges joining two clones in Ui:(m)ez S;j. Since |S;;| < k=297 for all
i, j, we have | U, jyez Sij| < k7'n forall j. Letn = |Q| = [nk™ In~*° k] and o = k[n/k].

Because the uniform distribution maximizes the entropy, we get

(dn/2k.19)
' [k

Hence, Lemmas 4.6.7 and 4.6.8 and the union bound yield

k
2
) = exp [(1+0k(1))-nln (kﬁ)n . (4.164)

Ho< el (

PE(S)]

IN

Y PIE(S,Q)) =) P[E(S,Q)|Q C Tyl - P[Q C Ty
Q Q

< exp[-2s(Ink + Op(In™3 k)] - Z PlQ C Ty,
Q

IN

exp [—2s(Ink + O (In? k)] - H - <d5n)n

d
< exp|—2slnk+ Ok(k;_l)n +nln 152_87:7] [due to (4.164)]. (4.165)

Finally, our assumptions on d and 7 ensure that 5dn/ (k2'877) < k707, Consequently, n1In k%‘@) <

—Qi(Ink/k)n, and thus the assertion follows from (4.165). O

Corollary 4.6.10. Suppose that s satisfies (4.155). Then P [E(s)] < exp {—Qk (In'/? k/k:)n} .

Proof. For a given s let H = H(s) be the number of S satisfying (4.156). Let s = Z(m)ez Sij.

Because the uniform distribution maximizes the entropy, we have
ny\, kn 1
H < E*<exp|s|l+ln— || =exp [2slnk‘ + O (k )n} : (4.166)
s s

the last inequality follows because (4.155) provides that s = Op(k~!)n. The assertion follows
from (4.166), Corollary 4.6.9 and the union bound. O

Finally, as there is only a polynomial number n?(}) of vectors s that satisfy (4.155), Corollary 4.6.10
implies (4.158), whence the proof of Proposition 4.6.2 is complete.
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5 Analysing Survey Propagation Guided Decimation on Ran-

dom Formulas

Let us start with pulling over the probabilistic framework lined out in [35] including the proofs for
sake of completeness. Let us emphasize that besides the probabilistic framework there is a significant
overlap between proofs of statements in this chapter and analogous statements in [35]. Since the
innovative contribution to our result and the work already contained in [35] is extremely hard to
separate we are going to do this explicitly for each section and each statement. In particular, there
are parts that have been adopted word-by-word and some only barley updated. However, not only for
the sake of completeness but also since [35] is not published yet and the available preprint contains
several minor bugs we decided to revise also the parts that could be taken over without any update
and include them here entirely not claiming copyright and credits. For each statement in this chapter,
that is adopted one to one, we will explicitely quote [35]. Moreover, this chapter is to a large extend

adopted word-by-word from a preprint version of [73] that is available online.

Throughout this chapter we let pr, = (1 + e1)In(k) where (ex)r>3 is the sequence promised by
Theorem 3.2.1 and let r = 2¥ p where p > py,.

5.1. Lower bounding the entropy

To facilitate the analysis, we are going to work with a slightly modified version of SPdec. While the
original SPdec assigns the variables in the natural order x1, . . . , x,,, the modified version PermSPdec

chooses a permutation 7 of [n| uniformly at random and assigns the variables in the order

Lr(1)s -+ s Tr(n)-

Let Bp denote the probability distribution induced on ¥ by PermSPdec(®). Because the uniform
distribution over k-CNFs is invariant under permutations of the variables a moment of thought en-

lightens

Fact 5.1.1. If Bs(S(®)) < exp (—Q(n)) w.h.p., then success(P) = Ba(S(P)) < exp (—Q(n))
w.h.p.

3arXiv:1602.08519
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5. Analysing Survey Propagation Guided Decimation on Random Formulas

Let @ be a k-CNF. Given a permutation w € .S, and a partial assignment ¢ : {:EW(S) s <t} —
{=1,1} we let &; » , denote the formula obtained from @ by substituting the values o (2 (s)) for the
variables @ (5) for 1 < s < ¢ and simplifying. Formally, ®; » , is obtained from @ as follows:

e remove all clauses a of @ that contain a variable x5 with 1 < s < ¢ such that a(xﬂ(s)) =
sign (T (s), @)

e for all clauses a that contain a 7 () with 1 < s < ¢ such that 0(z(s)) = sign(w,(s), a), remove
Tr(s) from a.

e remove any empty clauses (resulting from clauses of @ that become unsatisfied if we set ()
t0 0(z4(s)) for 1 < s < t) from the formula.

For a number 0 > 0 and an index [ > ¢ we say that z,;) is (6, t)-biased if

1
My @) = § (1= i @ 0)) | > 6 5.1
Moreover the triple (@, 7, o) is (0, t)-balanced if no more than §(n — t) variables are (0, ¢)-biased.

The variable (441 is uniformly distributed over the set V'\ {z(s) : s < t} of currently unassigned
variables. Hence, if (@,,0) is (,t)-balanced, then the probability that x 1) is (d,t)-biased is
bounded by ¢. (That is the reason why we introduced Pe rmSPdec decimating the variables in random
order.) Furthermore, given that (1) is not (J,)-biased, the probability that PermsPdec will set
it to *true’ lies in the interval [ — 6, 3 + 6]. Consequently,
1 .
5 P [0(2r(41)) = 1|(®, 7, 0) is (6, t)-balanced] | < 26.
Thus, the smaller ¢ the closer o (7 (41)) comes to being uniformly distributed. Hence, if (d,)-
balancedness holds for “many” ¢ with a “small enough” §, then 35 will be close to the uniform distri-

bution on X..

To put this observation to work, let § = 1 — ¢/n be the fraction of unassigned variables and define

¢
0 = exp(—clk), Ay = 2515 and t= <1 - lr;(z)) n, (5.2)
s=1

where 1 > ¢ > 0 is a small enough absolute constant, say 10-10%0

throughout this chapter we obtain by (5.2) for all t < # that

. Since we use it frequently

0k > In(p)/c?

which is the expected clause length at decimation step t. We establish the following expression for
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Ay
Lemma 5.1.2. Forany 0 <t < t we have

Ay = (1+0(1))dn/(ck).
Furthermore, A; ~ 7 [(p)_% - exp(—ckz)}.

Proof. We have

A= Z ds = exp (—ck) Zexp (csk/n) = exp (—ck)

s=1 s=1

exp (ck(t+1)/n) —1
(Mem@mt ) 6

Since exp (ck/n) = 1+ ck/n + O(n~2) and £ = Q(n), we obtain from (5.3)

n tA n ky—1
A~ o <exp <ck: <n - 1>> — exp (—ck)) =7 ((k:r/Q )" —exp (—ck)) .
Furthermore, for 1 < ¢ < { equation (5.3) yields the upper bound

exp (ck(t+1)/n) — 1 _exp (ck(t —n)/n)
exp (ck/n) — 1 1 —exp(—ck/n)

Ay < exp(—ck)-
= exp (—ck(1— t/n))
o xXp (¢ n)),
as exp (—ck/n) =1 — ck/n+ O(n~2). O
For £ > 0 we say that @ is (¢, &)-uniform if

| {(m,0) € S;, x X: (P, m,0) is not (§;, t)-balanced} | < 2"n! - exp [-10(&En + Ay)] .

Now it is possible to relate the distribution 3¢ to the uniform distribution on ¥ for (¢, £)-uniform

formulas.
Proposition 5.1.3. Suppose that & is (t, €)-uniform for all 0 < t < t. Then

Ba(€) < EJ -exp [6(A; +&n)] +exp(—En/2)  forany € C X.

Proposition 5.1.3 reduces the proof of Theorem 3.2.1 to showing that @ is (¢, £)-uniform with some

appropriate probability. The rather technical proof of Proposition 5.1.3 will be carried out in Sec-
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5. Analysing Survey Propagation Guided Decimation on Random Formulas

tion 5.7.

We call a clause a of a formula @ redundant if @ has another clause b such that a and b have at least

two variables in common. Furthermore, we call the formula @ tame if

1. @ has no more than In n redundant clauses, and

ii. no more than In n variables occur in more than In n clauses of @.

The following is a well-known fact.
Lemma 5.1.4. The random formula ® is tame w.h.p.

The following result provides the key estimate for proving that @ is (¢, £)-uniform with a very high
probability.

Theorem 5.1.5. For any k, r satisfying 2¥py./k < r < 2kIn2 there is ¢ = £(k,7) € [0, %] so that for
n large enough the following holds. Fix any permutation 7 of [n| and any assignment o € 3. Then
forany () <t < t we have

P(®, 7, 0) is (0, t)-balanced|P is tame] > 1 — exp [—3&n — 104,].

Corollary 5.1.6. In the notation of Theorem 5.1.5
P [Vt <t:®is (t,&)-uniform|P is tame] > 1 — exp [—3¢n)] .

Proof. For 1 <t < tand a k-CNF & we let X;(®) signify the number of pairs (7, o) € S, x ¥ such
that (@, 7, o) fails to be (4, t)-balanced. Then Theorem 5.1.5 yields

E [ X;(P)|® is tame] < 2"n! - exp (—3&n — 104;) .
Hence, by Markov’s inequality and the union bound
P [3t <t:Xy(P) > 2"n! - exp (—&n — 104,) |P is tame] < nexp (—26n) < exp (—En). (5.4)
Since @ is (¢, &)-uniform if X;(@) < 2"n!- exp (—&n — 104;), the assertion follows from (5.4). [

Proof of Theorem 3.2.1. Let us keep the notation of Theorem 5.1.5. By Lemma 5.1.4 we may condi-
tion on & being tame. Let U/ be the event that & is (¢, £)-uniform for all 1 < ¢ < £. Let S be the event
that |S(®@)| < n-E[|S(®)|]. By Corollary 5.1.6 and Markov’s inequality, we have @ € U/ NS w.h.p.,
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then by Proposition 5.1.3

ba(s(@) < 2T exp(6(4;+ n)) + exp (~6n/2)
< n-E[S(®)[]- 2" exp (6(A; + £n)) + exp (—En/2). (5.5)

By Lemma 1.0.1 and 5.1.2 we have E [|S(®)|] < 2"exp (—rn/2") and A; < %(kr/Z’“)_%. Plug-
ging these estimates and the definition (5.2) of t into (5.5), we find that given® cUNS,

Ba(S(P)) < nexp ~ok = + %(kr/Qk)_% + 6§)> +exp (—&n/2).

Recalling that p = kr/2* and ¢ < 1/k, we thus obtain

_ n Inpln2 6

Ba(S(P)) < nexp (k (p - Zz -—+ 6)) +exp (—€n/2). (5.6)
cpe

Hence, since p > Ink, (5.6) yields 3a(S(®)) = exp (—Q(n)). Finally, Theorem 3.2.1 follows from

Fact 5.1.1. O

5.2. Tracing the Survey Propagation Operator

To establish Theorem 5.1.5 we have to prove that @ is (d;, t)-balanced with probability very close to
one. This is really the most technical part of the proof and needs fundamentally new ideas compared
to the BP result in [35]. Thus, our task is to study the SP operator defined in (3.6) to (3.8) on b
Roughly speaking, Theorem 5.1.5 asserts that with probability very close to one, most of the messages
,uLfLa(:lzl) are close to %(1 — ,uLfLa(O)). To obtain this bound, we are going to proceed in two steps:
we will exhibit a small number of quasirandom properties and show that these hold in &' with the
required probability. Then, we prove that deterministically any formula that has these properties is

(04, t)-balanced.
5.2.1. The “typical” value of wg[fLG(C )

First of all recall that the messages sent from a variable x to a clause a € N (z) are obtained by

wC(WgLa(l)ﬂﬂgLa(_l)) forC € {_17071}'

This in mind, we claim a strong statement that both ﬂg[fLa(l) and ﬂg[fLa(—l) are very close to a

“typical” value 7[¢] for most of the variables = € V; and clauses @ € N(z) at any iteration step ¢

under the assumption that the set of biased variables, or at least a superset that we get a handle on, is
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small at time £ — 1. Assuming that

mil (1) = mil o (=1) = 74

we of course obtain unbiased messages by

Lo (1) = i (x[f]) = o (xlf]) = 51—l (0))

(4]

The products 73254(¢) are nothing else but the product of the messages

pon @ =1- [ w5 (—sign(y.b)

yeN(b)\{z}

sent from all clauses b € N(z,() \ {a} to z. Therefore, we define inductively 0 < 7[¢] < 1 to be
the product of this kind over a “typical” neighbourhood. The term “typical” refers to the expected
number of clauses of all lengths that contain at most one additional biased variable. Focusing on
those clauses will suffice to get the tightness result of the biases. Moreover, we assume that all of
[;;y (—sign(y, b)) sent from variables to clauses in such a typical neighbourhood are
Vsign(y,b) (T[€ — 1], w[¢ — 1]) which we claim to be a good estimation of most of the messages sent at
time /— 1. Additionally, define 7[¢] = (1—1o(7[€])) as the estimate of the sum M¥La(1) —|—u¥]_>a(—1).

Let us emphasize that there is no “unique” 7[¢] to get the proofs to work and the way it is obtained in

the messages [

the following is in some sense the canonical and convenient choice to sufficiently bound the biases for

most of the messages.
Generally, let T' C V; and x € V;. Then the expected number of clauses of length j that contain x and
at most one additional variable from the set " is asymptotically

wi<1(T)=2p-PBin(k —1,0) =5 —1]-P [Bin (j -1, g;') < 2] . (5.7)

Indeed, the expected number of clauses of @ that x appears in equals km/n = kr = 2¥p. Further-
more, each of these gives rise to a clause of length j in @' iff exactly j — 1 among the other k — 1
variables in the clauses are from V; while the £ — j remaining variables are in V' \ V; and occur with
negative signs. (If one of them had a positive sign, the clause would have been satisfied by setting the
corresponding variable to true. It would thus not be present in ' anymore.) Moreover, at most one
of the j — 1 remaining variables is allowed to be from the set 7. The fraction of variables in 7" in V}
equals %. Finally, since = appears with a random sign in each of these clauses the expected number

of clauses of length j that contain x and at most one other variable from the set 7" is asymptotically
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Additionally let 0 < p < 1 and define

Lok 1\ Ma<1(T)/2
rp)=1-vo(p) and  w(Tp)= ] (1-@rE)7)TTT 68
7=0.10k
Moreover, let
100k " <1 )
= > B o)
j=0.16k

be the approximated absolute value of the logarithm of 7 (7, p). We obtain the following accuracy

result.

Lemma 5.2.1. Let T C V; and 0 < p < 1. We have
T(T, p) + In (T, p)| < &*.

Proof. Using the approximation |In(1 — 2) 4 z| < 2? for 2| < } we obtain

100k
(T,p) + nn(T,p)] = | Y. ”J‘l H(2/7(p) T
j=0.10k
100k
i1\ B <1(T)/2
+i | [T (- emey7)"
§=0.10k
100k 4 ‘
< 3 =B o)t (1 @/r) )]
7=0.10k
100k ‘
< > Bl gy
§=0.10k
100k ‘
< > 279ty [by(57)andas0 < 7(p) < 1]
7=0.10k
< 200kp2 0% <571 [as Ok > 1In(p)/c? and ¢ < 1]
as claimed. L]

For a fixed variable x € V; the expected number of clauses that contain more than one additional

variable from a “small” set T" for a “typical” clause length 0.10k < j < 100k is very close to the
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expected number of all clauses of that given length. Thus, the actual size of T" will influence 7 (7, p)

but this impact is small if 7" is small and the following bounds on 7 (7", p) can be achieved.

Lemma 5.2.2. Let T' C V; of size |T| < 60n and 0 < p < 2exp(—p). Then exp (—2p) < n(T,p) <
2exp (—p).
Proof. We start by establishing bounds on 7(p) as

1zT<p)=1fwo<p)=1f2’%pzl—p. (5.9)

To get the lower bound we use the elementary inequality In(1 — z) > —2z for z € [0, 0.5] and find

106k 1060k

mr(rp) = Y B (1) ) 2 e Y T (o
§=0.10k j=0.10k
100k )
= =2 Y 7(p) 'PBin(k—1,0)=j— 1P [Bin(j — 1,|T|/0n) < 2]
§=0.10k
by (5.7)]
> =2p by (5.9)] -

To obtain the upper bound we apply Lemma 1.0.6 (the Chernoff bound) and get
P[0.10k < Bin(k — 1,0) < 100k] > 1 — exp (—0k/2) (5.10)
and since |T'|/6n < § we have

P [Bin(j — 1,|T|/6n) < 2] > P [Bin (j — 1,|T|/6n) = 0] > (1 — 6)I L. (5.11)
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Therefore,
100k 100k '
mrrp) = > ST (1)) 2 Y B gy
7=0.10k 7=0.10k
100k
= —p Y 7(p) 'PBin(k—1,6)=j— 1P [Bin(j - 1,|T|/0n) < 2]
j=0.16k
by (5.8)]
100k
< —p(1 =)' (1 —p)'%% 3" P[Bin(k—1,0) =j— 1]
§j=0.10k
[by (5.9) and (5.11)]
< —p(1—8)"% (1 —p)" % (1 —exp (=0k/2))  [by (5.10)]. (5.12)

As 0,p,exp (—0k/2) < 0.2 due to the elementary inequality 1 — z > exp (—2z) for z € [0, 0.2] and
by (5.12) we obtain

Inm(T,p) < —p-(1— (2000k + 20p0k + 2exp (—0k/2)))
s o (1 B (20p_1/6 In(p)/c* 4+ 40 exp(—p) In(p)/c* + 2p_1/(202)>)
[as Ok > In(p) /]

= —p+or(1)<—p+1In2 [as ¢ < 1],

as desired. [
5.2.2. Biased messages

Let us now define the bias for the messages at each iteration step ¢ similarly to the definition of the
biases of the marginals (5.1). We do this not only for the 1 and —1 messages as done in [35] but also
for the 0 messages, where the reference value for the 0 message is computed with 7[¢] the estimate of
the “typical” WLLG(C ) at the actual iteration step ¢. To introduce this necessary additional bias for the
0 message results in a more complicated bias for the 1 and —1 messages. This is one of the substantial
reasons why many of the computations that are carried out in [35] could not simply be adopted but
needed extensive revision. In fact, it needed additional new ideas to prove, that these biases still remain
small by applying the Survey Propagation operator. However, it needs substantial work to verify that
the properties entailed in [35] can be adjusted to obtain a similar result for the Survey Propagation

operator as for the Belief Propagation operator in [35].
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Hence, for £ > 0,z € V; and a € N(x) let

1
A, = )= (1-4,0) and

1
B, = 5 (1.0) = vo(rle)).
We say that x € V; is ¢-biased if

max \Axﬁa] > 0.10 or max |EY, | > 0.167[(]
a€N(z a€N(zx)

and (-weighted if

E > 107 |¢
ax | Wl > 10(0).
Let B[] be the set of all {-biased variables and B’[¢] be the set of all /-weighted variables. Obviously,
by definition, we have B’[(] C B[/].

(4]

Writing f1524(sign(z, a)) in terms of the biases obtain

ol (sign(r,0) = 3 (1~ wo(ml)) — (EL,, +sien(r )AL, )
= rl0/2— (Y, +sin(z.a)All,,) (5.13)

We are going to prove that \Agf]_m| and |Eg[f}_m| are small for most z and a € N (x). That is, given the
AgfLa and EgLa we need to prove that the biases ALfi}} and Eg[fi}l] do not “blow up”. The proof is by
induction where the hypothesis is that at most §;6n variables are ¢-biased and at most §20n variables

are /-weighted and our goal is to show that the same holds true for £ + 1.
5.2.3. The quasirandom property

We will now exhibit a few simple quasirandom properties that @' is very likely to exhibit. Based only
on these graph properties we identify potentially ¢-biased or /-weighted variables. In turn, we prove
that variables in the complement of these sets are surely not ¢-biased resp. ¢-weighted. Moreover, we
show that these sets are small enough with sufficiently high probability. Notice, that these quasirandom

properties to some extend differ substantially from those introduced in [35].

To state the quasirandom properties, fix a k-CNF @. Let &' denote the CNF obtained from & by
substituting “true” for x1, ..., z; and simplifying (1 < ¢ < n). Let V; = {x¢y1, ...,z } be the set of
variables of ®!. Let § = &;. With ¢ > 0 we let k; = /cfk. For a variable z € V;,¢ € {1,—1} and a
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set " C V; let

N(z,¢) = {beN(x,¢):0.10k < [N(b)| < 100k},
Nai(@,T,¢) = {beN(z,¢):[NOb)NT\{z}| <1},
Ni(@,T,¢) = {beN(z,¢): [INO)NT\ {a}| =i} forie{0,1},
Ni(z,T,¢) = {be Nz, Q) : INO\T| =k AN(b) NT \{z}] =1},

Noy(2,T,¢) = {be Nz, ¢): IN®)\T| >k A|INOG)NT\ {2} > 1}.

Thus, N<i(z, T, ¢) is the set of all clauses a that contain = with sign(z,a) = ¢ (which may or may
not be in ") and at most one additional variable from 7'. In addition, there is a condition on the length
|N(b)| of the clauses b in the decimated formula #. Having assigned the first ¢ variables, we should
“expect” the average clause length to be 6k. The sets N;(z, T, () are a partition of N<i(z, T, ()
separating clauses that contain exactly one additional variable from 7"\ {z} and clauses that contain

none.

Q1 No more than 1036¢n variables occur in clauses of length less than 0k/10 or greater than 100k

in ®;. Moreover, there are at most 10~4§0n variables = € V; such that

(Ok)%5- Y 27Ol s

beEN(z,()

Q2 For any set T' C V; of size |T| < sOn such that 6 < s < 106 and any p € (0, 1] there are at
most 10736%0n variables z such that for one ¢ € {—1,1} either

MTp)— > /)Nl > 25/1000 or
beN<, (z,T,¢)
Z 2~ IN®) > 10*phks or
beN1 (z,T,¢)

> 27N S0,
bENgl(x7T7C)

Q3 If T C V; has size |T| < §60n, then there are no more than 10~%50n variables z such that at
least for one ¢ € {—1,1}

Z oINONT\{z} =N (b)| - 5/(0k).
bEN>1 (vavc-)
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Q4 For any 0.01 < z < 1 and any set T C V; of size |T| < 10006n we have

1.01
) N < 287 + 10-456m.
b N (b)NT|>z|N(b)| ‘

QS5 For any set T C V; of size |T'| < 1056n, any p € (0, 1] and any ¢ € {—1, 1} the linear operator
AT, 1, ¢) : RV — RY,

I = (Iy)yev; = > 2/7(p))" Ol sign(y, b) I,
bENgl("EvT’C) yEN(b)\{LB}

has norm || A(T, i, ¢) ||o< 646n.
Definition 5.2.3. Let § > 0. We say that ® is (9, t)-quasirandom if Q1-Q5 are satisfied.

Apart from a bound on the number of very short/very long clauses, Q1 provides a bound on the
“weight” of clauses in which variables x € V; typically occur, where the weight of a clause b is
2-IN®I, Moreover, Q2 and Q3 provide that there is no small set I" for which the total weight of the
clauses touching that set is very big. In addition, Q2 (essentially) requires that for most variables x
the weights of the clauses where x occurs positively/negatively should approximately cancel. Further,
Q4 provides a bound on the lengths of clauses that contain many variables from a small set 7. Finally,
the most important condition is QS, providing a bound on the cut norm of signed and weighted matrix
representations of #*. Notice, that compared to the quasirandom properties in [35] there is in particular

a stronger bound on the number of exceptional vertices in Q2.

Proposition 5.2.4 ([35]). There is a sequence (y)r>3 with limy_,o € = 0 such that for any k,r
satisfying 28 (1 + ;) In(k)/k < r < 28In2 there is € = £(k,r) € [0, 1] so that for n large and &;, 1
as in (5.2) for any 1 < t < t we have

P& is (64, t)-quasirandom|®P is tame] > 1 — exp (—10({n + 4Ay))

Theorem 5.2.5. There is a sequence (gi,),>3 with limy_,o €, = 0 such that for any k,r satisfying
28(1 4 &) In(k) /k < r < 2% In2 and n sufficiently large the following is true.
Let & be a tame k-CNF with n variables and m clauses that is (0, t)-quasirandom

forsome 1 <t < t. Then & is (0¢,t)- balanced.

The proof of Proposition 5.2.4 based on standard arguments applying the theory of large deviations.

Not only due to some update of the quasirandom properties from [35] carrying out these computations
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carefully should give the conviction that these properties are sufficiently highly concentrated in &. This
may be considered as being counter intuitive for some of these properties. Theorem 5.2.5 together with

Proposition 5.2.4 yields Theorem 5.1.5.
5.2.4. Setting up the induction

From here on throughout the whole chapter we assume P to be tame and all statements to hold for any
t <t. Letd =0

We like to show that for most variables x € V; for all @ € N(z) simultaneously for both { €
{—1,1} the values 7r;[f]_>a(( ) are close to a typical value which is estimated by 7[¢] for each iteration
step [¢] of SP. Therefore, we are going to trace the SP operator on @ iterated from the initial set of
messages ,ugla(il) = 1 and M?La(O) = (0 forallz € V; and a € N(z). To do so, we define sets
Ti[l],..., Ty[f] C V; and parameters 7[¢] and 7[¢] inductively that will allow us to identify biased
variables. Let T'[¢] = T1[¢] U T5[¢] U T5[¢] U N(T4[¢]) and T'[¢] = T1[¢] U Tz[¢]. Tt will turn out
that T'[¢] is a superset of the set of biased variables and 7"[¢] a superset of the variables z € V;
such that for one clause a € N(z) we find |¢)o(7[(]) — M;[,fLa(OH is large. Let us emphasize that
this is indeed a fundamental difference to [35], where only the set of biased variables with respect to
the 1 and —1 messages is traced. Also the T sets are defined similar to the ones in [35], there is a
significant difference by adjusting the exact assumptions and parameters to the updated statements of

the quasirandom properties and introducing an additional set for tracing the weighted variables.
Let us define for x € V;,a € N(z)and ¢ € {1,—1}

NE @ a,¢) = Nea(@,T[0,0)\ {a}

N > a,0) = M@ T10,0)\ {a)

N @ = a,0) = Nola, T, 0\ {a)

N = a,Q) = N0\ ({a} UNi (@, 710, ).

and

¢ 14
Pgrl] (r —a,() = H MLLx(O)
beN<1(z, T[E],O)\{a}

P e —a,0) = I1 Wl (0).
beN (2,0\({a}UN <1 (,716),0))
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Note, that

.0 = P —a,0) Pl —a,). (5.14)

First of all, for ¢ = 0 we set 71[0] = T»[0] = T3[0] = T4[0] = () and additionally 7[0] = 0 and
7]0] = 1. Now we define inductively

7l +1] =7 (T, x[0]), T[e+1]=T(T[,x[f) and 7[¢+1] =7 (x[f+1])

and let

T+1] = eV P 5 a,¢) — m[e +1)| > 0.0167[¢ 1}
et = {oevs mec P 0,0 - ales 1] > oot 1)

contain all variables for which Pg 1+ 1 (x — a, C) fails to be close enough to the typical value.

Let T5[¢ + 1] be the set of all variables x that have for at least one ( = {—1, 1} at least one of the
following properties.

T2a. ‘H[E 1] = henar (e TiL0) (2/7[5])14“”)'] > 26/1000.
T2b. Either

> 27INOIS 10%0ks  or > 27N 104 poks?.
beN (z,T[€],¢) beN: (z,T7[4),¢)

T2¢. Y pen, (ar(0,0) 2-IN®I > 10%p.

A variable z is (¢ 4+ 1)-harmless if it enjoys the following four properties simultaneously for { €

{-1,1}.

H1. We have 6(0k)* Y- ,c ypy 27V < 1,and 0.10k < [N (b)| < 106k for all b € N(x).
H2. i (oia.0) 2-INOI < p(Ak)56 and Y e N (2.T10.0) 2ANONTENLH-INOI < §5/(0F).
H3. There is at most one clause b € N(z) such that [N (b) \ T[¢]| < k;.

Let H[¢ + 1] signify the set of all (¢ + 1)-harmless variables and H[0] = (). Further, let 75/ + 1] be

the set of all variables z that have at least one of the following properties.

T3a. There is a clause b € N (x) that is either redundant, or [N (b)| < 0.16k, or [N (b)| > 100k.
T3b. 6(0k)* Y e 2~ VO > 1.
T3c. Atleast forone ¢ = {—1,1} we have > yc v 2 7101.0) 2ANOINTENL=H-INCI > 5/(0k).
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T3d. z occurs in more than 100 clauses from 73[¢].

T3e. x occurs in a clause b that contains fewer than 3| N (b)|/4 variables form H [¢].
Furthermore, we let

Tyt +1] = {a € ¢' : [N(a)| > 100k1 A |N(a) \ T[€]] < k1 } \ Ta[€). (5.15)

As promised we obtain

Proposition 5.2.6. Assume that w[¢] < 2exp (—p). We have B[{] C T[] and B'[{] C T'[{] for all
¢>0.

Furthermore, we establish the following bounds on the size of T'[¢] and T”[¢]. Since the sets are defined
by graph properties independent from the actual state of the algorithm the quasirandom properties

suffice to obtain

Proposition 5.2.7. If & is (6;,t)-quasirandom, we have T[] < §0n,T'[(] < §%0n and w[l] <
2exp (—p) forall £ > 0.

Proposition 5.2.6 and 5.2.7 are the main technical statements and differ to there counterparts in [35]

by additionally bounding the size of the /-weighted variables and taking the 7[¢] into account.
5.2.5. Sketch of proof

Before we dive into the proofs of the rather technical statements let us give a sketch of the proof in

order to develop an intuition of the underlying idea of the proof.

Writing uLdesign(:n, a)) in terms of the biases as in (5.13) we obtain

pl o (~sign(r, @) = (1~ vo(x[)) — (B, +sian(z,a)AlL,)
— 1l/2 - (Egga + sign(z, a)AlfLa) (5.16)

We are going to prove that \AgfLﬂ and |E¥La| are small for most x and a € N (z). That is, given the
A;[f]_m and Eg]_m we need to prove that the biases A;[fig and Egié] do not *blow up’. The proof is by
induction where the hypothesis is that at most §;6n variables are ¢-biased and at most §20n variables
are /-weighted and our goal is to show that the same holds true for £ + 1. To establish this, we need to

investigate one iteration of the update rules (3.6) and (3.8).
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Now, to estimate how far wg[fiy (¢) actually strays from 7[¢ + 1] we start by rewriting (3.6) in terms

[£]

of the biases ALfLa and E; .., we obtain

Lo = 1— I rlb/2— (EL, +sien(y.@)AlL,, )
yeN(a)\{z}
= 1= @/rle) VO T 1= 2/700 (EJL.(0) +sien(y, )AL, ) - 5.17)
yeN (a)\{z}

Under the assumption that 0.1 < |N(a)| < 100k, and |Ay_>a\ < 0.15 = exp(—chk) as well as
|Ey%a| < 0.17[(]6 < exp(—cbk) forall y € N(a) \ {x}, and since by induction and Lemma 5.2.2

T[] is close to 1 we can approximate (5.17) by

i, (0) = 1= /7)) "Nl T 1= 27710 (EfLa(0) + sign(y, @) AJL, )
yeN(a)\{z}

~exp | = (/e N1 =27 S (B, (0) + sign(y, )AL,

yeN(a)\{z}
Finally, we approximate
hl T[-:[E[:tll] (C) = H p’b_m;
bEN (z,()
~ =N @) IO Ly Y (E ) + sign(y,b)A[ij) (5.18)
beN (z,¢))\{a} yeN (b)\{z}

which we claim to be very close to w[¢]. To prove that, we show that II[¢ + 1] — In T (¢) is close

to zero which by induction, Lemma 5.2.2 and (5.18) supposes to be the case if

me+1 - 3 e N 12 Y (B0 + sign(y, )4},
beN (z,¢)\{a} yeEN(b)\{=}

is close to zero.

The first contribution to that sum is just the weight of clauses in which = appears in with sign (. This

should be close to the value 7[¢ + 1] by definition for many variables.

The second contribution comes from the biases of the ’zero-messages’. This influence is small since
the bound on Eng is so tight and the set of ¢-weighted variables is so small that only a little number

of variables are influenced by /-weighted variables.
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The third contribution

> > @/ sign(y, ball,
beN(z,0)\{a} yeN(b)\{z}

is a linear function of the bias vector AlYl from the previous round. Indeed, this operator can be

represented by a matrix

AC = (Ai—}a’y—ﬂ))w*}a,y%b with entries
‘e /7)) WOl sign(y,b) ifa # b,z #y, andb € N(z,(),
Az—)a,y—)b =

otherwise.

with z — a,y — b ranging over all edges of the factor graph of &',

Since A¢ is based on ¥, it is a random matrix. One could therefore try to use standard arguments

to bound it in some norm (say, ||[A¢||5). The problem with this approach is that A is very high-

dimensional: it operates on a space whose dimension is equal to the number of edges of the factor

graph. In effect, standard random matrix arguments do not apply.

To resolve this problem, consider a “projection” of A¢ onto a space of dimension merely |V;|0n,

namely

ACRY SR T = (Ty)yer, =4 > Y (/710 O sign(y, by,
bEN(m,Q) yEN(b)\{&?} CEGVt

One can think of AS as a signed and weighted adjacency matrix of @'. Standard arguments easily
show that || A¢||g < §#6n with a very high probability. In effect, we expect that for all but a very small
number of variables x € V; we have simultaneously for ( € {—1,1} that

max | Y0 Y0 (/)M sign(y, b)), < 6/a.
SENE) | pe N 0)\ (a} yeN DN o}

The quasirandom properties are designed to identify graphs such that the number of variables where
the ~ signs in the above discussion is not appropriate is small and the influence of each small poten-

tially set of biased variables is small.

Let us now turn this sketch into an actual proof. In Section 5.3, we prove Proposition 5.2.6. In Section
5.4 we prove Proposition 5.2.7. In Section 5.5 we prove Theorem 5.2.5. Finally, in Section 5.6 we

establish that the quasirandom properties hold on @' with the required probability.
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5.3. Proof of Proposition 5.2.6

Throughout this section we assume that
m[l] < 2exp(—p) forall ¢ > 0 (5.19)
and thus
1> 700 =1 —to(n[l]) >1—7[f] >1—2exp (—p) > 1 — 2k~ 1F2). (5.20)
The proof will be by induction on £. We start with a tightness result regarding Wg[fia] ().

Proposition 5.3.1. Let x € V. Suppose B[{] C T[{]. Then simultaneously for { € {—1,1} we have

max_[nle41(0) — e+ < § OTH /S0 Fe T
a€N(z,() 27T[€—|— 1] if §é T/[f—i— 1]'

(€]

b—ax
to variables. The counterpart in [35] is Lemma 28 updated by the 0 message bias. The counterpart

of Corollary 5.3.3, 5.3.4 and 5.3.5 are Corollary 29 to 31 in [35] that needed to be rephrased for the

4
s

needed elaborate adjustment to the Survey Propagation operator and fixing several bugs. The same

To prove Proposition 5.3.1 we establish an elementary estimate of the messages y; *, (0) from clauses

(0) messages. The proof idea is rather similar also in particular the proof of Corollary 5.3.4

was done for the proof of Proposition 5.3.1 and 5.2.6 that is implicitly contained in the proof of

Proposition 27 in [35].

Lemma 5.3.2. Let x be a variable and let b € N(x) be clause. Let t, = |[N(b) N B[{] \ {x}|. Then
0< 1= pp,,(0) < (2/71) " WOHE exp(5|N (b)),

Proof. Foranyy € N(b) \ {z} by (5.13) we have

4 . 4 . 4
i) (—sign(y.0) = 7[0)/2 — (B, +sign(y.0)AL,)
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Therefore, by definition (3.6) we have

0 < -l =TI rl0/2— (B, +sien.0)AlL,)
yeN(b)\{z}
= /)N T -2/l (B, + sien(u.b)A)),,)
yeN (b)\{z}
< @)Lt T 1+l B, +sienw Al

yeN(b)\({z}UBl)

[as | B, +sign(y,0) AL, | < 7[¢]/2 forall y € N(b)]

< (/) VO e (2 > ‘ B, + sign(y, b)A[yLb> [by (5.20)]
yeNB\({z}UB[)

< (2/7[0) " INOH exp (IN(b)]6)

| <0.16 and ]E[g]

[as \A | < 0.16 forally ¢ BI]].

y—b

O]

Corollary 5.3.3. Let x be a variable and let T C N (x) be a set of clauses such that |N (b)| > 01.0k
forallb € T. Foreachb € T lett, = |[N(b) N Bl{] \ {z}|. Assume that t, < |N(b)| — 2 and
IN(b)| < 100k for allb € T. Then my (0) > 0forallb e T and

b—x

] m,.(0)

beT

<Z 2/ 4 IN®)+t

beT

Proof. Foreachb € T thereisy € N(b)\{x} suchthaty ¢ B/, because t;, < |N(b)|—2. Therefore,
by (3.6) ub_m( ) > 0. Lemma 5.3.2 implies that

1> i (0) > 1= (2/7[0) WO exp (3N (D). (5.21)
Our assumptions ¢, < |N(b)| — 2, |N(b)| < 100k and (5.20) ensure that
@/7[)INOF < 172 and  exp (5|N()]) < 1.1,

whence (2/7’[6])17|N(b)|+tb exp (0| N(b)]) < 0.6. Due to the elementary inequality 1 —z > exp(—2z)
for z € [0,0.6], (5.21) thus yields

MgLI(O) > exp (_ (2/T[£])3—|N(b)|+tb exp (5|N(b)|)> > exp <_ (2/T[£])4_|N(b)|+tb) . (5.22)
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Multiplying (5.22) up over b € T and taking logarithms yields

0> In [T i), (0) = = @/70) N exp (3N (b))
beT beT

as desired. O

Corollary 5.3.4. Suppose that x € H|[{| and that a € N (x) is a clause such that |N(a) \ T[¢ —1]| <
k1. Moreover, assume that B[{ — 1] C T[¢ — 1]. Then |A¥La\ < 0.01.

Proof. Let( € {—1,1}. Since z € H[{] foreach b € N(z,()\ {a} we have the following properties.

P1. By H1 we have 0.10k < |[N(b)| < 106k.
P2. By H3 we have [N (b) \ T[¢ — 1]| > k.
P3. Lett, = [N(b) N B[¢ — 1] \ {x}|. Our assumption that B[¢ — 1] C T'[¢ — 1] and condition H3

ensure that
< IN®) N T~ 1] < IN()| — k1 < [N(B)| - 2.
Since |N(a) \ T[¢ — 1]| < k1 by property P2 we find
N (@ = a,¢) = Noa(a, Tt — 11,¢)

and set 7 = N[f]l (x — a, ). By P1 and P3 Corollary 5.3.3 applies to 7 and yields

In Pg%(x — a, C)‘ = < Z (2/7’[5])4_|N(b)|+tb (5.23)

beT

n [T 0 0)

beT

and H2 ensures that ) 3, - (2/7[6])_|N(b)|+tb < 0, whence (5.23) entails
‘Pg]l(x —a,() — 1‘ <1074 (5.24)
Moreover, x € H|[(] and therefore by H1 and since |[N(a) \ T[¢ —1]| < k1 < 0.10k we have
|N(a) NT[¢ —1]| > 1. Thus we get
N (@ = a,Q) = Nea (2, T - 1], 0).

This yields the factorization

Pl —a,¢) = | | S OF || O} (5.25)

- bENo (2, T[(-1].€) bEN (&, T[E-1].C)
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With respect to the second product, Corollary 5.3.3 yields since ¢, < 1 and |N(b)| > 0.10k if b €
Ni(z, T[¢ —1],¢) that

LU 1 O e (U] I S 2o R
beN1(z,T[¢—1],¢) beN1 (z,T[¢—1],¢)
< 32p(0k)°5  [by H2 and (5.20)]

< 10°° [as § = exp (—cOk) with Ok > In(p)/c?]

and thus

1- I wsl)o) < 1070 (5.26)

beN (z,T[¢—1],¢)

Furthermore, by (3.6) and (5.13) for any b € Ny(x, T[¢ — 1], () we have

l— 4 . 4
e (0) = 1- I r2- (EZ[,]_,,) + sign(y, b)ALLb)
yeN(O)\{z}

O T 12/ (Ebequign(y,b)Ang). (5.27)

yeN(b)\{z}

Since b € Ny(z, T[¢ —1],¢), we have y ¢ B[¢{ —1] C T[¢ — 1], and thus \A@[f;ll)” < 0.16 and
|ELJ)] < 0.16m[¢ — 1] forall y € N(b) \ {x}. Letting

ap=1-— H 1—2/7[¢ (Eg]_w + sign(y, b)Ang>

yEN (D)\{z}
we find with (5.20) that
P1 P1
—1060k <1 — (1+0.58)VO < <1 — (1 —0.56) VOl < 1080k (5.28)

Thus, by (5.27), (5.28) and P1 we compute

1> ul 0 0) > 1— @/71) MO (1 4 1066k) > 0.99. (5.29)

Using the elementary inequality —z — 22 < In(1 —2) < —zfor0 < z < 0.5, we obtain from (5.27),
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(5.28) and (5.29)

) 0) < =/l NN - ay) < - /) VO - 1050k)

b—x

2, 0) > = @/rl) O - ) — 2/ ()" OD (1 - ay)?

b—x

> —(2/7[) VO (1 4 1066K).

Summing these bounds up for b € Ny(x, T[¢ — 1], (), we obtain

N )

beEN (2, T[¢—1],C)

D D 7l

bENy (x,T[¢—1],0)

+10k6 > (2/7[) 1IN O
beNy (z,T[¢—1],¢)

IN

- > 2/7[) VOl L 10k6)=2 by HI
beN (z,T[¢—1],C)

- - Y ey

beN< 1 (x,T[L-1],()

+ > /7)) VOl L o(kg)—3
beEN (2, T[¢—1],¢)

< T[]+ 10736 + p (0k)° 6 + 10(Ak)~>  [by H2, H4)

IN

—TI[¢] + 10~° [because § = exp (—chk) and Ok > In(p)/c?].

1]

Analogously, we obtain In [Ty nr i 7ie—11,0) My (0) > —TI[¢] — 107 and thus

Consequently, (5.30) and Lemma 5.2.1 yield

] -

Plugging (5.26) and (5.31) into (5.25) we see that

126

me+m I wo) o)< (5.30)
beNL (z,T[¢—1],¢)
11 p0)| < 107570, (5.31)
beNy (z,T[¢—1],¢)
Pl = a,0) — ]| < 10744, (5.32)
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while
Pl —a,0) =1/ <107 [by(524)] (533)

Therefore, (5.14) as well as (5.32) and (5.33) yield

mlf,4(¢) = 7ld)] < 10-*x{e. (534)

By (3.8), (5.34) and Lemma 1.0.10 we have

Lo =il = |l o0, 7, (-1) — (el <2107 (539)

#l,(0) = o (rlt)| = [wo(rl, (1), 7l (1)) — vo(m()| < 21077 (5.36

and therefore, by (5.2), (5.35) and (5.36) we find

AL | = |, (1) - %(1 - uLfLa(O))‘ < () - %(1 = ¢0(wm))|+5 1073
< 0.01 [by (1.7)].
as claimed. u

Corollary 5.3.5. Let ¢ > 1 and b be a clause such that N(b) ¢ T[l]. Let x € N(b). Assume that
B[t —1] C T[¢ —1]. Then

1— 1 2(0) < exp (~k1/2).
Proof. Since N (b) ¢ T[¢], there exists a y ¢ T'[¢] and because b € N (y) by T3a we have
0.10k < |N(b)| < 100k. (5.37)
We consider two cases

Case1 |[N(b)\ T[¢ — 1]| > k;. By (5.37) and Lemma 5.3.2 we find

0) <1,

— Fb—zx

exp (—exp (—0.6k;1)) < exp (—23*’“1 exp ((5|N(b)|)) < N[Efl}
whence the assertion follows.

Case2 |[N(b) \ T[¢ —1]| < ki. The assumption N (b) ¢ T'[¢] implies that b ¢ T3[¢]. But since
|IN(b) \ T[¢ —1]| < ki and by (5.37), the only possible reason why b ¢ T3[¢] is that b €

127



5. Analysing Survey Propagation Guided Decimation on Random Formulas

T3[¢ — 1] (cf. the definition of T5[¢]). As N (b) ¢ T5[¢], T3e implies
IN(b) N H[¢ — 1]| > 3|N(b)| /4. (5.38)

Let J = N(b) N H[¢ — 1]. Since b € T3[¢ — 1], we have £ > 2 and |N(b) \ T'[¢ — 2]| < k.

Therefore, Corollary 5.3.4 implies that Az[f;é] < 0.01 for all y € J. Thus, for all z € N(b) we

have
nodo) = 1 [T S (-sign(y,b)
yEN (D)\{z}
> 1 - 050171 P27 1 50138011 5 1 5010078k,
Consequently,
10y — 1] < 0.501%07% < exp (—0k/100) < exp (—k1).
Thus, we have established the assertion in either case. O]

Proof of Proposition 5.3.1. Let us fix an £ > 0 and assume that B[¢] C T[¢]. Letz € V; \ T[¢ + 1].
Corollary 5.3.5 implies that

1— %, (0) <exp(—ki/2) foralla € N(z). (5.39)
We claim
1P (2 = a,¢) = 1] < 6/500  foralla € N(z),¢ € {1,—1}. (5.40)
To establish (5.40), we consider two cases.

Case1 = ¢ N(Ty[(]). Let T = N[ffl] (r — a,() be the set of all clauses b that contribute to the
product Pglﬂl (x — a,(). Since x ¢ N(T[¢] UTI[L+ 1]), none of the clauses b € T features
more than | N (b)| — k1 variables from 7[¢] (just from the definition of T}[¢ 4 1]). Furthermore,

because = ¢ T3[¢ + 1], T3c is not satisfied and thus we obtain the bound

S (/7 () NOINTEAME-INOL - < ST 2NOINTIM-ING)
beT bEN=>1(z,T[0),¢)
< §/(0k) < 6/10% (5.41)

Since x ¢ T'[¢ + 1], T3a ensures that 0.1k < |N(b)| < 106k for all b € T. Therefore, (5.40)
follows from (5.41) and Corollary 5.3.3.
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Case 2 z € N(Ty[l)). Let T = N[ZH] (x = a, () \ T4[f] be the set of all clauses b that occur in the
product ng }(:U — a, (), apart from those in T4[¢]. Since x ¢ T3[¢ + 1] U N(T4[¢ + 1]), this
set 7 also satisfies (5.41). Thus, since = ¢ T5[¢ + 1] and therefore | N (b)| > 0.16k Corollary
5.3.3 yields

n I ), (0)] < 6/10%. (5.42)

beT

Let7’ = [KH](x — a,)NT4[¢]. As condition T3d ensures that | 77| < | N (z)NTy[¢]] < 100,
(5.39) implies

< 2|T"| exp(—Fk1 /2) < §/1000. (5.43)

n I ), (0)

beT”’

since N (2 = a,¢) = T U T, (5.42) and (5.43) yield |1 — P (@ — a, ¢)| < 6/500.
Thus we have established (5.40) in either case.
Leta € N(x). If z ¢ T1[¢ + 1] by definition
n[e+1] — PE (@ — a, Q) < e+ 1]6/100. (5.44)
Thus by (5.40) and (5.44) we obtain for all = ¢ T'[¢ + 1]

ale+ 1] =750 =[x+ 1= P @ 5 0.0 - P @ 5 0,.0)

< 7[¢+1]6/80.
To show the second assertion let ¢ T'[{ + 1] and @ € N(x). In particular, x ¢ T1[¢ + 1] and thus
by (5.44) we find
m[l+1] - _f[fii](é“)‘ = ‘ [0+1] — P[ZH]( —a,()- Pgil](x — a,()

27l + 1] [since 0 < P[EH] (x = a,C) <1]

IN

as claimed. O

Proof of Proposition 5.2.6. To prove that B[¢] C T[¢] and B'[¢] C T'[{] we proceed by induction
on ¢. Since B[0] = B’[0] = ( the assertion is trivial for £ = 0. We assume that £ > 1 and that
B[¢] C T[e).
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Letx € V,\T[{ + 1] and a € N(z,() and ¢ € {—1,1}. We will prove that z ¢ B[¢{ + 1]. By

Proposition 5.3.1 simultaneously for ¢ € {—1, 1} we have

r—a

A4y — e+ 1]‘ < on[f + 1]/80. (5.45)

By (3.8), (5.45) and Lemma 1.0.10 we have

PN — we(le+ 1) < /20 (5.46)
p©0) = go(mle+1])| < ale+1)5/40. (5.47)
Thus,
alsl] = |t - 5 (1- sl)|
< ‘wg(w[ﬁ +1]) — % (1 —apo(m[l + 1]))’ +0/20 + 7[l + 1]6/40
[by (5.46) and (5.47)]
< 6/10.  [since w[¢ + 1] < 2k~(1*%) by (5.19) and by (1.7)]
and
1
Bl =[5 (80 - wtale + 1)

< w[t+1)8/80 by (5.47)].
Consequently, x ¢ B[{ + 1].

Similarly, let z € V; \ T'[¢ 4+ 1] and @ € N(z,(¢) for some ( € {—1,1}. We will prove that
x ¢ B'[¢ + 1]. By Proposition 5.3.1 simultaneously for ¢ € {—1,1} we have

A () — e + 1]( < 2 +1].

Therefore, Lemma 1.0.10 yields

WY 0) — o (ne + 1])( < 4n[¢ + 1]6 and thus

E[ZJrl}

T—a

=[5 (530) — vatate-+ 1) < 201+ 13

Consequently, = ¢ B'[{ + 1]. O
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5.4. Proof of Proposition 5.2.7

Conditioned on the quasirandom properties we bound the sizes of |T"[(]| < §26n and |T'[¢]| < §6n by
induction on /. Thus, we may assume that |T'[¢]| < 60n and |T"[{]| < 626n.

Lemma 5.4.2 and 5.4.3 are with minor adjustments similar to Lemma 32 and 33 in [35]. The Proof
of Proposition 5.2.7 needed additional ideas since the statement is more involved as the analogue

statement in [35].

We begin by bounding the sizes of the sets T>[¢ + 1], T3[¢ + 1] and T4 [¢ + 1].

Lemma 5.4.1. Assume that |T; [(|UT5[0)UT5[(]| < 00n/3 and |N(T4[f])| < 60n/2. Then |N (T4l + 1])| <
d6n /2.

Proof. By construction we have Ty[¢] N Ty[¢ + 1] = (0 (cf. 5.15). Furthermore, also by construction
N(T4[¢]) C T¢], and each clause in T4[¢ + 1] has at least a 0.99-fraction of its variables in T'[¢].
Thus, [N (b) NT[¢]] > 0.99|N(b)| for all b € T,[¢] U Ty[¢ + 1]. Hence, Q4 yields

IN(TLD] + IN(Tale + 1)) < Y. INO)
bET4[O)UT[0+1]

< %\T[ﬂl < LO3(ITh[f]] + |T2le)] + [T5[€]] + [N (Tale])]).

Hence, |N(T4[¢ + 1])| < 1.03(|T1[4]] + |T2[4]] + |T5[4]]) + 0.03|N (Ty[€])| < 66n/2. 0

Lemma 5.4.2. Assume that |T[{]| < 60n and |T'[¢]| < §20n. Then |Ty[¢ + 1]| < 6%6n,/100.

Proof. Applying Q2 to the set T'[¢] < dfn yields that the number of variables that satisfy either T2a,
the first part of T2b or T2c¢ is < 3626n,/1000. Applying Q2 to the set T"[¢] < §26n yields that the
number of variables that satisfy the second part of T2b is < §26n/1000. The assertion follows. O

Lemma 5.4.3. Assume that |T1[(] U T>[¢] U T3[¢]| < 00n/3 and |N(T4[¢])| < 06n/2. Moreover,
suppose that |T[¢ — 1]| < 60n. Then |T3[¢ + 1]| < 60n/6.

Proof. The assumption that ¢ is tame and condition Q1 readily imply that the number of variables
that satisfy either T3a or T3b is < §6n/1000. Moreover, we apply Q3 to the set T'[¢] of size

T[] < |T1[€] U TL[€] U Ts[€)| + | N(Tx)| < 0.900n (5.48)
to conclude that the number of variables satisfying T3¢ is < 66n/1000.
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To bound the number of variables that satisfy T3d, consider the subgraph of the factor graph induced
on Ty[¢] U N (T3]¢]). For each x € N(T4[{]) let D,, be the number of neighbours of z in T4[¢]. Let v
be the set of all z € V; so that D, > 100. Then Q4 yields

100v< > Dy = Y [N(a)| <101T[(]| + 66n/10000 < 66n
zEN(T4[€)) a€Ty[f]

[as N(b) C T'[¢] for all b € T4[¢]].
Hence, there are at most v < 0.01560n variables that satisfy T3d. In summary, we have shown that

| {x € V; : z satisfies one of T3a - T3d} | < 1560n,/1000.

To deal with T3e, observe that if a clause a has at least |V (a)|/4 variables that are not harmless, then

one of the following statements is true

i. a contains at least | N'(a)|/20 variables x that violate either H1, H2 or H4.

ii. a contains at least | N(a)|/5 variables z that violate condition H3.

Let C; be the set of clauses a for which i. holds and let C be the set of clauses satisfying ii., so that

the number of variables satisfying T3e is bounded by > ;. ¢, [V (a)].

To bound ) .. [N(a)l, let Q be the set of all variables z that violate either H1, H2 or H4 at time /.
Then conditions Q1-Q3 entail that |Q| < 3§6n /1000 (because we are assuming |T'[¢ — 1]| < §6n).
Therefore, condition Q4 implies that

3" |N(a)| < 21]Q| + 66n/10000 < 6459n,/10000. (5.49)
a€Cy

To deal with Co let B’ be the set of all clauses b such that |N(b)| > 100k; but [N (b) \ T[¢]| < k.
Since we know from (5.48) that |T'[¢]| < §6n, condition Q4 applied to T'[¢] implies

IN(B)| < Y IN(b)] < 1.03|T[€]] + 86n,/10000 < 1.030160n. (5.50)
beB’

In addition, let B” be the set of length less than 100k; = 100+/c6k < 0.16k by our choice of ¢, Q1
implies that [N (B")| < 66n/10000. Hence, (5.50) shows that B = B’ U B” satisfies

IN(B)| < 1.0302560n. (5.51)

Furthermore, let U be the set of all clauses a such that N(a) C N(B). Let U be the set of variables
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x € N(B) that occur in at least two clauses from ¢/. Then by Q4

Ul + [N(®)| <) [N(a)| < 1.OLN(B)| + 66n,/10000,
acl

whence |U| < 0.01|N(B)|+ 06n,/10000 < 2§6n,/100 due to (5.51). Since B C U, the set U contains
all variables that occur in at least two clauses from B, i.e., all variables that violate condition H3.
Therefore, any a € Cs contains at least | N (a)|/5 variables from U. Applying Q4 once more, we

obtain

> " IN(a)| < 5.05 - 266n,/100 + 66n,/10000 = 0.120156n.

a€Cao

Combining this estimate with the bound (5.49) on C;, we conclude that the number of variables sat-
isfying T3e is bounded by > . ¢, [N (a)| < 0.12766n. Together with (5.49) this yields the asser-
tion. L]

In section 5.4.1 we will derive the following bound on |7} [¢ + 1]].

Proposition 5.4.4. If |T[(]| < 60n and |T'[{]| < 6%0n, then |T1[¢ + 1]\ To[¢ + 1]| < 6°0n/6.
Proof of Proposition 5.2.7. We are going to show that
[ UTa] < 6%0n/3 (5.52)
|T1 [ U T[] UTs[l)| < d6n/3 and |N(Ty[€])| < 66n/2 (5.53)
for all ¢ > 0. This implies that |T'[/]| < §6n and |T"[£]| < §%0n for all £ > 0, as desired.

In order to proof (5.52) and (5.53) we proceed by induction on £ showing additionally that
m[l] < 2exp(—p) (5.54)

for all £ > 0. The bounds on ¢ = 0 are immediate from definition. Now assume (5.52) to (5.54) hold
for all [ < ¢. Then Lemma 5.2.2 shows that w[¢ + 1] < 2exp (—p). Additionally, Lemma 5.4.2 and
Proposition 5.4.4 show that |Ti[¢ + 1] U T[¢ + 1]| < §%0n/3. Moreover, Lemma 5.4.3 applies (with
the convention that T'[—1] = 0), giving |71 [¢ + 1] U To[¢ + 1] U T3[¢ + 1]| < §6n/3. Finally, Lemma
5.4.1 shows that [N (T4[¢])| < 60n/2. O
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5.4.1. Proof of Proposition 5.4.4

Throughout this section we assume that |T'[]| < 66n, |T'[(]| < §%6n and 7[¢] < 2exp (—p). For a
variable z € V;,a € N(z) and ¢ € {1, —1} we let

Ua[fié](ﬁ) = Z (2/7_[5])1—|N(b)|
beN M @a,0)
o) = > S @/t N Olsign(y, b)AZ[be
beN Y (@a,0) VEN D)\ (o}
gj[ll](g) = Z Z (2/7’[[})17‘]\[(1))‘ Ez[f]_ﬂ)

bG./\/’[ff—l] (z—a,() yEN(b)\{=z}
LA = asZd(Q + af%d(0) + B2 ().
Proposition 5.4.5. For any variable x ¢ T'[{ + 1], any clause a € N(x) and ¢ € {1, —1} we have

) +mPE (@ — a,¢)| <1073

Proposition 5.4.5 is similar to Proposition 35 in [35] with only minor adjustments. We will prove
Proposition 5.4.5 in Section 5.4.2. Lemma 5.4.6 is the counterpart to Lemma 37 in [35] but needed
extensive updates to the Survey Propagation operator. Lemma 5.4.7 is very similar to Lemma 36
in [35]. Lemma 5.4.8 is similar to Lemma 38 in [35] but with a stronger bound on the number of
exceptional vertices. Some calculations in the proof had to be carried out more carefully. Lemma

5.4.9 is completely new and the main innovative contribution to this section.

Lemma 5.4.6. Let x be a variable and let by, by € N(x) be such that |N(b;) N T[¢]| < 2 and
|N(b;)| > 0.160k fori = 1,2. Then

Proof. By Proposition 5.2.6 we have B¢ — 1] C T'[¢ — 1]. Furthermore, our assumptions ensure that
N(b;) \ T[¢] # (. Hence, Corollary 5.3.5 yields

py 0 (0) > 0and 1 — 11 (0) < exp (—ki/2) < 67 (5.55)

for ¢ = 1, 2. There are two cases.
[e—1]

Case1 Thereis c € N(x,() \ {b1,b2} such that yc ;' (0) = O for one ( € {—1,1}. Then
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}bef ¢) = WKL,,Q(Q = 0 and lzy (3.6) to (3.8) we find 4, (=) = ugfgb2<_§> -
0, ,u$_>b1 (0) = uz_>b2(0) = 0and uy_}bl(g) ug_)lm(g“) = 1 and therefore AH b = A“[C]_wz
Case 2 Forallc € N(z)\{b1, by} wehave 0 < ;/52)(1). Then (3.6)to (3.8) yield 0 < u, (0) <

1fori=1,2. Let

PO = I  molo)  force{-1,1}.

bEN (x,¢)\{b1,b2}

Then for ¢ = 1,2 we have

w1 Q) =PUQ) - T (0).

We bound
[
Ty (C) [e—1] 6
(222l Vol 0) <68 by (5.59).
‘ ( PH(C) )‘ a0
and obtain
¢
L Tl
NI
Therefore, a[cé](c ) — z[f]_m(g)‘ < 5pY (¢). Now, Lemma 1.0.10 applies for each i = 1,2
such that
(el (D, (< 1) = woPI), PE-1)| < 207 <8t (5.56)
a7l (1)~ (PO, PO < 2 <5t 6)

Consequently, since

() = we(mpl,, (1), m ), (1))

and

Al Al

x—>b1 x—>b2

¢ ¢ L/ ¢
= [ ) = 1,00 = 5 (1,00 = L, )

by (5.56) and (5.57) we obtain

[€] [€] 4 3
‘Az%bl - Am%b ) <307 <07
Hence, we have established the desired bound in both cases. OJ
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Lemma 5.4.7. For all variables x ¢ T5[¢ 4 1] we have

max

max ol FU() — [ +1]| < 36/1000 for ¢ € {—1,1}.

Proof. Letxz ¢ To[¢ + 1] anda € N(z). Since/\/glﬂ} (x = a,() = N<i(z,T[¢],¢) \ {a}, we obtain

e+ 1 -l < jmern- 3 /N
bENgl(CE,T[ZLO
_91=IN(a)l
+1a€/\f[§£frl](x%a,() 2
< 26/1000 + 1 . 91=IN(@)| [by T2a]

ae./\f[;;q] (z—a,C)

< 26/1000 + exp (—0.050k)
[as [N (a)| > 0.10k it a € N (@ — 0, )]

< 36/1000

as desired. O]

Lemma 5.4.8. For all but at most 0.15?0n variables x ¢ Ts[¢ + 1] we have

max
a€EN(z)

o510 <107%  for¢ e {11}

Proof. For a variable y let N (y) be the set of all clauses b € N(y) such that b € N<q(z, T'[¢],() for
some variable x € V;. If N'(y) = () we define A, = 0; otherwise select a,, € N (y) arbitrarily and set
Ay = AgLay. Thus, we obtain a vector A = (A,),ey with norm ||A|| < 3. Let

AQ) = (@ O)aevi = MT[H, 70, )4,

where A(T'[¢], w[¢], ) is one of the linear operators from condition Q5 in Definition 5.2.3. That is, for

any x € V; we have

A= Y Yo @/ MO sign(y, )4,

beN<1(z,T[6),¢) yeN(b)\{z}

Because |T'[¢]| < 60n, condition QS ensures that ||A(T[¢], 7[{], ¢)||o < §*0n. Consequently,

A = AT, 714, )AL < AT, 7[0,Ollol| Al < 8*0n. (5.58)
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since || AL (Ol = X,ev, lak ()], (5.58) implies that

{z eV, : [afT(0)] > 6} < 6%°0n. (5.59)

To infer the Lemma from (5.59), we need to establish a relation between agf +1] (¢) and aLfiE (¢) for

x ¢ Th[¢] and a € N(x). Since for each b € N (y) there is a z € V; such that b € N<y(x, T[(], (), we
see that [N'(b) N T[¢]| < 2and |N(b)| < 0.10k for all b € N (y). Consequently, Lemma 5.4.6 applies
to b € N(y), whence ’Aw] — A 1< 53 forall y € Vi, b, € N(y). Hence,

y—b y—b’
)A[ij _ Ay‘ <& forally € Vi,be N(y). (5.60)

Consequently, we obtain for z ¢ T5[¢ + 1]

2ol () — ole+1]
Jnax |20 (C) %%(C)’
= ax LoeN<i (2,T10,0) ° 2/7[0)" V@ sign(y, a) A,
e yeN(a)\{z}
+ > (2/71)" NPl sign(y,b) (4, - A},

beNf Y (@—sa,) YEN (O\{e}

<leeng@rio O (/T N@NA
yEN (a)\{z}

Yy e a, - Al

beN 1 (g ac) VEN (Do)

< Loenc, (@ 1i00) - IN(@)] (2/7[6) ")

65 N INO)/) YO by (5.60)]
bGNgl(x,T[f],C)

<100k2701F L 106%0k YD (2/r[) N
beEN<1(=,T[€],¢)

[as 0.10k < |N(a)| < 100k if a € N<1(z, T[¢],¢)]
< 6% +10°p830k [by T2c]

< /10000 [as 0 = exp (—cOk) and Ok > In(p)/c?]. (5.61)

If © ¢ T5[¢ + 1] is such that |a;[f+1](()| < 6%5, then (5.61) implies that |a;[fi£] (¢)] < 6/5000 for any
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a € N(z). Therefore, the assertion follows from (5.59). O

Lemma 5.4.9. For any variable x ¢ T>[( + 1] we have

max
a€EN(x)

LI < 6/1000 for¢ e {-1,11.

Proof. Let us recall that Nglﬂ] (x = a,() = Nyﬂ} (x — a,() UNl[H” (x — a, ) where we have

Nz 5 a,¢) = No(a, T1),¢)\{a}  and
N @ 5 a0) = M@ TH0,0\ {a}
= Wila, T[N\ T[6,Q) UN: (2, T'[¢], ) \ {a}

since T"[¢] C T'[¢]. Therefore, let
= NO(l'a T[E]a C) and T’y = Nl(flJ, TV] \ T/[é]v C) and I's = NI(:‘C’ T/[E]v C)

Since for all b € I'; we have )E[g] ‘ < 0.107[¢] for all y € N(b) we obtain

SN @t NONE < ST /1) VOl N (b)) sre). (5.62)

bel'ys yeN(b)\{z} bel'y

For all b € T’y there exists one y; € N (b) such that ‘
y € N(b)\ {y1}. We obtain

W] < 1071 and [ELY | < 016704 for al

S > e/t ‘N<b|\Ey%b\<Zz/T VINOL (N (®B)| — 1) 67]6] + 107[¢]) . (5.63)
belayeN(b)\{z} bells

For all b € T's there exists one y; € N (b) such that ‘EM

" _)b‘ < 1 and ‘E?[f]_}b‘ < 0.167[¢] for all
y € N(b) \ {y1}. We obtain

ST @/t NONES < ST /) INON(INE) - D ar[ + 1) (5.64)

bel's yeN(b)\{z} bel's
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Let o ¢ T[¢ + 1]. Since NI (2 — a,¢) € Ty UT3 U T3 we get by (5.62) to (5.64) that

driol=| ¥ S @/ N ED,

beNL Y (ara,0) YEN(B)\{}

< > @ NONN®)srl

beN<1 (=, T[4],0)

+3 > e/t o

bel'z yeN(b)\{z}

LD DI BENCT U

bel's ye N (b)\{z}
< 10%p0kd[l] + 10° pOkdm[f] + 10°phks*  [by T2b and as |N(b)| < 100k]

< 4/1000 [as 7[€] < k~(He0) 9k > In(p)/c? and ¢ < 1],
as claimed. UJ

Proof of Proposition 5.4.4. Let S be the set of all variables = ¢ T»[¢ + 1] such that simultaneously
for ¢ € {—1,1} we have

max |olU(C)] < §/1000.
a€EN(z)

For any = ¢ T5[¢ + 1] Lemma 5.4.7 and 5.4.9 imply that for both ( € {—1,1}

max |clFU(C)—TI[¢+1]] < 36/1000
a€N(z)

max 55O < §/1000
a€N(x)

and Proposition 5.4.5 entails that for any € S and a € N(x) we have

II¢ + 1] —lnng”(m—m,C)‘ <

Lﬁf:ﬁ(o( 410735

<

ol 11(¢) =TI+ 1)) + |al 1 (0)| + B ()| + 1072

x%a

< 6/100.

Therefore, )PH ](x — a,()/exp (—II[¢ + 1]) — 1‘ < 0/50 and thus
‘P“” 2 = a,¢) — exp (—TI[¢ + 1])’ < Fexp (~II[¢ +1]) /50
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and by Lemma 5.2.1

P @ = a,¢) —nle+1]] < dnle+ 1]/40.
Consequently,

Tl + 1)\ o[l +1] C V; \ (SUT[¢ +1])

and thus Lemma 5.4.8 implies | T3 [¢ + 1] \ T2[¢ + 1]] < [Vz \ (S U T2[¢ + 1])| < 626n/1000. O
5.4.2. Proof of Proposition 5.4.5

Lemma 5.4.10. Let x € Vi,a € N(z),( € {1,—1} andb € /\/'gfru (x = a,(). Then

g, 0) = @) VO 1o S B, 4 sien(p)all,
yeN (b)\{z}

+ (/7)) 7NN OkS + N () N T(\ {}]) - O (00)
Proof. The definition of the set N, e ](x — a, () ensures that for all b € N Hl] (x — a, () we have
ING)NT)| <2  and  0.10k < |[N(b)| < 100k. (5.65)

Therefore, Lemma 5.3.2 shows that |1 — ul[) 2, ,(0)] < 42 (recall from Proposition 5.2.6 that B[{] C
T'[¢]). Furthermore, b is not redundant, and thus not a tautology, because otherwise N (b) C T3[¢] C

T'[¢] due to T3a in contradiction to (5.65).

Recall (5.17) the representation of

4 4 .
il L) = 1= /el O T 12/ (B, + sign(y. )4}, )
YEN(b)\{z}
LetT" = N(b) \ (T'[¢] U{z}). As Proposition 5.2.6 shows B[¢] C T[¢] contains all biased variables,

we have ‘A[ ‘ < 0.16 and }E[ ‘ < 0.17[¢]6 for all y € T. By (5.20) we have 7[¢] > 1, thus we
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can use the approximation | In(1 — z) + z| < 2% for 2| < 3 to obtain

(ln H 1—2/7[(] ( ., +sign(y, b A?—m)) + Z 2/7[¢] < ~p +sign(y, b)Ag[,,]—w>

yel yel

<> | (127716 (BYL, + sign(, )AL, ) + 27716 (EL, + sign(y, )AL, )|
yel’

<4 (B, +sign(y, b)ALLb) < 400ko” (5.66)
yel’

since |I'| < |N(b)| < 100k, |A[y€]_,a| < 0.16 and ]Eg]_)a] < 0.1w[¢]o for all y € I'. Hence

Z 2sign(y, b) A:[f}_)b
yel’

< 20k9. (5.67)

Therefore, taking exponentials in (5.66), we obtain

[11-2/7i0 (B, +sienty.0)A,)
yel

— exp (okwkéﬁ = Y2/ (BL, +sien(y. b)ALLO)

yel

= 1= 2/7( (B, +sign(y, )AL, ) + Ox(0k0)* (5.68)
yel

Furthermore, the definition of N (e ](x — a, () ensures that

IN(®)\ (DU {2})] = IN(®) N T[O\ {a}| < 1.

If there is yo € N(b) NT[¢] \ {z}, then (5.67) and (5.68) yield

H 1—2/7[( (Eng + sign(y, b)A[yLb>
yeN(b)\{=}

- (1 —9/7[4] (E’[ |, +sign(yo, b)AEJ%))

Hl —2/7[( ( y_>b+31gn(y, )AL]—%>

yel’

—1- > 2/ (EL‘Lb + sign(y, b)ALLb> + Ok (0K).
yeN(\{a}
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Hence, in any case we have

H 1—-2/7[¢ (EELb + sign(y, b)Az[f]_)b>
yeN(b)\{z}

=1- Z 2/T[¢] (Eng + sign(y, b)Az[be)
YEN(b)\{z}

+ (0k6 + |N(b) N T[]\ {x}]) - Or(0k0)

which is a small constant. Thus, combining this with (5.66) and using the approximation |In(1 — z) +

z| < 2% for |2| < § we see that

a0 = —(2/rg) o) (1 > 2/ (Eflﬁsign(yvbmflb))

yeN (b)\{z}

+(2/710) VOV 0k + [N (b) N T\ {2}]) - Ok(0k),
whence the assertion follows. Il
Proof of Proposition 5.4.5. By the definition of PL," (¢ — a, ¢) we have for both ¢ € {~1,1} that

lnPgiH](:L‘—)a,C) = Z lnué@x(()).
bENg;H] (z—a,Q)

Hence, Lemma 5.4.10 yields
lnPglﬂ](:E — a,()

=iy > 2/7[) VO (Gks + [N (b)) N T\ {z}]) - OR(k6S). (5.69)

bENgfl] (z—a,()

Let z ¢ T'[¢ + 1]. Condition T2¢ implies

Ou(00k)* > @/ N < og(eek)> DT 2 ING
beNE (@—a,0) beN<: (2,T[4),C)
< O(60k)* - p < §/1000 (5.70)
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Furthermore, T2b yields

Ordok) > @/ NOING T\ {2} < Ow0k) o 27O

beN Y (@—a0) bEN: (z,T[4).€)
< O(0kS) - pOks

< 6/1000. (5.71)

Finally, the assertion follows by plugging (5.70) and (5.71) into (5.69). U

5.5. Completing the proof of Theorem 5.2.5

This proof is similar to the proof of Theorem 25 in [35] but of course adjustments to the Survey

Propagation operator are necessary.

We are going to show that for ¢ € {1, —1} simultaneously

1
W (@1,0) = 5 ( (@0 ))‘ <5=46 (5.72)

forall z € V;\ T'[w+1]. This will imply Theorem 5.2.5 because |T[w+1]| < é;(n—t) by Proposition
5.2.7.

Thus, let z € V; \ T'[w + 1] and recall from (3.9) that

[w+ 1] @ C H Mx—>b

bEN (z,¢)

and from (3.9) that
pl (@1, Q) = e (e (@1, 1), et (@, 1)) (573)

If N(z) = 0, then trivially 7 (@, 1) = 7l (®,, —1) = 1 and 1V (d,, ) = 0 for ¢ € {1, -1}
and u[ ](ét, 0) = 1. Consequently, (5.72) holds true.

Therefore, assume that N (x) # () and pick an arbitrary a € N(z). Since z ¢ T[w + 1] Proposition
5.3.1 yields

7t (¢) — wlw + 1]| < dnfw + 1]/50. (5.74)
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Furthermore, since = ¢ T'|w + 1] we may apply Corollary 5.3.5 which yields
1— ), (0) < exp (—ky1/2) < 82 (5.75)
Thus we compute

rle (@, Q) — o + 1]

IN

‘W;wu (B, C) — W:[Buj;](g)‘ +6mlw +1]/50 by (5.74)]

IN

A0 - (1=l o(0))] + ol + 1]/50
< 83 (mw + 1] + 7w + 1]/50) + d7fw + 1]/50
[by (5.74) and (5.75)]

< brfw + 1]/20. (5.76)

Finally, (5.76) and (5.73) with Lemma 1.0.10 yield

W (@1,0) = el + 1) = [ (el @y, 1), w1 (@1, —1)) — (o + 1)

<4d/5 (5.77)
e (@1,0) = po(lo + 1))| = w1 (@, 1), w1 (@1, ~1)) = ol + 1)
< é7fw + 1]/10. (5.78)

Thus,

IN

1 (0) — 5 (1= i@ 0))| < foctabo 1D = (1= volnlo + 1)
+8/5 + 87w + 1]/10
[by (5.77) and (5.78)]
< 9 [by (1.7)],

as desired.

5.6. Proof of Proposition 5.2.4

This section contains the proofs that &' posses the quasirandom properties with sufficiently high
probability. For those quasirandom properties that are identical to the ones in [35] the proofs are of

course identical. We will explicitly hint the reader to the innovative parts.
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Recall from (5.2) that 6; = exp (—c(1 — t/n)k) and £ = ( - lcg—g) n. Suppose that 1 < ¢ < . Then

0 =1—t/n.Setd = § = exp (—chk) for brevity. Lemma 5.1.2 yields
60n > 10"°A,. (5.79)

To prove Proposition 5.2.4, we will study two slightly different models of random k-CNFs. In the
first “binomial” model &y;,,, we obtain a k-CNF by including each of the (2n)* possible clauses over
V = {z1,...,z,} with probability p = m/(2n)* independently, where each clause is an ordered
k-tuple of not necessarily distinct literals. Thus, @y, is a random set of clauses, and E [@y;,,] = m.

In the second model, we choose a sequence Py, of m independent k-clauses Pgc,4(1),.. .,
b,.,(m), each of which consists of k independently chosen literals. Thus, the probability of each

individual sequence is (2n) ~*™. The sequence &/, corresponds to the k-CNF @ (1), ..., Pseq(m)

seq

with at most m clauses. The following well-known fact relates @ to Py, Pseqy

Fact 5.6.1. For any event £ we have

P@cé& < =0(m) P[®Py,cf,

P@cs < =0(Vm) Py € E].

Due to Fact 5.6.1 and (5.79), it suffices to prove that the statements Q1-Q5 hold for either of @, Py;;,, Pseq
with probability at least 1 — exp (—101366n).

5.6.1. Establishing Q1

This section is adopted word-by-word (some small corrections) from [35]. We are going to deal with

the number of variables that appear in “short” clauses first.

Lemma 5.6.2. With probability at least 1 — exp(—107%60n) in @' there are no more than n -
10728 /(0k) clauses of length less than 0.10k.

Proof. We are going to work with @y;,,. Let L; be the number of clauses of length j in &}, . Then
for any j € [k] we have

k 27 phn <k:—1
J J

N\ =E[L;]=m- 2jk< _)9]’(1 — gk = =2 i 1)6“(1 — )~ (5.80)

i
bin

Indeed, a clause has length j in @j . iff it contains j variables from the set V; of size On and k — j
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variables form V' \ V; and none of the k& — j variables from V' \ V; occurs positively. The total number
of possible clauses with these properties is 2/ (";) (6n)7 ((1 — )n)*~Ip, and each of them is present in
& with probability p = m/(2n)* independently.

Let’s start by bounding the total number L, = j<0k/10 L; of “short” clauses. With (5.80) it’s

expectation is bounded by

E[L] = Y X <2"%p0n.PBin(k - 1,0) < 0k/10]
j<0k/10
< 201 pon . exp (—0k/3)  [by Lemma 1.0.6]
< fexp(—0k/4)n [as Ok > In(p)/c?].

Furthermore, L, is binomially distributed, because clauses appear independently in @,;,,. Hence again

WE TR

0 _
< exp (—5_105(% -0k - 9n> < exp (—10 6(59n) .

by Lemma 1.0.6 we have

P[L, > On - /(0k)]

IN

Hence, the assertion follows from (5.81) and Fact 5.6.1. L]

Corollary 5.6.3. With probability at least 1 —exp(—107%60n) in &' no more than 10~50n variables
appear in clauses of length less than 0.10k.

Proof. This is immediate from Lemma 5.6.2. O

As a next step, we are going to bound the number of variables that appear in clauses of length > 100k.

Lemma 5.6.4. With probability at least 1 — exp(—10~"1660n) we have

> IN(b)| < 10 %560n.
bedt:|N(b)|>100k

t
seq

Proof. For a given 1 > 0 let £, be the event that ¢
these clauses is at least A = 100k . Then

s ()8 ()"

has p clauses so that the sum of the lengths of
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Indeed there are (’ZZ) ways to choose  places for these  clauses in P.,. Once these have been spec-
ified, there are ku literals that constitute the u clauses, and we choose A whose underlying variables

are supposed to be in V;; the probability that this is indeed the case for all of these X literals is 6.

t

Moreover, in order for each of the clauses to remain in @y,

the remaining ku — A literals must either

be negative or have underlying variables from V}, leading to the (6 + 1/2)**~* factor. Thus

PlL,] < (:’j) <(1/2 +0) (;)109>ku [as A = 100kp]

< () (arom ()" s = 2hp/h
(%) (0= (")

kp
enpl ;e\ 100K\
< —
< (7O
10enp /1000 A
- (( " ) (4)) [as A = 100k ).

Hence, if A > 107%60n we get

107¢p 1/(100%) A e )
PL,] < << 5 > (4)) §<§) [as Ok > In(p)/c” and § = exp (—chk)]

< exp (—10710(5971) .

Thus, we see that &¢

seq

with probability at least 1 — exp (—10_1050n) we have

> IN(®)] < 107556n. (5.81)
b|N(b)| >100k

Hence, Fact 5.6.1 implies that (5.81) holds in & with probability at least 1 — exp (—107'166n). O

Corollary 5.6.5. With probability at least 1 — exp(—10~1166n) no more than 10=%66n variables
appear in clauses of length greater than 100k.

Proof. The number of such variables is bounded by ;. np)|>100% [V (b)[- Therefore, the assertion

follows from Lemma 5.6.4 O]

t

Lemma 5.6.6. Let x € V;. The expected number of clauses of length j in ;. where x is the

bin
underlying variable of the Ith literal is
2/p . .
RS T-P[Bm(k:—l,ﬁ) =j—1]. (5.82)
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Proof. There are 27 (’;) (0n)" ™1 ((1 — 6)n)*7 possible clauses that have exactly j literals whose un-
derlying variable is in V4 such that the underlying variable of the jth such literal is z. Each such clause

is present in Py, with probability p = m/(2n)F = %nl_k independently. O

Lemma 5.6.7. With probability at least 1 —exp(—10*12(59n) no more than 10~460n variables x € V;
are such that 5(0k)? > beN(x) 2—INO®)| 5 1.

t
bin

Proof. For x € V; let X;(z) be the number of clauses of length j in &}, that contain x, and let

Xji(x) be te number of such clauses where  is the underlying variable of the Ith literal of that clause
(1 <1<j). Then E [Xi(z)] = pj, with y; as in (5.82). Since 1/6 = exp (cfk) and 6k > In(p)/c?,
we see that 261 (0k)~>/j > 100p;. Hence, Lemma 1.0.6 (the Chernoff bound) yields

P [Xj(z) > 10(u; + 27671 (0k)°/5)] < ¢, with ¢ = exp (—10/(6(0k))) .

Let Vj; be the set of all variables z € V; such that Xj;(z) > 10(u; + 276~ (k)= /4). Since the
random variables (X;(z))zecy;, are mutually independent, Lemma 1.0.6 yields

P Vil > g -] < e (~ s (e )

Since (! = exp (10/(6(6k)®)) = exp (10 exp(cfk)/(0k)") and 6k > In(p)/c* > 1, we have

5
In <e(9k)9<> > —1In(¢)/2, (5.83)

whence

1) 00n On
P [Vl > g on] < o (g 6 <o (i ) <o om). 58

Furthermore, if x ¢ Vj; forall 1 <1 < 106k and all 1 <[ < j, then

> 2N <10 > 279 (s + 27671 (0k) )
beEN (x):|N(b)| <100k j<100k

IN

10061 (0k) ™ +10 ) j277p
j<100k

< 10067 H(0k) ™ + 10p < 61 (0K) 3,

where we used that Ok > In(p)/c?, so that 1/ > (6k)5p. Hence, the assertion follows from (5.84),
Fact 5.6.1 and the bound on the number of variables in clauses of length > 100k provided by Corollary
5.6.5. 0
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5.6.2. Establishing Q2 and Q3

In this section substantially new proofs are included. We added Lemma 5.6.8 and updated Lemma 47
in [35] by Lemma 5.6.9 adding a new case in the case distinction. The statements of Lemma 5.6.10
and Corollary 5.6.11 and 5.6.12 are tighter regarding the concentration compared to there counterparts
in [35]. New ideas and adjusted computations are necessary to achieve these improved statements.
Lemma 5.6.13 as well as Corollary 5.6.14 and 5.6.15 are adjusted as the objects of interest differ from
the related ones in [35]. Moreover, tighter concentration is proven in this cases too. The same is true
for Corollary 5.6.16.

Let T C V; be a set of size |T| < sfn for some 6° < s < 106. For a variable x we let Q(z, i, j,1,T)
¢ N(b)| = j,and |[N(b) N

bin, SUch that the ¢th literal is either x or -z,

be the number of clauses b of @
T\ {z}| =1 Let

Mj,l(T> = ZE[Q(QJ,Z,],Z,T)] :] : E[Q(xa 17j7l7T)] .
=1

Lemma 5.6.8. For all x € V; we have

E[Q(z,i,5,1,T)] = sz -P[Bin(k —1,0) =5 — 1] - P[Bin(j — 1,|T|/(6n)) =]

— ;- P[BinG — 1, T1/(9n)) = 1.

Proof. Letv = %ﬂ. There are
n

27 k 71 (1= v)on)’ " (won)! (1 — 0)n)*
G0

J

RN (-1 A , A

— (M (7 @ e e - o
J

possible clauses that have exactly j — [ literals whose underlying variable is in V; \ 7" and [ literals

whose underlying variable is in 7" such that the underlying variable of the jth such literal is z. Each

such clause is present in @y, with probability p = m/(2n)* = £n'~" independently. O
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Lemma 5.6.9. Suppose thatl > 0,5 — 1 > k1 and 0.10k < j < 100k. Let
m(6,j) = max{(0k)"' P [Bin(k —1,0) =j — 1]} and

10-27pm(6,4)/j ifl=0
Yii(s) = 10-2spm(6,5) ifl=1
10 - 297 ts19 ifl > 2.

Then for any i, x,T we have P [Q(z,14,7,1,T) > ~;1(s)] < exp (— exp (02/39k:)).

Proof. The random variable Q(x, 1, j,1,T) has a binomial distribution, because clauses appear inde-
pendently in @;,,. By Lemma 5.6.8 we have for [ > 1

E[Q(SU,Z,],Z,T)] < <l;>($l,u] < p<‘;>8123 < 2]—151.9;

in the last step we used that s%05 < §995 < 1/p, which follows from our assumption that 0k <
In(p)/c?, and that 2/ (%) < (29)" < (200k)! < 5902 Hence by Lemma 1.0.6 in the case j — 1 > k; =
Ok, we get

P [Q(x,i,j,z,T) > 10- 23'—531-9} < exp (—2j—lsl-9> < exp (—2k131-9>

exp (— exp <02/39k)) ,

IN

as s > §° and thus § = exp (—cOk).
By a similar token, in the case [ = 1 we have
E[Q(x,i,5,1,T)] < jsp; = ps2! P [Bin(k — 1,0) = j — 1].
Hence, once more by the Chernoff bound
P [Q(w,i,j, [,T)>10- 2jspm(9,j)] < exp (—2js,om(9,j)) < exp <—2k13/(9k)>

< exp (— exp <02/30k>> ,

as claimed.

Finally, analogously in the case [ = 0 we have
27
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Thus, applying the Chernoff bound yields
P [Q(x,4,5,1,T) > 10-2pm(0,5)/j] < exp (=2 pm(8,])/j) < exp (—0.1 : 20-19’“/(%)2)
< exp (— exp <c2/30k>)

as claimed. O

Let Z(i, j,1.T) be the number of variables « € V; for which Q(x, 4, j,1,T) > 7;,(s).

Lemma 5.6.10. Suppose thatl > 1,5 — 1 > k1 and 0.10k < j < 100k. Then for any i, T we have

P [2(i,5,1,T) > 6/(0k)"] < exp <_26(29?€7)14 . exp <c2/39k>>

Proof. Whether a variable z € V; contributes to Z(i, j, 1, T) depends only on those clauses of &},
whose ith literal reads either x or —x. Since these sets of clauses are disjoint for distinct variables and

as clauses appear independently in @} , Z(i, 5,1, T) is a binomial random variable. By Lemma 5.6.9,
E[Z2(i,j,1,T)] < 0nexp (— exp <c2/39k>) )

Hence, Lemma 1.0.6 yields

5%6n 52
P[Z2(i,j,1,T) > 6%*0n/(0k)*] < — 1
|: (Z,j; B ) > n/( ) :| S exp < 2(6]{7)4 n ((9k)4 exp (1 o exp(62/30k))>>
520n 9
< — /3
< exp < 2(0R) exp(c 9]-6)) ,
as desired. O]

Corollary 5.6.11. With probability 1 — exp(—d0n) the random formula sﬁzm has the following prop-
erty.

Foralli,j,l,T suchthatl > 1,5 — 1 > k1,0.10k < j < 100k and |T| < 06n

5.85
we have Z(i,j,1,T) < §%0n/(0k)*. (5.85)

Proof. We apply the union bound. There are at most n( 5gn) ways to choose the set T', and no more

than n ways to choose i, j, [. Hence, by Lemma 5.6.10 the probability that there exist 4, j, 7" such that
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Z(i,,1,T) > Onexp (— exp (c*/30k)) is bounded by

n? ( 5Zn> exp (—25(2?;;1 exp(02/39k)> < exp <o(n) + 60n1n(66) — m exp <02/30k)>
< exp ((59n (0(1) + 1n(36) — exp (c3/49k>)>
< exp(—dfn),
[as Ok > In(p)/c* and 6 = exp (—cOk)]
as claimed. O

Corollary 5.6.12. With probability 1 — exp(—107'2660n) the random formula ®' has the following
property.

If T C Vi has size |T| < sOn for some 0 < s < 106, then for all but

10~4626n variables x € V; we have
Z 2~ INOI < 10%*p  and Z 2~ INOI < splk
NSI(I7T7C) Nl (I7T7C)

Proof. Given T C V; of size |T'| < sfn for some §° < s < 106, let Vr be the set of all variables x
with the following property.

Forall 1 < i < 4,1 <1 < j—ki, and 0.10k < j < 100k we have

5.86
Q(-T,i,j,l,T) S’}’jJ(S). ( )

Let

Jo = {jeN:0.160k < j < 100k and m(0, j) = P [Bin(k — 1,6) = j — 1]}}

Je = {j €N:0.16k < j <100k and m(0,5) = (6k)~'}.
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Then for all x € V; we have

j
Yoo =N Y (Q(,4,5,0,T) + Qa,,5,1,T))27
N<i(z,T.0) 0.10k<j<100k i=1
j
< > D10 +5)pm(0,5)  [duetoil]
0.10k<j<100k i=1
< > 10-100k -2 (0.10k) " pm(0, 5)
0.10k<j<100k
[as 0.10k < j < 100k and s < exp (—cbk)]
< > 200pP Bin(k —1,0) =5 — 1]} + Y 200p(0k) "
JjeJ> Jjed<
< 200p + 2000p [as [J<| < 100k]
< 10%p.

Similarly,

J
SOl =S ST Q(a,i,5,1,T))27

N1 (z,T,¢) 0.10k<j<100k i=1
< 100k ) 10psm(6,j)  [duetoi]
0.10k<j<100k
< 100k > 20psP [Bin(k —1,0) = j — 1]} + 100k Y 20ps(6k) "
JjEJ> jEJS
< 2000ksp + 20000kps [as [J<| < 106k]
< 10%*0kps.

Thus to complete the proof we need to show that with sufficiently high probability V% is sufficiently
big for all 7. By Corollary 5.6.11 and Fact 5.6.1 with probability > 1 — exp (—dfn/2) the random
formula @' satisfies (5.85). In this case, for all 7' the number of variables that fail to satisfy (5.86)
is bounded by d6n/(6k)* < 107°60n. Thus, with probability > 1 — exp (—107'2§6n) we have
[Vi| > On(1 — 10746) for all T, as desired. O

For a set ' C V; and numbers i < j we let N<1(z, 1,7, T, () be the number of clauses b € N(z, ()
in @}, such that |N(b)| = j, the underlying variable of the ith literal of b is z such that sign(z) = ¢

and [N (b) NT'\ {x}| < 1. Let puj<1(T) = pjo(T) + pj1(T) and B(i, j, T') be the set of variables
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such that for at least one ( € {—1, 1} we have
Ve (4,5, T, ) = pj.<1(T)/(29)] > 276(0k) ™

Lemma 5.6.13. Let T' C V; be a set of size |T'| < §6n. Let i, j be such thati < j and 0.10k < j <
100k. Then in ®y;, we have P [B(i,5,T) > 6*0n/(0k)?] < exp (—5%0nexp (0k/22)).

Proof. Let x € V;. In the random formula &}, we have
Ngl(%i,j, Tv 1) +N§1($,i,j,T, _1) = Q(.’L‘,i,j,T,O) + Q(xaiaja Ta 1)

Furthermore, N<; (x, 4, j,T,1) and N<1(x, i, j, T, —1) are binomially distributed with identical means,

t

because in @}, each literal is positive or negative with probability % By Lemma 5.6.8 we have

bin
EWs(@,i,5, 7,01 = %‘E[Q(fﬂaiajaT,O)JrQ(x,z’,j,T,l)]
- zlj(“ij(T) + 1,1 (T) = pj,<1(T)/(24).

Let us introduce the short hand fi; = 15,<1(T")/(25) < pj. We obtain the following bounds on fi; as

fij = <1 (T)/(24) S py < py <2p [y (5.82)] (5.87)

Letn; = 295/(0k)3. Hence, applying Lemma 1.0.6 (the Chernoff bound) a several times yields
Case 1 [i; <.

P [N<i(z,4,5,T,¢) < fij —n;] < exp (—n;j/4) (5.89)

Case 2 p;<1(1)/(25) > n;.

2
J

n?
J
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Thus, for j > 0.10k as 6 = exp (—cbk) ,j > 0.16k and by (5.87) we have

exp (—n;j/4) < exp (—exp [0k/18]) and (5.92)
Ui 2742
exp —afj < exp (_6;)2(0143)6> < exp (—exp [0k/18]) (5.93)

and therefore by (5.88) to (5.93) we obtain
PIN<i(@,i, 5, T, ) — pj<1(T)/(25)] > n;] < exp (— exp (0k/20)) . (5.94)

For different € V; the random variables N<1(z,i,7,T,() are independent (because we fix the

position ¢ where x occurs). Hence, 53(i, 7, T') is a binomial random variable, and (5.94) yields
B [B(i, j, T)] < 0 exp (— exp (6k/20))) .

Consequently, Lemma 1.0.6 (the Chernoff bound) gives

o 520n 520n/(0k)3
P [B(i,5,T) > 529n/(9k)3] < exp <_(9/~<:)3 In (exp i exé((ek‘)/QO)) 0n>>

26n
< exp <—(50:)3 - exp (9k/21)>

IN

exp (—529n exp (0k/22))

as claimed. O]

Corollary 5.6.14. With probability > 1 — exp (—060n) the random formula sﬁim has the following
property.

Forall T C V; of size |T| < 60n and all i, j such that i < j,0.10k < j <
100k we have B(i, 7,T) < §20n/(0k)?

Proof. Let i,j be such that i < j5,0.10k < j < 100k. By Lemma 5.6.13 and the union bound, the
probability that there is a set 7" such that B(i, j, T) > §26n/(0k)? is bounded by

n<59972> exp (—6%0nexp (0k/22)) < exp (o(n) + 60n(1 — In(05) — & exp (0k/22)))

< exp(—2d6n) [as § = exp (—cOk)].

Since there are no more than (100k)? ways to choose i, 7, the assertion follows. O
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Corollary 5.6.15. With probability < 1 —exp (—10_125971) the random formula ®* has the following
property.

If T C Vi has size |[T| < 60n and p € (0,1], then there are no more than
107°82%0n variables © € V; such that

(T, p) — 2/7(p)) "Nl > §/1000
beN<1 (z,T()

Proof. Given T' C V;, let V(T', () be the set of all € V; such that forall 1 < i < j < 100k and we
have

N1 (2,4, 5, T,¢) — pj,<1(T)/(25)] < 276/ (0k)>. (5.95)

Then for all x € V(T ¢) we have

LT.p)— Y. (2/r(p) "V

bG./\/‘S1 (z,T,¢)

=1 > @) \ma(D)/2 =) Nalw,i,5,T.¢)

0.10k<j<100k i=1
J

< D @)D < (1)/(25) = Na(,i,5,T,¢)l
0.10k<j<100k i=1

< Y @) 296/ (0k)° [by (5.95)]
0.10k<j<100k

< 1008/(0k) [as T(p) € (0,1]]

< §/1000.

By Corollary 5.6.14 and Fact 5.6.1 with probability > 1 — exp (—d6n/2) the number of variables not
in V(T ¢) for at least one ¢ € {—1,1} is bounded by 10~°626n for all T, as claimed. O

Finally, to establish Q3 we obtain

Corollary 5.6.16. With probability 1 — exp(—10712§0n) the random formula ®' has the following
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property.
If T C V, has size |T| = 60n, then for all but 10~*50n variables x we have
Z oNONT\ZH=INO 5 /(9k)
Ns1(z,T\C)

Proof. Given T' C V; of size |T'| < 66n, let Vr be the set of all variables = with the following two

properties.

i. Forallb € N(xz,() we have 0.16k < |N(b)| < 100k.
ii. Forall 0.10k < j <100kand1 <1i < 5,1 <1< j— ki wehave Q(z,4,5,1,T) <;,(9).

Then for all x € V; we have

j k1
Z oI NONT\{z}|-IN(®)] _ Z Z Z Oz, i, 7,1, T)2l—j [due to i.]
Ns1(z,T,¢) 0.10k<j<100k i=1 [=2
Jj—k1 '
< 100k Y D 6277 [duetoiil]
0.10k<j<100k 1=2
< 1000(0k)%6%9 < §/(0k) [as § = exp (—cOk)]

Thus to complete the proof we need to show that with sufficiently high probability V; is sufficiently
big for all 7. By Lemma 5.6.2 and 5.6.4 with probability 1 — 2exp (—107''60n) the number of
variables z that fail to satisfy i. is less than 2 - 10-%66n. Furthermore, by Corollary 5.6.11 and Fact
5.6.1 with probability > 1 —exp (—d0n/2) the random formula @' satisfies (5.85). In this case, for all
T such that |T| < deltafn the number of variables that fail to satisfy ii. is bounded by 66n/(0k)* <
107566n. Thus, with probability > 1 — exp (—107'256n) we have [V;| > 6n(1 — 107*5) for all T,

as desired. O

5.6.3. Establishing Q4

This section is adopted word-by-word (some small corrections) from [35].

We carry the proof out in the model @,.,. Let 0.01 < z < 1 and let T" be a set of size |T| = qOn with
q < 1006.

Lemma 5.6.17. Let S, Z > 0 be integers and let E,(T, S, Z) be the event that @éeq contains a set Z
of Z clauses with the following properties.
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i S=73 ez |N()| > 1.009|T|/z
ii. Forallbe Z we have 0.10k < |N(b)| < 100k,
iii. Allb € Z satisfy [N(b) NT| > z|N(b)|.

Then P [E.(T, S, Z)] < ¢%99999%5,

Proof. We claim that in &'

seq>

P[E(T, S, Z)] < (”;) (kSZ ) (;) 257RZ29S (1 — 9)kZ=5 ¢,

Indeed, !

seq 18 based on the random sequence P, of m independent clauses. Out of these m clauses

we choose a subset Z of size Z, inducing a (Tg) factor. Then out of the k£Z literal occurrences of the
clauses in Z we choose S (leading to the (kSZ ) factor) whose underlying variables lie in V4, which
occurs with probability # = |V;|/n independently for each literal (inducing a #° factor). Furthermore,
all kZ — S literals whose variables are in '\ V; must be negative, because otherwise the corresponding
this explains the 257%%(1 — §)*4~5 factor. Finally,

out of the S literal occurrences in V; a total of at least 2S5 has an underlying variable from 7" (a factor

clauses would have been eliminated from !ﬁ’;eq;

of (Z‘S:g)), which occurs with probability ¢ = |T|/(6n) independently (hence the ¢*° factor).

Hence we obtain

PE(T,S,7)] < <”Z”‘> 3747 (31 g . q)zs . <’fSZ> 95(1_ g)t7—5
M\ k7 (o1/z € \*° M\ o—kz 28
< <Z)2 (2 . q) < <Z>2 (Cq) (5.96)

for a certain absolute constant C' > 0, because z > 0.01. Since all clauses lengths are required to be
between 0.10k and 106k, we obtain 0.15/(0k) < Z < 105/(0k). Therefore,

M\ g—kz emNE_(erny? ok
<Z>2 < (37) -(37) [as m = 2"pn/k]
< (10ep9n>z
= S

10ep Z .
> 1. > 1. .. .97
(1.009q> [as S > 1.009¢On/z > 1.009¢6n by i.] (5.97)

Since ¢ < 1005 = 100 exp (—cfk) and Ok > In(p)/c?, we have 1/q > 100p. Hence, (5.97) yields
(m> 9hZ < 27 < quOS/(Gk). (5.98)
7 < <

158



5.6. Proof of Proposition 5.2.4

Plugging (5.98) into (5.96), we obtain for 0k < In(p)/c? and S > 1.009|T|/z
P[EAT, S, Z)] < q~205/0k) . (Cq)*5 < 09999925

as claimed. O]

Corollary 5.6.18. Let £ be the event that there exist a number 0.01 < z < 1, a set T C V; of size
IT| < 10060n and S > L2|T| +107560n, Z > 0 such that E.(T, S, Z) occurs. Then € occurs in
&' with probability < exp (—10_759n).

Proof. Let 0.01 < z < 1land 0 < ¢ < 1004. Let s,Z > 0 be integers such that S > 1‘—2”(1971 +
107%660n. Let £,(q, S, Z) denote the event that there is a set T C V; of size |T| = gfn such that
E:(T, S, Z) occurs. Then by Lemma 5.6.17 and the union bound, in @Zeq we have

P[&(q,S,2Z)] < <q002> ¢"9999925 < exp (¢6n(1 —Ing +1.008Ing) + 0.9 - 107556n In q)
< exp (—0.9-107%56n) las ¢ < 1005 < 1/e]. (5.99)

Since there are only O(n*) possible choices of S, Z, z and ¢, (5.99) and Fact 5.6.1 imply the assertion.

O
Corollary 5.6.19. With probability at least 1 — exp (—10*12(5971), &' has the following property.
Let 0.01 < z < landlet T C V; have size 0.0160n < |T'| < 10060n. Then
1.01 _5
> IN(b)| < —=|T| +2-10~°66n. (5.99)
z

b:| N (b)NT'|>2| N (b)]
Proof. Lemmas 5.6.2 and 5.6.4 and Corollary 5.6.18 imply that with probability at least 1 —exp (—107'166n) , &'
has the following properties.

i. € does not occur.
i D0 (b)) ¢[0.10, 100k |V (D)] < 107250

Assume that i. and ii. hold and let T" C V; be a set of size |T| < 10056n. Let 0.01 < z < 1. Let Np
be the set of all clauses b of ' such that | N (b) NT'| > z|N(b)| and 0.16k < |N(b)| < 100k. Then i.
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implies that

1.
>IN < ﬂm +107%50n.
z
beNT

Furthermore, ii. yields

> IN(®)] < > IN@)|+ D [NO)
b:| N (b)NT|>z| N (b)]| b:| N (b)|¢[0.16k,100k] bENT
< 1.009|T|/z +2-10"°560n,
as desired. ]

5.6.4. Establishing Q5

This section is very close to the counterpart in [35] although several corrections and adjustment to the

slightly updated operator had to take place.

We are going to work with the probability distribution ., (sequence of m independent clauses).
Let M be the set of all indices I € [m] such that the /th clause P.,(l) does not contain any of the

variables z1, . . ., z; positively. In this case, P4 (() is still present in the decimated formula @geq (with
all occurrences of —xy, ..., —x; eliminated, of course). For each [ € M let L(I) be the number of

literals in P, (!) whose underlying variable is in V;. We may assume without loss of generality that
for any [ € M the £(1) “leftmost” literals ., (1,7),l < i < L(I), are the ones with an underlying

variable from V;.

Let T' C V;. Analysing the operator At directly is a little awkward. Therefore, we will decompose
A7 into a sum of several operators that are easier to investigate. For any 0.10k < L < 100k, < i <
j < L,l € M, and any distinct x,y € V; we define

1 ifL(l) = L, ®seq(l,i) = 2 and By (1, §) = y
My (i, 4,1, L, 1) = $ =1 if L(I) = L, Pseq(l,i) = x and Byey(l, §) = —y

0 otherwise
and

]. lf £(l) = L,dsseq(l,l.) = and ¢Seq(l,j) — _|y
mxy(i,jyl,L, —1) =< —1 lfﬁ(l) = L,@Seq(l,i) = —x and dsseq(l,j) =y

0 otherwise,
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while we let m,.(i, 7,1, L,{) = 0 for both { € {—1,1}. For a variable z € V; we let N'(z, T, ()
be the set of all [ € M such that 0.10k < L(I) < 100k and the clause P.,(l) contains at most one
literal whose underlying variable is in 7"\ {z} and sign(z) = {. Moreover, for [ € M let N'(x,1) be
the set of all variables y € V; \ {«} that occur in clauses D, (l) (either positively or negatively). We

are going to analyse the operators

AT, ¢) - RY — RY,

D=@ye=q 2L 2 @) maymi gl LOL,

Lemma 5.6.20. For any 0.10k < L < 100k,1 <i,j < L,i # j and for any set T' C V; we have
P [”AijL(TaNa<)||D < 55071] > 1 —exp (—6n)

Proof. This proof is based on Fact 1.0.2. Fix two sets A, B C V;. Foreachl € M and any z,y € V;
the two 0/1 random variables

> max{may(i, 4,1, L,¢),0}, > max{—may(ij,1,L,¢),0}

(z,y)€AXB (z,y)€AXB

are identically distributed, because the clause P,.,(!) is chosen uniformly at random. In effect, the

two random variables

M%(Aa B) = Z Z 1lEN(a:,T) max{mxy(i,j,l,L,C),O},
leM (z,y)€eAxB

VE(A’ B) = Z Z 116N($,T) max{iml“y(ivjvlvl/) <)’O}
leM (z,y)eAxB

are identically distributed. Furthermore, both ,LLE(A,B) and I/E(A, B) are sums of independent
Bernoulli variables, because the clauses (Peq(1)) le[m) are mutually independent.

We need to estimate the mean E [,u%(A, B)] =E |:Z/E(A, B)] As each of the clauses Pgc,(1) is

chosen uniformly, for each [ € [m] we have

Plle Mand £(I) = L] = <’Z> oL (1 — g)k—Lal=k,
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Therefore,

E ILL%(A, B) + I/E(A, B)} < m<§> oL (1 — g)k—Lok-k

25 pfn (k =1\ ;4 k—L k
= T <L—1>9 (1-0) [as m = 2%p/k]
< 2L pon
P— L .

Hence, Lemma 1.0.6 (the Chernoff bound) yields
P [mCL(A, B)-E [Mg(A, B)} | > 104/2Ep/L - Hn]
—P [|yg(A, B)—E [yg(A, B)} | > 104/2Lp/L - Hn]

<167,

Let Abe the event that 3A, B C V; : max{],u%(A, B)-E [M%(A, B)} l, |1/§(A,B)—E [I/E(A, B)} |} >
10+/2%p/L - On. Hence, by the union bound

P[A] <2-49.167% < exp (—6n).
Thus, with probability at least 1 — exp (—6n) we have

AIHT, 1, g, 1a) = 27 H(u§ (4, B) — v (4, B))
< 27 M (A B) ~ B [ug (A, B)| | + v (A, B) ~ B[ (A, B)] ]

< Bn-20,/-L— <0.016%n

L2L =
[as L > 0.10k,0k > In(p)/c?, and § = exp (—cOk)].

Finally, the assertion follows from Fact 1.0.2. O

Corollary 5.6.21. With probability at least 1 — exp (—0.10n) the random formula @Zeq has the fol-
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lowing property.

Let T C Vr and let

L L
MmO = > Y > AT ). (5.99)

0.10k<L<100k j=1 i=1,i#j
Then H]\(T,,u, ()HD < 6*%6n.
Proof. By Lemma 5.6.20 and the union bound, we have
P [3T,i,5,L : HAUL(T,,u, ()HD > (559n] < (100k)32%™ . exp (—0n) < exp (—0.20n).
Furthermore, if HAij (T, 1, €) HD < 6%0n for all 4, j, L then by the triangle inequality
H/_\ijL(T,u, C)HD < (106n)36°0n < §*%9n [as § = exp (—cOk)],
as claimed. U

To complete the proof of Q5, we observe that for (z,y) € V; x V; the (x,y) entries of the matrices
A(T, i, ¢) and A(T, pi, ¢) differ only if either x or y occurs in a redundant clause. Consequently, Q0
ensures that ||A(T, i, ¢) — A(T, i, C)||; = o(n). Therefore, Fact 5.6.1 and Corollary 5.6.21 imply
&' satisfies Q5 with probability at least 1 — exp (—114;).

5.7. Proof of Proposition 5.1.3

Let w € .S, be the permutation chosen by PermSPdec uniformly at random, the order of decimation
of the variables. On a fixed k-CNF @ let A\g be the probability distribution on pairs (7, 0) € S,, X 2
induced by PermSPdec. Then 3¢ is the o-marginal of g, i.e.,

Ba(E) = Ag [Sn % &] forany £ C X. (5.100)

In order to study Ag, we consider another distribution \};, on pairs (7, o) € S, x X that is easier to

analyse and that will turn out to be "close’ to Ag.

To define \; let BB, be the set of all pairs (, ) such that (@, 7, o) is not (d, t)-balanced. Moreover,
let B = Ui:o B;. The distribution \}; is obtained by running the algorithm on @, whose pseudocode

is given in Figure 5.1.

Roughly speaking, PermSPdec’ disregards the SP outcome if it strays too far from the flat vector
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Algorithm 5.7.1. PermSPdec’(®)

Input: A k-CNF @ onV = {z1,...,2,}. Output: An assignment o’ : V — {—1,1}.
0. Choose a permutation = € S,, uniformly at random.

1. Let &g = @.

2. Fort=0,...,n—1do
3 Use Survey Propagation to compute ,u[“’] (Py).
4

T (t+1)
. If (@, 7,0")is (4, t)-balanced then
let
, 1 with probability ul, | (&)
o (Tr(t41)) = . " )
—1  with probability 1 — pz,,,, (P¢)
else
let o/ (2. (1+1)) = ¢ with probability 1 for ¢ = +1.
5. Obtain a formula ¢, from &; by substituting the value o (zx(41)) for 2,11, and simpli-
fying.

6. Return the assignment o”’'.

Figure 5.1.: The PermSPdec’ algorithm.

%1. We claim that A\g and )\:p are related as follows. For F C S,, x X let
Fi={(m0) €Sy xS:3(n*,0") e F:VI<t<t:7(t) =n(t),0"(xrr)) = 0(@nr) } -

Thus, F; is the set of all (7, o) that coincide with some (7*,0*) € F “up to time . In particular,
F C .7:5.

Lemma 5.7.2. Forany F C S, X ¥ we have \g [F] < N [F;] + N [B].

Proof. By construction, for any (7,0) ¢ B, and any ¢ € {—1,1} we have

Ao [U(l'ﬁ(t_‘_l)) =(lmr =7 AVs <to(rr)) = cr(xﬂ(s))]
= )\gp [o-($7r(t+1)) =(m=7mAVs <t U(xw(s)) = O-(‘,rﬂ'(s))] :

Hence, Bayes’ rule yields that for any pair (7.0) ¢ B,

S

Ao [VE<t:m=m(t)A o (Trw) = 0(Trw)] = Xp [VE <t =7(t) Ao (2r0) = 0(Trr)] -

(5.101)

In particular, Ag [B] = A}, [B]. Hence, for any event F we obtain

Ao [F] < Ao [F] < Ao [F\ B] + A0 1B] "2 N, [F5\ Bl + N [B] < N [F] + N [B],
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as desired. O

Let \"” be the uniform probability distribution on .S;, X 3, and let (7, u) denote a pair chosen from \”.
To relate A, and \”, let A;(7, o) be equal to one if (7, 0) ¢ By and @ () is (d;, )-biased in (P, 7, 0),
and set Ay(m, o) = 0 otherwise. In addition, let A(7,0) = >, ; Ai(7,0).

Lemma 5.7.3. For any pair (7,0) € S,, X ¥ we have

Ao [Vt <t:m= (t) A a"(xw(t)) = J(:L’W(t))]

= Np [Vt <tim=m(t) Aulare) = 0(a)] - 22T ] 1+ 26,
t<T

Proof. Fix any pair (7,0) € o, x X and let £; be the event that

7(t) = m(t) and O'I({L'ﬂ.(t)) = 0(Trr))-

Then for any 1 < ¢ < { we can bound the conditional probability A [L;|m(t) = m(t) A Ay, Ls] as

follows.

Case 1 (m,0) € B;. Inthis case (?, 7, o) is not (8, t)-balanced. Therefore, step 4 of PermSPdec’
chooses the value o'(z () uniformly. Hence, the event o'(2r(;)) = 0 () occurs with
probability .

Case 2 (m,0) ¢ B; and Ai(m,0) = 0. Since (P, 7, o) is (J;, t)-balanced, step 4 of PermSPdec’

uses SP marginals ML;;]W

T () is not (J;, t)-biased, whence both Mu[,fﬂ(t) (#) < 3+ andl— u&ﬂw (®) < 3 + ;. Hence,

the probability that o' (2()) = 0(2x()) is bounded by % + 6.

(®,¢) in order to assign z,(;). Because A¢(m,0) = 0, the variable

Case 3 Ai(m,0) = 1. In this case we just use the trivial fact that the probability of the event
o' (2 (4)) = 0(Tx(4)) is bounded by 1 < 2(3 + &)

In any case, we obtain the bound X [Ls|m(t) = 7(t) A A\, Ls] < 2At(”’”)(% + d;). Consequently,

as A" is the uniform distribution, we get

Ny (Lol (t) = 7(t) A \yey Lo]

< 24(ma) (1 1 96,). 5.102
N Ly (t) = w(t) A Nyey L] — (1+20) ( :

Multiplying (5.102) up for ¢ < { yields the assertion. 0

To put Lemma 5.7.3 to work, we need to estimate A(7w, o).
Lemma 5.7.4. We have \jy [A(7,0) > 4(A; +&én)] < exp (—&n).
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Proof. We are going to bound the probability that A;(, o’) = 1 given the values 7(s), o' (2r(s)) for
1 <s<t.

Case 1 the event 3, occurs. Then A; = 0 by definition.
Case 2 the event 3, does not occur. In this case (¢, m,0”) is (&, t)-balanced, which means that
no more than d,;(n — t) variables are biased. Since the permutation 7r is chosen uniformly at

random, the probability that ;) is bounded by d;.

Thus in either case the conditional probability o the event A; = 1 is bounded by d;. This implies that
the random variable A(w,o0’) = >, ; Ai(m, 0’) is stochastically dominated by a sum of mutually
independent Bernoulli variables with r_neans d1,...,0;. Therefore, the assertion follows from Lemma
1.0.6 (the Chernoff bound). ]

Proof of Proposition 5.1.3. Combining Lemmas 5.7.3 and 5.7.4, we see that
\p [F] < \p [At*(ﬂ', o') > 4(A; + En)] + A5 []:{ N A, o') < 4(A; + En)]

< exp(—€n) + X' [F] - 24(AitEm) H 1+ 26

t<t

< XN'[F]-exp (64; 4+ 4én) + exp (—=&n) forany F C S, x & (5.103)

Our assumptions that @ is (¢, £)-uniform ensures that " [B;] < exp (—10(én + A;)) for any ¢ < .
Together with (5.103), this implies that

Ao [Be] < N [Bi]exp (64; + 4¢n) + exp (—&n) < 2exp (—&n) for any ¢ < .
Therefore, by the union bound

Mg [B] < 2texp (—¢&n) < exp (—0.9¢n). (5.104)
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5.7. Proof of Proposition 5.1.3

Finally, consider any £ C Y. Let F = S,, x £. Then

Ba(E) = Ao [ F] [due to (5.100)]
< \p [Fi] + Ap (B [by Lemma 5.7.2]
< N [Fi] + exp (—0.9¢n) [by (5.104)]
< N'[Filexp (6(4; + €n)) + exp (§n/2) [by (5.103)]
< lj;ti ~exp (6(A; +¢n)) + exp (§n/2) [as A is uniform]
< ’;' -exp (6(A; +&n)) + exp (€n/2) [by the definition of F;],
as desired. O
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6 Walksat stalls well below the satisfiability threshold

This chapter is to a large extend adopted word-by-word from [38]. The master thesis of Hagshenas
actually contained an argument based on combining the random walk analysis as outlined in Section
3.3.2 with a union bound. However, that argument requires that 7 = (1 + 0x(1))2¥In2, a much
stronger assumption than that of Theorem 3.3.2. The author of this thesis contributed all the additional

arguments necessary to obtain the improved result of Theorem 3.3.2.

As carried out in the outline in Section 3.3.2 we start with formally stating the concept of a mist and

introducing the quasirandom properties.
Let ® be a k-CNF on the variable set z1, ..., .
A mist of @ is aset M C T'(®) of assignments with the following two properties.

MI1 the assignments in M have pairwise distance at least 2xn.
MI2 for each o € T'(P) there exists 1 € M such that dist(y, o) < 2kn.

Thus, the points of the mist are spread out but there is one near every assignment in 7'(®). Let

D(®,M) = | ] Ds(0,10)
ceEM

be the set of all assignments at distance at most 10xn from M. Moreover, for a truth assignment o
andaset W C {x1,...,z,} let

Xe(Woo)= > > 1{&;l e W} 6.1)

i€Uq (o) jE[K]

be the number of occurrences of variables from W in the unsatisfied clauses Ug(c). Further, call ®

quasirandom if there is a mist M such that the following three statements hold.

Q1 we have |D(®, M)| < 2" exp(—2n/k?).

Q2 for any 7 € 3 we have |M ND-(0,10)| < k.

Q3 for every 11 € M in the mist and each 0 € D,(0,100) \ T(®) we have Xo(A(p,0)) <
klUg(0)/10.

Thus, the set D(P, M) is small and thus it is exponentially unlikely for the initial random ol to
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6. Walksat stalls well below the satisfiability threshold

belong to this set. Moreover, there are no more than k& elements of the mist M in the vicinity of any
one assignment 7. Finally, Q3 says that if 7 ¢ T'(®) is an assignment with many unsatisfied clauses
at distance no more than 100xn from p € M, then the probability that Walksat takes a step from
7 towards p does not exceed 10%. Indeed, Xa(A(u, 7)) is the number of flips that take Walksat
closer to p, and klUg(7) is the total number of possible flips.

Now, proving Theorem 3.3.2 comes down to establishing the following two statements.
Proposition 6.0.5. If ® is quasirandom, then success(®, [exp(n/k?)]) < exp(—n/k?).
Proposition 6.0.6. Ifm/n > 195 - 2% In? k/k, then & is quasirandom w.h.p.

We prove Proposition 6.0.5 in Section 6.1 and Proposition 6.0.6 in Section 6.2. Theorem 3.3.2 is
immediate from Propositions 6.0.5 and 6.0.6.

6.1. Proof of Proposition 6.0.5

Suppose that & = &1 A --- A §yy, is a quasirandom k-CNF on the variables z1, ..., z,. Let M be a
mist such that Q1-Q3 hold and set w = [exp(n/k?)]. Recall that x = In k/k. Condition Q1 provides
that the event A = {cl%) ¢ D(®)} has probability

P[A] > 1 — exp(—2n/k?). 6.2)
In the following we may therefore condition on .A.
The key object of the proof is the following family of events: for y € M and 1 <t < to < w let
H,(t1,2) = {dist(a[tl], 1) = |10kn), dist(o™2], 1) = |5rm),
Vi <t <ty:oll € D,(5,10) \T(qs)} . (63)

In words, H,,(t1,12) is the event that at time ¢; Walksat stands at distance precisely | 10xn] from
u, that the algorithm advances to distance |5kn | at time t2 while not treading closer to y but staying
in D, (5, 10) at any intermediate step, and that Walksat does not hit 7'(®) at any intermediate step.
Let

H = U H,(t1,ts).

HEM,0<t1 <to<w

Fact 6.1.1. We have P [3t < w : oll € S(®)|A] < P [H|A].
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6.1. Proof of Proposition 6.0.5

Proof. Recall that S(®) C T(&). Suppose that ¢!l € S(®) for some ¢ < w; then the algorithm halts
at time ¢. Let ty < t be the minimum such that glt) € T (®). Then there exists ;1 € M such that
dist(ps, o)) < 2kn. Further, given A we have dist(¢!”), ;1) > 10kn. Hence, for some 0 < t; < tg
the event dist(a[tl]7 1) < 10kn occurs for the first time. Moreover, there exists a minimum ¢y such
that t; < to < to and dist(c*2], i) < 5kn. Since Walksat moves Hamming distance one in each

step, H,,(t1,t2) occurs. O

To show that H is exponentially unlikely we are first going to estimate the probability of a single event
H, (t1,t2).

Lemma 6.1.2. Let 71 ¢ T(®P) and ju € M be such that dist(11, 1) = |10kn|. Then
P [Hu(tl,t2)|¢4,0[tl] =711| <exp(—kn/2) foralll <t; <ty <w.
Proof. For anindex t; < t < t5 define
Vi1 = dist(o™Y p) — dist(o, p) + 2 - 1{c ¢ D,(5,10) \ T(®)}. (6.4)

If the event H ,(t1,t2) occurs, then oltl e D, (5,10) \ T(®) forall t; <t <ty and Et1§t<t2 Yiiq <

1 — 5kn. Moreover, we claim that
E[Yi11 — Yilo! ¢ T(2)] > 4/5. (6.5)

Indeed, at time ¢ + 1 Walksat chooses an unsatisfied clause and then a variable from that clause
uniformly at random. If Y;;1 < Y, then the chosen variable is from the set A(y, J[ﬂ) of variables
where ¢! and 1 differ. By (6.1) the probability of this event equals Xq (W, ol)) /kly (o). Hence,
Q3 shows that the probability that dist(c*1, ;1) < dist(c¥), 1) is bounded by 0.1, unless ol¥ ¢
D, (5,10) \ T(®). Consequently, (6.5) follows from the definition (6.4).

If we let (W;):>1 be a sequence of independent +1-random variables such that P[W; = —1] = 0.1
and P[W; = 1] = 0.9, then (6.5) implies

P [Hu(tl,tg)]fl,g[tll _ ﬁ} <P| Y Y1 <1-5nlnk/k
_t1§t<t2

<P Z W; <1-5nlnk/k

t1<t<tg

Thus, the assertion follows from Corollary 1.0.5 and the fact that H,,(t1, t2) can occur only if to —t; >

5kn, because Walksat moves Hamming distance one in each step. O
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6. Walksat stalls well below the satisfiability threshold

Proof of Proposition 6.0.5. By Lemma 6.1.2 each of the events contributing to H occurs only with
probability at most exp(—«n/2) given A. But since the number of assignments in the mist M and
hence the number of individual events H,, (¢, t2) may be much larger than exp(nr/2), a simple union
bound on i € M won’t do. Indeed, the real problem here is the size of the mist and not the number

of possible choices of 1, t2, because t1,t2 < w and w is (exponential but) relatively small. In other
words, we do not give away too much by writing
PHA< > P [UueM H,(t1,12)

A]
0<t1<ta<w

= Z Z P { pem Hu(t, t2)| A, oltl = O'} {O'[tl] = a].A]

0<t1<te<woeXx

: Z 13125(13 [UMEM H,(t1,t9)| A, ottt = J}
0<t1<to<w

< Y max )P [ (t1, £2)] A, o111 _g}- (6.6)

0<t1<ta< <w ,uEM

To bound the last term, we recall from (6.3) that P [H,(t1, t2)|A, o'l = ¢] = 0 unless dist(u, o) =
| 10kn |. Hence, Q2 implies that for any o € X the sum on £ in (6.6) has at most k£ non-zero summands.

Therefore, Lemma 6.1.2 gives

max P [H#(tl,tg)]fl,a[tl] = 0} < kexp(—nk/2). (6.7)
S
neM

Plugging (6.6) into (6.7) and recalling the choice of w, we get
P [H|A] < w?kexp(—kn/2) < exp(—n/k?), (6.8)

with room to spare. Finally, the assertion follows from (6.2), Fact 6.1.1 and (6.8). ]

6.2. Proof of Proposition 6.0.6

We begin with the following standard ‘first moment” bound.

Lemma 6.2.1. We have E |T(®)| < 2" exp (—pn/2)).

Proof. For any fixed assignment o € ¥ the number Ug (o) of unsatisfied clauses has distribution
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Bin(m, 27%). Therefore, by Lemma 1.0.4 and our assumption on m /n,
Plo € T(®)] = exp(—mDxL, (0.1 27k 2_k) +o(n)) < exp(—pn/2).
Thus, the assertion follows from the linearity of expectation. 0

To proceed, we construct a mist M of the random formula ¢ by means of the following iterative

procedure.

1. Initially let M = 0.
2. While T(®) \ U, Ppu(0,2) # 0, add an arbitrary element of this set to M.

Let us fix any possible outcome M of the above process. Of course, M depends on ¢ but we do not

make this explicit to unclutter the notation. We now simply verify the conditions Q1-Q3 one by one.

Lemma 6.2.2. QI holds with probability 1 — exp(—Q(n))

Proof. We start with a naive bound on the number of assignments in D, (0, 10) centered at an arbitrary

o € X. Stirling’s formula shows that for any fixed assignment o € 3.,

D, (0,10)] < Y <?>§nexp(10nln2k/k:).

71<10kn

Hence, the construction of M ensures that |D(®, M)| < |T/(®)| - nexp(10nIn? k/k). Thus,
E[[D(®)[] < E[IT(®)|] - nexp(10nIn®(k)/k).
Consequently, the assertion follows from Lemma 6.2.1 and our assumption on p. O

For an assignment o € ¥ let C(o) be the set of all possible unsatisfied clauses under o on the variable

set1,...,2,. Then |C(c)| = n* forall o € X.

The following Lemma proving that with high probability Q2 holds in ® is similar to the statement
in [67] that certain “overlap structures” do not exist (where an “overlap structure” is an [-tuple of
NAE-satisfying assignments with pairwise distance ~ xn for an appropriate integer [.) This concept
is an adaption of a bound on intersection densities for tuples of independent sets in sparse d-regular
graphs from [120]. There it is shown that no tuple of large local independent sets intersecting each
other in a certain way exists in a d-regular graph w.h.p. We are going to prove a similar statement,
namely that no m-tuple of assignments with a small number of unsatisfied clauses that have pairwise
distance ~ & and are all contained in D, (0, 10) for some 7 € 3 exist. Following [67] we also use an

inclusion/exclusion estimate, while here of course we are not focussing on satisfying assignments but
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6. Walksat stalls well below the satisfiability threshold

on assignments with a relatively small number of unsatisfied clauses.

Lemma 6.2.3. Q2 holds w.h.p.

Proof. We prove the statement by way of a slightly different random formula model ®’. In ®’ each
of the (2n)* possible clauses is included with probability ¢ = m/(2n)* independently in a random
order. A standard argument shows that this model is essentially equivalent to ®. To be precise, we

claim that for any event £ we have
P[® €& <O(V/n)P[® € &] +0(1). (6.9)

To see this, let G be the event that ® does not contain the same k-clause twice, i.e., ®; # ®; for all
1 <i < j < m. A simple union bound shows that P [® € G] = 1 — O(1/n). Moreover, let m’ be
the total number of clauses of ®’. The m/’ is a binomial variable with mean m and Stirling’s formula
shows that P [m’ = m] = ©(n~1/2). Thus, (6.9) follows from the observation that the distribution of
®’ given m’ = m coincides with the distribution of ® given G.

Hence, we are going to work with the model ®’. Let M’ be the mist constructed for ' by means
of our above procedure. Moreover, for 7 € ¥ let P(7) be the set of all k-tuples (0;);c(r) With the
following two properties.

P1 0, € D-(0,10) forall i € [k] and
P2 dist(0;,0;) > 2nk forall ¢ # j.

Then

k 10nlnk
n ek 9
<n- <n— < . .
Pl <n <n10ln(k)/k:> = (101nk> < exp (10n1n° k) (6.10)

Further, if 01,09 € ¥ are assignments such that dist(oq,092) > 2kn, then the number of possible

unsatisfied clauses under both o1 and o9 satisfies
|C(01) N C(02)| = (n — dist(a1, 02))* < (1 — 2In(k)/k)n)* < E~2nF; (6.11)

this is because a clause that is unsatisfied under both o1, 02 must not contain any literals on which
the two assignments differ. We are going to upper bound the probability that for (o)) € P(7)
assignment o; renders at most pn/10 clauses of ®’ unsatisfied given that all of oy, ...,0;_1 do so.

The probability that this event occurs is upper bounded by the probability that @ contains at most
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6.2. Proof of Proposition 6.0.6

pn /10 clauses from the set
i—1
C(ailoy,...,0i1) = Cloi) \ | Cloy).
j=1
The estimate (6.11) and inclusion/exclusion yield
C(oilo, ... oi1)] = n*(1— (i — 1)k™?).
Hence, if we let Z; = Bin(|n*(1 — (i — 1)k72)], q), then

P [o; € T(®)|oy,...,0i1 € T(P)] <P[Z; < pn/10] (6.12)

(this step required that the clauses of @’ appear independently). By the Chernoff bound, for i < k we
have

P[Z; < pn/10] < exp (—pn/15) (6.13)

Consequently, P2, (6.12) and (6.13) yield for any (0;);cx) € P(7),
k

Ploy,...,01 € T(®)] = [[Ploi € T(®)|o; € T(P) forall j < i] < exp (~kpn/15). (6.14)

i=1

Further, let Q(®',7) be the set of all k-tuples (0;);cx) € P(7) such that oy,...,04 € T(®'). Then
(6.10) and (6.14) imply

E [Q(®,7)] < exp [n (10In*(k) — kp/15)] . (6.15)
Summing (6.15) on 7 € ¥ and using p > 195 In?(k)/k, we get

> E|Q(®,7)| < exp[n((2+10)In*(k) — 13In°(k))] = exp(—Q(n)). (6.16)
TEX

Finally, assume that &’ violates Q2. Then there is 7 € ¥ such that Q(®',7) # 0, because our
construction of M’ ensures that M’ C T(®’) and that the pairwise distance of assignments in M
is at least 2nx. Consequently, (6.16) shows together with Markov’s inequality that ®’ violates Q2
with probability at most exp(—£2(n)). Thus, the assertion follows by transferring this result to ® via
(6.9). O

Lemma 6.2.4. P satisfies Q3 w.h.p.
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6. Walksat stalls well below the satisfiability threshold

Proof. Let P = Pg be the number of pairs (o, 7) € XX (D, (0,100)\T(P)) such that Xg(A(o, 7)) >
kUg(7)/10. To estimate P fix a pair (o, 7) and let Pg (o, 7) be the event that Xg(A(o, 7)) >
kUg(7)/10. If 7 € D,(0,100) \ T(P), then 7 leaves at least Usp(7) > pn/10 clauses unsatis-
fied. More precisely, given Usg (7) each unsatisfied clause consists of k independent random literals
that are unsatisfied under 7. Since D, (0, 100), for any one of the klg (7) underlying variables the
probability of belonging to A(o, 7) equals A(o, 7)/n < 100x. Therefore, Lemma 1.0.4 shows that

P [Pg(o,7)] < P [Bin(k|Us(T)|, A(o,7)/n) > kUs(T)/10] < exp(—kpn/10). (6.17)

Summing (6.17) on o € ¥ and 7 € D, (0, 100) and using our assumption on p, we get

B[P < 3 P [Pa(o,7)] < 4" exp(—kpn/10) < 27

o, T

Thus, the assertion follows from Markov’s inequality. O

Finally, Proposition 6.0.6 follows directly from Lemma 6.2.2 to 6.2.4.
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A Appendix

Zusammenfassung

Seit den neunziger Jahren des vergangenen Jahrhunderts standen zufillige Bedingungserfiillungsprob-
leme (englisch "constrain satisfaction problems" (CSP)) auf der Agenda verschiedener Wissenschaften
wie der Diskreten Mathematik, der Informatik, der Statistischen Physik sowie einer ganzen Reihe
weiterer Anwendungsgebiete. Ziel ist es dabei, einen Zustand des Systems, wie beispielsweise eine
Belegung von Variablen, zu finden, welche eine Reihe von Bedingungen (englisch "constraints") er-
fiillt. Aufgrund vielféltiger in diesem Kontext relevanter Griinde wurde eine enorme Miihe aufge-
wandt, diese Probleme in ihrer Komplexitit, ihrer Berechenbarkeit, sowie die zugrundeliegenden
zufdlligen diskreten Strukturen analytisch zu verstehen und effiziente Algorithmen zu entwickeln,

Instanzen der zufilligen CSP zu 16sen.

In dieser Arbeit prasentieren wir drei Resultate aus dem Kontext zufélliger CSP. Durch eine Verbesserung
der unteren sowie der oberen Schranke fiir die vermuteten k-Firbbarkeitsschwelle erhalten wir eine
fast vollstindige Losung des Problems der Bestimmung der Chromatischen Zahl auf zufilligen reg-
uldren Graphen, welches von Coja-Oghlan, Efthymiou and dem Autoren dieser Arbeit 2016 im Journal
of Combinatorial Theory, Series B [39] veroffentlicht wurde. Zudem prisentieren wir negative Re-
sultate fiir zwei Algorithmen auf zufélligen k-SAT Instanzen. Zunichst eine Analyse von Walksat,
einem lokalen Suchalgorithmus, welche von Coja-Oghlan, Hagshenas und Hetterich beim SIAM Jour-
nal on Discrete Mathematics verdffentlicht wurde [38]. Des Weiteren prisentieren wir eine Analyse
von Survey Propagation Guided Decimation (SPdec), ein auf hochst komlexen Einsichten in zufil-
lige CSP statistischer Physiker basierender Algorithmus, welche von dem Autoren der Arbeit in den
Procedings der 43. ICALP in Rom 2016 veroffentlicht und dort mit dem Best Student Paper - Track A

Award ausgezeichnet wurde [73].

Die chromatische Zahl zufilliger Graphen zu bestimmen ist eines der am ldangsten offenen Heraus-
forderungen in der probabilistischen Kombinatorik. Die chromatische Zahl eines Graphen ist die
kleinste ganze Zahl k, sodass eine Farbung der Knotenmenge ohne monochromatische Kanten ex-
istiert (dabei sind beide inzidente Knoten mit der gleichen Farbe gefirbt). Fiir Erd6s-Rényi-Graphen
(Ggr(n,m)), das weitaus am tiefsten studierte Modell in der Literatur zufélliger Graphen, reicht die
Frage bis zu der bahnbrechenden Veroffentlichung von 1960 zuriick, welche die Theorie zufilliger

Graphen begriindete [60]. Das neben dem Ggg(n,m) am hiufigsten studierte Modell ist sicherlich
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der zufillige reguldre Graph G(n, d) [23, 77]. In der Dissertation wird eine fast vollstindige Losung
fiir das Chromatische Zahl Problem auf dem G(n, d) présentiert, zumindest fiir den Fall das d konstant
und insbesondere unabhingig von n ist, wenn n — oo (der wohl am schwersten zu fassende und von

seiner kombinatorischen Herausforderung her interessanteste Bereich). Das Hauptresultat ist

Theorem. Es existiert eine Folge (e,);>3 mit limy_, €, = 0, sodass gilt

1. fiird < (2k —1)Ink — 2In2 — ¢y, ist G(n, d) k-farbbar mit hoher Wahrscheinlichkeit®.
2. fiird> (2k —1)Ink — 1 + ¢, ist G(n, d) nicht k-farbbar mit hoher Wahrscheinlichkeit.

Wir haben keine Anstrengung unternommen, den Fehlerterm €, exakt zu bestimmen oder gar zu opti-

mieren.

Eine direkt Konsequenz aus diesem Theorem ist die exakte Bestimmung der chromatischen Zahl
X(G(n,d)) fir fast alle d.

Korollar. Es existiert eine Menge D C Z>o mit asymptotische Dichte 1 und eine explizite Funktion
F : D — Z>, sodass mit hoher Wahrscheinlichkeit x(G(n,d)) = F(d) fiir alle d € D.

Zufillige k-SAT Instanzen sind seit Jahrzehnten als besonders schwer und deshalb als MaBstab fiir die
Giite von Algorithmen bekannt [30]. Das einfachste und am tiefsten studierte Modell ist das folgende:
Sei k > 3 eine ganze Zahl, sei r > 0 ein fester Parameter die Dichte beschreibend, sei n eine (grofie)
Zahl und sei m = [rn]. Dann ist ® = @ (n, m) eine unter allen (2n)*™ moglichen Formeln zufillig

uniform gezogene k-CNF.

Seit den frithen Anfingen wurde das Studium von zufilligem k-SAT von zwei Hypothesen gelenkt.
Erstens, dass fiir jedes £k > 3 eine bestimmte kritische Dichte ri_gar > 0, der k-SAT Schwellwert
existiere, an welchem die Wahrscheinlichkeit, dass die zufillige Formel von fast 1 auf fast O falle.
Zweitens, dass zufillige Formeln mit einer Dichte nahe aber unterhalb von r;_gaT in einem sehr

intuitiven Sinne schwer zu berechnen seien [26, 30, 102].

Die besten bekannten Algorithmen finden erfiillende Belegungen in Polynomialzeit bis zu einer Dichte
von ungefihr 7 ~ 2% In k/k [34]. Mit einer einfachen Berechnung des zweiten Moments zusammen
mit einem "sharp threshold" Resultat [63] lédsst sich beweisen, dass mit hoher Wahrscheinlichkeit
Losungen bis zu einer Dichte von 7gecong ~ 2% 1In k — k existieren. Wenn auch der Fall k = 3, 4 fiir
empirische Simulationen am Besten geeignet ist, wird das Bild sowohl klarer als auch dramatischer

fiir gro3e Werte von k.

“Man sagt, dass ein zufilliges diskretes Objekt eine Eigenschaft mit hoher Wahrscheinlichkeit besitzt, wenn die
Wabhrscheinlichkeit, dass diese Eigenschaft tatséchlich vorliegt mit n — oo gegen 1 geht.

II



Tatsdchlich scheitern Standardheuristiken wie Unit Clause Propagation schon fiir viel kleinere Dichten,
nidmlich r = ¢2F /k fiir eine bestimmte Konstante ¢ > 0 [65]. Das gleiche gilt (beweisbar) fiir
verschiedenste DPLL-basierte k-SAT-Solver [2, 107]. Also bleibt ein Faktor von ungefihr k/In k
zwischen der algorithmischen Schwelle und 7gecong, der unteren Schranke an r;_gap. Obwohl die em-
pirischen Hinweise fiir eine solche algorithmische Barriere tiberwiltigend sind, gab es bislang wenig
Fortschritt diese tatsdchlich in Allgemeinheit zu beweisen oder einzelne kompliziertere nicht-triviale

k-SAT-Solver zu analysieren.

Zufidllige CSP standen im Fokus einer enormen wissenschaftlichen Entwicklung im Laufe der letzten
Jahre, welche hauptsichlich durch den beginnenden Austausch von Wissenschaftlern unterschiedlich-
ster Fachgebiete wie der Statistischen Physik, der Informatik und der Mathematik angefacht wurde.
Zu Beginn des neuen Jahrtausends entwickelten Physiker einen sehr komplexen und ausgefeilten aber
nicht rigorosen Ansatz, genannt die Cavitiy Methode, um zufillige CSP sowohl analytisch als auch al-
gorithmisch zu bewiltigen. Die Cavity Methode liefert insbesondere prdizise Vorhersagen fiir den Wert
von r,_gaT fiir ale & > 3 [98], welche kiirzlich fiir geniigend grofle Werte von k rigoros verifiziert
wurde [56]. Das in dieser Arbeit enthaltende Resultat iiber die chromatische Zahl zufélliger regulédrer
Graphen ist in Ubereinstimmung mit dieser Entwicklung. Es ist durch das Implementieren der durch
die Cavity Methode erlangten Einsichten in Standardtechniken der probabilistischen Methode erreicht

worden.

Dariiber hinaus lieferte die Cavity Methode eine heuristische Erkldrung fiir das Scheitern einfacher
kombinatorischer DPLL-basierter Algorithmen weit unterhalb von rp_gat. Insbesondere weil ex-
akt fiir Dichten um 2¥ In k/k die Geometrie der Menge aller erfiillenden Belegungen eine dramatis-
che Verdnderung erfdhrt. Die (weitestgehend) einzige Zusammenhangskomponente bricht mit hoher
Wahrscheinlichkeit in eine ganze Menge kleiner gut voneinander separierter Cluster auf [88]. Tat-
sdchlich gehort eine typische (d.h. uniform zufillig gezogene) Belegung zu einem gefrorenen Cluster
- das heil3t starke "long-range" Korrelationen treten zwischen den Variablen auf. Insbesondere gibt es
viele gefrorene Variablen, welche den selben Wert in allen erfiillenden Belegungen in diesem Cluster
annehmen. Die Menge der erfiillenden Belegungen hat, grob gesprochen, die Eigenschaften eines
fehlerkorrigierenden Codes, nur dass bisher keine zugrundeliegende algebraische Struktur gefunden
wurde. Folglich wiirde beispielsweise ein lokaler Suchalgorithmus auf der Suche nach einer erfiillen-
den Belegung offensichtlich die Fahigkeit haben miissen, eine ganzes Cluster zu iiberblicken und auf
einen Schlag alle gefrorenen Variablen auf den richtigen Wert zu setzen. Ohne einen Uberblick iiber

die "globalen" Abhingigkeiten der Variablen zu haben, scheint dies unméglich zu sein.

Sowohl die Zerlegung in viele Cluster als auch die Vorhersage beziiglich des Frierens sind weitestge-
hend rigoros bewiesen [104, 4] und wir beginnen den Einfluss dieses Bildes auf die Performance von
Algorithmen zu verstehen [3]. Tatsdchlich stimmt die Dichte, an welcher Cluster und gefrorene Vari-

ablen auftauchen, exakt mit der Dichte iiberein, bis zu der Algorithmen bewiesener Weise erfiillende

III
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Belegungen finden (zumindest fiir ausreichend groBe Klausellingen k). Genauer gesagt, liegt die k-
SAT-Schwelle asymptotisch bei » = 2¥In2 — (1 + In2)/2 + ok (1), wobei ox(1) einen Fehlerterm
versteckt, der fiir groBe k gegen 0 konvergiert [43, 56]. Im Vergleich dazu kennt man Algorithmen,
die erfiillende Belegungen bis zu einer Dichte von r = (1 + ox(1))2¥ Ink/k effizient finden [34].
Des Weiteren treten sowohl Cluster als auch gefrorene Variablen fiir r > (1 + ox(1))2¥Ink/k
auf [3, 4, 104]. Man mochte also vermuten, dass zufillige Formeln schon ab einer Dichte von unge-
fahr einem Faktor k& unterhalb der k-SAT Schwelle "schwer zu 16sen” sind. Bis heute hat es sich
aber trotz der strukturellen Ergebnisse und des durch die Arbeit der Physiker entworfenen, zwingen-
den und sehr intuitiven Bildes als bemerkenswert schwer herausgestellt, tatsdchlich zu beweisen, dass

diese strukturellen Eigenschaften eine Barriere selbst fiir sehr einfache k-SAT Algorithmen darstellen.

Wir prisentieren einen ersten Schritt in Richtung eines solchen Beweises fiir Walksat, einen der
einfachsten, nicht-trivialen k-SAT Algorithmen. Unser Beweis nutzt den Fakt, dass erfiillende Bele-
gungen in ausreichend separierten Clustern liegen, als einer der ersten rigorosen Analysen von Al-
gorithmen, die aus den Einsichten der Physiker Nutzen ziehen konnen. Walksat ist ein lokaler
Suchalgorithmus, der im "worst case" um einen exponentiellen Faktor besser als "exhaustive search"
ist. Die Suchprozedur war auBBerdem in einigen der besten Algorithmen fiir k-SAT enthalten [57, 71,
72,74,75, 118, 125].

Walksat ist ein lokaler Suchalgorithmus. Er startet mit einer uniform zufélligen Belegung. Solange
die aktuelle Belegung keine Losung ist, wéhlt der Algorithmus eine unerfiillte Klausel uniform zufillig
aus und flippt den Wert einer zufillig gewihlten in der Klausel enthaltenden Variablen. Die gewihlte
Klausel ist darauthin erfiillt, aber andere, zuvor erfiillte Klauseln, kénnen dadurch nun méglicherweise
unerfiillt sein. Wenn nach einer bestimmten Zahl w an Iterationen keine erfiillende Belegung gefunden
wurde, gibt Walksat die Suche auf. Demnach ist der Algorithmus einseitig: Er kann erfiillende

Belegungen finden, jedoch kein Zertifikat fiir "Unerfiillbarkeit" der Formel liefern.

Fiir eine gegebene Formel ® und w > 0 sei success(®,w) die Wahrscheinlichkeit (beziiglich der
zufilligen Entscheidungen der Algorithmen), dass Walksat (®,w) eine erfiillende Belegung findet.

Also ist success(®,w) eine Zufallsvariable, die von der zufilligen Formel ® abhingt.

Theorem. Es existiert eine Konstante ¢ > 0, sodass fiir alle k und alle r > 2k 1n? k /k mit hoher
Wahrscheinlichkeit gilt
success(®, [exp(n/k?)]) < exp(—n/k?).

Es ist wohlbekannt, dass die zufillige Formel ® mit hoher Wahrscheinlichkeit unerfiillbar ist, wenn
r > 2% In 2. Demnach impliziert die Bedingung 7 > ¢2¥ In? k/k im vorherigen Theorem eine untere

Schranke an die Klausellidnge k, fiir welche das Theorem nicht ohne logische Aussage ist.

v
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Figure A.1.: Experimentelle Performance verschiedener Algorithmen auf zufilligem 4-SAT.

Die Dichte, welche das Theorem voraussetzt iibersteigt die Schwelle fiir die Existenz von Clustern
und gefrorenen Variablen um einen Faktor cln &, jedoch ist die k-SAT Schwelle um einen weiteren
Faktor von ungefihr k entfernt. Uberdies beweist das Theorem, dass Walksat auf dramatische Weise
scheitert: Auf typischen zufélligen Formeln @ ist die Erfolgswahrscheinlichkeit von Walksat expo-
nentiell klein, selbst wenn man Walksat eine exponentielle Zahl von Wiederholungen laufen lisst.
Selbst wenn man Walksat jede polynomielle Zahl oft von neuem startete, bleibt die gemeinsame

Erfolgswahrscheinlichkeit aller Versuche exponentiell klein.

Die Arbeit der Physiker hat bemerkenswerter Weise auch zur Entwicklung eines neuen effizienten
"message-passing” Algorithmus Survey Propagation Guided Decimation gefiihrt, mit dem Ziel, die
vermutete algorithmische Barriere doch zu iiberwinden [101]. Préziser, der Algorithmus ist speziell
dahingehend entworfen, ganze Cluster von und nicht nur einzelne erfiillende Bedingungen zu finden.
Dafiir charakterisiert er Cluster durch die durch die Bedingungen kaskadenartig weitreichenden Ko-
rrelationen "gefrorenen” Variablen und die "lokal freien" Variablen. Das grundlegende Design von
Survey Propagation Guided Decimation zielt also insbesondere darauf ab fiir solche Dichten effizient

zu arbeiten, bei welchen gefrorene Cluster existieren.

In Abbildung A.1 vergleichen wir die experimentell ermittelte Performance verschiedener Algorith-
men auf zufilligen 4-SAT Instanzen. Der vermutetet Erfiillbarkeitsschwellwert liegt bei ungefihr
r4—sat ~ 9.93 [96]. Survey Propagatio Guided Decimations findet gemifl den Experimenten in [87]
effizient erfiillende Belegungen fiir Dichten bis zu » = 9.73. Ein weiterer "message-passing" Al-
gorithmus, der auch durch die Arbeit der Statistischen Pysiker Anwendung auf Instanzen zufilliger
CSPs fand und als grundlegendes Schema fiir Survey Propagation zu verstehen ist, kursiert unter der
Bezeichung Belief Propagation. Nach Experimenten ist eine einfache Version von Belief Propagation
Guided Decimation bis » = 9.05 erfolgreich [122] und eine leicht verbesserte gewichtetet Version
(eine gewichtete Auswahlregel fiir die zu dezimierende Variable) sogar bis r = 9.24 [87]. Im Kontrast
dazu ist der beste "klassische" Algorithmus, welcher eine "Kiirzeste-Klausel-Heuristik" (SC - shortest
clause) verwendent [65], nur bis circa » = 5.54 erfolgreich und ein gewerblicher SAT-Solver (zChaff)

sogar nur bis » = 5.35 erfolgreich, bevor er anfangt zu "backtracken" [87]



Zusammenfassung

Obwohl die experimentelle Performance fiir kleine k ausgezeichnet ist, lasst sich keine offensichtliche
Verbindung zwischen dem Auftreten gefrorener Cluster und dem Erfolg der Algorithmen ableiten. Bis
dato haben nicht einmal die Methoden der Physiker zu einer Erkldarung dieser empirischen Ergebnisse
oder zu einer prizisen Vorhersage gefiihrt, bis zu welcher Dichte man erwarten konnte, dass Survey
Propagation Guided Decimation fiir generisches k effizient ist. Folglich wurde die Analyse von Survey
Propagation Guided Decimation zu einer der wichtigsten Herausforderungen im Kontext zufilliger
CSP.

Das in dieser Arbeit priasentierte Resultat liefert die erste rigorose Analyse von SPdec(der ele-
mentaren Version) von Survey Propagation Guided Decimation auf zufilligem k-SAT. Fiir eine prizise
Definition und detailierte Erkldrung des Algorithmus verweisen wir auf die Standartliteratur wie [98].
Bevor wir das Resultat nennen, miissen wir, wie fiir Walksat, darauf hinweisen, dass zwei Ebenen
von Zufall involviert sind: Die Wahl der zufélligen Formel ¢ zum einen und die "Miinzwiirfe" des
randomisierten Algorithmus SPdec zum anderen. Fiir eine (feste, nicht zufillige) k-CNF @ sei mit
success(®) die Wahrscheinlichkeit bezeichnet, dass SPdec(®) eine erfiillende Belegung findet. Hier-
bei bezieht sich "Wahrscheinlichkeit" natiirlich alleine auf die Miinzwiirfe des Algorithmus. Wendet
man jedoch SPdecauf eine zufiillige k-CNF @ an, wird die Erfolgswahrscheinlichkeit success(®)
eine Zufallsvariable. Bemerke, dass @ fiir » > 2F In 2 mit hoher Wahrscheinlichkeit nicht erfiillbar

ist.

Theorem. Es existiert eine Folge (1.)>3 mit limy,_,o € = 0, sodass fiir alle k,r, welche 2F(1 +
ex) In(k)/k < r < 2¥1n 2 erfiillen, mit hoher Wahrscheinlichkeit success(®) < exp(—Q(n)).

Wenn die Erfolgswahrscheinlichkeit exponentiell klein in 7 ist, dann fithrt, analog zu Walksat, das
Anwenden von SPdec eine sub-exponentielle Zahl an Wiederholungen mit hoher Wahrscheinlichkeit
nicht dazu, eine erfiillende Belegung zu finden. Das widerlegt die Hypothese, dass SPdec zufillige

k-SAT Instanzen fiir entsprechende Dichten mit hoher Wahrscheinlichkeit effizient 16st .
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