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Relativistic two-center continuum 
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A method is presented to define unique continuum states for the two-center Dirac Hamiltonian. 
In the spherical limit these states become the familiar angular-momentum eigenstates of the radial 
Coulomb potential. The different states for a fixed total energy I E I > m may be distinguished by 
considering the asymptotic spin-angular distribution of states with unique scattering phases. The first 
numencal solutions of the two-center Dirac equation for continuum states are presented. 

One important problem in a complete discussion of the 
spectrum of the two-center Dirac equation is the correct 
treatment of the continuum. There is considerable in- 
terest in these questions because the effects of electronic 
excitation and pair creation in collisions of very heavy 
ions generally are based on the quasimolecular model, i.e., 
on an expansion of the wave function in terms of the adia- 
batic solutions of the two-center Dirac equation.' Up to 
now the Dirac equation in the continuum has been solved 
in the so-called monopole approximation.* It cannot be 
excluded that typical molecular effects are important for 
the excitation processes of interest. In particular, the typi- 
cal amearance of a resonance in the lower Dirac continu- -. 
um ( E  < - m )  for small two-center distances and overcrit- 
ical united nuclei charges ( Z ,  + Z z  > 173 should be inves- 
tigated.3 Here we Want to examine to what extent the 
probability density distribution differs from an isotropic 
shape obtained in the monopole approximation.4 Nonre- 
lativistic calculations solving the two-center Schrödinger 
equation are not useful for our purpose, not even qualita- 
tively. The stationary solutions of the Schrödinger equa- 
tion can be separated into three factors using prolate ellip- 
tical coordinates which depend on the "radial" and the 
two "angle" coordinates. In contrast, the two-center 
Dirac Hamiltonian can be reduced only to a partial 
differential operator in at  least two dimensions. The set of 
quantum numbers is also reduced by one in the relativistic 
case. The consequences can be observed in the correlation 
diagrams of the bound states, which were first determined 
by Müller et ~ 1 . ~ ~ ~  As an important difference, avoided 
level crossings are observed between states which in the 
nonrelativistic theory are allowed to Cross due to the pres- 
ence of an additional quantum number. 

To  find eigenstates in the continuous part of the spec- 

trum ( ( E I > m )  a criterion to classify the wave functions 
of the continuum has been lacking up to now. We will 
show that it is possible to define states in a unique manner 
by requiring asymptotically a well-defined scattering 
phase. To obtain regular wave functions fulfilling this cri- 
terion, we have to allow an asymptotic behavior of the 
outcoming stable spin-angular distribution far away from 
the potential centers which need not be correlated to a 
good angular momentum. One can verify the orthogonal- 
ity also for such a Set of continuum states with a fixed to- 
tal energy 1 E  j >m. We use the continuum wave func- 
tions, normalized to a 6 function on the energy scale, to 
calculate coupling matrix elements with bound states for 
superheavy Systems and compare them with results from 
the monopole approximation. 

To become familiar with the possible continuum solu- 
tions of the two-center Dirac equation, an asymptotic in- 
vestigation for large distances from the potential centers is 
useful. For convenience we will employ spherical coordi- 
nates for the following general considerations. Using the 
common Standard representation, one finds that the upper 
and the lower spinor are connected by the linear matrix 
operator U ,  =e;u for large distances r. But we are not 
restricted to special spin-angular distributions such as the 
eigenstates X:( 8, d )  of the spherical K  ̂ operator because 
asymptotically this operator has no more influence on the 
wave function. Nevertheless, we will check whether it is 
possible to retain an asymptotic behavior of the continu- 
um states with good total angular momentum in the two- 
Center problem. 

A solution of the two-center Dirac equation, with a 
unique scattering phase and an asymptotic behavior corre- 
sponding to a good total angular-momentum quantum 
number K ,  reads for large r 
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We employ the notation of ~ o s e . ~  Due to the higher mul- 
tipole moments of the potential, we get an increasing ad- 
mixture of different spin-angular eigenfunctions Xi, if we 
continue the wave function @ to smaller r. We have to 
require that the part of the total wave function in an ex- 
pansion in spherical K eigenstates which is irregular at the 
origin vanishes. Together with the freedom to determine 
the phase 6„ this leads to the following conditions: 

consider the continuum states as scattering channels. It is 
easy to show that the degrees of freedom given by the 
coefficients of a possible expansion in the Xf (9 ,d )  basis of 
a new "free" spin-angular distribution 8 , ( 9 , d )  may be 
used to find a regular continuum solution with one well- 
defined scattering phase 6. Because of the conservation of 
the z component of the total angular momentum, 8 , (9 ,d )  
has to be an eigenfunction of J, with the eigenvalue p. 

cosS&„. + sin6,,dMt = 0  for all K' . This means for an expansion of 8 , (9 ,&)  in the complete 
(2) set { X * ]  a limitation to a fixed quantum number p. The 

Here b„, and d„. are the coefficients for those parts - X $  
of the wave function which are divergent at the origin. 
Generally it will be impossible to fulfill all these equations 
with one phase 6,. Only in the spherical limit in which 
(2) reduces to only one equation for every continuum state 
(b„, =d„,=O for K'#K) can we introduce a continuum 
basis in this wav. 

expansion of 8, in terms of X f  in general is r dependent, 
but since the higher multipole components of the potential 
decrease very fast in the limit r +  C C ,  only the monopole 
contributes in this limit. The monopole part is spherically 
symmetric, thus it does not change the angular distribu- 
tion and 8, approaches an asymptotic value. With the 
norrnalization in the angular coordinates 

Thus it becomes necessary to generalize (1) to get a J J d ~ d 4 s i n 9 8 ~ 8 „  „,=1 , (3) 
realizable classification method. A modification of only 
the spin-angular distributions seems to be the practicable we are able to normalize the generalized continuum wave 
way. Alternatives are always connected with a nonunique function in analogy to the spherical case with the asymp- 
(i.e., r dependent) phase which would be unphysical if we totic behavior 

In the following we will discuss the question of ortho- 
gonality between two continuum states. We consider two 
wave functions with energies E and E':  

and introduce the transition current 'ypT fulfilling the 
continuity equation 

We have a stationary system and so this equation is 
equivalent to 

Integrating this expression over a sphere with the radius 
R ,  we can use the Gaussian law and get 

J J d ~ d d ~ ~ s i n ~ d ' ~ a , ~ ~  r = R  

= i ( E  -E1) $"dr J J d 9 d d r 2 s i n 9 u 5 ' t ~  . (8) 

The left-hand side has to vanish for E+E' because the 

integral on the right is finite for regular wave functions. 
So (7) becomes 

after inserting (4), which is valid for values of R large 
compared with the two-center distance. Trivially (9)  is 
fulfilled for waves with the Same phases 6 = 6'. Otherwise 
(6#6') the angular wave functions 8, and 8,. have to be 
orthogonal. In conclusion we See that the orthogonality 
of the functions 8.. for different ~ h a s e s  6 follows from the 

F 

vanishing transition current between two stationary states 
with the Same total energy. The continuum states for 
different energies are in the Same sense orthogonal to each 
other as they are in the spherical case. A proof is based 
mainly on the questions of symmetry and self-adjointness 
of the Dirac Hamiltonian.' 

We solve the two-center Dirac equation using an expan- 
sion in the orthogonal spin-angular distributions X f (  8, d ) 
with good total angular quantum numbers K.' In this 
way we can reduce the partial differential equation to a 
coupled system of ordinary differential equations in the 
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tration. It is nearly the same shape as in the spherical tions within the monopole approximation. Naturally one 
limit although the position of the two potential Centers can also observe here the consequences of the forbidden 
coincides now approximately with the position of the first crossings. 
bumps in the density. There are also small deviations in 
the radial coupling, cf. Fig. 3, from bound states into the We thank Dr. J. Reinhardt for fruitful discussions and 
upper continuum as compared to the results of calcula- a careful reading of the manuscript. 
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