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The energy shift of K electrons in heavy atoms due to the self-energy correction has
been calculated. This process is treated to all orders in Za, where Z denotes the nucle-
ar charge. For the superheavy system Z = }70, where the K-shell binding energy reaches
the pair-production threshold (£ ?~ 2mc?¥ a shift of + 11.0 keV is found. This shift is
almost cancelled by the vacuum polarization, leaving a negligible effect for all quantum-
electrodynamical corrections of order @ but all orders of Z«.

PACS numbers: 31.10.+z, 31.20.-d, 31.30.Jv

The K-electron binding energy E lsb increases
strongly as a function of the nuclear charge Z.
For Z =150, E, ;> amounts to about the electron
rest mass and hence one enters the truly relativ-
istic domain. For Z= 170 the binding energy ex-
ceeds twice the electron rest mass and the K-
shell electron gets imbedded as a resonance in
the negative energy continuum, which opens the
possibility of spontaneous positron production.
For a current discussion of the behavior of elec-
trons in these critical fields we refer to Rein-
hardt, Miiller, and Greiner,' and references
therein.

The major motivation of our investigation was
the question whether field-theoretical corrections,
such as vacuum polarization and self-energy,
may prevent such an extraordinary strong bind-
ing. These processes are visualized by the Feyn-
man diagrams in Fig. 1. The double lines indi-
cate the exact propagators and wave functions in
the Coulomb field of the nucleus. The dominant
vacuum-polarization contribution is provided by
the attractive Uehling potential. Its influence on
electronic binding energies for superheavy sys-
tems has been calculated by various authors.?™
For the critical nuclear charge Z.,the Uehling
potential leads to an energy shift AE ,p("*V=—-11,8
keV,* which decreases Z., by one third of a unit.
The remaining vacuum-polarization effects in
lowest order of the fine-structure constant o but
in all orders of (Za)" with n>1 were evaluated by

"Gyulassy®'® and by Rinker and Wilets.” These
authors made use of the angular momentum de-
composition of the electron propagator in spher-
ically symmetric potentials that was developed
by Wichmann and Kroll.?2 The obtained energy
shift of AE p">? =+1.,15 keV?® is very small com-

pared with the total K-shell binding energy of 1
MeV.

Electronic self-energy corrections for high-Z
systems were first studied in the pioneering work
of Brown and co-workers.”!! In these theroreti-
cal investigations the traditional expansion'? of
the Feynman diagrams in powers of the coupling
constant (Za) of the external field was avoided.
This method was further refined and successfully
applied in computations of electron energy shifts
in high-Z elements by Desiderio and Johnson,'®
who allowed for a realistic nuclear charge distri-
bution as well as the electron-electron interaction
in the Hartree-Fock approximation. The precise
analysis of self-energy corrections by Mohr'* is
based on the Coulomb potential for pointlike nu-
clei. Because of the singular nature of the poten-
tial these calculations are restricted to nuclear
charges below Z=a"'~137, Cheng and Johnson'®
continued the calculations of Ref. 13 up to Z =160,
where a repulsive energy shift for K-shell elec-
trons of AE sz =+7.3 keV was found.

Recently Liesen ef al.'® measured the ioniza-
tion probability P(b) of the strongest bound elec~
tron states versus the classical impact parameter

a) b)

FIG. 1. Feynman diagrams for the lowest-order
(a) vacuum polarization and (b) self-energy. The dou-
ble lines indicate the exact propagators and wave func-
tions in the Coulomb field of a nucleus.
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b in collisions of Pb and Cm with a combined
charge Z, +Z,=1178, For almost-central collision,
deviations from an empirical scaling law for

P(b) were found. The authors speculated that a
strong self-energy shift of the quasimolecular 1so

In our calculations we employed the methods
developed by Desiderio and Johnson,*® which may
be slightly simplified by restriction to K-shell
electrons. The energy shift of a 1s,,, electron
due to the quantum-electrodynamical self-energy
correction finally can be expressed in a form

state could be responsible for the observed modi-
fication of the ionization probability. amenable to direct numerical evaluation (% =c
=m=1),

AE /(2" =0) +iTR +AE® +AE , 1)

AE =AE (2" =2) -

Here the residuum term is given by
imR -—af drf dx ZQ(V)Q(?C)—"P(VP(QC}

with
Q) =ZGIs(x)F1s(x); P(x) =G182(x) +F132(x)'
AE® jg

5 20 [© 1né ” E (.
AE(2)=_4—:<V(")>1s"N£2j; Q (p)‘g n1 b d[)+%,/c; Gls(p)Fls(p)Z(g)pE’dp +(12_1T§_.[ Q (P)Z(g)ﬁzdp
with & =p2—E132+1 and

(1 + § 1n§>

G,(p) and Fls(p) denote Bessel transforms of the radial component of the Dirac wave function,
Gyo(p) = [} G lliglpxvdx, Fiy(p) = F, i, (px)xdx,

and
Q* (p) =G, 2(p) £ F, 2(p).

(V(x)), s is the expectation value of the potential energy and E,; the energy eigenvalue of the K-shell elec-
tron. The counter term AE . is determined by

dw
o (w2 +1)172°

Z(¢) =

o
AE, == 5= (V)

The contribution of the main term AE,/(Z’) for a given nuclear charge Z’ can be written as

) Kl (x—1)2 w0t o+
AE, _——f wdwf drf deZEIRe{AK(EN—iw)[l(l_+1)BTQ (r)Q°* (x)
+_2_Z£HB1-1<QOO- (7

l+1
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Lo 0)(e )+ e )
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207 0)(@ 0 - 545 @)

T+l
—Bf""(r)P%x)}}, @)

with ! being the orbital angular momentum related to x and I related to —«, respectively. Here we
have used the abbreviations
QmYOt(x) =Gls(x ,Els)FK w,o(x ’Els - lw)i F1 s(x ,EIS)GK”.O(x ’Els - i(JJ),
Pw,o(x) = Gls(x ’EIS)GKm’O(x ’Els - Zw) +F18(x. ’El S)FK m’o(x ’E]_s - lw) ’
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A (E) denotes the Wronskian for a given complex
energy E and angular momentum quantum number
K:

Ay (E) =ka(x,E)GKO(x,E) —FKO(x’E)GKOO(xyE)O

F, »®and G, * ~ are solutions of the radial Dirac
equation for complex energies which are regular
either at the origin (x=0) or at infinity (x =);

dG . /dx == (k/x)G, +[E+1-V(Z")F,

@)
dF Jdx==[E = 1=V (Z")]G «+ (k/x)F .

In formula (3) §, and 1,V are the spherical Bes-
sel function and Hankel function of first kind for
purely imaginary arguments.

The coupled differential equations (4) were
solved numerically using the predictor-corrector
methods of Shampine and Gordon.'” For hydro-
genlike systems the external potential energy
V(x) is determined by the nuclear charge distribu-
tion, for which a homogeneously charged sphere
with a radius R =1.2 A'/® fm has been assumed.
All integrations were performed numerically
with Gaussian quadratures. A more complete re-
port of our calculations will be published else-
where.®

To check our computer code, we computed the
self-energy contribution to the K-shell binding
energy in mercury (Z =80). Assuming a fictitious
nuclear mass number A=1 (R=1.2 fm) we ob-
tained AEg; =206.1 eV which is about 0.7 eV
smaller than the result of Cheng and Johnson'®
for a pointlike nucleus. For the superheavy sys-
tem Z =130 we found AE g =2.537 keV for a nu-
cleus with A =1, as compared with the point-nu-
cleus value' of AE ; =2.586+0.156 keV. These
numbers are drastically reduced if one takes in-
to account a realistic nuclear size determined by
A=2,5Z. This lowers the energy shift to AE g
=1.896 keV. The complementary result of Cheng
and Johnson is AEYE = 1,844+ 0.029 keV, where,
in addition, electron screening effects within a
mean-field Hartree-Fock (HF) potential were
taken into account. For Z =150 the present cal-
culation leads to AE gy =4.963 keV and for Z =160
to AE g =17.759 keV, respectively. The latter
number differs by 393 eV from the corresponding
HF values of Ref. 15, where the numerical error
was evaluated as + 354 eV. The estimated error
in our computation is less than 300 eV for Z = 160
and Z =170, Thus the slight disagreement for
Z =160 is smaller than the numerical uncertainty
of both calculations. Presumably it is also part-
ly caused by the considerable difference of a HF
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FIG. 2. The self-energy shift AE of K-shell electrons
as a function of the nuclear charge Z. The calculations
are performed to first order in « but to all orders in
the coupling constant (Za) of the external field. The
dots denote the numerical results of Mohr (Ref. 14) for
1s electrons in the Coulomb field of pointlike nuclei.
The squares represent the values obtained by Cheng
and Johnson (Ref. 15) for a Hartree-Fock potential and
extended nuclei. The results of the present calculations
for extended nuclei are indicated by crosses.

potential from a Coulomb potential for finite-size
nuclei. Our calculation for Z =169 yielded AE ¢
=10.839 keV. For the critical nuclear charge
Z =170 we adjusted the nuclear mass number and
hence the nuclear radius such that the K-electron
energy eigenvalue differed only by 1073 eV~ 107°
XElsb from the borderline of the negative energy
continuum. As the most important result we
found an energy shift of AE g =10.989 keV, which
still represents only a 1% correction to the total
K -electron binding energy. Therefore it may
safely be neglected in investigations of ionization
probabilities!® in superheavy quasimolecular sys-
tems. If one adds to this the vacuum-polariza-
tion calculations of Refs. 4 and 5 for critical ex-
ternal potentials, the total energy shift due to
radiative corrections of order a@ amounts only to
300 eV. This tiny effect is at present far outside
of any measurable consequences. The various
calculations for the self-energy correction of K
electrons in high-Z atoms are summarized in
Fig. 2. On a logarithmic scale the energy shift
is displayed versus the nuclear charge Z. For
Z 210 it is well described by an exponential in-
crease.

We conclude that radiative corrections such as
vacuum polarization or self-energy may not pre-
vent the K-shell binding energy from exceeding
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2mc? in superheavy systems with Z >Z _ ~ 170.
This work was supported by the Bundesmini-
sterium fur Forschung und Technologie and in
part by the Deutsche Forschungsgemeinschaft
(Heisenberg-Programm).
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The stability of a two-dimensional plasma sheet with a small field component parallel
to the normal direction of the sheet is studied by means of the energy principle of colli-
sion-free kinetic theory. Numerical computations-show that, depending on the parameter
regime, unstable perturbations exist. The mode resembles a tearing mode. The typical
wavelength along the main magnetic field direction is comparable with the scale length of

the equilibrium.
PACS numbers: 52.35.+g, 52.30.+r

Sudden changes in the topology of magnetic
fields (reconnection) has been suggested to pro-
vide, under suitable conditions, a powerful mech-
anism to release free energy from magnetized
plasma in the laboratory,! in space,?~® and near
stars.” Although a substantial amount of knowl-
edge has been accumulated on this topic, a num-
ber of basic questions have remained open.

The present paper deals with generalized (two
dimensional) collision-free plasma sheets. Since
the strictly one-dimensional case, in which elec-
tron Landau resonance dominates, is reasonably
understood,?+® we concentrate on the two-dimen-
sional case where a magnetic field component
B, normal to the current sheet (Fig. 1) is suffi-
ciently large to suppress electron Landau reso-
nances. In addition, we are motivated to study
this case by the fact that the near-Earth geomag-
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netic tail, where space craft provide in sifu ob-
servations, falls into that regime. Here, one of
the important problems is to identify the elemen-
tary plasma processes that govern the observed
dynamic characteristics occurring in connection
with geomagnetic activity.

In the literature two main branches of approach
can be distinguished: (a) The undisturbed equilib-
rium is quiet in the sense that noise from micro-
instabilities does not play a significant role: The
plasma is collision free even on large space and
time scales,3+°+!° (b) Microinstabilities, e.g.,
thelower-hybrid drift instability, lead to suffi-
ciently pronounced transport phenomena, such
that the plasma behaves as a dissipative fluid on
large scales.®!!

Since the respective domains of applicability
of these two types of processes are not yet clear,
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