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Abstract
In this paper we derive a formula for the energy loss due to elastic N to N particle scattering
in models with extra dimensions that are compactified on a radius R. In contrast to a previous
derivation we also calculate additional terms that are suppressed by factors of frequency over
compactification radius. In the limit of a large compactification radius R those terms vanish and

the standard result for the non compactified case is recovered.
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Finding a unified theory of gravity and of the standard model of particle physics remains

an elusive goal in quantum field theory. A crucial ingredient of superstringtheory is that

it needs more than 3 spatial dimensions for their consistency. Also supergravity which is

recognised as the low energy effective description of an 3+d=10 dimensional M-theory [1, [2].

On the one hand there are several attempts to incorporate extra dimensions into low energy

field theory B, u, H, B, H] Most of these models have in common, that only gravity is allowed

to propagate into the extra dimensions.

On the other hand, classical gravitational waves are being looked for since a long

time and in the forthcoming years one finally expects to detect this important probe for

general relativity [8]. Therefore also classical gravitational waves within models with extra

dimensions do provide a good framework to study new physics.



In the following chapters we derive the cross section for gravitational radiation in models
with an even number of extra dimensions. Although all equations are formulated for asymp-
totically flat space, we keep in mind that some spatial dimensions might be compactified.
Therefore we do not immediately drop terms that are suppressed by higher powers of the ob-
server distance, as this distance is limited in some directions by the chosen compactification
radius R.

Then we show that only in the limit of large compactification radius (or no compactifi-
cation at all) certain terms of this cross section can be neglected, which leads to the cross

section which was already given [9].

II. EINSTEIN’S EQUATIONS WITH MORE DIMENSIONS

Einstein’s field equations with 3 + d spatial dimensions are a straight forward generalisa-
tion of the 3 dimensional case, however all the indices N,M run from 0...3 + d instead of

0...3,ie.

1
RMN — §gMNR = —87TGTMN. (1)

The trace of this gives the Ricci scalar R

R(1 - 4%6 — _8xGTY. (2)

From this one finds the (3 + d) dimensional Ricci-tensor Ry y as

1

Ryn = —87G(Tyn — mgMNTLL)a (3)

and therefore the 3 + d dimensional gravitational source term Sy;y is defined as

1
Snm = (TNM - mgMNTLL)- (4)



A. Gravitational waves in 3 + d spatial dimensions

Assuming small perturbations from the 3 4+ d dimensional Minkowski metric nyys with

the signature (4, —, —, —, —, ...) we take the following ansatz for the metric tensor

gnm = MmN + hun. (5)

Inserting this ansatz into equation (B), Einstein’s field equations to first order in the

perturbation h read

8L0LhMN — 0L8NhJLVI — 8LOMh% + 8M8Nh£ = —87TGSMN. (6)

Here the definition of the (3 4+ d) dimensional Riemann tensor

Rynor = 5 [0n0pgnio — OnOprgno — OnBogur + Omdognp) + 9as [LouT e — Diul Ro)
= % [OnOpgro — OmOpgno — OnOogup + OmOognp| + Xunop

(7)

is used. Notice that X,y contributes only with quadratic or higher order terms in h.

Now we make use of the gauge invariance of Einstein’s field equations. We choose the so

called harmonic coordinate system, for which

gKLF%L =0. (8)

Remembering the definition of the Christoffel symbol

1
Ipe = §9AD [0cgpp + OB9cp — OpgBC] (9)

and expanding (8) to first order in h gives

Ophk = %&h%. (10)

Using () in (@) we find

8L8LhMN = —167TGSMN. (11)



The retarded (7 =t —ty — |x — y| > 0) solution for ([Il) can be found with the 3 + d

dimensional Greens function GG+ (|z — y|)

hun(t,z) = N / dto / d*HyGEr (t —to, |z — y|)San (to, ), (12)

where N is a normalisation factor given by

N = —167G. (13)

The 3 + d-dimensional retarded Greens function [9, [10, [11] is

G3+d _ 1 d3+dk‘ tkx dk e_ikO(t_TO) 14
ret(’x)__(Qﬂ_)4+d re™— 0 kg_E2 : ( )
For an even number of flat extra dimensions this can be integrated to [L1]
1 [=1 812 [8((t —to) — )
std (¢ — —— % 7| deven. 1
Cre'(t,0) = 47 [2%7" 87“} [ r » @& EVEDl (15)

As the cases with an even number of extra dimensions are easier to discuss, we will
postpone the cases with an odd number of extra dimensions. It is convenient to bring all

derivatives in ([H) to the right hand side. Therefore we define the commutator brackets

[R—
L
I
—_

r
[
i L I L B
[
o
I
3

— =1 (16)

[I—
=
<

N

[0, 2] o= (=1)"
Now we decompose (9,1)"0 into a number (A(k,n)) times the k™ derivative of § with

respect to its argument.

n

@2y = 5" Ak, m)s® (17)

r
k=0
Using the definitions (I8, [7) we find a recursive formula for ([H). Knowing the Greens



function for d — 2 extra dimensions the Greens function for d extra dimensions is given by

G (te) = () S (S |0 A, A +i - 1,d/2 = DEEE) 69— 1) — )
= 2 G TL K039 ((E = to) = 7).

(18)
For the cases of d =0, 2,4, 6 the Greens functions are:
Gt x) = 2GE=,
47, ) = B »
Gi:ﬁ(t» x) _ 5(2)((t—to)—r)r2+35(11)6(7£g;§0)—r)r+35((t—t0)—r) ’
Gf;ﬁﬁ(t,x) _ 6(3)7’3+66(2)((t—to)—r)r2+§§iilr)7((t—t0)—r)r+156((t—t0)—r)‘

Lets assume that the observer (|z|) is sitting far away in comparison with the extension

of the source (|y|). This means for |z| > |y| that

IE

T=t—to—|lz—yl~t—ty—|z|+y (20)

5

Keeping this in mind ([2) gives

han(z) = N [ dto [ dyydy, G (& — to, |z — y)Sun (to,y)
= [dty [ d*yjd*y. 4ﬂg_g| ()72 S8 K (| — y|, )8D(t — to — |z — y|)Sarw (to, y)-

(21)
Partial integration with respect to ¢y shuffles the derivatives from the ¢ function to the
source S
hMN(LL’) =

(22)

o f dyydty g ()2 S K (| — ], 103(t — to — |z — y1) (25) Sarn (0. ).

The delta function tells us at which time we have to evaluate Sin(fo,y). The source

term S is positive definite and can be expressed by its Fourier integral

SMN(’T y \/_/ dWSMN w y) _MT‘l' C. (23)



Every derivative with respect to the time brings down a factor —iw from (Z3). After

using (20) and integrating out the § functions this leads to

hun(z) = Nﬁﬁ J dwexp (—iw(t — |z))
S K (12— yl, g ) [ dydty o (iw) Sun(w, y) exp (—iwy )
lyl

The mono pole part of this gravitational wave is found by taking o < 1 and therefore

(24)

& |is

to lowest order @% ~ i and K(|z —yl,7) = K(|z|, j).

yl |z[

Wi (@) = N [ dwexp (—iw(t — []))

S K (2l 5) [ dPyydyL i (iw) Sun (w, ) exp (—iwy &) (25)
= [ dwexp (—iw(t — |z]))enn(z, w).
This looks like a plane wave solution. As the final result of this section it is shown that

the polarisation tensor of the induced gravitational wave is given by

enn(zw) = Ny d/z\/—zﬂ YK K(|z|, )i (iw) [ dPyyd?y. Sun(w,y) exp (—iwy ) + c.c.
d 2 . .
= N417r (2m) d/21/2,r Z / (‘ | )é( CU)JSMN((U) + c.c.

(26)

The charge conjugated part is not shown explicitly, to keep the formula to a readable
size, but of course it contributes to the polarisation tensor as well.

In section ([ we will explicitly calculate the source term Syn(w,y). When doing so it

is useful to remember that the "time” coordinate corresponding to w is 7 from equation

@0) and not t. One would also get this result by doing two more Fourier transformations

on S and then performing a stationary phase analysis on the exponential functions in the

integrand.

B. The energy and momentum of a gravitational wave

In this subsection we derive the energy momentum tensor ¢,y of the gravitational wave
given in ([Z0). When we derived (@) we just took the first order of h in Rj;y. Considering
the approximate solution ([2) in the complete field equations ([I) we will find the energy

momentum tensor ¢,y of the gravitational wave (I2). Expanding and rearranging ([II) with



RE\?N — InunRW gives

1 1 1 1 n 1
Riyy — §7IMNR(1) = —87G |Tun + %(RMN - inMNR - RE\/[)NinMNR(l)) . (27)

Now we can define the energy momentum tensor of (21I)

1 1
b = 8 G(RMN_ﬁnMNR RMN nunRY) (28)

and the total energy momentum tensor

TMN ITMN+tMN (29)

of the gravitational wave. The total energy momentum tensor in (29) has now two parts,
the energy momentum tensor of the source Tj;y and the energy momentum tensor ¢,y
of the propagating wave itself. In order to calculate (28) we need to expand the (3 + d)

2nd

dimensional Riemann tensor () to order in h. Therefore we note

Rup = R}, + RY) + O(h3),
R = g"PRp

(1) (2) (30)
= 2BRY. + pABRP), + hABRY) + O(h3),
R o
Using these relations, ([28) takes the form
tuN = L RY), - thNR(l) — 177MNT]ABR(2) - 177MNhCDR(1) +O(h?). (31)
srC |["tMN T 5 5 AB T 5 CD

For the freely propagating gravitational wave, the metric gy v = nun + hany satisfies
the first-order Einstein equation RE\?N = 0. The first order terms in (B1) drop out and (B1)
simplifies to

1 ) 1

tMN = % RMN - 57]MN7]ABR£12)B + O(hB) (32)

The challenge is now to derive the h dependence of RE\?N. First we check the h? depen-
dence of Xy in ([@). As the Christoffel symbols (I') in Xp/n (see () contain derivatives



of the metric Gy;n and X,y is proportional to I'2, the second order part of X;x contains

only terms of the form (0h)(0Oh) in particular

X{i =1 [(20uhk — 0shE)Ouih + Ok — 9harw) -
—(Onhk + 0% hyp — Osh%)(Ouhi + Ophy — 0%hary)]
The first part of ([) contributes terms proportional to h times second derivatives of h, in
particular

(2) _ hLSR(l)
MNfirst part MLSN (34)

= %hLS(aMaNhLS — 00y hys — OsOnharr + Or0shyn)
Putting B3) and (B2) together we find the second order of R in h

— p®

2 2
Ry = ROy o

MN

first part
= %hLS(aMaNhLS — 00vhyns — OsOnharr + Op0shyn )+

[(Qath — Oshb)(Onh + Oah — 95haw)
—(OnhE + 0 hnp — Oshk)(Onhi + Ophs; — 0% har)] -

(35)

Now we can use the plane wave solution (24]) and plug it respectively into (B3) and (B2).
The result will be quite lengthy and depends on some phase factors from (B2). By averaging
over a spatial region, large compared to 1/|k| we can integrate out these phase factors and
simplify the result. The average is indicated by the () brackets. If we also remember that
krk™ = 0 and that we are free to choose the harmonic coordinate system condition () we
find that the trace part of (B2) vanishes. Finally, we obtain the averaged energy momentum

tensor of a plane gravitational wave

(RS
= Barkx (oS, T)esp (2, 7)) — Ll{eR) ),

in dependence of the polarisation tensor e,; . This polarisation tensor again depends on

(s (36)

the energy momentum tensor of a given source. Such a source tensor for elastic collisions is

derived in the next section.



III. ENERGY MOMENTUM TENSOR OF AN ELASTIC COLLISION

In this section we focus on the energy momentum tensor of colliding standard model
particles. This tensor is needed, because it enters the source term for the gravitational wave
(23). In the ADD model [12] all standard model particles are confined to the brane and
the total energy momentum tensor for one of these particles can be defined using a delta

function [13, [14]

Tn (@) = 0y T (2)8% (1) (37)

In other models like those with universal extra dimensions [15, [L6] this delta function
restriction is not needed, but the discussion made in this section is easily translated to
models of this type as well. One can decompose the energy momentum tensor into an

incoming and outgoing part

Tun = TJ%\)r + T]SuNt)' (38)
The incoming and outgoing energy momentum tensors are given in terms of the 4 mo-

menta of C' colliding particles

(in) d ¢ pr pr
]:
ou C ptpr
TJE/I]\;) =6 (T L)y 231 —(;3)8)(3)5(3) (SL’” - U(j)”t)@(t)
]:
=: 6 (l’l)nMuanT(l;Zt)'
The source term (@) for incoming states gives
Sun(t:x) =Tyn — ran Ty, (40)

= 0 (@) (e = Frgmnm) T (8 2))-

The incoming and the outgoing Sy, will now be the used as a source term for the induced
gravitational wave (2H). In order to know the polarisation tensor of the wave (2H) we have

to perform this 3 + d dimensional y integral

SMN(W) = fdgyllddyJ_SMN(way) eXp(—iWQ%)

| (41)
- \/%_w [dt [ Py d®y, Sun(t, y)exp (—iw(t + y\le))

10



For the incoming particles (as well as for the outgoing particles) the delta function in

@) helps us to do this integral and the last part of [Il) reads

J &ydtyr Sun(ty) exp (—iwyg) = [ dPyydy, SR (T, ) exp (—i iwygy)

C

= Ot = g Zl%f Py 8P ((y) — v))8(=7)) exp (—iwy )
]:
C prpr

= (NMplINy = Frg TN ) 21 %J(zn)‘
J:

(42)

After some transformations, J can be brought to a form compatible with the Fourier

decomposition of hyy:

T = [ dy 0@ ((y) — vy m)0(—)) exp (—iwy5)
d3k wo e 0Te
= [dy [ @) s exp (iky (y) — viyr)) [ 5%

wo—1e

‘Iz@

—iwy

B

(
W e*i(w0+v( -)k”)refiwg%
= [ &, f (27r 3 exp (iky(y))) [ 2o :}O_ie (43)
(

. xZ
7zwyﬁ

—i(@)T =z
_ f d3y|| f (27r 3 exp Z]f| ( )) _d2u7)” e@_kuze)(j)—is
_ f da)e—iJ)T f kH f 3 M.

w—k”v(j) —ie

Here, first the Fourier transform of the 0 and 6 function is used, then the terms under
the integrals are rearranged and the substitution w := wy + kjv(;) is made. Now the Fourier

definition of the § function is used in order to get rid of the two three dimensional integrals

in) __ ~ =0T >k ; x
J = [ doe™ [ s = J Eyesp (—ilw — ky)

—ioT_ 1 1
- fdwe —i2r o— k() —ie”

(44)

From kv;) = kjv) we see that k| can be replaced by k. For outgoing particles the

procedure is the same, one just has to use the Fourier transform of 6(—t)

J(out) _ /d~ —iQT 1 1 ) (45)
—127 W — kv + i€

We see that the difference between the incoming and outgoing J can be expressed by
a change of the sign of J and e. These results can be plugged back into ([@2). For high

energetic particles the denominator is P(Oj)(w — kvg)) = k- Py). As this is > 0 we can drop

11



the e. Using ({1 B2, B4, EH) one sees that the source terms are given by:

C PM P
i) o L ein) S(in)Ly 1 (G
Syunw) = (Thyny —nunTy ") = vy — mﬁMNn;w) ; Pk (46)
For the outgoing particles this reads
C PH pv
H(out) . rr(out) S(out)Ly 1 )]
v (W) = (Tyy —nunTy ) = —(UMMINV T 544 n dUMwa) ; 7P(j)k: . (47)

IV. GRAVITATIONAL RADIATION FROM ELASTIC SCATTERING

Based on the discussion in ([Il) and ([Il) we will now calculate the classically radiated

energy into gravitational waves from an elastic scattering.

A. Radiated energy and the energy momentum tensor

The momentum P? of an extended object is defined as the volume integral over the density

of the t° component of the energy momentum tensor. In 3 4 d dimensions this is

Pl = /V d* Tt (48)

The energy change in time fl—f of a system can be rewritten by using the conservation of

the energy momentum tensor

E . .
Z_T N / 4Py 9yt = / Az 9" = 0, P". (49)
\% \4

Applying Gauss law to 9;P° and using [HX) gives

;P = / d* iy 9P = / dS nit" = / dQ ||t (50)
1% o) O(Vg)

By differentiating ([@9) after df2, averaging over the space and integrating over dr we get
from (B0) the average energy radiated into the space-segment df)

12



B. Radiated gravitational energy

Using the general relation between radiated energy and the energy momentum tensor
tMN (see (NA])) we will now quantify how much energy is radiated away by a gravitational

wave. Therefore one has to plug the energy momentum tensor of this wave (Bl) into equation

. In the Fourier formulation of we use and k2 =k =w
0 )

4B = L[] drdidolal 5 (59 (2 w)es (@, 5)) — Heh (@, w) (eh(z, )

= [ dwleem (€5 (2, west(z,w)) — 51(ef (2, ))[)-

(52)
Now we can bring the dw to the left side and get
dE_ _ | |24y, (400
= |z (¢
w |2 dw ! >SL 11/ ,L\|2 (53)
= [P (2 (2, w)esw(z, w)) — ${eb) ).
We use the relation w = |k°| = |n;k*|. From (20 we get the polarisation tensors eysn of
the radiated gravitational wave,
(exin(,@)) = Nk gt San (@) (S22 K (lal, )7 (). (54

Here we define Sy n(w) = (Tyn(w) — mnMNT]f(w)), which is the Fourier transform

of the (Syn (7)™ + Syn (7)) we know from equation {@Z). Let us first calculate the
MN *

ety part of (B3) by using (B4)

z,wles(z,w) = 5 Z( (], ) (2], k) i (iw) ) 555 (w) S (w)

eSL*(

- 3 §<uﬂﬁ<Mk@4>ﬁ% %)

(T (W) T3 (W) — e | TEP).

Proceeding the same way with |e£|? we find

k)P = 2 z< (Il ) K (2], k) L (i) ) S SE-
w (56)
- w?gf Z:< (Jz|, 7) K (|z|, k‘)ﬁ(zu))j"‘k) |T£|2(2—|—Ld)2'

13



Evaluating the T" terms in (B8, BH) separately leads to

TSLTS*L _ (T(in)SL + T(out)SL)(TéZLn)* + Té‘iUt)*). (57)

In the notation of (@, BT) this will be rather lengthy. But we can take Sums (3 _;..) over
all involved states instead of initial and final states separately (3_;.. + >, ..) and use that

every outgoing state brings one — sign. After defining

+1 [ in initial state

nr = (58)
—1 I in final state,
we have
P P nr
TMN _ (Dpt (Dv ‘ 59
U ; P ) (59)
In this notation we find that
o (P Pone)*nims
TSLT* — (I) 7 60
o ; (Pyk) (Piyk) o
and that
o P2y P2pnmy
b IZ (Pinyk)(Piyk) o

The last two equations can be put into (B3 and B3) to derive the energy carried away by

induced gravitational radiation

Glx2+d d/2 .
a5 _ %L(%L R ERIERFE

Z (P(I)mm (P(‘})P(J)M)z 1 P2 P2 ]

k)(P(7)k) 2+d

(62)

In the second step all the simplifying definitions (b6, B3, [8) are used . The (3 + d)
dimensional gravitational constant G has a (d) dependent mass dimension. This becomes

more obvious by the definition of the coupling G through a mass scale My

(63)

14



In the case of d = 0 this gives G = M2
s

For the cases with even extra dimensions d = 0, 2,4, 6 equation (62) gives

= ML% which is the definition of the Planck mass.

dE(d=0) L1, ning 1
= 52 —— | (P"\ P, “p:p
Qs B3 LBk |3 e )
dE(d =2) I 1 g Gw W ning Lo 2
T dQdw | Misqt 2t ———— (P} Pyu)” — =Py P
dQdw My 8t (w T TP ) &5 Pk) (Poyk) By Pom)” = 3Fin P
dE(d:4) 1 1 6 w5 w4 wg w2
dQdw M 3270 (w HO 15 18 9 (64)

ning 2 Lo
— | (P4, P, — =P P,

dE(d = 6) 1 1 w’ wb w® wt w3 w?
i et S 12+ 66 210 4 405—— + 450—— + 225
dQdw M3 1287r8( T T T T TR TR

5 Ny [(P{})Pum) - 3P0 F <2J>]
(Payk) (Pnk)

1,J

C. Interpretation and physical relevance of the obtained cross sections

In the limit of no extra dimensions, (B4l agrees with [17]. For d # 0 there are several
terms contributing: There is always one with a w?? dependence and there are terms with

. . . . . . d+2—1i
the same mass-dimension, but containing a conspicuous looking |z| dependence “——. For

ER
a uncompactified 4 + d dimensional space-time for a distant observer those terms vanish and

2+d torm survives.

only the w

For compactified Large Extra Dimensions we start from the following setup: The collision
region for massive particles or black holes is smaller than the compactification radius R. For
z < R equation (B4 holds and the |z| terms get weaker and weaker with distance. But

when the distance |z| reaches R, the attenuation of those terms stops as the world starts to

+21
¢ I

look again four dimensional. So for a given frequency w they can be replaced by
the ADD model [12] the radius is related to the Planck-mass Mp and the new fundamental
mass scale My by

M = M7 R (65)

Using this relation we can estimate for which kind of scenarios the new terms become

15



relevant. As the radiated energy is increasing rapidly with w some cut off has to be used to
estimate the amount of gravitationally radiated energy. In a 2 to 2 particle process emitting
gravitational radiation this cut is at least reached as soon as the gravitational radiation takes
away the invariant energy /s/2 of one of the participants. Strongest suppression of the 1/R
terms is reached when we take this extreme value for w. Limits on the compactification
radius down to the pum range (depending on d) have been derived from a large number of

physical observations [18, [19, 20, 21]. Under the condition of

1 TRRL
w>>§or\/§>>2]\/[f<ﬁ;) : (66)

equation (B4]) gives the original result from [9]. This shows that the additional terms only
play a role for small /s or very large M. On the one hand for particle scattering with
invariant energy in the TeV range, My would have to be up to 1000 TeV, for the new terms
to be relevant. On the other hand the whole cross-section is suppressed by a factor 1/ M]%J’d
and would be negligible then. Summarising one can say that for elastic high energy N to N
particle collisions in models with large extra dimensions the energy loss into gravitational

radiation stays as described in [9]

dE 1 w2td 1
T0ds — EmrEent 2r wpmesn |FnFon)” = ek Fo)| - (67)

This result is valid for elastic N—N particle scattering with high particle velocities so that
the interaction can be approximated to be instantaneous. Equation (6dl) was derived from
classical general relativity and gives an quantitative idea for the gravitationally radiated
energy. A quantum calculation for example in the ADD model was not yet performed, but

is considered to be the next step to do.

16



V. SUMMARY

The main concern of this paper was to derive the general energy loss formula due to

gravitational radiation in models with extra dimensions that are compactified on a radius R

dE(d=0) _ 1 1 1
dQdw W?wz ZIJ P(I)ZI)?};U)k) [(P(I)P(J) )2 P(2) P(zJ)]
dE(d=2)

_ 1 2_1p2 p2
dQdw Ffs_ (w + 2|R\ + \R|2) ZIJ (P(I)k (P(J)k) [(Pl} P(J)u) - _PI P(J)]
dE(d=4)

1 2 1 p2 2
dQdw _T (w + 6u:z| + 15|R\2 + 18\R|3 \R|4) ZI J (P(I)k (P(J)k) [(P(M)P(J)u) - EP(I) P(J)

=

6

f

dE(d=6)
dQdw

| —

£

1 w w w
ok (8 + 1285 + 66|R‘2 21085 + 4055 + 450 555 + 225, )
3 nng [ (Pl Pun)® =3 Py o

IJ (Payk) (P k) )

(68)
Then we showed that for models with large compactification radii (compared to the wave

length of the gravitational radiation) this goes into

dE_ _ _1 w2td 1
dQdw — MFF2(m)2(2m)? ZI J (P(I)k)(P(])k) (P(}})P(J)u)2 2+dP(2) P(zJ)] (69)
in line with Ref. [9]. For small compactification radii (and therefore large My) the overall

# factor strongly suppresses all terms.
f
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