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Catastrophe Index-Linked Securities and Reinsurance as Substitutes

Abstract

The use of catastrophe bonds (cat bonds) implies the problem of the so cdled bass risk,
resulting from the fact thet, in contragt to traditiona reinsurance, this kind of coverage cannot
be a perfect hedge for the primary’s insured portfolio. On the other hand cat bonds offer some
very dtractive economic festures. Besdes their usefulness as a solution to the problems of
mord hazard and default risk, an important advantage of cat bonds can be seen in the
presumably lower transaction costs compared to (re)insurance products. Insurance coverage
usudly incurs cods of acquidgtion, monitoring and loss adjusment, dl of which can be
reduced by making use of the financid markets. Additiondly, cat bonds are only weskly
corrdated with market risk, implying that in perfect financid markets these securities could
be traded a a price including just smdl risk premiums. Although these aspects have been
identified in economic literature, to our knowledge there has been no publication so far that
formally addresses the trade-off between basis risk and transaction cost. In this paper,
therefore, we introduce a smple modd that enables us to andyze cat bonds and reinsurance
as subgtitutiona risk management tools in a standard insurance demand theory environment.
We concentrate on the problem of bads risk versus transaction cost, and show that the
availability of cat bonds affects the dructure of optimal reinsurance contract design in an
interesting way, as it leads to an increase of indemnity for smdl losses and a decrease of
indemnity for large losses.

Keywords:  Insurance, Financia Markets, Decison Making und Risk
JEL - Classification: G10, G22, D81



Introduction

Damages inflicted by naturd catastrophes in recent years have accounted for economic losses of
a sze heretofore unknown.! During this period, one could detect an incressing frequency of
catastrophic events as well as an increase in the average amount of loss per event; the latter
largdy stemming from the geogrgphic concentration of vaues in catadrophe-prone aress. As
examples of such extreme catastrophes, reference is usualy made to earthquake hazards in Tokyo
or Cdifornia as well as hurricanes in Forida The estimated loss potentid (PML) of any of these
rnsks seemingly shows the capacity limits of traditiond insurance markets. For instance,
edimations of insured losses after a mgor earthquake in the San Francisco area amount to
approximately $100 hillion; on the other hand, baance sheets of the U.S. property ligbility
insurance industry show a cumulative surplus of about $300 hillion.2

These “capacity gaps’ in the industry® have been a the heat of many discussions among
insurance economists and practitioners in the recent padt, largdy amed a the development of
possble solution drategies involving the financiad markets. Contributions can be expected, if, for
example, the issuance of marketable insurance-linked securities was able to attract additiona
capacity from investors who are not otherwise related to the insurance industry. In prectice,
rudiments of this kind can be observed in various forms since 1992, even though they have yet to
reach asignificant market share*

To summaize thee aguments the exigence of insurance-linked securitization is normdly
explaned by its ability to (patly) close the capacity gap of the insurance supply, especidly in
terms of reinsurance® This line of reasoning is, however, not entirdly convincing, since additiond
capacities could dso be acquired by means of extending the level of insurers (primaries and
reinsurers’) equity capitd.

! Seeeg. Cumming/Lewis/Phillips (1999).
2 Seeeg. Cholnoky/Zief/Werner/Bradistilov (1998) or Cummins/Doherty/Lo (1999).

For an approach to measure the (re)insurance markets' capacity for covering catastrophe risks see
Doherty/Cummins/Lo (1999).

4 See SwissRe (1999).



In order to explain the increasing relevance of insurance-linked securities, we therefore have to
consder their specid features® In comparison to traditiond reinsurance cover, insurance risk
securitizetion has to indude dements that provide specific advantages for covering certain risks.
They have to be andyzed in detall to enhance the understanding of these securities importance
and possble usefulness Surprisngly, insurance economids so fa have shown only limited
attempts to do this kind of research. Our paper therefore is an endeavor to shed light on the
specific advantages and disadvantages of a certain type of insurance securitization, namdy the
issuance of catastrophe bonds (or cat bonds, for short).

A cat bond is a contract between an issuer and an investor. The investor puts up an amount of
cash a the beginning of the coverage period; this is held in escrow until either a catastrophe
occurs or the coverage period ends. The issuer offers a certain coupon payment exceeding the
rik-free rate at the end of the period, provided that no catastrophe occurs, and returns both
principd and interest to the investor. In the event of a catastrophe, the investor will receive no

coupon payment, and some or dl of their principd may go to the issuer.”

Many papers regarding insurance-linked securities are primarily concerned with the classficaion
and detaled explanation of different posshilities for composng and desgning dternative risk
trandfers. Most of the literature concerned with cat bonds and reinsurance as subgtitutiona risk
management instruments is mainly descriptive. Economic andyses in this area have been of a
more quditative nature. The following differences between cat bonds and (re)insurance coverage
were identified®

Compared to traditiond reinsurance, indexed cat bonds exhibit highly imperfect risk dlocation,
snce they are based on stochastic variables which are not identical with the losses to be covered.

5 Seeeg. SwissRe(1996), Kielholz/Durrer (1997).

See also Jaffee/Russel (1997), who argue that the insurance industry's problems in covering catastrophe risks are
caused by the institutional framework, since it limits the incentives for holding sufficiently large amounts of liquid
capital, which would be needed to spread such risks over time.

For the structure of recent cat bonds see Doherty (1997a), for the case of non-indexed cat bonds see also
Bantwal/Kunreuther (1999).

8 See Doherty (1997a), Doherty (1997b), Froot (1997).



To be of any use they have to be corrdated with those losses, but usualy cannot be a perfect
hedge. Thus abuyer of indexlinked coverage always has to face the so-caled basisrisk.

An important advantage of cat bonds, on the other hand, can be seen in the presumably low
transaction costs relaed to this kind of coverage in comparison to insurance or reinsurance
products. Insurance coverage usudly incurs consderable costs of acquistion, monitoring and
loss adjusment, dl of which can be reduced or spared by making use of the financid markets.
Furthermore, cat bonds are only weskly corrdated with market risk, implying tha in perfect
financid markets these securities could be traded at a price including just smdl risk premiums.®

Moreover, while the insured is, more or less usudly in a pogtion to influence the loss
digtribution, indexlinked coverage can be based on an underlying stochastic which cannot be
controlled or heavily influenced by the buyer. Thus indexed cat bonds provide a solution for the
problem of mord hazard, which can be reduced in insurance contracts only by incorporating

monitoring or coinsurance provisons.

Findly, in contrast to catastrophe reinsurance contracts, cat bonds are not subject to default risk.
While a caadtrophic event could influence a reinsurer’s ability to compensate the primary, this
problem can be avoided by cat bonds The issuer of a cat bond hedges loss payments without
credit risk snce his obligation to pay interes and/or principd to the investors is forgiven when
the bond is triggered. Roughly spesking, an ex ante collected amount of money is avalable in
this case.

To our knowledge there has been no literature so far which — in light of the above-mentioned
advantages and disadvantages of both insruments — deds with modding the smultaneous
demand for (re)insurance and index-linked catastrophe risk coverage as independent risk
management tools1® With this paper therefore we try to take a first step in this direction by

° See eg. Litzenberger/Beaglehole/Reynolds (1996) or Lewis/Davis (1998). The profitability of insurancelinked
securities traded on financial markets so far significantly exceeded the risk free interest rate. This is usually
explained by pointing out that high returns were necessary to attract investorsto this kind of transactions.

10 This paper is related to Doherty/Richter (2000), who also introduce a model to formally address the attractiveness
of ajoint use of insurance and index-linked coverage. The authors consider the case that insurance can be used to
insure the basis risk, which means the policyholder can purchase a separate policy — called gap insurance — to
cover the difference between the indexdinked coverage and the actual loss. So, the reinsurance contract is, in
contrast to our model, defined in a way that the indemnity directly depends on the realization of basis risk. The
analysis concentrates mainly on the trade-off between basis risk and moral hazard. Using mean variance to
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tackling the trade-off between basis risk on the one hand and higher transaction cost on the
other.!! For this purpose we consider the case of a primary insurer facing a catastrophic risk that
endangers his insured portfolio. To cover the risk there are two possible opportunities He can
buy traditiond reinsurance as well as coverage provided by the issuance of an indexed cat bond.
The index which sarves as a trigger mechanism could be a measure for the extent of a naurd
dissster, like earthquakes or hurricanes, in a certain area, or the insurance industry’s cumulative
losses for that area.

Since coverage based on this kind of index can only serve as an imperfect hedge, it rases the
problem of bass risk for the primary insurer. On the other hand it is chegper, a fact that we
incorporate in our model by assuming that the index-linked coverage is 0ld a an actuaridly far

rate,*? while reinsurance premiums exceed expected losses.

Usng the described framework the paper is organized as follows In section 2 we firgt introduce
our model and then condgder the case of a primary who has to choose exclusvdy the optimd
index-linked coverage. We derive the very plausble result that the primary will buy more
coverage the better the cat bond is linked to his insured portfalio, i.e. the less basis risk he would
have to face. The more interesting case of cat bonds as well as reinsurance being avalable to
cover the catastrophe risk will be conddered in section 3. We show that the avallability of cat
bonds changes the dructure of the optima indemnity function in an interesting way: it leads to an
increase of indemnity for smal losses and a decrease of indemnity for large losses. In section 4

we summarize and discuss our results.

The modd

Cat bonds are — as was mentioned above — an imperfect hedging tool, implying basis risk for the

primary insurer. It seems suitable to measure the bass risk by the covariance of the primary’s

describe the primary’s preferences, and assuming a risk neutral reinsurer, it is shown that combining the two
hedging tools might extend the possibility set and by that means lead to efficiency gains.

1 Moral hazard in the reinsurance relationship thusis not considered in this paper.

12 The assumption that indexlinked coverage is supplied at an actuarial fair rate is not necessary for our results, but
it simplifies the argumentation. Crucia in this context is only that for a given price of reinsurance the aternative
coverageis not prohibitively expensive.
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actua losses and the index, and then to use a mean variance gpproach to andyze the demand for
cat bonds. This kind of andyss, however, has certain dsadvantages. First, catastrophe risk, as
congdered here, is usudly represented by consderably skew digtributions for which mean
variance is problematic. Furthermore, most of the literature on insurance demand theory, which
this paper is amed to link with, is based on an expected utility approach. Therefore, we introduce

a different gpproach to measure bass risk, that enables us to study the interaction between cat
bonds and reinsurance in a smple expected utility model.

A risk-aversel3 primary insurer faces stochastic losses X from an insured portfolio. He considers
buying index-linked coverage A, which would be triggered with probability p. Since this kind of
product is usudly defined discretely, we can — without mgor loss of generdity — concentrate on
the smple cae of a dochadtic variable with only the two possble outcomes O and A The
primary receives the payment if an exogenous trigger variable Y which is corrdated with X

reaches acertain leve y.

The correlation between X and Y is expressed by means of the conditiona probabilities

@ p(x):=P{Y? |X =%
(if acertain outcome is not specified we aso write p(X)).
With these definitionsdearly: p = E[p(X)] **

Congder, for a moment, the following problem: Without any further redrictions, construct an
index-linked product with two possble outcomes that is optima in terms of risk dlocation. This
product would have to be designed in such a way that he payment A is triggered with probability
p(x) =0 for losses up to a certan level, but that it is triggered with certainty if X reaches or
exceeds this leve. This is due to the feature of decreasng margind utility, which characterizes a
risk-averse decision-maker’ s von Neumann-Morgengtern utility function.

13 For amotivation of risk averse behavior in entrepreneurial decisions see e.g. Nell/Richter (1996).
% In the following E[’] always denotes the expectation with regard to the distribution of X.
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A dtuation like this, however, is concelvable only if the coverage can be tied directly to x. But
then the product would suffer exactly the same mord hazard problems as traditiona reinsurance.
Since we want to concentrate on ingruments that eiminate especidly these problems by
connecting the coverage to an exogenous index, the Situation mentioned above can just be seen as

alimiting case for our anayss.

The other extreme case is an index-linked coverage which turns out to be completdy usdess in
tems of risk dlocation: If the conditiond trigger probability p(x) does not depend on x

(p(x)° p). the primary cannot reduce the risk from his portfolio by issuing a cat bond. So he
would smply worsen his Stuation by buying additiond risk.

Naturdly, genera statements about the function p(x) cannot be made. To keep our argument as

generd as posshle, we only assume that p(x) vanishes for sufficently smdl x, and that on the
other hand p(x) =1 for sufficiently large losses, and findly that there is an area where the trigger

probability is drictly between O and 1 and increesng. To formdize this, we say that potentid

levdsof loss X, < X, exis such that

p(x) =0 XE X,
2 0<p(x)<1 X, <X<X,-
p(x) =1 X3 X,

p(x) is assumed to be differentiable with:

(©) p(x) >0 for x, <X<X,-

Fig. 1 shows an exemplary shape of p(x).



o(x)

Fig. 1

Thedemand for cat bonds

To become familiar with the modd employed in this paper we firg andyze the demand for
index-linked coverage for the case that reinsurance is not avalable We especidly want to
investigate the impact of achangein basisrisk.

We assume that the index-linked coverage does not cause any transaction codt, and that it is sold
on a competitive market at a rate that equals the expected payment. y, denotes the (three times

continuoudy differentiable) primary’s utility function. It is characterized by uf>0 and ug<o,

sncethe primary isrisk averse.

The optima index-linked coverage in this framework is a solution to the following optimization
problem:

(4) max B[ p(X) >ty (W, - X - pxA+A) +(1- p(X)) >ty (W - X - PxA)]-

Asafirg order condition for an interior solution we get



B PrE[E- p(X))ufW, - X - PXA)] = (1- P)xE[ p(X) uf(W, - X - PxA+A)]

Congdering the above-mentioned case that in contrast to our assumptions p(x) is independent &
X, We see that such a cat bond cannot be attractive because in this Stuation condition (5) would be

6 Px1- P)*E[UfW, - X - PxA)] =P 1- B)<E[UfW, - X - PxA+A),

implying A=0.

To andyze the impact of a change, namely a reduction, in bass risk on the optima coverage, we
examine the consequences of ceteris paribus Vvaying the function p(x) towards the above-
mentioned Stuation where the indexlinked coverage can be tied directly to X. We keep the
unconditiona trigger probability p condant and consder a transformation of the conditiond
trigger probability function that shifts the probability weight to higher vadues of x. More

precisely, we consider the effect of replacing p(x) by afunction p(x) with the properties (2), (3),

() E[R(X)I=E[p(X)] =P,

ad

@  POYEP(X) " xEXx und P(X)° p(x)" X3 X5
foran x,T (x,, x,) - Toexcludetrivia cases we assume
9  P{X=x:p(X)* p(x)}>0-

The idea behind this is that in our setting a product with the same unconditiond trigger
probability, one that is less likely to be triggered for low levels of actud losses but more likdy to
be triggered for higher losses, means a better fit to the primary’ s portfolio.



Propostion 1
A reduction in basis risk as defined in (7), (8), and (9) implies an increase in the optimal amount

of index-linked coverage A.
Proof: see appendix.

This result is cdearly plausble All other things equd, the primary will buy the more index-linked
coverage the better it fits for compensating the losses from his origind risk, i.e. the better the
hedgeis.

The optimal risk management mix

We now turn to the andyss of a smultaneous decison on index-linked coverage and
reinsurance. As mentioned, we assume that the issuance of indexed cat bonds is chegper than
traditiona reinsurance. According to our mode cat bonds are traded in a perfect market, and their
price equas the expected pay-out. Reinsurance contracting incurs additional costs, which we
resrict to the (implicit) cost arisng from the reinsurer’s risk-averson. However, results smilar to
those in this paper can be derived by incorporating other types of costs.

The reinsurance premium is denoted by P,, I(x) denotes the indemnity function and u, the
concave (and three times continuoudy differentiable) reinsurer’ s utility function.

We derive Pareto- optima solutions according to:

max a XE[p(X)xy W - X- pxA- B, +A+1(X))
(10 'O*

+ (1= p(X)) Wy - X - PxA- By +1(X))] + b XE[u,(W, + B, - 1(X))]

Using the Euler- Lagrange equation the following first order conditions can be derived!®

15 If the reinsurer is risk-neutral, an optimal solution is given by I1(x)=x and A=0. This solution is fairly plausible
since under these circumstances reinsurance would be more attractive than indexlinked coverage. It could be sold
at the same rate and would (of course) not cause any basis risk.
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a xp(x) XU, - X- PXA- Py + A+ (X))
+aX(L- pO)) U - X- PXA- P +1(X) = bxugWy + P - 1)) " x

(11)

or

(12) PO U (W, - X- PxA- B, + A+1(X)) + (- p(X)) >uf(W, - x- PXA- B +1(x)) _b ,
ug(W, + P, - 1(x)) a

X,

showing the wdl-known result, that in a Pareto-optimum the margind raie of subdtitution is
constant.

As a point of reference we compare the optimization problem without the posshility of index
linked coverage:

(13) max - a E[ty (W - X - B +1(X))]+0 xE[u, (W + P - 1(X))]

This means we assume the same reinsurance budget for this case as for the Stuation with cat
bonds, which endbles us to concentrate on the implications the avalability of index-linked
coverage has on the structure of an ided reinsurance contract. We do not analyze the impact on

the budget spent on reinsurance.

Let 1,(3 denote the solution of (13) and | (3 the optima indemnity function from (10). The

following results can be derived:

Proposition 2
For sufficiently large levels of losses x 1, (x) is smaller than lo(X). In particular, p(x)=1
implies I, (X) < IS(X). On the other hand, 1, (x) does not assign less indemnity to every level of

the loss. For sufficiently small x, particularly where p(x) =0, I, (X)>1,(X). If the primary’s
preferences are represented by utility functions with constant or decreasing absolute risk

aversion, 1, (x)>1,(x) for p(x) £ P.

Proof: see appendix.
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Tha the optimd reinsurance indemnity for smal losses is larger in a Stuation where index-linked
coverage is available, compared to the modd without cat bonds, can be explained quite essly: for
andl x the effect prevals, that the cost of the index-linked product increeses the margind utility

of the reinsurance coverage.

To find out more about the optima indemnity function we consider the dope of | (x). Applying
the implicit function theorem to (11) we get
(wherew, =W, - x- PxA- P, + A+ 1, (X), W :=W, - x- PxA- P, +1,(X),

adW. =W, + P, - 1, (x))

diy (%) _ a xp(x) XuffW,) +a X1- p(x)) W)
dx a xp(x) uffW,) +a 1- p(x)) uffWg) + b xuffW )

) a xp&x) {ufW,) - ufWg)] .
a xp(x) xuffW,) +a x1- p(x)) xuWg) + b ufW )

(14)

The firgd expresson in (14) is postive and smdler than 1, the second is negative only if A>0.
Note that the optima indemnity function can be decreasing, especidly if the function p(x) is very

steep.
Concerning the comparison of the optima indemnity functions for the cases with, and
repectively without cat bonds, an interesing result can be derived for a certain dass of utility

functions,

Propostion 3

If the primary's and the einsurer’s preferences are represented by CARA utility functions with
risk aversion coefficients a (primary) and b (reinsurer), the slope of the optimal indemnity
function in a market with cat bonds s given by

a5 S A pt)fL e
dx a+b (a+b)fpx)e * +(1- p(x)]

I, (x) and Io(x) are parallel for xi [0,x,) and xI [x.,¥).Elsewhere |, (x) isless stegp than
lo(X).

11



Proof: see appendix.

A fo(x)
I(x)

POJ=0 x, %o PO X

Fig. 2

We can ds0 deive an explict formulation for the connection between the optimd indemnity
functions16

FoN a - In[ p(x) e ** +(1- p(x))]
(16) ||(X)—|0(X)+m pxA+ a+h

Thedifferencebetween | (x) and 1,(x) is

(17) 1709~ 1509] == pxA
where p(x) = 0,and
(18) 1 9- |5(x)|:a%b><1— P) XA

18 To show this we use (11) and (25) (appendix).
12



for p(x)=1.

Our central result is that the existence of catastrophe index-linked securities affects the structure
of the reinsurance demand: the coverage and thus the indemnity payments increase for smadl
losses and decrease for large losses. The optima mix of risk alocation insruments thus entails
that smdler losses are mainly covered by reinsurance contracts, whereas larger losses are insteed
covered by index-linked securities. This confirms the assessment often dated by insurance
practitioners, that cat bonds are mainly useful for covering extremely large losses.

This result was derived by assuming the same reinsurance budget in the case with as wel as in
the case without indexed cat bonds. Thus we compared the optimal structure of the reinsurance
contracts in both Stuations, but we did not make a statement about the tota effect the avalability
of index-linked coverage has on the amount of reinsurance indemnity for different levels of
losses. Of course one would expect a decrease in the demand of reinsurance measured in terms of
the reinsurance premium when indexed cat bonds ae introduced. It should be kept in mind,
though, tha one concluson from our andyss is the following: depending on whether the laiter
effect predominates, there might be areas where the optima reinsurance coverage is raised after

index-linked coverage comesinto play.

Conclusion

In this paper we condder two important dternatives a primary insurer has for covering
catagrophic risks contracting reinsurance or buying index-linked coverage. We andyze the
optima mix of these insruments. We show that there are strong interdependencies, because both
means influence each other heavily with respect to their efficiency.

Clearly, the demand for cat bonds can only be explained via imperfections in the reinsurance
market, since cat bonds aways result in a basis ik for the insurer. The demand for index-linked
coverage cannot be advantageous if reinsurance coverage is offered at fair prices in a market with
complete information and without default risk. This implies that factors such as transaction cog,
mord hazard, and/or credit risk in the reinsurance contracts are a conditio sne qua non for the
attractiveness of cat bonds.

13



Concentrating on transaction cost aspects and treating basis risk in a way that alows for expected
utility andyss, we show tha, given a certain reinsurance budget, the existence of catastrophe
index-linked securities changes the dructure of the demand for reinsurance: the indemnity
payments increese for smdl losses and decrease for large losses. The optima mix of risk
dlocation indruments thus entails that smdl losses are mainly covered by reinsurance contracts,
while large losses are instead covered by catastrophe index-linked securities. The explanation for
this result is that cat bonds imply an additiond stochestic dement. The parameters of the optimal
reinsurance contract therefore change the coverage for smdl losses, which imply a smadl
probability that the cat bond is triggered, increases, while the coverage for large losses, which
imply alarge probahility that the cat bond is triggered, is reduced.

14
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Appendix

Proposition 1

A reduction in basis risk as defined in (7), (8), and (9) implies an increase in the optimal amount
of index-linked coverage A.

Proof:

(5) can be reformulated as

P E[UfW - X - P2 A)]
= E[p(X){(1- P)>uf(W, - X - PxA+A) +Pxuf(W, - X - PxA}].
If — darting from an optima solution — the trigger probability function is transformed according
to (7), (8), and (9), the magind utility levels for large amounts of losses are weighed more

(19)

heavily. Since uf isdrictly decreasing, we get:

Elp(X) 4 (1- P)uf(W, - X - PxA+A) + Dxuf(W, - X - pPxA)}]
<E[P(X){(1- P)>ufW; - X - PxA+A) +P>ufiW; - X - pxA)}]

(20)

and therefore
(21)  PXE[(L- B(X))Uf(W, - X - PXA)] < (1- P)XE[P(X)uf(W, - X - PxA+A)].
In order to fulfill condition (5) again after the variaion of p(:), A hasto be increased.

QED

Proposition 2
For sufficiently large levels of losses x |, (x) is smaller than 1,(x). In particular, p(x) =1
implies 1, (X) <14(X). On the other hand, |, (x) does not assign less indemnity to every level of

the loss. For sufficiently small x, particularly where p(x) =0, 1,(X)>1,(X). If the primary’s
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preferences are represented by utility functions with constant or decreasing absolute risk

aversion, |, (X)>1,(x) for p(x) £ P.
Proof:

|, isdefined as an optimal reinsurance indemnity function according to

max a XE[p(X)xuy W - X- PxXA- B, +A+1(X))
(22) 13.A

+(@- p(X)) )y Wy - X - PXA- By +1(X))] + b XE[u,(W, + B, - 1(X))]

yielding the first order conditions (11) and (12).

Furthermore we derive

a xE[p(X) 1- p)xuf (W - X - PxA- B, + A+ 1(X))
(23)

- (- p(X)) XpufW; - X - pxA- P, +1(X))] = 0.

| 5 (¥ isthesolution of:
(24) max a E[U Wy - X - Py +1 (X)) + b E[u, (W, + P, - 1(X))]
The optima indemnity function with regard to (24) is defined by

(295) axuf(W, - x- P+ 1(x))=bxus(W, +P,- I(x)) " x.

For a given level of losses x | (x) will be smdler then lo(x), if the left hand side of (11) is

smaler than the left hand side of (25), both evauated a 1, (x). This condition is obvioudy
fulfilled for sufficiently large values of x, respectively p(x).

For vauesof x with p(x) = 0, theleft hand sidein (11) is

(26) axufW, - x- pxA- P, +1(x))-
This expression (for A >0) exceeds a xuf(W, - x- P, + I (X)), suchthat I, (x) > 14(x).
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In the case of constant or decreasing absolute risk-aversion (b u>0), we can derive the resut

17(x) > 15(x) forxwith p(x) £ B from the convexity of y:

a xp(x) (W, - X- PXA- Py + A+ 1(X)) +a X(1- p(x)) ufWy - X- PxA- Py +1(X))
(27) 2 axprufivg - x- PXA- P +A+1(x)+a X(1- P)UufiW, - X- P>XA- P, +1(X))
> a xuf(W, - x- P, +1(x)).

QED

Proposition 3

If the primary’s and the reinsurer’s preferences are represented by CARA utility functions with
risk aversion coefficients a (primary) and b (reinsurer), the dope of the optimal indemnity
function in a market with cat bonds s given by

g di0_ a p%x) f1- ™
dx a+b (a+b)fp(x)xe ** +(1- p(x)]

I} (x) and 1,(x) are parallel for xI [0,x) and xI [x,,¥). Elsewhere || (x) is less stegp than
lo(X).
Proof:
If index-linked coverage is not available or not attractive, as a well known result from the theory

of optimal risk-sharing we get that | (x) isalinear function:!’

do a

29 —0 -
(29) dx a+b

17 See e.g. Arrow (1963). The fundamental work on the features of Pareto-optimal risk-sharing rules goes back to
Borch (1960). See also Wilson (1968), Borch (1968), Gerber (1978), Raviv (1979) or Buhlmann/Jewell (1979).
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Now condgder again the indemnity function for the Stuation with indexlinked coverage. Deding
with congtant absolute risk-averson, we can, without loss of generdity, use the utility functions

U (W) = - ixe W and u, (W) = - %m'bw .18 For this specific case(14) is of the form

a
(30)
dij (x) _ - axaxe M e M PAR) o p(x) e +(1- p(x))]
X - asane 0 e TIPE R o pix) e A+ (1 ()] b ) e PR

a xp&x) >e at (%) xg” AfW- x- PA-P,) {e A _ 1]
- axaxe at; (%) g PW-x- PA-R) o p(x) e A 1- p(x))]- b ><b>eb"'*(x) xg AW +R) '

From (11) follows
(BL) & xe (0 xgr WX PAR of 3 3o @A 4 (1. p(x))] = b xe™ ¥ xg DR,
such that (30) can be smplified to

@ S0 s pope
dx a+b (a+b)fp(x)xe @A +(1- p(X))].

By comparing (29) and (32) we see that If(x) and |,(x) ae padld if p(x) vanishes This is

the casefor x1 [0, %) and xT [x,,¥)-

QED

18 Seee.g. Pratt (1964), or Bamberg/Spremann (1981).
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