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Science is the belief in the ignorance of experts.

— Richard P. Feynman, What Is Science, Phys. Teach. 7, 313 (1969)

Alle Wissenschaft hat nach unserer Auffassung die Function Erfahrung zu er-
setzen. Sie muss daher zwar einerseits in dem Gebiete der Erfahrung bleiben,
eilt aber doch andererseits der Erfahrung voraus, stets einer Bestdtigung aber
auch Widerlegung gegenwairtig. Wo weder eine Bestdtigung noch eine Wider-
legung maglich ist, dort hat die Wissenschaft nichts zu schaffen. Sie bewegt
sich tmmer nur auf dem Gebiete der unvollstindigen Erfahrung.

— Ernst Mach, Die Mechanik in ihrer Entwickelung (1883)


http://scitation.aip.org/content/aapt/journal/tpt/7/6/10.1119/1.2351388
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Abstract

The phenomenon of magnetism has been known to humankind for at least over
2500 years and many useful applications of magnetism have been developed
since then, starting from the compass to modern information storage and pro-
cessing devices. While technological applications are an important part of the
continuing interest in magnetic materials, their fundamental properties are still
being studied, leading to new physical insights at the forefront of physics. The
magnetism of magnetic materials is a pure quantum effect due to the electrons
that carry an intrinsic spin of 1/2. The physics of interacting quantum spins
in magnetic insulators is the main subject of this thesis.

We focus here on a theoretical description of the antiferromagnetic insulator
CsyCuCly. This material is highly interesting because it is a nearly ideal real-
ization of the two-dimensional antiferromagnetic spin-1,/2 Heisenberg model on
an anisotropic triangular lattice, where the Cu?* ions carry a spin of 1/2 and
the spins interact via exchange couplings. Due to the geometric frustration of
the triangular lattice, there exists a spin-liquid phase with fractional excita-
tions (spinons) at finite temperatures in CsoCuCly. This spin-liquid phase is
characterized by strong short-range spin correlations without long-range order.
From an experimental point of view, Cs,CuCly is also very interesting because
the exchange couplings are relatively weak leading to a saturation field of only
B. ~ 85 T. All relevant parts of the phase diagram are therefore experimen-
tally accessible. A recurring theme in this thesis will be the use of bosonic
or fermionic representations of the spin operators which each offer in different
situations suitable starting points for an approximate treatment of the spin
interactions. The methods which we develop in this thesis are not restricted to
CsyCuCly but can also be applied to other materials that can be described by
the spin-1/2 Heisenberg model on a triangular lattice; one important example
is the material class CsoCu(Cly_,Br,) where chlorine is partially substituted by
bromine which changes the strength of the exchange couplings and the degree
of frustration.

Our first topic is the finite-temperature spin-liquid phase in Cs,CuCl,. We
study this regime by using a Majorana fermion representation of the spin-1/2
operators motivated by theoretical and experimental evidence for fermionic
excitations in this spin-liquid phase. Within a mean-field theory for the Ma-
jorana fermions, we determine the magnetic field dependence of the critical
temperature for the crossover from spin-liquid to paramagnetic behavior and
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we calculate the specific heat and magnetic susceptibility in zero magnetic
field. We find that the Majorana fermions can only propagate in one dimen-
sion along the direction of the strongest exchange coupling; this reduction of
the effective dimensionality of excitations is known as dimensional reduction.

The second topic is the behavior of ultrasound propagation and attenua-
tion in the spin-liquid phase of Cs,CuCly, where we consider longitudinal sound
waves along the direction of the strongest exchange coupling. Due to the di-
mensional reduction of the excitations in the spin-liquid phase, we expect that
we can describe the ultrasound physics by a one-dimensional Heisenberg model
coupled to the lattice degrees of freedom via the exchange-striction mechanism.
For this one-dimensional problem we use the Jordan-Wigner transformation to
map the spin-1/2 operators to spinless fermions. We treat the fermions within
the self-consistent Hartree-Fock approximation and we calculate the change
of the sound velocity and attenuation as a function of magnetic field using a
perturbative expansion in the spin-phonon couplings. We compare our theo-
retical results with experimental data from ultrasound experiments, where we
find good agreement between theory and experiment.

Our final topic is the behavior of CsyCuCly in high magnetic fields larger
than the saturation field B, =~ 8.5 T. At zero temperature, Cs,CuCly is then
fully magnetized and the ground state is therefore a ferromagnet where the
excitations have an energy gap. The elementary excitations of this ferromag-
netic state are spin-flips (magnons) which behave as hard-core bosons. At
finite temperatures there will be thermally excited magnons that interact via
the hard-core interaction and via additional exchange interactions. We de-
scribe the thermodynamic properties of Cs,CuCly at finite temperatures and
calculate experimentally observable quantities, e.g., magnetic susceptibility
and specific heat. Our approach is based on a mapping of the spin-1/2 op-
erators to hard-core bosons, where we treat the hard-core interaction by the
self-consistent ladder approximation and the exchange interactions by the self-
consistent Hartree-Fock approximation. We find that our theoretical results
for the specific heat are in good agreement with the available experimental
data.



Inhaltsangabe

Magnetische Phanomene sind der Menschheit schon seit mindestens iiber 2500
Jahren bekannt und viele niitzliche Anwendungen von magnetischen Eigen-
schaften sind seitdem entwickelt worden, angefangen beim Kompass bis zu
modernen Anwendungen in der Datenspeicherung und -verarbeitung. Wéahrend
technologische Anwendungen ein wichtiger Grund fiir das andauernde Interes-
se an magnetischen Materialien sind, so werden auch weiterhin deren funda-
mentale Eigenschaften untersucht, was immer wieder zu neuen, grundlegenden
physikalischen Erkenntnissen gefiihrt hat. Der Magnetismus von magnetischen
Materialien ist ein reiner Quanteneffekt, verursacht durch die Elektronen, die
einen intrinsischen Spin von 1/2 haben. Das Hauptthema dieser Dissertation
ist die Physik von wechselwirkenden QQuantenspins in magnetischen Isolatoren.

Wir konzentrieren uns dabei auf eine theoretische Beschreibung des anti-
ferromagnetischen Isolators CssCuCly. Dieses Material ist interessant, da es ei-
ne nahezu ideale Realisierung eines zweidimensionalen, antiferromagnetischen
Spin-1/2-Heisenberg-Modells auf einem anisotropen Dreiecksgitter darstellt,
wobei die Cu?T-Tonen einen Spin von 1/2 haben und iiber Austauschkopplun-
gen miteinander wechselwirken. Aufgrund der geometrischen Frustration des
Dreiecksgitters existiert in CsoCuCly eine Spinfliissigkeitsphase mit fraktiona-
len Anregungen (Spinonen) bei endlichen Temperaturen. Das Hauptmerkmal
der Spinfliissigkeitsphase sind starke, kurzreichweitige Spinkorrelation ohne
langreichweitige Ordnung. Cs,CuCly ist auch aus experimenteller Sicht beson-
ders interessant, da die Austauschkopplungen relativ schwach sind, wodurch
das Saturierungsfeld bei nur B, ~ 8.5 T liegt. Damit sind alle relevanten
Bereiche des Phasendiagramms experimentell erreichbar. Ein wiederkehren-
des Thema in dieser Dissertation wird die Verwendung von bosonischen oder
fermionischen Darstellungen der Spinoperatoren sein, die jeweils fiir verschie-
dene Situationen geeignete Ausgangspunkte fiir eine genéherte Beschreibung
der Spinwechselwirkungen darstellen. Die Methoden, die wir in dieser Arbeit
entwickeln, sind dabei nicht auf Cs,CuCly beschrankt, sondern kénnen auch
auf andere Materialien angewendet werden, die durch ein Spin-1/2-Heisenberg-
Modell auf einem Dreiecksgitter beschrieben werden kénnen, wobei ein wich-
tiges Beispiel die Materialklasse CsyCu(Cly_,Br,) ist, bei der Chlor teilweise
durch Brom substituiert wird, wodurch die Stédrke der Austauschkopplungen
und die Frustration variiert werden kénnen.

Das erste Thema dieser Arbeit ist die Spinfliissigkeitsphase in CsoCuCly
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bei endlichen Temperaturen. Wir untersuchen diese Phase, indem wir die
Majorana-Fermion-Darstellung der Spin-1/2-Operatoren verwenden, was moti-
viert wird durch theoretische und experimentelle Hinweise auf fermionische An-
regungen in dieser Spinfliissigkeitsphase. Im Rahmen einer Meanfield-Theorie
fiir die Majorana-Fermionen bestimmen wir die Magnetfeldabhéangigkeit der
kritischen Temperatur fiir den Ubergang von der Spinfliissigkeitsphase zur pa-
ramagnetischen Phase und wir berechnen die spezifische Wérme und magne-
tische Suszeptibilitat fiir den Fall, dass kein externes Magnetfeld anliegt. Ein
zentrales Ergebnis ist, dass die Majorana-Fermionen nur in einer Dimension
entlang der Richtung der stérksten Austauschkopplung propagieren kénnen;
dieser Effekt ist unter dem Begriff der dimensionalen Reduktion bekannt.

Unser zweites Thema ist das Verhalten von Ultraschallausbreitung und
-dampfung in der Spinfliissigkeitsphase von Cs,CuCly. Wir betrachten longi-
tudinale Schallwellen entlang der Richtung der starksten Austauschkopplung.
Aufgrund der dimensionalen Reduktion der Anregungen in der Spinfliissigkeits-
phase erwarten wir, dass wir die Ultraschallphysik mit einem eindimensionalen
Heisenberg-Modell beschreiben kénnen, bei dem die Spinfreiheitsgrade an die
Gitterschwingungen gekoppelt sind. Fiir dieses eindimensionale Problem ver-
wenden wir die Jordan-Wigner-Transformation, um die Spin-1/2-Operatoren
auf spinlose Fermionen abzubilden. Wir behandeln die Fermionen im Rahmen
einer selbstkonsistenten Hartree-Fock-N&herung und wir berechnen die Ande-
rung der Schallgeschwindigkeit und -ddmpfung als Funktion des Magnetfeldes,
indem wir eine Storungsentwicklung in den Spin-Phonon-Kopplungen durch-
fithren. Dabei vergleichen wir unsere Ergebnisse mit experimentellen Daten
aus Ultraschallexperimenten, wobei wir eine gute Ubereinstimmung finden.

Das letzte Thema ist das Verhalten von Cs,CuCly in starken Magnetfel-
dern oberhalb des Saturierungsfeldes B. ~ 8.5 T. Am Temperaturnullpunkt ist
CsyCuCly dann vollstandig magnetisiert und der Grundzustand ist damit ein
Ferromagnet, dessen Anregungen eine Energieliicke zum Grundzustand auf-
weisen. Die elementaren Anregungen dieses ferromagnetischen Zustands sind
Spinflips (Magnonen), die sich wie Hardcore-Bosonen verhalten. Bei endlichen
Temperaturen werden thermisch angeregte Magnonen auftreten, die mitein-
ander iiber die Hardcore-Wechselwirkung und Austauschkopplungen wechsel-
wirken. Wir beschreiben die thermodynamischen Eigenschaften von Cs,CuCly
bei endlichen Temperaturen und berechnen experimentell beobachtbare Gro-
fsen, z.B. die magnetische Suszeptibilitdt und die spezifische Warme. Dazu
bilden wir die Spin-1/2-Operatoren auf Hardcore-Bosonen ab und behandeln
die Hardcore-Wechselwirkung mit der selbstkonsistenten Leiterndherung und
die Austauschkopplungen mit der selbstkonsistenten Hartree-Fock-Néherung.
Unsere theoretischen Ergebnisse fiir die spezifische Warme stimmen gut mit
den vorhandenen experimentellen Daten iiberein.
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Chapter 1

Introduction

1.1 CSQCU.C14

Since the main topic of this thesis is the theoretical description of Cs,CuCly, we
start by introducing the main properties of this material. Cs,CuCly is an an-
tiferromagnetic insulator with an orthorhombic crystal structure (Pnma) and
lattice parameters a = 9.65 A , b= 7.48 A, and ¢ = 12.26 A (at T = 0.3 K [1]).

The CuCli~ tetrahedra form trlangular lattices in the bc planes and are sepa-
rated by CSQJr ions along the a axis. The Cu** ions carry each a spin of 1/2
where the spins are isotropic Heisenberg spins because the orbital momentum
is quenched by strong crystal fields. The electrons that carry the spin of 1/2
at the Cu?* lattice sites are localized due to a strong on-site repulsion which
means that CsyCuCly is a Mott insulator where the spins interact via super-
exchange routes mediated by the non-magnetic Cl~ ions. CssCuCly has been
intensively studied due to its interesting properties, e.g., spin-liquid behav-
ior with spinon excitations |P2, 1-12|, Bose-Einstein condensation of magnons
at the quantum critical point |13-17], and a rich phase diagram for in-plane
magnetic fields [2, [18-23|. In the past two decades, the physical properties of
CsoCuCly have been explored experimentally by investigating a diverse range
of observables: dynamic structure factor |1, 2, 13|, electron spin resonance
spectra |24], magnetic susceptibility [19], magneto-caloric effect |25], nuclear
magnetic resonance relaxation rate |11], specific heat |14, [15], and ultrasound
velocity and attenuation [P3] 26| 27].

1.1.1 Effective Hamiltonian

It has been established that the magnetic behavior of CsyCuCly can be de-
scribed by the following two-dimensional antiferromagnetic spin-1/2 Heisen-
berg model in an external magnetic field along the crystallographic a axis [13],
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Figure 1.1: Part of the anisotropic triangular lattice formed by the spins
of CsyCuCly. The stronger exchange coupling J connects nearest-neighbor
spins along the crystallographic b axis, while the weaker exchange coupling
J' connects nearest-neighbor spins along the diagonals. There are also weak
Dzyaloshinskii-Moriya interactions D = 4Dz connecting neighboring spins
along the diagonals where the direction of D is indicated by ® for +2 and ®
for —z. We consider only the case where the magnetic field B = Bz is along
the a axis perpendicular to the plane of the lattice.

H = %Z[Jijsi-sﬁpij (S;x 8] —hY_S;, (1.1)
ij i

where the summations run over all N lattice sites, h = gugB is the Zeeman
energy associated with an external magnetic field B = Bz, and g = 2.19(1) is
the effective g-factor [13]. The spin-1/2 operators S; = S(R;) are located at
the lattice sites R; of an anisotropic triangular lattice with lattice constants b
and ¢, as shown in Fig. The exchange couplings J;; = J(R; — R;) connect
nearest neighbors along the crystallographic b axis and along the diagonals
with J(£d,) = J and J(£d2) = J(£d3) = J', where the three elementary
lattice vectors are (see Fig. in the following chapter)

b b

(Slzbj}, (52:—§A+§?}, 53:—§QA7—§
Here, &, y, and 2z are the unit vectors of our Cartesian coordinate system.
Due to the fact that inversion symmetry is broken for Cs,CuCly, there are also
Dzyaloshinskii-Moriya interactions D;; = D(R;—R;)Z connecting neighboring
spins along the diagonals with D(£d2) = D(46d35) = FD. The precise form of
the Hamiltonian ([I.1)) and the values of the interaction constants have been
measured by inelastic neutron scattering experiments in magnetic fields higher
than the saturation field B, = 8.44(1) T. The accepted values are [13|: J =
0.374(5) meV = 4.34(6) K, J'/J = 0.34(3), and D/J = 0.053(5). There is also
a weak interlayer coupling J”/.J = 0.045(5), which we neglect because it is only

7. (1.2)
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important at very low temperatures 7' < 0.1 K and in the antiferromagnetically
ordered phase in magnetic fields B < B, which we do not consider in this
thesis. We mention here that the methods which we develop in this thesis are
not restricted to Cs,CuCly but can also be applied to other materials that can
be described by the spin-1/2 Heisenberg model . The most important
example is the material class CsyCu(Cly_,Br,), where chlorine is partially
substituted by bromine which changes the strength of the exchange couplings
and the ratio J'/J [28-31].

1.1.2 Exchange and Dzyaloshinskii-Moriya interactions

The exchange interactions between the spins in the Hamiltonian are of
quantum mechanical origin and are due to the Pauli principle and the strong
Coulomb repulsion between the electrons. The dipole-dipole interactions due
to the magnetic dipole moments of the electrons are much smaller and can be
neglected. The spin-1/2 Heisenberg model can be derived from the Hubbard
model in the strong-coupling limit. In the simplest case, the Hubbard model
describes electrons on a lattice interacting via a repulsive on-site interaction
U >0,

H= Ztijczocjg +U Z chcmchii, (1.3)

17,0 (2

where ¢ and ¢;, are the creation and annihilation operators of fermions with
spin o at lattice site ¢. At half filling (one electron per lattice site), the Hubbard
model can be mapped in the strong-coupling Mott limit, U > t;;, to the spin-
1/2 Heisenberg model [32],

1 1
H:E%:Jij (Si-sj—zl), (1.4)

with exchange couplings J;; = 4|t;;|*/U. If we apply an external magnetic field
to the Hubbard model, there will be two effects. There will be the Zeeman
energy —h ), S? and the hopping matrix elements ¢;; will acquire a Peierls
phase, #;; — tije“iﬂf [32]. This implies that the exchange couplings J;; do
not change when a magnetic field is applied because they do not depend on
the phase of ¢;;. In the case of Cs;CuCly we do not have direct exchange
interactions, but super-exchange interactions, where the hopping processes are
not directly from one Cu?* site to the next but are mediated by the non-
magnetic Cl™ sites. For a microscopic derivation of the effective Hamiltonian
of CsyCuCly via ab initio methods, we refer to Ref. [30].

In CsyCuCly the inversion symmetry is broken, allowing Dzyaloshinskii-
Moriya (DM) interactions [33, [34] which are antisymmetric exchange interac-
tions given by

1
Hou = 5 ZDZj - (S; x S;). (1.5)
]
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Figure 1.2: Schematic phase diagram of CsyCuCly (redrawn from Fig. 1
of Ref. ) as a function of temperature 7' and an external magnetic field
Bz along the crystallographic a axis. The experimental data points for the
crossover from the paramagnetic to the ferromagnetic phase (squares) and for
the phase transition from the ordered to the spin-liquid phase (black circles)
have been obtained from Ref. , while the experimental data points for the
crossover from the spin-liquid to the paramagnetic phase (diamonds) are from

Ref. [35].

The components of the antisymmetric exchange couplings D;; are related to
the value of the corresponding exchange coupling J;; and can be estimated as

follows [34],
Ag
|Dij|“7|=]ij|7 Ag=yg-2. (1.6)

For CsyCuCly the DM interactions are along the diagonals (see Fig. with
the corresponding exchange coupling J'/J = 0.34. With g = 2.19, the estimate
gives D/J =~ 0.03 which is not too far off from the measured value
D/J = 0.053(5).

1.1.3 Phase diagram

The phase diagram of CsyCuCly as a function of the temperature 7" and an
external magnetic field B2z perpendicular to the plane of the triangular lattice
is shown schematically in Fig. Strictly speaking, there are only two phases:
a paramagnetic phase where the spin-rotational invariance with respect to the
z axis is not broken and an antiferromagnetically ordered phase (labeled 3D
AFM LRO) with spontaneously broken spin-rotational invariance. The anti-
ferromagnetic phase is stabilized by the interplane interaction J” and occurs
at temperatures below the Néel temperature, which is at at zero magnetic
field given by Ty = 0.62(1) K [1]. The other two phases indicated in Fig. [1.2
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belong to the paramagnetic phase. We partition the paramagnetic phase into
three subphases: a spin-liquid phase characterized by strong short-range spin
correlations, a ferromagnetic phase where the spins are nearly completely po-
larized, and a paramagnetic regime. The dashed lines in Fig. separating
these subphases are not phase transitions but indicate the crossover from one
regime to the other. The crossover line from the spin-liquid phase to the para-
magnetic regime is determined by the maximum of the magnetic susceptibility
which indicates the point at which the spin correlations become important.
The crossover line from the ferromagnetic phase to the paramagnetic regime is
given by the size of the energy gap A = gup(B — B.) where for temperatures
below the energy gap the spins are nearly completely polarized. At T = 0
and B = B. ~ 8.5 T there is a quantum critical point at the quantum phase
transition from the ferromagnetic to the antiferromagnetic phase which can be
described as a Bose-Einstein condensation of magnons [13H17].

1.2 Representations of the spin-1/2 operators
The spin-1/2 operators fulfill the commutation relations

where S = SF 445 and S? = 3/4. Additionally, the spin-1/2 operators obey
an on-site exclusion principle [36],

STST+SISE=1, (S =(57) =0 (1.8)
These commutation relations are much more complicated than the simple (an-
ti-) commutation relations of bosons and fermions,

[bi,bﬂ = 3y, [bT b*} = [b;,b;] = 0, (1.9a)

17 7]
{c' CT} = 0 {CT CT-} = {ci,c;} =0 (1.9b)
(] 17 17 7] 1y ~] ) N

where bg and b; are bosonic creation and annihilation operators, c;r and ¢; are
fermionic creation and annihilation operators, and {c;, cj} = cic} + c}ci is the
anticommutator. The advantage of bosonic and fermionic operators is that
there exists Wick’s theorem for such operators which relates averages of time
ordered products of bosonic or fermionic operators to averages of pairs. Wick’s
theorem allows the use of Green function methods and Feynman diagrams |37,
38]. Therefore it is in many cases sensible to represent the spin operators in
terms of bosonic or fermionic operators. While there are many different ways
of representing spin operators in terms of bosonic or fermionic operators [39],
we will only discuss the widely used Holstein-Primakoff transformation [40],
the three spin-1/2 representations which we will use later on, and the mapping
to Abrikosov pseudofermions.
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1.2.1 Holstein-Primakoff transformation

The Holstein-Primakoff transformation maps the spin operators for arbitrary
spin S to bosonic creation and annihilation operators [40)],

S = S—ny ﬁi:bjbi, (1.10a)

7

/\

St = V28 o5l (1.10b)

Sy = \/_bH/l—ﬁ (1.10¢)

While this transformation preserves the spin commutation relations , the
Hilbert space of the bosons has to be restricted to n; < 2S5 to prevent the oc-
currence of unphysical states. Since such a restriction is difficult to implement,
this constraint is usually ignored. In a spin-wave calculation, we would then
expand the operators to order 1/,

St = Jﬁ( 42 ) (1.11a)

ST = @(bT—%+...>. (1.11b)
! Y48

We see that this procedure is well justified if the average occupation n; per lat-
tice is small compared to the spin S (n; < S). This means that this method
is restricted to low temperatures and can describe small fluctuation around
an ordered spin configuration. The antiferromagnetically ordered phase in
Cs2CuCly has been extensively studied within spin-wave theory [18| 27 41~
43|]. Since we do not want to describe this antiferromagnetic phase or be re-
stricted to the low-temperature regime, we will not use the Holstein-Primakoff
transformation in this thesis. In the case of S = 1/2 and low dimensions, the
condition n; < S is not necessarily fulfilled even at low temperatures, which
has been discussed in Ref. [36] for the antiferromagnetic spin-1/2 Heisenberg
model on a two-dimensional square lattice.

1.2.2 Jordan-Wigner transformation

A very powerful method for one-dimensional spin-1/2 chains with nearest-
neighbor exchange couplings is the Jordan-Wigner transformation which maps
the spin-1/2 operators to spinless fermions [44} 45|,

St = (SO = cle™Ticice, 87 = cle; — 1/2. (1.12)

)

The advantage of this transformation is that it is an exact one-to-one mapping
which does not require any additional constraints on the Hilbert space of the
fermions. The state without a fermion on a lattice site corresponds to the spin-
down state and the state with a fermion to the spin-up state. Due to the Pauli
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exclusion principle there can either be one or no fermion on a given lattice sites
(the fermions are spinless). Therefore the dimension of the Hilbert space of the
fermions is 2V (where N is the number of spins), which is also the dimension
of the original Hilbert space of N spins with spin 1/2. The disadvantage of
this transformation is the phase factor exp(im )" i< c;-cj) which implements the
correct spin commutation relations and is difficult to deal with. Fortunately,
for a simple chain model with nearest-neighbor exchange couplings, these phase
factors cancel exactly in the Hamiltonian. To illustrate this, we consider the

XY model in one dimension which is given by
Hip =T (SESEy +SVSh,) —hY_ S (1.13)

By applying the Jordan-Wigner transformation, we obtain a Hamiltonian
which is quadratic in the fermionic operators and can be easily diagonalized
via a Fourier transform to momentum space,

Nh
7‘[1]) = Z(JCOSk — h) CJ]LC]C + T,

k

(1.14)

with

Ck

_ 1 —ikj . ikj i
_\/—NZe Ie4, ck—ﬁZe ‘cj. (1.15)
i j

We see that the phase factors exp(im 3, c; ¢j) do not occur in the transformed
Hamiltonian for this simple model. Unfortunately, the phase factors do not
cancel in higher-dimensional models or models with exchange couplings be-
yond nearest neighbors [44]. Therefore, the Jordan-Wigner transformation is
best suited for one-dimensional chain models with nearest-neighbor exchange
couplings.

1.2.3 Hard-core bosons

A mapping closely related to the Jordan-Wigner transformation is the mapping
of the spin-1/2 operators to hard-core bosons [46, [47],

St =b, S7 =0, SF=1/2-0blb, (1.16)

(2

where the hard-core boson operators satisfy the commutation relation
[bi, bj} s (1 . 2b3b,~> , (1.17)

and the occupation number per site is restricted to n; = 0 or 1, with n; = bjbi.
The state without a bosons on a lattice site corresponds to the spin-up state
and the state with a boson to the spin-down state. The hard-core boson
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constraint and the commutation relation ([1.17)) can be realized by treating the
hard-core bosons as canonical bosons with an infinite on-site repulsion,

U .
HU:~§§:@@m@,WMJU—Mm. (1.18)

1

The advantage of this mapping is that it can be used for any kind of spin-
1/2 model in any dimensions because the mapping does not include any
phase factors. The disadvantage is that we have to deal with the infinite on-site
interaction which has to be treated non-perturbatively. It has been recently
shown in Ref. [48] that the infinite on-site interaction can be treated within a
self-consistent ladder approximation when the excited states are separated by
an energy gap from the ground state. For our spin model (L.1)), this is the case
when the magnetic field is larger than the saturation field B,.

1.2.4 Majorana fermions

We can map the spin-1/2 operators to Majorana fermions [49] by introducing
for each lattice site R; three Majorana fermions 7, n/, and 7} satisfying the
anticommutation relations

{n?,nf} = 0;;6°7. (1.19)
The spin algebra can be reproduced by setting

SP=—ining, 8] = —iming,  S7 = —inin. (1.20)
Note that with our normalization (n%)? = 1/2. The above Majorana repre-
sentation has been used previously by several authors to study quantum spin
systems [50-56]. Moreover, a coherent state path integral for the Majorana
fermions can be constructed [56] so that the usual field theoretical methods
can be used to study the underlying spin model. An advantage of the above
Majorana representation is that it does not introduce any unphysical states
without needing any additional constraints. On the other hand, for a system
consisting of an even number N of spins, the Majorana Hilbert space has 23V/?
states and consists of 2V/2 identical copies of the 2V-dimensional spin Hilbert
space [55].

1.2.5 Abrikosov pseudofermions

Another possibility is to use Abrikosov pseudofermions |39, 57|, where the
spin-operator at lattice site R; is expressed in terms of a pair of canonical
fermion operators ¢;+ and ¢;| as

&:@ng(i)- (1.21)
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Here, the components of the vector o are the usual Pauli matrices. One disad-
vantage of the representation is that the fermionic Hilbert space contains
two unphysical states per lattice site, corresponding to empty and doubly oc-
cupied sites. In order to describe the physical spin system, these unphysical
states must be projected out. According to Popov and Fedotov [58], this can
be done by formally imposing on the system a fictitious imaginary chemical
potential y1; = iwT/2. In frequency space, this is equivalent to replacing the
fermionic Matsubara frequencies 27T (n+1/2) by semionic ones, 27T (n+1/4).
If no further approximations are made, the semionic Matsubara frequencies au-
tomatically eliminate the unphysical states from the fermionic Hilbert space.
Recently, this procedure has been used to study the triangular lattice anti-
ferromagnet by means of a diagrammatic Monte Carlo method [59, 60]. To
avoid the complications associated with an imaginary chemical potential, it is
sometimes sufficient to implement the projection only on average, which for-
mally amounts to setting p1y = 0. Unfortunately, at finite temperature this
approximation can introduce uncontrollable errors [61].

1.3 Hartree-Fock and mean-field approxima-
tions

Hartree-Fock and mean-field approximations are variational methods where
the original Hamiltonian #H is replaced by an exactly solvable approximate
Hamiltonian Hyr with variational parameters. The variational procedure is
based on the Bogoliubov inequality for the free energy [62],

F < Fur + (H — Hur)yp » (1.22)

where F' is the exact free energy of the original Hamiltonian H, Fyp is the
free energy of the approximate Hamiltonian Hyp, and (.. .),; denotes the ex-
pectation value with respect to Hyr, which can be exactly calculated. The
variational parameters of Hyr can then be obtained by minimizing the right
hand side of Eq. (1.22), leading to self-consistency equations for the varia-
tional parameters. In the mean-field calculations in this thesis, we use an
equivalent method [62] where we start not by minimizing Eq. (1.22), but in-
stead we replace the interaction terms in the original Hamiltonian by quartic
terms where parts of the interactions term have been replaced by their ex-
pectation values. We then demand that the expectation values have to be
calculated self-consistently. For example, we can approximate the following
bosonic interaction (with i # j),

bibblb; ~ niblb; + nblb; — nyn;
+ Tjib;-rbj + Tz]bjbz — TijTji> (123)
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where the variational parameters n; and 7;; have to fulfill the self-consistency
equations

The Hartree-Fock decoupling in Eq. (1.23) is based on a partial Wick contrac-
tion where the constant terms n;n; and 7;;7;; have to be subtracted to get the
correct expectation value <blbib}bj> ~ nyn; + 7;;7; within the Hartree-Fock
approximation. For fermions, the analogous Hartree-Fock decoupling is (with
i)

chz-c}cj ~ nic}cj + njcjci — NN

— TjiC;er — TijC}L-CZ’ —+ TijTjiy (125)

where the different signs in the second line are due to the anticommutation
relations of the fermions, and the self-consistency equations are given by

n; = <cj-ci>, Tij = <c;rcj>. (1.26)

1.4 Diagrammatic methods

When we map the spin operators to bosonic or fermionic operators, we can use
Wick’s theorem and the coherent state path integral formalism from which we
can derive an expansion of the self-energy in terms of Feynman diagrams [37].
Below we summarize some important results but we refer to the textbook [37]
for more details and derivations.

1.4.1 Path integral formalism and Wick’s theorem

We consider now a Hamiltonian of the following form describing interacting
bosons or fermions on a lattice,

1
H= &bkbit 5 > Vabkoghho—gbwbi (1.27)
k k.k'.q

where the creation and annihilation operators bL and by can be either bosonic
or fermionic and the momentum index k has N different possible values. We
assume that the interaction has inversion symmetry, Vg = V_4, and only de-
pends on the momentum transfer q. We can write the partition function in
the path integral formalism as

Z=Tre ™= / D [b,b] eI, (1.28)

where b is now a complex field for bosons and a Grassmann field for fermions,
b is the complex conjugate field to b or an independent Grassmann field for
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fermions, and § = 1/7 is the inverse temperature. The action S[b, b] is given
in Matsubara frequency space by

_ _ 1 _ _
K K,K',Q

where we have introduced the composite index K = (k,iwy) with the corre-

sponding sum
1
[ -mE (130)
K k  wg

and the bare Green function is given by
1
Go(K)= —. 1.31
o) = (1.31)
The Matsubara frequencies wy are defined by

% , bosons,
R (2] fermions (1.32)
B ) )

with £ € Z. The integral measure is

/D b.0] =TT11 db’j\f/le, (1.33)

k Wi

where N is a normalization constant which is not important for the calcula-
tion of correlation functions. The fields in imaginary time and in Matsubara
frequency space are related by

be(t) = T (1.34a)

1
BN Z )
be(T) = ﬁ %} KT b (1.34D)

We note that expectation values of products of fields in imaginary time corre-
spond to expectation values of time-ordered products of operators in imaginary
time [37]. We can now state Wick’s theorem in the functional integral formu-
lation,

fD [l_), b} bK1 cee bKn[_?Qn .. .l_)Qle* i b M qb
[D [5, b] e~ i b M qbo
= (/BN)nzgpM;;}DnQn...M;(;lQl, (1.35)
P

IThroughout this thesis we use natural units, i.e. kg = 1 and h = 1, unless indicated
otherwise. This means that temperatures and frequencies are measured in units of energy.
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where ), is the sum over all permutations P and ( = 1 for bosons and
¢ = —1 for fermions. Wick’s theorem enables us to calculate expectation
values with respect to a quadratic action where the result consists of products
of the bare Green function. When the action is not quadratic, we can expand
the exponential of the non-quadratic part, leaving us again with a quadratic
action. Therefore we can perform a perturbative expansion in terms of the
interaction strength which can be represented by Feynman diagrams [37, 38].

1.4.2 One-particle Green function and self-energy

The one-particle Green function G(K) and the corresponding irreducible self-
energy 3(K) are defined via the functional average

(bbx) = —BNG(K) = =N (1.36)

where

Ly IDRE s

T D g e sha
In the non-interacting case with V; = 0, we recover via Wick’s theorem (|1.35)
the bare Green function,

(1.37)

- 1
bbbk ), = —BNGy(K) = =N ——. 1.38
(bicbic), o) = =N (1.35)
If we perform a perturbative expansion of the Green function G(K) in terms
of the interaction vertices V; and the bare propagators Go(/K), then the self-
energy consists, in terms of Feynman diagrams, of all the diagrams (without
external propagators [Go(K)]*) which cannot be separated into two diagrams

by cutting a single propagator line; these diagrams are called irreducible. This

can be seen by expanding Eq. (1.36)),

G(K) = Go(K)+ Go(K)E(K)Go(K)
+ Go(K)X(K)Go(K)X(K)Go(K) + ..., (1.39)

where the second term is given by all irreducible diagrams with external prop-
agators [Go(K)]” and the third term is given by all irreducible diagrams which
can be separated at only one point into two parts, and so on. Summing this
infinite series recovers all contribution to the Green function G(K) which con-
firms the identification of the self-energy with the irreducible diagrams without
external propagators.

1.4.3 Feynman diagram representation of the self-energy

We now summarize the rules for obtaining the perturbative expansion of the
self-energy in terms of Feynman diagrams. We restrict us here to the bosonic
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Figure 1.3: First order contributions to the self-energy > (K).

case since in this thesis we are not going to use Feynman diagram methods for
fermions. First, we define the basic building blocks of our Feynman diagrams.
A directed line with index K corresponds to the bare Green function Gy(K)
and a vertex, represented by a wiggly line with an ingoing and an outgoing
line at each end, corresponds to an interaction Vg, where q is the momentum
transfer at the vertex. If we are now given a Feynman diagram, we can trans-
late the diagram to an algebraic expression by using these definitions for lines
and vertices, multiplying each, and finally summing over all free indices (using
the sum defined in Eq. (1.30))). A free index is an index K which is not fixed
by external indices or momentum and frequency conservation. The nth order
contribution to the self-energy (K) is then obtained by drawing all (topo-
logically different) connected diagrams with two external legs K containing n
vertices and 2n — 1 connected lines and finally multiplying by an overal factor
(—1)". As an example, we show in Fig. the first order contributions to the
self-energy ¥ (K). Translating these diagrams into algebraic expressions, we
obtain

SO(K) = - /Q VaGo(@)e 0" — /Q Ve sGol@Qe . (1.40)

We note that whenever a propagator line Go(Q) starts and ends at the same
vertex, a convergence factor ¢#¢°" has to be included [37]. The origin of this
convergence factor is the time ordering at the interaction vertex, which we

explain in Sec. [1.4.5

1.4.4 Calculation of Matsubara sums

When working in Matsubara frequency space, we encounter Matsubara sums
of the following type,

R= %Zg(iwn), (1.41)
Wn
where the sum is over Matsubara frequencies
2”7”, bosons,
Wy = 2W(TZ:%), fermions, (1.42)
2n(nt ) semions,
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with n € Z. The semionic frequencies occur when the Popov-Fedotov method
for the Abrikosov pseudofermion representation of the spin-1/2 operators is
used (see Sec. [1.2.5). Although the evaluation of the Matsubara sum R is
a standard textbook calculation [63], we go through the essential steps and
generalize the textbook result to the semionic case. We first introduce the
complex auxiliary function n(z) with simple poles at z = iw,,

1
= 1.43
n(:) = S (1.43)
where
1, bosons,
¢ =4 —1, fermions, (1.44)
1, semions.

Using the residue theorem, we find

211

dz 1 .
Q/C —g(2)n(z) = CZRes[n(z)] 92| i, = 3 Zg(zwn), (1.45)

where the integration path C is shown in Fig.|1.4(a) and we have used

1
Z=1Wn CB
If we now blow up the integration path without crossing any poles of g(z),

we see that the integral is determined by the poles z, of g(z), as shown in
Fig. |1.4|b), assuming that g(z)n(z) vanishes faster than 1/|z| for |z| — oo,

Res n(z)] (1.46)

1
—C

(1.47)

2mi o

<A§gwma—%EEWM@u&

Therefore, we can evaluate the Matsubara sum R by considering the poles z,
of g(2),

1 , 1
R= 3 > gliw,) = —¢ > Res[g(2)] p— (1.48)
As a simple example, we consider the case
ein7L
W) = 1.49
oliw) = £ — (1.9
where we find .
1 eiwn0 1
R=— — = (. 1.50
F i€ ¢ (1:50)
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Figure 1.4: (a) Integration path C for the Matsubara summation in Eq. (1.45)),
where X indicates the Matsubara frequencies iw,, and + the poles z, of g(z).
(b) Deformed integration path where only the poles of g(z) contribute.

1.4.5 Origin of the convergence factor

In Sec. we have noted that whenever a propagator line Go(K) starts and
ends at the same vertex, a convergence factor %" has to be included. To
explain the origin of this convergence factor, we have to consider the exact
discrete imaginary time formulation of the path integral, where the partition

function for bosons (¢ = 1) or fermions (¢ = —1) is [37]
- S[b,b]
}E{)‘O/HH — dby, jdby e (1.51)
=1 k
where
N 271, boso‘ns, (1.52)
1, fermions,

and the action is given by

L

L
b b _ EZZbkl (bkl _bkl 1) —I—EZH [Ek,labk,l—l] , (153)
=1

with € = /L. The term H [BM, bk,l,l} is just the Hamiltonian H where the
creation and annihilation operators have been replaced by the corresponding
fields. The crucial point is that the fields l_yk,l inH [l_)k’l, bk,l—l} are given at an
infinitesimally later time 7, = €l than the fields b ;_; given at 7,1 = €(l — 1),

n—T_1=€e —€ell—1)=c¢. (1.54)

If we now have the case that a propagator starts and ends at the same inter-
action vertex

Bk:Jrq,ll_?k’fq,lbk:’,lflbk,l*l7 (1.55)
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then this propagator is given by the expectation value
- <bk,l—ll_)k:,l>0 = Go(k,Tl_l - Tl) = Go(k, —6). (156)

This infinitesimal time —e is important due to the discontinuity of the propa-
gator at 7 =0 [37],

_ ()l e 7 =0,
Go(k,T) = {—Cng(ik)e‘f”, . (1.57)

Transforming to Matsubara frequencies, we find

Go(k, —€) = %Zeiwkfco(m, (1.58)

where we see that the convergence factor e = ¢9" has to be included
whenever a propagator Gy(K) starts and ends at the same vertex.

1.4.6 Convergence of the partition function

In the simple case of non-interacting bosons or fermions, we also need a con-
vergence factor ¢®+0" when calculating the partition function using Matsubara
frequencies instead of the discrete imaginary time formalism. We consider now
non-interacting bosons or fermions with dispersion & where k is an index with
N possible values. The Hamiltonian is then simply

Ho = &kblbk, (1.59)
k
and the partition function is given by
Zy = / DIb, ble— %P, (1.60)

with the action

Solb,b] = — /K (iwy — &) brcbi. (1.61)

The integral measure is given by

/D[b, b = /1;[1;[/%[ <ﬁ)gdbmbm (1.62)
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which follows from the Fourier transform to Matsubara frequencies of the in-
tegral measure in Eq. (1.51) E] Performing the Gaussian integral, we get

Zy = HH e (iwy, — &), (1.63)

k wg

Fy = —llnzozQZZm[—e(zwk—gk)], (1.64)
B B4

where we note that the free energy Fj and therefore the partition function Z,
do not converge. This can be fixed by introducing a convergence factor e®+0"

64],
=3 ZZ 0" In e (i — &)]. (1.65)
which leads to the correct result

— %Zk:ln (1 — CePex). (1.66)

However, the justification of this convergence factor is not made entirely clear
in the literature [64] because the usual arguments would only lead to a con-
vergence factor for the Green function inside the logarithm. Therefore, we
give here a simple and convincing argument for the convergence factor outside
the logarithm. First, we consider the expectation value (b}.bg) which can be
expressed in terms of the Green function,

<bTbk> = (bi(r)br(r — 0%)) = —CGo(k, 7 = —0"). (1.67)
Using the Fourier transform
1 .
Go(k,7) = 3 WZ e~ Gy (K, (1.68)
we find ¢
<bLbk> =3 Y e Gy (). (1.69)

Now, the same expectation value can also be calculated by differentiating Fj

given by Eq. (L63),
0
T _ sz ,
<bkbk> o0& Fo= 8&@622}; 0 In [—€ (iwg — &rr)]

— _Bzeika*Go(K), (1.70)

2This can be derived by calculating > l_)k,lka = NLﬂZ th bxbr, from which we see that

the Fourier transform is a unitary transformation times ,/NLW, giving the term (NLBQ)<

We note that although this term has no obvious continuum limit (L — o0), the quantity L
cancels out in the calculation of the partition function [64].
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where we see that the convergence factor outside the logarithm is necessary to
be consistent with Eq. (1.69).

While we have shown here that the partition function of non-interacting
bosons or fermions can be calculated with Matsubara sums, it is easier to
calculate the partition function Z; directly or within the discrete imaginary
time formalism. Fortunately, the subtleties related to the integral measure
and the convergence of Z are not relevant for calculations of Z/2; and Green
functions where the in the continuum limit ill-defined terms cancel out.
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Chapter 2

Majorana spin-liquid and
dimensional reduction

2.1 Introduction

In this chapter, we shall focus on the finite-temperature spin-liquid phase of
CsyCuCly in the regime where the external magnetic field is not too close
to the critical field B, ~ 8.5 T. Because in this part of the phase diagram
the temperature is large compared with the inter-plane interaction J” and
the Dzyaloshinskii-Moriya interaction D, these interactions can be neglected
for our purpose. It is therefore reasonable to describe the spin-liquid phase of
CsoCuCly within a purely two-dimensional triangular lattice antiferromagnetic
Heisenberg model,

1
i A

where the spin S = 1/2 operators S; = Sg, are localized on the sites R; of
a distorted triangular lattice and the exchange couplings J;; = J(R; — R;)
are only finite if R; — R; connect nearest-neighbor sites on the lattice. At
this point, we assume different exchange couplings J,, = J(£6,,) in each of the
three directions 8y, d2 and d3 shown in Fig. 2.1, where p = 1,2, 3 labels the
directions. Later, we shall set J1 = J =434 Kand J, = J3=J =149 K to
describe CsyCuCly.

Given the fact that in Cs;CuCly the ratio J’/J ~ 1/3 is not really small, it
is at first sight reasonable to expect that the nature of the spin-liquid phase is
such that the elementary excitations of the spin liquid can propagate coherently
in all directions on the two-dimensional lattice. However, a theory where
the elementary excitations of the spin liquid resemble the one-dimensional
fermionic spinon excitations of a Heisenberg chain has been highly successful |6,
7, 65], suggesting that the spin-liquid phase in CsyCuCly supports elementary
excitations which can only propagate coherently along the direction §; of the
strongest bond. In a simple picture, this dimensional reduction in Cs,CuCly
arises from a strong frustration-induced reduction of the effective coupling J’
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Figure 2.1: (a) Anisotropic triangular lattice with nearest-neighbor exchange
coupling J; (thick lines), J; (thin lines) and Js (thin dashed lines); the cor-
responding link vectors are &, = bx, d; = —g:f: + 59 and 83 = —g:i: — 59,
To describe Csy,CuCly, we should set J; = J =434 K and J, = J3 = J' =
1.49 K; the lattice structure is orthorhombic with in-plane lattice parameters
b=7.48 A and ¢ = 12.26 A; the crystallographic @ axis is perpendicular to the
plane of the paper. (b) Topologically equivalent square lattice with diagonal
bonds.

associated with the weaker bonds [9]. However, a quantitative microscopic
conformation of this scenario using many-body methods is rather involved. In
this work, we shall show that a straightforward mean-field theory based on the
well-known representation of the spin operators in terms of Majorana fermions
[49] naturally explains the dimensional reduction in CsyCuCly. Specifically,
we find that an anisotropic spin-liquid state where the fractionalized fermionic
excitations can only propagate coherently along the direction of the strongest
bond minimizes the free energy already at the mean-field level.

If the external magnetic field has a component parallel to the layers, the
phase diagram of quasi-two dimensional frustrated antiferromagnets is more
complex, as discussed in a series of recent theoretical works by Starykh and
co-authors [20-22]. Here we consider only the case where the magnetic field
points along the crystallographic a axis.

The results presented in this chapter have been published in [P2].

2.2 Rotationally invariant Majorana mean-field
theory

A recent NMR study [11] of Cs;CuCl, found evidence that the spin-liquid phase
in this material exhibits gapless fermionic excitations. To describe this phase
theoretically, one should therefore express the spin operators of the underlying
Heisenberg model in terms of fermionic degrees of freedom. Here, we shall use
the fermionic representation based on Majorana fermions [49], as described in
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Sec. |1.2.4; introducing for each lattice site R; three Majorana fermions n?, n?,
and n?, the spin algebra can be reproduced by setting
Sp = —inin;, S} =—inin;, 87 = —inin;. (22)

3 K3

For our mean-field calculation we simply ignore the redundancy introduced by
the mapping to Majorana fermions (see Sec. and Ref. [55]).

In this section, we focus on the case of the vanishing external magnetic
field, so that our Hamiltonian has spin-rotational invariance. To describe a
spin-liquid state, we require that our mean-field decoupling neither breaks
spin-rotational nor lattice-translational invariance. For the isotropic triangu-
lar lattice antiferromagnet such a Majorana mean-field theory has recently
been developed by Biswas et al. [55]. Following this work, we introduce the
Majorana bond operators

Ci =iy, (2.3)
and use the operator identity
1 1
_ aya B, B a B
Si-8; = 9 Zm nymn; = 2 Z CijCij (2.4)
aF#p a#p

to write the Heisenberg Hamiltonian (2.1)) for vanishing magnetic field as
1
_ a B
H=1 > JiC5C (2.5)
ij a8

Performing now a simple mean-field decoupling,

a B a /B a\ B o B
CiCy — C{C) + (CH)C — (Co)(C), (2.6)
and assuming spin-rotational invariance so that the expectation values
(C5) = (i) = 1Zy (2.7)
are independent of the flavor index «, we obtain the mean-field Hamiltonian
HMF — ZZ tl]ﬂ?n]a -+ Uo, (28)
o
with hopping energies
tij = JijZij = —tji, (2.9)
and the interaction energy
3
tj
Note that by definition Z;; = —Z;;. Assuming that the mean-field state is

translationally invariant, we may set

ZR, Ri+5, = £Z,. (2.11)
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It is then useful to introduce the lattice Fourier transform of the Majorana
fermions,

1 ik-R;
g =—= > e* R (2.12)
N k

where the k sum is over a full unit cell in the reciprocal space of the underlying
Bravais lattice. Our mean-field Hamiltonian ([2.8)) can then be written as

1 (e} (07
Hyr = B kz‘; exn’ iy + Vo, (2.13)

with mean-field energy dispersion

3
ee=—4Y _ J,Z,sin(k-4,), (2.14)
p=1
and interaction energy
3
Up=3N> J.Z}. (2.15)
pn=1

Using the anticommutation relation

{Mies Mot } = O (2.16)

together with the symmetry
E_k = —Ek, (217)

we can write the mean-field Hamiltonian ((2.13)) as

1
Hur = Z Z (51@772,677% — §5k> + Uy. (2.18)

k,epx>0 «

We now define the complex conjugated operators
()" = 1%, for ex > 0. (2.19)

Due to the symmetry (2.17), this identification uniquely defines for all pairs
Ny and 1%, one conjugated operator (n,oc‘)Jr and one non-conjugated operator
Ny with the usual anticommutation relation of complex fermions,

{77:‘3, (nE/)T} = Ok (2.20)

Therefore, we get a Hamiltonian of complex fermions,

Hyr = Z Z |:€k (ng)Tng — %5,@] + Up. (2.21)

k,epx>0 «
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At finite temperature, the mean-field free energy F = —% In Z is then straight-
forward to calculate,

F = Z {lnl—i—eﬁs’“) gsk + Uy

k e >0

— _% D In(1+ e %) + U, (2.22)
k

leading via the conditions 0Fyy/0Z, = 0 to the three self-consistency equa-
tions

_ %Zf(gk) sin(k - 8,), p=123 (2.23)
k

Here, f(e) = 1/(e’** + 1) is the Fermi function.

Let us now analyze the possible solutions of the above mean-field equations.
At sufficiently high temperatures Eq. has only the trivial solution Z,, = 0
for all directions p, but there is a critical temperature below which at least one
of the order parameters Z,, is finite. In the vicinity of the critical temperature,

the order parameters are small and we may expand the free energy in powers
of the Z,. We obtain

SF 3In2 ﬂU
N 2 - - 16NZ kT 128N Zg’“HD (Z)- (2.24)

To carry out the momentum integrations over the first Brillouin zone, it is
convenient to map the unit cell in reciprocal space onto a rectangle using the
volume-preserving transformation

2
ko =k, ky = ko + —bk1 (2.25)

Note that with the definitions of the lattice constants shown in Fig. (a) the
volume of the Brillouin zone is Vgz = (27/b)(47/c). In the thermodynamic
limit N — oo, the Brillouin zone integration of any function f(k,, k,) can then
be written as

VBZ

o dq dQ2 TR
_ 2.96
/ / (b, = ) (2.26)

where in the last line we have set q; = bk; and go = $ky. This transformation
maps the original anisotropic triangular lattice onto a square lattice, as shown

in Fig. [2 (b) Using the fact that with these definitions k-1 = ¢q, k-2 = ¢o,
and k - 53 —q1 — ¢o, the mean-field energy dispersion can be written as

1 1 2b
NZf(kx,ky) = dk:l/ A f (K1, ke + k)
k

er = —4[t1sinqy + tasings — tzsin(qr + g2, (2.27)
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where we have defined the hopping energies
ty = JuZ,. (2.28)

The Brillouin zone integrations in Eq. (2.24)) can now easily be carried out,
1
NZE% = 8y (2.29)
k H
E D eh = 96 [t + 15+ 15+ 473 + 1315 + 31)] (2.30)
N k= 1Tl 13 1ty T3tz +13t7)] - :
k

Defining K, = 3J,,, we obtain for the dimensionless free energy per site,

BF 3 3 , 3 i
= = —§1n2+§;KM(2—KM)ZM+Z;KMZM

+3[(K1K2Z125)? + (K2 K325 25)° + (K3K1Z327)°]
+0(Z5). (2.31)
Minimization gives the following three conditions

Ky —2

T = K272+ 2(K3Z3 + K273), if Z) # 0, (2.32a)
1
Ky—2
2[( = K222+ 2(K2z2+ KZ?%), if Z, # 0, (2.32h)
2
Ky —2
3;( = K272+ 2K?Z}+ K2Z2%), if Z3 # 0. (2.32¢)
3

Let us first consider the isotropic case K1 = Ky = K3 = K = J. Naively,
one might then look for a solution Z; = Zy = Z3 = Z in the low-temperature
regime. In this case, the three self-consistency equations reduce
to the single equation
K -2

3K3
which has only a solution if K > 2, i.e. T < J/2. The corresponding free
energy is

7? = (2.33)

F 3 K — 2)?

PR By 27
N 2 4K?

It turns out, however, that even for the isotropic triangular lattice antiferro-

magnet a one-dimensional Majorana state has lower energy. To see this, let

us assume that only Z; is non-zero while Z5 = Z3 = 0. Then we obtain from

Eq. (2.324)

(2.34)

K -2
7= 703 (2.35)
and for the corresponding free energy,
— 92)2
BE _ 3,9 _sE—-2" (2.36)

N 2 4K?
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The energy gain for K > 2 is three times as large as in the isotropic Majorana
state. Hence, our Majorana mean-field theory predicts that in the isotropic
triangular lattice the discrete three-fold rotational symmetry of the lattice
is spontaneously broken for temperatures below T, = J/2. The emergent
Majorana fermions can then propagate coherently only in one direction. Note
that finite temperature phase transitions with spontaneous breaking of the
discrete rotational symmetry of the underlying lattice have also been found in
other frustrated continuous spin models [66/68].

Consider now the anisotropic triangular lattice relevant to Cs,CuCly with
couplings J; = J and Jo = J3 = J &~ J/3. By repeating the above analysis,
it is easy to see that also in this case the free energy is minimized by a one-
dimensional Majorana state, where the Majorana fermions can only propagate
along the direction of the largest exchange coupling associated with the crys-
tallographic b axis (the x axis in our notation) in CsyCuCly. With J = 4.34 K,
we predict that for vanishing magnetic field the transition to the spin-liquid
phase in Cs;CuCly should occur at T, = J/2 = 2.17 K. A simple calculation
shows that at this temperature the specific heat C' should exhibit a maximum,
as shown in Fig. Indeed, in the experimental work by Radu et al. [14]
the temperature of the spin-liquid transition was identified with the temper-
ature where the specific heat exhibits a maximum, which yields 7, ~ 2.1 K
for vanishing magnetic field, in excellent agreement with our prediction. An
alternative estimate of 7, due to Coldea et al. [1] identified the transition
temperature to the spin-liquid phase with the temperature where the spin
susceptibility exhibits a maximum, leading to the estimate 7T, ~ 2.65 K for
vanishing magnetic field, based on measurements by Carlin et al. [69], while
a more recent study of magnetic susceptibilities by Tokiwa et al. [19] finds
T, ~ 2.8 K. Another alternative estimate of the transition temperature by Va-
chon et al. |11], which is based on NMR measurements, leads to T, ~ 2.5 K.

Although in CsyCuCly the weak interplane exchange and the Dzyaloshinskii-
Moriya interaction stabilize a magnetically ordered state for temperatures
below Ty =~ 0.62 K, let us briefly discuss the mean-field results for the two-
dimensional anisotropic triangular lattice antiferromagnet in the limit
of vanishing temperature. The free energy then reduces to the ground
state energy

Ey= lim F = ; ; O(—¢er)er + Uo, (2.37)

B—r00

and the self-consistency equations (2.23|) can be written as
1
Zp=~ > O(-ep)sin(k-6,), p=1,2,3 (2.38)
k

Note that under the summation sign we may replace

O(—ck) — % (O(~26) ~ (k)] = —smmes. (2.39)
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Figure 2.2: Temperature dependence of our mean-field result for the specific
heat C' for B = 0 and J'/J = 1/3. Note that for 7" < T, = J/2 only the
variational parameter Z; associated with the strongest bond J; = J is finite.

Setting for simplicity Jo = J3 = J’, we may restrict the variational parameters
to the surface Zy = Zg.E| Graphs of the ground state energy per site as a
function of the two variational parameters Z; and Z, for two different values of
J'/J are shown in Fig. . Note that even for isotropic couplings J; = Jo = J3
the mean-field ground state is one dimensional. In fact, with Z; Zé 0 and
Zy = Zz = 0 it is easy to show analytically that Z; = 1/7m and Eold)/N =
—3J/7%; on the other hand, if we assume an isotropic mean-field ground state
we find Z, = Zy = Z3 = 1/(3w) and Eéw)/N = —J/m% Hence, the energy
gain in the one-dimensional mean-field ground state is three times larger than
in the isotropic state. For a better comparison of the energies, we show in
Fig. cuts through the energy surfaces along three different paths in the
plane of variational parameters. The important point is that the dimensional
reduction scenario found at finite temperatures within the framework of the
order parameter expansion remains valid even at 7' = 0. In particular, even
in the isotropic case J = J’ the mean-field state where the Majorana fermions
can only propagate in one direction has the lowest energy. The fact that
the isotropic mean-field solution has higher energy has not been noticed in
Ref. [55]. The Fermi surface of the Majorana fermions is then one-dimensional
(the line k, = 0) and breaks the discrete rotational symmetry of the underlying
lattice. For electronic systems, such a symmetry reduction of the Fermi surface
is called a Pomeranchuk instability 70|, which is an electronic analog of the
nematic transition in liquid crystals.

3When setting Zo = Z3, we have to be careful in the case of J' > J. In that case the
energy can be further lowered by setting Z; = 0, Zo = 0, and Z3 # 0 (or equivalently Z3 =0
and Zy # 0).
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Figure 2.3: Numerical evaluation of the mean-field result (2.37)) of the ground
state energy per site as a function of Z = Z; and 7' = Z, = Z3 for different
values of J'/J as indicated.
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Figure 2.4: Cuts through the energy surfaces shown in Fig. along different
lines in the space of variational parameters.
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2.3 Majorana mean-field theory in a magnetic
field

If CsyCully is exposed to a magnetic field along the crystallographic a axis,
the critical temperature for spin-liquid behavior is reduced, as shown by the
dashed line in Fig. [I.2] In this section, we shall calculate the magnetic field
dependence of the transition temperature T.(B) using Majorana mean-field
theory. Of course, in the vicinity of the quantum critical point at B, &~ 85T
spin fluctuations play an important role so that mean-field theory is not reli-
able. However, for B < 0.8B. our Majorana mean-field theory describes the
experimental data for 7,.(B) quite well.

Using again the representation of the spin operators in terms of Ma-
jorana fermions, our spin Hamiltonian can be written as

1 N . N
H= ZLZZJM%CZ +ih Y i, (2.40)

ij a#p i
where again Cf = nfn§. As a first try, let us follow Ref. [55] and decouple the

exchange term in exactly the same way as in zero field, see Eq. (2.6). Using
the same notations as in Sec. we then obtain the mean-field Hamiltonian

HMF = ZZ tijn?ﬁ]q + ih Z?’]f?’]f + U(). (241)

Jo

In momentum space, this assumes the form

1 €k th 0 77,35
Hur = BY Z(Ufm gnZe) | —ih e 0 M | + Uo. (2.42)
k 0 0 &g U

For a given k the above 3 X 3 matrix has the eigenvalues ¢ + sh, where s
assumes the values —1,0, 1. The free energy is therefore

1
_ —B(ep+sh)
F=—33 %S:lu [1 4 e PErts] + U, (2.43)

The self-consistency equations for the variational parameters Z, are
1 .
Zy=5x5 kz flew+ sh)sin(k-48,), pu=1,23. (2.44)

Expanding the free energy to fourth order in the variational parameters Z,,,
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we obtain
F 1
PE = ——[In2+41n(1+4 ") +In(1 + M)
N 2
3
+ 35 Z K, [2 = Ku.f2(B0) 2
+ —f4 (Bh) {Z K7y + A(K\ K2 21 Z,)°
+4(KoK3Z973) + 4(K3K1Z37,)° |, (2.45)
with
1 2
= -+t ———= 2.46
J2() 3 3cosh?(x/2) (2.46)
8 es:p(4esx — 1= 625:1:)
= = ) 2.4
f4<$> 3 g (1 + €S$)4 ( 7>

We have normalized the above functions such that fo(0) = f4(0) = 1. The
magnetic field dependence of the critical temperature is obtained from the
condition that the coefficient of the quadratic term in the expansion of
the free energy vanishes, leading to the the self-consistency equation

T. 1 1

7 6" 3cosh?[h/(2T.)] (2.48)
A numerical solution of this equation for the parameters relevant for CsyCuCly
gives the dashed line in Fig. Obviously, the shape of this curve does not
agree with the experimentally observed T,(B) shown in Fig.[1.2] so that at first
sight it seems that the magnetic field dependence of the transition temperature
to the spin-liquid phase in Cs;CuCly is not well described by Majorana mean-
field theory. However, the mean-field decoupling used to derive Eq. is
not self-consistent, because in the presence of a magnetic field the expectation
values (nfn?) are finite and should be taken into account in our mean-field
decoupling. In the presence of a magnetic field, we should therefore replace

the decoupling ([2.6) by

1 o,
= 5> i)

o
- = Z(CO‘ (Ch) +(Ca)Cy — (Caned)
0475/3
(nfn? (min?) + (mindynsnt — (ind)(nind)) - (2.49)

The additional terms renormalize the effective magnetic field acting on the
spins, so that we should replace the external field h by

b=h— Jym, (2.50)
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Figure 2.5: Mean-field results for the magnetic field dependence of the critical
temperature for spin-liquid behavior in CsyCuCly. The dashed line is obtained
from Eq. , which does not take into account the self-consistent screening
of the external magnetic field. The solid line takes this effect into account, see
Eqgs. and @ The doted line indicates the experimental crossover
line from Ref. @“, see also Fig. (1.2

where

Jo=2) J, (2.51)
nw

is the Fourier transform of the exchange couplings at vanishing wave-vector.
The dimensionless magnetic moment m (per site) satisfies the self-consistency

equation
1

T 2N
k

The energy dispersion ¢y, is formally identical to the dispersion (2.14)) but with
variational parameters Z, determined by

m

[f(ex = b) = flex + )] . (2.52)

1 :
Zu= 35 ; flew + sb)sin(k-6,), p=1,2,3. (2.53)

The self-consistency equations ([2.52)) and (2.53]) can be obtained by calculating
the extrema[]] of the free energy

F = _% Zln [1 + 6_5(5k+5b)i| + Up. (2.54)
k,s

41t should be noted that the variational mean-field parameters are actually determined
by the saddle points (not necessarily the minima) of the mean-field free energy generated by
mean-field decouplings of the form given in Egs. (2.6]) and . For a careful discussion of
the subtleties related to this type of mean-field ansatz and the interpretation of the resulting
free energy in terms of the variational principle, see Ref. .
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Figure 2.6: Magnetic susceptibility x &~ M /B as a function of T'/J for J'/J =
1/3 and h/J = 0.01, corresponding to an external magnetic field B ~ 0.03 T.

where the potential Uy is now
Uo = NY J,[32)—m’]. (2.55)
“w
We find that the critical temperature satisfies
T. 1 1

T 76 " 3eosh?[(h — Jomn)/ (2T0)] (2.56)

where the effective magnetic moment m, at the critical temperature is deter-
mined by

1 .
m = 5 tanh |(h = Jom,) /(2Tc)] . (2.57)
For a given value of the magnetic field, the coupled equations ([2.56|) and ([2.57)

should be solved simultaneously to obtain 7T, and m, as a function of h. Substi-
tuting the parameters relevant for Cs;CuCly (h./J = 2.85 and jo/hc = 1.18),
the resulting critical temperature is shown as a solid line in Fig. [2.5, which
agrees quite well with the experimentally determined crossover temperature
up to fields B < 0.8B.. The magnetic susceptibility x ~ M/B (where M is
the macroscopic magnetization) exhibits a maximum at the critical temper-
ature T, = J/2 = 2.17 K, as shown in Fig. [2.6 For completeness, we show
in Fig. the self-consistent magnetic moment m. and the effective magnetic
field h — Jyme at the critical temperature. Note that the antiferromagnetic
coupling tends to screen the external magnetic field, so that a stronger ex-
ternal field is needed to generate a given effective field. As a consequence,
the reduction of the critical temperature as a function of the external field is
weaker than in the naive mean-field decoupling neglecting the screening effect.
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Figure 2.7: (a) Self-consistent dimensionless magnetic moment m, at the criti-
cal temperature of the spin-liquid transition as a function of the external mag-
netic field, see Egs. and . (b) Effective magnetic field b = h— Jym,
at the critical temperature of the spin-liquid transition. The dashed line is the
external magnetic field.
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2.4 Summary and conclusions

In summary, we have developed a simple mean-field description of the finite
temperature spin-liquid phase in CsoCuCly based on the representation of the
spin operators in terms of Majorana fermions. We have argued that the exper-
imentally observed crossover temperature for spin-liquid behavior in Cs,CuCly
can be identified with the critical temperature T..(B) below which the mean-
field equations for the dispersion of the Majorana fermions have a finite solu-
tion. For small external fields, the emergence of the spin-liquid state gives rise
to a maximum in the specific heat and the spin susceptibility as a function
of temperature at T, = J/2. We have found that a coherent motion of the
Majorana fermions is only possible along the direction of the strongest bond,
in agreement with the dimensional reduction scenario discussed by Balents [9].
The emergent one-dimensional Fermi surface of the Majorana fermions is as-
sociated with a nematic instability where the discrete rotational symmetry of
the lattice is broken.

Given the values of the exchange couplings, our mean-field theory yields
an expression for T.(B) without further adjustable parameters, which agrees
quantitatively with the experimentally observed crossover temperature for
spin-liquid behavior in CsyCuCly up to fields B < 0.8B.. For larger fields
our Majorana mean-field theory is not reliable any more because other types
of excitations such as spin fluctuations become important.

Our Majorana mean-field theory is complementary to the approach devel-
oped by Starykh and co-authors |6} 65], where Cs,CuCly is regarded as an array
of weakly coupled Heisenberg chains which can be analyzed using bosoniza-
tion techniques. Given the rather large value of J'/J ~ 1/3 in CsyCuCly, the
validity of this approach is not obvious. In contrast, our Majorana approach
treats the system a priori as two dimensional; the one-dimensional nature of
the Majorana fermions in the spin-liquid phase appears simply as the result of
our mean-field calculation. In both methods, the dimensional reduction in the
presence of a substantial value of J' is somewhat surprising. The agreement
of our Majorana mean-field theory with experiments probing the spin-liquid
phase suggests that the Majorana fermions which are formally introduced via
the representation have a significant overlap with the dominant physical
excitations in the finite temperature spin-liquid phase of CsoCuCly.
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Chapter 3

Ultrasound properties of the
spin-liquid phase

3.1 Introduction

In the previous chapter, we have found that the spin excitations in the
anisotropic triangular lattice antiferromagnet are quasi-one-dimensional and
propagate dominantly along the direction corresponding to the largest ex-
change coupling, which is the crystallographic b axis in CsyCuCly. This
dimensional reduction of the elementary excitations has been observed in
several independent calculations [P2, [3H8] |10, |12, |20, 65]. In this chapter
we shall give further evidence for this dimensional reduction scenario 9] by
showing that ultrasound experiments probing the sound propagation along
the b axis can be quantitatively explained using a one-dimensional Heisenberg
chain which is coupled to lattice vibrations via the usual exchange-striction
mechanism [71].

The spin-phonon interaction and the ultrasonic attenuation in two-dimen-
sional spin liquids have recently been discussed by Zhou and Lee 72|, and by
Serbyn and Lee [73]. In one-dimensional Heisenberg [74] and XY chains |75|
the interaction between the spin degrees of freedom and the phonons were stud-
ied a long time ago, but these older works mainly focused on the spin-Peierls
transition and treated the spin-phonon interaction in an adiabatic approxima-
tion. Moreover, only the first derivative of the exchange coupling with respect
to the phonon coordinates were considered, which turns out to be insufficient
to explain our ultrasound experiments for the ¢y mode in CsoCuCly.

From the exact Bethe ansatz solution of the spin-1/2 antiferromagnetic
Heisenberg chain, we know that the ground state is a spin liquid, exhibiting
algebraic correlations but no long-range magnetic order. The elementary exci-
tations above this ground state are spinons carrying spin 1/2. A combination
of numerical and analytical methods has lead to an excellent understanding
of this model [45]; for example, exact numerical results for the magnetization
[76], magnetic susceptibility 77|, specific heat [78], and the dynamic structure
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Figure 3.1: Part of the anisotropic triangular lattice formed by the spins in
CsoCuCly. The largest exchange coupling J connects nearest-neighbor spins
along the crystallographic b axis. The corresponding elastic constant is denoted
by cg9. In this work we consider only the case where the magnetic field B is
along the a axis perpendicular to the plane of the lattice.

factor |79, [80] are available. However, a proper microscopic calculation of ul-
trasound propagation and attenuation in the Heisenberg chain cannot be found
in the literature. Below we shall present a simple solution of this problem us-
ing the Jordan-Wigner representation of the spin-algebra in terms of spinless
fermions [44]. We shall also present some new data of the elastic constant
c99 and the corresponding ultrasound damping rate in the spin-liquid phase
of Cs,CuCly which agree very well with our theory| For details concerning
the experiment and the sample preparation we refer to Ref. [27] and Ref. [2§],
respectively. The ultrasound physics of Cs;CuCly has previously been studied
for magnetic fields along the a axis in the ordered phase using spin-wave the-
ory [27], and for magnetic fields along the b axis in the spin-liquid phase by
combining phenomenological expressions for the ultrasound propagation and
attenuation with calculations for two-dimensional spin models [26].
The results presented in this chapter have been published in [P3].

3.2 Spin-phonon model

Assuming that the relevant spin excitations can propagate only along the crys-
tallographic b axis in the spin-liquid phase of CsyCuCly, we expect that ultra-
sound experiments probing the cqs mode along the b axis can be explained by
the following one-dimensional spin-phonon Hamiltonian,

Ho= Y Ju(Su-Sp1 —1/4) =0 _Si+H, (3.1)

®The experimental measurements have been performed by Pham Thanh Cong |[P3].
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where S,, are spin-1/2 operators localized at the positions z,, on a chain with N
spins and periodic boundary conditions, and h = gugB is the Zeeman energy
associated with an external magnetic field B along the crystallographic a axis;
see Fig. The spin-phonon coupling arises from the fact that for a vibrating
lattice the spins are located at z, = nb + X,,, where nb (with n = 1,...  N)
are the points of a one-dimensional lattice with lattice spacing b, and X,
denote the deviations from the lattice points. Since the exchange coupling J,,
between a pair of spins S,, and S, located at x,, and x,,; depends on the
actual distance between the spins, J, is a function of X, 1 — X,,. Assuming
that this difference is small, we may expand to second order,

J@
Jore J+ IV (X0 - X,) + 5 (X1 = X,)% (3.2)

where J and J@ are the first and second derivative of the exchange coupling
along the b axis with respect to the phonon coordinates. As usual, we quantize
the lattice vibrations by introducing the conjugate momenta P, and demanding
that [X,,, P,] = i0,,m. The last term in Eq. describes non-interacting
phonons with dispersion w, = ¢|q|/ b,ﬂ

PP, M
"y =>" (# + 7w§Xqu) : (3.3)

q

where M is the mass attached to the vibrating sites, and the operators X,
and P, are defined via the Fourier expansions X, = N™Y237 e"X, and

P,=N"12%" o €7 Py; the phonon momentum ¢ is given in units of the inverse
lattice spacing 1/b.

3.3 Jordan-Wigner transformation and Hartree-
Fock approximation

To explain ultrasound experiments, we will calculate the self-energy correc-
tion Il(g,iw) to the phonon propagator, which arises from the coupling of
the phonons to the spins. Let us therefore represent the spin operators in
terms of spinless fermions using the Jordan-Wigner transformation |44} |45]

(see Sec. [1.2.2)),
S: — (S—>T — CIL(_l)neiWZj<n C;-Cj7 SZ = CLCn — 1/27 (34)

where ¢, annihilates a fermion at site z,, and the phase factor (—1)" is intro-
duced for convenience. Our spin-phonon Hamiltonian (3.1)) then assumes the

6The phonon velocity c in  direction should not be confused with the lattice parameter
¢ in Fig. From here on in this chapter, ¢ will denote the phonon velocity.
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Figure 3.2: Comparison of the Hartree-Fock result for the magnetization curve
m(h) of the Heisenberg chain (without phonons) at 7" = 0 with the exact Bethe
ansatz |76]. Inset: Renormalization Z(h) of the nearest-neighbor hopping.

form
1
H = 5 Z Jn(chenin + CLch + clien + C:fz+1cn+1>

+ > Juchench e — 1Y chen + Nh/2 + HE. (3.5)

In this work, we shall treat the two-body interaction in the second line of
Eq. (3.5) within the self-consistent Hartree-Fock approximation (see Sec. ,
which amounts to approximating the two-body term by

t s 1 2
Cjzcncnﬂcn—&-l R p(CnpaCntr + chen) = p

7(ch ey + el yen) + 72 (3.6)

where the dimensionless variational parameters p and 7 satisfy the self-
consistency conditions

p= <C;rzcn>v T = <Cilcn+1>- (3.7)

In the absence of phonons, the solution of these equations was worked out a
long time ago by Bulaevskii [81]. Within the Hartree-Fock approximation the
fermion dispersion is

& =—ZJcosk+2mJ —h, (3.8)

where Z = 1 + 27 is the dimensionless renormalization factor of the nearest-
neighbor hopping, m = p — 1/2 is the dimensionless magnetization, and & is
the fermion lattice momentum in units of the inverse lattice spacing 1/b. In
Fig. we show the numerical result for Z(h) at T = 0 and we compare our
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mean-field result for m(h) with the exact magnetization curve of the Heisenberg
chain obtained via the Bethe ansatz [76].

To obtain the change of the elastic constant and the sound attenuation,
we should calculate the self-energy of the phonons due to the coupling to the
spins. Substituting the gradient expansion for the exchange coupling and
the Hartree-Fock decoupling into Eq. (3.5]), we arrive at the approximate
spin-phonon Hamiltonian

H=Fy+ Y &chor+Hy+ 0HE +H + HY, (3.9)
K
where Fy/N = h/2 + J(1% — p2) and
oHy = 2J@(r Z sin?(q/2)X (3.10a)
Wy = \/_ > 0t gLk, q)ch e Xy, (3.10D)
Kkq
HY = 5% Z Or k+Q1+Q2 a(k, g1, Q2)Ck’ckX Xgo (3.10c)
k”<¢¢11¢12

Here 6}/, = >, Ok ktorm enforces momentum conservation modulo a vector

of the reciprocal lattice, ¢, = N~1/2 >, e *nc,, and the cubic and quartic
interaction vertices are given by

Ts(k,q) = —iZJWY [sin(k + q) —sink] + 2imJVsing,  (3.11a)

Lk, q1,q2) = —zJ® cos(k 4+ q1 + g2) — cos(k + ¢2)

+cos(k) — cos(k + q1)

+2mJ®? [1+ cos(q1 + ¢2) — cos(q1) — cos(gz)],(3.11b)

which can be expanded for small phonon momenta,
Ts(k,q) ~ —igJV (Zcosk —2m), (3.12a)
Talk,qi.2) ~ qugeJ? (Zcosk —2m). (3.12b)

The coupling to the fermions gives rise to a momentum- and frequency-
dependent self-energy correction Il(q,iw) to the propagator of the phonon
field X,, which is proportional to [©* + w? 4 TI(g, iw)]~" (see Appendix [A)).

3.4 Phonon self-energy

To calculate the phonon self-energy I1(g, iw), it is convenient to formulate the
problem in terms of an imaginary time path integral [37] (see Sec. [1.4]). The
Euclidean action associated with the Hamiltonian (3.9) is given by

S[e,e, X] = S, ] + SE[X] + S*[e, ¢, X, (3.13)
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with a part containing only the fermion fields,

Ssle, ] = —/ (lw — &) Crek, (3.14)
K
and a part containing only the phonon fields,
P M, 2
SPIX] = 02 [@* 4w +1a(q) ] X_Xo. (3.15)

The spin-phonon interaction term is

S*[e, ¢, X] = / 5(Q + K — K\Ts(k, q)exrcx Xo
K K,Q

1
+= / 6(K + Ql + QQ — K,)F4(k’, q1, QQ)EK/CKXQIXQ2. (316)
Q,Q' K,K'

2
Here, we describe the phonon dynamics within an Euclidean action where we
have integrated over the canonical phonon momenta Py in the phase space
functional integral representation of the phonons |27, 82|. We have introduced
the composite indices K = (k,iw) and @ = (g, iw), where we denote fermionic
Matsubara frequencies with w and bosonic Matsubara frequencies with w,

2r(n + % 2
:%, w:%n, with n € Z. (3.17)

The corresponding sums are

w

and we define
(5(K - K,) — /BN(SUJ,UJ’(SZ’I{;" <3].9>

The fermion and boson fields in imaginary time have been Fourier transformed
to frequency space as

1 —i0T
X, (1) = N ;e Xo, (3.20a)

eu(7) = ﬁ% ; e (3.20b)

1 WT 5
k(1) = m zw:e CK. (3.20c)

Since the action is quadratic in the fermion fields, we can integrate out these
fields via the Gaussian integral formula for Grassmann fields [37],

/D[E, cle” fierr Axrrerers o DetA. (3.21)
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We separate the matrix A into three parts,
A= Gyt + AP A%, (3.22)

where [GyYkx = 6(K — K') (iw — &) and A and A% are the terms with
one and two phonon fields, respectively. We can now write

IkmA;:emDﬁA::Det(—Ggl)emD“@féﬂAm+A”D, (3.23)
and expand the logarithm in powers of the phonon ﬁeldsﬂ

In Det (i — Gy [Alp n A2p]) — BNTrLn (i e [ A Azp])

— 1 Alp i2n) 1"
- —n{S i ().
(3.24)
with [Golx.x = 0(K — K') (iw — &) " and [1]x 5 = (K — K'). The effective

action of the phonons up to quadratic order in the phonon fields is then given
by

SPX] = /Q % (@ + w? + TH(Q)] X_¢Xq, (3.25)

where the phonon self-energy has three contributions, II(g,iw) = Ta(q) +
IT3(q, 10) + Is(g), with

b(g) = (J®/M) (7 - p*) 4sin® (¢/2), (3.26a)
1 Jr = frtq 9
I5(q,i0) = MN%:& — €k+q+m|F3(k,q)| : (3.26b)
Ii(q) = ﬁkaR;(k:,q, —q), (3.26¢)
k

and f, = (€% + 1)~1 is the occupation of the fermion state with momentum
k in self-consistent Hartree-Fock approximation. The expansion to quadratic
order in the phonon fields corresponds to an expansion to second order in the
derivatives of the exchange coupling. From the analytic continuation of the
self-energy Il(q,iw) to real frequencies, we obtain the renormalized phonon
energy and the phonon damping [27] (see Appendix [Af for a derivation),

5 Rell(q, w, + 10) ImII(q, w, + 10)
W, = wy+ v Y= — . (3.27)
I 7 2w, I 2w,

"Since we define the matrix product with the rescaled sum given in Eq. (3.18), this also
requires a rescaling of the matrix operators: TrA = tr[A/(BN)], DetA = det[A/(BN)],
LnA =1n[A/(BN)]. Here, the lowercase operators denote the standard matrix operators.
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Figure 3.3: Comparison of theory and experiment for the relative change of
the sound velocity of the ¢y, mode: (a) in the ordered phase (7' = 50 mK) with
coupling constants g; = 0 and g» = —1.2 x 1073, (b) in the spin-liquid phase
(T = 1K) with coupling constants g; = 0 and g, = —1.1 x 1073. In the fitting
procedure we have allowed a constant offset for Ac/c which is necessary due
to a small anomaly in the experimental data close to zero magnetic field.

The renormalized phonon velocity can be obtained from é/c = lim, o @,/w,,
which yields for the shift Ac =¢ — ¢,

Ac/c = g +92C() (3.28a)

M = 73/ —Jf (&) (2m — Z cosk)?, (3.28b)
Vp — C

P = m?—-7%/4, (3.28¢)

where P denotes the Cauchy principal value, f'(&) = —ffx(1 — fi) is the
derivative of the Fermi function, v, = ZJbsink is the group velocity of the
fermionic excitations, and we have introduced the dimensionless coupling con-
stants g; = (JWb)2/(2Mc?J) and g, = JPb?/(2Mc?). In principle it should
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Figure 3.4: Experimental results for the relative change A~y of the sound at-
tenuation of the ¢y mode as a function of the magnetic field for three different
temperatures.

be possible to calculate these coupling using ab initio methods, but here we
simply determine g; and g, by fitting our theoretical prediction (3.28) to our
experimental data. In Fig. 3.3 we show a comparison between theory and ex-
periment as a function of the magnetic field. We find that the relative change
of the sound velocity Ac/c is best fitted by ¢; ~ 0 and go ~ —1.1 x 1073,
which gives J®b? ~ —238J. Only for our experimental data at the highest
temperature 7' = 1.15K, we get a finite value g; = 0.85 x 1072, which gives
JWh ~ 4+14.J. Because of the large value of ¢/(.Jb) = 6.8, the term c!) is more
than one order of magnitude smaller than @ for Csy,CuCly. While in the or-
dered phase (7" = 50 mK, upper panel) our theoretical prediction agrees
only for magnetic fields up to 5T with our experimental data, in the spin-liquid
phase (T" = 1K, lower panel) we obtain excellent agreement between theory
and experiment for magnetic fields up to 7T. A natural explanation for the
deviations at larger fields is that in this regime the fluctuations are controlled
by the dilute Bose gas quantum critical point at B, ~ 85T [14], which of
course cannot be described by our one-dimensional model.

Finally, let us discuss the ultrasound attenuation of the cgs mode in
CsyCully. Our experimental data for three different temperatures as a func-
tion of the magnetic field are shown in Fig. In the regime B < 7T
where the fluctuations controlled by the quantum critical point are negligible
and our theoretical prediction for the renormalization of the phonon velocity
agrees with experiment, the sound attenuation is very small and practically
constant. This can easily be explained within our one-dimensional model.
Using Eqgs. (3.26b) and (3.27)) we obtain for the damping

T dk
= gn | gnle = R Db )6~ ey ). (329

—Tr
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Figure 3.5: (a) Damping ~, for different values of r = ¢/(Jb) as a function of
the magnetic field at temperature 7'/J = 0.05. (b) Corresponding contribution

M to Ac/c defined in Eq. (3.28).

This expression is only finite if the absolute value of the maximal group velocity
v, = ZJb of the fermions exceeds the phonon velocity ¢. Because in CsyCuCly
this condition is never satisfied (¢/(Jb) ~ 6.8), the attenuation of the ¢y mode
vanishes in our approximation. Higher orders in perturbation theory will give
a finite result, but it will involve more than two derivatives of the exchange
coupling which are expected to be small.

On the other hand, the condition v, > ¢ can possibly be realized in some
other quasi-one dimensional quantum antiferromagnet. Let us therefore eval-
uate Eq. in the regime v, > c¢. In the long-wavelength limit ¢ — 0, we
obtain

o QICJ@(UE - 02)

Wg  20,4/1—c%/v2

where £, = JVi — h, and Vi =2m+ Z+/1 — ¢%/v2. A numerical evaluation of
this expression is shown in the upper panel of Fig. 3.5

[—F1(&VE = f(E)vE], (3.30)
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The damping exhibits strong peaks as function of the magnetic field, corre-
sponding to the resonance conditions £+ = 0 imposed by the broadened delta
functions —f'(£+) in Eq. (3.29). In the lower panel of Fig. we show that
close to the resonance the corresponding shift ¢ in the phonon velocities can
exhibit a sign change depending on the value of r = ¢/(Jb).

3.5 Summary and conclusions

We have developed a simple microscopic theory which explains ultrasound
experiments probing the propagation and the attenuation of the ¢y mode
in the spin-liquid phase of Cs,CuCly. Our basic assumption is that in the
spin-liquid phase the elementary excitations are one-dimensional fermions.
Therefore, we have mapped the spin-1/2 operators to spinless fermions via
the Jordan-Wigner transformation, where we have treated the interactions
between fermions within a self-consistent Hartree-Fock approximation. The
coupling between spins and phonons is due to the exchange-striction mecha-
nism where we have expanded the spin-phonon coupling to second order in the
phonon fields. We have then calculated the sound velocity and damping of the
c99 mode using a perturbative expansion to second order in the derivatives of
the exchange coupling. The excellent agreement between theory and exper-
iments shown in Fig. gives further support to the dimensional reduction
scenario advanced by Balents [9]. It would be interesting to test our theoreti-
cal predictions for the ultrasound attenuation shown in Fig. using suitable
antiferromagnetic spin chains with sufficiently small phonon velocities.



26

3. Ultrasound properties of the spin-liquid phase




57

Chapter 4

Hard-core boson approach in high
magnetic fields

4.1 Introduction

In this chapter, we consider the case of a large magnetic field B > B, along
the a axis, where the magnon excitations are gapped and the ground state
is the fully magnetized ferromagnet. Our goal is to describe the thermal ex-
citations above the ground state and to compare with experimental results
for the specific heat |14} [15]. We base our theoretical approach on a map-
ping of the spin-1/2 operators to hard-core bosons [46, 47|. For magnetic
fields B > B, and low temperatures, we then have a dilute gas of gapped
hard-core bosons where the ladder approximation captures the leading order
low-temperature contributions to the self-energy. Although the ladder approx-
imation has been extensively applied to the Bose-condensed phase of dilute
gases of hard-core bosons (see Ref. [17] and references therein), some sub-
tleties related to the hard-core limit in the gapped phase have only recently
been discussed by Fauseweh, Stolze, and Uhrig (FSU) [48| [83]. Benchmark-
ing the ladder approximation for an exactly solvable one-dimensional model
of hard-core bosons, FSU found that the ladder approximation indeed repro-
duces the correct low-temperature behavior and that a self-consistent ladder
approximation even extends the applicability to arbitrarily high temperatures
[48]. In this work, we apply the self-consistent ladder approximation to the
relevant two-dimensional model for Cs,CuCly. For a realistic description of
this material, we have to include additional interactions apart from the infi-
nite on-site interaction describing the hard-core constraint. To further explore
the range of validity of the self-consistent ladder approximation, we have also
applied this method to the exactly solvable one-dimensional XY model; ex-
tending the analysis of FSU [48|, we have examined the breakdown of the
self-consistent ladder approximation in the vicinity of the quantum critical
point of this model.

The rest of this chapter is organized as follows. In the next section, we
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describe the mapping of the relevant spin model for Cs;CuCly to an effec-
tive hard-core boson model. Then, in Sec. [4.3] we describe our theoretical
approach based on the self-consistent ladder approximation for the hard-core
interaction and a self-consistent Hartree-Fock decoupling for the remaining
non-hard-core interactions. In Sec. [£.4] we investigate the breakdown of the
ladder approximation near the quantum critical point for the exactly solvable
one-dimensional XY model and in Sec. [4.5] we present our numerical results for
CsoCuCly, which we compare with experimental data for the specific heat. Fi-
nally, in Sec. we summarize our main results. We give additional technical
details of our calculations in Appendix [B]
The results presented in this chapter have been published in [P4].

4.2 Hard-core boson model for Cs,CuCl,

We start from the for Cs,CuCly relevant two-dimensional antiferromagnetic
spin-1/2 Heisenberg model in an external magnetic field along the crystallo-
graphic a axis [13] (see Sec. for details),

1 z
iJ %

Here, we will use the hard-core boson representation of the spin-1/2 operators

|46, |47] introduced in Sec. |1.2.3]

St =b, S7 =0, SF=1/2-0blb, (4.2)

(2

where the hard-core boson operators satisfy the commutation relation
[bi, bﬂ =5, (1 - 2bjb,») , (4.3)

and the occupation number per site is restricted to n; = 0 or 1. The hard-core
boson constraint and the commutation relation (4.3|) can be realized by treating
the hard-core bosons as canonical bosons with an infinite on-site repulsion,

U .
Hy =~ Zi:b;fbjbibi, with U — oo. (4.4)

Note that the magnon excitations of the underlying spin system correspond to
hard-core boson excitations.

Using Eq. to express the spin operators in our Hamiltonian in
terms of hard-core bosons, we obtain the following hard-core boson Hamilto-
nian,

1
H=3 &bt 5 D (Ja+ Ubhgbio_gbube + Eo. (4.5)
k

k:7k/ 7q
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where we have Fourier transformed the hard-core boson creation and annihi-
lation operators,

1 . 1 )
b= —= > bie * bl = —=> "plet R 4.6
TN & kTN (4.6)

In the following, we will neglect the unimportant constant energy term

B (h). ar

The excitation energy & in the quadratic part of the Hamiltonian can be
written as

§k = €k — 1L (4.8)

where we have introduced the chemical potential

= he—h, (4.9)
and the energy dispersion
1
e =5 (J —J5)- (4.10)
Here
JP = Jp —iDy, (4.11)

where the Fourier transforms of the exchange and Dzyaloshinskii-Moriya in-
teractions are

Je = Y J(R)e™F
R

= 2J cos(kyb) + 4J" cos (k,b/2) cos (kyc/2), (4.12)
Dy = Y D(R)e ™%
= —IjliD sin (k,b/2) cos (ky,c/2) . (4.13)

In Eq. 1) JQD ~ —2.325 J is the absolute minimum of JP at Q =~
(3.474/b,0). Finally, the saturation field is given by
he 1

BC pr— p—
g 29iB

(JY —J5) ~84T. (4.14)

A contour plot of g is shown in Fig. In the following, we will use the direct
experimental value of the saturation field B, = 8.44(1) T instead of B, ~ 8.4 T
because the experimental value is more accurate than a calculation via the
Hamiltonian ([£.5). The reason is that the interaction constants in Eq.
have some experimental uncertainty and we have also neglected the interlayer
coupling J”; including J” in the calculation would result in B. ~ 8.5 T |14,
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Figure 4.1: Contour plot of the energy dispersion ¢y, defined in Eq. (4.10). The
white cross marks the minimum of ¢ at Q ~ (3.474/0,0).

. The value of the saturation field B, is important because, for a given
magnetic field, it determines the energy gap

A=—pu=h-—h.. (4.15)

We note that a small change of B, by 0.04 T changes the gap by about 0.014 J,
which is only significant close to the quantum critical point.

4.3 Implementing the self-consistent ladder ap-
proximation

In this section, we explain our theoretical approach to the hard-core boson
Hamiltonian (4.5). The central problem is how to deal with the interaction
part of the Hamiltonian,

Fhinn = 2N Z et U bL+qbk, b b, (4.16)
k.k'q

containing the exchange interaction J; and the infinite hard-core interaction
U — oo. We will deal with both interactions using different methods: for
the J, part we use a self-consistent Hartree-Fock decoupling, while for the
hard-core interaction U we use the self-consistent ladder approximation [4§].
This is necessary because the Jg; interaction cannot be easily included in the
self-consistent ladder approximation, as this would not allow a direct solution
for the effective interaction I' from the Bethe-Salpeter equation which would
significantly complicate matters, especially regarding the limit U — oco.
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4.3.1 Hartree-Fock decoupling

We approximate the J, interaction term in Eq. (4.16]) using a self-consistent
Hartree-Fock decoupling. Therefore, we write this term in real space,

1 1
N > " Jabk bk qbibe = 5 > " Jyblbiblb;, (4.17)
i?j

k7k/ 7q

and then we apply the usual Hartree-Fock decoupling (see Sec. [L.3),

+ Tjib;rbj + leb;rbl — TijTjiy (418)
giving
1
5 D blbiblb; = 7 I (nsb]bi + 7085 ) + B, (4.19)
1,J 0,3

where the Hartree-Fock parameters are given by

n; = <b}bi>, T = <bjbj>, (4.20)

and the constant energy term is
1
i
Due to translational invariance, we have
n;=n, T;=1(R;— R;). (4.22)

Because there is no inversion symmetry, 7(R) is a complex number satisfying
7*(R) = 7(—R). Since the exchange coupling J(R) is only non-zero for R =
+4;, there are three complex Hartree-Fock parameters related to 7(R),

T = 7(51), To = 7(62), T3 = T(63). (423)

However, the Hamiltonian (4.5]) is invariant under the transformation k, —
—Fk, and therefore 75 = 73. Transforming Eq. (4.19)) back to momentum space,
we get

1
N > Jabligblr_gbibi = Y (Jf + ndo) bbi + By, (4.24)
k.k'.q k
where ' ' '
Jp = 2JRe (Tle’k"sl) +2J'Re (7’26“662 + Tge’k"53) , (4.25)

J
Eyp = —N {50”2 + P+ I (=) + 5% | - (4.26)
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The Hartree-Fock approximation gives a constant energy shift Eyp, which
depends on the magnetic field and the temperature; moreover, the Hartree-
Fock approximation leads to a renormalization of single-particle excitation
energies & — &, where the renormalized excitation energies are

€k = ek — p+ J +np. (4.27)

The self-consistency equations for the Hartree-Fock parameters are given by

1 )
o= 7(6) = ;nke—“@'ﬁi, (4.28a)
1
no= 5 Xk: Nk, (4.28Db)
where the occupation number of a state with momentum k is given by
e = <bLbk> . (4.29)

If we neglect the hard-core interaction, we simply obtain the Bose-Einstein
distribution,
1
nilf = —— (4.30)
ePée — 1

where 8 = 1/T is the inverse temperature and the renormalized excitation en-
ergy & can be obtained in a straightforward way by solving the self-consistency
equations for the Hartree-Fock parameters for U = 0. Neglecting the hard-core
interaction is possible only for small temperatures T' < J when the bosons are
so dilute that the hard-core interaction does not contribute significantly.

4.3.2 Self-consistent ladder approximation

After the Hartree-Fock decoupling of the J, interaction, we obtain a Hamilto-
nian where the only remaining interaction is the infinite on-site repulsion,

~ U
H= Z gkb};bk: + ﬁ Z b;rc_,_qb;;/fqbk/bk + EMF- (431)
k

kK ,q

We will deal with this hard-core interaction using the self-consistent ladder
approximation developed in Ref. [48].

Imaginary time path integral formalism

To derive the self-consistent ladder approximation, it is convenient to formulate
the problem in terms of an imaginary time path integral |37, as discussed in
Sec. [1.4 The Euclidean action associated with the Hamiltonian (4.31) is

U

S[b,b] = — / Gy (K)brby + 3 b obrr—obrrbi . (4.32)
K K,K',.Q
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Figure 4.2: Diagrammatic representation of the self-energy in terms of the
effective interaction as given in Eq. (4.40).
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Figure 4.3: Ladder approximation for the effective interaction I' including all
particle-particle ladder diagrams.

The Green function G(K) and the corresponding self-energy ¥(K) are defined
via the functional average

bibr) = —BNG(K) = —BN— : (4.33)
(ube) Gy (K) = (K)
where the bare Green function Gy(K) is given by
1
wr — &k

From this path integral formalism a perturbative diagrammatic expansion of
the one-particle irreducible self-energy > (K) can be obtained in terms of the
bare Green function Go(K) and the interaction U, as explained in Sec. [1.4.3]

Self-consistent ladder approximation

Since we are dealing with a strictly non-perturbative problem (U — o0), it
is necessary to sum over a suitable infinite set of diagrams containing infinite
powers of U. Here we approximate the self-energy by summing over all particle-
particle ladder diagrams, where we express the self-energy in terms of the
effective interaction I', as shown in Fig. 4.2l The effective interaction then
includes the infinite series of particle-particle ladder diagrams indicated in
Fig. 4.3l Formally, this approximation is justified for SA > 1 because the
neglected diagrams are of order exp(—f3A) smaller than the ladder diagrams.
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Figure 4.4: Diagrammatic representation of the Bethe-Salpeter equation (4.37))
for the effective interaction I'.

The neglected diagrams for the self-energy include at least two lines going
backwards in imaginary time while the ladder diagrams only include a single
line of this type; each such line gives a suppression of exp(—/SA). This can be
seen by considering the bare Green function in imaginary time,

— |1+ 3 } kT, >0
Golk,7) = [ Fns(8e)] ¢ T (4.35)
—np(Ek)e” T <0
where ng(z) denotes the Bose function,
()= 5 (1.36)
np\r) = 6/81 — 1 .

We see that np(&) o< exp(—BA) for BA > 1 and therefore Gy(k,7) o
exp(—pA) for 7 < 0.

We can go beyond the ladder approximation and include higher order terms
by using the full Green function G(K) in the diagrammatic expansion instead
of the bare Green function Go(K') and then finding a self-consistent solution.

In this self-consistent ladder approximation, the effective interaction fulfills the
Bethe-Salpeter equation shown in Fig. [4.4]

(K, K;P)=U — U/ I'(K",K; P)G(K")G(P — K"). (4.37)

1"

Because the hard-core interaction U is a constant independent of the momen-
tum transfer, the Bethe-Salpeter equation has the simple solution

U

I'(K', K; P)=T(P) = TXOT(P)

(4.38)

where we have defined the particle-particle bubble

n(p) = /Q GQG(P - Q). (4:39)
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The self-energy in the self-consistent ladder approximation is given by
N(K) = —2/ G(QT(Q + K)e " (4.40)
Q

which is shown diagrammatically in Fig. [4.2l The convergence factor ¢®®"

implements the correct time ordering at the interaction vertex in the first

order term in U where a propagator line starts and ends at the same vertex
[37] (see Sec. [1.4.5). The Green function has the spectral representation

G(K) = / gy Ak) (4.41)

iy, — T

—00

where the spectral function is given by

Alk,w) = —lImG(k,erz'O’L)
T
1 ImX%(k,w)

i [w & — ReSE(k, w)] C 4 ISRk, w)]?

Y

(4.42)

and the retarded self-energy is obtained by analytic continuation to real fre-
quencies,

Yk, w) = S(k,w +1i0™). (4.43)

We note that the spectral function of hard-core bosons fulfills the following
sum rule [48],

/OO dw Ak, w) = <[bk, bLD —1-2n, (4.44)

o0

withfl
n= %;nk = %Zk:/_oo dx A(k,z)ng(x). (4.45)

Our goal is to calculate the self-consistent solution for the spectral function
A(k,w). But before we can do this, we have to take the limit U — oo analyt-
ically.

Taking the limit U — oo

We can write the effective interaction I'(P) as

I(P) = ﬁ 4 6T(P), (4.46)

8We write here the occupation number ng in terms of the spectral function via the relation
ng = (b bi) = (b (1)bge (7 — 0T)) = —5 X w0 G(K) = [Z_ dx A(k,z)np(z), where the
shift by 0" implements the correct ordering of the operators.
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where the second term

1 1

oT(P) = T I(P) 1+ UII(P)

(4.47)

does also contribute to the U — oo limit because the denominator of I'(P) can
vanish at high frequencies w, ~ O(U) leading to an additional delta function
contribution which has to be taken into account. This subtlety of the U —
oo limit has been noticed only quite recently by FSU [48]. We now follow
FSU to derive the correct hard-core limit for our model. First of all, we note
that II(p,w) o 1/w for w — oo. This allows us to introduce the spectral

representation
[ plp)
M(p,w) = /Oo 4 PP, (4.48)
where
1 .
plp,w) = ——Imll(p,w+i0")
1 (o]
- 2 deA@0Ap— a0 n) ~na(-).
q
(4.49)

Now, we use the fact that for w — oo

772
Dp.w)—U = — ) 1

= 4.50
T ) " o (4.50)

because II(p,w) x 1/w for w — oo. This implies that I'(p,w) — U has the
spectral representation

T(p,w)— U = /: dz ’pr_’“?, (4.51)
where
plp,w) = —%Im [C(p,w +i0")]
= flp,w)— %Im [60(p,w +i0™)], (4.52)
with
f(p,w) = —rp.w) . (4.53)

00 plp.a)]? 2
(P I, dnt22 | [mp(p,w)

Here, P denotes the Cauchy principal value which arises from the identity
1/(w+1i0") = P(1/w) —imd(w). For the contribution of 4T to p(p,w) we recall
that the denominator of dI'(p,w) can vanish when w ~ O(U) and only in that
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case there can be a contribution from 0I'. Therefore, we expand II(p,w) for
large frequencies w ~ O(U) (we take U to be very large but finite),

I1(p,w) ~ p(’ip) + pif) +0 (%) , (4.54)
where
wiv) = [ dooip.o) (4.55)
pip) = [ deaplp.a) (455b)
We find
ST(P) ~ — ! ! (4.56)

AP EP 0 (F) 1+ U+ UE - O]

where the terms O(1/w?) and O(U/w?) vanish at the pole w ~ O(U) in the
limit U — oo, justifying the expansion to order 1/w?. Therefore, we have

1 w?
)™ =50l L 00 o~ w1 (p)] [0 — a()] (4.57)

w w

where the poles are given by

ap) = -Unlel [UAEE
~ =Upo(p), U — o0, (4.58a)
wy(p) = —Upg(p) + \/U2p§<p) — Upi(p)
_ _m() ~
0(D) U — oc. (4.58b)

Ounly the pole at w; ~ O(U) is relevant for the analytic continuation in
Eq. (4.52) because the other pole at wy ~ O(U?) is spurious, since we have
expanded for large frequencies w ~ O(U). In total, we get

1 w?

poo(Jp) + PL_(QP) w — wa(p)

plp,w) = f(p,w) — 0(w — wi(p))- (4.59)

We can now use the spectral representation (4.51) in Eq. (4.40) and take the
limit U — oo to get the following expression for the self-energy,

np(x) — np(z)
) wy + 2 —x

2 > T + 1wy pl(q+ k)
+N;/—oo dr A(q, z)np(v) [po(q+k) Nk (4.60)

(K) = —%Z/wdm/m dr'A(q, ") f(q+ k,z
q —00 —00
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By analytic continuation to real frequencies, we obtain the real and imaginary
part of the retarded self-energy,

ReZf(k,w) = Z/ 4o Alg, D)ns(z) pog(:q++wk) - z%ggi,l:;
P / " e % (4.61)
Im¥*(k,w) = —7ps(k,w), (4.61b)
where
polho) = 53 [ dvA@.o)f(a+ koot lnnle) s+ ).
' (4.61c)

To summarize, we have obtained the self-energy in the limit U — oo which
we can calculate starting from an initial spectral function. Via Eq. we
can then calculate the next iteration of the spectral function allowing us to
find a self-consistent solution for the spectral function. After each iteration
the Hartree-Fock parameters n, 71, 7o, and 73 have to be updated via the
self-consistency equations (4.28a) and (4.28b) using

g = <bLbk> - / " dn Ak, )0 (). (4.62)

—0o0

4.4 Numerical results for the one-dimensional
XY model

Before applying the above approach to the hard-core boson model for Csy,CuCly,
it is instructive to test its validity for the exactly solvable one-dimensional
spin-1/2 XY model in a magnetic field. Although a similar model has been
already studied in detail in Ref. [48], the breakdown of the self-consistent
ladder approximation in the vicinity of the quantum critical point has not
been investigated.

The XY model in one dimension is given by

Hip = J > (SFS7, + SPSY,) hz 2 (4.63)
which can again be mapped to hard-core bosons (neglecting constant terms),

Hip = kab by + — Z bk+q ;2,, bk/bk, (4.64)
k

k:k’

with excitation energy

& = J [cos(kyb) + 1] — p, (4.65)
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Figure 4.5: Comparison of the results for the boson density n obtained from
the self-consistent ladder approximation (symbols) with the exact result (solid
lines) at different energy gaps A for the one-dimensional XY model.

where p = h, —h = —A and h. = J. An exact solution can be found by map-
ping the hard-core bosons to fermions via the Jordan-Wigner transformation,

b

;= e s cchlcj, bl = c}e”zkd ClTCl, (4.66)

J

resulting in the quadratic Hamiltonian

Hip = kaCLCk, (4.67)
A

where the operators cL and ¢, are fermionic creation and annihilation operators.
The hard-core boson density is therefore exactly given by

1 1

which can be compared to the approximate solution from the self-consistent
ladder approximation for the hard-core boson model. We note that for low
temperatures at u = 0, the exact density (4.68) has the following asymptotic

behavior,
V2T )T [~ 1
n~ —// dx ~ 0.241\/T/ J, (4.69)
T 0

e +1
in agreement with the expected behavior of one-dimensional bosons at the
quantum critical point [84].

In Fig. [4.5] we compare the approximate result for the boson density n ob-
tained within the self-consistent ladder approximation with the exact solution.
The relative error én/n of the approximate result is shown in Fig. where
we define

5n/n _ Nadder — Texact ' (47())
Nexact
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Figure 4.6: Relative error dn/n of the boson density (see Eq. (4.70)) in the
self-consistent ladder approximation for the one-dimensional XY model as a
function of temperature at different energy gaps A.

Here, njaqqer is the result from the self-consistent ladder approximation and
Nexact 18 the exact result. For a finite energy gap, we see that the error vanishes
for low and high temperatures with a maximum error at 7' ~ A, while the error
becomes smaller for larger energy gaps. For A = 0, the error keeps increasing
for smaller temperatures, getting closer to the quantum critical point at 7" = 0,
but decreases for higher temperatures. We conclude that the self-consistent
ladder approximation gives good results over the whole temperature range for
finite energy gaps A 2 0.1 J.

4.5 Numerical results for Cs,CuCl,

In this section, we apply our hard-core boson approach described in Sec. [£.3] to
the relevant model for Cs;CuCly given in Sec. From the numerical solution
of the self-consistent ladder approximation, we calculate the spectral function
of the hard-core bosons at finite temperatures for different magnetic fields in
the regime B > B, where the energy gap A > 0 is finite. Given the spectral
function, we can calculate the magnetization, the internal energy, and the
transverse part of the spin dynamic structure factor. From the magnetization
and internal energy, we obtain the magnetic susceptibility and the specific heat
by numerical differentiation. Finally, we compare our results with experimental
data for the specific heat |14} |15]. Technical details of the numerical solution
of the self-consistent ladder approximation can be found in Appendix [B}
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4.5.1 Spectral function

Due to the finite energy gap A > 0, at zero temperature the spectral function
is exactly given by the non-interacting spectral function,

Alk,w) = Ag(k,w) = 0(w — &). (4.71)

At finite temperatures, interactions will lead to a renormalization of the exci-
tation energy & and a broadening of the delta peaks. Since we are treating the
Jq interaction term on a Hartree-Fock level, this alone would only renormalize
the excitation energy by & — ék resulting in

Ak, w) = 6(w — &). (4.72)

Taking in addition the hard-core interaction via the self-consistent ladder ap-
proximation into account will lead to a broadening of the spectral function
with rising temperature, as shown in Fig. [£.7 Besides the broadening, we
notice that the bandwidth shrinks with rising temperature and the minimum
of the spectral function gets shifted to higher energies increasing the effective
energy gap from its bare value A at 7' = 0. In Fig. we contrast the be-
havior of the spectral function at k = 0 and at the minimum of the dispersion
k = Q. While at k = 0 the position of the peak only moves to slightly higher
energies, at the minimum of the dispersion the peak gets considerably shifted
to higher energies. Due to the finite frequency resolution in our numerical
calculation (see Appendix A), we cannot reach arbitrarily low temperatures
and are restricted to temperatures T' > 0.2A where the spectral function is
not too narrow to be resolved. However, in the temperature range T < 0.2A,
the hard-core interaction can be neglected and we can then just use the self-
consistent Hartree-Fock decoupling without hard-core interaction, as we will
show further below.

The spectral function can be related to the in-plane components of the spin
dynamic structure factor. The spin dynamic structure factor is defined by

599 (ko ) = /_ T (524 (052(0)). (4.73)

oo 2T

where o, § = x,y, z and the Fourier transforms of the spin operators are defined

via ]
S = —— e~k Riga 4.74

The in-plane components of the spin dynamic structure factor are given by

5 (hw) = SW(k,w) = g [Alkw) + A(—k,w)],  (4750)
S(kyw) = —S¥(k,w) = iﬁ[A(k,w)—A(—k,w)], (4.75b)



72 4. Hard-core boson approach in high magnetic fields

T=1K,B=9T

oo
A(ka, ky = 0,w)J

2.25
2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00

A(ke, ky = 0,w)J

Figure 4.7: Contour plots of the spectral function A(k,w) of the hard-core
bosons at k, = 0 for temperatures of 1 K and 4 K in a magnetic field B =9 T
corresponding to an energy gap A = 0.19J. The white dashed line is the bare

excitation energy & given by Eq. (4.8)).

where S™(k,w) and S¥*(k,w) do not vanish due to the broken inversion sym-
metry. The U(1) symmetry due to the spin-rotational invariance with respect
to the z axis requires that

S (k,w) = % (k,w) = S¥(k,w) = S (k,w) = 0. (4.76)

The 5% component of the spin dynamic structure factor cannot be simply
expressed in terms of the spectral function because it is a two-particle Green
function in terms of the hard-core boson operators,

5% (k Z / et (BB (O)bga)) . (477)
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Figure 4.8: Spectral function A(k,w) at k = 0 and at k = Q (at the minimum
of the dispersion) in a magnetic field B = 9 T corresponding to an energy gap
A =~ 0.19J.

4.5.2 Magnetic moment and magnetic susceptibility

The magnetic moment per site is given by

1
m = (S7) = 5~ M (4.78)
where n is the boson density per site which can be expressed in terms of the
spectral function,
1

n = N;nk, (4.79)

with -
e = <bgbk> - / dz A(k, 2)np(x). (4.80)

We define the magnetic susceptibility x via

dm

== (4.81)

X
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Figure 4.9: Numerical results for the magnetic moment m at different magnetic
fields between 9 T and 11.5 T.

In the limit T — 0 the boson density vanishes and the asymptotic low-
temperature behavior of the susceptibility is therefore the one of free bosons
because all interaction are frozen out,

X X T e 2/7, (4.82)

where d is the dimensionality (d = 2 in our case) and A the energy gap.

The numerical results for magnetic moment and magnetic susceptibility for
different magnetic fields above the saturation field are shown in Fig. and
Fig.[4.10] respectively. In Fig. we compare our numerical results from the
self-consistent ladder approximation with the low-temperature Hartree-Fock
approximation without hard-core interaction and with a simple spin mean-field
theory, which we describe in Appendix [C| We see that for low temperatures
T < J the Hartree-Fock and the ladder approximation give essentially the
same results. This allows us to use the Hartree-Fock approximation in the
low-temperature regime where the self-consistent ladder approximation is dif-
ficult to implement due to the limited frequency resolution. At higher temper-
atures the hard-core interaction becomes important and the high-temperature
behavior is approximately captured by the spin mean-field theory.

4.5.3 Internal energy and specific heat

The internal energy is given by

E=(H)=> &nk+ Eur, (4.83)
K

where the infinite on-site interaction does not contribute because its expec-
tation value is zero if the hard-core constraint is fulfilled. The specific heat
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Figure 4.10: Numerical results for the magnetic susceptibility y at differ-
ent magnetic fields between 9 T and 11.5 T. The thin solid lines are low-
temperature results from the Hartree-Fock approximation without hard-core
interaction, which allows us to get results in the low-temperature regime where
the self-consistent ladder approximation cannot be used due to the limited fre-
quency resolution.
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Figure 4.11: Comparison of the results for the magnetic susceptibility x from
the self-consistent ladder approximation, Hartree-Fock approximation without
hard-core interaction, and spin mean-field theory for a magnetic field B =9 T
corresponding to an energy gap A ~ 0.19.J.
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C (Jmol ' K1)

Figure 4.12: Numerical results for the specific heat C' at different magnetic
fields between 9 T and 11.5 T. The thin solid lines are low-temperature
results from the Hartree-Fock approximation without hard-core interaction,
which allows us to get results in the low-temperature regime where the self-
consistent ladder approximation cannot be used due to the limited frequency
resolution.

at constant volume is obtained by taking the temperature derivative of the
internal energy,

_dE

C_ﬁ'

(4.84)
We note that Fyr depends on temperature and has to be taken into account
for calculating the specific heat. The asymptotic low-temperature behavior of
the specific heat is given by

CocTT e T, (4.85)

The numerical results for the specific heat at different magnetic fields above
the saturation field are shown in Fig. [£.12] In Fig. [{.13] we again compare our
numerical results from the self-consistent ladder approximation with the low-
temperature Hartree-Fock approximation without hard-core interaction and
with a simple spin mean-field theory described in Appendix [C| The magnetic
contribution to the specific heat of Cs,CuCly has been measured experimen-
tally |14} |15]. The more recent data published in Ref. [15] differ slightly from
Ref. [14] for B = 11.5 T and are in better agreement with the expected size
of the energy gap at that field strength. Therefore, in Fig. we compare
our results with the experimental data from Ref. [15], where we find that our
theory captures the experimentally observed behavior both qualitatively and
quantitatively. At low temperatures, the slope in the logarithmic plot of CT
versus 1/7 in Fig. is given by —A, which follows directly from Eq. .
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Figure 4.13: Comparison of the results for the specific heat C' from the self-
consistent ladder approximation, Hartree-Fock approximation without hard-
core interaction, and spin mean-field theory for a magnetic field B = 9 T
corresponding to an energy gap A ~ 0.19.J.
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Figure 4.14: Comparison of our numerical results for the specific heat (solid
lines) with experimental data from Ref. [15]| (symbols) for different magnetic
fields between 9 T and 11.5 T. The dashed lines are low-temperature results
from the Hartree-Fock approximation without hard-core interaction, which
allows us to get results in the low-temperature regime where the self-consistent
ladder approximation cannot be used due to the limited frequency resolution.
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4.6 Summary and conclusions

We have mapped the spin-1/2 Heisenberg model describing Cs,CuCly to a
model of hard-core bosons where the hard-core constraint has been taken into
account by an infinite on-site repulsion. Since we have only considered mag-
netic fields B > B, (along the a axis perpendicular to the lattice plane),
we had to deal with gapped hard-core bosons. Due to the energy gap, the
hard-core interaction can be taken into account using the self-consistent lad-
der approximation [48] and the remaining interactions can be treated within
the self-consistent Hartree-Fock approximation. Before applying this method
to CsyCuCly, we have investigated for the exactly solvable one-dimensional
XY model how the ladder approximation breaks down in the vicinity of the
critical field B., finding that the ladder approximation for finite energy gaps
A works well both at low and high temperatures and the deviations, maximal
at T =~ A, decrease with rising energy gap A. We have then calculated the
spectral function of the hard-core bosons for Csy,CuCly from which we have
obtained the magnetic susceptibility and the specific heat. The calculated
specific heat is in good agreement with the available experimental data. We
conclude that the self-consistent ladder approximation in combination with a
self-consistent Hartree-Fock decoupling of the non-hard-core interactions gives
an accurate description of the physical properties of gapped hard-core bosons
in two dimensions at finite temperatures. An extension to three dimensions is
straightforward and would only increase the numerical effort due to an increas-
ing number of lattice sites. While in our work we started from a spin-1/2 model
which we mapped to hard-core bosons, our theoretical approach is applicable
whenever the elementary excitations can be described by gapped hard-core
bosons; for example, in spin-dimer systems and systems of ultracold bosonic
atoms (see Ref. [48] for more details and references for these examples).
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Appendix A

Phonon energy and damping from
the phonon self-energy

In this appendix, we show how we can obtain the renormalized phonon energy
and the phonon damping from the analytic continuation of the self-energy
I1(q, iw) to real frequencies |27]. The phonon Green function F(q,iw) and the
corresponding self-energy I1(g, iw) are defined by

- M 1
F(quw) - B_N <XQX—Q> - o2 +w3 + H(q,l@)7 (A]')

where ) = (g, iw) with bosonic Matsubara frequencies @ and the phonon fields
are defined as in Sec[3.4] The corresponding retarded Green function can then
be obtained by analytical continuation to real frequencies 37,

1
—w? 4+ w2 + 1If(q,w)’

FR(q,w) = F(q,i® = w+1i0T) = (A.2)

with the retarded self-energy 11%(q,w) = II(q,w + i07). The renormalized
phonon energy is determined by the complex poles of the retarded Green func-
tion [38]. This can be seen by Fourier transforming from frequency to time,

FR(q,t) = /OO dw e R (q,w). (A.3)

oo 2T

This integral can be solved by the residue theorem considering the positions
of the complex poles of F%(q,w) [38]. If the self-energy is small compared to
wg, the complex poles are at (see Fig. |A.1)

wy R~ j:\/wg—i—HR(q,j:wq)

TR (g, +
g, @ Ewe) (A4)
2w,

Q
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Figure A.1: Complex poles w. (indicated by crosses) of the retarded Green
function F'%(q,w) as given by Eq. (A.4).

The retarded Green function is then given by

Fi(qt) = —if(t) Y e ™' Res [FR(qw)],_,,

p==%

— Ze(t) (ie—iwg& 4 ie—iwt>
2 W4 w_

where we have defined

Rell"(q, w,) ImI1#(q, w,)
_ ’ — ’ A6
Wg = Wq 2%, v Vq 2w, ) (A.6)
and used
Rew; = —Rew_, Imw; =Imw_, (A.7)

which follows from the following analytical property of the retarded phonon
self-energy (with inversion symmetry assumed),

(g, —w) = [1*(g,w)]". (A-8)

From Eq. (A.5)) it is now obvious that @&, can be identified as the renormalized
phonon energy and -y, as the phonon damping.
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Appendix B

Numerical details

In this appendix, we give more details on the numerical solution of the self-
consistency equations for the spectral function A(k,w) of the hard-core bosons
given in Chapter [l and we show how we discretize the Brillouin zone for these
calculations.

B.1 Calculation of the spectral function

To find a self-consistent solution for the spectral function A(k,w), we have to
start from an initial spectral function A (k,w). If we would just have the
standard non-self-consistent ladder approximation, we would replace A(k,w)
by the non-interacting spectral function Ag(k,w) and then directly calculate
the spectral function A(k,w). It is therefore sensible to use the non-interacting
spectral function as the initial spectral function, which is given by

Ap(k,w) = —%ImGo(k,w +i0%) = 0(w — &). (B.1)

We note here that at T' = 0 the spectral function is not affected by interactions,
A(k,w) = Ap(k,w), because the ground state is the vacuum without any
bosons due to the energy gap. For the numerical calculation, we replace the
delta function by a box function of finite width n (e.g., n = 0.1 J) centered at
w = &. This is fine as long as & > 0 which is the case for magnetic fields
B > B.. For & < 0, we have to take the sign of the spectral function into
account [37],

sgn [A(k,w)] = sgnw. (B.2)

Therefore, a positive delta peak is not permitted for negative frequencies and
the non-interacting spectral function cannot be used for values of k with & <
0. In our calculations, we instead place a step function at a small positive
frequency when &, < 0. This allows us to find a self-consistent solution even
for B < B,.

Having chosen an initial spectral function, the next step is to calculate
p(p,w) via Eq. (4.49)), which is a multi-dimensional convolution that can be
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calculated with the fast Fourier transform method, e.g., using the FF'TW li-
brary [85]. Then f(p,w) can be obtained from Eq. (4.53)), where the principal
value integral can also be evaluated as a convolution [86]. Next, the calcula-
tion of px(k,w) via Eq. and ReX(k,w) via Eq. also involves
convolutions. While the values of k are naturally discretized for a finite lat-
tice, as discussed in Appendix [B.2] the real frequencies w have to be artificially
discretized, leading to a limited frequency resolution, and a frequency cutoff
has to be introduced (e.g., |w| < 20.J). When using the fast Fourier trans-
form method to evaluate the convolutions, this treats the functions as periodic
both in momentum and frequency space, leading to a wrap-around effect in
the frequency dependence of the calculated functions. This wrap-around error
can be dealt with by setting the spectral function A(k,w) to zero for frequen-
cies larger than a certain cutoff (e.g., for |w| > 10.J). In our calculations, we
typically used lattice sizes up to 4096 sites and up to 131072 frequency points.

To achieve convergence, a simple mixing update procedure has to be used,
where the updated spectral function and Hartree-Fock parameters are set to be
a mixture of the previous iteration and the new values from the self-consistency
equations. In our case, a mixing of 50% worked well. We note that in the case
without the self-consistent Hartree-Fock decoupling (e.g., for an XY model),
mixing is not necessary to achieve convergence. The converged numerical result
should (up to a small numerical error) fulfill the sum rule [48|

/OO dw Ak, w) = 1 — 2. (B.3)

[e.9]

B.2 Brillouin zone discretization

The use of fast Fourier transform methods is based on the periodicity of the
transformed functions. Therefore, the Brillouin zone should not be arbitrarily
discretized because that would in most cases destroy the periodicity. Still,
there is an infinite number of possible parameterizations of the Brillouin zone.
In our work, we have used two parameterizations which we will present here.
The first parameterization starts from the lattice basis

. b. c.
a; = bw, ay = —5.’1: + §y, (B4)
with the corresponding reciprocal basis
2 . 27 . 4
bp=—ax+—y, by=—y. (B.5)
b c c

The lattice momentum vectors can then be expanded in terms of the reciprocal
basis,

k = klbl + kgbz, (B6>
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where the periodic boundary conditions dictate that

l

ki=—, 1, e€{0,..,N—1}, (B.7a)
Ny
l

ky= -2, 1,€{0,..,Ny—1}. (B.7b)
Ny

The total number of lattice sites is N = N;N,. To obtain a uniform mesh [87],
we have to choose
N, = 2N, (B.8)

The second (primed) parameterization starts from the lattice basis

b. c. b. c.
with the corresponding reciprocal basis
2T . 21, 2 . 21 .

The lattice momentum vectors can again be expanded in terms of the reciprocal
basis,
k = kb + kb, (B.11)

where the periodic boundary conditions dictate that

i

K=k Be{0,. N -1}, (B.12a)
1
!

k;:%, ILe{0,..,N;—1}. (B.12b)
2

The total number of lattice sites is N = NjNJ. To obtain a uniform mesh [87],
we have to choose
N, = NI (B.13)
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Appendix C

Spin mean-field approximation

We expect that at high temperatures 7" > J, the spins decouple and it is
sufficient to describe the spin-spin interactions on a mean-field level where the
effects of the interactions are approximated by an effective magnetic field. To
derive this mean-field description, we start from the Hamiltonian (L.1)),

1
H= 5Z[Jijsi-Sj+Dij (S;x 8] —hY_S;. (C.1)
ij i
First, we note that only the z-component of the expectation values of the spin
operators does not vanish,

(S;) =mz, m=(S7). (C.2)
Expanding up to linear order in fluctuations from this expectation value, we

find

2

N~ —NJom7 — D Z Sz, (C.3)
where the effective magnetic field is given by Z
heg = h — Jom, (C.4)
with
Jo=2J +4J. (C.5)
The magnetic moment m is obtained by solving the self-consistency equation
m = %tanh (gheﬁ) : (C.6)

and the energy in this mean-field approximation is a simple function of mag-
netic field and magnetic moment,

1
E=N <§J0m2 - mh) : (C.7)

Results from this approximation are used in Chapter [4, where we compare the
self-consistent ladder approximation with this spin mean-field approximation
to evaluate the high-temperature behavior.
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Appendix D

Deutsche Zusammenfassung

In dieser Arbeit beschéftigen wir uns mit einer theoretischen Beschreibung
von CsyCuCly und wir beginnen deshalb in Kapitel [1| mit einer Diskussion
der fiir uns relevanten Eigenschaften dieses Materials. CsyCuCly ist ein an-
tiferromagnetischer Isolator mit einer orthorhombischen Kristallstruktur. Die
Cu?" Tonen haben einen Spin von 1/2 und formen in den bc-Ebenen ein Drei-
ecksgitter (siche Abb. . Die Elektronen, die den Spin-1/2 tragen, sind
aufgrund der starken Coulomb-Wechselwirkung auf den Cu?* Gitterplitzen
lokalisiert. Das bedeutet, dass Cs;CuCly ein Mott-Isolator ist, wobei die Spins
iiber Austauschkopplungen miteinander wechselwirken. Innerhalb der letzten
beiden Jahrzehnte sind verschiedene interessante physikalischen Eigenschaf-
ten von CsyCuCly ausfiihrlich untersucht worden, wie z.B. Spinfliissigkeitsver-
halten mit Spinon-Anregungen [P2, 1112], Bose-Einstein-Kondensation von
Magnonen am quantenkritischen Punkt [1317] und das komplexe Phasendia-
gramm bei Magnetfeldern innerhalb der be-Ebene |2, [18-23].

Das magnetische Verhalten von Cs,CuCly kann mit Hilfe des folgenden
zweidimensionalen Spin-1/2-Heisenberg-Modells beschrieben werden (mit Ma-
gnetfeld entlang der kristallographischen a-Achse) |13,

1 P
H=§Z[Jz‘jsi"sj+Dij'(Si x S;)] —hZSi, (D-1)

ij

wobei die Summen iiber N Gitterplatze laufen und h = gupB die Zeeman-
Energie ist mit dem effektiven g-Faktor g = 2.19(1). Die Spin-1/2-Operatoren
S; = S(R;) befinden sich auf den Gitterplidtzen R; eines anisotropen Dreiecks-
gitters mit Gitterkonstanten b und ¢ (siehe Abb. . Die Austauschkopplun-
gen J;; = J(R;— R;) verbinden benachbarte Spins entlang der kristallographi-
schen b-Achse (J;; = J) und entlang der Diagonalen (J;; = J'). Aufgrund der
gebrochenen Inversionssymmetrie in Cs,CuCly gibt es auch Dzyaloshinskii-
Moriya-Wechselwirkungen D;; = D;;z, die benachbarte Spins entlang der
Diagonalen verbinden (D;; = +£D), wie in Abb. gezeigt. Die genaue
Form des Hamiltonians und die Werte der Wechselwirkungskonstan-
ten sind mit inelastischen Neutronenstreuungsexperimenten in Magnetfeldern
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Abbildung D.1: Ausschnitt des anisotropen Dreiecksgitters, das von den Spins
in CsyCuCly gebildet wird. Die stérkste Austauschkopplung J verbindet die
Spins néchster Nachbarn entlang der kristallographischen b-Achse, wahrend
die schwichere Austauschkopplung J' Spins entlang der Diagonalen verbindet.
Es gibt zudem noch schwache Dzyaloshinskii-Moriya-Wechselwirkungen D =
+Dz, die benachbarte Spins entlang der Diagonalen verbinden. Die Richtung
von D ist angegeben durch @ fiir +2 und ® fiir —2. Wir betrachten nur den
Fall eines Magnetfeldes B entlang der a-Achse, die senkrecht zur Gitterebene
steht.

oberhalb des Sattigungsfeldes B. = 8.44(1) T gemessen worden. Die etablier-
ten Werte sind [13]: J = 0.374(5) meV = 4.34(6) K, J'/J = 0.34(3) und
D/J = 0.053(5). Es gibt auch eine schwache Kopplung von Spins benachbar-
ter Ebenen, J”/J = 0.045(5), die wir aber vernachléssigen, da diese Kopplung
nur fiir sehr niedrige Temperaturen 7" < 0.1 K und in der antiferromagnetisch
geordneten Phase in Magnetfeldern B < B, relevant ist und wir diese Bereiche
in dieser Arbeit nicht untersuchen werden.

Das Phasendiagramm fiir Cs,CuCly als Funktion der Temperatur 7" und
eines externen Magnetfeldes B2z senkrecht zur bc-Ebene ist in Abb. sche-
matisch dargestellt |1]. Genau genommen gibt es nur zwei Phasen: eine pa-
ramagnetische Phase mit Spinrotationsinvarianz beziiglich der z-Achse und
eine antiferromagnetisch geordnete Phase (bezeichnet als 3D AFM LRO), in
der diese Spinrotationsinvarianz spontan gebrochen ist. Die beiden anderen
in Abb. dargestellten Phasen sind Teil der paramagnetische Phase, die
wir in drei Bereiche unterteilen: eine Spinfliissigkeitsphase mit starken kurz-
reichweitigen Spinkorrelationen, eine ferromagnetische Phase mit fast komplett
polarisierten Spins und ein paramagnetischer Bereich. Die gestrichelten Linien
in Abb. [D.2] die diese Phasen unterteilen, sind daher keine Phaseniibergéin-
ge, sondern geben den Ubergang von einem Bereich in den anderen an (ein
sogenannter Crossover).
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Abbildung D.2: Schematisches Phasendiagramm von CsyCuCly (Nachzeich-
nung von Fig. 1 in Ref. [1]) als Funktion der Temperatur 7' und des externen
Magnetfeldes Bz entlang der kristallographischen a-Achse. Die experimentel-
len Datenpunkte fiir den Ubergang von der paramagnetischen zur ferromagne-
tischen Phase (Quadrate) und fiir den Phasentibergang von der geordneten zur
Spinfliissigkeitsphase (schwarze Kreise) stammen aus Ref. , wohingegen die
Datenpunkte fiir den Ubergang von der Spinfliissgkeitsphase zur paramagne-
tischen Phase (Rauten) aus Ref. stammen.

Die Spin-1/2-Operatoren in Gl. (D.1)) erfiillen die Kommutationsrelationen

[S,55] = 20587, [Si,S5] = F6,57, (D.2)

7

wobei S = S £iSY und S§? = 3/4. Diese Kommutationsrelationen sind
komplizierter als die einfachen (Anti-)Kommutationsrelationen von Fermionen
und Bosonen,

J

{ci,c;r-} = dij, {c;r,c}} = {ci,¢;} =0, (D.3b)

[bi,bT] _ [b},bﬂ:[bi,bj]:O, (D.3)

wobei b und b; bosonische und ¢! und ¢; fermionische Erzeugungs- und Ver-
nichtungsoperatoren sind und {¢;, cj} = cic;+cj-c,~ der Antikommutator ist. Der
Vorteil von bosonischen und fermionischen Operatoren ist, dass das Wicksche
Theorem fiir diese Operatoren existiert und damit die Methoden der Green-
schen Funktionen und Feynmandiagrammen verwendet werden kénnen |37,
. Deshalb ist es in vielen Féllen sinnvoll die Spinoperatoren durch bosoni-
sche oder fermionische Operatoren darzustellen . In Kapitel [1| dieser Arbeit
werden deshalb einige mogliche Représentationen der Spinoperatoren disku-
tiert. Zudem erlautern wir die Hartree-Fock-Naherungen und diagrammati-
schen Methoden, die wir zur Behandlung der Wechselwirkungen verwenden.
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Abbildung D.3: (a) Anisotropes Dreiecksgitter mit Austauschkopplungen J;
(fette Linien), J (diinne Linien) und J3 (diinne gestrichelte Linien) zwi-
schen néchsten Nachbarn; die zugehdrigen Verbindungsvektoren sind 8, = bx,
0y = —gdz+§g und d3 = —gﬁc—gg. Fiir CsoCuCly, setzen wir J; = J =4.34 K
und J, = J3 = J' = 1.49 K; die Gitterstruktur ist orthorhombisch mit Git-
terkonstanten b = 7.48 A und ¢ = 12.26 A innerhalb einer Gitterebene; die
kristallographische a-Achse steht senkrecht zu den Gitterebenen. (b) Topolo-

gisch dquivalentes Quadratgitter mit diagonalen Verbindungen.

In Kapitel 2| verwenden wir die Majorana-Fermion-Darstellung der Spin-1/2-
Operatoren, um die Spinfliissigkeitsphase zu untersuchen. Dabei finden wir,
dass die elementaren Anregungen quasi-eindimensional sind, was uns in Kapi-
tel 3| ermoglicht die Ultraschalleigenschaften in der Spinfliissigkeitsphase mit
Hilfe eines eindimensionalen Modells zu untersuchen, wobei wir die Spinope-
ratoren mit der Jordan-Wigner-Transformation durch spinlose Fermionen dar-
stellen. In Kapitel [ betrachten wir dann schlieflich die thermodynamischen
Eigenschaften von Csy;CuCly in Magnetfeldern oberhalb des Saturierungsfel-
des B, = 8.5 T und verwenden dazu die Hardcore-Boson-Darstellung fiir die
Spinoperatoren. Die Methoden die wir in dieser Arbeit entwickeln sind dabei
nicht auf CsyCuCly beschrinkt, sondern kénnen auch auf andere Materiali-
en angewendet werden, die durch ein Spin-1/2-Heisenberg-Modell auf einem
Dreiecksgitter beschrieben werden konnen. Ein wichtiges Beispiel ist die Ma-
terialklasse CsyCu(Cly_,Br,), bei der Chlor teilweise durch Brom substituiert
wird, wodurch die Stérke der Austauschkopplungen und das Verhéltnis J'/.J
variiert werden konnen [28-31].

D.1 Majorana-Spinfliissigkeit und dimensionale
Reduktion

In Kapitel [2] untersuchen wir die Spinfliissigkeitsphase von Cs,CuCly in dem
Regime, in dem das externe Magnetfeld nicht zu dicht beim kritischen Feld
B. ~ 8.5 T liegt. Da in diesem Teil des Phasendiagramms die Temperatur grofs
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ist im Vergleich zur Kopplung J” zwischen den Ebenen und zur Dzyaloshinskii-
Moriya-Wechselwirkung D, kénnen wir diese Wechselwirkungen vernachlés-
sigen. Es ist deshalb verniinftig die Spinfliissigkeitsphase von Csy;CuCly mit
einem zweidimensionalen Heisenberg-Modell auf einem Dreiecksgitter zu be-
schreiben,

H = %Zjijsi-sj—hZSf, (D.4)
1) 1

wobei die Spin-1/2-Operatoren S; = Sg, auf den Gitterplidtzen R; eines Drei-
ecksgitters liegen und die Austauschkopplungen J;; = J(R; — R;) nur dann
ungleich Null sind, wenn R; — R; benachbarte Gitterpunkte verbinden. Wir
nehmen zuerst verschiedene Austauschkopplungen J, = J(£4,) fiir jede der
drei in Abb. gezeigten Richtungen &1, d2 und 43 an, wobei p = 1,2, 3 die
jeweilige Richtung kennzeichnet. Spéter setzen wir dann J; = J = 4.34 K und
Jo=J3=J =149 K, um Cs,CuCly zu beschreiben.

Da fiir CsoCuCly das Verhéltnis J'/J ~ 1/3 nicht sehr klein ist, erscheint
es zuerst verniinftig, eine zweidimensionale Spinfliissigkeitsphase zu erwarten.
Jedoch ist eine Theorie, in der die elementaren Anregungen der Spinfliissig-
keit die eindimensionalen fermionischen Spinonen der Heisenberg-Kette sind,
sehr erfolgreich gewesen |6, |7, 65]. Dies suggeriert, dass es in der Spinfliis-
sigkeitsphase von CsyCuCl, elementare Anregungen gibt, die nur entlang der
Richtung §; der stédrksten Austauschkopplung propagieren kénnen. In einem
einfachen Bild entsteht diese dimensionale Reduktion in CsyCuCly durch eine
frustrationsinduzierte Reduktion der effektiven Kopplung .J' der schwécheren
Bindungen [9)].

In einem Kernspinresonanz-Experiment [11] mit Cs;CuCly wurden Hinwei-
se darauf gefunden, dass in der Spinfliissigkeitsphase die elementaren Anregun-
gen Fermionen ohne Anregungsliicke sind. Um diese Phase zu beschreiben, soll-
te man daher die Spinoperatoren des zugrunde liegenden Heisenberg-Modells
durch fermionische Freiheitsgrade ausdriicken. Hier verwenden wir deshalb ei-
ne Darstellung der Spinoperatoren durch Majorana-Fermionen, indem wir fiir
jeden Gitterplatz R; drei Majorana-Fermionen n7, nY, und 7} einfiihren, die
die folgende Antikommutationsrelationen erfiillen,

{n?,nf} = §;;6°°. (D.5)

Die Spinalgebra kann dann durch die folgende Darstellung der Spinoperatoren
reproduziert werden [49],

SPo= —inln, SY=—inn?, S7=—inn!. (D.6)

K 3

Diese Majorana-Darstellung ist zuvor von mehreren Autoren verwendet wor-
den, um Quantenspinsysteme zu untersuchen [50-56|. Zudem kann ein Pfadin-
tegral auf Basis von koharenten Zusténden fiir Majorana-Fermionen konstru-
iert werden [56], so dass die bekannten feldtheoretischen Methoden verwendet
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werden konnen, um das zugrunde liegende Spinmodell zu untersuchen. Ein
Vorteil der Majorana-Darstellung ist, dass keine unphysikalischen Zustédnde
eingefiihrt werden miissen. Aber fiir ein System einer geraden Zahl N von
Spins hat der Majorana-Hilbertraum 23/? Zustinde und besteht aus 2V/2
identischen Kopien des 2V-dimensionalen Spin-Hilbertraums [55]. Fiir unsere
Meanfield-Rechnung ignorieren wir einfach diese Redundanz.

Zuerst betrachten wir den Fall ohne externes Magnetfeld, so dass unser
Hamiltonian eine Spinrotationsinvarianz hat. Fiir den Spinfliissigkeitszustand
verlangen wir, dass unsere Meanfield-Entkopplung weder die Spinrotations-
noch die Gittertranslationsinvarianz bricht. Fiir einen Antiferromagneten auf
einem isotropen Dreiecksgitter wurde eine solche Majorana-Meanfield-Theorie
vor kurzem von Biswas et al. [55] entwickelt. Dieser Arbeit folgend fiihren wir
die Majorana-Bindungsoperatoren ein,

C5 = ninf, (D.7)
um den Heisenberg-Hamiltonian (D.4)) ohne Magnetfeld zu schreiben als
1 o B
H=7D D JuCiCy. (D-8)
ij a#p
Wir fithren nun eine einfache Meanfield-Entkopplung durch,
a B a /B a\ B ol B
GG — Cij<Cij> + <Cij>cij - <Cij><0ij>a (D.9)

und aufgrund der geforderten Spinrotationsinvarianz folgt, dass die Erwar-
tungswerte

(Cch = <7ha77ja> =i (D.10)
unabhéngig sind vom Index . Wir erhalten damit den Meanfield-Hamiltonian
Hur = iztim?n;“on, (D.11)
ijo
mit Hiipfenergien
tij = JijZij = —tj;. (D.12)

Aufgrund der geforderten Translationsinvarianz folgt zudem
ZR, Ri+s, = T2, (D.13)
Via der Fourier-Transformation
« 1 ik-R;, o
R, = 7= Ze M (D.14)
VN %
kann unser Meanfield-Hamiltonian (D.11)) geschrieben werden als

1 a o«
HMF = 5 kZ(SkU_k??k + Uo, (D15)

)
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mit Meanfield-Energiedispersion

3
ee=—4Y _ J,Z,sin(k-8,), (D.16)

pn=1

und Wechselwirkungsenergie

3
Up=3N> J.Z}. (D.17)

p=1

Bei endlicher Temperatur ist die freie Energie dann

F= _%Zln(1+eﬂ€k) + Uy, (D.18)
k

was zu den folgenden Selbstkonsistenzgleichungen fiihrt,
1 :
Zyp=~ g flew)sin(k-6,), p=1,2,3. (D.19)

Hier bezeichnet f(eg) = 1/(e’* + 1) die Fermi-Funktion. Durch Losen dieser
Selbstkonsistenzgleichungen finden wir, dass oberhalb einer kritischen Tempe-
ratur 7, = J/2 alle Z,, = 0 sind. Unterhalb der kritischen Temperatur 7, = .J/2
wird ein eindimensionaler Zustand realisiert, in dem der Erwartungswert Z,
entlang der Richtung der stéirksten Austauschkopplung endlich wird und fiir
die restlichen Erwartungswerte weiterhin Z,, = 0 gilt. Damit konnen die
Majorana-Fermionen nur in eine Richtung propagieren.

Fiir CsyCuCly mit J; = J und J, = J3 = J' = J/3 bedeutet das, dass die
Majorana-Fermionen nur entlang der kristallographischen b-Achse (die 2-Achse
in unserer Notation) propagieren kénnen. Mit J = 4.34 K, erhalten wir, dass
ohne externes Magnetfeld der Ubergang zur Spinfliissigkeitsphase in Cs,CuCly
bei T, = J/2 = 2.17 K stattfinden sollte. Mit einer einfachen Rechnung lasst
sich zeigen, dass bei dieser Temperatur die spezifische Warme C' ein Maximum
haben sollte, wie in Abb. gezeigt. In der experimentellen Arbeit von Radu
et al. [14] wird in der Tat die Ubergangstemperatur zur Spinfliissigkeitsphase
mit der Temperatur identifiziert, bei der die spezifische Warme ein Maximum
hat, was zu T, ~ 2.1 K fiihrt und sehr gut mit unserer theoretischen Vor-
hersage tibereinstimmt. Eine alternative Abschétzung von T, durch Coldea et
al. |1] identifiziert die Ubergangstemperatur zur Spinfliissigkeitsphase mit der
Temperatur, bei der die Spinsuszeptibilitat ein Maximum aufweist, was zu der
Abschétzung T, ~ 2.65 K [69] bzw. T, ~ 2.8 K |19 fithrt. Eine weitere alterna-
tive Abschiitzung der Ubergangstemperatur durch Vacchon et al. [11] beruht
auf Kernspinresonanz-Messungen und fiihrt zu T, ~ 2.5 K.

Wenn sich CsyCuCly in einem Magnetfeld entlang der kristallographischen
a-Achse befindet, dann wird die kritische Temperatur fiir Spinfliissigkeitsver-
halten reduziert, wie in Abb. zu sehen ist. Aufgrund des Magnetfeldes
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Abbildung D.4: Temperaturabhéngigkeit unseres Meanfield-Ergebnisses fiir die
spezifische Wérme C fir B = 0 und J'/J = 1/3. Fir T' < T, = J/2 ist
allein der zur Austauschkopplung J; = J gehorende variationelle Parameter
7, endlich.

liegt eine endliche Magnetisierung vor und daher miissen zusétzlich die end-
lichen Erwartungswerte (nn!) bei der Meanfield-Entkopplung beriicksichtigt
werden,

1 o,
= 5D

a#B
L Z(ca (C8Y 4+ (CayCl - <C;;><cfj>)
a#ﬁ
(mfn? ity + iyt — (oin?)(nind)) . (D.20)

Die zusétzlichen Terme renormieren das effektive Magnetfeld, das auf die Spins
wirkt, so dass das externe Feld h ersetzt wird durch

b=h— Jym, (D.21)

mit dem magnetischen Moment m = —i (7*n?) und Jo = 23" .o Ju- Mit diesem
Meanfield-Ansatz finden wir, dass die kritische Temperatur gegeben ist durch
die Selbstkonsistenzgleichung

L_1 ! (D.22)

J 6 * 3 cosh?[(h — jomc)/(2T0>] 7

wobei das magnetische Moment m, bestimmt wird durch

Me = %tanh (h — Jome) /(ZTC)] . (D.23)
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Abbildung D.5: Meanfield-Ergebnis fiir die Magnetfeldabhéngigkeit der kriti-
schen Temperatur fiir Spinfliissigkeitsverhalten in Cs,CuCly. Die gestrichel-
te Linie beriicksichtigt nicht die selbstkonsistente Abschirmung des exter-
nen Magnetfeldes. Die durchgezogene Linie berticksichtigt diesen Effekt; siehe
Gl. (D.21)). Die gepunktete Linie gibt die experimentell bestimmte Ubergangs-
linie aus Ref. |35] an; siche auch Abb.

Fiir ein gegebenes Magnetfeld kénnen die gekoppelten Gleichungen (D.22)
und simultan gelost werden, woraus wir 7. und m, als Funktion von
h erhalten. Mit den fiir Cs,CuCly relevanten Parametern (h./J = 2.85 und
Jo/he = 1.18) erhalten wir die kritische Temperatur, die in Abb. als
durchgezogene Linie gezeigt wird und die das experimentelle Verhalten der
kritischen Temperatur bis zu Feldern B < 0.8 B, gut beschreibt. In Abb.
sehen wir, dass die magnetische Suszeptibilitidt x ~ M/B (wobei M die ma-
kroskopische Magnetisierung ist) ein Maximum bei der kritischen Temperatur
T. = J/2 = 2.17 K aufweist.

Wir fassen zusammen, dass wir eine einfache Meanfield-Beschreibung der
Spinfliissigkeitsphase in Cs,CuCly entwickelt haben, die auf der Darstellung der
Spinoperatoren durch Majorana-Fermionen basiert. Wir haben die experimen-
tell beobachte Ubergangstemperatur fiir die Spinfliissigkeitsphase in Cs,CuCly
identifiziert mit der kritischen Temperatur T..(B), unterhalb der die Meanfield-
Gleichungen fiir die Dispersion der Majorana-Fermionen eine endliche Losung
haben. Unser Ergebnis fiir 7.(B) stimmt bis zu Feldern B < 0.8 B, quantitativ
mit der experimentell beobachteten Ubergangstemperatur der Spinfliissigkeits-
phase in Cs,CuCly iiberein. Ferner haben wir festgestellt, dass die Majorana-
Fermionen nur entlang der Richtung der starksten Austauschkopplung propa-
gieren konnen.
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Abbildung D.6: Magnetische Suszeptibilitdt y ~ M /B als Funktion von 7'/J
fir J'/J =1/3 und h/J = 0.01, was einem externen Magnetfeld B ~ 0.03 T
entspricht.

D.2 Ultraschallphysik in der Spinfliissigkeits-
phase

In Kapitel [3] untersuchen wir die Schallgeschwindigkeit und Schallddmpfung
in der Spinfliissigkeitsphase von Cs,CuCly und vergleichen unsere Ergebnis-
se fiir die cyo-Mode (siche Abb. mit experimentellen Daten aus Ultra-
schallexperimenten [P3|; wir betrachten nur den Fall eines Magnetfeldes B
entlang der a-Achse, die senkrecht zur Gitterebene steht. In Kapitel [2| haben
wir gesehen, dass die elementaren Spinanregungen quasi-eindimensional sind
und bevorzugt entlang der Richtung der grofsten Austauschkopplung propagie-
ren; in unserem Fall ist diese Richtung die kristallographische b-Achse. Diese
dimensionale Reduktion wurde in mehreren unabhéngigen theoretischen Un-
tersuchungen beobachtet [P2, 3-8, |10, (12, 20, [65]. Diese Arbeit gibt weitere
Unterstiitzung fiir dieses Szenario der dimensionalen Reduktion [9], da wir
zeigen, dass Ultraschallexperimente, die die Schallausbreitung entlang der b-
Achse untersuchen, quantitativ mit Hilfe eines an Phononen gekoppelten ein-
dimensionalen Heisenberg-Modells erklart werden konnen. Die Kopplung an
die Gitterschwingungen erfolgt dadurch, dass die Austauschkopplungen von
der aktuellen Gitterdeformation abhéngen (das ist der sogenannte “exchange-
striction mechanism”) [71].

Von der exakten Bethe-Ansatz-Losung der eindimensionalen Spin-1/2
Heisenberg-Kette wissen wir, dass der Grundzustand eine Spinfliissigkeit mit
algebraischen Korrelationen ohne langreichweitige Ordnung ist. Die elementa-
ren Anregungen sind Spinonen, die einen fraktionalen Spin (S = 1/2) haben
(Magnonen haben hingegen S = 1). Aus einer Kombination von numerischen
und analytischen Methoden ist ein tiefes Verstdndnis dieses Modells hervorge-



D.2 Ultraschallphysik in der Spinfliissigkeitsphase 97

C22
>
N N
/ 0\ VAR
/ \ / \
/ \ J’/ \ ©B
/ \ / \
/ \ / \
/ \ 7/ \
C L \ J \
\ N /
\ /7 A\ /
\ / \ /
\ / \ /7y
\ / \ /
\ / \ /
\ 7 \ 7/ T
\V4 AV4
>
b

Abbildung D.7: Ausschnitt des anisotropen Dreiecksgitters, das von den Spins
in CsyCuCly gebildet wird. Die stéirkste Austauschkopplung J verbindet die
Spins néchster Nachbarn entlang der kristallographischen b-Achse. Die zuge-
horige elastische Konstante tragt die Bezeichnung cos. Wir betrachten nur den
Fall eines Magnetfeldes B entlang der a-Achse, die senkrecht zur Gitterebene
steht.

gangen [45]. Eine mikroskopische Berechnung der Schallgeschwindigkeit und
Schalldampfung fehlte aber bisher. Wir présentieren eine einfache Losung
dieses Problems, die auf der Jordan-Wigner-Darstellung der Spinoperatoren
durch spinlose Fermionen beruht |44]. Die Ultraschallphysik von CsoCuCly ist
zuvor schon untersucht worden fiir Magnetfelder entlang der a-Achse in der
geordneten Phase im Rahmen einer Spinwellentheorie [27] und fiir Magnetfel-
der entlang der b-Achse in der Spinfliissigkeitsphase, wobei phdnomenologische
Gleichungen fiir Schallgeschwindigkeit und Schallddmpfung mit Berechnungen
fiir zweidimensionale Spinmodelle kombiniert worden sind |26].

Wenn wir nun annehmen, dass die Spinanregungen in der Spinfliissigkeits-
phase von CsyCuCly nur entlang der b-Achse propagieren konnen, dann erwar-
ten wir, dass wir Ultraschallexperimente fiir die coo-Mode entlang der b-Achse
mit Hilfe des folgenden eindimensionalen Spin-Phonon-Hamiltionians beschrei-
ben kdénnen,

H=> Ju(Su-Sni1—1/4)—h>_ S;+H, (D.24)

wo S, die entlang einer Kette mit N Spins an den Position z, lokalisierten
Spin-1/2-Operator sind und periodische Randbedingungen erfiillen. Die Spin-
Phonon-Kopplung kommt nun dadurch zu Stande, dass bei vorliegenden Git-
terschwingungen die Spins die Positionen z,, = nb+ X,, haben, wobei nb (mit
n = 1,..., N) die Punkte eines eindimensionalen Gitters mit Gitterkonstante
b sind und X,, die Auslenkungen von den Gitterpunkten bezeichnet. Da die
Austauschkopplungen J,, zwischen zwei Spins S,, und S,,; auf den Positionen
2, und z,,, vom Abstand zwischen den Spins abhéngt, muss J,, eine Funktion
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Abbildung D.8: Vergleich der Hartree-Fock-Naherung fiir die Magnetisierungs-
kurve m(h) der Heisenberg-Kette (ohne Phononen) bei 7' = 0 mit dem exakten
Bethe-Ansatz |76|. Einsatzbild: Renormierung Z(h) des Hiipfterms zwischen
nachsten Nachbarn.

von X, 11 — X, sein. Wir entwickeln fiir kleine Auslenkungen bis zur zweiten

Ordnung,

J?
Jn ~ J + J(l) (Xn+1 — Xn) -+ T(Xn+1 — Xn)Q, (D25>

wobei J und J® die erste und zweite Ableitung der Austauschkopplung be-
ziiglich der Phononkoordinaten sind. Wir quantisieren die Gitterschwingungen,
indem wir verlangen, dass [X,,, P,,] = 0y, m, wobei wir i = 1 setzen und P, der
zu X,, konjugierte Impuls ist. Der letzte Term in Gleichung beschreibt

nicht-wechselwirkende Phononen mit Dispersion w, = c|q|/b[

PP, M
Hy=>" (# - 7W§quq> , (D.26)

q

wobei M die zu den Spins zugeordnete Masse (also die Masse einer CsyCuCly-
Einheit) ist und die Operatoren X, und P, definiert sind durch die Fourier-
Entwicklungen X,, = N~1/2 >, € X, und P, = N—1/2 >, € Py; dabei st
der Phononimpuls ¢ in Einheiten der inversen Gitterkonstante 1/b gegeben.
Um die Ultraschallexperimente zu beschreiben, berechnen wir die Selbs-
tenergiekorrektur I1(q,iw) des Phononpropagators, die von der Spin-Phonon-
Kopplung herriihrt. Dazu stellen wir die Spin-Operatoren mit Hilfe der Jordan-
Wigner-Transformation durch spinlose Fermionen dar [44],
S = (S =cf (=1)mei™2i<n ejes S:=cle, —1/2, (D.27)

n

9Die Schallgeschwindigkeit ¢ in z-Richtung sollte nicht mit der Gitterkonstanten ¢ in
Abb. verwechselt werden. Im Kontext der Ultraschallphysik bezeichnen wir mit ¢ die
Schallgeschwindigkeit.
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wobei ¢, ein Fermion am Ort x,, vernichtet. Unser Spin-Phonon-Hamiltonian

(D.24) wird dann zu
1
o= 2 Z Jn(cjzcn-i-l + CIH—IC" + CLC" + CL"'lC"'H)

+ Z JnchncLchH - hz chen + Nh/2 +HS. (D.28)

Die Zweiteilchenwechselwirkung in der zweiten Zeile von Gleichung ([D.28)) be-
handeln wir mit der selbstkonsistenten Hartree-Fock-Naherung, in der wir den
Zweiteilchenterm nahern durch

chenchiienn & plchiicnn +chen) — p°
7(cheng1 + cLch) + 72, (D.29)

wobei die dimensionslosen variationellen Parameter p und 7 die folgenden
Selbstkonsistenzgleichungen erfiillen,

p=1{(cte,), T=/{ccnp1). (D.30)
Die Losung dieser Gleichungen ohne Phononen wurde von Bulaevskii schon
vor einiger Zeit ausgearbeitet [81]. Innerhalb dieser Hartree-Fock-Naherung
ist die Dispersion der Fermionen &, = —ZJcosk + 2mJ — h. Dabei ist Z =
1 + 27 der dimensionslosen Renormierungsfaktor der Hiipfprozesse néchster
Nachbarn, m = p — 1/2 ist die dimensionslose Magnetisierung und k ist der
Gitterimpuls der Fermionen in Einheiten der inversen Gitterkonstanten 1/b.
In Abb. zeigen wir die numerischen Ergebnisse fiir Z(h) bei T = 0 und
wir vergleichen unser Hartree-Fock-Ergebnis fiir m(h) mit dem exakten Bethe-
Ansatz-Ergebnis fiir die Magnetisierungskurve der Heisenberg-Kette |76].
Setzen wir nun die Gradientenentwicklung fiir die Austauschkopp-
lung und die Hartree-Fock-Néaherung in GL ein, erhalten wir die
folgende Néaherung fiir den Spin-Phonon-Hamiltonian,

H="Fy+ Y &chor+Hy+ 0HE +H +HY. (D.31)
k

mit Fy/N = h/2+ J(7% — p?) und

OHE = 2JO(77 = p*) ) sin’(q/2)X_,X,, (D.32a)
q
1
HP = —— 65, Ts(k,q)ch, e Xy, D.32b
3 \/Nk,qu k' k+q 3( q)k k<X q ( )

S 1 *
HY = 5% > Girraielak a @)Xy X, (D.32c)

K'kq1q2
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Der Term (52,7,€ = > . O ktorm stellt die Impulserhaltung modulo eines re-
ziproken Gittervektors sicher, wir definieren ¢, = N~/2 >on e~*nc,, und die
kubischen und quartischen Wechselwirkungsvertices sind fiir kleine Phononim-
pulse gegeben durch

Ts(k,q) ~ —igJV (Zcosk —2m), (D.33a)
Tu(k,qi,2) ~ gt (Zcosk —2m). (D.33b)

Der Propagator des Phononfeldes X, der proportional zu [@2+w3+1_[(q, iw)]
ist, erhalt aufgrund der Kopplung an die Fermionen eine impuls- und fre-
quenzabhéngige Selbstenergiekorrektur II(g,iw), wobei w eine bosonische
Matsubara-Frequenz ist. In zweiter Ordnung in Gradienten der Austausch-
kopplung hat die Phononselbstenergie drei Beitriage, I(q,iw) = Ta(q) +
3(q, iw) + I14(q), mit

(q) = (J<2>/M)( 2 — p?) 4sin® (¢/2), (D.34a)
M0io) = gy Sg g gl (am)
H4(Q) = Wz.fkr4(kvq’_Q)a (D34C)

wobei fr = (e”* +1)7! die Besetzung des Fermionenzustands mit Impuls k in
selbkonsistenter Hartree-Fock-Néherung ist. Aus der analytischen Fortsetzung
der Selbstenergie II(q,iw) zu reellen Frequenzen erhalten wir die renormierte
Phonondispersion und die Schallddmpfung [27],

. Rell(q, w, + 10) ImII(q, w, + i0)

(.Uq - wq + 2w s ”}/q = —
q

(D.35)

2wy

Die renormierte Schallgeschwindigkeit kann dann via ¢/c¢ = lim,_,0 @,/w, be-
rechnet werden. Daraus folgt fiir der Renormierung Ac = ¢ — ¢,

Ac/c = g +ggc() (D.36a)

M = P/ —Jf (&) (2m — Z cosk)?, (D.36b)
Vg — C

P = m?—7%/4, (D.36¢)

wobei P das Cauchy-Hauptwertintegral bezeichnet, f'(&) = —8/f1(1 — fi) die
Ableitung der Fermifunktion ist und vy, = ZJbsin k die Gruppengeschwindig-
keit der fermionischen Anregungen ist. Wir haben hier die dimensionslosen
Kopplungskonstanten g; = (JMb)2/(2Mc2J) und g, = JPb?/(2Mc?) einge-
fithrt. Prinzipiell sollte es moglich sein diese Kopplungskonstanten mit ab initio
Methoden zu berechnen, aber wir bestimmen hier einfach g; und g, indem wir
unsere theoretischen Ergebnisse an die experimentellen Daten fitten.
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Abbildung D.9: Vergleich von theoretischen und experimentellen Werten fiir die
relative Anderung der Schallgeschwindigkeit der cy-Mode: (a) in der geordne-
ten Phase (T' = 50 mK) mit Kopplungskonstanten g; = 0 und g, = —1.2x1073,
(b) in der Spinfliissigkeitsphase (7" = 1 K) mit Kopplungskonstanten g; = 0
und ¢go = —1.1 x 1073,

In Abbildung vergleichen wir theoretische und experimentelle Ergeb-
nisse (gemessen von Pham Thanh Cong [P3]) als Funktion des Magnetfeldes.
Beim Fitten an die experimentellen Daten fiir die relative Anderung der Schall-
geschwindigkeit Ac/c finden wir g; ~ 0 und g, ~ —1.1 x 1073, Der Term ¢V
ist mehr als eine Grékenordnung kleiner als ¢?)| da ¢/(Jb) =~ 6.8 relativ groft
ist. Wéhrend in der geordneten Phase (7' = 50 mK, obere Abbildung) unse-
re theoretischen Ergebnisse fiir Magnetfelder von bis zu 5 T mit den
experimentellen Daten gut iibereinstimmen, erhalten wir in der Spinfliissig-
keitsphase (7' = 1 K, untere Abbildung) eine sehr gute Ubereinstimmung zwi-
schen Theorie und Experiment bis zu Magnetfeldern von 7 T. Die Abweichun-
gen bei grofseren Feldern lassen sich dadurch erkléren, dass in diesem Regime
die Fluktuationen durch den quantenkritischen Punkt des verdiinnten Bose-
Gases bei B, = 8.5 T bestimmt werden [14], die durch unser eindimensionales
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Abbildung D.10: Experimentelle Daten fiir die relative Anderung A~y der
Schalldampfung der coo-Mode als Funktion des magnetischen Feldes fiir drei
verschiedene Temperaturwerte.

Modell nicht beschrieben werden kénnen. Abschliefend betrachten wir noch
die Ultraschalldampfung der cgs-Mode in CsoCuCly. Die experimentellen Da-
ten fiir drei verschiedene Temperaturen als Funktion des Magnetfeldes sind in
Abb.[D.10|dargestellt. Im Regime B < 7 T, wo die Fluktuationen des quanten-
kritischen Punktes vernachlédssigbar und unsere theoretischen Ergebnisse fiir
die Renormierung der Schallgeschwindigkeit mit den experimentellen Daten
iibereinstimmen, ist die Dampfung sehr klein und nahezu konstant. Dies kann
mit Hilfe unseres eindimensionalen Modells erklart werden: Aus Gleichungen

(D.34b)) und (D.35)) erhalten wir fiir die Dampfung

™ dk
Vg = 21\;% /_7r 5 e = frra) ITa(k, @)P0(&k = Errg +wq)- (D.37)

Dieser Ausdruck ist nur dann ungleich Null, wenn die maximale Gruppenge-
schwindigkeit v, = ZJb der Fermionen grofier als die Schallgeschwindigkeit ¢
ist. Fiir Cs;CuCly ist das nie der Fall (¢/(Jb) ~ 6.8) und damit liegt im Rah-
men unserer Naherung keine Dampfung fiir die c9s-Mode vor. Daraus folgt,
dass in dem Bereich, in dem unsere Theorie eine gute Ndherung darstellt, die
relative Anderung der Dampfung nicht vom Magnetfeld abhingen sollte.

Zusammenfassend lésst sich festhalten, dass wir eine einfache mikrosko-
pische Theorie entwickelt haben, die die Ultraschallexperimente fiir die cgo-
Mode in der Spinfliissigkeitsphase von CsyCuCly erkldren kann. Unsere dabei
zugrunde liegende Annahme ist, dass in der Spinfliissigkeitsphase die elementa-
ren Anregungen eindimensionale Fermionen sind. Die gute Ubereinstimmung
zwischen Theorie und Experiment in Abb. bestéatigt die dimensionale Re-
duktion in der Spinfliissigkeitsphase von CsyCuCly.
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D.3 Hardcore-Boson-Ansatz in starken Magnet-
feldern

In Kapitel @ betrachten wir den Fall eines starken Magnetfeldes B > B, entlang
der a-Achse. Die Magnonanregungen haben dann eine Energieliicke und der
Grundzustand ist ein vollstdndig magnetisierter Ferromagnet. Unser Ziel ist es
die thermischen Anregungen zu beschreiben und unsere Ergebnisse mit expe-
rimentellen Daten fiir die spezifische Warme |14} [15] zu vergleichen. Dabei ba-
siert unser theoretischer Ansatz auf der Darstellung der Spin-1/2-Operatoren
durch Hardcore-Bosonen [46, 47]. Fiir Magnetfelder B > B, liegt bei nied-
rigen Temperaturen ein verdiinntes Gas von Hardcore-Bosonen vor, wodurch
die fiihrenden Niedrigtemperaturkorrekturen zur Selbstenergie im Rahmen der
(selbstkonsistenten) Leiternaherung berechnet werden konnen [48),/83]. Um den
Giiltigkeitsbereich der selbstkonsistenten Leiterndherung zu ermitteln, wen-
den wir diese auf das exakt losbare eindimensionale XY -Modell an und gehen
tiber die Untersuchung in Ref. [48| hinaus, indem wir den Zusammenbruch der
selbstkonsistenten Leiterndherung in der Nahe des quantenkritischen Punktes
dieses Modells untersuchen.

Unser Ausgangspunkt ist das fiir Cs;CuCly relevante Spin-1/2-Heisenberg-

Modell (D.1)),
1

M= > 1S 8+ Dy (S;x 8))] = h D _ 5. (D.38)

]
Wir stellen die Spinoperatoren durch Hardcore-Bosonen dar |46} 47],

St=b, ST =0, S*=1/2-0lb,;, (D.39)

(2

wobei die Besetzungszahl an einem Gitterplatz n; = 0 oder 1 ist und die
Hardcore-Bosonen die folgende Kommutationsrelation erfiillen miissen

’L?]

[b bq s (1 - 2b3b,~> . (D.40)

Diese Relationen lassen sich nun dadurch realisieren, dass wir die Hardcore-
Bosonen als kanonische Bosonen mit einer unendlichen Kontaktwechselwirkung
behandeln,

Zb*b bibs, mit U — oco. (D.41)

Indem wir die Hardcore-Boson-Darstellung (D.39) in unseren Hamiltonian
(D.38)) einsetzen, erhalten wir den folgenden Hardcore-Boson-Hamiltonian,

H = ngb b+ 5 Z (Jg + U)bl oblr_ obrrbie, (D.42)

k: k' \q
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wobei wir flir die Erzeugungs- und Vernichtungsoperatoren der Hardcore-
Bosonen eine Fourier-Transformation verwendet haben,

1 . 1 )
b= —— Y be R pl = N pleik R D.43

Die Anregungsenergien & kénnen geschrieben werden als

§k = €k — 1L, (D.44)
mit chemischem Potential
w=he.—h, (D.45)
und Energiedispersion
1
en =3 (Je = J5) - (D.46)
Dabei ist
JP = Jp —iDy, (D.47)

und die Fourier-Transformierten der Austausch- und Dzyaloshinskii-Moriya-
Wechselwirkungen sind gegeben durch

Je = Y J(R)e ™R
= 2? cos(kyb) + 4.J' cos (kyb/2) cos (kyc/2),
(D.48)
D, = > D(R)e™F
= —}ZiD sin (kzb/2) cos (kyc/2). (D.49)

In GL 1} ist Jg ~ —2.325 J das absolute Minimum von JZ bei Q =~
(3.474/b,0) und das Saturierungsfeld ist gegeben durch

he 1

BC pr— pr—
g 2giB

(J9 — J5) =~ 8AT. (D.50)

Im Folgenden werden wir den direkten experimentellen Wert fiir das Satu-
rierungsfeld B, = 8.44(1) T anstelle von B. ~ 8.4 T verwenden. Der Wert
des Saturierungsfeldes B, ist wichtig, da es fiir ein gegebenes Magnetfeld die
Energieliicke A bestimmt,

A=—p=h-he. (D.51)

Das zentrale Problem ist nun, wie wir die Wechselwirkungen zwischen den
Hardcore-Bosonen beriicksichtigen. Der Wechselwirkungsterm im Hamiltonian
(D.42)) ist gegeben durch

1
Hin = 5 D (Ja + Ub gblogbibi (D.52)

k7kl7q
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und enthélt die Austauschwechselwirkung .J; und die unendliche Kontaktwech-
selwirkung U — oo. Wir werden die beiden Wechselwirkungsterme getrennt
behandeln: Fiir den Jg-Term verwenden wir eine selbstkonsistente Hartree-
Fock-Entkopplung und fiir die Hardcore-Wechselwirkung U die selbstkonsis-
tente Leiterndherung [48|. Die Hartree-Fock-Entkopplung fiihrt zu der Néhe-
rung

1
N > Tabls bbb =Y (JE + no) bibi + Ewr, (D.53)
k.k'\q k
wobei . . '
Ji = 2JRe (11e™%) + 2J'Re (6% + 73¢%%) | (D.54)
Ji
Eyp = —N {EOnQ + I+ I (Il + [7) | - (D.55)

Diese Naherung fiihrt zu einer Renormierung der Einteilchen-Anregungsenergien
&k — &g, wobei die renormierten Anregungsenergien gegeben sind durch

k= ek — p+ J§ +np. (D.56)

Dabei erfiillen die Hartree-Fock-Parameter die folgenden Selbstkonsistenzglei-
chungen,

_ —ik-6;
TN Ek nge ; (D.57a)
1

wobei die Besetzungszahl des Zustands mit Impuls k gegeben ist durch
e = <b£bk> . (D.58)

Nach der Hartree-Fock-Entkopplung der J,-Wechselwirkungen erhalten wir da-
mit einen Hamiltonian, bei dem die einzige verbleibende Wechselwirkung die
unendliche Kontaktwechselwirkung ist,

~ U
H= Z gkb}::bk + ﬁ Z bL+qu/_qbk/bk + EMF (D59)
k

kK .q

Fiir die unendliche Kontaktwechselwirkung kénnen wir nun die selbstkonsisten-
te Leiterndherung verwenden, die in Ref. [48] entwickelt worden ist. In dieser
Néherung wird die Selbstenergie X (K') der Hardcore-Bosonen durch eine Sum-
mierung aller Teilchen-Teilchen-Leiterdiagramme genéhert. Dazu driicken wir
die Selbstenergie durch die effektive Wechselwirkung I'(P) aus,

Y(K) = -2 /Q G(Q)N(Q + K)ea", (D.60)
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Abbildung D.11: Leiterndherung fiir die effektive Wechselwirkung I".

Wir verwenden hier die Indexnotation K = (k, iwy) mit der zugehorigen Sum-

/K = BLN S (D.61)

wobei wy, bosonische Matsubara-Frequenzen sind und g = 1/T die inverse
Temperatur ist. Die effektive Wechselwirkung I'(P) besteht dann aus der un-
endlichen Reihe von Teilchen-Teilchen-Leiterdiagrammen, die in Abb.
angedeutet sind, und lésst sich schreiben als

U

T(P) = , D.62
S SN el i) (D62
wobei die Greensche Funktion G(K) definiert ist durch
1
G(K) = — : (D.63)
Gy (K) — X(K)
mit der freien Greenschen Funktion
1
W — &k

Dieses Selbstkonsistenzproblem fiir die Selbstenergie ¥(K') formulieren wir nun
um, indem wir die Spektraldarstellung der Greenschen Funktion verwenden,

G(K) = / gy Ak2) (D.65)

o  dwp—x’
wobei die Spektralfunktion gegeben ist durch
1
Alk,w) = ——ImG(k,w +1i0")
T
1 Im%f(k, w)

I 2 (D.66)
' [w — &k — ReZR(k,w)] + ISR (k, w))*

und die retardierte Selbstenergie iiber die analytische Fortsetzung zu reellen
Frequenzen erhalten werden kann,

Y (k,w) = X(k,w +i0T). (D.67)
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Abbildung D.12: Relativer Fehler én/n der Bosondichte (siche Gl. (D.71))) in
der selbstkonsistenten Leiterndherung fiir das eindimensionale XY -Modell als
Funktion der Temperatur bei verschiedenen Energieliicken A.

Nachdem wir dann den Limes U — oo fiir die obigen Gleichungen genommen
haben, kénnen wir eine selbstkonsistente Losung fiir die Spektralfunktion be-
rechnen, indem wir von einer anfianglichen Spektralfunktion starten und aus

den Gleichungen und die néchste Iteration erhalten. Nach je-

der Iteration miissen die Hartree-Fock-Parameter n, 7, 7 und 73 iiber die
Selbstkonsistenzgleichungen und aktualisiert werden.

Bevor wir nun diese Methode fiir Cs,CuCly auswerten, ist es sinnvoll den
Giiltigkeitsbereich dieser Naherung fiir das exakt l6sbare eindimensionale Spin-
1/2-XY-Modell zu untersuchen. Dieses Modell ist gegeben durch

Hip =T (SPSf, +80SY,) —h) S (D.68)
und kann durch Hardcore-Bosonen dargestellt werden,
U
Hip =D &bibr+ 5z > Byl gburb, (D.69)
k kK g

mit Anregungsenergie
& = J [cos(k,b) + 1] — p, (D.70)

wobei = h.—h = —A und h, = J. Der relative Fehler der Bosondichte in der
selbstkonsistenten Leiterndherung ist in Abb. dargestellt und ist definiert
durch

5n/n _ Nladder — Tlexact ‘ (D?].)

Nexact
Dabei ist nja.qqer das Ergebnis aus der selbstkonsistenten Leiterndherung und
Nexact das exakte FErgebnis. Wir sehen, dass bei einer endlichen Energieliicke
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A > 0 der Fehler sowohl bei niedrigen als auch hohen Temperaturen ver-
schwindet, wobei der maximale Fehler bei T' ~ A liegt. Zudem wird der Fehler
mit wachsender Energieliicke kleiner. Bei A = 0 nimmt der Fehler fiir klei-
nere Temperaturen immer mehr zu (also in der Néhe des quantenkritischen
Punktes bei T" = 0), nimmt aber fiir hthere Temperaturen ab. Wir halten
fest, dass die selbstkonsistente Leiterndherung gute Resultate iiber das ganze
Temperaturspektrum liefert fiir Energieliicken A = 0.1 J.

Wir werten nun die zuvor hergeleitete Methode zur Berechnung der Spek-
tralfunktion fiir Cs,CuCly aus. Aufgrund der endlichen Energieliicke A > 0
ist die Spektralfunktion bei T" = 0 gegeben durch die nicht-wechselwirkende
Spektralfunktion,

A(k,w) = Ag(k,w) = 0(w — &). (D.72)

Bei endlichen Temperaturen wird der scharfe Deltapeak aufgeweicht, wie in
Abb. zu sehen ist. Zudem bemerken wir, dass die Bandbreite reduziert
wird und das Minimum der Spektralfunktion sich zu hoheren Energien ver-
schiebt, wodurch die effektive Energieliicke grofer wird als die urspriingliche
Energieliicke A bei T' = 0. Aufgrund der endlichen Frequenzauflésung in unse-
ren numerischen Rechnungen koénnen wir nicht beliebig niedrige Temperaturen
erreichen und sind beschrankt auf Temperaturen 7" > 0.2A, fiir die die Spek-
tralfunktion noch aufgelést werden kann. Im Temperaturbereich 7 < 0.2A
kénnen wir aber die Hardcore-Wechselwirkung vernachléssigen und nur die
selbstkonsistente Hartree-Fock-Entkopplung ohne Hardcore-Wechselwirkung
verwenden.

Mit Hilfe der Spektralfunktion kénnen wir das magnetische Moment m pro
Gitterplatz berechnen,

m = (57) = % o, (D.73)

wobel

1 1 e 1
":N;”’“:N;/_wm(’”)em_y (D.74)

Die magnetische Suszeptibilitdat erhalten wir dann via

_dm

-2 (D.75)

X

Unsere numerischen Ergebnisse fiir die Suszeptibilitat fiir Magnetfelder ober-
halb des Saturierungsfeldes sind in Abb. dargestellt. Die interne Energie
ist gegeben durch

E=(H)=> &nk+ Eur, (D.76)
K

womit sich die spezifische Warme berechnen lasst via

_dE

C—d—T.

(D.77)
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T=1K,B=9T
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Abbildung D.13: Contourplots der Spektralfunktion A(k,w) der Hardcore-
Bosonen bei k, = 0 fiir Temperaturen von 1 K und 4 K in einem Magnetfeld
B =9 T, was einer Energieliicke A = 0.19.J entspricht. Die weifle gestrichelte
Linie ist die unrenormierte Anregungsenergie &, die durch GI. definiert
ist.
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Abbildung D.14: Numerische Ergebnisse fiir die magnetische Suszeptibilitat y
fiir Magnetfelder zwischen 9 T und 11.5 T. Die diinnen durchgehenden Lini-
en sind Ergebnisse fiir niedrige Temperaturen aus der Hartree-Fock-Naherung
ohne Hardcore-Wechselwirkung.

Der magnetische Beitrag zur spezifischen Warme von Cs,CuCly ist experi-
mentell bestimmt worden [14] [15] und wir vergleichen in Abb. unsere
Ergebnisse mit den experimentellen Daten aus Ref. [15]. Wir stellen fest, dass
unsere Theorie das experimentell beobachtete Verhalten sowohl qualitativ als
auch quantitativ gut beschreibt.

Abschliefsend fassen wir zusammen, dass wir das fiir Cs,CuCly relevante
Spin-1/2-Heisenberg-Modell auf ein Hardcore-Boson-Modell abgebildet haben,
bei dem die Hardcore-Bedingung mit Hilfe einer unendlichen Kontaktwechsel-
wirkung berticksichtigt worden ist. Da wir nur Magnetfelder B > B, betrachtet
haben, konnten wir aufgrund der Energieliicke die Hardcore-Wechselwirkung
mit der selbstkonsistenten Leiterndherung [48] behandeln. Fiir die verblei-
benden Austauschwechselwirkungen haben wir eine selbstkonsistente Hartree-
Fock-Naherung verwendet. Wir haben fiir Cs,CuCly die magnetische Suszepti-
bilitdt und die spezifische Warme berechnet, wobei das numerische Ergebnis fiir
die spezifische Wirme in guter Ubereinstimmung ist mit den verfiigharen ex-
perimentellen Daten. Wéhrend wir in dieser Arbeit von einem Spin-1/2-Modell
ausgegangen sind, das wir auf Hardcore-Bosonen abgebildet haben, lasst sich
unser theoretischer Ansatz generell immer dann anwenden, wenn die elemen-
taren Anregungen eines System als Hardcore-Bosonen mit einer Energieliicke
beschrieben werden konnen (fiir Beispiele siehe Ref. [48]).
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Abbildung D.15: Vergleich von unseren numerischen Ergebnissen fiir die spe-
zifische Wiarme (durchgehende Linien) mit den experimentellen Daten aus
Ref. |15] (Symbole) fiir Magnetfelder zwischen 9 T und 11.5 T. Die gestri-
chelten Linien sind Ergebnisse fiir niedrige Temperaturen aus der Hartree-
Fock-Naherung ohne Hardcore-Wechselwirkung.
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