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Science is the belief in the ignorance of experts.

— Richard P. Feynman, What Is Science, Phys. Teach. 7, 313 (1969)

Alle Wissenschaft hat nach unserer Auffassung die Function Erfahrung zu er-
setzen. Sie muss daher zwar einerseits in dem Gebiete der Erfahrung bleiben,
eilt aber doch andererseits der Erfahrung voraus, stets einer Bestätigung aber
auch Widerlegung gegenwärtig. Wo weder eine Bestätigung noch eine Wider-
legung möglich ist, dort hat die Wissenschaft nichts zu schaffen. Sie bewegt
sich immer nur auf dem Gebiete der unvollständigen Erfahrung.

— Ernst Mach, Die Mechanik in ihrer Entwickelung (1883)

http://scitation.aip.org/content/aapt/journal/tpt/7/6/10.1119/1.2351388
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Abstract

The phenomenon of magnetism has been known to humankind for at least over
2500 years and many useful applications of magnetism have been developed
since then, starting from the compass to modern information storage and pro-
cessing devices. While technological applications are an important part of the
continuing interest in magnetic materials, their fundamental properties are still
being studied, leading to new physical insights at the forefront of physics. The
magnetism of magnetic materials is a pure quantum effect due to the electrons
that carry an intrinsic spin of 1/2. The physics of interacting quantum spins
in magnetic insulators is the main subject of this thesis.

We focus here on a theoretical description of the antiferromagnetic insulator
Cs2CuCl4. This material is highly interesting because it is a nearly ideal real-
ization of the two-dimensional antiferromagnetic spin-1/2 Heisenberg model on
an anisotropic triangular lattice, where the Cu2+ ions carry a spin of 1/2 and
the spins interact via exchange couplings. Due to the geometric frustration of
the triangular lattice, there exists a spin-liquid phase with fractional excita-
tions (spinons) at finite temperatures in Cs2CuCl4. This spin-liquid phase is
characterized by strong short-range spin correlations without long-range order.
From an experimental point of view, Cs2CuCl4 is also very interesting because
the exchange couplings are relatively weak leading to a saturation field of only
Bc ≈ 8.5 T. All relevant parts of the phase diagram are therefore experimen-
tally accessible. A recurring theme in this thesis will be the use of bosonic
or fermionic representations of the spin operators which each offer in different
situations suitable starting points for an approximate treatment of the spin
interactions. The methods which we develop in this thesis are not restricted to
Cs2CuCl4 but can also be applied to other materials that can be described by
the spin-1/2 Heisenberg model on a triangular lattice; one important example
is the material class Cs2Cu(Cl4−xBrx) where chlorine is partially substituted by
bromine which changes the strength of the exchange couplings and the degree
of frustration.

Our first topic is the finite-temperature spin-liquid phase in Cs2CuCl4. We
study this regime by using a Majorana fermion representation of the spin-1/2
operators motivated by theoretical and experimental evidence for fermionic
excitations in this spin-liquid phase. Within a mean-field theory for the Ma-
jorana fermions, we determine the magnetic field dependence of the critical
temperature for the crossover from spin-liquid to paramagnetic behavior and
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we calculate the specific heat and magnetic susceptibility in zero magnetic
field. We find that the Majorana fermions can only propagate in one dimen-
sion along the direction of the strongest exchange coupling; this reduction of
the effective dimensionality of excitations is known as dimensional reduction.

The second topic is the behavior of ultrasound propagation and attenua-
tion in the spin-liquid phase of Cs2CuCl4, where we consider longitudinal sound
waves along the direction of the strongest exchange coupling. Due to the di-
mensional reduction of the excitations in the spin-liquid phase, we expect that
we can describe the ultrasound physics by a one-dimensional Heisenberg model
coupled to the lattice degrees of freedom via the exchange-striction mechanism.
For this one-dimensional problem we use the Jordan-Wigner transformation to
map the spin-1/2 operators to spinless fermions. We treat the fermions within
the self-consistent Hartree-Fock approximation and we calculate the change
of the sound velocity and attenuation as a function of magnetic field using a
perturbative expansion in the spin-phonon couplings. We compare our theo-
retical results with experimental data from ultrasound experiments, where we
find good agreement between theory and experiment.

Our final topic is the behavior of Cs2CuCl4 in high magnetic fields larger
than the saturation field Bc ≈ 8.5 T. At zero temperature, Cs2CuCl4 is then
fully magnetized and the ground state is therefore a ferromagnet where the
excitations have an energy gap. The elementary excitations of this ferromag-
netic state are spin-flips (magnons) which behave as hard-core bosons. At
finite temperatures there will be thermally excited magnons that interact via
the hard-core interaction and via additional exchange interactions. We de-
scribe the thermodynamic properties of Cs2CuCl4 at finite temperatures and
calculate experimentally observable quantities, e.g., magnetic susceptibility
and specific heat. Our approach is based on a mapping of the spin-1/2 op-
erators to hard-core bosons, where we treat the hard-core interaction by the
self-consistent ladder approximation and the exchange interactions by the self-
consistent Hartree-Fock approximation. We find that our theoretical results
for the specific heat are in good agreement with the available experimental
data.
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Inhaltsangabe

Magnetische Phänomene sind der Menschheit schon seit mindestens über 2500
Jahren bekannt und viele nützliche Anwendungen von magnetischen Eigen-
schaften sind seitdem entwickelt worden, angefangen beim Kompass bis zu
modernen Anwendungen in der Datenspeicherung und -verarbeitung. Während
technologische Anwendungen ein wichtiger Grund für das andauernde Interes-
se an magnetischen Materialien sind, so werden auch weiterhin deren funda-
mentale Eigenschaften untersucht, was immer wieder zu neuen, grundlegenden
physikalischen Erkenntnissen geführt hat. Der Magnetismus von magnetischen
Materialien ist ein reiner Quanteneffekt, verursacht durch die Elektronen, die
einen intrinsischen Spin von 1/2 haben. Das Hauptthema dieser Dissertation
ist die Physik von wechselwirkenden Quantenspins in magnetischen Isolatoren.

Wir konzentrieren uns dabei auf eine theoretische Beschreibung des anti-
ferromagnetischen Isolators Cs2CuCl4. Dieses Material ist interessant, da es ei-
ne nahezu ideale Realisierung eines zweidimensionalen, antiferromagnetischen
Spin-1/2-Heisenberg-Modells auf einem anisotropen Dreiecksgitter darstellt,
wobei die Cu2+-Ionen einen Spin von 1/2 haben und über Austauschkopplun-
gen miteinander wechselwirken. Aufgrund der geometrischen Frustration des
Dreiecksgitters existiert in Cs2CuCl4 eine Spinflüssigkeitsphase mit fraktiona-
len Anregungen (Spinonen) bei endlichen Temperaturen. Das Hauptmerkmal
der Spinflüssigkeitsphase sind starke, kurzreichweitige Spinkorrelation ohne
langreichweitige Ordnung. Cs2CuCl4 ist auch aus experimenteller Sicht beson-
ders interessant, da die Austauschkopplungen relativ schwach sind, wodurch
das Saturierungsfeld bei nur Bc ≈ 8.5 T liegt. Damit sind alle relevanten
Bereiche des Phasendiagramms experimentell erreichbar. Ein wiederkehren-
des Thema in dieser Dissertation wird die Verwendung von bosonischen oder
fermionischen Darstellungen der Spinoperatoren sein, die jeweils für verschie-
dene Situationen geeignete Ausgangspunkte für eine genäherte Beschreibung
der Spinwechselwirkungen darstellen. Die Methoden, die wir in dieser Arbeit
entwickeln, sind dabei nicht auf Cs2CuCl4 beschränkt, sondern können auch
auf andere Materialien angewendet werden, die durch ein Spin-1/2-Heisenberg-
Modell auf einem Dreiecksgitter beschrieben werden können, wobei ein wich-
tiges Beispiel die Materialklasse Cs2Cu(Cl4−xBrx) ist, bei der Chlor teilweise
durch Brom substituiert wird, wodurch die Stärke der Austauschkopplungen
und die Frustration variiert werden können.

Das erste Thema dieser Arbeit ist die Spinflüssigkeitsphase in Cs2CuCl4
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bei endlichen Temperaturen. Wir untersuchen diese Phase, indem wir die
Majorana-Fermion-Darstellung der Spin-1/2-Operatoren verwenden, was moti-
viert wird durch theoretische und experimentelle Hinweise auf fermionische An-
regungen in dieser Spinflüssigkeitsphase. Im Rahmen einer Meanfield-Theorie
für die Majorana-Fermionen bestimmen wir die Magnetfeldabhängigkeit der
kritischen Temperatur für den Übergang von der Spinflüssigkeitsphase zur pa-
ramagnetischen Phase und wir berechnen die spezifische Wärme und magne-
tische Suszeptibilität für den Fall, dass kein externes Magnetfeld anliegt. Ein
zentrales Ergebnis ist, dass die Majorana-Fermionen nur in einer Dimension
entlang der Richtung der stärksten Austauschkopplung propagieren können;
dieser Effekt ist unter dem Begriff der dimensionalen Reduktion bekannt.

Unser zweites Thema ist das Verhalten von Ultraschallausbreitung und
-dämpfung in der Spinflüssigkeitsphase von Cs2CuCl4. Wir betrachten longi-
tudinale Schallwellen entlang der Richtung der stärksten Austauschkopplung.
Aufgrund der dimensionalen Reduktion der Anregungen in der Spinflüssigkeits-
phase erwarten wir, dass wir die Ultraschallphysik mit einem eindimensionalen
Heisenberg-Modell beschreiben können, bei dem die Spinfreiheitsgrade an die
Gitterschwingungen gekoppelt sind. Für dieses eindimensionale Problem ver-
wenden wir die Jordan-Wigner-Transformation, um die Spin-1/2-Operatoren
auf spinlose Fermionen abzubilden. Wir behandeln die Fermionen im Rahmen
einer selbstkonsistenten Hartree-Fock-Näherung und wir berechnen die Ände-
rung der Schallgeschwindigkeit und -dämpfung als Funktion des Magnetfeldes,
indem wir eine Störungsentwicklung in den Spin-Phonon-Kopplungen durch-
führen. Dabei vergleichen wir unsere Ergebnisse mit experimentellen Daten
aus Ultraschallexperimenten, wobei wir eine gute Übereinstimmung finden.

Das letzte Thema ist das Verhalten von Cs2CuCl4 in starken Magnetfel-
dern oberhalb des Saturierungsfeldes Bc ≈ 8.5 T. Am Temperaturnullpunkt ist
Cs2CuCl4 dann vollständig magnetisiert und der Grundzustand ist damit ein
Ferromagnet, dessen Anregungen eine Energielücke zum Grundzustand auf-
weisen. Die elementaren Anregungen dieses ferromagnetischen Zustands sind
Spinflips (Magnonen), die sich wie Hardcore-Bosonen verhalten. Bei endlichen
Temperaturen werden thermisch angeregte Magnonen auftreten, die mitein-
ander über die Hardcore-Wechselwirkung und Austauschkopplungen wechsel-
wirken. Wir beschreiben die thermodynamischen Eigenschaften von Cs2CuCl4
bei endlichen Temperaturen und berechnen experimentell beobachtbare Grö-
ßen, z.B. die magnetische Suszeptibilität und die spezifische Wärme. Dazu
bilden wir die Spin-1/2-Operatoren auf Hardcore-Bosonen ab und behandeln
die Hardcore-Wechselwirkung mit der selbstkonsistenten Leiternäherung und
die Austauschkopplungen mit der selbstkonsistenten Hartree-Fock-Näherung.
Unsere theoretischen Ergebnisse für die spezifische Wärme stimmen gut mit
den vorhandenen experimentellen Daten überein.
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Chapter 1

Introduction

1.1 Cs2CuCl4

Since the main topic of this thesis is the theoretical description of Cs2CuCl4, we
start by introducing the main properties of this material. Cs2CuCl4 is an an-
tiferromagnetic insulator with an orthorhombic crystal structure (Pnma) and
lattice parameters a = 9.65 Å , b = 7.48 Å, and c = 12.26 Å (at T = 0.3 K [1]).
The CuCl2−4 tetrahedra form triangular lattices in the bc planes and are sepa-
rated by Cs2+ ions along the a axis. The Cu2+ ions carry each a spin of 1/2
where the spins are isotropic Heisenberg spins because the orbital momentum
is quenched by strong crystal fields. The electrons that carry the spin of 1/2
at the Cu2+ lattice sites are localized due to a strong on-site repulsion which
means that Cs2CuCl4 is a Mott insulator where the spins interact via super-
exchange routes mediated by the non-magnetic Cl− ions. Cs2CuCl4 has been
intensively studied due to its interesting properties, e.g., spin-liquid behav-
ior with spinon excitations [P2, 1–12], Bose-Einstein condensation of magnons
at the quantum critical point [13–17], and a rich phase diagram for in-plane
magnetic fields [2, 18–23]. In the past two decades, the physical properties of
Cs2CuCl4 have been explored experimentally by investigating a diverse range
of observables: dynamic structure factor [1, 2, 13], electron spin resonance
spectra [24], magnetic susceptibility [19], magneto-caloric effect [25], nuclear
magnetic resonance relaxation rate [11], specific heat [14, 15], and ultrasound
velocity and attenuation [P3, 26, 27].

1.1.1 Effective Hamiltonian

It has been established that the magnetic behavior of Cs2CuCl4 can be de-
scribed by the following two-dimensional antiferromagnetic spin-1/2 Heisen-
berg model in an external magnetic field along the crystallographic a axis [13],
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Figure 1.1: Part of the anisotropic triangular lattice formed by the spins
of Cs2CuCl4. The stronger exchange coupling J connects nearest-neighbor
spins along the crystallographic b axis, while the weaker exchange coupling
J ′ connects nearest-neighbor spins along the diagonals. There are also weak
Dzyaloshinskii-Moriya interactions D = ±Dẑ connecting neighboring spins
along the diagonals where the direction of D is indicated by � for +ẑ and ⊗
for −ẑ. We consider only the case where the magnetic field B = Bẑ is along
the a axis perpendicular to the plane of the lattice.

H =
1

2

∑
ij

[JijSi · Sj +Dij · (Si × Sj)]− h
∑
i

Szi , (1.1)

where the summations run over all N lattice sites, h = gµBB is the Zeeman
energy associated with an external magnetic field B = Bẑ, and g = 2.19(1) is
the effective g-factor [13]. The spin-1/2 operators Si = S(Ri) are located at
the lattice sites Ri of an anisotropic triangular lattice with lattice constants b
and c, as shown in Fig. 1.1. The exchange couplings Jij = J(Ri−Rj) connect
nearest neighbors along the crystallographic b axis and along the diagonals
with J(±δ1) = J and J(±δ2) = J(±δ3) = J ′, where the three elementary
lattice vectors are (see Fig. 2.1 in the following chapter)

δ1 = bx̂, δ2 = − b
2
x̂+

c

2
ŷ, δ3 = − b

2
x̂− c

2
ŷ. (1.2)

Here, x̂, ŷ, and ẑ are the unit vectors of our Cartesian coordinate system.
Due to the fact that inversion symmetry is broken for Cs2CuCl4, there are also
Dzyaloshinskii-Moriya interactionsDij = D(Ri−Rj)ẑ connecting neighboring
spins along the diagonals with D(±δ2) = D(±δ3) = ∓D. The precise form of
the Hamiltonian (1.1) and the values of the interaction constants have been
measured by inelastic neutron scattering experiments in magnetic fields higher
than the saturation field Bc = 8.44(1) T. The accepted values are [13]: J =
0.374(5) meV = 4.34(6) K, J ′/J = 0.34(3), and D/J = 0.053(5). There is also
a weak interlayer coupling J ′′/J = 0.045(5), which we neglect because it is only
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important at very low temperatures T . 0.1 K and in the antiferromagnetically
ordered phase in magnetic fields B < Bc which we do not consider in this
thesis. We mention here that the methods which we develop in this thesis are
not restricted to Cs2CuCl4 but can also be applied to other materials that can
be described by the spin-1/2 Heisenberg model (1.1). The most important
example is the material class Cs2Cu(Cl4−xBrx), where chlorine is partially
substituted by bromine which changes the strength of the exchange couplings
and the ratio J ′/J [28–31].

1.1.2 Exchange and Dzyaloshinskii-Moriya interactions

The exchange interactions between the spins in the Hamiltonian (1.1) are of
quantum mechanical origin and are due to the Pauli principle and the strong
Coulomb repulsion between the electrons. The dipole-dipole interactions due
to the magnetic dipole moments of the electrons are much smaller and can be
neglected. The spin-1/2 Heisenberg model can be derived from the Hubbard
model in the strong-coupling limit. In the simplest case, the Hubbard model
describes electrons on a lattice interacting via a repulsive on-site interaction
U > 0,

H =
∑
ij,σ

tijc
†
iσcjσ + U

∑
i

c†i↑ci↑c
†
i↓ci↓, (1.3)

where c†iσ and ciσ are the creation and annihilation operators of fermions with
spin σ at lattice site i. At half filling (one electron per lattice site), the Hubbard
model can be mapped in the strong-coupling Mott limit, U � tij, to the spin-
1/2 Heisenberg model [32],

H =
1

2

∑
ij

Jij

(
Si · Sj −

1

4

)
, (1.4)

with exchange couplings Jij = 4|tij|2/U . If we apply an external magnetic field
to the Hubbard model, there will be two effects. There will be the Zeeman
energy −h∑i S

z
i and the hopping matrix elements tij will acquire a Peierls

phase, tij → tije
iλij [32]. This implies that the exchange couplings Jij do

not change when a magnetic field is applied because they do not depend on
the phase of tij. In the case of Cs2CuCl4 we do not have direct exchange
interactions, but super-exchange interactions, where the hopping processes are
not directly from one Cu2+ site to the next but are mediated by the non-
magnetic Cl− sites. For a microscopic derivation of the effective Hamiltonian
of Cs2CuCl4 via ab initio methods, we refer to Ref. [30].

In Cs2CuCl4 the inversion symmetry is broken, allowing Dzyaloshinskii-
Moriya (DM) interactions [33, 34] which are antisymmetric exchange interac-
tions given by

HDM =
1

2

∑
ij

Dij · (Si × Sj). (1.5)
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Figure 1.2: Schematic phase diagram of Cs2CuCl4 (redrawn from Fig. 1
of Ref. [1]) as a function of temperature T and an external magnetic field
Bẑ along the crystallographic a axis. The experimental data points for the
crossover from the paramagnetic to the ferromagnetic phase (squares) and for
the phase transition from the ordered to the spin-liquid phase (black circles)
have been obtained from Ref. [14], while the experimental data points for the
crossover from the spin-liquid to the paramagnetic phase (diamonds) are from
Ref. [35].

The components of the antisymmetric exchange couplings Dij are related to
the value of the corresponding exchange coupling Jij and can be estimated as
follows [34],

|Dij| ≈
∆g

g
|Jij| , ∆g = g − 2. (1.6)

For Cs2CuCl4 the DM interactions are along the diagonals (see Fig. 1.1) with
the corresponding exchange coupling J ′/J = 0.34. With g = 2.19, the estimate
(1.6) gives D/J ≈ 0.03 which is not too far off from the measured value
D/J = 0.053(5).

1.1.3 Phase diagram

The phase diagram of Cs2CuCl4 as a function of the temperature T and an
external magnetic field Bẑ perpendicular to the plane of the triangular lattice
is shown schematically in Fig. 1.2. Strictly speaking, there are only two phases:
a paramagnetic phase where the spin-rotational invariance with respect to the
z axis is not broken and an antiferromagnetically ordered phase (labeled 3D
AFM LRO) with spontaneously broken spin-rotational invariance. The anti-
ferromagnetic phase is stabilized by the interplane interaction J ′′ and occurs
at temperatures below the Néel temperature, which is at at zero magnetic
field given by TN = 0.62(1) K [1]. The other two phases indicated in Fig. 1.2
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belong to the paramagnetic phase. We partition the paramagnetic phase into
three subphases: a spin-liquid phase characterized by strong short-range spin
correlations, a ferromagnetic phase where the spins are nearly completely po-
larized, and a paramagnetic regime. The dashed lines in Fig. 1.2 separating
these subphases are not phase transitions but indicate the crossover from one
regime to the other. The crossover line from the spin-liquid phase to the para-
magnetic regime is determined by the maximum of the magnetic susceptibility
which indicates the point at which the spin correlations become important.
The crossover line from the ferromagnetic phase to the paramagnetic regime is
given by the size of the energy gap ∆ = gµB(B −Bc) where for temperatures
below the energy gap the spins are nearly completely polarized. At T = 0
and B = Bc ≈ 8.5 T there is a quantum critical point at the quantum phase
transition from the ferromagnetic to the antiferromagnetic phase which can be
described as a Bose-Einstein condensation of magnons [13–17].

1.2 Representations of the spin-1/2 operators
The spin-1/2 operators fulfill the commutation relations[

S+
i , S

−
j

]
= 2δijS

z
i ,

[
S±i , S

z
j

]
= ∓δijS±i , (1.7)

where S±i = Sxi ± iSyi and S2
i = 3/4. Additionally, the spin-1/2 operators obey

an on-site exclusion principle [36],

S+
i S
−
i + S−i S

+
i = 1, (S+

i )2 = (S−i )2 = 0. (1.8)

These commutation relations are much more complicated than the simple (an-
ti-) commutation relations of bosons and fermions,[

bi, b
†
j

]
= δij,

[
b†i , b

†
j

]
= [bi, bj] = 0, (1.9a){

ci, c
†
j

}
= δij,

{
c†i , c

†
j

}
= {ci, cj} = 0, (1.9b)

where b†i and bi are bosonic creation and annihilation operators, c†i and ci are
fermionic creation and annihilation operators, and {ci, c†j} = cic

†
j + c†jci is the

anticommutator. The advantage of bosonic and fermionic operators is that
there exists Wick’s theorem for such operators which relates averages of time
ordered products of bosonic or fermionic operators to averages of pairs. Wick’s
theorem allows the use of Green function methods and Feynman diagrams [37,
38]. Therefore it is in many cases sensible to represent the spin operators in
terms of bosonic or fermionic operators. While there are many different ways
of representing spin operators in terms of bosonic or fermionic operators [39],
we will only discuss the widely used Holstein-Primakoff transformation [40],
the three spin-1/2 representations which we will use later on, and the mapping
to Abrikosov pseudofermions.
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1.2.1 Holstein-Primakoff transformation

The Holstein-Primakoff transformation maps the spin operators for arbitrary
spin S to bosonic creation and annihilation operators [40],

Szi = S − n̂i, n̂i = b†ibi, (1.10a)

S+
i =

√
2S

√
1− n̂i

2S
bi, (1.10b)

S−i =
√

2Sb†i

√
1− n̂i

2S
. (1.10c)

While this transformation preserves the spin commutation relations (1.7), the
Hilbert space of the bosons has to be restricted to n̂i ≤ 2S to prevent the oc-
currence of unphysical states. Since such a restriction is difficult to implement,
this constraint is usually ignored. In a spin-wave calculation, we would then
expand the operators to order 1/S,

S+
i =

√
2S

(
bi −

n̂ibi
4S

+ . . .

)
, (1.11a)

S−i =
√

2S

(
b†i −

b†i n̂i
4S

+ . . .

)
. (1.11b)

We see that this procedure is well justified if the average occupation ni per lat-
tice is small compared to the spin S (ni � S). This means that this method
is restricted to low temperatures and can describe small fluctuation around
an ordered spin configuration. The antiferromagnetically ordered phase in
Cs2CuCl4 has been extensively studied within spin-wave theory [18, 27, 41–
43]. Since we do not want to describe this antiferromagnetic phase or be re-
stricted to the low-temperature regime, we will not use the Holstein-Primakoff
transformation in this thesis. In the case of S = 1/2 and low dimensions, the
condition ni � S is not necessarily fulfilled even at low temperatures, which
has been discussed in Ref. [36] for the antiferromagnetic spin-1/2 Heisenberg
model on a two-dimensional square lattice.

1.2.2 Jordan-Wigner transformation

A very powerful method for one-dimensional spin-1/2 chains with nearest-
neighbor exchange couplings is the Jordan-Wigner transformation which maps
the spin-1/2 operators to spinless fermions [44, 45],

S+
i = (S−i )† = c†ie

iπ
∑
j<i c

†
jcj , Szi = c†ici − 1/2. (1.12)

The advantage of this transformation is that it is an exact one-to-one mapping
which does not require any additional constraints on the Hilbert space of the
fermions. The state without a fermion on a lattice site corresponds to the spin-
down state and the state with a fermion to the spin-up state. Due to the Pauli
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exclusion principle there can either be one or no fermion on a given lattice sites
(the fermions are spinless). Therefore the dimension of the Hilbert space of the
fermions is 2N (where N is the number of spins), which is also the dimension
of the original Hilbert space of N spins with spin 1/2. The disadvantage of
this transformation is the phase factor exp(iπ

∑
j<i c

†
jcj) which implements the

correct spin commutation relations and is difficult to deal with. Fortunately,
for a simple chain model with nearest-neighbor exchange couplings, these phase
factors cancel exactly in the Hamiltonian. To illustrate this, we consider the
XY model in one dimension which is given by

H1D = J
∑
i

(
Sxi S

x
i+1 + Syi S

y
i+1

)
− h

∑
i

Szi . (1.13)

By applying the Jordan-Wigner transformation, we obtain a Hamiltonian
which is quadratic in the fermionic operators and can be easily diagonalized
via a Fourier transform to momentum space,

H1D =
∑
k

(J cos k − h) c†kck +
Nh

2
, (1.14)

with
ck =

1√
N

∑
j

e−ikjcj, c†k =
1√
N

∑
j

eikjc†j. (1.15)

We see that the phase factors exp(iπ
∑

j<i c
†
jcj) do not occur in the transformed

Hamiltonian for this simple model. Unfortunately, the phase factors do not
cancel in higher-dimensional models or models with exchange couplings be-
yond nearest neighbors [44]. Therefore, the Jordan-Wigner transformation is
best suited for one-dimensional chain models with nearest-neighbor exchange
couplings.

1.2.3 Hard-core bosons

A mapping closely related to the Jordan-Wigner transformation is the mapping
of the spin-1/2 operators to hard-core bosons [46, 47],

S+
i = bi, S−i = b†i , Szi = 1/2− b†ibi, (1.16)

where the hard-core boson operators satisfy the commutation relation[
bi, b

†
j

]
= δij

(
1− 2b†ibi

)
, (1.17)

and the occupation number per site is restricted to n̂i = 0 or 1, with n̂i = b†ibi.
The state without a bosons on a lattice site corresponds to the spin-up state
and the state with a boson to the spin-down state. The hard-core boson
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constraint and the commutation relation (1.17) can be realized by treating the
hard-core bosons as canonical bosons with an infinite on-site repulsion,

HU =
U

2

∑
i

b†ib
†
ibibi, with U →∞. (1.18)

The advantage of this mapping is that it can be used for any kind of spin-
1/2 model in any dimensions because the mapping (1.16) does not include any
phase factors. The disadvantage is that we have to deal with the infinite on-site
interaction which has to be treated non-perturbatively. It has been recently
shown in Ref. [48] that the infinite on-site interaction can be treated within a
self-consistent ladder approximation when the excited states are separated by
an energy gap from the ground state. For our spin model (1.1), this is the case
when the magnetic field is larger than the saturation field Bc.

1.2.4 Majorana fermions

We can map the spin-1/2 operators to Majorana fermions [49] by introducing
for each lattice site Ri three Majorana fermions ηxi , η

y
i , and ηzi satisfying the

anticommutation relations {
ηαi , η

β
j

}
= δijδ

αβ. (1.19)

The spin algebra can be reproduced by setting

Sxi = −iηyi ηzi , Syi = −iηzi ηxi , Szi = −iηxi ηyi . (1.20)

Note that with our normalization (ηαi )2 = 1/2. The above Majorana repre-
sentation has been used previously by several authors to study quantum spin
systems [50–56]. Moreover, a coherent state path integral for the Majorana
fermions can be constructed [56] so that the usual field theoretical methods
can be used to study the underlying spin model. An advantage of the above
Majorana representation is that it does not introduce any unphysical states
without needing any additional constraints. On the other hand, for a system
consisting of an even number N of spins, the Majorana Hilbert space has 23N/2

states and consists of 2N/2 identical copies of the 2N -dimensional spin Hilbert
space [55].

1.2.5 Abrikosov pseudofermions

Another possibility is to use Abrikosov pseudofermions [39, 57], where the
spin-operator at lattice site Ri is expressed in terms of a pair of canonical
fermion operators ci↑ and ci↓ as

Si = (c†i↑, c
†
i↓)
σ

2

(
ci↑
ci↓

)
. (1.21)
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Here, the components of the vector σ are the usual Pauli matrices. One disad-
vantage of the representation (1.21) is that the fermionic Hilbert space contains
two unphysical states per lattice site, corresponding to empty and doubly oc-
cupied sites. In order to describe the physical spin system, these unphysical
states must be projected out. According to Popov and Fedotov [58], this can
be done by formally imposing on the system a fictitious imaginary chemical
potential µf = iπT/2. In frequency space, this is equivalent to replacing the
fermionic Matsubara frequencies 2πT (n+1/2) by semionic ones, 2πT (n+1/4).
If no further approximations are made, the semionic Matsubara frequencies au-
tomatically eliminate the unphysical states from the fermionic Hilbert space.
Recently, this procedure has been used to study the triangular lattice anti-
ferromagnet by means of a diagrammatic Monte Carlo method [59, 60]. To
avoid the complications associated with an imaginary chemical potential, it is
sometimes sufficient to implement the projection only on average, which for-
mally amounts to setting µf = 0. Unfortunately, at finite temperature this
approximation can introduce uncontrollable errors [61].

1.3 Hartree-Fock and mean-field approxima-
tions

Hartree-Fock and mean-field approximations are variational methods where
the original Hamiltonian H is replaced by an exactly solvable approximate
Hamiltonian HMF with variational parameters. The variational procedure is
based on the Bogoliubov inequality for the free energy [62],

F ≤ FMF + 〈H −HMF〉MF , (1.22)

where F is the exact free energy of the original Hamiltonian H, FMF is the
free energy of the approximate Hamiltonian HMF, and 〈. . .〉MF denotes the ex-
pectation value with respect to HMF, which can be exactly calculated. The
variational parameters of HMF can then be obtained by minimizing the right
hand side of Eq. (1.22), leading to self-consistency equations for the varia-
tional parameters. In the mean-field calculations in this thesis, we use an
equivalent method [62] where we start not by minimizing Eq. (1.22), but in-
stead we replace the interaction terms in the original Hamiltonian by quartic
terms where parts of the interactions term have been replaced by their ex-
pectation values. We then demand that the expectation values have to be
calculated self-consistently. For example, we can approximate the following
bosonic interaction (with i 6= j),

b†ibib
†
jbj ≈ nib

†
jbj + njb

†
ibi − ninj

+ τjib
†
ibj + τijb

†
jbi − τijτji, (1.23)



20 1. Introduction

where the variational parameters ni and τij have to fulfill the self-consistency
equations

ni =
〈
b†ibi

〉
, τij =

〈
b†ibj

〉
. (1.24)

The Hartree-Fock decoupling in Eq. (1.23) is based on a partial Wick contrac-
tion where the constant terms ninj and τijτji have to be subtracted to get the
correct expectation value

〈
b†ibib

†
jbj

〉
≈ ninj + τijτji within the Hartree-Fock

approximation. For fermions, the analogous Hartree-Fock decoupling is (with
i 6= j)

c†icic
†
jcj ≈ nic

†
jcj + njc

†
ici − ninj

− τjic
†
icj − τijc†jci + τijτji, (1.25)

where the different signs in the second line are due to the anticommutation
relations of the fermions, and the self-consistency equations are given by

ni =
〈
c†ici

〉
, τij =

〈
c†icj

〉
. (1.26)

1.4 Diagrammatic methods
When we map the spin operators to bosonic or fermionic operators, we can use
Wick’s theorem and the coherent state path integral formalism from which we
can derive an expansion of the self-energy in terms of Feynman diagrams [37].
Below we summarize some important results but we refer to the textbook [37]
for more details and derivations.

1.4.1 Path integral formalism and Wick’s theorem

We consider now a Hamiltonian of the following form describing interacting
bosons or fermions on a lattice,

H =
∑
k

ξkb
†
kbk +

1

2N

∑
k,k′,q

Vqb
†
k+qb

†
k′−qbk′bk, (1.27)

where the creation and annihilation operators b†k and bk can be either bosonic
or fermionic and the momentum index k has N different possible values. We
assume that the interaction has inversion symmetry, Vq = V−q, and only de-
pends on the momentum transfer q. We can write the partition function in
the path integral formalism as

Z = Tr e−βH =

ˆ
D
[
b̄, b
]
e−S[b̄,b], (1.28)

where b is now a complex field for bosons and a Grassmann field for fermions,
b̄ is the complex conjugate field to b or an independent Grassmann field for
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fermions, and β = 1/T is the inverse temperature.1 The action S[b̄, b] is given
in Matsubara frequency space by

S[b̄, b] = −
ˆ
K

G−1
0 (K)b̄KbK +

1

2

ˆ
K,K′,Q

Vq b̄K+Qb̄K′−QbK′bK , (1.29)

where we have introduced the composite index K = (k, iωk) with the corre-
sponding sum ˆ

K

=
1

βN

∑
k

∑
ωk

, (1.30)

and the bare Green function is given by

G0(K) =
1

iωk − ξk
. (1.31)

The Matsubara frequencies ωk are defined by

ωk =

{
2πk
β

, bosons,
2π(k+ 1

2
)

β
, fermions,

(1.32)

with k ∈ Z. The integral measure is
ˆ
D
[
b̄, b
]

=
∏
k

∏
ωk

db̄KdbK

Ñ
, (1.33)

where Ñ is a normalization constant which is not important for the calcula-
tion of correlation functions. The fields in imaginary time and in Matsubara
frequency space are related by

bk(τ) =
1

β
√
N

∑
ωk

e−iωkτbK , (1.34a)

b̄k(τ) =
1

β
√
N

∑
ωk

eiωkτ b̄K . (1.34b)

We note that expectation values of products of fields in imaginary time corre-
spond to expectation values of time-ordered products of operators in imaginary
time [37]. We can now state Wick’s theorem in the functional integral formu-
lation,

´
D
[
b̄, b
]
bK1 . . . bKn b̄Qn . . . b̄Q1e

−
´
K b̄KMK,QbQ´

D
[
b̄, b
]
e−
´
K b̄KMK,QbQ

= (βN)n
∑
P

ζPM−1
KPnQn

. . .M−1
KP1Q1

, (1.35)

1Throughout this thesis we use natural units, i.e. kB = 1 and ~ = 1, unless indicated
otherwise. This means that temperatures and frequencies are measured in units of energy.
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where
∑

P is the sum over all permutations P and ζ = 1 for bosons and
ζ = −1 for fermions. Wick’s theorem enables us to calculate expectation
values with respect to a quadratic action where the result consists of products
of the bare Green function. When the action is not quadratic, we can expand
the exponential of the non-quadratic part, leaving us again with a quadratic
action. Therefore we can perform a perturbative expansion in terms of the
interaction strength which can be represented by Feynman diagrams [37, 38].

1.4.2 One-particle Green function and self-energy

The one-particle Green function G(K) and the corresponding irreducible self-
energy Σ(K) are defined via the functional average〈

bK b̄K
〉

= −βNG(K) = −βN 1

G−1
0 (K)− Σ(K)

, (1.36)

where

〈. . .〉 =

´
D
[
b̄, b
]
. . . e−S[b̄,b]´

D
[
b̄, b
]
e−S[b̄,b]

. (1.37)

In the non-interacting case with Vq = 0, we recover via Wick’s theorem (1.35)
the bare Green function,〈

bK b̄K
〉

0
= −βNG0(K) = −βN 1

iωk − ξk
. (1.38)

If we perform a perturbative expansion of the Green function G(K) in terms
of the interaction vertices Vq and the bare propagators G0(K), then the self-
energy consists, in terms of Feynman diagrams, of all the diagrams (without
external propagators [G0(K)]2) which cannot be separated into two diagrams
by cutting a single propagator line; these diagrams are called irreducible. This
can be seen by expanding Eq. (1.36),

G(K) = G0(K) +G0(K)Σ(K)G0(K)

+ G0(K)Σ(K)G0(K)Σ(K)G0(K) + . . . , (1.39)

where the second term is given by all irreducible diagrams with external prop-
agators [G0(K)]2 and the third term is given by all irreducible diagrams which
can be separated at only one point into two parts, and so on. Summing this
infinite series recovers all contribution to the Green function G(K) which con-
firms the identification of the self-energy with the irreducible diagrams without
external propagators.

1.4.3 Feynman diagram representation of the self-energy

We now summarize the rules for obtaining the perturbative expansion of the
self-energy in terms of Feynman diagrams. We restrict us here to the bosonic
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K

Figure 1.3: First order contributions to the self-energy Σ(K).

case since in this thesis we are not going to use Feynman diagram methods for
fermions. First, we define the basic building blocks of our Feynman diagrams.
A directed line with index K corresponds to the bare Green function G0(K)
and a vertex, represented by a wiggly line with an ingoing and an outgoing
line at each end, corresponds to an interaction Vq, where q is the momentum
transfer at the vertex. If we are now given a Feynman diagram, we can trans-
late the diagram to an algebraic expression by using these definitions for lines
and vertices, multiplying each, and finally summing over all free indices (using
the sum defined in Eq. (1.30)). A free index is an index K which is not fixed
by external indices or momentum and frequency conservation. The nth order
contribution to the self-energy Σ(K) is then obtained by drawing all (topo-
logically different) connected diagrams with two external legs K containing n
vertices and 2n− 1 connected lines and finally multiplying by an overal factor
(−1)n. As an example, we show in Fig. 1.3 the first order contributions to the
self-energy Σ(K). Translating these diagrams into algebraic expressions, we
obtain

Σ(1)(K) = −
ˆ
Q

V0G0(Q)eiωq0
+ −
ˆ
Q

Vq−kG0(Q)eiωq0
+

. (1.40)

We note that whenever a propagator line G0(Q) starts and ends at the same
vertex, a convergence factor eiωq0+ has to be included [37]. The origin of this
convergence factor is the time ordering at the interaction vertex, which we
explain in Sec. 1.4.5.

1.4.4 Calculation of Matsubara sums

When working in Matsubara frequency space, we encounter Matsubara sums
of the following type,

R =
1

β

∑
ωn

g(iωn), (1.41)

where the sum is over Matsubara frequencies

ωn =


2πn
β
, bosons,

2π(n+ 1
2

)

β
, fermions,

2π(n+ 1
4

)

β
, semions,

(1.42)
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with n ∈ Z. The semionic frequencies occur when the Popov-Fedotov method
for the Abrikosov pseudofermion representation of the spin-1/2 operators is
used (see Sec. 1.2.5). Although the evaluation of the Matsubara sum R is
a standard textbook calculation [63], we go through the essential steps and
generalize the textbook result to the semionic case. We first introduce the
complex auxiliary function n(z) with simple poles at z = iωn,

n(z) =
1

eβz − ζ , (1.43)

where

ζ =


1, bosons,

−1, fermions,

i, semions.

(1.44)

Using the residue theorem, we find

ζ

ˆ
C

dz

2πi
g(z)n(z) = ζ

∑
ωn

Res[n(z)] g(z)|z=iωn =
1

β

∑
ωn

g(iωn), (1.45)

where the integration path C is shown in Fig. 1.4(a) and we have used

Res n(z)|z=iωn =
1

ζβ
. (1.46)

If we now blow up the integration path without crossing any poles of g(z),
we see that the integral is determined by the poles zp of g(z), as shown in
Fig. 1.4(b), assuming that g(z)n(z) vanishes faster than 1/|z| for |z| → ∞,

ζ

ˆ
C

dz

2πi
g(z)n(z) = −ζ

∑
zp

Res [g(z)]
1

eβz − ζ

∣∣∣∣
z=zp

. (1.47)

Therefore, we can evaluate the Matsubara sum R by considering the poles zp
of g(z),

R =
1

β

∑
ωn

g(iωn) = −ζ
∑
zp

Res [g(z)]
1

eβz − ζ

∣∣∣∣
z=zp

. (1.48)

As a simple example, we consider the case

g(iω) =
eiω0+

iω − ξ , (1.49)

where we find

R =
1

β

∑
ωn

eiωn0+

iωn − ξ
= −ζ 1

eβξ − ζ . (1.50)
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Figure 1.4: (a) Integration path C for the Matsubara summation in Eq. (1.45),
where × indicates the Matsubara frequencies iωn and + the poles zp of g(z).
(b) Deformed integration path where only the poles of g(z) contribute.

1.4.5 Origin of the convergence factor

In Sec. 1.4.3 we have noted that whenever a propagator line G0(K) starts and
ends at the same vertex, a convergence factor eiωk0+ has to be included. To
explain the origin of this convergence factor, we have to consider the exact
discrete imaginary time formulation of the path integral, where the partition
function for bosons (ζ = 1) or fermions (ζ = −1) is [37]

Z = lim
L→∞

ˆ L∏
l=1

∏
k

1

N db̄k,ldbk,l e
−S[b̄,b], (1.51)

where

N =

{
2πi, bosons,

1, fermions,
(1.52)

and the action is given by

S[b̄, b] = ε

L∑
l=1

∑
k

b̄k,l

(
bk,l − bk,l−1

ε

)
+ ε

L∑
l=1

H
[
b̄k,l, bk,l−1

]
, (1.53)

with ε = β/L. The term H
[
b̄k,l, bk,l−1

]
is just the Hamiltonian H where the

creation and annihilation operators have been replaced by the corresponding
fields. The crucial point is that the fields b̄k,l in H

[
b̄k,l, bk,l−1

]
are given at an

infinitesimally later time τl = εl than the fields bk,l−1 given at τl−1 = ε(l − 1),

τl − τl−1 = εl − ε(l − 1) = ε. (1.54)

If we now have the case that a propagator starts and ends at the same inter-
action vertex

b̄k+q,lb̄k′−q,lbk′,l−1bk,l−1, (1.55)



26 1. Introduction

then this propagator is given by the expectation value

−
〈
bk,l−1b̄k,l

〉
0

= G0(k, τl−1 − τl) = G0(k,−ε). (1.56)

This infinitesimal time −ε is important due to the discontinuity of the propa-
gator at τ = 0 [37],

G0(k, τ) =

{
− [1 + ζnζ(ξk)] e−ξkτ , τ ≥ 0,

−ζnζ(ξk)e−ξkτ , τ < 0.
(1.57)

Transforming to Matsubara frequencies, we find

G0(k,−ε) =
1

β

∑
ωk

eiωkεG0(K), (1.58)

where we see that the convergence factor eiωkε = eiωk0+ has to be included
whenever a propagator G0(K) starts and ends at the same vertex.

1.4.6 Convergence of the partition function

In the simple case of non-interacting bosons or fermions, we also need a con-
vergence factor eiωk0+ when calculating the partition function using Matsubara
frequencies instead of the discrete imaginary time formalism. We consider now
non-interacting bosons or fermions with dispersion ξk where k is an index with
N possible values. The Hamiltonian is then simply

H0 =
∑
k

ξkb
†
kbk, (1.59)

and the partition function is given by

Z0 =

ˆ
D[b̄, b]e−S0[b̄,b], (1.60)

with the action

S0[b̄, b] = −
ˆ
K

(iωk − ξk) b̄KbK . (1.61)

The integral measure is given by

ˆ
D[b̄, b] =

ˆ ∏
ωk

∏
k

1

N

(
1

βNε

)ζ
db̄KdbK , (1.62)
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which follows from the Fourier transform to Matsubara frequencies of the in-
tegral measure in Eq. (1.51).2 Performing the Gaussian integral, we get

Z0 =
∏
k

∏
ωk

[−ε (iωk − ξk)]−ζ , (1.63)

F0 = − 1

β
lnZ0 =

ζ

β

∑
k

∑
ωk

ln [−ε (iωk − ξk)] , (1.64)

where we note that the free energy F0 and therefore the partition function Z0

do not converge. This can be fixed by introducing a convergence factor eiωk0+

[64],

F0 =
ζ

β

∑
k

∑
ωk

eiωk0+ ln [−ε (iωk − ξk)] , (1.65)

which leads to the correct result

F0 =
ζ

β

∑
k

ln
(
1− ζe−βξk

)
. (1.66)

However, the justification of this convergence factor is not made entirely clear
in the literature [64] because the usual arguments would only lead to a con-
vergence factor for the Green function inside the logarithm. Therefore, we
give here a simple and convincing argument for the convergence factor outside
the logarithm. First, we consider the expectation value 〈b†kbk〉 which can be
expressed in terms of the Green function,〈

b†kbk

〉
=
〈
b̄k(τ)bk(τ − 0+)

〉
= −ζG0(k, τ = −0+). (1.67)

Using the Fourier transform

G0(k, τ) =
1

β

∑
ωk

e−iωkτG0(K), (1.68)

we find 〈
b†kbk

〉
= − ζ

β

∑
ωk

eiωk0+G0(K). (1.69)

Now, the same expectation value can also be calculated by differentiating F0

given by Eq. (1.65),〈
b†kbk

〉
=

∂

∂ξk
F0 =

∂

∂ξk

ζ

β

∑
k′

∑
ωk

eiωk0+ ln [−ε (iωk − ξk′)]

= − ζ
β

∑
ωk

eiωk0+G0(K), (1.70)

2This can be derived by calculating
∑
l b̄k,lbk,l = L

Nβ2

∑
ωk
b̄KbK , from which we see that

the Fourier transform is a unitary transformation times
√

L
Nβ2 , giving the term ( L

Nβ2 )ζ .
We note that although this term has no obvious continuum limit (L→∞), the quantity L
cancels out in the calculation of the partition function [64].
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where we see that the convergence factor outside the logarithm is necessary to
be consistent with Eq. (1.69).

While we have shown here that the partition function of non-interacting
bosons or fermions can be calculated with Matsubara sums, it is easier to
calculate the partition function Z0 directly or within the discrete imaginary
time formalism. Fortunately, the subtleties related to the integral measure
and the convergence of Z0 are not relevant for calculations of Z/Z0 and Green
functions where the in the continuum limit ill-defined terms cancel out.
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Chapter 2

Majorana spin-liquid and
dimensional reduction

2.1 Introduction
In this chapter, we shall focus on the finite-temperature spin-liquid phase of
Cs2CuCl4 in the regime where the external magnetic field is not too close
to the critical field Bc ≈ 8.5 T. Because in this part of the phase diagram
the temperature is large compared with the inter-plane interaction J ′′ and
the Dzyaloshinskii-Moriya interaction D, these interactions can be neglected
for our purpose. It is therefore reasonable to describe the spin-liquid phase of
Cs2CuCl4 within a purely two-dimensional triangular lattice antiferromagnetic
Heisenberg model,

H =
1

2

∑
ij

JijSi · Sj − h
∑
i

Szi , (2.1)

where the spin S = 1/2 operators Si = SRi are localized on the sites Ri of
a distorted triangular lattice and the exchange couplings Jij = J(Ri − Rj)
are only finite if Ri − Rj connect nearest-neighbor sites on the lattice. At
this point, we assume different exchange couplings Jµ = J(±δµ) in each of the
three directions δ1, δ2 and δ3 shown in Fig. 2.1, where µ = 1, 2, 3 labels the
directions. Later, we shall set J1 = J = 4.34 K and J2 = J3 = J ′ = 1.49 K to
describe Cs2CuCl4.

Given the fact that in Cs2CuCl4 the ratio J ′/J ≈ 1/3 is not really small, it
is at first sight reasonable to expect that the nature of the spin-liquid phase is
such that the elementary excitations of the spin liquid can propagate coherently
in all directions on the two-dimensional lattice. However, a theory where
the elementary excitations of the spin liquid resemble the one-dimensional
fermionic spinon excitations of a Heisenberg chain has been highly successful [6,
7, 65], suggesting that the spin-liquid phase in Cs2CuCl4 supports elementary
excitations which can only propagate coherently along the direction δ1 of the
strongest bond. In a simple picture, this dimensional reduction in Cs2CuCl4
arises from a strong frustration-induced reduction of the effective coupling J ′
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Figure 2.1: (a) Anisotropic triangular lattice with nearest-neighbor exchange
coupling J1 (thick lines), J2 (thin lines) and J3 (thin dashed lines); the cor-
responding link vectors are δ1 = bx̂, δ2 = − b

2
x̂ + c

2
ŷ and δ3 = − b

2
x̂ − c

2
ŷ.

To describe Cs2CuCl4, we should set J1 = J = 4.34 K and J2 = J3 = J ′ =
1.49 K; the lattice structure is orthorhombic with in-plane lattice parameters
b = 7.48 Å and c = 12.26 Å; the crystallographic a axis is perpendicular to the
plane of the paper. (b) Topologically equivalent square lattice with diagonal
bonds.

associated with the weaker bonds [9]. However, a quantitative microscopic
conformation of this scenario using many-body methods is rather involved. In
this work, we shall show that a straightforward mean-field theory based on the
well-known representation of the spin operators in terms of Majorana fermions
[49] naturally explains the dimensional reduction in Cs2CuCl4. Specifically,
we find that an anisotropic spin-liquid state where the fractionalized fermionic
excitations can only propagate coherently along the direction of the strongest
bond minimizes the free energy already at the mean-field level.

If the external magnetic field has a component parallel to the layers, the
phase diagram of quasi-two dimensional frustrated antiferromagnets is more
complex, as discussed in a series of recent theoretical works by Starykh and
co-authors [20–22]. Here we consider only the case where the magnetic field
points along the crystallographic a axis.

The results presented in this chapter have been published in [P2].

2.2 Rotationally invariant Majorana mean-field
theory

A recent NMR study [11] of Cs2CuCl4 found evidence that the spin-liquid phase
in this material exhibits gapless fermionic excitations. To describe this phase
theoretically, one should therefore express the spin operators of the underlying
Heisenberg model in terms of fermionic degrees of freedom. Here, we shall use
the fermionic representation based on Majorana fermions [49], as described in
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Sec. 1.2.4; introducing for each lattice site Ri three Majorana fermions ηxi , η
y
i ,

and ηzi , the spin algebra can be reproduced by setting

Sxi = −iηyi ηzi , Syi = −iηzi ηxi , Szi = −iηxi ηyi . (2.2)

For our mean-field calculation we simply ignore the redundancy introduced by
the mapping to Majorana fermions (see Sec. 1.2.4 and Ref. [55]).

In this section, we focus on the case of the vanishing external magnetic
field, so that our Hamiltonian has spin-rotational invariance. To describe a
spin-liquid state, we require that our mean-field decoupling neither breaks
spin-rotational nor lattice-translational invariance. For the isotropic triangu-
lar lattice antiferromagnet such a Majorana mean-field theory has recently
been developed by Biswas et al. [55]. Following this work, we introduce the
Majorana bond operators

Cα
ij = ηαi η

α
j , (2.3)

and use the operator identity

Si · Sj =
1

2

∑
α 6=β

ηαi η
α
j η

β
i η

β
j =

1

2

∑
α 6=β

Cα
ijC

β
ij (2.4)

to write the Heisenberg Hamiltonian (2.1) for vanishing magnetic field as

H =
1

4

∑
ij

∑
α 6=β

JijC
α
ijC

β
ij. (2.5)

Performing now a simple mean-field decoupling,

Cα
ijC

β
ij → Cα

ij〈Cβ
ij〉+ 〈Cα

ij〉Cβ
ij − 〈Cα

ij〉〈Cβ
ij〉, (2.6)

and assuming spin-rotational invariance so that the expectation values

〈Cα
ij〉 = 〈ηαi ηαj 〉 ≡ iZij (2.7)

are independent of the flavor index α, we obtain the mean-field Hamiltonian

HMF = i
∑
ijα

tijη
α
i η

α
j + U0, (2.8)

with hopping energies
tij = JijZij = −tji, (2.9)

and the interaction energy

U0 =
3

2

∑
ij

JijZ
2
ij. (2.10)

Note that by definition Zij = −Zji. Assuming that the mean-field state is
translationally invariant, we may set

ZRi,Ri±δµ = ±Zµ. (2.11)
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It is then useful to introduce the lattice Fourier transform of the Majorana
fermions,

ηαRi =
1√
N

∑
k

eik·Riηαk , (2.12)

where the k sum is over a full unit cell in the reciprocal space of the underlying
Bravais lattice. Our mean-field Hamiltonian (2.8) can then be written as

HMF =
1

2

∑
k,α

εkη
α
−kη

α
k + U0, (2.13)

with mean-field energy dispersion

εk = −4
3∑

µ=1

JµZµ sin(k · δµ), (2.14)

and interaction energy

U0 = 3N
3∑

µ=1

JµZ
2
µ. (2.15)

Using the anticommutation relation

{ηαk , ηαk′} = δk,−k′ (2.16)

together with the symmetry
ε−k = −εk, (2.17)

we can write the mean-field Hamiltonian (2.13) as

HMF =
∑
k, εk>0

∑
α

(
εkη

α
−kη

α
k −

1

2
εk

)
+ U0. (2.18)

We now define the complex conjugated operators

(ηαk)† ≡ ηα−k, for εk > 0. (2.19)

Due to the symmetry (2.17), this identification uniquely defines for all pairs
ηαk and ηα−k one conjugated operator (ηαk)† and one non-conjugated operator
ηαk with the usual anticommutation relation of complex fermions,{

ηαk , (η
α
k′)
†
}

= δk,k′ . (2.20)

Therefore, we get a Hamiltonian of complex fermions,

HMF =
∑
k, εk>0

∑
α

[
εk (ηαk)† ηαk −

1

2
εk

]
+ U0. (2.21)
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At finite temperature, the mean-field free energy F = − 1
β

lnZ is then straight-
forward to calculate,

F = − 3

β

∑
k, εk>0

[
ln(1 + e−βεk) +

β

2
εk

]
+ U0

= − 3

2β

∑
k

ln(1 + e−βεk) + U0, (2.22)

leading via the conditions ∂FMF/∂Zµ = 0 to the three self-consistency equa-
tions

Zµ =
1

N

∑
k

f(εk) sin(k · δµ), µ = 1, 2, 3. (2.23)

Here, f(εk) = 1/(eβεk + 1) is the Fermi function.
Let us now analyze the possible solutions of the above mean-field equations.

At sufficiently high temperatures Eq. (2.23) has only the trivial solution Zµ = 0
for all directions µ, but there is a critical temperature below which at least one
of the order parameters Zµ is finite. In the vicinity of the critical temperature,
the order parameters are small and we may expand the free energy in powers
of the Zµ. We obtain

βF

N
= −3 ln 2

2
+
βU0

N
− 3β2

16N

∑
k

ε2
k +

β4

128N

∑
k

ε4
k +O(Z6

µ). (2.24)

To carry out the momentum integrations over the first Brillouin zone, it is
convenient to map the unit cell in reciprocal space onto a rectangle using the
volume-preserving transformation

kx = k1, ky = k2 +
2b

c
k1. (2.25)

Note that with the definitions of the lattice constants shown in Fig. 2.1 (a) the
volume of the Brillouin zone is VBZ = (2π/b)(4π/c). In the thermodynamic
limit N →∞, the Brillouin zone integration of any function f(kx, ky) can then
be written as

1

N

∑
k

f(kx, ky) =
1

VBZ

ˆ 2π
b

0

dk1

ˆ 4π
c

0

dk2f(k1, k2 +
2b

c
k1)

=

ˆ 2π

0

dq1

2π

ˆ 2π

0

dq2

2π
f

(
q1

b
,
q1 + q2

c/2

)
, (2.26)

where in the last line we have set q1 = bk1 and q2 = c
2
k2. This transformation

maps the original anisotropic triangular lattice onto a square lattice, as shown
in Fig. 2.1(b). Using the fact that with these definitions k ·δ1 = q1, k ·δ2 = q2,
and k · δ3 = −q1 − q2, the mean-field energy dispersion can be written as

εk = −4[t1 sin q1 + t2 sin q2 − t3 sin(q1 + q2)], (2.27)
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where we have defined the hopping energies

tµ = JµZµ. (2.28)

The Brillouin zone integrations in Eq. (2.24) can now easily be carried out,

1

N

∑
k

ε2
k = 8

∑
µ

t2µ, (2.29)

1

N

∑
k

ε4
k = 96

[
t41 + t42 + t43 + 4(t21t

2
2 + t22t

2
3 + t23t

2
1)
]
. (2.30)

Defining Kµ = βJµ, we obtain for the dimensionless free energy per site,

βF

N
= −3

2
ln 2 +

3

2

∑
µ

Kµ(2−Kµ)Z2
µ +

3

4

∑
µ

K4
µZ

4
µ

+3
[
(K1K2Z1Z2)2 + (K2K3Z2Z3)2 + (K3K1Z3Z1)2

]
+O(Z6

µ). (2.31)

Minimization gives the following three conditions

K1 − 2

K1

= K2
1Z

2
1 + 2(K2

2Z
2
2 +K2

3Z
2
3), if Z1 6= 0, (2.32a)

K2 − 2

K2

= K2
2Z

2
2 + 2(K2

3Z
2
3 +K2

1Z
2
1), if Z2 6= 0, (2.32b)

K3 − 2

K3

= K2
3Z

2
3 + 2(K2

1Z
2
1 +K2

2Z
2
2), if Z3 6= 0. (2.32c)

Let us first consider the isotropic case K1 = K2 = K3 = K = βJ . Naively,
one might then look for a solution Z1 = Z2 = Z3 = Z in the low-temperature
regime. In this case, the three self-consistency equations (2.32a–2.32c) reduce
to the single equation

Z2 =
K − 2

3K3
(2.33)

which has only a solution if K ≥ 2, i.e. T ≤ J/2. The corresponding free
energy is

βF

N
= −3

2
ln 2− (K − 2)2

4K2
. (2.34)

It turns out, however, that even for the isotropic triangular lattice antiferro-
magnet a one-dimensional Majorana state has lower energy. To see this, let
us assume that only Z1 is non-zero while Z2 = Z3 = 0. Then we obtain from
Eq. (2.32a)

Z2
1 =

K − 2

K3
(2.35)

and for the corresponding free energy,

βF

N
= −3

2
ln 2− 3

(K − 2)2

4K2
. (2.36)
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The energy gain for K > 2 is three times as large as in the isotropic Majorana
state. Hence, our Majorana mean-field theory predicts that in the isotropic
triangular lattice the discrete three-fold rotational symmetry of the lattice
is spontaneously broken for temperatures below Tc = J/2. The emergent
Majorana fermions can then propagate coherently only in one direction. Note
that finite temperature phase transitions with spontaneous breaking of the
discrete rotational symmetry of the underlying lattice have also been found in
other frustrated continuous spin models [66–68].

Consider now the anisotropic triangular lattice relevant to Cs2CuCl4 with
couplings J1 = J and J2 = J3 = J ′ ≈ J/3. By repeating the above analysis,
it is easy to see that also in this case the free energy is minimized by a one-
dimensional Majorana state, where the Majorana fermions can only propagate
along the direction of the largest exchange coupling associated with the crys-
tallographic b axis (the x axis in our notation) in Cs2CuCl4. With J = 4.34 K,
we predict that for vanishing magnetic field the transition to the spin-liquid
phase in Cs2CuCl4 should occur at Tc = J/2 = 2.17 K. A simple calculation
shows that at this temperature the specific heat C should exhibit a maximum,
as shown in Fig. 2.2. Indeed, in the experimental work by Radu et al. [14]
the temperature of the spin-liquid transition was identified with the temper-
ature where the specific heat exhibits a maximum, which yields Tc ≈ 2.1 K
for vanishing magnetic field, in excellent agreement with our prediction. An
alternative estimate of Tc due to Coldea et al. [1] identified the transition
temperature to the spin-liquid phase with the temperature where the spin
susceptibility exhibits a maximum, leading to the estimate Tc ≈ 2.65 K for
vanishing magnetic field, based on measurements by Carlin et al. [69], while
a more recent study of magnetic susceptibilities by Tokiwa et al. [19] finds
Tc ≈ 2.8 K. Another alternative estimate of the transition temperature by Va-
chon et al. [11], which is based on NMR measurements, leads to Tc ≈ 2.5 K.

Although in Cs2CuCl4 the weak interplane exchange and the Dzyaloshinskii-
Moriya interaction stabilize a magnetically ordered state for temperatures
below TN ≈ 0.62 K, let us briefly discuss the mean-field results for the two-
dimensional anisotropic triangular lattice antiferromagnet (2.1) in the limit
of vanishing temperature. The free energy (2.22) then reduces to the ground
state energy

E0 = lim
β→∞

F =
3

2

∑
k

Θ(−εk)εk + U0, (2.37)

and the self-consistency equations (2.23) can be written as

Zµ =
1

N

∑
k

Θ(−εk) sin(k · δµ), µ = 1, 2, 3. (2.38)

Note that under the summation sign we may replace

Θ(−εk)→ 1

2
[Θ(−εk)−Θ(εk)] = −1

2
sgnεk. (2.39)
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Figure 2.2: Temperature dependence of our mean-field result for the specific
heat C for B = 0 and J ′/J = 1/3. Note that for T < Tc = J/2 only the
variational parameter Z1 associated with the strongest bond J1 = J is finite.

Setting for simplicity J2 = J3 = J ′, we may restrict the variational parameters
to the surface Z2 = Z3.3 Graphs of the ground state energy per site as a
function of the two variational parameters Z1 and Z2 for two different values of
J ′/J are shown in Fig. 2.3. Note that even for isotropic couplings J1 = J2 = J3

the mean-field ground state is one dimensional. In fact, with Z1 6= 0 and
Z2 = Z3 = 0 it is easy to show analytically that Z1 = 1/π and E

(1d)
0 /N =

−3J/π2; on the other hand, if we assume an isotropic mean-field ground state
we find Z1 = Z2 = Z3 = 1/(3π) and E

(2d)
0 /N = −J/π2. Hence, the energy

gain in the one-dimensional mean-field ground state is three times larger than
in the isotropic state. For a better comparison of the energies, we show in
Fig. 2.4 cuts through the energy surfaces along three different paths in the
plane of variational parameters. The important point is that the dimensional
reduction scenario found at finite temperatures within the framework of the
order parameter expansion remains valid even at T = 0. In particular, even
in the isotropic case J = J ′ the mean-field state where the Majorana fermions
can only propagate in one direction has the lowest energy. The fact that
the isotropic mean-field solution has higher energy has not been noticed in
Ref. [55]. The Fermi surface of the Majorana fermions is then one-dimensional
(the line kx = 0) and breaks the discrete rotational symmetry of the underlying
lattice. For electronic systems, such a symmetry reduction of the Fermi surface
is called a Pomeranchuk instability [70], which is an electronic analog of the
nematic transition in liquid crystals.

3When setting Z2 = Z3, we have to be careful in the case of J ′ > J . In that case the
energy can be further lowered by setting Z1 = 0, Z2 = 0, and Z3 6= 0 (or equivalently Z3 = 0
and Z2 6= 0).
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Figure 2.3: Numerical evaluation of the mean-field result (2.37) of the ground
state energy per site as a function of Z = Z1 and Z ′ = Z2 = Z3 for different
values of J ′/J as indicated.

Figure 2.4: Cuts through the energy surfaces shown in Fig. 2.3 along different
lines in the space of variational parameters.
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2.3 Majorana mean-field theory in a magnetic
field

If Cs2CuCl4 is exposed to a magnetic field along the crystallographic a axis,
the critical temperature for spin-liquid behavior is reduced, as shown by the
dashed line in Fig. 1.2. In this section, we shall calculate the magnetic field
dependence of the transition temperature Tc(B) using Majorana mean-field
theory. Of course, in the vicinity of the quantum critical point at Bc ≈ 8.5T
spin fluctuations play an important role so that mean-field theory is not reli-
able. However, for B . 0.8Bc our Majorana mean-field theory describes the
experimental data for Tc(B) quite well.

Using again the representation (2.2) of the spin operators in terms of Ma-
jorana fermions, our spin Hamiltonian (2.1) can be written as

H =
1

4

∑
ij

∑
α 6=β

JijC
α
ijC

β
ij + ih

∑
i

ηxi η
y
i , (2.40)

where again Cα
ij = ηαi η

α
j . As a first try, let us follow Ref. [55] and decouple the

exchange term in exactly the same way as in zero field, see Eq. (2.6). Using
the same notations as in Sec. 2.2, we then obtain the mean-field Hamiltonian

HMF = i
∑
ijα

tijη
α
i η

α
j + ih

∑
i

ηxi η
y
i + U0. (2.41)

In momentum space, this assumes the form

HMF =
1

2

∑
k

(ηx−k, η
y
−k, η

z
−k)

 εk ih 0
−ih εk 0

0 0 εk

 ηxk
ηyk
ηzk

+ U0. (2.42)

For a given k the above 3 × 3 matrix has the eigenvalues εk + sh, where s
assumes the values −1, 0, 1. The free energy is therefore

F = − 1

2β

∑
k,s

ln
[
1 + e−β(εk+sh)

]
+ U0. (2.43)

The self-consistency equations for the variational parameters Zµ are

Zµ =
1

3N

∑
k,s

f(εk + sh) sin(k · δµ), µ = 1, 2, 3. (2.44)

Expanding the free energy to fourth order in the variational parameters Zµ,
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we obtain
βF

N
= −1

2
[ln 2 + ln(1 + eβh) + ln(1 + e−βh)]

+
3

2

∑
µ

Kµ [2−Kµf2(βh)]Z2
µ

+
3

4
f4(βh)

[∑
µ

K4
µZ

4
µ + 4(K1K2Z1Z2)2

+4(K2K3Z2Z3)2 + 4(K3K1Z3Z1)2

]
, (2.45)

with

f2(x) =
1

3
+

2

3 cosh2(x/2)
, (2.46)

f4(x) =
8

3

∑
s

esx(4esx − 1− e2sx)

(1 + esx)4
. (2.47)

We have normalized the above functions such that f2(0) = f4(0) = 1. The
magnetic field dependence of the critical temperature is obtained from the
condition that the coefficient of the quadratic term in the expansion (2.45) of
the free energy vanishes, leading to the the self-consistency equation

Tc
J

=
1

6
+

1

3 cosh2[h/(2Tc)]
. (2.48)

A numerical solution of this equation for the parameters relevant for Cs2CuCl4
gives the dashed line in Fig. 2.5. Obviously, the shape of this curve does not
agree with the experimentally observed Tc(B) shown in Fig. 1.2, so that at first
sight it seems that the magnetic field dependence of the transition temperature
to the spin-liquid phase in Cs2CuCl4 is not well described by Majorana mean-
field theory. However, the mean-field decoupling used to derive Eq. (2.48) is
not self-consistent, because in the presence of a magnetic field the expectation
values 〈ηxi ηyi 〉 are finite and should be taken into account in our mean-field
decoupling. In the presence of a magnetic field, we should therefore replace
the decoupling (2.6) by

Si · Sj =
1

2

∑
α 6=β

ηαi η
α
j η

β
i η

β
j

→ 1

2

∑
α 6=β

(
Cα
ij〈Cβ

ij〉+ 〈Cα
ij〉Cβ

ij − 〈Cα
ij〉〈Cβ

ij〉
)

−
(
ηxi η

y
i 〈ηxj ηyj 〉+ 〈ηxi ηyi 〉ηxj ηyj − 〈ηxi ηyi 〉〈ηxj ηyj 〉

)
. (2.49)

The additional terms renormalize the effective magnetic field acting on the
spins, so that we should replace the external field h by

b = h− J̃0m, (2.50)
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Figure 2.5: Mean-field results for the magnetic field dependence of the critical
temperature for spin-liquid behavior in Cs2CuCl4. The dashed line is obtained
from Eq. (2.48), which does not take into account the self-consistent screening
of the external magnetic field. The solid line takes this effect into account, see
Eqs. (2.56) and (2.57). The doted line indicates the experimental crossover
line from Ref. [35], see also Fig. 1.2.

where
J̃0 = 2

∑
µ

Jµ (2.51)

is the Fourier transform of the exchange couplings at vanishing wave-vector.
The dimensionless magnetic moment m (per site) satisfies the self-consistency
equation

m =
1

2N

∑
k

[f(εk − b)− f(εk + b)] . (2.52)

The energy dispersion εk is formally identical to the dispersion (2.14) but with
variational parameters Zµ determined by

Zµ =
1

3N

∑
k,s

f(εk + sb) sin(k · δµ), µ = 1, 2, 3. (2.53)

The self-consistency equations (2.52) and (2.53) can be obtained by calculating
the extrema4 of the free energy

F = − 1

2β

∑
k,s

ln
[
1 + e−β(εk+sb)

]
+ U0. (2.54)

4It should be noted that the variational mean-field parameters are actually determined
by the saddle points (not necessarily the minima) of the mean-field free energy generated by
mean-field decouplings of the form given in Eqs. (2.6) and (2.49). For a careful discussion of
the subtleties related to this type of mean-field ansatz and the interpretation of the resulting
free energy in terms of the variational principle, see Ref. [62].
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Figure 2.6: Magnetic susceptibility χ ≈M/B as a function of T/J for J ′/J =
1/3 and h/J = 0.01, corresponding to an external magnetic field B ≈ 0.03 T.

where the potential U0 is now

U0 = N
∑
µ

Jµ
[
3Z2

µ −m2
]
. (2.55)

We find that the critical temperature satisfies

Tc
J

=
1

6
+

1

3 cosh2[(h− J̃0mc)/(2Tc)]
, (2.56)

where the effective magnetic moment mc at the critical temperature is deter-
mined by

mc =
1

2
tanh

[
(h− J̃0mc)/(2Tc)

]
. (2.57)

For a given value of the magnetic field, the coupled equations (2.56) and (2.57)
should be solved simultaneously to obtain Tc andmc as a function of h. Substi-
tuting the parameters relevant for Cs2CuCl4 (hc/J = 2.85 and J̃0/hc = 1.18),
the resulting critical temperature is shown as a solid line in Fig. 2.5, which
agrees quite well with the experimentally determined crossover temperature
up to fields B . 0.8Bc. The magnetic susceptibility χ ≈ M/B (where M is
the macroscopic magnetization) exhibits a maximum at the critical temper-
ature Tc = J/2 = 2.17 K, as shown in Fig. 2.6. For completeness, we show
in Fig. 2.7 the self-consistent magnetic moment mc and the effective magnetic
field h − J̃0mc at the critical temperature. Note that the antiferromagnetic
coupling tends to screen the external magnetic field, so that a stronger ex-
ternal field is needed to generate a given effective field. As a consequence,
the reduction of the critical temperature as a function of the external field is
weaker than in the naive mean-field decoupling neglecting the screening effect.
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Figure 2.7: (a) Self-consistent dimensionless magnetic moment mc at the criti-
cal temperature of the spin-liquid transition as a function of the external mag-
netic field, see Eqs. (2.56) and (2.57). (b) Effective magnetic field b = h− J̃0mc

at the critical temperature of the spin-liquid transition. The dashed line is the
external magnetic field.
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2.4 Summary and conclusions
In summary, we have developed a simple mean-field description of the finite
temperature spin-liquid phase in Cs2CuCl4 based on the representation of the
spin operators in terms of Majorana fermions. We have argued that the exper-
imentally observed crossover temperature for spin-liquid behavior in Cs2CuCl4
can be identified with the critical temperature Tc(B) below which the mean-
field equations for the dispersion of the Majorana fermions have a finite solu-
tion. For small external fields, the emergence of the spin-liquid state gives rise
to a maximum in the specific heat and the spin susceptibility as a function
of temperature at Tc = J/2. We have found that a coherent motion of the
Majorana fermions is only possible along the direction of the strongest bond,
in agreement with the dimensional reduction scenario discussed by Balents [9].
The emergent one-dimensional Fermi surface of the Majorana fermions is as-
sociated with a nematic instability where the discrete rotational symmetry of
the lattice is broken.

Given the values of the exchange couplings, our mean-field theory yields
an expression for Tc(B) without further adjustable parameters, which agrees
quantitatively with the experimentally observed crossover temperature for
spin-liquid behavior in Cs2CuCl4 up to fields B . 0.8Bc. For larger fields
our Majorana mean-field theory is not reliable any more because other types
of excitations such as spin fluctuations become important.

Our Majorana mean-field theory is complementary to the approach devel-
oped by Starykh and co-authors [6, 65], where Cs2CuCl4 is regarded as an array
of weakly coupled Heisenberg chains which can be analyzed using bosoniza-
tion techniques. Given the rather large value of J ′/J ≈ 1/3 in Cs2CuCl4, the
validity of this approach is not obvious. In contrast, our Majorana approach
treats the system a priori as two dimensional; the one-dimensional nature of
the Majorana fermions in the spin-liquid phase appears simply as the result of
our mean-field calculation. In both methods, the dimensional reduction in the
presence of a substantial value of J ′ is somewhat surprising. The agreement
of our Majorana mean-field theory with experiments probing the spin-liquid
phase suggests that the Majorana fermions which are formally introduced via
the representation (2.2) have a significant overlap with the dominant physical
excitations in the finite temperature spin-liquid phase of Cs2CuCl4.
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Chapter 3

Ultrasound properties of the
spin-liquid phase

3.1 Introduction

In the previous chapter, we have found that the spin excitations in the
anisotropic triangular lattice antiferromagnet are quasi-one-dimensional and
propagate dominantly along the direction corresponding to the largest ex-
change coupling, which is the crystallographic b axis in Cs2CuCl4. This
dimensional reduction of the elementary excitations has been observed in
several independent calculations [P2, 3–8, 10, 12, 20, 65]. In this chapter
we shall give further evidence for this dimensional reduction scenario [9] by
showing that ultrasound experiments probing the sound propagation along
the b axis can be quantitatively explained using a one-dimensional Heisenberg
chain which is coupled to lattice vibrations via the usual exchange-striction
mechanism [71].

The spin-phonon interaction and the ultrasonic attenuation in two-dimen-
sional spin liquids have recently been discussed by Zhou and Lee [72], and by
Serbyn and Lee [73]. In one-dimensional Heisenberg [74] and XY chains [75]
the interaction between the spin degrees of freedom and the phonons were stud-
ied a long time ago, but these older works mainly focused on the spin-Peierls
transition and treated the spin-phonon interaction in an adiabatic approxima-
tion. Moreover, only the first derivative of the exchange coupling with respect
to the phonon coordinates were considered, which turns out to be insufficient
to explain our ultrasound experiments for the c22 mode in Cs2CuCl4.

From the exact Bethe ansatz solution of the spin-1/2 antiferromagnetic
Heisenberg chain, we know that the ground state is a spin liquid, exhibiting
algebraic correlations but no long-range magnetic order. The elementary exci-
tations above this ground state are spinons carrying spin 1/2. A combination
of numerical and analytical methods has lead to an excellent understanding
of this model [45]; for example, exact numerical results for the magnetization
[76], magnetic susceptibility [77], specific heat [78], and the dynamic structure
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Figure 3.1: Part of the anisotropic triangular lattice formed by the spins in
Cs2CuCl4. The largest exchange coupling J connects nearest-neighbor spins
along the crystallographic b axis. The corresponding elastic constant is denoted
by c22. In this work we consider only the case where the magnetic field B is
along the a axis perpendicular to the plane of the lattice.

factor [79, 80] are available. However, a proper microscopic calculation of ul-
trasound propagation and attenuation in the Heisenberg chain cannot be found
in the literature. Below we shall present a simple solution of this problem us-
ing the Jordan-Wigner representation of the spin-algebra in terms of spinless
fermions [44]. We shall also present some new data of the elastic constant
c22 and the corresponding ultrasound damping rate in the spin-liquid phase
of Cs2CuCl4 which agree very well with our theory.5 For details concerning
the experiment and the sample preparation we refer to Ref. [27] and Ref. [28],
respectively. The ultrasound physics of Cs2CuCl4 has previously been studied
for magnetic fields along the a axis in the ordered phase using spin-wave the-
ory [27], and for magnetic fields along the b axis in the spin-liquid phase by
combining phenomenological expressions for the ultrasound propagation and
attenuation with calculations for two-dimensional spin models [26].

The results presented in this chapter have been published in [P3].

3.2 Spin-phonon model
Assuming that the relevant spin excitations can propagate only along the crys-
tallographic b axis in the spin-liquid phase of Cs2CuCl4, we expect that ultra-
sound experiments probing the c22 mode along the b axis can be explained by
the following one-dimensional spin-phonon Hamiltonian,

H =
∑
n

Jn (Sn · Sn+1 − 1/4)− h
∑
n

Szn +Hp
2, (3.1)

5The experimental measurements have been performed by Pham Thanh Cong [P3].
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where Sn are spin-1/2 operators localized at the positions xn on a chain with N
spins and periodic boundary conditions, and h = gµBB is the Zeeman energy
associated with an external magnetic field B along the crystallographic a axis;
see Fig. 3.1. The spin-phonon coupling arises from the fact that for a vibrating
lattice the spins are located at xn = nb + Xn, where nb (with n = 1, . . . , N)
are the points of a one-dimensional lattice with lattice spacing b, and Xn

denote the deviations from the lattice points. Since the exchange coupling Jn
between a pair of spins Sn and Sn+1 located at xn and xn+1 depends on the
actual distance between the spins, Jn is a function of Xn+1 − Xn. Assuming
that this difference is small, we may expand to second order,

Jn ≈ J + J (1)(Xn+1 −Xn) +
J (2)

2
(Xn+1 −Xn)2, (3.2)

where J (1) and J (2) are the first and second derivative of the exchange coupling
along the b axis with respect to the phonon coordinates. As usual, we quantize
the lattice vibrations by introducing the conjugate momenta Pn and demanding
that [Xn, Pm] = iδn,m. The last term in Eq. (3.1) describes non-interacting
phonons with dispersion ωq = c|q|/b,6

Hp
2 =

∑
q

(
P−qPq
2M

+
M

2
ω2
qX−qXq

)
, (3.3)

where M is the mass attached to the vibrating sites, and the operators Xq

and Pq are defined via the Fourier expansions Xn = N−1/2
∑

q e
iqnXq and

Pn = N−1/2
∑

q e
iqnPq; the phonon momentum q is given in units of the inverse

lattice spacing 1/b.

3.3 Jordan-Wigner transformation and Hartree-
Fock approximation

To explain ultrasound experiments, we will calculate the self-energy correc-
tion Π(q, iω̄) to the phonon propagator, which arises from the coupling of
the phonons to the spins. Let us therefore represent the spin operators in
terms of spinless fermions using the Jordan-Wigner transformation [44, 45]
(see Sec. 1.2.2),

S+
n = (S−n )† = c†n(−1)neiπ

∑
j<n c

†
jcj , Szn = c†ncn − 1/2, (3.4)

where cn annihilates a fermion at site xn and the phase factor (−1)n is intro-
duced for convenience. Our spin-phonon Hamiltonian (3.1) then assumes the

6The phonon velocity c in x direction should not be confused with the lattice parameter
c in Fig. 3.1. From here on in this chapter, c will denote the phonon velocity.
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Figure 3.2: Comparison of the Hartree-Fock result for the magnetization curve
m(h) of the Heisenberg chain (without phonons) at T = 0 with the exact Bethe
ansatz [76]. Inset: Renormalization Z(h) of the nearest-neighbor hopping.

form

H = −1

2

∑
n

Jn(c†ncn+1 + c†n+1cn + c†ncn + c†n+1cn+1)

+
∑
n

Jnc
†
ncnc

†
n+1cn+1 − h

∑
n

c†ncn +Nh/2 +Hp
2. (3.5)

In this work, we shall treat the two-body interaction in the second line of
Eq. (3.5) within the self-consistent Hartree-Fock approximation (see Sec. 1.3),
which amounts to approximating the two-body term by

c†ncnc
†
n+1cn+1 ≈ ρ(c†n+1cn+1 + c†ncn)− ρ2

− τ(c†ncn+1 + c†n+1cn) + τ 2, (3.6)

where the dimensionless variational parameters ρ and τ satisfy the self-
consistency conditions

ρ = 〈c†ncn〉, τ = 〈c†ncn+1〉. (3.7)

In the absence of phonons, the solution of these equations was worked out a
long time ago by Bulaevskii [81]. Within the Hartree-Fock approximation the
fermion dispersion is

ξk = −ZJ cos k + 2mJ − h, (3.8)

where Z = 1 + 2τ is the dimensionless renormalization factor of the nearest-
neighbor hopping, m = ρ − 1/2 is the dimensionless magnetization, and k is
the fermion lattice momentum in units of the inverse lattice spacing 1/b. In
Fig. 3.2 we show the numerical result for Z(h) at T = 0 and we compare our
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mean-field result form(h) with the exact magnetization curve of the Heisenberg
chain obtained via the Bethe ansatz [76].

To obtain the change of the elastic constant and the sound attenuation,
we should calculate the self-energy of the phonons due to the coupling to the
spins. Substituting the gradient expansion (3.2) for the exchange coupling and
the Hartree-Fock decoupling (3.6) into Eq. (3.5), we arrive at the approximate
spin-phonon Hamiltonian

H = F0 +
∑
k

ξkc
†
kck +Hp

2 + δHp
2 +Hsp

3 +Hsp
4 , (3.9)

where F0/N = h/2 + J(τ 2 − ρ2) and

δHp
2 = 2J (2)(τ 2 − ρ2)

∑
q

sin2(q/2)X−qXq, (3.10a)

Hsp
3 =

1√
N

∑
k′kq

δ∗k′,k+qΓ3(k, q)c†k′ckXq, (3.10b)

Hsp
4 =

1

2N

∑
k′kq1q2

δ∗k′,k+q1+q2
Γ4(k, q1, q2)c†k′ckXq1Xq2 . (3.10c)

Here δ∗k′,k =
∑

m δk′,k+2πm enforces momentum conservation modulo a vector
of the reciprocal lattice, ck = N−1/2

∑
n e
−ikncn, and the cubic and quartic

interaction vertices are given by

Γ3(k, q) = −iZJ (1) [sin(k + q)− sin k] + 2imJ (1) sin q, (3.11a)

Γ4(k, q1, q2) = −ZJ (2)

[
cos(k + q1 + q2)− cos(k + q2)

+ cos(k)− cos(k + q1)

]
+2mJ (2)

[
1 + cos(q1 + q2)− cos(q1)− cos(q2)

]
,(3.11b)

which can be expanded for small phonon momenta,

Γ3(k, q) ≈ −iqJ (1) (Z cos k − 2m) , (3.12a)
Γ4(k, q1, q2) ≈ q1q2J

(2) (Z cos k − 2m) . (3.12b)

The coupling to the fermions gives rise to a momentum- and frequency-
dependent self-energy correction Π(q, iω̄) to the propagator of the phonon
field Xq, which is proportional to [ω̄2 + ω2

q + Π(q, iω̄)]−1 (see Appendix A).

3.4 Phonon self-energy
To calculate the phonon self-energy Π(q, iω̄), it is convenient to formulate the
problem in terms of an imaginary time path integral [37] (see Sec. 1.4). The
Euclidean action associated with the Hamiltonian (3.9) is given by

S[c̄, c,X] = Ss2[c̄, c] + Sp2 [X] + Ssp[c̄, c,X], (3.13)
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with a part containing only the fermion fields,

Ss2[c̄, c] = −
ˆ
K

(iω − ξk) c̄KcK , (3.14)

and a part containing only the phonon fields,

Sp2 [X] =

ˆ
Q

M

2

[
ω̄2 + ω2

q + Π2(q)
]
X−QXQ. (3.15)

The spin-phonon interaction term is

Ssp[c̄, c,X] =

ˆ
K′,K,Q

δ(Q+K −K ′)Γ3(k, q)c̄K′cKXQ

+
1

2

ˆ
Q,Q′,K,K′

δ(K +Q1 +Q2 −K ′)Γ4(k, q1, q2)c̄K′cKXQ1XQ2 . (3.16)

Here, we describe the phonon dynamics within an Euclidean action where we
have integrated over the canonical phonon momenta PQ in the phase space
functional integral representation of the phonons [27, 82]. We have introduced
the composite indices K = (k, iω) and Q = (q, iω̄), where we denote fermionic
Matsubara frequencies with ω and bosonic Matsubara frequencies with ω̄,

ω =
2π(n+ 1

2
)

β
, ω̄ =

2πn

β
, with n ∈ Z. (3.17)

The corresponding sums are
ˆ
K

=
1

βN

∑
ω

∑
k

,

ˆ
Q

=
1

βN

∑
ω̄

∑
q

, (3.18)

and we define
δ(K −K ′) = βNδω,ω′δ

∗
k,k′ . (3.19)

The fermion and boson fields in imaginary time have been Fourier transformed
to frequency space as

Xq(τ) =
1

β
√
N

∑
ω̄

e−iω̄τXQ, (3.20a)

ck(τ) =
1

β
√
N

∑
ω

e−iωτcK , (3.20b)

c̄k(τ) =
1

β
√
N

∑
ω

eiωτ c̄K . (3.20c)

Since the action is quadratic in the fermion fields, we can integrate out these
fields via the Gaussian integral formula for Grassmann fields [37],

ˆ
D[c̄, c]e−

´
K,K′ AK,K′ c̄KcK′ ∝ DetÂ. (3.21)
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We separate the matrix Â into three parts,

Â = −Ĝ−1
0 + Â1p + Â2p, (3.22)

where [Ĝ−1
0 ]K,K′ = δ(K − K ′) (iω − ξk) and Â1p and Â2p are the terms with

one and two phonon fields, respectively. We can now write

DetÂ = eln DetÂ = Det
(
−Ĝ−1

0

)
eln Det(1̂−Ĝ0[Â1p+Â2p]), (3.23)

and expand the logarithm in powers of the phonon fields,7

ln Det
(

1̂− Ĝ0

[
Â1p + Â2p

])
= βNTr Ln

(
1̂− Ĝ0

[
Â1p + Â2p

])
= −Tr

{
∞∑
n=1

1

n

[
Ĝ0

(
Â1p + Â2p

)]n}
,

(3.24)

with [Ĝ0]K,K′ = δ(K −K ′) (iω − ξk)−1 and [1̂]K,K′ = δ(K −K ′). The effective
action of the phonons up to quadratic order in the phonon fields is then given
by

Speff [X] =

ˆ
Q

M

2

[
ω̄2 + ω2

q + Π(Q)
]
X−QXQ, (3.25)

where the phonon self-energy has three contributions, Π(q, iω̄) = Π2(q) +
Π3(q, iω̄) + Π4(q), with

Π2(q) =
(
J (2)/M

) (
τ 2 − ρ2

)
4 sin2 (q/2) , (3.26a)

Π3(q, iω̄) =
1

MN

∑
k

fk − fk+q

ξk − ξk+q + iω̄
|Γ3(k, q)|2, (3.26b)

Π4(q) =
1

MN

∑
k

fkΓ4(k, q,−q), (3.26c)

and fk = (eβξk + 1)−1 is the occupation of the fermion state with momentum
k in self-consistent Hartree-Fock approximation. The expansion to quadratic
order in the phonon fields corresponds to an expansion to second order in the
derivatives of the exchange coupling. From the analytic continuation of the
self-energy Π(q, iω̄) to real frequencies, we obtain the renormalized phonon
energy and the phonon damping [27] (see Appendix A for a derivation),

ω̃q = ωq +
ReΠ(q, ωq + i0)

2ωq
, γq = −ImΠ(q, ωq + i0)

2ωq
. (3.27)

7Since we define the matrix product with the rescaled sum given in Eq. (3.18), this also
requires a rescaling of the matrix operators: TrÂ = tr[Â/(βN)], DetÂ = det[Â/(βN)],
LnÂ = ln[Â/(βN)]. Here, the lowercase operators denote the standard matrix operators.
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Figure 3.3: Comparison of theory and experiment for the relative change of
the sound velocity of the c22 mode: (a) in the ordered phase (T = 50 mK) with
coupling constants g1 = 0 and g2 = −1.2 × 10−3, (b) in the spin-liquid phase
(T = 1 K) with coupling constants g1 = 0 and g2 = −1.1× 10−3. In the fitting
procedure we have allowed a constant offset for ∆c/c which is necessary due
to a small anomaly in the experimental data close to zero magnetic field.

The renormalized phonon velocity can be obtained from c̃/c = limq→0 ω̃q/ωq,
which yields for the shift ∆c = c̃− c,

∆c/c = g1c
(1) + g2c

(2), (3.28a)

c(1) = P
ˆ π

−π

dk

2π
Jf ′(ξk)

vk
vk − c

(2m− Z cos k)2 , (3.28b)

c(2) = m2 − Z2/4, (3.28c)

where P denotes the Cauchy principal value, f ′(ξk) = −βfk(1 − fk) is the
derivative of the Fermi function, vk = ZJb sin k is the group velocity of the
fermionic excitations, and we have introduced the dimensionless coupling con-
stants g1 = (J (1)b)2/(2Mc2J) and g2 = J (2)b2/(2Mc2). In principle it should
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Figure 3.4: Experimental results for the relative change ∆γ of the sound at-
tenuation of the c22 mode as a function of the magnetic field for three different
temperatures.

be possible to calculate these coupling using ab initio methods, but here we
simply determine g1 and g2 by fitting our theoretical prediction (3.28) to our
experimental data. In Fig. 3.3 we show a comparison between theory and ex-
periment as a function of the magnetic field. We find that the relative change
of the sound velocity ∆c/c is best fitted by g1 ≈ 0 and g2 ≈ −1.1 × 10−3,
which gives J (2)b2 ≈ −238J . Only for our experimental data at the highest
temperature T = 1.15 K, we get a finite value g1 = 0.85 × 10−3, which gives
J (1)b ≈ ±14J . Because of the large value of c/(Jb) ≈ 6.8, the term c(1) is more
than one order of magnitude smaller than c(2) for Cs2CuCl4. While in the or-
dered phase (T = 50 mK, upper panel) our theoretical prediction (3.28) agrees
only for magnetic fields up to 5 T with our experimental data, in the spin-liquid
phase (T = 1 K, lower panel) we obtain excellent agreement between theory
and experiment for magnetic fields up to 7 T. A natural explanation for the
deviations at larger fields is that in this regime the fluctuations are controlled
by the dilute Bose gas quantum critical point at Bc ≈ 8.5 T [14], which of
course cannot be described by our one-dimensional model.

Finally, let us discuss the ultrasound attenuation of the c22 mode in
Cs2CuCl4. Our experimental data for three different temperatures as a func-
tion of the magnetic field are shown in Fig. 3.4. In the regime B . 7 T
where the fluctuations controlled by the quantum critical point are negligible
and our theoretical prediction for the renormalization of the phonon velocity
agrees with experiment, the sound attenuation is very small and practically
constant. This can easily be explained within our one-dimensional model.
Using Eqs. (3.26b) and (3.27) we obtain for the damping

γq =
π

2Mωq

ˆ π

−π

dk

2π
(fk − fk+q)|Γ3(k, q)|2δ(ξk − ξk+q + ωq). (3.29)
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Figure 3.5: (a) Damping γq for different values of r = c/(Jb) as a function of
the magnetic field at temperature T/J = 0.05. (b) Corresponding contribution
c(1) to ∆c/c defined in Eq. (3.28).

This expression is only finite if the absolute value of the maximal group velocity
v∗ = ZJb of the fermions exceeds the phonon velocity c. Because in Cs2CuCl4
this condition is never satisfied (c/(Jb) ≈ 6.8), the attenuation of the c22 mode
vanishes in our approximation. Higher orders in perturbation theory will give
a finite result, but it will involve more than two derivatives of the exchange
coupling which are expected to be small.

On the other hand, the condition v∗ > c can possibly be realized in some
other quasi-one dimensional quantum antiferromagnet. Let us therefore eval-
uate Eq. (3.29) in the regime v∗ > c. In the long-wavelength limit q → 0, we
obtain

γq
ωq
∼ g1cJΘ(v2

∗ − c2)

2v∗
√

1− c2/v2
∗

[
−f ′(ξ+)V 2

+ − f ′(ξ−)V 2
−
]
, (3.30)

where ξ± = JV±−h, and V± = 2m±Z
√

1− c2/v2
∗. A numerical evaluation of

this expression is shown in the upper panel of Fig. 3.5.
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The damping exhibits strong peaks as function of the magnetic field, corre-
sponding to the resonance conditions ξ± = 0 imposed by the broadened delta
functions −f ′(ξ±) in Eq. (3.29). In the lower panel of Fig. 3.5 we show that
close to the resonance the corresponding shift c(1) in the phonon velocities can
exhibit a sign change depending on the value of r = c/(Jb).

3.5 Summary and conclusions
We have developed a simple microscopic theory which explains ultrasound
experiments probing the propagation and the attenuation of the c22 mode
in the spin-liquid phase of Cs2CuCl4. Our basic assumption is that in the
spin-liquid phase the elementary excitations are one-dimensional fermions.
Therefore, we have mapped the spin-1/2 operators to spinless fermions via
the Jordan-Wigner transformation, where we have treated the interactions
between fermions within a self-consistent Hartree-Fock approximation. The
coupling between spins and phonons is due to the exchange-striction mecha-
nism where we have expanded the spin-phonon coupling to second order in the
phonon fields. We have then calculated the sound velocity and damping of the
c22 mode using a perturbative expansion to second order in the derivatives of
the exchange coupling. The excellent agreement between theory and exper-
iments shown in Fig. 3.3 gives further support to the dimensional reduction
scenario advanced by Balents [9]. It would be interesting to test our theoreti-
cal predictions for the ultrasound attenuation shown in Fig. 3.5 using suitable
antiferromagnetic spin chains with sufficiently small phonon velocities.
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Chapter 4

Hard-core boson approach in high
magnetic fields

4.1 Introduction

In this chapter, we consider the case of a large magnetic field B > Bc along
the a axis, where the magnon excitations are gapped and the ground state
is the fully magnetized ferromagnet. Our goal is to describe the thermal ex-
citations above the ground state and to compare with experimental results
for the specific heat [14, 15]. We base our theoretical approach on a map-
ping of the spin-1/2 operators to hard-core bosons [46, 47]. For magnetic
fields B > Bc and low temperatures, we then have a dilute gas of gapped
hard-core bosons where the ladder approximation captures the leading order
low-temperature contributions to the self-energy. Although the ladder approx-
imation has been extensively applied to the Bose-condensed phase of dilute
gases of hard-core bosons (see Ref. [17] and references therein), some sub-
tleties related to the hard-core limit in the gapped phase have only recently
been discussed by Fauseweh, Stolze, and Uhrig (FSU) [48, 83]. Benchmark-
ing the ladder approximation for an exactly solvable one-dimensional model
of hard-core bosons, FSU found that the ladder approximation indeed repro-
duces the correct low-temperature behavior and that a self-consistent ladder
approximation even extends the applicability to arbitrarily high temperatures
[48]. In this work, we apply the self-consistent ladder approximation to the
relevant two-dimensional model for Cs2CuCl4. For a realistic description of
this material, we have to include additional interactions apart from the infi-
nite on-site interaction describing the hard-core constraint. To further explore
the range of validity of the self-consistent ladder approximation, we have also
applied this method to the exactly solvable one-dimensional XY model; ex-
tending the analysis of FSU [48], we have examined the breakdown of the
self-consistent ladder approximation in the vicinity of the quantum critical
point of this model.

The rest of this chapter is organized as follows. In the next section, we
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describe the mapping of the relevant spin model for Cs2CuCl4 to an effec-
tive hard-core boson model. Then, in Sec. 4.3, we describe our theoretical
approach based on the self-consistent ladder approximation for the hard-core
interaction and a self-consistent Hartree-Fock decoupling for the remaining
non-hard-core interactions. In Sec. 4.4, we investigate the breakdown of the
ladder approximation near the quantum critical point for the exactly solvable
one-dimensional XY model and in Sec. 4.5 we present our numerical results for
Cs2CuCl4, which we compare with experimental data for the specific heat. Fi-
nally, in Sec. 4.6 we summarize our main results. We give additional technical
details of our calculations in Appendix B.

The results presented in this chapter have been published in [P4].

4.2 Hard-core boson model for Cs2CuCl4
We start from the for Cs2CuCl4 relevant two-dimensional antiferromagnetic
spin-1/2 Heisenberg model in an external magnetic field along the crystallo-
graphic a axis [13] (see Sec. 1.1.1 for details),

H =
1

2

∑
ij

[JijSi · Sj +Dij · (Si × Sj)]− h
∑
i

Szi . (4.1)

Here, we will use the hard-core boson representation of the spin-1/2 operators
[46, 47] introduced in Sec. 1.2.3,

S+
i = bi, S−i = b†i , Szi = 1/2− b†ibi, (4.2)

where the hard-core boson operators satisfy the commutation relation[
bi, b

†
j

]
= δij

(
1− 2b†ibi

)
, (4.3)

and the occupation number per site is restricted to n̂i = 0 or 1. The hard-core
boson constraint and the commutation relation (4.3) can be realized by treating
the hard-core bosons as canonical bosons with an infinite on-site repulsion,

HU =
U

2

∑
i

b†ib
†
ibibi, with U →∞. (4.4)

Note that the magnon excitations of the underlying spin system correspond to
hard-core boson excitations.

Using Eq. (4.2) to express the spin operators in our Hamiltonian (4.1) in
terms of hard-core bosons, we obtain the following hard-core boson Hamilto-
nian,

H =
∑
k

ξkb
†
kbk +

1

2N

∑
k,k′,q

(Jq + U)b†k+qb
†
k′−qbk′bk + E0, (4.5)



4.2 Hard-core boson model for Cs2CuCl4 59

where we have Fourier transformed the hard-core boson creation and annihi-
lation operators,

bk =
1√
N

∑
i

bie
−ik·Ri , b†k =

1√
N

∑
i

b†ie
ik·Ri . (4.6)

In the following, we will neglect the unimportant constant energy term

E0 = N

(
J0

8
− h

2

)
. (4.7)

The excitation energy ξk in the quadratic part of the Hamiltonian can be
written as

ξk = εk − µ, (4.8)

where we have introduced the chemical potential

µ = hc − h, (4.9)

and the energy dispersion

εk =
1

2

(
JDk − JDQ

)
. (4.10)

Here
JDk = Jk − iDk, (4.11)

where the Fourier transforms of the exchange and Dzyaloshinskii-Moriya in-
teractions are

Jk =
∑
R

J(R)e−ik·R

= 2J cos(kxb) + 4J ′ cos (kxb/2) cos (kyc/2) , (4.12)

Dk =
∑
R

D(R)e−ik·R

= −4iD sin (kxb/2) cos (kyc/2) . (4.13)

In Eq. (4.10), JDQ ≈ −2.325 J is the absolute minimum of JDk at Q ≈
(3.474/b, 0). Finally, the saturation field is given by

Bc =
hc
gµB

=
1

2gµB

(
JD0 − JDQ

)
≈ 8.4 T. (4.14)

A contour plot of εk is shown in Fig. 4.1. In the following, we will use the direct
experimental value of the saturation field Bc = 8.44(1) T instead of Bc ≈ 8.4 T
because the experimental value is more accurate than a calculation via the
Hamiltonian (4.5). The reason is that the interaction constants in Eq. (4.5)
have some experimental uncertainty and we have also neglected the interlayer
coupling J ′′; including J ′′ in the calculation would result in Bc ≈ 8.5 T [14,
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Figure 4.1: Contour plot of the energy dispersion εk defined in Eq. (4.10). The
white cross marks the minimum of εk at Q ≈ (3.474/b, 0).

16]. The value of the saturation field Bc is important because, for a given
magnetic field, it determines the energy gap

∆ = −µ = h− hc. (4.15)

We note that a small change of Bc by 0.04 T changes the gap by about 0.014 J ,
which is only significant close to the quantum critical point.

4.3 Implementing the self-consistent ladder ap-
proximation

In this section, we explain our theoretical approach to the hard-core boson
Hamiltonian (4.5). The central problem is how to deal with the interaction
part of the Hamiltonian,

Hint =
1

2N

∑
k,k′,q

(Jq + U)b†k+qb
†
k′−qbk′bk, (4.16)

containing the exchange interaction Jq and the infinite hard-core interaction
U → ∞. We will deal with both interactions using different methods: for
the Jq part we use a self-consistent Hartree-Fock decoupling, while for the
hard-core interaction U we use the self-consistent ladder approximation [48].
This is necessary because the Jq interaction cannot be easily included in the
self-consistent ladder approximation, as this would not allow a direct solution
for the effective interaction Γ from the Bethe-Salpeter equation which would
significantly complicate matters, especially regarding the limit U →∞.
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4.3.1 Hartree-Fock decoupling

We approximate the Jq interaction term in Eq. (4.16) using a self-consistent
Hartree-Fock decoupling. Therefore, we write this term in real space,

1

2N

∑
k,k′,q

Jqb
†
k+qb

†
k′−qbk′bk =

1

2

∑
i,j

Jijb
†
ibib

†
jbj, (4.17)

and then we apply the usual Hartree-Fock decoupling (see Sec. 1.3),

b†ibib
†
jbj ≈ nib

†
jbj + njb

†
ibi − ninj

+ τjib
†
ibj + τijb

†
jbi − τijτji, (4.18)

giving
1

2

∑
i,j

Jijb
†
ibib

†
jbj ≈

∑
i,j

Jij

(
njb
†
ibi + τjib

†
ibj

)
+ EMF, (4.19)

where the Hartree-Fock parameters are given by

ni =
〈
b†ibi

〉
, τij =

〈
b†ibj

〉
, (4.20)

and the constant energy term is

EMF = −1

2

∑
i,j

Jij (ninj + τijτji) . (4.21)

Due to translational invariance, we have

ni = n, τij = τ(Ri −Rj). (4.22)

Because there is no inversion symmetry, τ(R) is a complex number satisfying
τ ∗(R) = τ(−R). Since the exchange coupling J(R) is only non-zero for R =
±δi, there are three complex Hartree-Fock parameters related to τ(R),

τ1 = τ(δ1), τ2 = τ(δ2), τ3 = τ(δ3). (4.23)

However, the Hamiltonian (4.5) is invariant under the transformation ky →
−ky and therefore τ2 = τ3. Transforming Eq. (4.19) back to momentum space,
we get

1

2N

∑
k,k′,q

Jqb
†
k+qb

†
k′−qbk′bk ≈

∑
k

(Jτk + nJ0) b†kbk + EMF, (4.24)

where
Jτk = 2JRe

(
τ1e

ik·δ1
)

+ 2J ′Re
(
τ2e

ik·δ2 + τ3e
ik·δ3

)
, (4.25)

EMF = −N
[
J0

2
n2 + J |τ1|2 + J ′

(
|τ2|2 + |τ3|2

)]
. (4.26)
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The Hartree-Fock approximation gives a constant energy shift EMF, which
depends on the magnetic field and the temperature; moreover, the Hartree-
Fock approximation leads to a renormalization of single-particle excitation
energies ξk → ξ̃k, where the renormalized excitation energies are

ξ̃k = εk − µ+ Jτk + nJ0. (4.27)

The self-consistency equations for the Hartree-Fock parameters are given by

τi = τ(δi) =
1

N

∑
k

nke
−ik·δi , (4.28a)

n =
1

N

∑
k

nk, (4.28b)

where the occupation number of a state with momentum k is given by

nk =
〈
b†kbk

〉
. (4.29)

If we neglect the hard-core interaction, we simply obtain the Bose-Einstein
distribution,

nHF
k =

1

eβξ̃k − 1
, (4.30)

where β = 1/T is the inverse temperature and the renormalized excitation en-
ergy ξ̃k can be obtained in a straightforward way by solving the self-consistency
equations for the Hartree-Fock parameters for U = 0. Neglecting the hard-core
interaction is possible only for small temperatures T � J when the bosons are
so dilute that the hard-core interaction does not contribute significantly.

4.3.2 Self-consistent ladder approximation

After the Hartree-Fock decoupling of the Jq interaction, we obtain a Hamilto-
nian where the only remaining interaction is the infinite on-site repulsion,

H =
∑
k

ξ̃kb
†
kbk +

U

2N

∑
k,k′,q

b†k+qb
†
k′−qbk′bk + EMF. (4.31)

We will deal with this hard-core interaction using the self-consistent ladder
approximation developed in Ref. [48].

Imaginary time path integral formalism

To derive the self-consistent ladder approximation, it is convenient to formulate
the problem in terms of an imaginary time path integral [37], as discussed in
Sec. 1.4. The Euclidean action associated with the Hamiltonian (4.31) is

S[b̄, b] = −
ˆ
K

G−1
0 (K)b̄KbK +

U

2

ˆ
K,K′,Q

b̄K+Qb̄K′−QbK′bK . (4.32)
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Σ
K K

= − Γ

Q

− Γ

Q

Figure 4.2: Diagrammatic representation of the self-energy in terms of the
effective interaction as given in Eq. (4.40).

Γ ≈ − + ...

Figure 4.3: Ladder approximation for the effective interaction Γ including all
particle-particle ladder diagrams.

The Green function G(K) and the corresponding self-energy Σ(K) are defined
via the functional average〈

bK b̄K
〉

= −βNG(K) = −βN 1

G−1
0 (K)− Σ(K)

, (4.33)

where the bare Green function G0(K) is given by

G0(K) =
1

iωk − ξ̃k
. (4.34)

From this path integral formalism a perturbative diagrammatic expansion of
the one-particle irreducible self-energy Σ(K) can be obtained in terms of the
bare Green function G0(K) and the interaction U , as explained in Sec. 1.4.3.

Self-consistent ladder approximation

Since we are dealing with a strictly non-perturbative problem (U → ∞), it
is necessary to sum over a suitable infinite set of diagrams containing infinite
powers of U . Here we approximate the self-energy by summing over all particle-
particle ladder diagrams, where we express the self-energy in terms of the
effective interaction Γ, as shown in Fig. 4.2. The effective interaction then
includes the infinite series of particle-particle ladder diagrams indicated in
Fig. 4.3. Formally, this approximation is justified for β∆ � 1 because the
neglected diagrams are of order exp(−β∆) smaller than the ladder diagrams.
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Γ

K K′

P − K P − K′

= − Γ

K′′

P − K′′

Figure 4.4: Diagrammatic representation of the Bethe-Salpeter equation (4.37)
for the effective interaction Γ.

The neglected diagrams for the self-energy include at least two lines going
backwards in imaginary time while the ladder diagrams only include a single
line of this type; each such line gives a suppression of exp(−β∆). This can be
seen by considering the bare Green function in imaginary time,

G0(k, τ) =

{
−
[
1 + nB(ξ̃k)

]
e−ξ̃kτ , τ > 0

−nB(ξ̃k)e−ξ̃kτ , τ < 0
, (4.35)

where nB(x) denotes the Bose function,

nB(x) =
1

eβx − 1
. (4.36)

We see that nB(ξ̃k) ∝ exp(−β∆) for β∆ � 1 and therefore G0(k, τ) ∝
exp(−β∆) for τ < 0.

We can go beyond the ladder approximation and include higher order terms
by using the full Green function G(K) in the diagrammatic expansion instead
of the bare Green function G0(K) and then finding a self-consistent solution.
In this self-consistent ladder approximation, the effective interaction fulfills the
Bethe-Salpeter equation shown in Fig. 4.4,

Γ(K ′, K;P ) = U − U
ˆ
K′′

Γ(K ′′, K;P )G(K ′′)G(P −K ′′). (4.37)

Because the hard-core interaction U is a constant independent of the momen-
tum transfer, the Bethe-Salpeter equation has the simple solution

Γ(K ′, K;P ) = Γ(P ) =
U

1 + UΠ(P )
, (4.38)

where we have defined the particle-particle bubble

Π(P ) =

ˆ
Q

G(Q)G(P −Q). (4.39)
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The self-energy in the self-consistent ladder approximation is given by

Σ(K) = −2

ˆ
Q

G(Q)Γ(Q+K)eiωq0
+

, (4.40)

which is shown diagrammatically in Fig. 4.2. The convergence factor eiωq0+

implements the correct time ordering at the interaction vertex in the first
order term in U where a propagator line starts and ends at the same vertex
[37] (see Sec. 1.4.5). The Green function has the spectral representation

G(K) =

ˆ ∞
−∞

dx
A(k, x)

iωk − x
, (4.41)

where the spectral function is given by

A(k, ω) = − 1

π
ImG(k, ω + i0+)

= − 1

π

ImΣR(k, ω)[
ω − ξ̃k − ReΣR(k, ω)

]2

+ [ImΣR(k, ω)]2
,

(4.42)

and the retarded self-energy is obtained by analytic continuation to real fre-
quencies,

ΣR(k, ω) = Σ(k, ω + i0+). (4.43)

We note that the spectral function of hard-core bosons fulfills the following
sum rule [48], ˆ ∞

−∞
dω A(k, ω) =

〈[
bk, b

†
k

]〉
= 1− 2n, (4.44)

with8

n =
1

N

∑
k

nk =
1

N

∑
k

ˆ ∞
−∞

dxA(k, x)nB(x). (4.45)

Our goal is to calculate the self-consistent solution for the spectral function
A(k, ω). But before we can do this, we have to take the limit U →∞ analyt-
ically.

Taking the limit U →∞
We can write the effective interaction Γ(P ) as

Γ(P ) =
1

Π(P )
+ δΓ(P ), (4.46)

8We write here the occupation number nk in terms of the spectral function via the relation
nk = 〈b†kbk〉 = 〈b̄k(τ)bk(τ −0+)〉 = − 1

β

∑
ωk
eiωk0

+

G(K) =
´∞
−∞ dxA(k, x)nB(x), where the

shift by 0+ implements the correct ordering of the operators.
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where the second term

δΓ(P ) = − 1

Π(P )

1

1 + UΠ(P )
(4.47)

does also contribute to the U →∞ limit because the denominator of δΓ(P ) can
vanish at high frequencies ωp ∼ O(U) leading to an additional delta function
contribution which has to be taken into account. This subtlety of the U →
∞ limit has been noticed only quite recently by FSU [48]. We now follow
FSU to derive the correct hard-core limit for our model. First of all, we note
that Π(p, ω) ∝ 1/ω for ω → ∞. This allows us to introduce the spectral
representation

Π(p, ω) =

ˆ ∞
−∞

dx
ρ(p, x)

ω − x , (4.48)

where

ρ(p, ω) = − 1

π
ImΠ(p, ω + i0+)

= − 1

N

∑
q

ˆ ∞
−∞

dxA(q, x)A(p− q, ω − x) [nB(x)− nB(−x)] .

(4.49)

Now, we use the fact that for ω →∞

Γ(p, ω)− U =
−U2Π(p, ω)

1 + UΠ(p, ω)
∝ 1

ω
, (4.50)

because Π(p, ω) ∝ 1/ω for ω → ∞. This implies that Γ(p, ω) − U has the
spectral representation

Γ(p, ω)− U =

ˆ ∞
−∞

dx
ρ̄(p, x)

ω − x , (4.51)

where

ρ̄(p, ω) = − 1

π
Im
[
Γ(p, ω + i0+)

]
= f(p, ω)− 1

π
Im
[
δΓ(p, ω + i0+)

]
, (4.52)

with
f(p, ω) =

−ρ(p, ω)[
P
´∞
−∞ dx

ρ(p,x)
ω−x

]2

+ [πρ(p, ω)]2
. (4.53)

Here, P denotes the Cauchy principal value which arises from the identity
1/(ω+ i0+) = P(1/ω)− iπδ(ω). For the contribution of δΓ to ρ̄(p, ω) we recall
that the denominator of δΓ(p, ω) can vanish when ω ∼ O(U) and only in that
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case there can be a contribution from δΓ. Therefore, we expand Π(p, ω) for
large frequencies ω ∼ O(U) (we take U to be very large but finite),

Π(p, ω) ≈ ρ0(p)

ω
+
ρ1(p)

ω2
+O

(
1

ω3

)
, (4.54)

where

ρ0(p) =

ˆ ∞
−∞

dxρ(p, x), (4.55a)

ρ1(p) =

ˆ ∞
−∞

dx xρ(p, x). (4.55b)

We find

δΓ(P ) ≈ − 1
ρ0(p)
ω

+ ρ1(p)
ω2 +O

(
1
ω3

) 1

1 + U ρ0(p)
ω

+ U ρ1(p)
ω2 +O( U

ω3 )
, (4.56)

where the terms O(1/ω3) and O(U/ω3) vanish at the pole ω ∼ O(U) in the
limit U →∞, justifying the expansion to order 1/ω2. Therefore, we have

δΓ(P ) ≈ − 1
ρ0(p)
ω

+ ρ1(p)
ω2

ω2

[ω − ω1(p)] [ω − ω2(p)]
, (4.57)

where the poles are given by

ω1(p) = −Uρ0(p)

2
−
√
U2ρ2

0(p)2

4
− Uρ1(p)

∼ −Uρ0(p), U →∞, (4.58a)

ω2(p) = −Uρ0(p)

2
+

√
U2ρ2

0(p)

4
− Uρ1(p)

∼ −ρ1(p)

ρ0(p)
, U →∞. (4.58b)

Only the pole at ω1 ∼ O(U) is relevant for the analytic continuation in
Eq. (4.52) because the other pole at ω2 ∼ O(U0) is spurious, since we have
expanded for large frequencies ω ∼ O(U). In total, we get

ρ̄(p, ω) = f(p, ω)− 1
ρ0(p)
ω

+ ρ1(p)
ω2

ω2

ω − ω2(p)
δ(ω − ω1(p)). (4.59)

We can now use the spectral representation (4.51) in Eq. (4.40) and take the
limit U →∞ to get the following expression for the self-energy,

Σ(K) = − 2

N

∑
q

ˆ ∞
−∞

dx

ˆ ∞
−∞

dx′A(q, x′)f(q + k, x)
nB(x)− nB(x′)

iωk + x′ − x

+
2

N

∑
q

ˆ ∞
−∞

dxA(q, x)nB(x)

[
x+ iωk
ρ0(q + k)

− ρ1(q + k)

ρ2
0(q + k)

]
. (4.60)
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By analytic continuation to real frequencies, we obtain the real and imaginary
part of the retarded self-energy,

ReΣR(k, ω) =
2

N

∑
q

ˆ ∞
−∞

dxA(q, x)nB(x)

[
x+ ω

ρ0(q + k)
− ρ1(q + k)

ρ2
0(q + k)

]
+P
ˆ ∞
−∞

dx
ρΣ(k, x)

ω − x , (4.61a)

ImΣR(k, ω) = −πρΣ(k, ω), (4.61b)

where

ρΣ(k, ω) =
2

N

∑
q

ˆ ∞
−∞

dxA(q, x)f(q + k, x+ ω) [nB(x)− nB(x+ ω)] .

(4.61c)

To summarize, we have obtained the self-energy in the limit U → ∞ which
we can calculate starting from an initial spectral function. Via Eq. (4.42) we
can then calculate the next iteration of the spectral function allowing us to
find a self-consistent solution for the spectral function. After each iteration
the Hartree-Fock parameters n, τ1, τ2, and τ3 have to be updated via the
self-consistency equations (4.28a) and (4.28b) using

nk =
〈
b†kbk

〉
=

ˆ ∞
−∞

dxA(k, x)nB(x). (4.62)

4.4 Numerical results for the one-dimensional
XY model

Before applying the above approach to the hard-core boson model for Cs2CuCl4,
it is instructive to test its validity for the exactly solvable one-dimensional
spin-1/2 XY model in a magnetic field. Although a similar model has been
already studied in detail in Ref. [48], the breakdown of the self-consistent
ladder approximation in the vicinity of the quantum critical point has not
been investigated.

The XY model in one dimension is given by

H1D = J
∑
i

(
Sxi S

x
i+1 + Syi S

y
i+1

)
− h

∑
i

Szi , (4.63)

which can again be mapped to hard-core bosons (neglecting constant terms),

H1D =
∑
k

ξkb
†
kbk +

U

2N

∑
k,k′,q

b†k+qb
†
k′−qbk′bk, (4.64)

with excitation energy

ξk = J [cos(kxb) + 1]− µ, (4.65)
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Figure 4.5: Comparison of the results for the boson density n obtained from
the self-consistent ladder approximation (symbols) with the exact result (solid
lines) at different energy gaps ∆ for the one-dimensional XY model.

where µ = hc− h = −∆ and hc = J . An exact solution can be found by map-
ping the hard-core bosons to fermions via the Jordan-Wigner transformation,

bj = e−iπ
∑
l<j c

†
l clcj, b†j = c†je

iπ
∑
l<j c

†
l cl , (4.66)

resulting in the quadratic Hamiltonian

H1D =
∑
k

ξkc
†
kck, (4.67)

where the operators c†k and ck are fermionic creation and annihilation operators.
The hard-core boson density is therefore exactly given by

n =
1

N

∑
k

1

eβξk + 1
, (4.68)

which can be compared to the approximate solution from the self-consistent
ladder approximation for the hard-core boson model. We note that for low
temperatures at µ = 0, the exact density (4.68) has the following asymptotic
behavior,

n ∼
√

2T/J

π

ˆ ∞
0

dx
1

ex2 + 1
≈ 0.241

√
T/J, (4.69)

in agreement with the expected behavior of one-dimensional bosons at the
quantum critical point [84].

In Fig. 4.5 we compare the approximate result for the boson density n ob-
tained within the self-consistent ladder approximation with the exact solution.
The relative error δn/n of the approximate result is shown in Fig. 4.6 where
we define

δn/n =
nladder − nexact

nexact

. (4.70)
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Figure 4.6: Relative error δn/n of the boson density (see Eq. (4.70)) in the
self-consistent ladder approximation for the one-dimensional XY model as a
function of temperature at different energy gaps ∆.

Here, nladder is the result from the self-consistent ladder approximation and
nexact is the exact result. For a finite energy gap, we see that the error vanishes
for low and high temperatures with a maximum error at T ≈ ∆, while the error
becomes smaller for larger energy gaps. For ∆ = 0, the error keeps increasing
for smaller temperatures, getting closer to the quantum critical point at T = 0,
but decreases for higher temperatures. We conclude that the self-consistent
ladder approximation gives good results over the whole temperature range for
finite energy gaps ∆ & 0.1 J .

4.5 Numerical results for Cs2CuCl4

In this section, we apply our hard-core boson approach described in Sec. 4.3 to
the relevant model for Cs2CuCl4 given in Sec. 4.2. From the numerical solution
of the self-consistent ladder approximation, we calculate the spectral function
of the hard-core bosons at finite temperatures for different magnetic fields in
the regime B > Bc where the energy gap ∆ > 0 is finite. Given the spectral
function, we can calculate the magnetization, the internal energy, and the
transverse part of the spin dynamic structure factor. From the magnetization
and internal energy, we obtain the magnetic susceptibility and the specific heat
by numerical differentiation. Finally, we compare our results with experimental
data for the specific heat [14, 15]. Technical details of the numerical solution
of the self-consistent ladder approximation can be found in Appendix B.
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4.5.1 Spectral function

Due to the finite energy gap ∆ > 0, at zero temperature the spectral function
is exactly given by the non-interacting spectral function,

A(k, ω) = A0(k, ω) = δ(ω − ξk). (4.71)

At finite temperatures, interactions will lead to a renormalization of the exci-
tation energy ξk and a broadening of the delta peaks. Since we are treating the
Jq interaction term on a Hartree-Fock level, this alone would only renormalize
the excitation energy by ξk → ξ̃k resulting in

A(k, ω) = δ(ω − ξ̃k). (4.72)

Taking in addition the hard-core interaction via the self-consistent ladder ap-
proximation into account will lead to a broadening of the spectral function
with rising temperature, as shown in Fig. 4.7. Besides the broadening, we
notice that the bandwidth shrinks with rising temperature and the minimum
of the spectral function gets shifted to higher energies increasing the effective
energy gap from its bare value ∆ at T = 0. In Fig. 4.8 we contrast the be-
havior of the spectral function at k = 0 and at the minimum of the dispersion
k = Q. While at k = 0 the position of the peak only moves to slightly higher
energies, at the minimum of the dispersion the peak gets considerably shifted
to higher energies. Due to the finite frequency resolution in our numerical
calculation (see Appendix A), we cannot reach arbitrarily low temperatures
and are restricted to temperatures T ? 0.2∆ where the spectral function is
not too narrow to be resolved. However, in the temperature range T . 0.2∆,
the hard-core interaction can be neglected and we can then just use the self-
consistent Hartree-Fock decoupling without hard-core interaction, as we will
show further below.

The spectral function can be related to the in-plane components of the spin
dynamic structure factor. The spin dynamic structure factor is defined by

Sαβ(k, ω) =

ˆ ∞
−∞

dt

2π
eiωt

〈
Sα−k(t)Sβk(0)

〉
, (4.73)

where α, β = x, y, z and the Fourier transforms of the spin operators are defined
via

Sαk =
1√
N

∑
i

e−ik·RiSαi . (4.74)

The in-plane components of the spin dynamic structure factor are given by

Sxx(k, ω) = Syy(k, ω) =
1

4

1

1− e−βω [A(k, ω) + A(−k, ω)] , (4.75a)

Sxy(k, ω) = −Syx(k, ω) =
1

4

1

1− e−βω [A(k, ω)− A(−k, ω)] , (4.75b)



72 4. Hard-core boson approach in high magnetic fields

0 1 2 3 4 5 6

kxb

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

ω
/
J

T = 1 K, B = 9 T

0
2
4
6
8
10
12
14
16
18

A
(k
x
,k
y

=
0
,ω

)J
0 1 2 3 4 5 6

kxb

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

ω
/
J

T = 4 K, B = 9 T

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

2.25

A
(k
x
,k
y

=
0
,ω

)J

Figure 4.7: Contour plots of the spectral function A(k, ω) of the hard-core
bosons at ky = 0 for temperatures of 1 K and 4 K in a magnetic field B = 9 T
corresponding to an energy gap ∆ = 0.19J . The white dashed line is the bare
excitation energy ξk given by Eq. (4.8).

where Sxy(k, ω) and Syx(k, ω) do not vanish due to the broken inversion sym-
metry. The U(1) symmetry due to the spin-rotational invariance with respect
to the z axis requires that

Sxz(k, ω) = Szx(k, ω) = Syz(k, ω) = Szy(k, ω) = 0. (4.76)

The Szz component of the spin dynamic structure factor cannot be simply
expressed in terms of the spectral function because it is a two-particle Green
function in terms of the hard-core boson operators,

Szz(k, ω) =
1

N

∑
q,q′

ˆ ∞
−∞

dt

2π
eiωt

〈
b†q(t)bq−k(t)b†q′(0)bq′+k(0)

〉
. (4.77)
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Figure 4.8: Spectral function A(k, ω) at k = 0 and at k = Q (at the minimum
of the dispersion) in a magnetic field B = 9 T corresponding to an energy gap
∆ ≈ 0.19J .

4.5.2 Magnetic moment and magnetic susceptibility

The magnetic moment per site is given by

m = 〈Szi 〉 =
1

2
− n, (4.78)

where n is the boson density per site which can be expressed in terms of the
spectral function,

n =
1

N

∑
k

nk, (4.79)

with
nk =

〈
b†kbk

〉
=

ˆ ∞
−∞

dxA(k, x)nB(x). (4.80)

We define the magnetic susceptibility χ via

χ =
dm

dB
. (4.81)
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Figure 4.9: Numerical results for the magnetic momentm at different magnetic
fields between 9 T and 11.5 T.

In the limit T → 0 the boson density vanishes and the asymptotic low-
temperature behavior of the susceptibility is therefore the one of free bosons
because all interaction are frozen out,

χ ∝ T
d−2
2 e−∆/T , (4.82)

where d is the dimensionality (d = 2 in our case) and ∆ the energy gap.
The numerical results for magnetic moment and magnetic susceptibility for

different magnetic fields above the saturation field are shown in Fig. 4.9 and
Fig. 4.10, respectively. In Fig. 4.11, we compare our numerical results from the
self-consistent ladder approximation with the low-temperature Hartree-Fock
approximation without hard-core interaction and with a simple spin mean-field
theory, which we describe in Appendix C. We see that for low temperatures
T � J the Hartree-Fock and the ladder approximation give essentially the
same results. This allows us to use the Hartree-Fock approximation in the
low-temperature regime where the self-consistent ladder approximation is dif-
ficult to implement due to the limited frequency resolution. At higher temper-
atures the hard-core interaction becomes important and the high-temperature
behavior is approximately captured by the spin mean-field theory.

4.5.3 Internal energy and specific heat

The internal energy is given by

E = 〈H〉 =
∑
k

ξ̃knk + EMF, (4.83)

where the infinite on-site interaction does not contribute because its expec-
tation value is zero if the hard-core constraint is fulfilled. The specific heat
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Figure 4.10: Numerical results for the magnetic susceptibility χ at differ-
ent magnetic fields between 9 T and 11.5 T. The thin solid lines are low-
temperature results from the Hartree-Fock approximation without hard-core
interaction, which allows us to get results in the low-temperature regime where
the self-consistent ladder approximation cannot be used due to the limited fre-
quency resolution.
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hard-core interaction, and spin mean-field theory for a magnetic field B = 9 T
corresponding to an energy gap ∆ ≈ 0.19J .
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Figure 4.12: Numerical results for the specific heat C at different magnetic
fields between 9 T and 11.5 T. The thin solid lines are low-temperature
results from the Hartree-Fock approximation without hard-core interaction,
which allows us to get results in the low-temperature regime where the self-
consistent ladder approximation cannot be used due to the limited frequency
resolution.

at constant volume is obtained by taking the temperature derivative of the
internal energy,

C =
dE

dT
. (4.84)

We note that EMF depends on temperature and has to be taken into account
for calculating the specific heat. The asymptotic low-temperature behavior of
the specific heat is given by

C ∝ T
d−4
2 e−∆/T . (4.85)

The numerical results for the specific heat at different magnetic fields above
the saturation field are shown in Fig. 4.12. In Fig. 4.13, we again compare our
numerical results from the self-consistent ladder approximation with the low-
temperature Hartree-Fock approximation without hard-core interaction and
with a simple spin mean-field theory described in Appendix C. The magnetic
contribution to the specific heat of Cs2CuCl4 has been measured experimen-
tally [14, 15]. The more recent data published in Ref. [15] differ slightly from
Ref. [14] for B = 11.5 T and are in better agreement with the expected size
of the energy gap at that field strength. Therefore, in Fig. 4.14 we compare
our results with the experimental data from Ref. [15], where we find that our
theory captures the experimentally observed behavior both qualitatively and
quantitatively. At low temperatures, the slope in the logarithmic plot of CT
versus 1/T in Fig. 4.14 is given by −∆, which follows directly from Eq. (4.85).
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Figure 4.13: Comparison of the results for the specific heat C from the self-
consistent ladder approximation, Hartree-Fock approximation without hard-
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4.6 Summary and conclusions
We have mapped the spin-1/2 Heisenberg model describing Cs2CuCl4 to a
model of hard-core bosons where the hard-core constraint has been taken into
account by an infinite on-site repulsion. Since we have only considered mag-
netic fields B > Bc (along the a axis perpendicular to the lattice plane),
we had to deal with gapped hard-core bosons. Due to the energy gap, the
hard-core interaction can be taken into account using the self-consistent lad-
der approximation [48] and the remaining interactions can be treated within
the self-consistent Hartree-Fock approximation. Before applying this method
to Cs2CuCl4, we have investigated for the exactly solvable one-dimensional
XY model how the ladder approximation breaks down in the vicinity of the
critical field Bc, finding that the ladder approximation for finite energy gaps
∆ works well both at low and high temperatures and the deviations, maximal
at T ≈ ∆, decrease with rising energy gap ∆. We have then calculated the
spectral function of the hard-core bosons for Cs2CuCl4 from which we have
obtained the magnetic susceptibility and the specific heat. The calculated
specific heat is in good agreement with the available experimental data. We
conclude that the self-consistent ladder approximation in combination with a
self-consistent Hartree-Fock decoupling of the non-hard-core interactions gives
an accurate description of the physical properties of gapped hard-core bosons
in two dimensions at finite temperatures. An extension to three dimensions is
straightforward and would only increase the numerical effort due to an increas-
ing number of lattice sites. While in our work we started from a spin-1/2 model
which we mapped to hard-core bosons, our theoretical approach is applicable
whenever the elementary excitations can be described by gapped hard-core
bosons; for example, in spin-dimer systems and systems of ultracold bosonic
atoms (see Ref. [48] for more details and references for these examples).
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Appendix A

Phonon energy and damping from
the phonon self-energy

In this appendix, we show how we can obtain the renormalized phonon energy
and the phonon damping from the analytic continuation of the self-energy
Π(q, iω̄) to real frequencies [27]. The phonon Green function F (q, iω̄) and the
corresponding self-energy Π(q, iω̄) are defined by

F (q, iω̄) =
M

βN
〈XQX−Q〉 =

1

ω̄2 + ω2
q + Π(q, iω̄)

, (A.1)

where Q = (q, iω̄) with bosonic Matsubara frequencies ω̄ and the phonon fields
are defined as in Sec 3.4. The corresponding retarded Green function can then
be obtained by analytical continuation to real frequencies [37],

FR(q, ω) = F (q, iω̄ → ω + i0+) =
1

−ω2 + ω2
q + ΠR(q, ω)

, (A.2)

with the retarded self-energy ΠR(q, ω) = Π(q, ω + i0+). The renormalized
phonon energy is determined by the complex poles of the retarded Green func-
tion [38]. This can be seen by Fourier transforming from frequency to time,

FR(q, t) =

ˆ ∞
−∞

dω

2π
e−iωtFR(q, ω). (A.3)

This integral can be solved by the residue theorem considering the positions
of the complex poles of FR(q, ω) [38]. If the self-energy is small compared to
ω2
q , the complex poles are at (see Fig. A.1)

ω± ≈ ±
√
ω2
q + ΠR(q,±ωq)

≈ ±ωq ±
ΠR(q,±ωq)

2ωq
. (A.4)
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Figure A.1: Complex poles ω± (indicated by crosses) of the retarded Green
function FR(q, ω) as given by Eq. (A.4).

The retarded Green function is then given by

FR(q, t) = −iθ(t)
∑
p=±

e−iωpt Res
[
FR(q, ω)

]
ω=ωp

=
iθ(t)

2

(
1

ω+

e−iω+t +
1

ω−
e−iω−t

)
= θ(t)Im

(
1

ω̃q + iγq
eiω̃qt

)
e−γqt, (A.5)

where we have defined

ω̃q = ωq +
ReΠR(q, ωq)

2ωq
, γq = −ImΠR(q, ωq)

2ωq
, (A.6)

and used
Reω+ = −Reω−, Imω+ = Imω−, (A.7)

which follows from the following analytical property of the retarded phonon
self-energy (with inversion symmetry assumed),

ΠR(q,−ω) =
[
ΠR(q, ω)

]∗
. (A.8)

From Eq. (A.5) it is now obvious that ω̃q can be identified as the renormalized
phonon energy and γq as the phonon damping.
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Appendix B

Numerical details

In this appendix, we give more details on the numerical solution of the self-
consistency equations for the spectral function A(k, ω) of the hard-core bosons
given in Chapter 4 and we show how we discretize the Brillouin zone for these
calculations.

B.1 Calculation of the spectral function
To find a self-consistent solution for the spectral function A(k, ω), we have to
start from an initial spectral function Ainit(k, ω). If we would just have the
standard non-self-consistent ladder approximation, we would replace A(k, ω)
by the non-interacting spectral function A0(k, ω) and then directly calculate
the spectral function A(k, ω). It is therefore sensible to use the non-interacting
spectral function as the initial spectral function, which is given by

A0(k, ω) = − 1

π
ImG0(k, ω + i0+) = δ(ω − ξk). (B.1)

We note here that at T = 0 the spectral function is not affected by interactions,
A(k, ω) = A0(k, ω), because the ground state is the vacuum without any
bosons due to the energy gap. For the numerical calculation, we replace the
delta function by a box function of finite width η (e.g., η = 0.1 J) centered at
ω = ξk. This is fine as long as ξk > 0 which is the case for magnetic fields
B > Bc. For ξk ≤ 0, we have to take the sign of the spectral function into
account [37],

sgn [A(k, ω)] = sgnω. (B.2)

Therefore, a positive delta peak is not permitted for negative frequencies and
the non-interacting spectral function cannot be used for values of k with ξk ≤
0. In our calculations, we instead place a step function at a small positive
frequency when ξk ≤ 0. This allows us to find a self-consistent solution even
for B ≤ Bc.

Having chosen an initial spectral function, the next step is to calculate
ρ(p, ω) via Eq. (4.49), which is a multi-dimensional convolution that can be
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calculated with the fast Fourier transform method, e.g., using the FFTW li-
brary [85]. Then f(p, ω) can be obtained from Eq. (4.53), where the principal
value integral can also be evaluated as a convolution [86]. Next, the calcula-
tion of ρΣ(k, ω) via Eq. (4.61c) and ReΣR(k, ω) via Eq. (4.61a) also involves
convolutions. While the values of k are naturally discretized for a finite lat-
tice, as discussed in Appendix B.2, the real frequencies ω have to be artificially
discretized, leading to a limited frequency resolution, and a frequency cutoff
has to be introduced (e.g., |ω| < 20 J). When using the fast Fourier trans-
form method to evaluate the convolutions, this treats the functions as periodic
both in momentum and frequency space, leading to a wrap-around effect in
the frequency dependence of the calculated functions. This wrap-around error
can be dealt with by setting the spectral function A(k, ω) to zero for frequen-
cies larger than a certain cutoff (e.g., for |ω| > 10 J). In our calculations, we
typically used lattice sizes up to 4096 sites and up to 131 072 frequency points.

To achieve convergence, a simple mixing update procedure has to be used,
where the updated spectral function and Hartree-Fock parameters are set to be
a mixture of the previous iteration and the new values from the self-consistency
equations. In our case, a mixing of 50% worked well. We note that in the case
without the self-consistent Hartree-Fock decoupling (e.g., for an XY model),
mixing is not necessary to achieve convergence. The converged numerical result
should (up to a small numerical error) fulfill the sum rule [48]

ˆ ∞
−∞

dω A(k, ω) = 1− 2n. (B.3)

B.2 Brillouin zone discretization

The use of fast Fourier transform methods is based on the periodicity of the
transformed functions. Therefore, the Brillouin zone should not be arbitrarily
discretized because that would in most cases destroy the periodicity. Still,
there is an infinite number of possible parameterizations of the Brillouin zone.
In our work, we have used two parameterizations which we will present here.
The first parameterization starts from the lattice basis

a1 = bx̂, a2 = − b
2
x̂+

c

2
ŷ, (B.4)

with the corresponding reciprocal basis

b1 =
2π

b
x̂+

2π

c
ŷ, b2 =

4π

c
ŷ. (B.5)

The lattice momentum vectors can then be expanded in terms of the reciprocal
basis,

k = k1b1 + k2b2, (B.6)
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where the periodic boundary conditions dictate that

k1 =
l1
N1

, l1 ∈ {0, ..., N1 − 1} , (B.7a)

k2 =
l2
N2

, l2 ∈ {0, ..., N2 − 1} . (B.7b)

The total number of lattice sites is N = N1N2. To obtain a uniform mesh [87],
we have to choose

N2 = 2N1. (B.8)

The second (primed) parameterization starts from the lattice basis

a′1 =
b

2
x̂− c

2
ŷ, a′2 =

b

2
x̂+

c

2
ŷ, (B.9)

with the corresponding reciprocal basis

b′1 =
2π

b
x̂− 2π

c
ŷ, b′2 =

2π

b
x̂+

2π

c
ŷ. (B.10)

The lattice momentum vectors can again be expanded in terms of the reciprocal
basis,

k = k′1b
′
1 + k′2b

′
2, (B.11)

where the periodic boundary conditions dictate that

k′1 =
l′1
N ′1

, l′1 ∈ {0, ..., N ′1 − 1} , (B.12a)

k′2 =
l′2
N ′2

, l′2 ∈ {0, ..., N ′2 − 1} . (B.12b)

The total number of lattice sites is N = N ′1N
′
2. To obtain a uniform mesh [87],

we have to choose
N ′2 = N ′1. (B.13)
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Appendix C

Spin mean-field approximation

We expect that at high temperatures T � J , the spins decouple and it is
sufficient to describe the spin-spin interactions on a mean-field level where the
effects of the interactions are approximated by an effective magnetic field. To
derive this mean-field description, we start from the Hamiltonian (1.1),

H =
1

2

∑
ij

[JijSi · Sj +Dij · (Si × Sj)]− h
∑
i

Szi . (C.1)

First, we note that only the z-component of the expectation values of the spin
operators does not vanish,

〈Si〉 = mẑ, m = 〈Szi 〉 . (C.2)

Expanding up to linear order in fluctuations from this expectation value, we
find

H ≈ −NJ0
m2

2
− heff

∑
i

Szi , (C.3)

where the effective magnetic field is given by

heff = h− J0m, (C.4)

with
J0 = 2J + 4J ′. (C.5)

The magnetic moment m is obtained by solving the self-consistency equation

m =
1

2
tanh

(
β

2
heff

)
, (C.6)

and the energy in this mean-field approximation is a simple function of mag-
netic field and magnetic moment,

E = N

(
1

2
J0m

2 −mh
)
. (C.7)

Results from this approximation are used in Chapter 4, where we compare the
self-consistent ladder approximation with this spin mean-field approximation
to evaluate the high-temperature behavior.
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Appendix D

Deutsche Zusammenfassung

In dieser Arbeit beschäftigen wir uns mit einer theoretischen Beschreibung
von Cs2CuCl4 und wir beginnen deshalb in Kapitel 1 mit einer Diskussion
der für uns relevanten Eigenschaften dieses Materials. Cs2CuCl4 ist ein an-
tiferromagnetischer Isolator mit einer orthorhombischen Kristallstruktur. Die
Cu2+ Ionen haben einen Spin von 1/2 und formen in den bc-Ebenen ein Drei-
ecksgitter (siehe Abb. D.1). Die Elektronen, die den Spin-1/2 tragen, sind
aufgrund der starken Coulomb-Wechselwirkung auf den Cu2+ Gitterplätzen
lokalisiert. Das bedeutet, dass Cs2CuCl4 ein Mott-Isolator ist, wobei die Spins
über Austauschkopplungen miteinander wechselwirken. Innerhalb der letzten
beiden Jahrzehnte sind verschiedene interessante physikalischen Eigenschaf-
ten von Cs2CuCl4 ausführlich untersucht worden, wie z.B. Spinflüssigkeitsver-
halten mit Spinon-Anregungen [P2, 1–12], Bose-Einstein-Kondensation von
Magnonen am quantenkritischen Punkt [13–17] und das komplexe Phasendia-
gramm bei Magnetfeldern innerhalb der bc-Ebene [2, 18–23].

Das magnetische Verhalten von Cs2CuCl4 kann mit Hilfe des folgenden
zweidimensionalen Spin-1/2-Heisenberg-Modells beschrieben werden (mit Ma-
gnetfeld entlang der kristallographischen a-Achse) [13],

H =
1

2

∑
ij

[JijSi · Sj +Dij · (Si × Sj)]− h
∑
i

Szi , (D.1)

wobei die Summen über N Gitterplätze laufen und h = gµBB die Zeeman-
Energie ist mit dem effektiven g-Faktor g = 2.19(1). Die Spin-1/2-Operatoren
Si = S(Ri) befinden sich auf den GitterplätzenRi eines anisotropen Dreiecks-
gitters mit Gitterkonstanten b und c (siehe Abb. D.1). Die Austauschkopplun-
gen Jij = J(Ri−Rj) verbinden benachbarte Spins entlang der kristallographi-
schen b-Achse (Jij = J) und entlang der Diagonalen (Jij = J ′). Aufgrund der
gebrochenen Inversionssymmetrie in Cs2CuCl4 gibt es auch Dzyaloshinskii-
Moriya-Wechselwirkungen Dij = Dijẑ, die benachbarte Spins entlang der
Diagonalen verbinden (Dij = ±D), wie in Abb. D.1 gezeigt. Die genaue
Form des Hamiltonians (D.1) und die Werte der Wechselwirkungskonstan-
ten sind mit inelastischen Neutronenstreuungsexperimenten in Magnetfeldern
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Abbildung D.1: Ausschnitt des anisotropen Dreiecksgitters, das von den Spins
in Cs2CuCl4 gebildet wird. Die stärkste Austauschkopplung J verbindet die
Spins nächster Nachbarn entlang der kristallographischen b-Achse, während
die schwächere Austauschkopplung J ′ Spins entlang der Diagonalen verbindet.
Es gibt zudem noch schwache Dzyaloshinskii-Moriya-Wechselwirkungen D =
±Dẑ, die benachbarte Spins entlang der Diagonalen verbinden. Die Richtung
von D ist angegeben durch � für +ẑ und ⊗ für −ẑ. Wir betrachten nur den
Fall eines Magnetfeldes B entlang der a-Achse, die senkrecht zur Gitterebene
steht.

oberhalb des Sättigungsfeldes Bc = 8.44(1) T gemessen worden. Die etablier-
ten Werte sind [13]: J = 0.374(5) meV = 4.34(6) K, J ′/J = 0.34(3) und
D/J = 0.053(5). Es gibt auch eine schwache Kopplung von Spins benachbar-
ter Ebenen, J ′′/J = 0.045(5), die wir aber vernachlässigen, da diese Kopplung
nur für sehr niedrige Temperaturen T . 0.1 K und in der antiferromagnetisch
geordneten Phase in Magnetfeldern B < Bc relevant ist und wir diese Bereiche
in dieser Arbeit nicht untersuchen werden.

Das Phasendiagramm für Cs2CuCl4 als Funktion der Temperatur T und
eines externen Magnetfeldes Bẑ senkrecht zur bc-Ebene ist in Abb. D.2 sche-
matisch dargestellt [1]. Genau genommen gibt es nur zwei Phasen: eine pa-
ramagnetische Phase mit Spinrotationsinvarianz bezüglich der z-Achse und
eine antiferromagnetisch geordnete Phase (bezeichnet als 3D AFM LRO), in
der diese Spinrotationsinvarianz spontan gebrochen ist. Die beiden anderen
in Abb. D.2 dargestellten Phasen sind Teil der paramagnetische Phase, die
wir in drei Bereiche unterteilen: eine Spinflüssigkeitsphase mit starken kurz-
reichweitigen Spinkorrelationen, eine ferromagnetische Phase mit fast komplett
polarisierten Spins und ein paramagnetischer Bereich. Die gestrichelten Linien
in Abb. D.2, die diese Phasen unterteilen, sind daher keine Phasenübergän-
ge, sondern geben den Übergang von einem Bereich in den anderen an (ein
sogenannter Crossover).
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Abbildung D.2: Schematisches Phasendiagramm von Cs2CuCl4 (Nachzeich-
nung von Fig. 1 in Ref. [1]) als Funktion der Temperatur T und des externen
Magnetfeldes Bẑ entlang der kristallographischen a-Achse. Die experimentel-
len Datenpunkte für den Übergang von der paramagnetischen zur ferromagne-
tischen Phase (Quadrate) und für den Phasenübergang von der geordneten zur
Spinflüssigkeitsphase (schwarze Kreise) stammen aus Ref. [14], wohingegen die
Datenpunkte für den Übergang von der Spinflüssgkeitsphase zur paramagne-
tischen Phase (Rauten) aus Ref. [35] stammen.

Die Spin-1/2-Operatoren in Gl. (D.1) erfüllen die Kommutationsrelationen[
S+
i , S

−
j

]
= 2δijS

z
i ,

[
S±i , S

z
j

]
= ∓δijS±i , (D.2)

wobei S±i = Sxi ± iSyi und S2
i = 3/4. Diese Kommutationsrelationen sind

komplizierter als die einfachen (Anti-)Kommutationsrelationen von Fermionen
und Bosonen, [

bi, b
†
j

]
= δij,

[
b†i , b

†
j

]
= [bi, bj] = 0, (D.3a){

ci, c
†
j

}
= δij,

{
c†i , c

†
j

}
= {ci, cj} = 0, (D.3b)

wobei b†i und bi bosonische und c†i und ci fermionische Erzeugungs- und Ver-
nichtungsoperatoren sind und {ci, c†j} = cic

†
j+c

†
jci der Antikommutator ist. Der

Vorteil von bosonischen und fermionischen Operatoren ist, dass das Wicksche
Theorem für diese Operatoren existiert und damit die Methoden der Green-
schen Funktionen und Feynmandiagrammen verwendet werden können [37,
38]. Deshalb ist es in vielen Fällen sinnvoll die Spinoperatoren durch bosoni-
sche oder fermionische Operatoren darzustellen [39]. In Kapitel 1 dieser Arbeit
werden deshalb einige mögliche Repräsentationen der Spinoperatoren disku-
tiert. Zudem erläutern wir die Hartree-Fock-Näherungen und diagrammati-
schen Methoden, die wir zur Behandlung der Wechselwirkungen verwenden.
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Abbildung D.3: (a) Anisotropes Dreiecksgitter mit Austauschkopplungen J1

(fette Linien), J2 (dünne Linien) und J3 (dünne gestrichelte Linien) zwi-
schen nächsten Nachbarn; die zugehörigen Verbindungsvektoren sind δ1 = bx̂,
δ2 = − b

2
x̂+ c

2
ŷ und δ3 = − b

2
x̂− c

2
ŷ. Für Cs2CuCl4, setzen wir J1 = J = 4.34 K

und J2 = J3 = J ′ = 1.49 K; die Gitterstruktur ist orthorhombisch mit Git-
terkonstanten b = 7.48 Å und c = 12.26 Å innerhalb einer Gitterebene; die
kristallographische a-Achse steht senkrecht zu den Gitterebenen. (b) Topolo-
gisch äquivalentes Quadratgitter mit diagonalen Verbindungen.

In Kapitel 2 verwenden wir die Majorana-Fermion-Darstellung der Spin-1/2-
Operatoren, um die Spinflüssigkeitsphase zu untersuchen. Dabei finden wir,
dass die elementaren Anregungen quasi-eindimensional sind, was uns in Kapi-
tel 3 ermöglicht die Ultraschalleigenschaften in der Spinflüssigkeitsphase mit
Hilfe eines eindimensionalen Modells zu untersuchen, wobei wir die Spinope-
ratoren mit der Jordan-Wigner-Transformation durch spinlose Fermionen dar-
stellen. In Kapitel 4 betrachten wir dann schließlich die thermodynamischen
Eigenschaften von Cs2CuCl4 in Magnetfeldern oberhalb des Saturierungsfel-
des Bc ≈ 8.5 T und verwenden dazu die Hardcore-Boson-Darstellung für die
Spinoperatoren. Die Methoden die wir in dieser Arbeit entwickeln sind dabei
nicht auf Cs2CuCl4 beschränkt, sondern können auch auf andere Materiali-
en angewendet werden, die durch ein Spin-1/2-Heisenberg-Modell auf einem
Dreiecksgitter beschrieben werden können. Ein wichtiges Beispiel ist die Ma-
terialklasse Cs2Cu(Cl4−xBrx), bei der Chlor teilweise durch Brom substituiert
wird, wodurch die Stärke der Austauschkopplungen und das Verhältnis J ′/J
variiert werden können [28–31].

D.1 Majorana-Spinflüssigkeit und dimensionale
Reduktion

In Kapitel 2 untersuchen wir die Spinflüssigkeitsphase von Cs2CuCl4 in dem
Regime, in dem das externe Magnetfeld nicht zu dicht beim kritischen Feld
Bc ≈ 8.5 T liegt. Da in diesem Teil des Phasendiagramms die Temperatur groß



D.1 Majorana-Spinflüssigkeit und dimensionale Reduktion 91

ist im Vergleich zur Kopplung J ′′ zwischen den Ebenen und zur Dzyaloshinskii-
Moriya-Wechselwirkung D, können wir diese Wechselwirkungen vernachläs-
sigen. Es ist deshalb vernünftig die Spinflüssigkeitsphase von Cs2CuCl4 mit
einem zweidimensionalen Heisenberg-Modell auf einem Dreiecksgitter zu be-
schreiben,

H =
1

2

∑
ij

JijSi · Sj − h
∑
i

Szi , (D.4)

wobei die Spin-1/2-Operatoren Si = SRi auf den Gitterplätzen Ri eines Drei-
ecksgitters liegen und die Austauschkopplungen Jij = J(Ri − Rj) nur dann
ungleich Null sind, wenn Ri −Rj benachbarte Gitterpunkte verbinden. Wir
nehmen zuerst verschiedene Austauschkopplungen Jµ = J(±δµ) für jede der
drei in Abb. D.3 gezeigten Richtungen δ1, δ2 und δ3 an, wobei µ = 1, 2, 3 die
jeweilige Richtung kennzeichnet. Später setzen wir dann J1 = J = 4.34 K und
J2 = J3 = J ′ = 1.49 K, um Cs2CuCl4 zu beschreiben.

Da für Cs2CuCl4 das Verhältnis J ′/J ≈ 1/3 nicht sehr klein ist, erscheint
es zuerst vernünftig, eine zweidimensionale Spinflüssigkeitsphase zu erwarten.
Jedoch ist eine Theorie, in der die elementaren Anregungen der Spinflüssig-
keit die eindimensionalen fermionischen Spinonen der Heisenberg-Kette sind,
sehr erfolgreich gewesen [6, 7, 65]. Dies suggeriert, dass es in der Spinflüs-
sigkeitsphase von Cs2CuCl4 elementare Anregungen gibt, die nur entlang der
Richtung δ1 der stärksten Austauschkopplung propagieren können. In einem
einfachen Bild entsteht diese dimensionale Reduktion in Cs2CuCl4 durch eine
frustrationsinduzierte Reduktion der effektiven Kopplung J ′ der schwächeren
Bindungen [9].

In einem Kernspinresonanz-Experiment [11] mit Cs2CuCl4 wurden Hinwei-
se darauf gefunden, dass in der Spinflüssigkeitsphase die elementaren Anregun-
gen Fermionen ohne Anregungslücke sind. Um diese Phase zu beschreiben, soll-
te man daher die Spinoperatoren des zugrunde liegenden Heisenberg-Modells
durch fermionische Freiheitsgrade ausdrücken. Hier verwenden wir deshalb ei-
ne Darstellung der Spinoperatoren durch Majorana-Fermionen, indem wir für
jeden Gitterplatz Ri drei Majorana-Fermionen ηxi , η

y
i , und ηzi einführen, die

die folgende Antikommutationsrelationen erfüllen,{
ηαi , η

β
j

}
= δijδ

αβ. (D.5)

Die Spinalgebra kann dann durch die folgende Darstellung der Spinoperatoren
reproduziert werden [49],

Sxi = −iηyi ηzi , Syi = −iηzi ηxi , Szi = −iηxi ηyi . (D.6)

Diese Majorana-Darstellung ist zuvor von mehreren Autoren verwendet wor-
den, um Quantenspinsysteme zu untersuchen [50–56]. Zudem kann ein Pfadin-
tegral auf Basis von kohärenten Zuständen für Majorana-Fermionen konstru-
iert werden [56], so dass die bekannten feldtheoretischen Methoden verwendet
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werden können, um das zugrunde liegende Spinmodell zu untersuchen. Ein
Vorteil der Majorana-Darstellung ist, dass keine unphysikalischen Zustände
eingeführt werden müssen. Aber für ein System einer geraden Zahl N von
Spins hat der Majorana-Hilbertraum 23N/2 Zustände und besteht aus 2N/2

identischen Kopien des 2N -dimensionalen Spin-Hilbertraums [55]. Für unsere
Meanfield-Rechnung ignorieren wir einfach diese Redundanz.

Zuerst betrachten wir den Fall ohne externes Magnetfeld, so dass unser
Hamiltonian eine Spinrotationsinvarianz hat. Für den Spinflüssigkeitszustand
verlangen wir, dass unsere Meanfield-Entkopplung weder die Spinrotations-
noch die Gittertranslationsinvarianz bricht. Für einen Antiferromagneten auf
einem isotropen Dreiecksgitter wurde eine solche Majorana-Meanfield-Theorie
vor kurzem von Biswas et al. [55] entwickelt. Dieser Arbeit folgend führen wir
die Majorana-Bindungsoperatoren ein,

Cα
ij = ηαi η

α
j , (D.7)

um den Heisenberg-Hamiltonian (D.4) ohne Magnetfeld zu schreiben als

H =
1

4

∑
ij

∑
α 6=β

JijC
α
ijC

β
ij. (D.8)

Wir führen nun eine einfache Meanfield-Entkopplung durch,

Cα
ijC

β
ij → Cα

ij〈Cβ
ij〉+ 〈Cα

ij〉Cβ
ij − 〈Cα

ij〉〈Cβ
ij〉, (D.9)

und aufgrund der geforderten Spinrotationsinvarianz folgt, dass die Erwar-
tungswerte

〈Cα
ij〉 = 〈ηαi ηαj 〉 ≡ iZij (D.10)

unabhängig sind vom Index α. Wir erhalten damit den Meanfield-Hamiltonian

HMF = i
∑
ijα

tijη
α
i η

α
j + U0, (D.11)

mit Hüpfenergien
tij = JijZij = −tji. (D.12)

Aufgrund der geforderten Translationsinvarianz folgt zudem

ZRi,Ri±δµ = ±Zµ. (D.13)

Via der Fourier-Transformation

ηαRi =
1√
N

∑
k

eik·Riηαk (D.14)

kann unser Meanfield-Hamiltonian (D.11) geschrieben werden als

HMF =
1

2

∑
k,α

εkη
α
−kη

α
k + U0, (D.15)
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mit Meanfield-Energiedispersion

εk = −4
3∑

µ=1

JµZµ sin(k · δµ), (D.16)

und Wechselwirkungsenergie

U0 = 3N
3∑

µ=1

JµZ
2
µ. (D.17)

Bei endlicher Temperatur ist die freie Energie dann

F = − 3

2β

∑
k

ln(1 + e−βεk) + U0, (D.18)

was zu den folgenden Selbstkonsistenzgleichungen führt,

Zµ =
1

N

∑
k

f(εk) sin(k · δµ), µ = 1, 2, 3. (D.19)

Hier bezeichnet f(εk) = 1/(eβεk + 1) die Fermi-Funktion. Durch Lösen dieser
Selbstkonsistenzgleichungen finden wir, dass oberhalb einer kritischen Tempe-
ratur Tc = J/2 alle Zµ = 0 sind. Unterhalb der kritischen Temperatur Tc = J/2
wird ein eindimensionaler Zustand realisiert, in dem der Erwartungswert Zµ
entlang der Richtung der stärksten Austauschkopplung endlich wird und für
die restlichen Erwartungswerte weiterhin Zν 6=µ = 0 gilt. Damit können die
Majorana-Fermionen nur in eine Richtung propagieren.

Für Cs2CuCl4 mit J1 = J und J2 = J3 = J ′ ≈ J/3 bedeutet das, dass die
Majorana-Fermionen nur entlang der kristallographischen b-Achse (die x-Achse
in unserer Notation) propagieren können. Mit J = 4.34K, erhalten wir, dass
ohne externes Magnetfeld der Übergang zur Spinflüssigkeitsphase in Cs2CuCl4
bei Tc = J/2 = 2.17 K stattfinden sollte. Mit einer einfachen Rechnung lässt
sich zeigen, dass bei dieser Temperatur die spezifische Wärme C ein Maximum
haben sollte, wie in Abb. D.4 gezeigt. In der experimentellen Arbeit von Radu
et al. [14] wird in der Tat die Übergangstemperatur zur Spinflüssigkeitsphase
mit der Temperatur identifiziert, bei der die spezifische Wärme ein Maximum
hat, was zu Tc ≈ 2.1 K führt und sehr gut mit unserer theoretischen Vor-
hersage übereinstimmt. Eine alternative Abschätzung von Tc durch Coldea et
al. [1] identifiziert die Übergangstemperatur zur Spinflüssigkeitsphase mit der
Temperatur, bei der die Spinsuszeptibilität ein Maximum aufweist, was zu der
Abschätzung Tc ≈ 2.65 K [69] bzw. Tc ≈ 2.8 K [19] führt. Eine weitere alterna-
tive Abschätzung der Übergangstemperatur durch Vacchon et al. [11] beruht
auf Kernspinresonanz-Messungen und führt zu Tc ≈ 2.5 K.

Wenn sich Cs2CuCl4 in einem Magnetfeld entlang der kristallographischen
a-Achse befindet, dann wird die kritische Temperatur für Spinflüssigkeitsver-
halten reduziert, wie in Abb. D.2 zu sehen ist. Aufgrund des Magnetfeldes
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Abbildung D.4: Temperaturabhängigkeit unseres Meanfield-Ergebnisses für die
spezifische Wärme C für B = 0 und J ′/J = 1/3. Für T < Tc = J/2 ist
allein der zur Austauschkopplung J1 = J gehörende variationelle Parameter
Z1 endlich.

liegt eine endliche Magnetisierung vor und daher müssen zusätzlich die end-
lichen Erwartungswerte 〈ηxi ηyi 〉 bei der Meanfield-Entkopplung berücksichtigt
werden,

Si · Sj =
1

2

∑
α 6=β

ηαi η
α
j η

β
i η

β
j

→ 1

2

∑
α 6=β

(
Cα
ij〈Cβ

ij〉+ 〈Cα
ij〉Cβ

ij − 〈Cα
ij〉〈Cβ

ij〉
)

−
(
ηxi η

y
i 〈ηxj ηyj 〉+ 〈ηxi ηyi 〉ηxj ηyj − 〈ηxi ηyi 〉〈ηxj ηyj 〉

)
. (D.20)

Die zusätzlichen Terme renormieren das effektive Magnetfeld, das auf die Spins
wirkt, so dass das externe Feld h ersetzt wird durch

b = h− J̃0m, (D.21)

mit dem magnetischen Moment m = −i 〈ηxi ηyi 〉 und J̃0 = 2
∑

µ Jµ. Mit diesem
Meanfield-Ansatz finden wir, dass die kritische Temperatur gegeben ist durch
die Selbstkonsistenzgleichung

Tc
J

=
1

6
+

1

3 cosh2[(h− J̃0mc)/(2Tc)]
, (D.22)

wobei das magnetische Moment mc bestimmt wird durch

mc =
1

2
tanh

[
(h− J̃0mc)/(2Tc)

]
. (D.23)



D.1 Majorana-Spinflüssigkeit und dimensionale Reduktion 95

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

h / h c

T
c
/
J

experim en tal line

withou t screen ing

with screen ing

Abbildung D.5: Meanfield-Ergebnis für die Magnetfeldabhängigkeit der kriti-
schen Temperatur für Spinflüssigkeitsverhalten in Cs2CuCl4. Die gestrichel-
te Linie berücksichtigt nicht die selbstkonsistente Abschirmung des exter-
nen Magnetfeldes. Die durchgezogene Linie berücksichtigt diesen Effekt; siehe
Gl. (D.21). Die gepunktete Linie gibt die experimentell bestimmte Übergangs-
linie aus Ref. [35] an; siehe auch Abb. D.2.

Für ein gegebenes Magnetfeld können die gekoppelten Gleichungen (D.22)
und (D.23) simultan gelöst werden, woraus wir Tc und mc als Funktion von
h erhalten. Mit den für Cs2CuCl4 relevanten Parametern (hc/J = 2.85 und
J̃0/hc = 1.18) erhalten wir die kritische Temperatur, die in Abb. D.5 als
durchgezogene Linie gezeigt wird und die das experimentelle Verhalten der
kritischen Temperatur bis zu Feldern B . 0.8Bc gut beschreibt. In Abb. D.6
sehen wir, dass die magnetische Suszeptibilität χ ≈ M/B (wobei M die ma-
kroskopische Magnetisierung ist) ein Maximum bei der kritischen Temperatur
Tc = J/2 = 2.17 K aufweist.

Wir fassen zusammen, dass wir eine einfache Meanfield-Beschreibung der
Spinflüssigkeitsphase in Cs2CuCl4 entwickelt haben, die auf der Darstellung der
Spinoperatoren durch Majorana-Fermionen basiert. Wir haben die experimen-
tell beobachte Übergangstemperatur für die Spinflüssigkeitsphase in Cs2CuCl4
identifiziert mit der kritischen Temperatur Tc(B), unterhalb der die Meanfield-
Gleichungen für die Dispersion der Majorana-Fermionen eine endliche Lösung
haben. Unser Ergebnis für Tc(B) stimmt bis zu Feldern B . 0.8Bc quantitativ
mit der experimentell beobachteten Übergangstemperatur der Spinflüssigkeits-
phase in Cs2CuCl4 überein. Ferner haben wir festgestellt, dass die Majorana-
Fermionen nur entlang der Richtung der stärksten Austauschkopplung propa-
gieren können.
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Abbildung D.6: Magnetische Suszeptibilität χ ≈ M/B als Funktion von T/J
für J ′/J = 1/3 und h/J = 0.01, was einem externen Magnetfeld B ≈ 0.03 T
entspricht.

D.2 Ultraschallphysik in der Spinflüssigkeits-
phase

In Kapitel 3 untersuchen wir die Schallgeschwindigkeit und Schalldämpfung
in der Spinflüssigkeitsphase von Cs2CuCl4 und vergleichen unsere Ergebnis-
se für die c22-Mode (siehe Abb. D.7) mit experimentellen Daten aus Ultra-
schallexperimenten [P3]; wir betrachten nur den Fall eines Magnetfeldes B
entlang der a-Achse, die senkrecht zur Gitterebene steht. In Kapitel 2 haben
wir gesehen, dass die elementaren Spinanregungen quasi-eindimensional sind
und bevorzugt entlang der Richtung der größten Austauschkopplung propagie-
ren; in unserem Fall ist diese Richtung die kristallographische b-Achse. Diese
dimensionale Reduktion wurde in mehreren unabhängigen theoretischen Un-
tersuchungen beobachtet [P2, 3–8, 10, 12, 20, 65]. Diese Arbeit gibt weitere
Unterstützung für dieses Szenario der dimensionalen Reduktion [9], da wir
zeigen, dass Ultraschallexperimente, die die Schallausbreitung entlang der b-
Achse untersuchen, quantitativ mit Hilfe eines an Phononen gekoppelten ein-
dimensionalen Heisenberg-Modells erklärt werden können. Die Kopplung an
die Gitterschwingungen erfolgt dadurch, dass die Austauschkopplungen von
der aktuellen Gitterdeformation abhängen (das ist der sogenannte “exchange-
striction mechanism”) [71].

Von der exakten Bethe-Ansatz-Lösung der eindimensionalen Spin-1/2
Heisenberg-Kette wissen wir, dass der Grundzustand eine Spinflüssigkeit mit
algebraischen Korrelationen ohne langreichweitige Ordnung ist. Die elementa-
ren Anregungen sind Spinonen, die einen fraktionalen Spin (S = 1/2) haben
(Magnonen haben hingegen S = 1). Aus einer Kombination von numerischen
und analytischen Methoden ist ein tiefes Verständnis dieses Modells hervorge-
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Abbildung D.7: Ausschnitt des anisotropen Dreiecksgitters, das von den Spins
in Cs2CuCl4 gebildet wird. Die stärkste Austauschkopplung J verbindet die
Spins nächster Nachbarn entlang der kristallographischen b-Achse. Die zuge-
hörige elastische Konstante trägt die Bezeichnung c22. Wir betrachten nur den
Fall eines Magnetfeldes B entlang der a-Achse, die senkrecht zur Gitterebene
steht.

gangen [45]. Eine mikroskopische Berechnung der Schallgeschwindigkeit und
Schalldämpfung fehlte aber bisher. Wir präsentieren eine einfache Lösung
dieses Problems, die auf der Jordan-Wigner-Darstellung der Spinoperatoren
durch spinlose Fermionen beruht [44]. Die Ultraschallphysik von Cs2CuCl4 ist
zuvor schon untersucht worden für Magnetfelder entlang der a-Achse in der
geordneten Phase im Rahmen einer Spinwellentheorie [27] und für Magnetfel-
der entlang der b-Achse in der Spinflüssigkeitsphase, wobei phänomenologische
Gleichungen für Schallgeschwindigkeit und Schalldämpfung mit Berechnungen
für zweidimensionale Spinmodelle kombiniert worden sind [26].

Wenn wir nun annehmen, dass die Spinanregungen in der Spinflüssigkeits-
phase von Cs2CuCl4 nur entlang der b-Achse propagieren können, dann erwar-
ten wir, dass wir Ultraschallexperimente für die c22-Mode entlang der b-Achse
mit Hilfe des folgenden eindimensionalen Spin-Phonon-Hamiltionians beschrei-
ben können,

H =
∑
n

Jn (Sn · Sn+1 − 1/4)− h
∑
n

Szn +Hp
2, (D.24)

wo Sn die entlang einer Kette mit N Spins an den Position xn lokalisierten
Spin-1/2-Operator sind und periodische Randbedingungen erfüllen. Die Spin-
Phonon-Kopplung kommt nun dadurch zu Stande, dass bei vorliegenden Git-
terschwingungen die Spins die Positionen xn = nb+Xn haben, wobei nb (mit
n = 1, ..., N) die Punkte eines eindimensionalen Gitters mit Gitterkonstante
b sind und Xn die Auslenkungen von den Gitterpunkten bezeichnet. Da die
Austauschkopplungen Jn zwischen zwei Spins Sn und Sn+1 auf den Positionen
xn und xn+1 vom Abstand zwischen den Spins abhängt, muss Jn eine Funktion
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Abbildung D.8: Vergleich der Hartree-Fock-Näherung für die Magnetisierungs-
kurvem(h) der Heisenberg-Kette (ohne Phononen) bei T = 0 mit dem exakten
Bethe-Ansatz [76]. Einsatzbild: Renormierung Z(h) des Hüpfterms zwischen
nächsten Nachbarn.

von Xn+1 −Xn sein. Wir entwickeln für kleine Auslenkungen bis zur zweiten
Ordnung,

Jn ≈ J + J (1)(Xn+1 −Xn) +
J (2)

2
(Xn+1 −Xn)2, (D.25)

wobei J (1) und J (2) die erste und zweite Ableitung der Austauschkopplung be-
züglich der Phononkoordinaten sind. Wir quantisieren die Gitterschwingungen,
indem wir verlangen, dass [Xn, Pm] = iδn,m, wobei wir ~ = 1 setzen und Pn der
zu Xn konjugierte Impuls ist. Der letzte Term in Gleichung (D.24) beschreibt
nicht-wechselwirkende Phononen mit Dispersion ωq = c|q|/b,9

Hp
2 =

∑
q

(
P−qPq
2M

+
M

2
ω2
qX−qXq

)
, (D.26)

wobei M die zu den Spins zugeordnete Masse (also die Masse einer Cs2CuCl4-
Einheit) ist und die Operatoren Xq und Pq definiert sind durch die Fourier-
Entwicklungen Xn = N−1/2

∑
q e

iqnXq und Pn = N−1/2
∑

q e
iqnPq; dabei ist

der Phononimpuls q in Einheiten der inversen Gitterkonstante 1/b gegeben.
Um die Ultraschallexperimente zu beschreiben, berechnen wir die Selbs-

tenergiekorrektur Π(q, iω̄) des Phononpropagators, die von der Spin-Phonon-
Kopplung herrührt. Dazu stellen wir die Spin-Operatoren mit Hilfe der Jordan-
Wigner-Transformation durch spinlose Fermionen dar [44],

S+
n = (S−n )† = c†n(−1)neiπ

∑
j<n c

†
jcj , Szn = c†ncn − 1/2, (D.27)

9Die Schallgeschwindigkeit c in x-Richtung sollte nicht mit der Gitterkonstanten c in
Abb. D.7 verwechselt werden. Im Kontext der Ultraschallphysik bezeichnen wir mit c die
Schallgeschwindigkeit.
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wobei cn ein Fermion am Ort xn vernichtet. Unser Spin-Phonon-Hamiltonian
(D.24) wird dann zu

H = −1

2

∑
n

Jn(c†ncn+1 + c†n+1cn + c†ncn + c†n+1cn+1)

+
∑
n

Jnc
†
ncnc

†
n+1cn+1 − h

∑
n

c†ncn +Nh/2 +Hp
2. (D.28)

Die Zweiteilchenwechselwirkung in der zweiten Zeile von Gleichung (D.28) be-
handeln wir mit der selbstkonsistenten Hartree-Fock-Näherung, in der wir den
Zweiteilchenterm nähern durch

c†ncnc
†
n+1cn+1 ≈ ρ(c†n+1cn+1 + c†ncn)− ρ2

− τ(c†ncn+1 + c†n+1cn) + τ 2, (D.29)

wobei die dimensionslosen variationellen Parameter ρ und τ die folgenden
Selbstkonsistenzgleichungen erfüllen,

ρ = 〈c†ncn〉, τ = 〈c†ncn+1〉. (D.30)

Die Lösung dieser Gleichungen ohne Phononen wurde von Bulaevskii schon
vor einiger Zeit ausgearbeitet [81]. Innerhalb dieser Hartree-Fock-Näherung
ist die Dispersion der Fermionen ξk = −ZJ cos k + 2mJ − h. Dabei ist Z =
1 + 2τ der dimensionslosen Renormierungsfaktor der Hüpfprozesse nächster
Nachbarn, m = ρ − 1/2 ist die dimensionslose Magnetisierung und k ist der
Gitterimpuls der Fermionen in Einheiten der inversen Gitterkonstanten 1/b.
In Abb. D.8 zeigen wir die numerischen Ergebnisse für Z(h) bei T = 0 und
wir vergleichen unser Hartree-Fock-Ergebnis für m(h) mit dem exakten Bethe-
Ansatz-Ergebnis für die Magnetisierungskurve der Heisenberg-Kette [76].

Setzen wir nun die Gradientenentwicklung (D.25) für die Austauschkopp-
lung und die Hartree-Fock-Näherung (D.29) in Gl. (D.28) ein, erhalten wir die
folgende Näherung für den Spin-Phonon-Hamiltonian,

H = F0 +
∑
k

ξkc
†
kck +Hp

2 + δHp
2 +Hsp

3 +Hsp
4 , (D.31)

mit F0/N = h/2 + J(τ 2 − ρ2) und

δHp
2 = 2J (2)(τ 2 − ρ2)

∑
q

sin2(q/2)X−qXq, (D.32a)

Hsp
3 =

1√
N

∑
k′kq

δ∗k′,k+qΓ3(k, q)c†k′ckXq, (D.32b)

Hsp
4 =

1

2N

∑
k′kq1q2

δ∗k′,k+q1+q2
Γ4(k, q1, q2)c†k′ckXq1Xq2 . (D.32c)



100 D. Deutsche Zusammenfassung

Der Term δ∗k′,k =
∑

m δk′,k+2πm stellt die Impulserhaltung modulo eines re-
ziproken Gittervektors sicher, wir definieren ck = N−1/2

∑
n e
−ikncn, und die

kubischen und quartischen Wechselwirkungsvertices sind für kleine Phononim-
pulse gegeben durch

Γ3(k, q) ≈ −iqJ (1) (Z cos k − 2m) , (D.33a)
Γ4(k, q1, q2) ≈ q1q2J

(2) (Z cos k − 2m) . (D.33b)

Der Propagator des Phononfeldes Xq, der proportional zu [ω̄2+ω2
q+Π(q, iω̄)]−1

ist, erhält aufgrund der Kopplung an die Fermionen eine impuls- und fre-
quenzabhängige Selbstenergiekorrektur Π(q, iω̄), wobei ω̄ eine bosonische
Matsubara-Frequenz ist. In zweiter Ordnung in Gradienten der Austausch-
kopplung hat die Phononselbstenergie drei Beiträge, Π(q, iω̄) = Π2(q) +
Π3(q, iω̄) + Π4(q), mit

Π2(q) =
(
J (2)/M

) (
τ 2 − ρ2

)
4 sin2 (q/2) , (D.34a)

Π3(q, iω̄) =
1

MN

∑
k

fk − fk+q

ξk − ξk+q + iω̄
|Γ3(k, q)|2, (D.34b)

Π4(q) =
1

MN

∑
k

fkΓ4(k, q,−q), (D.34c)

wobei fk = (eβξk + 1)−1 die Besetzung des Fermionenzustands mit Impuls k in
selbkonsistenter Hartree-Fock-Näherung ist. Aus der analytischen Fortsetzung
der Selbstenergie Π(q, iω̄) zu reellen Frequenzen erhalten wir die renormierte
Phonondispersion und die Schalldämpfung [27],

ω̃q = ωq +
ReΠ(q, ωq + i0)

2ωq
, γq = −ImΠ(q, ωq + i0)

2ωq
. (D.35)

Die renormierte Schallgeschwindigkeit kann dann via c̃/c = limq→0 ω̃q/ωq be-
rechnet werden. Daraus folgt für der Renormierung ∆c = c̃− c,

∆c/c = g1c
(1) + g2c

(2), (D.36a)

c(1) = P
ˆ π

−π

dk

2π
Jf ′(ξk)

vk
vk − c

(2m− Z cos k)2 , (D.36b)

c(2) = m2 − Z2/4, (D.36c)

wobei P das Cauchy-Hauptwertintegral bezeichnet, f ′(ξk) = −βfk(1− fk) die
Ableitung der Fermifunktion ist und vk = ZJb sin k die Gruppengeschwindig-
keit der fermionischen Anregungen ist. Wir haben hier die dimensionslosen
Kopplungskonstanten g1 = (J (1)b)2/(2Mc2J) und g2 = J (2)b2/(2Mc2) einge-
führt. Prinzipiell sollte es möglich sein diese Kopplungskonstanten mit ab initio
Methoden zu berechnen, aber wir bestimmen hier einfach g1 und g2, indem wir
unsere theoretischen Ergebnisse (D.36) an die experimentellen Daten fitten.
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Abbildung D.9: Vergleich von theoretischen und experimentellenWerten für die
relative Änderung der Schallgeschwindigkeit der c22-Mode: (a) in der geordne-
ten Phase (T = 50 mK) mit Kopplungskonstanten g1 = 0 und g2 = −1.2×10−3,
(b) in der Spinflüssigkeitsphase (T = 1 K) mit Kopplungskonstanten g1 = 0
und g2 = −1.1× 10−3.

In Abbildung D.9 vergleichen wir theoretische und experimentelle Ergeb-
nisse (gemessen von Pham Thanh Cong [P3]) als Funktion des Magnetfeldes.
Beim Fitten an die experimentellen Daten für die relative Änderung der Schall-
geschwindigkeit ∆c/c finden wir g1 ≈ 0 und g2 ≈ −1.1 × 10−3. Der Term c(1)

ist mehr als eine Größenordnung kleiner als c(2), da c/(Jb) ≈ 6.8 relativ groß
ist. Während in der geordneten Phase (T = 50 mK, obere Abbildung) unse-
re theoretischen Ergebnisse (D.36) für Magnetfelder von bis zu 5 T mit den
experimentellen Daten gut übereinstimmen, erhalten wir in der Spinflüssig-
keitsphase (T = 1 K, untere Abbildung) eine sehr gute Übereinstimmung zwi-
schen Theorie und Experiment bis zu Magnetfeldern von 7 T. Die Abweichun-
gen bei größeren Feldern lassen sich dadurch erklären, dass in diesem Regime
die Fluktuationen durch den quantenkritischen Punkt des verdünnten Bose-
Gases bei Bc = 8.5 T bestimmt werden [14], die durch unser eindimensionales
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Abbildung D.10: Experimentelle Daten für die relative Änderung ∆γ der
Schalldämpfung der c22-Mode als Funktion des magnetischen Feldes für drei
verschiedene Temperaturwerte.

Modell nicht beschrieben werden können. Abschließend betrachten wir noch
die Ultraschalldämpfung der c22-Mode in Cs2CuCl4. Die experimentellen Da-
ten für drei verschiedene Temperaturen als Funktion des Magnetfeldes sind in
Abb. D.10 dargestellt. Im Regime B . 7 T, wo die Fluktuationen des quanten-
kritischen Punktes vernachlässigbar und unsere theoretischen Ergebnisse für
die Renormierung der Schallgeschwindigkeit mit den experimentellen Daten
übereinstimmen, ist die Dämpfung sehr klein und nahezu konstant. Dies kann
mit Hilfe unseres eindimensionalen Modells erklärt werden: Aus Gleichungen
(D.34b) und (D.35) erhalten wir für die Dämpfung

γq =
π

2Mωq

ˆ π

−π

dk

2π
(fk − fk+q)|Γ3(k, q)|2δ(ξk − ξk+q + ωq). (D.37)

Dieser Ausdruck ist nur dann ungleich Null, wenn die maximale Gruppenge-
schwindigkeit v∗ = ZJb der Fermionen größer als die Schallgeschwindigkeit c
ist. Für Cs2CuCl4 ist das nie der Fall (c/(Jb) ≈ 6.8) und damit liegt im Rah-
men unserer Näherung keine Dämpfung für die c22-Mode vor. Daraus folgt,
dass in dem Bereich, in dem unsere Theorie eine gute Näherung darstellt, die
relative Änderung der Dämpfung nicht vom Magnetfeld abhängen sollte.

Zusammenfassend lässt sich festhalten, dass wir eine einfache mikrosko-
pische Theorie entwickelt haben, die die Ultraschallexperimente für die c22-
Mode in der Spinflüssigkeitsphase von Cs2CuCl4 erklären kann. Unsere dabei
zugrunde liegende Annahme ist, dass in der Spinflüssigkeitsphase die elementa-
ren Anregungen eindimensionale Fermionen sind. Die gute Übereinstimmung
zwischen Theorie und Experiment in Abb. D.9 bestätigt die dimensionale Re-
duktion in der Spinflüssigkeitsphase von Cs2CuCl4.
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D.3 Hardcore-Boson-Ansatz in starken Magnet-
feldern

In Kapitel 4 betrachten wir den Fall eines starken Magnetfeldes B > Bc entlang
der a-Achse. Die Magnonanregungen haben dann eine Energielücke und der
Grundzustand ist ein vollständig magnetisierter Ferromagnet. Unser Ziel ist es
die thermischen Anregungen zu beschreiben und unsere Ergebnisse mit expe-
rimentellen Daten für die spezifische Wärme [14, 15] zu vergleichen. Dabei ba-
siert unser theoretischer Ansatz auf der Darstellung der Spin-1/2-Operatoren
durch Hardcore-Bosonen [46, 47]. Für Magnetfelder B > Bc liegt bei nied-
rigen Temperaturen ein verdünntes Gas von Hardcore-Bosonen vor, wodurch
die führenden Niedrigtemperaturkorrekturen zur Selbstenergie im Rahmen der
(selbstkonsistenten) Leiternäherung berechnet werden können [48, 83]. Um den
Gültigkeitsbereich der selbstkonsistenten Leiternäherung zu ermitteln, wen-
den wir diese auf das exakt lösbare eindimensionale XY -Modell an und gehen
über die Untersuchung in Ref. [48] hinaus, indem wir den Zusammenbruch der
selbstkonsistenten Leiternäherung in der Nähe des quantenkritischen Punktes
dieses Modells untersuchen.

Unser Ausgangspunkt ist das für Cs2CuCl4 relevante Spin-1/2-Heisenberg-
Modell (D.1),

H =
1

2

∑
ij

[JijSi · Sj +Dij · (Si × Sj)]− h
∑
i

Szi . (D.38)

Wir stellen die Spinoperatoren durch Hardcore-Bosonen dar [46, 47],

S+
i = bi, S−i = b†i , Szi = 1/2− b†ibi, (D.39)

wobei die Besetzungszahl an einem Gitterplatz n̂i = 0 oder 1 ist und die
Hardcore-Bosonen die folgende Kommutationsrelation erfüllen müssen[

bi, b
†
j

]
= δij

(
1− 2b†ibi

)
. (D.40)

Diese Relationen lassen sich nun dadurch realisieren, dass wir die Hardcore-
Bosonen als kanonische Bosonen mit einer unendlichen Kontaktwechselwirkung
behandeln,

HU =
U

2

∑
i

b†ib
†
ibibi, mit U →∞. (D.41)

Indem wir die Hardcore-Boson-Darstellung (D.39) in unseren Hamiltonian
(D.38) einsetzen, erhalten wir den folgenden Hardcore-Boson-Hamiltonian,

H =
∑
k

ξkb
†
kbk +

1

2N

∑
k,k′,q

(Jq + U)b†k+qb
†
k′−qbk′bk, (D.42)
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wobei wir für die Erzeugungs- und Vernichtungsoperatoren der Hardcore-
Bosonen eine Fourier-Transformation verwendet haben,

bk =
1√
N

∑
i

bie
−ik·Ri , b†k =

1√
N

∑
i

b†ie
ik·Ri . (D.43)

Die Anregungsenergien ξk können geschrieben werden als

ξk = εk − µ, (D.44)

mit chemischem Potential
µ = hc − h, (D.45)

und Energiedispersion

εk =
1

2

(
JDk − JDQ

)
. (D.46)

Dabei ist
JDk = Jk − iDk (D.47)

und die Fourier-Transformierten der Austausch- und Dzyaloshinskii-Moriya-
Wechselwirkungen sind gegeben durch

Jk =
∑
R

J(R)e−ik·R

= 2J cos(kxb) + 4J ′ cos (kxb/2) cos (kyc/2) ,

(D.48)

Dk =
∑
R

D(R)e−ik·R

= −4iD sin (kxb/2) cos (kyc/2) . (D.49)

In Gl. (D.46) ist JDQ ≈ −2.325 J das absolute Minimum von JDk bei Q ≈
(3.474/b, 0) und das Saturierungsfeld ist gegeben durch

Bc =
hc
gµB

=
1

2gµB

(
JD0 − JDQ

)
≈ 8.4 T. (D.50)

Im Folgenden werden wir den direkten experimentellen Wert für das Satu-
rierungsfeld Bc = 8.44(1) T anstelle von Bc ≈ 8.4 T verwenden. Der Wert
des Saturierungsfeldes Bc ist wichtig, da es für ein gegebenes Magnetfeld die
Energielücke ∆ bestimmt,

∆ = −µ = h− hc. (D.51)

Das zentrale Problem ist nun, wie wir die Wechselwirkungen zwischen den
Hardcore-Bosonen berücksichtigen. Der Wechselwirkungsterm im Hamiltonian
(D.42) ist gegeben durch

Hint =
1

2N

∑
k,k′,q

(Jq + U)b†k+qb
†
k′−qbk′bk (D.52)
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und enthält die Austauschwechselwirkung Jq und die unendliche Kontaktwech-
selwirkung U → ∞. Wir werden die beiden Wechselwirkungsterme getrennt
behandeln: Für den Jq-Term verwenden wir eine selbstkonsistente Hartree-
Fock-Entkopplung und für die Hardcore-Wechselwirkung U die selbstkonsis-
tente Leiternäherung [48]. Die Hartree-Fock-Entkopplung führt zu der Nähe-
rung

1

2N

∑
k,k′,q

Jqb
†
k+qb

†
k′−qbk′bk ≈

∑
k

(Jτk + nJ0) b†kbk + EMF, (D.53)

wobei
Jτk = 2JRe

(
τ1e

ik·δ1
)

+ 2J ′Re
(
τ2e

ik·δ2 + τ3e
ik·δ3

)
, (D.54)

EMF = −N
[
J0

2
n2 + J |τ1|2 + J ′

(
|τ2|2 + |τ3|2

)]
. (D.55)

Diese Näherung führt zu einer Renormierung der Einteilchen-Anregungsenergien
ξk → ξ̃k, wobei die renormierten Anregungsenergien gegeben sind durch

ξ̃k = εk − µ+ Jτk + nJ0. (D.56)

Dabei erfüllen die Hartree-Fock-Parameter die folgenden Selbstkonsistenzglei-
chungen,

τi =
1

N

∑
k

nke
−ik·δi , (D.57a)

n =
1

N

∑
k

nk, (D.57b)

wobei die Besetzungszahl des Zustands mit Impuls k gegeben ist durch

nk =
〈
b†kbk

〉
. (D.58)

Nach der Hartree-Fock-Entkopplung der Jq-Wechselwirkungen erhalten wir da-
mit einen Hamiltonian, bei dem die einzige verbleibende Wechselwirkung die
unendliche Kontaktwechselwirkung ist,

H =
∑
k

ξ̃kb
†
kbk +

U

2N

∑
k,k′,q

b†k+qb
†
k′−qbk′bk + EMF. (D.59)

Für die unendliche Kontaktwechselwirkung können wir nun die selbstkonsisten-
te Leiternäherung verwenden, die in Ref. [48] entwickelt worden ist. In dieser
Näherung wird die Selbstenergie Σ(K) der Hardcore-Bosonen durch eine Sum-
mierung aller Teilchen-Teilchen-Leiterdiagramme genähert. Dazu drücken wir
die Selbstenergie durch die effektive Wechselwirkung Γ(P ) aus,

Σ(K) = −2

ˆ
Q

G(Q)Γ(Q+K)eiωq0
+

. (D.60)
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Γ ≈ − + ...

Abbildung D.11: Leiternäherung für die effektive Wechselwirkung Γ.

Wir verwenden hier die Indexnotation K = (k, iωk) mit der zugehörigen Sum-
me ˆ

K

=
1

βN

∑
k

∑
ωk

, (D.61)

wobei ωk bosonische Matsubara-Frequenzen sind und β = 1/T die inverse
Temperatur ist. Die effektive Wechselwirkung Γ(P ) besteht dann aus der un-
endlichen Reihe von Teilchen-Teilchen-Leiterdiagrammen, die in Abb. D.11
angedeutet sind, und lässt sich schreiben als

Γ(P ) =
U

1 + U
´
Q
G(Q)G(P −Q)

, (D.62)

wobei die Greensche Funktion G(K) definiert ist durch

G(K) =
1

G−1
0 (K)− Σ(K)

, (D.63)

mit der freien Greenschen Funktion

G0(K) =
1

iωk − ξ̃k
. (D.64)

Dieses Selbstkonsistenzproblem für die Selbstenergie Σ(K) formulieren wir nun
um, indem wir die Spektraldarstellung der Greenschen Funktion verwenden,

G(K) =

ˆ ∞
−∞

dx
A(k, x)

iωk − x
, (D.65)

wobei die Spektralfunktion gegeben ist durch

A(k, ω) = − 1

π
ImG(k, ω + i0+)

= − 1

π

ImΣR(k, ω)[
ω − ξ̃k − ReΣR(k, ω)

]2

+ [ImΣR(k, ω)]2
(D.66)

und die retardierte Selbstenergie über die analytische Fortsetzung zu reellen
Frequenzen erhalten werden kann,

ΣR(k, ω) = Σ(k, ω + i0+). (D.67)
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Abbildung D.12: Relativer Fehler δn/n der Bosondichte (siehe Gl. (D.71)) in
der selbstkonsistenten Leiternäherung für das eindimensionale XY -Modell als
Funktion der Temperatur bei verschiedenen Energielücken ∆.

Nachdem wir dann den Limes U →∞ für die obigen Gleichungen genommen
haben, können wir eine selbstkonsistente Lösung für die Spektralfunktion be-
rechnen, indem wir von einer anfänglichen Spektralfunktion starten und aus
den Gleichungen (D.60) und (D.66) die nächste Iteration erhalten. Nach je-
der Iteration müssen die Hartree-Fock-Parameter n, τ1, τ2 und τ3 über die
Selbstkonsistenzgleichungen (D.57a) und (D.57b) aktualisiert werden.

Bevor wir nun diese Methode für Cs2CuCl4 auswerten, ist es sinnvoll den
Gültigkeitsbereich dieser Näherung für das exakt lösbare eindimensionale Spin-
1/2-XY -Modell zu untersuchen. Dieses Modell ist gegeben durch

H1D = J
∑
i

(
Sxi S

x
i+1 + Syi S

y
i+1

)
− h

∑
i

Szi (D.68)

und kann durch Hardcore-Bosonen dargestellt werden,

H1D =
∑
k

ξkb
†
kbk +

U

2N

∑
k,k′,q

b†k+qb
†
k′−qbk′bk, (D.69)

mit Anregungsenergie

ξk = J [cos(kxb) + 1]− µ, (D.70)

wobei µ = hc−h = −∆ und hc = J . Der relative Fehler der Bosondichte in der
selbstkonsistenten Leiternäherung ist in Abb. D.12 dargestellt und ist definiert
durch

δn/n =
nladder − nexact

nexact

. (D.71)

Dabei ist nladder das Ergebnis aus der selbstkonsistenten Leiternäherung und
nexact das exakte Ergebnis. Wir sehen, dass bei einer endlichen Energielücke
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∆ > 0 der Fehler sowohl bei niedrigen als auch hohen Temperaturen ver-
schwindet, wobei der maximale Fehler bei T ≈ ∆ liegt. Zudem wird der Fehler
mit wachsender Energielücke kleiner. Bei ∆ = 0 nimmt der Fehler für klei-
nere Temperaturen immer mehr zu (also in der Nähe des quantenkritischen
Punktes bei T = 0), nimmt aber für höhere Temperaturen ab. Wir halten
fest, dass die selbstkonsistente Leiternäherung gute Resultate über das ganze
Temperaturspektrum liefert für Energielücken ∆ & 0.1 J .

Wir werten nun die zuvor hergeleitete Methode zur Berechnung der Spek-
tralfunktion für Cs2CuCl4 aus. Aufgrund der endlichen Energielücke ∆ > 0
ist die Spektralfunktion bei T = 0 gegeben durch die nicht-wechselwirkende
Spektralfunktion,

A(k, ω) = A0(k, ω) = δ(ω − ξk). (D.72)

Bei endlichen Temperaturen wird der scharfe Deltapeak aufgeweicht, wie in
Abb. D.13 zu sehen ist. Zudem bemerken wir, dass die Bandbreite reduziert
wird und das Minimum der Spektralfunktion sich zu höheren Energien ver-
schiebt, wodurch die effektive Energielücke größer wird als die ursprüngliche
Energielücke ∆ bei T = 0. Aufgrund der endlichen Frequenzauflösung in unse-
ren numerischen Rechnungen können wir nicht beliebig niedrige Temperaturen
erreichen und sind beschränkt auf Temperaturen T ? 0.2∆, für die die Spek-
tralfunktion noch aufgelöst werden kann. Im Temperaturbereich T . 0.2∆
können wir aber die Hardcore-Wechselwirkung vernachlässigen und nur die
selbstkonsistente Hartree-Fock-Entkopplung ohne Hardcore-Wechselwirkung
verwenden.

Mit Hilfe der Spektralfunktion können wir das magnetische Moment m pro
Gitterplatz berechnen,

m = 〈Szi 〉 =
1

2
− n, (D.73)

wobei
n =

1

N

∑
k

nk =
1

N

∑
k

ˆ ∞
−∞

dxA(k, x)
1

eβx − 1
. (D.74)

Die magnetische Suszeptibilität erhalten wir dann via

χ =
dm

dB
. (D.75)

Unsere numerischen Ergebnisse für die Suszeptibilität für Magnetfelder ober-
halb des Saturierungsfeldes sind in Abb. D.14 dargestellt. Die interne Energie
ist gegeben durch

E = 〈H〉 =
∑
k

ξ̃knk + EMF, (D.76)

womit sich die spezifische Wärme berechnen lässt via

C =
dE

dT
. (D.77)
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Abbildung D.13: Contourplots der Spektralfunktion A(k, ω) der Hardcore-
Bosonen bei ky = 0 für Temperaturen von 1 K und 4 K in einem Magnetfeld
B = 9 T, was einer Energielücke ∆ = 0.19J entspricht. Die weiße gestrichelte
Linie ist die unrenormierte Anregungsenergie ξk, die durch Gl. (D.44) definiert
ist.
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Abbildung D.14: Numerische Ergebnisse für die magnetische Suszeptibilität χ
für Magnetfelder zwischen 9 T und 11.5 T. Die dünnen durchgehenden Lini-
en sind Ergebnisse für niedrige Temperaturen aus der Hartree-Fock-Näherung
ohne Hardcore-Wechselwirkung.

Der magnetische Beitrag zur spezifischen Wärme von Cs2CuCl4 ist experi-
mentell bestimmt worden [14, 15] und wir vergleichen in Abb. D.15 unsere
Ergebnisse mit den experimentellen Daten aus Ref. [15]. Wir stellen fest, dass
unsere Theorie das experimentell beobachtete Verhalten sowohl qualitativ als
auch quantitativ gut beschreibt.

Abschließend fassen wir zusammen, dass wir das für Cs2CuCl4 relevante
Spin-1/2-Heisenberg-Modell auf ein Hardcore-Boson-Modell abgebildet haben,
bei dem die Hardcore-Bedingung mit Hilfe einer unendlichen Kontaktwechsel-
wirkung berücksichtigt worden ist. Da wir nur Magnetfelder B > Bc betrachtet
haben, konnten wir aufgrund der Energielücke die Hardcore-Wechselwirkung
mit der selbstkonsistenten Leiternäherung [48] behandeln. Für die verblei-
benden Austauschwechselwirkungen haben wir eine selbstkonsistente Hartree-
Fock-Näherung verwendet. Wir haben für Cs2CuCl4 die magnetische Suszepti-
bilität und die spezifische Wärme berechnet, wobei das numerische Ergebnis für
die spezifische Wärme in guter Übereinstimmung ist mit den verfügbaren ex-
perimentellen Daten. Während wir in dieser Arbeit von einem Spin-1/2-Modell
ausgegangen sind, das wir auf Hardcore-Bosonen abgebildet haben, lässt sich
unser theoretischer Ansatz generell immer dann anwenden, wenn die elemen-
taren Anregungen eines System als Hardcore-Bosonen mit einer Energielücke
beschrieben werden können (für Beispiele siehe Ref. [48]).
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Abbildung D.15: Vergleich von unseren numerischen Ergebnissen für die spe-
zifische Wärme (durchgehende Linien) mit den experimentellen Daten aus
Ref. [15] (Symbole) für Magnetfelder zwischen 9 T und 11.5 T. Die gestri-
chelten Linien sind Ergebnisse für niedrige Temperaturen aus der Hartree-
Fock-Näherung ohne Hardcore-Wechselwirkung.
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