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Abstract. We modify the concept of LLL-reduction of lattice bases in
the sense of LENSTRA, LENSTRA, LovAsz [LLL82] towards a faster re-
duction algorithm. We organize LLL-reduction in segments of the basis.

Our SLLL-bases approximate the successive minima of the lattice
in nearly the same way as LLL-bases. For integer lattices of dimension
n given by a basis of length 20 SLLL-reduction runs in O(n®¢) bit
operations for every € > 0, compared to O(n"*¢) for the original LLL
and to O(n®T¢) for the LLL-algorithms of SCHNORR (1988) and STOR-
JOHANN (1996). We present an even faster algorithm for SLLL-reduction
via iterated subsegments running in O(n®logn) arithmetic steps.

Keywords. LLL-reduction, SLLL-reduction, length defect, segments, local LLL-
reduction, Householder reflection, floating point errors, error bounds.

Abbreviated Title. Fast LLL-Lattice Reduction.
1 Introduction.

The set of all linear combinations with integer coefficients of a set of linearly
independent vectors by, ..., b, € R%is a lattice of dimension n with basis by, ..., by,.
The problem of finding a shortest, nonzero lattice vector is a landmark problem in
complexity theory. This problem is polynomial time for fixed dimension n due to
[Le83, LLL8&2] and is NP-hard for varying n [E81, Aj98, Mi98]. The famous LLL-
algorithm of LENSTRA, LENSTRA, LOvAsz [LLL82] for lattice basis reduction is a
ground breaking technique for solving important problems in algorithmic number
theory, integer optimization, diophantine approximation and cryptography, for
a few recent applications see [BN0O, Bo00, C0o97,Co01,NS00,BM03,Ma03] and
[Lo86,MG02,504] for background. We refer to integer lattices of dimension n
contained in Z¢, d = O(n), given by a lattice basis of vectord of Euclidean
length Mj. Throughout the introduction we assume that My = 29 Lattice
reduction decreases the length of such input bases by at most a factor 20(").
Performance of the original LLL-algorithm [LLL82]. The LLL performs O(n”)
arithmetic steps using O(n?)-bit integers. Approximating the shortest lattice
vector to within length defect ¢ means to find a nonzero lattice vector with at
most c-times the minimal possible length. The LLL achieves for arbitrary € > 0
length defect (3 +¢)™/2. Tt repeatedly constructs short bases in two-dimensional
lattices, the two-dimensional problem was already solved by Gauss [Ga801].



Finding very short lattice vectors. Finding very short lattice vectors requires
additional search beyond LLL-type reduction. The algorithm of KANNAN [K83]
finds the shortest lattice vector in n©(™) steps. The improved algorithm of HEL-
FRICH [He85] runs in n3+°(™ steps. The recent probabilistic sieve algorithm of
[AKSO01] runs in 20(n) average time and space, but is impractical as the expo-
nent O(n) is about 30 n. SCHNORR [S87] has generalized the LLL-algorithm by
repeated construction of short lattice bases of dimension 2k > 2. 2k-reduction
[S87] runs in O(n?kF+°(k) 4 nt) arithmetic steps achieving length defect (2k)™/*
The stronger BKZ-reduction [S87, SE91] is quite efficient for k& < 20 but lacks a
proven time bound. LLL-reduction is the case k = 1 of 2k-reduction. Recently,
AJTAI [Aj03] proves a complexity lower bound for 2k-reduction that matches
the proven time bound of [S87] up to a constant factor in the exponent. By ran-
dom sampling of short lattice vectors SCHNORR [S03] achieves under heuristic
assumptions in O(n3k* +n*) steps length defect (k/6)™/8*, the 8-th root of the
length defect achievable in that time by 2k-reduction [S87].

Floating point arithmetic. The LLL uses under exact integer arithmetic in-
termediate integers of bit length O(n?). This bit length can be reduced to O(n)
using floating point arithmetic (fpa, for short). The algorithm LLLg of Section
3 compute intermediate vectors by a sequence of Householder reflections. This
method is both practical and fully proven. It outperforms in practice the method
of [SE91] and matches the proven time bound of the theoretic method of [S88].
LLLy runs under fpa in O(n%*¢) bit operations saving a factor n compared to
the original LLL. We will combine this saving with another one from Segment
LLL-reduction. Our time bounds assume fast multiplication of n-bit integers
within O(n!'*¢) bit operations for every ¢ > 0.

Segment LLL-reduction in fpa. Segment LLL-reduction adapts LLL-reduction
to a better use of local LLL-reduction. It improves the LLL-time bound and ap-
proximates the successive minima in nearly the same way as the LLL. Following
Schonhage [Sc84] we partition a basis by, . . ., by, of dimension n = km into m seg-
ments of k consecutive basis vectors. LLL-swaps are done using local coordinates
of dimension 2k of two adjacent segments. Local LLL-swaps cost merely O(k?)
arithmetic steps, local size-reduction included — compared to O(n?) steps for a
global LLL-swap. We design Segment LLIL-reduction as to minimize the number
of local LLL-reductions. In Section 4 we present our basic SLLLg-algorithm that
runs in O(n?) arithmetic steps, compared to O(n®) steps of the original LLL. It
uses integers and fpa numbers of bit length O(n?). The refined algorithm SLLL
of Section 5 decreases this bit length to O(n) performing O(n*logn) arithmetic
steps. SLLL runs under fpa in O(n°*¢) bit operations, compared to O(n"*¢)
for the original LLL and O(n%*¢) bit operations for LLLy, the LLL-algorithms
of [S88] and [St96], and the semi-reduction of [Sc84]. In Section 6 we speed up
SLLL-reduction by extending LLL-steps iteratively to larger and larger segments.
The algorithm SLLL™ runs in O(n®logn) arithmetic steps.

Space efficiency. SLLL runs in linear space O(ndlog, My) and input bases
of length My fit into space ndlog, My. The LLL-algorithms of [S88] and LLLy
of section 3 are also linear in space, while the original LLL of [LLL82] and the



algorithms of [Sc84], [St96] expand the space of the input by a factor O(n). The
recent Hermite reduction algorithm of [Mi01] is also in linear space but is much
slower than SLLL requiring O(n®(log, My)?) arithmetic steps.

Related work. Schonhage’s [Sc84] concept of semi-reduction achieves length
defect 2" and runs in O(n?) arithmetic steps using O(n?)-bit integers. STORJO-
HANN [St96] proposes an LLL-algorithm that replaces size-reduction by modular
reduction, the Gram-Schmidt coefficients are reduced modulo a squared deter-
minant of order Mg. This modular LLL uses matrix multiplication as a core
subroutine. If multiplication of n x n-matrices runs in O(n?®) arithmetic steps
it requires O(n”*1) arithmetic steps using O(nlog, My)-bit integers. The draw-
back is the bit length O(nlog, M) of integers. We are not aware of an LLL-code
that uses long integers as proposed in [LLL82, St96] and performs for moder-
ately large n and Mj. [St96, Thm 24| accelerates semi-reduction of [Sc84] by
modular reduction via fast matrix multiplication to run in O(n5+5%ﬁ+€) bit op-
erations. SLLL beats this time bound even for the unlikely value § = 2 and
achieves the smaller length defect (4 + ¢)"/2 for every € > 0. MEHROTRA AND
L1 [MLO1] combine our previous segment LLL-reduction [KS0la] with modular
reduction to run in O(n3®) arithmetic steps using O(nlog, Mp) bit integers, and
thus running in O(n®>*¢) bit operations.

DAUDE AND VALLEE [DV94] and AkHAVI [Ak02] study random input bases
consisting of real vectors by, ..., b, that are independently drawn from the unit
ball in R™. LLL-reduction performs for such random input bases on average
O(n*log, n) arithmetic steps using real numbers [DV94]. Size-reduction of such
a random basis achieves length defect (%)(”_1)/ 2 with high probability [Ak02].
The present paper continues and revises the reports [KS01la, KS01b, KS02].

2 LLL Reduction of Lattice Bases.

Notation. Let R% be the real vector space of dimension d with standard in-
ner product (x,y) = x'y. A vector b € RY has length ||b]| = (b,b)2. An
ordered set of linearly independent vectors by,....b, € R? is a basis of the
lattice L = Y i b;Z C RY of dimension dimL = n, consisting of all in-
teger linear combinations of by, ..., b,. We identify the basis with the matrix
B = [by,....,b,] € R¥>*" we write L = L(B) = L(b1,...,b,). All vectors will
be column vectors. Let g; denote the component of b; that is orthogonal to
bi,...bi_1, g1 = by. The orthogonal vectors qi,...,q, € R? and the Gram-
Schmidt coefficients pj;, 1 < 4,5 < nof the basis by, ..., by, satisfy for j = 1,...,n:
bj = sz':l Wiiqi, Wi = 1, Wji = 0 for 7> j
pii = (bj, i) /(i i), (g, q:) =0 for j #i.
The geometric normal form (GNF) of a basis. The basis B € R¥™ has a unique
decomposition B = QR, where Q € R?*™ has pairwise orthogonal columns of
length 1, and R = [r; ;] € R™*" is upper-triangular with positive diagonal en-

tries, r; ; = 0 for i > j and 71 1,...,7n > 0. Hence Q = [q1/|lq1]; -+, gn/llgnl ],
Wii = Tij/Tii, and ||q;|| = r; ;. Two bases B = QR, B = QR are isometric iff



R = R, or equivalently iff B'B = B'B. We call R the geometric normal form
(GNF) of the basis, GNF(B) := R.

The lattice £ = £(B) has determinant det £ = det(B'B)z = [, |l
where B is the transpose and B'B is the Gram matriz of B. Let [r] = [r — 1]
denote the nearest integer to r € R. Let col(j, B) (row(j, B)) denote the j-th

column (j-th row) vector of the matrix B.

Duality. The dual of lattice £ = L£(B) with basis B € R¥" is the lattice
L* =qet {x € span(L) |(z,y) € Z for all y € L}

having determinant det £* = (det L)~ £* has a basis B € R satisfying
BB = I,, where I, is the n x n identity matrix. Inverting the order of the

columns of B = [by, ..., b,] yields the dual basis B* = [b},...,b%] = [by,...,by]*
of B satisfying (b),_;;1,b;j) = 0n—is1, and [lg;|| = [|g5_; |7 fori=1,....,n.

The successive minima. The j-th successive minimum A; of a lattice £, 1 < j <
dim £, is the minimal real number 7 for which there exist j linearly independent
lattice vectors of length bounded by r. A is the length of the shortest nonzero
lattice vector. ||b1]|/A1 is the length defect of the basis.

Definition 1. A basis by,...,b, € Z% with orthogonal vectors qy, ...,q, € R?
is an LLL-basis (or LLL-reduced) for given §, + <& <1, if

10 el <% for1<i<j<mn,

2. 0 laill® < g llall® + llgial®  fori=1,...,n—1.

A basis satisfying 1. is called size-reduced. For the rest of the paper LLL-reduction
refers to given §, a:=1/(§ —1/4). A.K. LENSTRA, H.W. LENSTRA, JR. and
L. LovAsz [LLL82| introduced LLL-bases focusing on 6 = 3/4 and o = 2.

Theorem 1 (LLL82). Every LLL-basis by, ..., b, € Z% with orthogonal vectors
q1,...,q, € R? of lattice L satisfies

Lo lgll <o’ lgslI*  and [[bi]]* <o/ gyl for1<i<j<m,
2. by < a"7 (det £)7,
3. a I < lgi|PA7 < bylIP A2 < et forj=1,.n.

The inequalities (1), (3) of Theorem 1 follow by the argument of Theorem 6.

Size measures. We call My =qef max(||by1]], ..., [|bn||) the length of the basis B =
[b1,...,by] € Z4*™ and M =g¢f max(dy, ..., dy,2") the volume of the basis, where
d; :=det(L(by, ..., b))% = |lq1]|* - - - ||@:||>. We use a novel measure for bounding
the length defect of a basis: My =ger maxi<;<;<n ||qil|/|lg;]|- The argument of
Theorem 6 shows that every size-reduced basis satisfies

S/ME < 0|2/ < M7 IR for j=1,...n.
By Theorem 1, M? < ™! holds for LLL-bases. A basis B and its dual B* have
the same Mj-value. Lattice reduction aims at a lattice basis with small M;-value.

Clearly, d; < Mg*, M < MZ™ and M~ < ||g;]|> < M, and thus M; < M follows



from ||q;||> = d;/d;—1. We let My refer to the input basis of an algorithm. M and
My do not increase during LLL-reduction. My, M = 20(n*) holds for every basis
of length 2°("). We present the main steps of the LLL-algorithm, see [LLL82]
for more details.

LLL
INPUT by,...,b, € Z% (a basis with My, M), 6§, $ <d<1
OUTPUT by,...,b, LLL-basis
1. 1:=1 # by,...,by is always an LLL-basis for I’ := max(l —1,1).
2. WHILE [ <n DO

compute the rational numbers pi; 1, ..., -1 and ||q;||?
#size-reduce b; against bj_1,...,by :
FOR i=101—1,..,1 DO b; :=b; — [pu,:]b;, update p,..., 11
IF 1#1 and dq-1l? > uiioy llaial® + llal?
THEN swap b;_1,b;, {:=1—1 ELSE [:=1+1.

LLL-time bound. One round of the WHILE-loop, i.e., one LLL-swap of b;_1, b; re-
quires O(nd) arithmetic steps, size-reduction of b; and computation of the ratio-
nals fiy,1, ..., 1,11, ||qi]|* included. Given an integer basis in 74 of length My > 2
and volume M, LLL performs O(nlog; ;s M) = O(n?log, ;5 My) LLL-swaps for
§ < 1, and runs in O(n*dlog, ;s M) arithmetic steps using O(logy(MoM))-bit
integers. Given a basis of length 2°(") and d = O(n) this requires O(n"+¢) bit
operations for every ¢ > 0 because logy(MoM) = O(n?).

3 LLL Algorithm via Householder Reflections.

In this section we present the LLL g variant of LLL which computes the p 4, ||q/|
by a sequence of Householder reflections. We first analyse LLLy in ideal real
arithmetic, thereafter under floating point arithmetic. LLLy under fpa saves a
factor n in the number of bit operations compared to LLL. While the intermedi-
ate data pu;, ||gi|| are computed in fpa, the basis vectors are in exact arithmetic.
All subsequent reduction algorithm are based on LLLy .

Computing the GNF of B = [by,...,b,]. There is an extensive literature on
numerical algorithms for computing the GNF R of the decomposition B = QR
of a basis B, see [LH95]. Householder algorithms and modified Gram-Schmidt
orthogonalization are in our experience practically equivalent for the LLL. We
use Householder reflection matrices because of the published fpa-error bounds.

We compute an orthogonal matrix Q' € R?*? that extends @) and a matrix
R’ € R¥*™ that extends R by zero-rows and allows that col(i, R') = + col(i, R).
In ideal arithmetic we get R’ by a sequence of Householder transformations

6 = B7 R; = Q]R_ly—l fOI' j = 1,...,7747
R/::R,nv Q/:QlQn:Qg 27



where Q; := Iq — 2| h;||"2h;h. € R*? is orthogonal and symmetric, h; € R%.

The transform R} := Q;R_, zeroes the entries in positions j + 1 through d
of col(j, R, _,), it triangulates col(j, R;_,) so that R’ € R¥*™ is upper-triangular
for the first j columns. The transform x — Q;x reflects  at the hyperplane
that is orthogonal to the Householder vector h; € R? so that

thj = —hj, QjZL' =z for (hj,w> =0.

Setting 7= (r1,...,7q)" == col(j, R;_) and z := sign(rj)(zgzj r2)3

we get hj:=(0,...,0,7; + 2,741, ...,7a)" /221 + 222

Correctness. We have that 2h;(h;,v)||h;||~2 = 2h; Qi:;%; = h;, and thus
Qj’f’ =T — hj = (7‘1, ey Ti—1, —Z, O, ...,O)t € Rd.

This shows that Q;r is correctly triangulated and h; is well chosen.

The sign of z is chosen as to maximize the denominator 2zr; + 222 =
|h;|I* in Q;. Clearly, Q; - Q1b; = col(j,R') = —sign(r;)col(j, R) because
(hj,col(i, R')) = 0 for ¢ < j. We abbreviate r; := col(l, R) for R = GNF(B).
Since TriCol computes r; from col(l, R') this extends r; by d — n zeroes.

TriCol(by,...,b;, hy,...;hy—1,71,....,7—1) (TriCol; for short)

# TriCol; computes h; and r; := col(l, R) and size-reduces by, ry.

1. r=(r1,...ra) == b/||by

# we normalize ||r| and ||l to 1.

FOR j=1,..,1—1 DO r:=7—2h;,r) h;

2= sign(r) (X0, 72)2, hy = (0.0, 0,77 + 2,7151, oy 7a)' [N/ 2277 + 222
ry := —sign(r)) [|by]| (r1, ..., 711, — 2,0, ..., 0) € R?

# size-reduce by against bj_1,...,b1 and update r; :

FOR i=10—1,..,1 DO b;:=b; — [ri1/rii]biy, vi =7 — [rig/rii| 7.

Al e

The normalization simplifies the fpa-error analysis, but it is not essential. In
step 4 we have sign(r;)z > 0, and thus upon termination we have that r;; > 0.

Step bound. TriCol; runs in O(dl) arithmetic steps and one sqrt.

The LLL-algorithm in terms of R = GNF(B). Consider the diagonal submatrix
Ri_11 = {”811 7‘1741,1] C R shown in Fig. 1. (We let R’ C R denote that
1l

R’ is a submatrix of R, i.e., ng‘ = Titk,j+m for all ¢,j and some k,m.) LLLy
performs simultaneous column operations on R and B that shorten the first
column of some R;_; ;. It swaps columns r;_;,7; and b;_1, b; if this shortens
the square length of the first column of R;_;; by the factor §. To enable a
swap the entry r;_1; is first reduced to |r_1,| < % |7i—1,—1| by transforming
=7, — [ri—1,1/71-1,1-1]71—1. The ideal LLLy algorithm reads



Fig. 1. The submatrix Ri—1,1 C R

LLLy
INPUT by,...,b, € Z¢ (a basis with My, My, M), 6,
OUTPUT b4,...,b, LLL-basis for §

1
1<0<1

1. 1:=1, # b1, ..., Brax-1,1) s always an LLL-basis
2. WHILE [ <n DO
TriCol(by,...,b;, Ay, ..., hy_1, 71, ... 7—1)
IF [ #1 and 6rfy,_, >ri, +77
THEN swap bj_1,b;, [:=1—1 ELSE [:=1+1.

Correctness. At stage | we get 7; = col(l, R) of R = GNF(B), and we have r;_;
from a previous stage. Using the coeflicients r;_1 ;_1,7;-1,,7; LLLy correctly
simulates LLL since 7 ; = p2 ,]|q;||*. The GNF [ry,...7;] of [by, ...by] is preserved
during simultaneous size-reduction of r; and b; in TriCol;.

LLLy using floating point arithmetic. We use the fpa model of WILKINSON
[Wi63]. There is no assumption by this model. We merely want to use proven
fpa-error bounds. A fpa number with ¢ = 2t 4+ 1 precision bits is of the form
+2¢ Zf/:ft, b;2¢, where b; € {0,1} and e € Z. It has bit length t+s+2 for |e| < 2°,
two signs included. We denote the set of these numbers by FL;. Standard double
length fpa has t = 53 precision bits, t + s + 2 = 64. Let fl : R D [-2%",2%"] 5
r +— FL; approximate real numbers by fpa numbers. A step ¢ := a o b for
a,b,c € R and a binary operation o € {4, —,-,/} translates under fpa into
a = fl(a), b := fl(b), ¢ := fl(aob), resp. into @ := fl(o(a)) for unary
operations o € {[ |,/ }. Each fpa operation induces a normalized relative error
bounded in magnitude by 27 |fl(aob) —aob|/|aocb| < 27t If |aob| > 22" or
|aobl <272 then fl(aob) is undefined due to an overflow, resp. underflow.

It is common to require that 2° < 2 and thus s < 2log, t, for brevity we
identify the bit length of fpa-numbers with ¢, neglecting the minor (s + 2)-part.



Under fpa we let LLLy use approximate vectors hy, 7, € ]FILf and exact basis
vectors in Z¢4.

TriCol; under fpa. A detailed discussion and analysis of steps 1-4 of TriCol,
under fpa is in [LH95, chapter 15]. In order to keep fpa-errors small during the
iteration of TriCol; within LLLy we replace under fpa for the rest of the paper
TriCol; by the following iterative

fpa-version of TriCol;. Let € > 0 be given as input.

Zero [7; /7] in step 5 if |7 /74| < % + £/2 holds. Repeat steps 1-5 of
the above TriCol;-procedure in a loop until step 5 leaves b; unchanged, i.e.,
|7i1/Fii| < 3 +€/2holds fori=1—1,..,1.

Zeroing of [7; ;/7; ;| cancels a size-reduction step and prevents cycling through
steps 1-5. In TriCol;’s last round size-reduction is void and the value of r; in
step 4 and its fpa-error remain unchanged.

The proof of Theorem 2 shows under fpa that TriCol; with ¢t = 5n+2log, My
precision bits performs two rounds through steps 1-5, the first correctly size-
reduces by, the second decreases fpa-errors given that ||by| is already small.

Givene >0weset 0_ :=6—¢, 6, :=d+e<1l—-canda_:=1/(6—c—1/4).

Theorem 2. Given a basis of length My, 0 < € < 0.02 and 6 > 0.96, LLLy
using fpa of t = 5n + 2log, My precision bits computes for n > ng(e) an approz-
imate LLL-basis for §_ with p;,; and orthogonal vectors qu, ..., qn satisfying

1. |Nj,i|<%+5 for 1<i<j<mn,

2. 0 llaill* < piia llasll
LLLy runs under fpa in O(n2d10g1/5 M) arithmetic steps using 2n + 2logy, My
bit integers and fpa numbers of bit length 3n + 2logy M.

+ llgisall? fori=1,...,n—1.

In particular LLLg runs for My = 20 in O(n*d) arithmetic steps, i.e. for
d = O(n), in O(n%t<") bit operations for every ¢’ > 0. If 1. of Theorem 2 holds
we call the basis size-reduced under fpa.

Proof. The proof uses an fpa-version of Theorem 1 which will later be proved in
Theorem 6. In particular, clauses 1 and 2 of Theorem 2 imply the inequalities
a”iTh < ||bj||2)\;2 <ot forj=1,..,n, a =1/(0—¢c—1/4).

For all size bounds of intermediate data we neglect the effect of € on «_. For
simplicity we assume that o = o < v/2 since 1/(0.96 — 1) < V2. We also
neglect that the |u; ;| for ¢ < j can be larger than % but less than % + €.

Length of intermediate bases. We show in ideal arithmetic that all interme-
diate basis vectors have length < 2™ M,. We show that the claim holds during
size-reduction within LLLy. A size-reduction step by := b, — [ ;]b; for j <1
induces pu,; == s — [p,j]py,i for i = 1,...,j, where by,...,b; is an LLL-basis.
As |pj;| < 3 for i < j this increases max;< |pu,;| by at most a factor 3 (the
rounding to [/ ;] can be neglected).

Consider the initial values by, f;; and the final values bj, iji after h size-
reduction steps. We have pj; =1, |p ;| < 1 for |—h <i <1l Fori<l—h there



exists by the above argument j, h — [ < j <[ such that
sl < G) sl laall < (3)"a’= |l s,
because ||g;|| < Q%qu” as by, ...,b;_1 is LLL-reduced. From a < v/2 we get
1
1B311% = iy g P llaall < U3)* 22 |[bul* < - 3.15 [y >

Therefore, in ideal arithmetic all intermediate vectors b have length < 2!||b;|
for [ > 10. This also holds under fpa due to the following fpa-error analysis.

Correctness under fpa. We study TriCol; within the algorithms LLLy, SLLLy,
SLLL. It is crucial that the Householder reflection matrices @); preserve the
inner product, (z,y) = 'y = 'Q!Q;y = (Q:x, Q;y), and thus Q; preserves in
ideal arithmetic the length of fpa-error vectors. A, +1 := Q- - - Q1B is computed
under fpa recursively as Ay := B, A;y1 = fl(Q;A;) fori=1,....n.

Proposition 1. ||h; — h|| = O(d17'27Y), |7 — 7] = OdI72 b)) (1)

Proof. We proceed by induction on I. We extend the error analysis of [LH95,
pp.85,86]. Let 7, = col(l, R), by = (r1,...,7q)" and z = sign(r1)(>2%, r2)2 then

1=1"1
the errors of 7y = (2,0,...,0)%, hy = (r1 + 2,72, ...,74)" are bounded as

171 = rill = O [l (27F +27%)), [lh1 — hall = O(d (27" +27%)).

We will neglect all 2~2?*-terms. The first bound is obvious and implies the second,
see (15.22), (15.23)[LH95]. TriCol; computes 7, h; via
ri_1 = [lic1 4 _o(1 = 2h;hf) (bi/[|bi]]) and 7“1/ = (1= 2hy_1hj_y)r_;.
The induction hypothesis for I — 1 yields [|7]_, —7]_,|| = O(d (I — 1)7'7127%).
If 7'1/ =(1- 2ﬁl,1ﬁ§71)7‘2_1 is computed in ideal arithmetic we have
17 = vl < Uiy = iyl + 2 2 Ry = hoa | + 27y =i |
=0(d(—1)7-771271),
where 272-terms are omitted. We used that ||7]_, |, |[[Ri—1|| = 1+o0(1) for t > 3n.
One factor 2 in 2 - 2 comes from the two occurences of h;_1 in i'l/.
The computation of i*l/ from 7]_; under fpa adds O(d27") to the error ob-
tained in ideal arithmetic. Step 3 of TriCol; computes h; from T‘l/ so that
|hs — Ryl = |7 — ||| + O(d27") = O(d1T'27").
This proves the first induction claim.

The computation of r; from 7'1/ and h; in Step 4 of TriCol; multiplies errors

by ||b;]| so we get the second claim ||7; — r|| = O(d1 727 by|). O

Referring to the GNF [rq,...,7;] of TriCol;’s input basis by, ..., b; we denote

Mg = MO/Tl,l Ml = maX;«j 7‘1,1/7’1'71'. (2)

We let My, M, refer to the LLL-input basis. We always have M; < M;, where
— -1

M, < a™z holds within LLLg since by, ..., b;_1 is LLL-reduced. We show that

TriCol,’s last round correctly computes fi; ; = 7;;/7; ; up to an €/2-error. Using



(1), (2) and assuming the initial bound ||r;|| < My Step 4 of TriCol; yields

||7_“l — rlH/rm‘ = O(d?lMQM12_t) for1<i<il-1. (3)
-1

<l —rll/rii + Nl =
We bound the dominating Hrl||\ﬂ_7i1 - r;i1|—term, the minor ||#; — 7] /7 i-term
is bounded by (3) and will be neglected. Consider the right-hand side factors
of [l —riil = (lrill/rii)(7ii — riil/7iq)- Applying (3) to a previous
TriCol;-execution we have |7; ; — ;| /r1.1 < O(d 7"M2~"). Multiplication with
[rell/r1,0 < $Mo and r$, /r?; < M} shows that step 4 of TriCol; yields

"171"[/777;51' - Ti,l/ri,i| S O(d 7lMgM122_t) S 8/27 (4)
where the last inequality holds for ¢t = (1) + log,(d 7' M2 M2 /¢), e.g., for e =
0.02, d = n > 40 and t > 3.5n + 2log,(MyM;). In particular, (4) holds upon
termination of TriCol; as the final size-reduction in step 5 is void. Within LLL g
we have that M; < a’ < 2", Hence, upon termination b; is size-reduced
for t > 4n 4+ 2logy, My and n > ng(e), proving clause 1 of Theorem 2.

TriCol;’s first round. We have shown that ||b;|| increases during size-reduction
to at most 2!Mj. Retracing this proof with a view on fpa-errors shows that
|71 — 7| /ri; increases during size-reduction by at most a factor 2! compared
to (3). This is a straightforward exercise left to the reader. We offset the in-
creased fpa-errors by n additional precision bits. Hence, using ¢ > 5n+2log, My
precision bits TriCol;’s first round correctly size-reduces b; for n > ng(g), and
TriCol; terminates in the second round.

Correct swapping. We see from (3) that the fpa-error of r;; is bounded by
O(r1,1d 7" MoM;27"). Due to |ri—1,| < L|ri_1,-1| the fpa-error of 7’1271,1 + le,l —
5772_1)1_1 is at most O(ry 1 (r—1,1—1+71,1)d 7' Mo M, 27%). If ri; < ri—1,;-1 that fpa-
error is less than erf_, ;_, for ¢ > 5n + 2log, My due to My < My, M, < 2"
Then a valid swap for §_ under ideal arithmetic, will also be executed under fpa
and each swap under fpa is a valid swap for §, . If r;; > r;_1 ;1 the inequality
o_ 7"12—1, -1 < TZQ_U + rﬁl is preserved under fpa-errors. Hence swapping is always
correct for §_.

Time bound. As 6 <1 —2e, 6, < 1—e we have that § < 63. Hence LLL
performs at most log, 5, M™ < 2nlog, s M LLL-swaps under fpa, each swap
requiring one TriCol;-execution. We have shown that TriCol; performs 2 rounds
and thus requires O(nd) arithmetic steps and 2 sqrt’s. We see that LLLy runs
in O(n*dlog, ;5 M) arithmetic steps.

Costs of the sqrt’s. There are O(nlog; ;s M) sqrt’s to be computed with ¢ =
on + 2log, My precision bits, one sqrt per round of TriCol;. Using Newton
iteration this requires O(nlog, /5 M log(n + logy Mo)) arithmetic steps that are

We have |fi; — pui| = |Tii/Tii — 1ii/Ti

covered by the claimed step bound provided that log, logy, My = O(n?).
Newton’s iteration xg := 1, xpy1 := %(zk + %) converges quadratically to

v/m. Therefore O(log(n+log, My)) rounds of Newton iteration suffice to compute

v/m for m < 2" M up to an error less than 2727 /M2. O

LLLy in practice. In practice LLLy is correct up to dimension n = 250
under fpa with t = 53 precision bits for arbitrary M, and not just for ¢ >
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on + 2log, My as shown in Theorem 2. In practice, the constant 7 of Prop. 1
can be replaced by a constant near 1.1 [KS01b]. This is because the orthogonal
transforms @); preserve the length of error vectors. Moreover the error vector
resulting from computing fI(Q;r) is, due to cancellations, on average much
smaller than in worst-case. However, LLLy is in practice incorrect for ¢t = 53
and dimension 400, see [KS01b].

Scaled LLL-reduction. Scaling is a useful concept of numerical analysis for
reducing fpa-errors. Scaled LLL-reduction of [KSO1b] associates with a given
lattice basis an associated scaled basis that generates a sublattice of the given
lattice. The scaled basis has all values My, M; < 2, which makes the error bounds
(3), (4) particularly good. Its coefficients u;; can be correctly computed using
only limited fpa-precision. Scaled LLL-reduction performs a weak size-reduction,
reducing relative to an associated scaled basis. The weaker size-reduction does
scarcly lessen the quality of the reduced basis and can be done using limited
precision. This way it is possible to implement variants of LLLy and SLLL
that are correct for all practical cases, namely up to dimension 2'® using fpa
with merely 53 precision bits and preserving the run times of this paper.

Comparison with [S88] and the modular LLL of [St96]. The time bound of
Theorem 2 also holds for the theoretic, less practical method of [S88].

The modular LLL [St96] performs O(ndlog, /s M) arithmetic steps on inte-
gers of bit length log, (MyM) using standard matrix multiplication. This yields
the same bound for the number of bit operations for LLLy and the modular
LLL [St96] if My = 22(™) . If My = 2°(™) the given basis is shorter than an LLL-
basis and LLL-reduction is useless. The practicability of LLL g rests on the use
of small integers of bit length 5n + 2log, My whereas [St96] uses long integers
of bit length log,(MoM) = O(nlog My).

4 Basic Segment LLL-Reduction.

This section introduces main concepts of segment LLL-reduction and a first
algorithm SLLLg. The argument of Theorem 4 for bounding the number of
local LLL-reductions within SLLLy will be used throughout the paper. This is
also true for Lemma 1 and Corollary 1 that bound the norm of, and the fpa-
errors induced by, local LLL-transforms. The algorithm SLLLg is faster by a
factor n in the number of arithmetic steps compared to LLLy but uses longer
integers and fpa numbers of bit length 5n + log, (MZM3). The algorithm SLLL
of section 5 reduces this bit length to 7n + 2log, My.

Segments and local coordinates. Let the basis B = [by,...,b,] € Z4™ have
dimension n = km and GNF R € R"*". We partition B into m segments
Bk = [bik—k+1, .., big] for I =1, ..., m. Local LLL-reduction of two consecutive
segments B i, Bi41, is done in local coordinates of the submatrix

Rk = [Pikyidhrg)—kh<ij<n € RV
of R. Let H = [h,...,h,] = [h;;] € R™*™ be the lower triangular matrix of
Householder vectors and Hx = [Riktiik+jl—k<ij<t C H the submatrix for
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Ry . We control the calls, and minimize the number, of local LLL-reductions of
the R; , by means of the local squared determinant of By,

Dy =def || que—r+11? - lau]|?.
We have that di, = ||q1|* - ||qlk||2 = Dy, - Dy ;. Moreover, we will use

DH) =4 TI12 Yy, = - le L

My i =def maxlk—k<i§j§lk+k ||QiH/||QjH~
M; i, is the Mi-value of Ry, of 1locLLL(R; ), obviously M, < M.

Definition 2. A basis b1, ..., b, €74 n = km, is an SLLL¢-basis (or SLLLo-
reduced) for given k, § > 1, a=1/(6 — 1/4) if it is size-reduced and

1 0l < u,»+1,¢||qi||2+ lginl® for i€ [l,n—1] \KZ,
2. Dl,k S (Oz/(s)kle_H’k fO?" lil,...,ﬁl*l.

Size-reducedness under fpe means that |u; ;| < % + e holds for 1 <i < j < n.
We neglect the role of € in SLLL-reduction, € plays the same role as for LLLy.

Segment B j of an SLLL(-basis is LLL-reduced in the sense that the k x k-
submatrix [rjg4i, lkﬂ] k<ij<o C R is LLL-reduced. Clause 1 does not bridge
distinct se§ments since the i € kZ are excepted. Clause 2 relaxes the inequality
Dy < aF Di41,;, of LLL-bases, and this allows to bound the number of local
LLL-reductions, see Theorem 4.

We could have used two independent d-values for the two clauses of Def.2.
Theorem 3 shows that the first vector of an SLLLg-basis of lattice £ is almost
as short relative to (det £)*/™ as for LLL-bases.

Theorem 3. Every SLLLo-basis by, ..., b, satisfies |[by| < (a/8)" 5 (det £)7.
Proof. Every SLLL(-basis satisfies by clause 2 of Def.2
Dy, < (04/(5)’“2 =Y Dy fori=1,...,m.

We multiply the m inequalities and take the m-th root. As Dy Dy =
(det £)? and 142+ -+ (m —1) = m- ==L this yields

Dy < (04/5)k2 =

(det L) .

Moreover [|b1]|?> < « = D" holds as the basis by, ..., by is LLL-reduced. Com-
bining the two latter 1nequahtles proves the claim

b1 < a%(a/d)km (det £)mr < (a/6) T (det L)%, O

The dual of Theorem 3. Clause 2 of Def.2 is preserved under duality. If it holds
for a basis by, ..., b, it also holds for the dual basis b7, ..., b}, of the lattice L*. We
have that ||b3] = ||g.|~! and det(L*) = (det £)~L. Hence Theorem 3 implies

n—1

that every SLLLq-basis satisfies || qn|| > (§/a) "5 (det £)7.

Local LLL-reduction. The procedure locLLL(R; ;) locally LLL-reduces R, C R
given H;, C H. Initially it produces a copy [b], ..., b},] of Ry . It LLL-reduces
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the local basis [bf,..., b}, ] consisting of fpa-vectors. It updates and stores the
local transform T} € Z?**2F 5o that [b1, ..., bl,.] = Ry Ty ;. always holds for the
current local basis [b], ..., b5, ] and the initial R; ;. E.g., it does col(l', T} 1) =
col(l', Ty ) — weol(i, Ty ) along with b}, := b}, — ub} within TriCol;. It freshly
computes b}, from the updated Tj . Using a correct Tjj this correction of b},
limits fpa-errors of the local basis, see Cor.1.

Local LLL-reduction of Ry j is done in local coordinates of dimension 2k.
A local LLL-swap merely requires O(k?) arithmetic steps, update of Ry, lo-
cal triangulation and size-reduction via TriCol; included, compared to O(nd)
arithmetic steps for an LLL-swap in global coordinates.

locLLL(R; 1)
1. produce copies (b, ...,b5;] = R, of Ry and [h,...,hy, ] of Hyp C H
Ty =1, U':=1
2. WHILE !’ <2k DO
TriCol(b), ..., b}, Y, ...k}, |, v, ..,r,_,)
update T}, b, := Ry col(l', T} x)
IF I'#1 and 077,y >77 0 + 10y
THEN swap b}, _,,b},, swap r},_,,7},, update Ty, I':=1'—1
ELSE I':=1'"+1.

SLLLy-algorithm. SLLLg transforms a given basis into an SLLLg-basis. It iter-
ates LocLLL(R; ) for submatrices Ry C R, followed by a global update that
transports T; 1, to B and triangulates By i, B) x+1 via TriSeg; . Transporting
Ty to B, R, T} /2 and so on means to multiply the submatrix consisting of 2k
columns of B, R, T} ,/ corresponding to Ry from the right by T .

The procedure TriSeg; j, triangulates and size-reduces two adjacent segments
By i, Biy1,k- Given By g, Biy1x and hy, ..., by, it computes [Pig—g11, ., ikt k]
C R and [hlk—k+17 ey hlk+k] C H.

TriSeg i
1. FOR I'=1k—k+1,..,lk+k DO TriColy (including updates of Tj )
2. Dy =110 2 pyos forj=11+1.

SLLL
INPUT by,...,b, € Z¢ (a basis with My, My, M), k, m, §
OUTPUT by,...,b, SLLLg-basis for k, ¢
WHILE 31,1 <[ < m such that either Dy > (c/0)* Diy1x
or TriSeg;; has not yet been executed
DO for the minimal such [: TriSeg; ;, 1ocLLL(R; %)
# global update: [By i, Biy1k] := [Bik, Biy1,k) ik, TriSeg k.
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Correctness in ideal arithmetic. All inequalities Dy 5, < (oz/é)k2 D41 hold upon
termination of SLLLg. All segments By j are locally LLL-reduced and globally
size-reduced and thus the terminal basis is SLLLg-reduced.

The number of locLLL-executions. Let #j denote the number of 1oc111(R; x)-

executions due to D j > (oz/é)”C2 D, for alll. The first 1oc111(R; i )-executions
for each [ is possibly not counted in #j, this yields at most n/k — 1 additional
executions. We bound #j, by the Lovész volume argument.

Theorem 4. #; <2nk™—3 log, /s M.

Proof. We show that a locLLL(Ry j )-execution decreases Dy i, by the factor §k*/2
if it is due to Dyp > (a/é)kleH)k. locLLL(Ry ) changes Djk, Dit1 into
D{ e D} 41, and preserves Dy for I # [, + 1. It also preserves the product

Dy 1 Dit1 .- 1ocLLL(R; 1) results in Dl RS ak Dl+1 , because upon termina-
tion the matrix Rl , is LLL-reduced with § and thus the claim follows from
llqin—2r+ill® < o ||qui— k+z|| forz-l ., k. Therefore

Dy <at Dl+1k =ak leDlJrlk/le

= a*" D, kDit1k/ Dy, < 5k2D12k/Dl k>
and thus Dl,k < §k*/2 D, .. Hence 1ocLLL(R; ;) decreases
m—1 m—1 m
DW= Hl:l die = 11,24 D :
by the factor §F°/2. As D®) is a positive integer DF) < M™=1_ this implies
#e < logy e, MM < 2050 7+ logy 5 M. U

All intermediate M p-values within SLLLg are bounded by the M;j-value of
the input basis of SLLLj. Consider the local transform 7;; € Z2+*2k within
locLLL(Ry k). Let ||T7.x|l1 denote the maximal || ||;-norm of the columns of 7} 4.

Lemma 1. Within 1ocLLL(R, ;) we have that | Ty x|l1 < 6k(2)2* My,

Proof. We rename the input basis bf, ..., b, of locLLL(R; ) into by, ..., bay, and
we let bl, ..., b}, denote the current local basis. The input basis has been size-
reduced by the preceding TriSeg; y-execution, and thus |u; ;| < % for 1 <i<
j < 2k. W.lo.g. let \,ugz| < % for 1 < ¢ < | < 2k hold for the current basis
because ||col(l', T} k)||1 increases during size-reduction of bj,. The equations
[B1, s bol = (@, - a1, = lan, - @2n]p,i] The

yield T = (i]") ™ Ky @) 12) (1 i<y <ar The coefficients v of the
inverse matrix [v,] := ([uj4]") " satisfy |vj;] < (2)977, and thus 32 |v;4] <
Z?jl(%)lj_il < 3(2)%. We get that

I Txllx < 6k(35)%" maxi<ij<oe [(as, ai)l/lla; 1%

14



To finish the proof we show that maxi<; j<or (g, @})|/l1qg;lI* < M.
If b1, by get swapped, the swapped vectors b}, _;, bj, clearly satisfy

gl < llgp il gyl < llgr—ll,
and thus |(q;, @)1/ l14,1% < ¢.]1/llas]| < llgw—1]1/llqv | holds for ' =1 < i,j < 1",
i.e., for the i, j that are linked by the LLL-swap.

More generally, we say that i, j are linked by a sequence of LLL-swaps, swap-
ping by, , by, 41 for v =1, ..., s if the edges (h,, hy41) link 7 and j by an undirected
path. By induction on the sequence of LLL-swaps we see that ||q}||/||q;| < M
holds for all 4, such that the terminal b; and the initial b; are linked by a
sequence of LLL-swaps. Otherwise, if b, and b; are not linked, we have that
(q;,45)/|lgj||* = d; ; because g is in the linear space generated by the g; such
that b} and b; are linked, and thus (g;,q;) = 0 for ¢ # j. In particular, the
quotients ||g;||/||g;|| for i > j, which are not bounded by M, ;, are irrelevant,
they do not induce LLL-swaps and do not affect T . O

Next we study LlocLLL(R; ) under fpa, where TriCol; performs the iterative
fpa-version of TriCol; that depends on ¢, 0 < & < 0.2.

Corollary 1. 1. Within locLLL(R; %) the current Rik = Ry Ty, and its ap-
proximation R ;. satisfy ||R} ,—R; ¢|lr < | Rix—Ri k|| 722K My o +Tn|| Ry 1| 727
2. Let TriSeg; ; and LocLLL use fpa with t = 3n + logy (Mg M3) + 2k precision

bits. If Rl,k is computed by TriSeg; j then locLLL(Rl,k) computes for n > ng a
correct T}, so that Ry ;1) ) is LLL-reduced with §_.

Proof. 1. 1locLLL(R, ) updates the current R;, = [b},..., by, ] by transforming
the initial R;j into Rf’k := Ry T k. In ideal arithmetic this increases ||R; ) —
Ry ||F by at most a factor ||Tjx|l1v/2k < 22*M; ;. holds for k > 9 by Lemma 1.
The Tn| Ry || #2~*-term accounts for the fpa-errors of the calculation of R ;T .
using e.g., (15.30)[LH95] for d > 37. This term can be neglected as it is covered
by the upper bound of ||R; x — R x||r that follows from (1).

2. The input Ry j of LocLLL(R; ;) satisfies the inequalities (3),(4) with M; <
M;. Therefore TriSeg; ;’s fpa-errors are by a factor ME/ 2“7 larger than for
TriCol;-executions within LLLy, where the input bq,...,b;_; is LLL-reduced
and M; < 27 . This is offset by 2log, M7 — n/2 additional precision bits.

We compensate the loss of precision described by clause 1 by another log, Mi+
2k additional precision bits. Thus we add to the precision ¢ of Theorem 2
logy(M?) — % + 2k with k < 2 to get t = 5n + logy (Mg M}). With the in-
creased precision the argument of Theorem 2 shows the correctness of 1; ;. O

Theorem 5. Let k = O(y/n). Given a basis with My, My, M, SLLLy computes
under fpa with t = 5n + logy(MEM3) precision bits for n > ng an SLLLg-basis
for 6_. It runs in O(ndlog, ;s M) arithmetic steps using 5n + logy (Mg M7)-bit
integers and fpa numbers.

SLLL saves a factor n in the number of arithmetic steps compared to LLL
but uses longer integers and fpa numbers. The choice k,m = O(y/n) equalizes
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for d = O(n) the number of local and global arithmetic steps. SLLLg runs for
My = 29 and thus for M = 2°("") in O(n3d) arithmetic steps using O(n?)
bit integers. The bit length O(n?) will be reduced to O(n) by the algorithm
SLLL see Theorem 7.

Proof. Time bound. We separately count the local (resp. global) arithmetic steps
of LocLLL(R; %) (resp., of TriSeg ;). Initially we have that D) < M™. Each
LLL-swap of b;_1,b;, due to the inequality 577271,#1 > 7”1271’1 + 7’127[, decreases
DW by a factor 6. As initially DY) < M™ and DM > 1 holds upon termination
there are at most n log; s M LLL-swaps.

Each of the nlog, /6 M LLL-swaps, done in local coordinates of dimension
2k, requires O(k?) steps for a local TriCol;-execution and for updating 7} k. In
total there are O(nk? log, /5 M) local arithmetic steps.

Each locLLL(R;j)-execution requires O(ndk) global arithmetic steps for
TriSeg; ; and for updating B i, Bjy1,5x. Therefore, the n/k + 2nk=3 10g1/5 M
locLLL(R; ;)-executions require O(n?d + m2d10g1/5 M) global arithmetic steps.
This proves the claimed step bound using that M > 2" and m? = O(n).

Correctness under fpa. We see from Cor.1(2) that locLLL(Ryy) correctly
LLL-reduces R;j with 6_, computing a correct Tj ; for n > ng, n > 4k. The
fpa-errors within locLLL(R; ) get corrected by the subsequent global update
"Bk Bis1.k) = [Bik, Bi+1.k] Tk, TriSeg;” which restores and even im-
proves the initial error bounds.

Selecting the right Ry ) for the next locLLL(R;x)-call within SLLL¢ rests
on the decision whether D; , Dyt differ by at least a factor (a/&)k2, where
(a/&)k2 > (%)’€2 > 2047 for k > \/n. This is always correctly decided because the
r; and thus Dy g, Djy1 1, are computed with an arbitrary small relative error e
due inequality (1). W.l.o.g. we can assume that all except possibly one r; ; satisfy
Tii > 2_n/M0.

Intermediate basis vectors have length < 6k(%)2’“M0M12” = onto(n) ppy M,y
because ||T} (|1 < 6k(2)* M, holds by Lemma 1, and size-reduction increases
the length of intermediate basis vectors by at most a factor 2". Hence all integers
and fpa numbers within SLLLq have bit length 5n + log, (M3 M3). O

5 Gradual SLLL Reduction Using Short Bases.

The algorithm SLLL of this section achieves the same length defect as LLL,
uses intermediate bases of length 2"t°(") My, and is correct under fpa with
t = 7n + 2logy My precision bits. SLLL prepares local LLL-reductions through
local reductions on subsegments that get reduced with smaller J-values, all local
transforms have norm 2"+°(") SLLL saves a factor n/log,n in the number of
arithmetic steps compared to LLL, using 7n + 2log, My-bit integers and fpa
numbers. For input bases of length 2°(") and d = O(n) SLLL performs O (n®*¢)
bit operations for every € > 0 compared to O(n°"¢) bit operations for LLLy,
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SLLLg and the LLL-algorithms of [S88], [St96]. The advantage of SLLL is the
use of small integers of bit length 7n + 2log My which is crucial in practice.

The use of small integers and short intermediate bases within SLLL rests
on a gradual LLL-type reduction so that all local LLL-transforms 7j g0 of R; -
have norm O(2"). This requires to work with segments of all sizes 27 and to
perform LLL-reduction on R; 2. with a measured strength, i.e., SLLL-reduction
according to Definition 3. If the submatrices Rgjg0-1, Roj4q,20-1 C Ry o0 are
already SLLL-reduced then locLLL(R; ) performs a transform 7} - bounded
as |17 20| r = O(2™). This is the core of fpa-correctness of SLLL.

Comparison with semi-reduction of [Sc84, St96]. The semi-reduction algorithm
of [Sc84] also uses segments but proceeds without adjusting LLL-reduction ac-
cording to Def. 2 and without Theorem 4. This algorithm runs for input bases of
length 2°(™) in O(n%+¢) bit operations, its combination with modular reduction
[St96] runs in O(n®+¢)-bit operations. This time bound also holds for a combi-
nation of [S88] and [Sc84], see Theorem 9 [S88]. Assuming that n x n matrices
can be multiplied using O(n”) arithmetic steps the semi-reduction of [St96, Thm
24] runs in O(n5+5%ﬁ+€) bit operations. SLLL beats the [St96] time bound even
if n x n-matrix multiplication can be done in O(n?) steps. SLLL achieves for
every € > 0 length defect (% + £)"/? whereas semi-reduction achieves 2". More-
over, SLLL is practical even for small n since all our O-constants and ng-values
are small.

We let n be a power of 2, § <8 <1, @ = s21. We set s := [ logy n] so that
4
Vi <28 < 2/

Definition 3. A basis by, ...,b, € R? is an SLLL-basis (or SLLL-reduced) for
§ > L if it satisfies for 0 =0,...,s = [$logyn] and all 1, 1 <1< n/2°:

Dl’zd‘ S 04406_71Dl+1720' .

If the inequalities of Def.3 hold for a basis they also hold for the dual basis.
Thus the dual of an SLLL-basis is again an SLLL-basis. To preserve SLLL-
reducedness by duality we do not require SLLL-bases to be size-reduced.

The inequalities of Def.3 for ¢ = 0 mean that | q||> < ad~"||g;+1> holds
for all I. The inequalities of Def.3 are merely required for 22 < 24/n. Therefore,
SLLL locally LLL-reduces R; 2o via LocLLL(R; 2~ ) merely for segment sizes 27 <
24/n, where size-reduction of a vector requires O(229) = O(n) arithmetic steps.

The inequalities of Def.3 and D;; < (a/6)k2Dl+17k of Def.2 coincide for

k = 29 when setting ¢ := 6, in Def.2, and 6, := 6™* ° for the & of Def.3.
Note that J, can be arbitrarily small, e.g. §, < i, 6, decreases with o. In
particular for 2° = k > /n we have that o* 6" < (01/5)’“2 and thus the
inequalities of Def.3 are stronger than the ones of Def.2. Next we show via
Lemma 2 that the vectors of SLLL-bases approximate the successive minima in
nearly the same way as for LLL-bases.

Theorem 6. FEvery size-reduced SLLL-basis satisfies
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N - 71 for j=1,...,n,
2. HblH2 < a]—15—7n||qj||2 for 1< 7,
3 |bjl* <antoTTAR for j=1,...,n.

Proof. We first prove 1. and 2. There clearly exists I, 1 <1 < j so that A; < ||b;]].
Using Lemma 2 and size-reducedness we get
-1
X< bl < laall® + 3 32520 il
o B 1 1

< llgjlPa=to= ™ot ! + 3 30 ot
This upper bound on [|&;]|? holds for all [ and j with [ < j. To finish the proof
of 1. and 2. it remains to show that a!~!+ i Zi: a'~* < 1. This is trivial for
I =1 and holds for I > 2 as a > 4/3 and Zi;i al=t < 111"5,1/:11.
3. We note that every lattice basis satisfies A; > ||b;|| > ||q|| for some [ > j,
and thus A% > [lg;[|* > a"+%67"||q;||* holds for all i < I by Lemma 2. Hence

1511 < lla; 1% + § 2020 llgall? < 6™ [a! 7 + § 3201 o/ A < 67l TN

holds since bj is size-reduced, and ||g;||> < 6~ a7\, O

Bounds for other bases. 1. The proof of Theorem 6 shows that LLL-bases satisfy
the inequalities of Theorem 6 with 6~ replaced by 1, because they satisfy the
inequalities of Lemma 2 with 67" replaced by 1. Therefore LLL-bases satisfy
for j=1,...,n: al=i < ||qj||2/)\? < Hbj||2/)\? < on 1

2. Every size-reduced basis satisfies the inequalities of Lemma 2 with a/~#§=""
replaced by M, i.e., ||g;||* < M?||g;||* for i < j. Retracing the proof of Theorem
6 shows that every size-reduced basis satisfies for j = 1,...,n

Ta/ME < NlgslP/53 < lIbs|1P/A3 < B2 M7

Lemma 2. Every SLLL-basis by, ..., b, satisfies
lgill* < o/ =*6 ™l g;]|* for1<i<j<n.

Proof. Every SLLL-basis satisfies
D37 < (a/6,)¥ DEL 4 (5)
for 65 :=0"* " and 0 =0, ..., s and all I, because (a/d,)*" = a6~ ™.
Moreover, we have for alll and 0 =0, ..., s:

D}, < (a/é,)* D3 (6)

Ll go41°
=,
This follows by multiplying both sides of (5) by Df;: , using the equality Dj 90 Dj11 90 =
D41 5041 and taking square roots on both sides.
=,
Let ig,...,i5—1 € {0,1} and lo, ...,ls € N satisfy

i+ (U4 ip)27 = 1,27 foroc=0,...,s. (7)
We prove for ¢ =0, ..., s by induction on o:
llgil|* < TT5 = (ct/850)*" 3 +ie) DZ 2. (8)
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The claim for o = 0: ||qi||> < Djy1 = [lgi]|? holds as "1 == 0, [IJ4, = 1,
i=1.

Induction from o to o + 1. We see from (7) that 21,41 = l, +1+i,. If I, is odd
than i, = 0 and l,41 = ‘=F. In this case we combine (8) with inequality (6) for
I :=1,. This yields (8) for o + 1. If [, is even, i, = 1 then we first combine (8)
with (5) for [ := l,, and we proceed with [, + 1 as in the previous case with I,.

Applying the inequalities (6) to the dual basis b7, ..., b¥ we get for odd | and
oc=0,..s:

o1 o—1 -

DEI 0 < (/0,2 DR (6")
Let jo,...,js—1 € {0,1} and I3, ..., I¥ € N satisfy

=0 e 27 =120 foro=0,...,s. (7)
By duality (8) yields for o =1, ...., s

DY 5. < TI0—o(e/8q0)?" (GFe) g 2. (8%)

The claim of Lemma 2 clearly holds for j — ¢ < 7 since Def.3 for ¢ = 0
requires that ||q;[|? < a6~ "|/qi+1]|?. To prove the claim for j —i > 8 we combine
the inequalities (8) and (8*) for a suitable o. If j —i > 2572 we set o := s,
otherwise we choose o such that 2°71 < j —i < 2°%2, and thus o > 2. We set
lo :==[(i—1)/29 + 17, I = [j/2°]. Then there exist i,, j,» € {0,1} such that
(7), (7*) hold for o.

Obviously I} —l, > (j —14)/2° —3 > 2—3 = —1 holds for 2 < ¢ < s because
(j —14)/2° > 2 for 0 < sand (j —i)/2° >4 for 0 = s. Hence I, <I}.

x * o-1 o’ ot +J ot
Case l, =1;. By (8) and (8%) : [lqill* <TI0 (er/00)%" e +3e0) | g2,
where i+ Zg’_:l()(l + iU'/+ jo”)2g, - ] We see from 60" = (5”470 and
S0 (14 igr + )27 < 6 — 279+ that
j—i s—6n4+n2" 71!
llqil|* < ad=?§=0mtn2 "0 g2 9)

Case l, < I%. We set I! := [% —1,. We combine (8), (8*) and DZQ;;, <
(/6,)*"V' D} [, 5, which follows from (5). This induces into the right side
of (9) another factor §;27%.

For o = s we have 6;2° =2V < §masl < (j—i)27% < n2~% < 25,
Hence [|qq[|* < o7 =67+ | g|2.

For 0 < s we have I’ = 1 because i — I, > 2 —1land j —1 < 229 Hence
lgill> < /="~ |lg;I>. O

SLLL uses the procedure LLLSeg; ; that breaks 1ocLLL(R; 1) up into parts,
each with a bounded transform ||} 1|1 < 9-2""1. This keeps intermediate bases
of length O(4™My) and limits fpa-errors within LLLSeg; ;.

LLLSeg; ; LLL-reduces the basis R; 1 = [Tl’l Lt } C R after dilating

' ’ 0 741,041
row(2, R; 1) so that 7y /741,41 < 2" 7! After the LLL-reduction of the dilated
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R;1 we undo the dilation, by transporting the local transform 71 € Z**? to B.
LLLSeg; ; includes global updates between local rounds.

LLLSeg; 1
# Given R 1, by, ...,bi41,h1, ..., hy, 1, ..., 7, LLLSeg; 1 LLL-reduces Ry ;.
L. IF 7/ > 2" THEN [ R} = Ry,
I"OW<2,R;71) = row(2,R§,1)2_”_1 LTI+ 41 1ocLLL(R§71),
# global update: [by,byy1] := [by, bj41] 111, TriColy, TriCol;qy |
2. locLLL(Ry1).

Lemma 3. LLLSeg; 1 performs O(nd) arithmetic steps. An effectual step 1 de-
creases DY) by a factor 27"/2 wia a transform Ty satisfying | Ty1ll1 < 9- 271

Proof. Consider R ; after dilation of row(2, R] ;) which results in r},; /1, ;. <
27+1. The local transform 7T} ; of locLLL(R] ) satisfies || T}.1]1 < 9-2""! using
Lemma 1 with & = 1. 7

The dilated and LLL-reduced R;; satisfies 77/, ,,; < v/a < 2. Undoing
the dilation via [by, bj+1] := [by, bi+1]T7,1 yields a basis R;J which is LLL-reduced
after dilation. Therefore undoing the dilation shrinks 77, and ., ;. by factors
that are bounded by the dilation factor 27n717‘l,l/7"l+1,l+1, and thus increases
rl’7l/rl/+17l+l at most by the dilation factor. Hence, an effectual step 1 yields

new

new —n—1
T T e <202 T/ TI4 1,041

It decreases r;;/r1+1,+1 by a factor 27", decreases 7;; by a factor 2_”/2, and
thus decreases D) = ?:_11 d; by a factor 27"/2. O

SLLL
INPUT by,...,b, € Z¢ (a basis with My, My, M), 6, «, €
OUTPUT by,...,b, size-reduced SLLL-basis for §, ¢
1. TriColj, TriCol,, I':=2, s:= [3log,n]
# TriColy has always been executed for the current I’
2. WHILE 3o <s, I, 27(1+1) <1’ such that Djos > a* 6™ Djyq 90
# Clearly r1 1, ..., and thus Do, Diy1 00 are available
DO for the minimal such ¢ and the minimal [:
IF 0 =0 THEN LLLSeg;; ELSE locLLL(R;-)
#global update: transport T} 20 to B, TriSeg 20
3. IF I’<n THEN !':=1"+1, TriColy, GOTO 2.

Correctness in ideal arithmetic. All inequalities Djgs < 044”5’”D1+1’20 hold
upon termination of SLLL. As TriSeg; 9o results in size-reduced segments B; 2o,
Bj 41,20 the terminal basis is size-reduced.
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Theorem 7. Given a basis with My, M SLLL finds under fpa of precision t =
Tn+2logy My forn > ng an SLLL-basis for §_. It runs in O(nd logy n log, ;5 M)
arithmetic steps using integers and fpa numbers of bit length Tn+o(n)+2logy M.

For My = 29 and d = O(n) SLLL runs in O(n*logn) arithmetic steps,
and thus in O(n°*¢) bit operations for every &’ > 0.

Proof. Time bound. It is crucial that D?”) does not increase within SLLL.

1ocLLL(Ry 2-) leaves D”) unchanged for o* > o and does not increase DE)
for o/ < o, because the segments B 2o of level o partition B, and this partition
refines as o decreases.

Each locLLL(R;2-) execution within SLLL decreases D;2- and D7) by
a factor 6"/2 by the argument of Theorem 4. As initially D?”) = 7;11 DTQZZ

< M™%"” the number of LocLLL(R; 2 )-executions for all [ is < logs—n,2(M"2 ")
=92 o+l log /5 M for each o > 1. Each execution requires O(nd2?) global steps
for TriSeg; 2-, hence all executions require O(ndlog, ;5 M) global steps for each
o > 1. For ¢ = 0 each round of LLLSeg; ; requires O(nd) arithmetic steps and
decreases DM < Mm by a factor 2-"/2 due to Lemma 3. Hence, there are at
most 2logy M rounds of SegLLL; for all I, requiring a total of O(ndlog, M)
global arithmetic steps. Thus there are O(ndlog, nlog, 6 M ) global arithmetic
steps for all ¢ = 0,...,s. The number of local steps, induced by local LLL-
swaps of 1ocLLL(R; 2+ ), is bounded by O(n2%7 log, /5 M) for each o < s, as for
SLLL, with r = 2°. In addition there are n TriCol;-executions requiring O(n?d)
arithmetic steps. These steps are within the claimed step bound as M > 27.
The required sqrt’s can be computed within the claimed step bound by Newton
iteration.

Correctness under fpa.We first bound the M;j--value of the input [ 2. of
locLLL and LLLSeg; ;. If 0 > 1 then R; 2 is SLLL-reduced as SLLL executes
locLLL(Ry - ) for the smallest possible o, and thus R;2-, a basis of dimension
n' = 2°Ftt < 2/n, is SLLL-reduced as the inequalities of Def.3 already hold for
o' < [5(0+1)] = [4log, n']. Therefore, R; s satisfies by Lemma 2 :
Mpe <27 67T <27 for § > 0.96, a < /2, 2 < 2y/n and n > 16.

If 0 = 0 the execution of LLLSeg;; on the dilated input R;J performs by
Lemma 3 a transform 7j 1 with ||7; 11 < 9-2"*! and the dilated RLI satisfies
Mi(R} ) < 2nFt

The fpa-errors of R 2, R2,1 within SLLL. When r; ; is used the basis by, ..., b;_1
already satisfies the bounds of Lemma 2 and rj_q-1/r;; < 2"+1 holds after
dilation of ngl. The initial ;; resulting from TriColy,..., TriCol, satisfies the
inequalities (1),(3),(4) with My < My and M? < a!6~™4" < 237, Hence, the
initial fpa-error of fi;; is bounded according to (4) by O(d7' MZ2=3"271).

The loss of precision within locLLL(R; 2-) described in Cor.1(1) gets cor-
rected by the global update subsequent to 1ocLLL(R; 2-). We see that SLLL is
correct using fpa with t = 7n + o(n) + 2log, My precision bits.
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By Lemma 1 and the argument of Theorem 2 all intermediate basis vectors
have length bounded by 2" My || T} 2+ ||; = 22"T°(™) M. Therefore, all integers and
fpa-mumbers in SLLL have bit length < 7n + o(n) + 2logy M. O

SLLL-bases versus LLL-bases. LLL-bases with ¢ satisfy the inequalities of Theo-
rem 6 with ¢ replaced by 1. Thus ||b;|| approximates A; to within a factor ot
for LLL-bases, resp., within a factor («/ 57)%1 for SLLL-bases. However, SLLL-
bases for 6’ = §'/8 are "better” than LLL-bases for ¢, in the sense that they guar-

antee a smaller length defect, because /87 = 5,87%,7/4 = 5751,7/4 < 5711/4 =a.

Dependence of time bounds on §. The time bounds contain a factor log; /5 2,
log, /52 = logy(e)/ In(1/6) < logy(e) 1%,

since In(1/8) > 1/5—1. We see that replacing § by v/§ essentially halves 1—§ and
doubles the SLLL-time bound. Hence, replacing § by §'/® increases the SLLL-
time bound at most by a factor 3. In practice, the LLL-time may increase slower
than by the factor 1‘%6 as 0 approaches 1, see [KS01b, Fig.3].

Reducing a generator system. There is an algorithm SLLL’ that, given a
generator matrix B € Z4*™ of arbitrary rank < n, transforms B with the per-
formance of SLLL, into an SLLL-basis for §_ of the lattice generated by the
columns of B.

6 SLLL-Reduction via Iterated Subsegments.

We present a variant of SLLL-reduction that extends LLL-operations stepwise
to larger and larger submatrices R;2- C R by transporting local transforms
from level o — 1 to level o recursively for ¢ = 1,...,s, where n = 2°. Local
LLL-reduction and the transport of local LLL-transforms is done by the new
procedure 1ocSLLL(R;2-) that recursively executes 1ocSLLL(R 90-1) for I’ =
21 —1,21,2] + 1. SLLL™T does not iterate the global procedure TriSeg iterating
instead the faster local procedure locTri.

Unfortunately SLLL™ seems to require under fpa ¢ = O(log(MyMy)) =
O(nlog My) precision bits to cover the fpa-errors that get accumulated by the
initial TriSeg and by iterating locTri. Obviously, t = O(nlog My) precision bits
erase under fpa the advantage of SLLLT over SLLL. SLLL™ essentially saves
a factor n in the number of arithmetic steps compared to SLLL but requires
fpa-numbers that are n-times longer. We can reduce ¢ by using Scaled LLL-
reduction of [KS01b], and by a novel partitioning the SLLLT-reduction into
transforms 7} 2o with small norm and correcting R; 2-77 20 by a global update.
We plan to include this into a separate paper.

Here we merely analyse SLLL™ in ideal real arithmetic. SLLLT runs in
O(n2d + n logyn logy /s M) arithmetic steps, e.g. for Mo = 20 and d = O(n)
it runs in O(n3logn) arithmetic steps.
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Definition 4. A basis by,...,b, € Z¢ with n = 2% is an SLLLT-basis (or
SLLL*-reduced) for ¢ if it satisfies for o =0, ...,s = logyn

Dios < (a/0)* Dyjy120 forodd 1€ [1,n/27]. (10)

Unlike to Def.2 and Def.3 the inequalities (10) are not required for even I,
this opens new efficiencies for SLLLY-reduction. The inequalities (10) hold for
each o and odd I locally in double segments [By 2, Biy1,2-], they do not bridge
these pairwise disjoint double segments. For ¢ = 0 the inequalities (10) mean
that ||q||*> < a/d ||qi+1||* holds for odd 1.

The inequalities (10) are preserved under duality. If by, ..., b, is an SLLLY-
basis then so is the dual basis b7, ..., b. We next extend Theorem 3, and show
that the first vector of an SLLL*-basis is almost as short relative to (det E)% as
for LLL-bases.

Theorem 8. Every SLLL*Y-basis by, ...,b,, where n is a power of 2 satisfies
Iy < (@/8)"5 (det £)* and |lgull > (8/a) "5 (det L)

Proof. Using the inequalities (10) merely for [ = 1 we prove by induction on o
that Hb1H2”+1 < (a/5)46/2’26_1D1720 holds for 0 =0, ...,s =logyn .

For o = s this proves the first claim of the theorem as Dj »: = (det £)? and
4527571 — L = =1 The second claim holds by duality.

The induction claim for o = 0 means that ||by||? < [|by|? as 4°/2 — 1 =0.
Induction from o to o + 1. By SLLL"-reducedness we have that Dja- <
(a)8)¥ Dy 5-. We multiply both sides by Dj 2o then the equation
D1’20+1 = DLQU Dg,ga yleldS DiQa < (0/6)40 D1’20+1.

This and the squared induction hypothesis for o implies

1B4]> < (a/8)*" %" (a/0)* Dy o
This proves the claim for o + 1 since 47 — 29 + 47 = 4°+1/2 — 29, O

20+2

Let the given basis by, ...,b, € Z? have GNF R € R™*". The local proce-
dures 1oc¢SLLL(Ry 20 ), LocTri(R; 2-) are given for input on transformed subma-
trices Ry90 = R} 5.T12-, where R} ,, is the initial submatrix R;2- of R and
Tj.2+ is the currently performed transform. We let 1ocSLLL(R; ;) coincide with
locLLL(R;,1), and we recursively define locSLLL(R; o-) for o =1, ..., s.

locSLLL(Ry2-) (locSLLL; oo for short)

# locSLLL; 90 locally SLLL" -reduces Ry 20 and updates the local transform
Crl’ga. Note that Rll,QU—l C Rl,?” ’Lﬂ l/ € {2l - 1,2l,2l + ].}

1. 7},2” = 120+1, l/ = 2l — 1
# T} 20 1s always updated to be the product of all previous transforms
T} 9or for o' < o performed within 10cSLLL; g0 .

2. WHILE !’ <2l+1 DO
COopy Rl/’zn—l from Rl720
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locSLLLy 9o-1, transport Ty 9o—1 to Ry g0 and Tj g0,

locTri(Ry 2 ), update Tj oo for the size-reduction performed by locTri
IF ' >20 and Dy_y 501 > (/8)* Dy gos

THEN [':=10'—1 ELSE l':=1"+1.

locTri(Ry 0)

# locTri(Ry 2-) locally triangulates and size-reduces Ry 2o using O(237)
arithmetic steps.

1. Produce a copy [b], ..., b5, 1] of Ry 20

2. FOR i=1,..,2°"! DO TriCol(d}...,bi, R}, ..., R, |, 7h, ....r_ )

3. Dj,ga = Hflo_l 205 —i205—i, for j = l,l + 1.

Correctness of 1ocSLLL; 20. We see by induction on o that upon termination
of 1ocSLLL; - the basis Rj g is SLLL*-reduced, upper-triangular and size-
reduced; its local transform is stored in 7j2-. Local triangulation of a trans-
formed R; 0712+ results in the same submatrix R; 2. C R obtained by global
triangulation of the transformed B via TriSegy ;2.

Upon termination the inequalities (10) hold locally within R; 9o for even and
odd [, but possibly Dy 902 > (a/5)4072D4l+172072 since the final 10cSLLLy; 1 go—1-
execution may revers the inequality Dy 90— < (a/6)4072D4l+172672.

SLLL*
INPUT by,...,b, € Z¢ (a basis with M), n=2%§
QUTPUT by,...,b, a size-reduced SLLLT-basis

1. # compute Ry ;2 : TriSeg) ,/2
2. 10cSLLL(Ry /), # global update : B := BT ;)9

Correctness of SLLL™T follows from the correctness of 1ocSLLL ,, /2-

Theorem 9. In ideal arithmetic SLLLY computes a size-reduced SLLL™ -basis
for & and runs in O(n?d +n logyn logy /5 M) arithmetic steps.

Proof. For 0 =0,...,s — 1 let #20 denote the number of 1ocSLLL; 2--executions
in SLLL* due to Dj 90 > (a/8)* Dyy 1.9+ for all . By the argument of Theorem
4 each locSLLL; 2o execution counted in #2- decreases DE%) by the factor §47/2,
Initially the integer D7) satisfies D(”) < M™/?”  and upon termination D7) >
1, hence #o9o < 2n-273¢ logy /5 M.

Each of the 1ocSLLL; 3--1-executions within locTri(R; 2- ) requires an over-
head of O(237) arithmetic steps. This covers the matrix transports and the
subsequent locTri(R; - )-execution. The very first 1ocSLLLy 5--1 -execution
within 1ocSLLL; 2+ is possibly not counted in #40-1. We allocate its overhead of
O(237) steps to the overhead of 1locSLLL; 9-. We see that the total overhead of
all 1ocSLLL; o--executions is O(2%7 +n logy /s M) for each o < s.
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Moreover, the initial TriSeg; , /o and the final update B := BT ;> require
O(n? d) arithmetic steps. We see that SLLL™ runs in O(n?d+n logy n logy /5 M)
arithmetic steps, where s = log, n. O

Further improvements of SLLLT. It is still possible to improve the time
bound of SLLLT via modular reduction and fast matrix multiplication follow-
ing [St96]. But this will hardly be practical. Other variants of SLLL™ are more
promising. SLLL™ can be modified to achieve the length defect of SLLL-bases.
This is possible by the concept of strong SLLL-reduction of [KS02]. Practica-
bility requires an SLLL'-algorithm that runs under fpa of t = O(n + log, M)
precision bits instead of the straightforward method with ¢ = O(nlog, My). We
plan to continue in this direction.

Acknowledgement. Damien Stehle, a student of Phong Nguyen, informed me
that I previously misused the analysis of Householder transforms in [LH95]. Prop.
1 corrects this error.
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