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Chapter 1

Introduction

The first three sections of this thesis serve as a motivation and as an introduction into the basics
of the underlying theories that describe the physics. In these introductory sections, we essentially
address the following questions. The first question is related to the second term of the thesis’ title,
“cold and dense quark matter”. It is, of course, “Why do we study cold and dense quark matter?”.
This question naturally is connected with the questions “Where and when (= under which conditions)
does cold and dense quark matter exist?” and, simply, but important, “What is cold and dense quark
matter?”. The first part of this introduction, Sec. 1.1, is dedicated to these questions, which will be
studied without discussing technical details in order to allow an easy understanding of the thesis’ main
goals.

The second question addressed in the introduction, namely in Sec. 1.2, is related to the first term of
the thesis’ title, more precisely to its third word, “superconductivity”. This question simply is “What is
superconductivity?”. Since this is a theoretical thesis, this question basically will turn out to be “What
are the theoretical means to explain superconductivity?”. This section is a pure “condensed-matter
section”, or more precisely, a “low-energy condensed-matter section”, i.e., we focus on many-particle
(= many-fermion) systems adequately described solely by electromagnetic interactions. It introduces
the basics of the famous BCS theory, developed in the fifties in order to explain the phenomena and
the mechanism of superconductivity in metals and alloys. A special emphasis is put on the theoretical
concept of “spontaneous symmetry breaking”, a concept widely and successfully applied to a variety of
different fields in physics. Although phenomenologically quite different from superconductors, a second
physical system is introduced in Sec. 1.2, namely superfluid Helium 3 (*He). From the theoretical point
of view, superfluidity is very similar to superconductivity. Furthermore, the theory of superfluid 3He
contains important aspects (not relevant in ordinary superconductivity) which are applicable to color
superconductivity, and especially to spin-one color superconductivity.

Therefore, in the last part of the introduction, Sec. 1.3, we approach the question “What is color
superconductivity?” by asking “How are color superconductors related to ordinary superconductors
and superfluid He?”. It turns out that the methods on which the theory of color superconductors is
built on, do not differ essentially from the well-established methods introduced in Sec. 1.2. However, we
consider quark matter! Therefore, this “condensed-matter physics of QCD” is more than a transfer
of well-known theories to a different physical system. Besides the physically completely different
implications, which extensively touch the field of astrophysics, also the theory gains complexity due to
the complicated nature of quarks and the involved properties of QCD. Of course, Sec. 1.3 also discusses
the question “What is special about spin-one color superconductors?”, and, since particularly spin-
zero color superconductors have been a matter of study in a large number of publications in recent
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8 Chapter 1. Introduction

years, “Why should not only spin-zero, but also spin-one color superconductors be considered?”.
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1.1 Cold and dense quark matter

1.1.1 The phase diagram of QCD

In the phase diagram of quantum chromodynamics (QCD), Fig. 1.1, every point represents an infinitely
large system of quarks and gluons in thermal equilibrium with a certain temperature T" and a quark
chemical potential p. Since the particle number density p is a monotonously increasing function with
@, p~ w3, we can, for the following qualitative and introductory discussion, equivalently use “system
with high chemical potential” and “dense system”. We expect that QCD is the suitable theory even
for the extreme regions of this phase diagram, namely very hot or very dense systems. Due to a special
property of QCD, called asymptotic freedom [1], the coupling between quarks and gluons becomes
weaker in the case of a large momentum exchange or in the case of a small mutual distance. Therefore,
applying QCD to systems with high temperature and /or large densities, we expect the quarks to be in
a deconfined phase [2], contrary to the low temperature/density phase, where they are confined into
hadrons.

In recent years, these “extreme” systems have gained more and more attention in experimental
as well as in theoretical physics. There are several reasons for this interest. First of all, it is a
general experience in physics that the study of systems in extreme regions of the phase diagram (or in
extreme energy regions, or with extreme velocities, masses, etc.) often are followed by genuinely new
developments in theory and experiment, leading to a deeper understanding of the existing theories
(and of nature) or to a completely new theory. Therefore, it is an outstanding goal of research to
go beyond temperatures and densities at which quarks are in the ordinary hadronic phase. Simply
speaking, take a system of quark matter and heat it up and/or squeeze it to a sufficient amount and
you will definitely learn a lot of new physics. Second, the investigation of systems under extreme
conditions might help to understand special regions (in space and in time) of the universe. In other
words, most likely there exists or existed quark matter in the deconfined phase, also called quark-gluon
plasma. For instance, in the early stages of its evolution the universe was very hot. While cooling
down, the universe passed through a cross-over into the hadronic phase (note that the quark-hadron
phase boundary ends in a critical point; thus, for small densities, as present in the early universe,
there is no phase transition in the strict sense from the quark-gluon plasma to the hadronic phase).

Through collisions of heavy nuclei at ultrarelativistic energies one tries to imitate the situation of
the early universe in the laboratory [3]. In these experiments, one expects to create a quark-gluon
plasma at least for a short time, after which the temporarily deconfined quarks again form hadrons.
Since these hadrons are the particles that can be observed by the detectors (and not the individual
quarks), it is a subtle task to deduce the properties (or even the existence) of the quark-gluon plasma
from the experimental data. Nevertheless, in recent years, a fruitful, though often controversial,
interplay between different experimental groups as well as between experiment and theory has led
to an established opinion that the quark-gluon plasma can be created in heavy-ion collisions (with
bombarding energies experimentally accessible nowadays or in the near future) or that it already has
been created. Still, there are a lot of open questions in this field (note for instance, that, in order to
describe heavy-ion collisions properly, one needs nonequilibrium methods).

Theoretically, the region of high temperature and low density (strictly speaking, u = 0) can be
described by “lattice QCD” [4]. In lattice QCD, one calculates the partition function of thermal QCD
numerically on a lattice in the four-dimensional space spanned by the three spatial directions and
the inverse temperature axis. Making use of the so-called Polyakov loop (or Wilson line) as an order
parameter, lattice QCD is able to make predictions for the nature and the critical temperature of
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the quark-hadron phase transition [5, 6]. Recently, also the technically involved problem of extending
lattice QCD calculations to nonzero chemical potentials has been approached; for a review, see Ref.
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Figure 1.1: Schematic view of the QCD phase diagram. The curves indicate the phase boundaries of: the
liquid/gas phase transition of nuclear matter, starting at (T, u) = (0,308 MeV), ending in a critical point at
T = 10MeV); the hadron-quark phase transition, separating hadronic matter from the quark-gluon plasma
and ending in a critical point at 7' = 160 MeV; the normal-conducting/superconducting phase transition in the
quark-gluon plasma.

Let us now turn to the region of the phase diagram that is of special interest in this thesis, the
region of cold and dense matter, named “color superconductivity” in Fig. 1.1. In this plot of the
QCD phase diagram, no value of the chemical potential has been assigned to the intersection point
of the quark-hadron phase boundary and the 7' = 0 axis; unlike the gas-liquid nuclear matter phase
transition, which, for T'= 0, occurs at the well-known value y = 308 MeV. The reason for the missing
number is simple: One does not know it. This region of the phase diagram, namely cold quark matter
at densities ranging from a few times nuclear matter ground state density, py ~ 0.15fm 3, up to
infinite density, is poorly understood. Therefore, one (initially theoretical) motivation of this thesis
is to contribute to a further understanding of a special region in the QCD phase diagram. The rich
phase structure of ordinary condensed-matter physics (one might call it “condensed-matter physics
of quantum electrodynamics (QED)”) suggests that also in “condensed-matter physics of QCD” a
variety of different phases appears. This connection with ordinary condensed-matter (and solid-state)
physics can be considered as another motivation for the study of cold and dense quark matter. On
the one hand, both research fields share the interest for similar physical systems, on the other hand,
these physical systems differ in essential properties, wherefore it is promising to learn from each other
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and induce new developments in both fields. This interplay will be illustrated for instance in the
next two sections, where color superconductivity (Sec. 1.3) will be based on the theory of ordinary
superconductivity and superfluidity (Sec. 1.2).

Another motivation for the investigation of cold and dense matter is its relevance for astrophysics.
The densest matter systems have not been produced in the laboratory, they rather exist in nature,
namely in compact stellar objects. Therefore, let us insert a short introduction about neutron stars.
Elementary introductions about properties and the evolution of neutron stars can be found in text
books such as Refs. [8, 9]. For more specialized reviews and articles, treating neutron star properties
of special interest for this thesis, see Refs. [10, 11, 12, 13].

1.1.2 Neutron stars

Neutron stars are compact stellar objects that originate from supernova explosions. First observations
of neutron stars were done in the late sixties [14]. Neutron stars have a radius of about 10 km and
a mass which is of the order of the sun’s mass, M ~ 0.1Mg — 2Mg [9]. Consequently, the matter
that a neutron star is composed of is extremely dense; note for a comparison that the sun’s radius is
6.7 - 10° km. The matter density increases from the surface to the center of the star. Therefore, the
matter of a neutron star exists in different phases, each phase forming a layer of the spherical star.
At the surface of the neutron star, there is a thin crust of iron, followed by a layer that consists of
neutron-rich nuclei in an electron gas. At still higher densities there is a phenomenon called “neutron
drip”, i.e., neutrons start to coexist individually in equilibrium with nuclei and electrons. Even closer
to the center of the star, approaching nuclear matter density pg, nuclei cease to exist and a phase of
neutrons, protons, and electrons is the preferred state of matter. Neutron stars are called neutron
stars because this phase (and the nuclear phase at lower densities) is very neutron-rich. Approaching
even higher densities, a phase containing pions, muons, and hyperons is predicted to be the favorite
state, i.e., simply speaking, the fundamental elements of neutrons and protons, u and d quarks, start
to form different hadrons and also the heavier s quarks might be involved. At the core of the neutron
star, matter density might very well reach values an order of magnitude larger than py [9]. Therefore,
pure quark matter is likely to be found in the interior of the star.

Properties of neutron stars are explored by theoretical considerations as well as astrophysical obser-
vations. Theoretical models make use of two essential ingredients. First, the equation of state, which
connects pressure with temperature and energy density. Second, general relativity, i.e., Einstein’s field
equations. Experimental data is essentially based on a certain property of a neutron star, namely its
rotation. Due to this rotation, neutron stars are pulsars, i.e., they emit electromagnetic radiation in
periodic pulses. The rotating periods are in the range of milliseconds [9]. Observations have shown
that the spinning-down of the star (the rotation frequency decreases due to radiative energy loss) is
interrupted by sudden spin-ups, called glitches.

From the spectra and frequency of the radiation pulses, properties of the neutron star can be
deduced. The most important properties, more or less well known, are mass, radius, temperature,
and magnetic field of the star. The typical values for mass and radius have been quoted above; let
us now briefly discuss temperature and magnetic field. The temperature of neutron stars right after
their creation is in the range of 10" K, or 10 MeV. During its evolution, the star cools down. This
decrease of temperature is dominated by neutrino emission. After a time of about a million years, the
star has cooled down to temperatures ~ 10° K, or 10 eV [9, 12]. Consequently, matter in the interior
of neutron stars indeed is a realization of “cold and dense matter”, where “cold”, of course, refers to
the scale given in the QCD phase diagram, Fig. 1.1. As will be shown in Sec. 2, temperatures present
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in old neutron stars are certainly lower than the critical temperatures of color superconductors.

Next, let us discuss the magnetic field. Indirect measurements suggest that the magnetic field
at the surface of a neutron star is of the order of 102G [9]. This is thirteen orders of magnitude
larger than the magnetic field at the surface of the earth. Many questions concerning the magnetic
fields of neutron stars, especially its origin, are not well understood. On the other hand, this physical
quantity perhaps is the most important one in order to investigate possible superconducting phases
in the interior of the star. Since color superconductivity and its magnetic properties will be a matter
of investigation in the main part of this thesis, especially in Sec. 2.3, let us now summarize the
conventional picture of a neutron star (= without quark matter) regarding superconductivity and
superfluidity. Recent developments in this interesting field can be found in Refs. [10, 13, 15, 16, 17].

As a simplified picture, assume that the neutron star consists of two different phases. One of
them containing neutron-rich nuclei and forming the crust of approximately one kilometer. The
other one forming the core of the star and consisting of neutrons and protons (and electrons). For
sufficiently low temperatures, T ~ 10° K, the neutrons are in a superfluid state while the protons form
a superconductor. Therefore, the core of the star is governed by an interplay between a superfluid and
a superconductor, both present in the same spatial region. There are at least two observed properties
of the star that are closely related to these exotic states in the interior. First, the above mentioned
glitches, and second, the precession periods of the star. The explanation of the glitches is closely
related to the superfluidity of the neutrons. Due to the rotation of the star, an array of vortex lines is
formed. This vortex array expands when the star spins down. Sudden jumps of the rotation frequency
are explained by the fact that the vortex lines are pinned to the crust of the star [10]. The picture
becomes more complicated if one includes the superconducting protons. If this superconductor is of
type-11, there are magnetic flux tubes through which the magnetic field may penetrate the core of the
star. Taking into account an interaction between these flux tubes and the superfluid vortices, it has
been shown that this picture of a neutron star contradicts the observed precession periods of about
one year [16]. In Refs. [15, 17], however, the possibility is pointed out that protons form a type-I
superconductor.

At the end of this astrophysical intermezzo, let us also mention that not only conventional neutron
stars and neutron stars with a quark core have been studied, but also the possibility of pure quark
stars. Recent interpretations of observations regarding this question can be found in Refs. [18].
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1.2 Superconductivity and superfluidity

Superconductivity as well as superfluidity are states of interacting many-fermion systems that are
distinguished from the normal state by an order parameter. The transition from the normal state to the
superconducting or superfluid state therefore is a phase transition. The order parameter characterizes
the different phases and, as a function of temperature, changes its value at a certain temperature,
the critical temperature 7,. While this function is zero in the normal phase, it assumes a nonzero
value in the superconducting and superfluid phases. The concept of an order parameter and a critical
temperature is common to all phase transitions. For instance, in the liquid/gas phase transition of
water the order parameter is the particle density, which discontinuously changes from one phase to the
other. Another example is ferromagnetism, where the order parameter is given by the magnetization.

In both superconductivity and superfluidity the order parameter is given by a less trivial quantity.
Although the mathematical structure of the order parameter can be quite different for superconductors
and superfluids (and also for different kinds of these systems), the underlying physical mechanism is
the same in each case. This fact allows us to identify the order parameter as the quantity accounting
for existence (superconductor/superfluid) or non-existence (normal state) of Cooper pairs. In the
following we will elaborate on the properties and theories of superconductors and superfluids. In the
case of the latter, we will focus on superfluid ®He. One can find reviews of these theories in many
textbooks such as Refs. [19, 20, 21, 22].

1.2.1 Superconductivity

The history of superconductivity started in 1911, when Kamerlingh Onnes discovered that the electric
resistance of mercury became unmeasurably small below temperatures of 4.2 K [23]. Almost fifty years
later, in 1957, a theoretical model for the phenomenon of superconductivity, based on microscopic the-
ories, was published [24]. This theory by Bardeen, Cooper, and Schrieffer (BCS theory) has been very
successful in explaining and predicting the properties of conventional superconductors until this day.
However, in 1986, with the first discovery of high-T, superconductors [25], a class of superconductors
was started to be studied, for which still no satisfactory theoretical explanation has been found. These
high-T, superconductors can have transition temperatures up to 125 K.

As mentioned above, the nonzero value of the order parameter in the superconducting phase is
equivalent to the existence of Cooper pairs. Let us explain this in some more detail. The physical
system we are dealing with is a metal or alloy. Theoretically, it can be described by an interacting
many-electron system in the presence of phonons, i.e., lattice oscillations. Since electrons are fermions,
they obey the Pauli exclusion principle and thus, at 7' = 0, all quantum states up to a certain energy,
the Fermi energy er = p (where p is the electron chemical potential), are occupied, each by a single
electron, while all energy states above e are empty. In momentum space, due to €} = p®/(2m),
where 62 is the energy, p = hk the momentum, and m the mass of the electron, the boundary between
occupied and empty states is the surface of a sphere, the Fermi sphere, whose radius is given by the
Fermi momentum pr = hkp. Cooper showed that if there is an arbitrarily weak attractive force
between the fermions, a new ground state of the system will be preferred, in which electrons at the
vicinity of the Fermi surface form pairs (comparable to a bound state). Then, the total energy of the
system is reduced by the amount of the sum of the binding energies of the electron pairs. Moreover,
the single particle excitation energies are modified. They acquire a gap ¢, accounting for the fact
that in the superconducting state one needs a finite amount of energy to excite an electron (more
precisely, a quasiparticle) at the Fermi surface, which is not the case in the normal state, where an
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infinitesimally small energy is needed to excite an electron at the Fermi surface (cf. Fig. 1.2).

y

super conducting

normal

Figure 1.2: Fermionic (quasi)particle dispersion relations for the normal and superconducting phases (non-
relativistic).

Coopers theorem applies to a superconductor since, indeed, and in spite of the repulsive Coulomb
interaction, there is an attractive force between the electrons. This is provided by exchange of virtual
phonons and was first pointed out by Frohlich [26]. In a crystal, the phonon energy is bounded by
the Debye energy hwp. Thus, the exchanged momentum is much smaller than Akr. Therefore, due to
Pauli blocking, only electrons at the vicinity of the Fermi surface, say, in an interval [kr — q, kr + q|,
where ¢ < kp is determined by the Debye energy, can interact via this phonon exchange. This is the
reason why superconductivity is a pure Fermi surface phenomenon.

In conventional superconductors, each Cooper pair has a vanishing total spin, S = 0, as well as
a vanishing angular momentum, L = 0 (s-wave). In high-T, superconductors, however, the situation
seems to be more complicated. Superconductors with d-wave states as well as spin-triplet supercon-
ductors, S = 1, have been found experimentally and studied in theoretical models [27, 28]. But let
us continue with the simplest situation of conventional superconductors. In this case, both electrons
of a Cooper pair have momenta of equal absolute value but opposite direction. Consequently, the
total momentum of a Cooper pair vanishes, which is illustrated in Fig. 1.3. The fact that all Cooper
pairs must have the same total momentum can, roughly speaking, be explained by a Bose-Einstein
condensation of the pairs. In a Bose-Einstein condensate, a macroscopic number (= proportional to
the volume of the system) of bosons are in one quantum state, the ground state. But note that in
conventional (weak coupling) superconductors the Cooper pairs are extensively overlapping in space.
Therefore, they are far from being considered as separated, well-defined bosons and the picture of
Bose-condensed Cooper pairs is questionable. Nevertheless, one speaks of a “condensation of Cooper
pairs” to describe the superconducting state. However, in strong-coupling superconductors, where the
spatial extension of a Cooper pair might be smaller than the average distance between the electrons,
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a real Bose-Einstein condensation might set in. The difference between BCS Cooper pairing and a
Bose-Einstein condensation of Cooper pairs has been studied for instance in Refs. [29, 30] and, for
color superconductivity, in Ref. [31].

Figure 1.3: Schematic picture of the total momentum p of an electron Cooper pair, composed of the two
electron momenta p; and ps2. Only electrons with momenta in a small vicinity around the Fermi surface can
form Cooper pairs. Therefore, only electrons in the shaded areas (= volumes in three-dimensional momentum
space) can form Cooper pairs with a given momentum p. The shaded region and thus the total binding energy
is maximized for p =0, i.e., p1 = —pa.

Let us now quote the essential equations for a quantitative treatment of superconductivity accord-
ing to BCS theory. The BCS gap equation for a temperature 7" and a chemical potential y reads

[20],
d3k 1 €k
1= _—tanh (=% 1.1
g/(27r)3 2, " (2kBT) ’ (1.1)

Here, kp is the Boltzmann constant, g the coupling constant of the attractive electron-electron inter-
action and e the quasiparticle excitation energy (see Fig. 1.2),

e = /(& — )2+ (12)

Note that, in order to derive Eq. (1.1), one assumes the interaction to be constant for electrons at
the vicinity of the Fermi surface and zero elsewhere. In this case, the gap function ¢; assumes a
constant value ¢ at the Fermi surface and thus can be cancelled from the original integral equation
which leads to Eq. (1.1), where ¢ is only present in the excitation energies. Introducing a cut-off for
the momentum integration, naturally given by the limit of the phonon energy, hwp, i.e., integrating
solely over the above mentioned momentum interval around the Fermi surface, the gap equation can
easily be solved for T' = (0. One obtains

¢ =2hwp exp (_N(i))g) , (1.3)

where
(1.4)
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is the density of states at the Fermi surface. In the limit 7" — T, the gap equation yields a relation
between the zero-temperature gap ¢ and the critical temperature,

kBTc_Q
¢ o

where v ~ 0.577 is the Euler-Mascheroni constant.

The relations given in Egs. (1.3) and (1.5), regarding the gap parameter and the critical tempera-
ture, respectively, are two fundamental results of BCS theory. In the following sections, especially in
Sec. 2.1, it will be discussed if and how these results have to be modified for color superconductors.

As discussed in Sec. 1.1.2, it is of great physical importance if a superconductor is of type I or
type II. This classification has direct consequences for the behaviour of the superconductor in an
external magnetic field. Superconductors of type I are characterized by one critical magnetic field
H. (depending on temperature). Therefore, for a fixed temperature and an external magnetic field
H > H_ the system is in the normal-conducting state, whereas for a magnetic field H < H_, the system
is in the superconducting state. Moreover, in this case, the superconductor exhibits the Meissner effect,
i.e., the magnetic field is expelled from the interior of the superconductor. More precisely, there is a
finite penetration length A for the magnetic field, or in other words, the magnetic photon acquires a
mass (“Meissner mass”), mps ~ 1/\. Superconductors of type II, however, are characterized by two
different critical magnetic fields, H,; < H.o. For magnetic fields H > H.s the system is in the normal
phase, and for H < H.; the system is superconducting with complete expulsion of magnetic fields.
For magnetic fields with a strength between the two critical fields, H.y < H < H_., the system is
superconducting but the magnetic field penetrates partially into the superconductor through so-called
flux tubes. These objects are one-dimensional “topological defects” (= vortices), i.e., tubes with a
width of the order of the coherence length £ where the order parameter or, equivalently, the density
of Cooper pairs, vanishes. The type of a superconductor is determined by the Ginzburg-Landau
parameter

~ 0.57 , (1.5)

A

€
A superconductor is of type I if k < 1/4/2 and of type II if k > 1/4/2. This difference between
superconductors with certain values for x and the existence of vortices was theoretically predicted by
Abrikosov in 1957 [32], based on the phenomenological Ginzburg-Landau Theory [33]. This prediction

turned out to be relevant especially for high-T,. superconductors which are of type II and thus show a
pattern of flux tubes for suitable external magnetic fields.

(1.6)

K

1.2.2 Superfluid *He

Superfluidity in helium was first observed for the isotope *He [34]. Its transition temperature was found
to be T, = 2K. Since *He atoms are bosons, their superfluid phase is theoretically explained by a Bose-
Einstein condensation of the atoms. The lighter isotope *He, however, is fermionic since it is composed
of three nucleons and two electrons, adding up to a non-integer total spin. Motivated by the success
of BCS theory, in the sixties, theoreticians applied the mechanism of Cooper pairing to systems with
fermionic atoms. Experimentally, superfluid 3He was first observed in 1971 at temperatures around
T, = 2mK [35], cf. Fig. 1.4, i.e., three orders of magnitude smaller than in the case of “He. The
theoretical breakthrough concerning the explanation of the rich phase structure of superfluid *He was
done by Leggett in 1975 [36].
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Figure 1.4: Phase diagram for >He. Two different phases can be found in the superfluid region, namely the A
and B phases.

Let us in the following elaborate on some aspects of the theory of superfluid 3He; it will turn out
that, in order to understand (spin-one) color superconductivity, it is very useful to be familiar not
only with the BCS theory of conventional superconductors but also with the theory of superfluid *He.

Roughly speaking, superfluidity is the same as superconductivity, with the only difference that the
Cooper pairs are not charged. This simplified statement has to be treated with great care (especially
in the case of color superconductivity /superfluidity!) and even can be misleading. But nevertheless,
let us start with this statement for a brief theoretical introduction into superfluid 3He. Here, as for
the electron liquid in metals, there is an attractive interaction between the fermions. This interaction
is provided by the van-der-Waals force. Consequently, Cooper’s theorem applies and Cooper pairs
of atoms are formed below the transition temperature. These pairs have total momentum p = 0,
and there is a gap equation which has a nonzero solution for the gap that occurs in the quasiparticle
excitation energies. In this sense, superfluidity is very similar to superconductivity. But since 3He
atoms (and thus also the Cooper pairs) are neutral, while electrons carry electric charge, the physical
implications are very different for the two systems. The question of electric (and color) neutrality in
the case of a color superconductor is much more complicated and will be discussed in Secs. 1.3 and
2.3.

But note another difference between superfluid ®He and conventional superconductors. The atomic
interaction potential becomes repulsive for short mutual distances. Therefore, a Cooper pair in 3He
has total angular momentum L = 1 (p-wave state), since, in this case, the pair wave function vanishes
for zero distance. This has direct implications for the total spin of the pair, as can be seen from the
following simple symmetry argument. Since the total wave function of the Cooper pair, consisting
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of two fermions, has to be antisymmetric and the p-wave function is antisymmetric with respect to
exchange of the coordinates of the two fermions, it must be symmetric with respect to exchange of
the two spin states of the fermions. Thus, in superfluid ®He, the Cooper pairs are in an S = 1 state.
This special feature of a nonzero angular momentum as well as a nonzero spin is the origin for a rich
phase structure, i.e., there are several different superfluid phases as can be seen in the phase diagrams
shown in Figs. 1.4 and 1.5.

Figure 1.5: Phase diagram for 3He including an external magnetic field H. For an increasing magnetic field,
the B phase becomes more and more disfavored while the A phase covers most of the superfluid region of the
phase diagram, and an additional phase, the A; phase, that is absent in the situation of a vanishing magnetic
field, occurs.

A simple way to understand the occurrence of several different superfluid phases is provided by the
concept of spontaneous symmetry breaking. This concept is used in many different fields of physics
since it is closely connected with the theory of phase transitions. In order to make use of it in the
discussion of color superconductivity, we explain some basic aspects in this introduction and apply
them to superfluid 3He.

First, let us discuss the simple example of ferromagnetism. Consider a lattice of localized spins
where each spin vector points in a random direction of three-dimensional space, cf. left panel of Fig.
1.6. Then, macroscopically, the system is invariant under arbitrary rotations in real space, i.e., its
symmetry group is G = SO(3). This is the non-magnetic phase, where the magnetization, which is the
order parameter for this phase transition, vanishes. For temperatures below the critical temperature
T., all microscopic spins align in one direction, causing a finite magnetization, cf. right panel of Fig.
1.6. Obviously, the system is no longer invariant under arbitrary rotations. The symmetry is broken.
But still, rotations around the axis parallel to the direction of the magnetization do not change the
system macroscopically. Therefore, the symmetry is not completely broken, but there is a residual
symmetry given by the subgroup H = U(1) C G. The term spontaneous symmetry breaking accounts
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for the fact that even an infinitesimally small external magnetic field causes the phase transition into
the ferromagnetic phase.

N—! N/,
\NJ I~/ S
SN\

T>T; T<T;

Figure 1.6: Illustration of the ferromagnetic phase transition. The symmetry is spontaneously broken down
from SO(3) (left panel) to U(1) (right panel).

Now we extend our discussion, first on a purely mathematical level, to a symmetry group that is
a direct product of two groups G = U(1), x U(1)p. At this point, let us recall some related group
theoretical facts, relevant for various sections of this thesis. All symmetries we are dealing with in
this thesis are described by Lie groups or direct products of several Lie groups. Remember that a Lie
group is defined as a group that is a differentiable manifold and for which the group operations are
continuous. The local structure of the Lie group is determined by the tangent space at the unit element.
This vector space is a Lie algebra, i.e., the multiplication in this space is given by the Lie product
[—, —] with the usual properties. Since all Lie groups considered in this thesis are matrix groups, [—, —]
always is the commutator of two matrices. The basis elements of the Lie algebra are the generators of
the Lie group, which means that, via the exponential map, the generators are mapped onto Lie group
elements. A direct product of (Lie) groups G; x Gs, as in the current example, is again a (Lie) group
with group elements (g1, g2), g1 € G1, g2 € G2, and the group operation (g1, 92)(h1, he) = (g1h1, g2h2)-
Denoting the Lie algebra of G1 2 as G2, the Lie algebra of the product group G; x G is given by
G1 ® Go. This expression has to be understood as the direct sum of the two vector spaces G; and Gy
with the additional property [A1, A2] = 0 for all 4; € Gi, Ay € Go. Remember also that a subgroup
of G1 x G2 corresponds to a subalgebra of G; @ Go. This correspondence between Lie groups and
Lie algebras is used in those sections of this thesis where a detailed discussion of symmetry breaking
patterns is presented, see especially Sec. 2.2. In this introduction, let us return to the elementary
discussion of symmetry breaking patterns of the group G = U(1), x U(1)y.

In Fig. 1.7, panel (i) shows a system with a symmetry given by the group G = U(1), x U(1)y.
The solid arrows correspond to U (1), while the dashed ones correspond to U(1),. More precisely, the
system is described by a representation a ® b of the group G, where U(1), and U(1), act on vectors in
a (= solid arrows) and vectors in b (= dashed arrows), respectively. In panel (i), arbitrary rotations
of both kinds of arrows do not change the macroscopic properties of the system. (Note that, unlike
Fig. 1.6, Fig. 1.7 has to be understood as a two-dimensional system; therefore, the rotation group
is the one-dimensional U(1) = SO(2).) In panel (i7), the symmetry is broken down to the residual
subgroup H = U(1), i.e., the system is still invariant under rotations of the dashed arrows but no



20 Chapter 1. Introduction

longer invariant under rotations of the solid arrows. The corresponding situation with H = U(1), is
represented in panel (i4i). In panel (iv), there is no nontrivial subgroup. Any rotation of either of
the two classes of arrows changes the macroscopic properties of the system. Thus, the residual group
only consists of the unit element, H = {1}, or, more precisely, H = {(1,1)}. In this case, the original
symmetry is completely broken. The most interesting case is shown in panel (v). A new symmetry
arises through the relative orientation of the vectors, the angle between the solid and dashed arrows.
Assuming that this microscopic angle corresponds to a macroscopic observable, separate rotation of
either solid or dashed arrows changes the system whereas any joint rotation leaves the system invariant.
Therefore, we denote the residual symmetry by H = U(1),45. Mathematically speaking, this subgroup
of G is generated by a linear combination of the generators of the original groups U (1), and U(1)p.
In the following brief summary of different phases in superfluid ®He it is shown that this symmetry
breaking pattern indeed is realized in nature. Another realization can be found in the Weinberg-Salam
model of electroweak interactions. And, last but not least, for the study of color superconductivity,
cf. for instance Sec. 1.3, it is an essential theoretical ingredient.

G=U(D)y x U(D)y () H=UD), L (i)

Figure 1.7: Patterns of symmetry breaking for the case of a direct product group G = U(1), x U(1)p. Solid
arrows correspond to U(1), while dashed arrows correspond to U(1)s.

In the case of superfluid 3He, the symmetry group

G = SO(3)L X 80(3)5 X U(l)N (17)
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is spontaneously broken. Here, SO(3)1, and SO(3)s describe rotations in angular momentum and spin
space, respectively, and U(1)y accounts for particle number conservation. The order parameter A is
a complex 3 X 3 matrix since it is an element of the nine-dimensional representation space [3]1, ® [3]s,
where [3];, and [3]g are the triplet representations of SO(3)r and SO(3)g, respectively. The group
U(1)ny simply acts via multiplication of a phase factor on this representation. Let us list the order
parameters and corresponding residual symmetry groups of the three phases occurring in the phase
diagrams in Figs. 1.4 and 1.5.

1 00
1

B phase: Ap=—|0 1 . Hp=S0@)r:s, (1.8a)
V3 0 01
1 0 00

A phase: Ap=—100 0|, Hy=UM)sgxU1)p+n (1.8b)
V2 1 ¢ 0
1 1 4 0

A1 phase: AAI = 5 - 1 0 , I{A1 = U(1)5+N X U(l)L+N . (1.8C)
0 00

Here and in the following, we use the term “order parameter” somewhat sloppily for the pure matrix
(or vector) structure. More rigorously, the order parameter is this matrix multiplied by a gap function,
since the order parameter has to be a function that vanishes in the normal phase.

In the B phase, there is a residual group consisting of joint rotations in angular momentum and spin
space. Furthermore, the particle number conservation symmetry is completely broken. Note that this
phase covers the largest superfluid region of the phase diagram for zero external magnetic field. For
a sufficiently large external magnetic field, however, the B phase disappears from the phase diagram.
This can be understood from the following symmetry argument. Since an external homogeneous
magnetic field, pointing in a constant direction, reduces the original spatial symmetries of the system
from arbitrary rotations, SO(3), to rotations around a fixed axis, U(1), there is “no space” for a
residual SO(3) as it is present in the B phase. More precisely, in the presence of a magnetic field that
reduces the original symmetry, the B phase (and also the A phase) is modified to the so-called By
(A2) phase whose residual symmetry is given by H = U(1)4+s (H =U(1)p+n).

In the A phase as well as in the Ay phase, G is broken to a two-dimensional residual subgroup. In
both cases, the particle number conservation symmetry couples with the symmetries corresponding
to spin and angular momentum. Here, an interesting question arises regarding superfluidity of these
phases. Naively speaking, one expects a phase to be superfluid only if U(1)y is broken. In this sense,
the B phase in 3He is a superfluid. But how about the A and A; phases? Indeed, the superfluidity
of these phases in the usual sense is questionable. For instance, in superfluid “He and the B phase
in 3He there is a (topologically) stable superflow. This is equivalent to the existence of line defects
in the rotating bulk liquid (as already mentioned for superfluid neutron matter in neutron stars, cf.
Sec. 1.1.2). This superflow is unstable in the A phase and only becomes stable in the presence of a
magnetic field. We do not elaborate further on this point (for more details regarding this interesting
problem, see Refs. [22, 37]) but, since in color superconductivity one encounters similar problems, we
emphasize that the coupling of the U(1)y symmetry with other symmetries is the origin of nontrivial
properties regarding superfluidity.

Finally, we mention one more interesting feature of superfluid 3He, namely the anisotropy of the
gap function. As can be seen from Eq. (1.3), for conventional superconductors the gap function is
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constant on the Fermi sphere. Of course, this is not necessarily valid in cases where the order parameter
breaks the rotational symmetry of the system. Therefore, in some phases of superfluid 3He, the gap
function ¢, depends on the direction of the fermion momentum hk. In Fig. 1.8 we schematically show
this dependence for the three phases mentioned above.

A, A, phases B phase

Figure 1.8: Angular dependence (schematic) of the gap functions ¢y in the A, A;, and B phases of superfluid
3He. Both plotted functions are symmetric with respect to rotations around the z-axis.

The gap in the B phase is isotropic, while in both other phases there is an anisotropy. Moreover,
in the A phase as well as in the A; phase, the gap function has nodal points at the north and south
pole of the Fermi surface. Consequently, quasiparticles at the Fermi surface whose momentum points
into a certain direction (parallel or antiparallel to the z-axis) can be excited by an infinitesimally
small energy. Therefore, the nodal structure of the gap function is of physical relevance. For instance,
the temperature dependence of the specific heat is different in the A phase compared to the B phase
(power-law dependence versus exponential dependence). Again, for more details we refer the reader
to the special condensed-matter literature [22, 38].

Let us now, being well-prepared by low-energy condensed-matter physics, turn to high-energy
condensed-matter physics, i.e., color superconductivity.
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1.3 Color superconductivity

In order to provide a plain introduction into the theory of color superconductors (reviews about color
superconductivity can be found in Refs. [39, 40, 41, 42, 43, 44]), we connect the physics presented in the
previous two sections of this introduction: The theoretical models describing ordinary superconduc-
tivity and superfluidity, Sec. 1.2, are applied to cold and dense (= deconfined) quark matter, Sec. 1.1.
Since this transfer implies the inclusion of the theory of strong interactions, QCD, and the transition
from a nonrelativistic to a relativistic treatment, it is not surprising that a lot of new questions arise in
the case of dense quark systems. Nevertheless, the basic mechanism, i.e., Cooper’s theorem, explained
in Sec. 1.2.1, can be directly applied. All one has to do is to replace the electron liquid, interacting
via exchange of virtual phonons, by a quark system interacting via the strong interaction (thus, no
lattice is required for color superconductivity). Due to asymptotic freedom, the strong interaction at
(asymptotically) high densities is dominated by the exchange of a single gluon. And indeed, there
is an attractive channel of this interaction, providing the condition for the application of Cooper’s
theorem. Consequently, for sufficiently low temperatures, the quarks at their Fermi surface rearrange
in order to form a ground state characterized by the existence of quark Cooper pairs [45, 46, 47, 48].
Note that, unlike the case of electrons, it is not a priori clear that two quarks, possibly distinguished
by their flavor, their color, and their electric charges have identical Fermi momenta. We comment on
this question below and first assume that in this respect they behave like electrons in a conventional
superconductor.

Then, analogous to a conventional superconductor, in a color superconductor the quarks in the
vicinity of the Fermi surface form Cooper pairs with zero total momentum and acquire an energy gap in
their (quasiparticle) excitation spectrum. But, considering the different intrinsic properties of quarks
compared to electrons, such as flavor, color, and electric charge, the following natural questions arise.
Are quark Cooper pairs charged? What is the total spin of a Cooper pair? Is there a Meissner effect in
a color superconductor? Are color superconductors also electromagnetic superconductors? How does
the quasiparticle dispersion relation look like? How about superfluidity in a color superconductor?
Are there vortices/flux tubes? Is a color superconductor of type I or II?

It turns out that color superconductors provide a multitude of theoretically possible phases, and
the answers to almost all of the above questions depend on the specific phase and especially on
the number of quark flavors Ny involved in the system. Therefore, in the following, we briefly discuss
several different phases in color superconductors. Common to all phases is the attractive color channel
3l )

8] ® [3). = 32 & [6]; , (1.9)
where the lower index “c” indicates “color”, and the upper indices “a” and “s” stand for “antisymmet-
ric” and “symmetric”, respectively. In this equation, the coupling of two quarks forming a Cooper pair
is described with the help of representation theory. The complex vector space on the right-hand side
of the equation is nine-dimensional, since each single-quark space [3]. accounts for three fundamental
colors, say red, green, and blue. The tensor product can be decomposed into a direct sum of two
representations of the color gauge group SU(3).. This is shown on the right hand side of the equation,
where the antisymmetric antitriplet [3] and the symmetric sextet [6]2 are three- and six-dimensional
representations of SU(3)., respectively. (Remember the analogous ansatz for mesons, composed of u,
d, and s quarks and the corresponding antiquarks, [3]®[3], or for baryons, composed of three u, d, and
s quarks [3] ® [3] ® [3], resulting in the well-known multiplets.) The antisymmetry of the attractive
color channel implies that a quark Cooper pair always is composed of two quarks with different colors.

In order to proceed, one has to specify the number of flavors.
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1.3.1 Two- and three-flavor color superconductors

Let us first consider the simplest case, a system of massless u and d quarks, i.e., Ny = 2 [46].
According to the number of flavors, the superconducting phase in this system is commonly called the
“25C phase”. In this phase, besides the color antitriplet, Cooper pairs are formed in the flavor-singlet
[1]$ and spin-singlet [1]§ channels. While the former is a representation of the flavor group SU(2);
(more precisely, of both the left-handed and right-handed chirality groups SU(2), and SU(2),), the
latter is a representation of the spin group SU(2);. Note that in relativistic theories one has to
consider the total spin J = L + S rather than separately treating angular momentum L and spin
S. This is in contrast to the nonrelativistic treatment of superfluid ®He, presented in the previous
section. Since both [1]%, [1], as well as the color representation [3]¢, are antisymmetric with respect
to exchange of the corresponding quantum numbers of the single quarks, the total wave function of
the quark Cooper pair is antisymmetric, as required by the Pauli principle. Mathematically speaking,
a quark Cooper pair in the 25C phase is an element of the space [3]¢ ® [1]$ ® [1]§ = [3]¢. Therefore,
the order parameter A, which, as explained in Sec. 1.2, directly connects the existence of Cooper
pairs with a spontaneous breakdown of symmetries, is a complex 3-vector. It is easy to show that,
for Ny = 2, any choice of A leads to an equivalent symmetry breaking pattern. For simplicity, one
chooses A; = d;3. The original symmetry of the system,

G=8U(3).x8SU2)f xSU2)y xU(L)em xU(1)B , (1.10)

is broken to
Hysc =SU(2)e x SU2)f x SU(2)s x U(1)ctem X U(1)em+B (1.11)

where U(1)en, is the electromagnetic gauge group and U(1) g the baryon number conservation symme-
try. Consequently, in the 2SC phase, the flavor and spin groups remain unbroken. However, the color
gauge group is broken down to SU(2).. Furthermore, there are two residual U(1)’s. The notation
for these U(1)’s in Eq. (1.11) is explained in Sec. 1.2.2, see Fig. 1.7 and Egs. (1.8), i.e., U(1)ctem i8
generated by a linear combination of the generators of SU(3). and U(1)en,. Physically, in the 25C
phase, a Cooper pair carries spin zero, J = 0, it is composed of a v and a d quark, and it carries
anti-blue (= anti-3) color charge, since it is composed of a red and a green quark (using the above
convention for the order parameter). As can be seen from the residual symmetry group Hasc, the
question of the electric charge of a Cooper pair is more subtle. It will be discussed in the following
section, Sec. 1.3.2. Nevertheless, let us already mention the fundamental differences between the sym-
metry groups in Egs. (1.10) and (1.11) compared to the corresponding symmetry breaking patterns in
3He, Egs. (1.8). While in the latter case, all groups correspond to global symmetries, here two local
gauge groups are involved, accounting for the strong and the electromagnetic interaction. Note that
in ordinary superconductors, the local group U(1),y, is completely broken, whereas the occurrence of
the U(1)en, generator in the residual group of the 2SC phase demands a careful interpretation (cf. Sec.
1.3.2). Similarly, due to the residual subgroup U(1)em+ B, the 25C phase is not superfluid in the usual
sense; cf. discussion below Egs. (1.8) about the A and A; phases of superfluid *He.

Next, we consider a system of three massless quark flavors, Ny = 3. As in the 25C phase, the
condensation of Cooper pairs occurs in the antisymmetric flavor and spin channels, which, together
with the antisymmetric color channel, ensures the antisymmetry of the pair wave function. The
only difference, caused by the different number of flavors, is the fact that the antisymmetric flavor
representation of SU(3)s is an antitriplet (instead of a singlet in the case of SU(2)s). Therefore, the
order parameter in three-flavor color superconductors is an element of [3]7 ® [3] ® [1]5 = [3]¢ ® [3]$-
Consequently, unlike the two-flavor case, the order parameter A is a complex 3 x3 matrix. As discussed
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for the case of superfluid ®He, this structure of the order parameter allows for several different phases.
However, in the case of three-flavor color superconductors, it is generally believed that the only
important phase is the so-called color-flavor-locked (CFL) phase with an order parameter A;; = §;;
[49, 50]. In this phase, the symmetry given by the group G in Eq. (1.10) is spontaneously broken to

HC’FL = SU(3)c+f X U(l)c—f—em . (1.12)

Since not obvious in our simplified notation, it should be mentioned that the order parameter in the
CFL phase breaks chiral symmetry in the form SU(3). x SU(3) x SU(3), — SU(3)c4¢+r (in contrast
to the 2SC phase, where SU(2); x SU(2), is unbroken). In the CFL phase, the order parameter is
invariant under joint rotations in color and flavor space. This, of course, is the reason for the term
“color-flavor locking”. Furthermore, as in the 25C phase, there is a local residual U (1) originating from
both the color and electromagnetic gauge groups. And, unlike the 2SC phase, U(1)p is completely
broken, which renders this phase superfluid.

Let us now elaborate on the physical meaning of the residual gauge group U(1).tem, occurring in
both the 25C and CFL phases.

1.3.2 Anderson-Higgs mechanism in color superconductors

In this section, we point out a certain aspect of spontaneous symmetry breaking, which is relevant
for broken gauge symmetries. In conventional superconductors, the electromagnetic gauge symmetry
is broken by the order parameter. As mentioned in Sec. 1.2.1, this leads to the Meissner effect, or,
equivalently, to a massive photon. This photon mass is generated by the so-called Anderson-Higgs
mechanism [51, 52], which is a general mechanism occurring in theories with spontaneously broken
gauge symmetries. In color superconductivity, not only the electromagnetic, but also the color gauge
group is involved. Let us first briefly introduce the mechanism in a general way. Then, applying it
to cold and dense quark matter, we make use of the analogy between the Weinberg-Salam model of
electroweak interactions [53] and the two- and three-flavor phases of color superconductivity.

Remember the following basics of spontaneous symmetry breaking in field theories [54]. Consider
a Lagrangian for a complex field ¢ € V', where V is an r-dimensional representation of a Lie group G.
Suppose that this Lagrangian is invariant under global transformations in G. Furthermore, suppose
that there is a nonzero ground state of the system (= lowest energy solution of the corresponding
equations of motion) ¢¢ which is invariant under transformations of a subgroup H of G, but not under
all transformations in G. In this case, the symmetry of the system is said to be spontaneously broken
and there are dimG/H = dim G — dim H massless “Goldstone bosons”, i.e., the originally r degrees
of freedom of the matter field generate dim G/H massless and r — dim G/H massive modes (present
in the vicinity of the vacuum state, i.e., for low energies). Obviously, r —dim G/H > 0 is a restriction
for possible residual groups H. Here, the dimension of a Lie group is defined as the dimension of its
Lie algebra.

Now let us gauge the Lagrangian. This is done by introducing a covariant derivative containing
gauge fields A,, a = 1,...,dim G. Then, the Lagrangian is invariant under local transformations of
the group G; and besides the r degrees of freedom of the field ¢, there are 2dim G (2 for each massless
gauge field) additional degrees of freedom. In this case, spontaneous symmetry breaking caused by
a nonzero value of the ground state expectation value creates r — dim G/H massive modes, as in
the non-gauged case. But, instead of the Goldstone bosons there are now dim G/H massive gauge
fields, leaving only the remaining dim H gauge fields massless. In other words, the degrees of freedom
of the “would-be” Goldstone bosons are absorbed (“eaten up”) by the gauge fields which acquire a



26

Chapter 1. Introduction

Weinberg-Salam

CFL phase ‘

gauge SU@2)r xU(l)y SU@3)e x U(1)em
group isospin, hypercharge color, electromagnetism
gauge fields Wl,WQ,W?,,W() Al,...,Ag,A
coupling constants G, G g, e
symmetry SU2); xU(l)y SU@3)e X U(1)em
breaking = U(D)em = U(1)etem
W+,W7 A, ... Ay
new fields Z = cos Oy W3 + sin Oy Wy Ag = cosAg + sinfA
A= —sin@yWs + cos Wy | A= —sinf@Ag + cosfA
new coupling constant e = G’ cos Oy € =ecosf
massive fields Wt, W, Z Ay, ..., A7, Ag
massless fields A A

Table 1.1: Analogy between the Weinberg-Salam model of electroweak interaction and the CFL phase in a
three-flavor color superconductor. In both cases there is a mixing between the original gauge fields. In the case
of the CFL phases, all gluons acquire a mass via the Anderson-Higgs mechanism (= color Meissner effect), while
the (rotated) photon remains massless (= no electromagnetic Meissner effect).

third degree of freedom and thus become massive. This generation of masses for the gauge fields
by spontaneuos symmetry breaking is called Anderson-Higgs mechanism. It was first introduced by
Anderson in solid-state physics [51] and then applied by Higgs [52], and later by Weinberg and Salam
in particle physics, especially in the theory of electroweak interactions [53].

In the Weinberg-Salam model, the Higgs field is introduced in order to generate the masses of
the electron, as well as for the W= and Z gauge bosons, since explicit mass terms in the Lagrangian
would violate gauge invariance. Let us focus on the gauge fields in this model. The gauge group
is G = SU(2); x U(1)y (corresponding to isospin and hypercharge); since dimG = 3 + 1 = 4,
there are originally four massless gauge fields, say Wi, Wy, W3 for SU(2), and Wy for U(1)y. The
vacuum expectation value of the Higgs field, however, is only invariant under H = U(1)74y, which is
generated by a linear combination of one generator of SU(2); and one of U(1)y. Therefore, there are
dim G/H = 3 massive gauge fields, called W, W™, and Z, and dim H = 1 massless field A. Since the
residual group U(1)4y contains joint rotations of the original two groups SU(2); and U(1)y, the pair
of fields (Z, A) is generated by an orthogonal rotation of the original pair (W3, Wy). The angle 0y of
the rotation is called Weinberg angle. The resulting fields are the gauge bosons of the weak interaction
and the photon field A; the residual group is the gauge group of electromagnetism, U(1);1+y = U(1)em-
Furthermore, the electromagnetic coupling constant is determined by the coupling constants of the
original theory and the Weinberg angle. These facts are summarized in the first column of Table 1.1.

The second column of Table 1.1 shows the analogous situation in a three-flavor color supercon-
ductor. Since the mechanism is exactly the same (the role of the nonvanishing vacuum expectation
value of the Higgs field is played by the order parameter of the superconducting state), no further
explanation is needed. Physically, one finds that the eighth gluon Ag couples to the photon A, giving
rise to a new (rotated) eighth gluon Ag and a new (rotated) photon A [55, 56, 57, 58]. While all
original gluons A, ..., A7 and the new gluon Ag acquire a mass via the Anderson-Higgs mechanism,
the new photon A remains massless. Consequently, there is a color Meissner effect for all gluons, i.e.,
color magnetic fields are expelled from the CFL color superconductor. But there is no electromagnetic
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Meissner effect in the CFL phase, which means that this color superconductor is no electromagnetic
superconductor. One should emphasize that the original photon field A has no physical meaning in
the interior of the superconductor. The real fields are the rotated fields. This, although at first sight
peculiar, can again be understood with the analogous statement in the standard model. In this case,
below the “electroweak phase transition”, only the gauge bosons W*, Z, and A are relevant, while the
gauge fields of the original symmetry are not existent. Due to the huge difference of the strong and
electromagnetic coupling constants, the mixing angle in a color superconductor is small. Therefore,
one can interpret the absence of the electromagnetic Meissner effect as follows. An incoming photon
is not absorbed at the surface of the superconductor (as in the case of a Meissner effect) but slightly
rotated into a new photon that can penetrate the superconductor and thus create a magnetic field in
the interior.

The situation in the 2SC phase is very similar. While, for exactly the same reason as in the CFL
phase, there is no electromagnetic Meissner effect either, the only difference is the residual color group
SU(2)., cf. Eq. (1.11). Therefore, only five gluons become massive, whereas the three remaining ones
can penetrate the superconductor. These three massless gluons are those that do not see the third
color (remember that all Cooper pairs in the 2SC phase carry (anti-)blue color charge).

A more detailed and quantitative discussion of the Meissner effect (and the Meissner masses) as
well as the extension to one-flavor color superconductors are presented in Sec. 2.3.

1.3.3 One-flavor color superconductors

The apparently most trivial situation in cold and dense quark matter is a system with only one
quark flavor, Ny = 1. But in this case, a complication enters the color-superconducting phase for the
following reason. Due to the antisymmetry of the attractive color channel, cf. Eq. (1.9), the Cooper
pair condensation in a one-flavor system has to occur in a symmetric spin channel. Note that in a two-
or three-flavor system, the antisymmetric spin channel where the Cooper pairs carry spin zero can
be chosen because an antisymmetric flavor channel is available to make the total pair wave function
antisymmetric. This is not the case for only one quark flavor. Therefore, in the simplest case, a Cooper
pair here carries total spin one, J = 1, and the order parameter A is an element of [3]¢ ® [3]%, which is
a representation of SU(3). x SU(2);. Since integer spin representations are not only representations
of SU(2); but also of SO(3)s, we could equivalently choose the symmetry group SU(3), x SO(3).
(The groups SU(2) and SO(3) have the same Lie algebra, i.e., they are locally isomorphic, however,
globally, they are not isomorphic.) As in the three-flavor case and the case of superfluid 3He, A is
a complex 3 x 3 matrix. Unlike the color-superconducting phases discussed in the previous sections,
here the order parameter potentially breaks rotational symmetry in real space. Thus, as in superfluid
3He, anisotropy effects are expected.

Spin-one (or one-flavor) color superconductivity was first studied in Ref. [46]. More recent works
discussing spin-one phases can be found in Refs. [59, 60, 61, 62, 63, 64]. In the main part of this
thesis, Sec. 2, we study the properties of several possible spin-one color superconducting phases, i.e.,
we discuss their gap functions, their gap parameters, and their critical temperatures. Moreover, we
discuss their response to electric and magnetic fields; in particular, we answer the question if spin-
one color superconductors exhibit an electromagnetic Meissner effect. Finally, we study the effective
potential in order to determine the preferred phase in a spin-one color superconductor.
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1.3.4 More on (color) superconductors

In the previous three introductory subsections about color superconductivity, we focussed on the
symmetry aspects of the superconducting phases with Ny = 1,2,3 and pointed out the similarities
and differences to ordinary superconductivity and superfluid 3He. In this section, a brief introduction
into color-superconducting phases beyond the (idealized) 2SC and CFL phases is given. Most of these
phases are not treated in the main part of this thesis, wherefore we cite some useful references. For the
investigation of these phases, properties of realistic physical systems, especially of neutron stars, are
implemented into the theory of color superconductors. This leads to superconducting phases which are
not or only partially based on the traditional BCS theory. Some of these phases have their analogues
in ordinary condensed-matter physics. Finally, the following discussion of realistic systems leads to
an argument why spin-one color superconductors might be relevant in nature.

It is essential to notice that the above introduced 2SC and CFL phases are based on one funda-
mental assumption. This assumption is the identity of the Fermi momenta of all Ny quark flavors. In
conventional superconductors this assumption is valid, since both constituents of a Cooper pair are
electrons with identical properties, especially with identical mass and chemical potential, and hence
with identical Fermi momenta. Also in superfluid ®He, one expects one single spherical Fermi surface
for all helium atoms. Nevertheless, even in conventional condensed-matter physics, this ideal scenario
does not always seem to be an appropriate description of the system. There might be two (or more)
species of particles having different Fermi surfaces. For instance, in an external magnetic field, due
to Zeeman splitting, the electron energy depends on the spin projection and consequently there are
two different Fermi momenta for spin-up and spin-down electrons. In this case, a superconducting
state may be formed in which the Cooper pairs carry nonzero total momentum, leading to a spatially
varying order parameter. This state (FFLO state) was already theoretically predicted in 1964 [65];
experimental evidence for the existence of the FFLO state has been discussed recently [66]. The FFLO
state can be understood as a displacement of the Fermi spheres, breaking translational invariance.

Note that a splitting of the Fermi momenta does not necessarily have to originate from an external
magnetic field, it might as well be caused by different densities or masses of two fermion species.
Besides the formation of Cooper pairs with nonzero momentum, theoretical studies have discussed
the possibility of a so-called “interior gap” (or “breached pair”) for systems with two different Fermi
momenta [67]. In this case, the fermions with smaller Fermi momentum have to be lifted to a higher
energy in order to form Cooper pairs with the fermions with larger Fermi momentum. If this energy
cost is lower than the energy gain of the formation of Cooper pairs, the superconducting state is
preferred.

Not only for electrons in a metal, but also in atomic systems, the situation of a splitting of Fermi
surfaces is investigated [68]. Experiments with ®Li and *°K (here, the splitting of Fermi surfaces also
originates from the spin projections of the atoms) seem to suggest the observation of a superfluid state
in a magnetic trap [69, 70]. (Note that these experiments are similar to the celebrated experiments
with bosonic atoms where Bose-Einstein condensation of atoms in a magnetic trap has been observed.)

In cold and dense quark matter, it is not surprising that, considering realistic systems, there might
be a separation of Fermi surfaces for different quarks. Since quarks carry flavor, color, and electric
charge, (and a mass), there are a priori enough intrinsic properties to account for more than one single
Fermi momentum. These intrinsic properties have to be combined with the macroscopic properties
of realistic systems, such as neutron stars. One of these properties is the overall electric charge
neutrality. A second one is the condition of S-equilibrium (including electrons into the system).
Both requirements are implemented in color superconducting quark systems for instance in Refs.
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[71, 72, 73, 74, 75, 76, 77, 78, 79]. Another complication arises when one relaxes the assumption of
ultrarelativistic quarks. In realistic systems, one at least has to take into account the mass difference
between the two light u and d quarks and the heavier s quark. (Assuming that 0 >~ m, = mg < mg,
the three quark Fermi momenta are given by kp, = pu, krg = pa, and kps = /pu2 —m?2, where
Uy, pd, and pg are the corresponding chemical potentials.) In principle, also the condition of overall
color neutrality has to be included. This is done in model calculations via introducing color chemical
potentials p3 and pg (cf. for instance Refs. [77, 78, 80]). However, for QCD calculations, it has been
shown that color neutrality in a (two-flavor) color superconductor is automatically ensured via a
nonvanishing color background field [81, 82].

Anyhow, the question arises if, in spite of the difference between the Fermi momenta of different
quark flavors, the superconducting phase is still favored. For color superconductors, there have been
suggestions for possible scenarios similar to the ones for electrons or atoms mentioned above. For
instance, the FFLO phase is discussed in Refs. [83, 84] (therein called LOFF phase). Besides the
deplacement of the Fermi surface in the LOFF phase, also a deformation of the Fermi surfaces,
breaking rotational invariance, has been proposed [85]. An interior gap structure is studied in Ref.
[86]. The mechanism of breached pairing in a two-flavor color superconductor leads to an interesting
phase, called the “gapless 2SC” phase [87] which also has been applied to neutron stars [88]. (Recently,
also the possibility of a gapless CFL phase has been investigated [89, 90].) In this phase, a difference
(if not too large) between the Fermi momenta of u and d quarks, leads to quasiparticle spectra, which,
although exhibiting a nonzero gap parameter ¢, for certain quasiparticle momenta look like the normal
spectrum, i.e., the spectrum is “gapless”. Note the topological difference between this situation and
the nodal structure of the gap in the A phase of superfluid >He, cf. Fig. 1.8. In the latter, the vanishing
gap leads to a gapless excitation energy for quasiparticles with two certain directions of the momentum
k (but with |k| = kr). Sloppily speaking, there are two gapless points on the Fermi surface. In the
gapless 2SC phase, however, there are two values of |k| between the original two Fermi momenta, for
which the spectrum becomes gapless. Consequently, there are two gapless spherical surfaces. In the
discussion of spin-one color superconductors, we also encounter the situation of gapless lines on the
Fermi surface, cf. Sec. 2.1.

It should be mentioned that the values of crucial quantities such as the quark density in the
interior of a neutron star, the strange quark mass or the strong coupling constant at moderate (= not
asymptotically large) densities are poorly known. Since all these quantities enter the description of the
difference in Fermi momenta, the quantitative value of this difference is absolutely unclear. It is easy to
understand that there is a limit value for this difference, above which the superconducting state, with
Cooper pairs formed by fermions with different Fermi momenta, is no longer favored. Consequently,
in this case, besides the normal-conducting state, only pairing between fermions with equal Fermi
momenta is possible. In a dense quark system, this is equivalent to one-flavor superconductivity,
meaning either a system consisting only of quarks of a single flavor or a many-flavor system where
each flavor separately forms Cooper pairs. Therefore, in the main part of this thesis, we focus on this
special case which, as shown in Sec. 1.3.3, corresponds to the spin-one phases of color superconductivity.

Finally, let us quote several different theoretical approaches to color superconductivity. Most of the
above mentioned works are based on a phenomenological Nambu-Jona-Lasinio (NJL) model [47, 48],
which is valid at densities of the order of a few times nuclear matter ground state density. In the
following sections of this thesis, color superconductivity is studied from first principles in the framework
of QCD at weak coupling [60, 61, 91, 92, 93], which is rigorously valid at asymptotically large densities.
Extrapolating the QCD gap parameter (for two and three flavors) to moderate densities yields a value
that is in agreement with the NJL approach. Another approach to color superconductivity is the
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phenomenological Ginzburg-Landau theory, already mentioned in Sec. 1.2.1. This approach [71, 94, 95]
is valid in temperature regions in the vicinity of the critical temperature and has been used for instance
for the investigation of vortices in (two- and three-flavor) superconducting/superfluid quark matter
[96, 97].



Chapter 2

Spin-one color superconductivity

In this chapter, which forms the main part of the thesis, we mainly study the properties of spin-one
color superconductors. In its first section, Sec. 2.1, which is based on Refs. [98, 99], we compute the gap
parameters, the excitation energies, and the critical temperatures for several phases in a spin-one color
superconductor and compare them to the corresponding values in a spin-zero color superconductor. A
derivation of the gap equation starting from the QCD partition function is outlined in Sec. 2.1.1. In Sec.
2.1.2, the structure of the quasiparticle excitation spectra for color superconductors are determined.
In the case of the spin-one phases, there are anisotropies occurring in these spectra, as expected from
the discussion in the introduction. Moreover, there are phases with a two-gap structure, i.e., two
excitation energies with different, nonzero energy gaps, as it is known from the CFL phase. The gap
equation is solved in Sec. 2.1.3 in order to determine the gap parameter, i.e., the value of the energy
gap at the Fermi surface for zero temperature. This is done by using a general notation valid for an
arbitrary order parameter. Consequently, a general result for the gap parameter is obtained, which
can be evaluated for several different phases. First, we recover the well-known results for the 25SC and
CFL phases. Second, we apply the result to four different spin-one phases. Finally, in Sec. 2.1.4, the
critical temperatures are determined for the several phases (again, after deriving a general expression
from the gap equation). We discuss the validity of the BCS relation between the zero-temperature
gap and the critical temperature, cf. Eq. (1.5).

In Sec. 2.2, we discuss a systematic classification of possible order parameters for spin-one color
superconductors. From the discussion of superfluid He we know that an order parameter in the form of
a complex 3 x 3 matrix a priori allows for more than one superfluid/superconducting phase. Therefore,
we use group-theoretical arguments in order to list all matrices that lead to a superconducting phase.
Obviously, a residual subgroup (called H in the introduction) can be assigned to each of those order
parameters. From these subgroups one can qualitatively read off several properties of the corresponding
state. One of the most interesting properties is related to the Anderson-Higgs mechanism, namely,
one can read off whether the phase exhibits a Meissner effect.

The quantitative discussion of the Meissner effect in spin-one color superconductors is presented in
Sec. 2.3. This section is based on Refs. [100, 101]. We present a fundamental derivation of the mixing
between gluons and photons (which has been explained in simple words in the introduction), starting
from the QCD partition function. From a calculation of the gluon and photon polarization tensors
we deduce the Meissner masses for the gauge bosons. Furthermore, besides magnetic screening, also
electric screening is discussed via a calculation of the Debye masses. The final results are given for the
2SC and CFL phases (partially already known in the literature [57, 102, 103]) and for two spin-one
phases. At the end of this section, we discuss the Meissner effect in many-flavor systems, where each
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flavor separately forms spin-one Cooper pairs.

In the last section of the main part, Sec. 2.4, the QCD effective potential is considered in order
to determine the pressure of several color-superconducting phases. Using the results of the previous
sections, especially those of Sec. 2.1, a relatively simple calculation shows which of the spin-one phases
corresponds to the maximum pressure at zero temperature and therefore is expected to be the favored
one.

Our convention for the metric tensor is g"” = diag{1,—1,—1,—1}. Our unitsare h =c=kp =1
(deviating from the nonrelativistic convention used in Sec. 1.2). Four-vectors are denoted by capital
letters, K = K" = (ko,k), and k = |k|, while k = k/k. We work in the imaginary-time formalism,
ie, T/VY =T, [d®k/(27)3, where n labels the Matsubara frequencies w, = ikg. For bosons,
wp, = 2n7T, for fermions, w, = (2n + 1)7T.
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2.1 The gap equation

2.1.1 Derivation of the gap equation

In the following, we outline the derivation of the QCD gap equation [43]. We apply the so-called
“Cornwall-Jackiw-Tomboulis” (CJT) formalism [104], which allows for a derivation of self-consistent
Dyson-Schwinger equations from the QCD partition function. It is especially useful in the case of
spontaneous symmetry breaking, which is taken into account via a bilocal source term in the QCD
action. We start from the partition function

Z= /DAD&W exp S, 2.1)
where the action S is composed of three parts,
S = Sa+5r+9 [ PN THX)AL(X) - (2.2)

The first term is the gluon field part, which will be discussed in detail in Sec. 2.3. It contains a gauge
field term, Sg2, a gauge fixing term, S,r, and a ghost term, Srpq,

SA:SF2+ng+SFpG . (2.3)

The second term is the free fermion part in the presence of a chemical potential p,

Se= [ ) iy 0x + pr0 — m)p(X) (24)
Here, 9(X) and 9 (X) = 9 (X)yy are the quark and adjoint quark fields, respectively. The space-time
integration is defined as [y, = 01/ Tar % d3x, where T is the temperature and V the volume of the

system, and m is the fermion mass. In principle, m is a mass matrix accounting for different masses
of different quark flavors.

The third term in Eq. (2.2) describes the coupling between quarks and gluons. Such a term arises
in any gauge theory where the requirement of gauge invariance leads to a covariant derivative including
a gauge field. Here, the gauge fields A}, (a = 1,...,8) are gluon fields, while the Gell-Mann matrices
T, are the generators of the gauge group SU(3), in the adjoint representation. As already introduced
in Table 1.1, g is the strong coupling constant. In this section, we restrict our discussion to the strong
interaction which is responsible for the formation of Cooper pairs. In Sec. 2.3, also the photon field is
taken into account in order to investigate the mixing between photons and gluons.

In order to implement a bilocal source term into the action, it is convenient to introduce Nambu-
Gor’kov spinors

wz(fc) L U =@hd0) . (2.5
where 1 = CtT is the charge conjugate spinor, arising from the original spinor through multiplication
with the charge conjugation matrix C' = iy?yy. In the 2N.N-dimensional Nambu-Gor’kov space, the
fermion action, Eq. (2.4), can be written as

1

Sp ==
r 2 /xy

T(X)S;H(X,Y) ¥(X) . (2.6)
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The factor 1/2 accounts for the doubling of degrees of freedom. The inverse free fermion propagator
now has an additional 2 x 2 structure,

_ Git 0
Sit= [Go i , 2.7
: ( 0 G ) 27
where
[GE]™(X,Y) = —i (i7 - Ox £ pyo — m) 6D (X - Y) . (2.8)
The interaction term reads in the new basis
- 1 _
g [ BOOPTHX)ALX) = 59 [ BEOTLLE) A0 (29)
where
_ [ "Ta 0
It = ( 0 —'y“TaT ) . (2.10)

Now we extend the action S — S[K] by adding a bilocal source term K(X,Y), which is a 2 x 2 matrix,

ot @~
(7 7). o

Including this term, the new action S[K] is given by
SIK] = S + / T(X) K(X, V) U(Y) . (2.12)
XY

Note that the crucial quantities regarding superconductivity are the off-diagonal elements of K, ¢
and ¢~. Since they couple two (adjoint) quarks (while the diagonal elements o™ and o~ couple quarks
with adjoint quarks), a nonzero value of these elements is equivalent to Cooper pairing, or, in other
words, to a nonvanishing diquark expectation value (11). The four entries of K are not independent.
They are related via 6~ = CloT]{C~! (due to charge conjugation invariance) and ¢~ = o[ 1] 7o
(since the action has to be real-valued). Finally, we arrive at the new QCD partition function

Z[K] = / DADIDY exp S[K] - (2.13)

At this point, the CJT formalism can be applied. Details can be found in Ref. [104]. It results in an
effective action I which, in general, is a functional of one- and two-point functions. In the following,
we neglect the expectation value of the gluon field, present in order to ensure color neutrality [82].
Then, the effective action is a functional only of two-point functions, namely the gauge boson and
fermion propagators D¢g and Dp,

1 1 1 1
['[Dg, Dr] = —§'Ifr1nD61—§T‘r(A51Dg—1)+§Tr1nD1;1+§Tr(SO’1DF—1)+I‘2[Dg,DF] , (2.14)

where Ay ! is the inverse free gluon propagator and the traces run over Nambu-Gor’kov, Dirac, flavor,
color, and momentum space. The functional I';[D¢, Dr] denotes the sum of all two-particle irreducible
diagrams without external legs and with internal lines given by the gluon and quark propagators. The
physical situations correspond to the stationary points of the effective potential, obtained after taking
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the functional derivatives with respect to the gluon and fermion propagators. One then obtains a set
of equations for the stationary point (D¢, Dr) = (A, S),

ATY = A+, (2.15a)
St o= St+y:, (2.15b)

where we defined the gluon and photon self-energies as the functional derivatives of I'y at the stationary

point,
or
., =22

II=-2—-—
(Da,Dr)=(A,S) 0DF

0Dg¢

In order to find the full propagators, one has to solve the Dyson-Schwinger equations, Egs. (2.15),
self-consistently. To this end, we denote the entries of the 2 x 2 fermion self-energy by

(2.16)

(Da,Dr)=(A,S) .

(2t e
(3 e o
and invert Eq. (2.15b) formally [105], which yields the full quark propagator in the form
Gt =
S:<E+ G‘) , (2.18)

where the fermion propagators for quasiparticles and charge-conjugate quasiparticles are
G* = {[GF " +3* —oF (657 + 24[)—1@#}_1 : (2.19)
and the so-called anomalous propagators, typical for a superconducting system, are given by
£ = (6T +=F)~lo*Gg*. (2.20)

At this point, one has to restrict oneself to an approximation for I';[Dg, Dp]. In Fig. 2.1, all two-
particle irreducible diagrams with two loops are shown. It is an important property of the CJT formal-
ism that truncating the infinite set of diagrams contained in I's still yields a well-defined, self-consistent
set of equations. The two-loop approximation of I'y is equivalent to a one-loop approximation of the
self-energies II and 3.

According to its definition, given in Eq. (2.16), the quark self-energy ¥ is obtained from I'y by
cutting one quark line. In the above approximation, this is equivalent to cutting a quark line in the
left diagram in Fig. 2.1. Consequently, in momentum space, we obtain

S(K) = —g? /Q TES(Q)TY A% (K — Q) . (2.21)

Due to the Nambu-Gor’kov structure, this equation actually is a set of four equations. With Egs.
(2.17) and (2.18) these equations are

SHK) = —g? /Q VAT, GH(Q) 7" Ty A% (K — Q) (2.22a)
ST(K) = —¢? /Q Y TT G- (Q) v TE A% (K — Q) (2.22b)
oHEK) = g /Q YT EH(Q) 7 Ty A% (K — Q) (2.220)

> (K) = g /Q YT, E7(Q) 7 T A (K — Q) . (2.22d)
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Figure 2.1: Two-loop approximation of I's[Dg, Dr] (without ghost contributions). Dashed lines represent the
gluon propagator D¢ while full lines represent the quark propagator Dp.

In Fig. 2.2, we represent these equations diagrammatically, taking into account the structure of the
anomalous propagators given in Eq. (2.20).

The last two equations, Egs. (2.22c) and (2.22d), are the gap equations. The quantities ®*(K)
are matrices in flavor, color, and Dirac space and functions of the quark four-momentum K. They
occur on the left-hand side of the equations as well as on the right-hand side, implicitly present under
the integral in the anomalous propagators. Both quantities are related via

& =[@F]y . (2.23)

In the following, we will use the term gap matriz for ®*(K). A complete self-consistent solution of
the four coupled integral equations is too difficult and certain approximations have to be made. In
Secs. 2.1.3 and 2.1.4, we use the gap equation to determine the value of the gap at the Fermi surface
for T'= 0 and the critical temperature T,. In the next section, Sec. 2.1.2, we determine the structure
of the quasiparticle excitation energies which follows from the ansatz for the gap matrix ®* (without
solving the gap equation).

2.1.2 Excitation energies

Before we solve the gap equation, let us first investigate the structure of the full quasiparticle prop-
agator G*. From this propagator we can read off the excitation energy of the quasiparticles. This
energy spectrum has a nonzero gap in the case of a superconductor, as discussed in Sec. 1.2.1. In this
section, it is shown how the ansatz for the gap matrix, and especially the form of the order parameter,
determines the excitation spectrum. Here and in all following sections of this thesis, for the sake of
simplicity, we consider ultrarelativistic quarks, m = 0, which is a very good approximation at least for
the u and d quarks. Nonzero quark masses cause tremendous technical complications [106]. In this
case, restricting to Cooper pairing in the even-parity channel, the gap matrix can be written as

dH(K) = ) ¢°(K) My A, (2.24)
e==+
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Figure 2.2: Diagrammatic representation of Eq. (2.21). The quark self-energy is shown as a 2 x 2 Nambu-
Gor’kov matrix (cf. also Egs. (2.22)). Dashed lines correspond to the gluon propagator A. The normal full
quasiparticle propagators G and G~ are denoted by thick lines with an arrow pointing to the left and right,
respectively. The anomalous propagators =+ are drawn according to their structure given in Eq. (2.20): Thin
lines correspond to the term ([G§]~! +XF)~!, while the full and empty circles denote the gap matrices ®+ and
®~, respectively.

where ¢¢(K) is the gap function, My is a matrix defined by the symmetries of the color-superconducting
condensate, and Af = (14 evyy-k)/2, e = +, are projectors onto states of positive or negative energy.
In general, My is a matrix in color, flavor, and Dirac space, and it can be chosen such that

[Mi, Af] =0 (2.25)

Let us comment on the relation between the matrix M) and the order parameter A discussed in the
introduction of this thesis. In the matrix My not only the order parameter A is implicitly present but
also the basis elements of the special representation of the underlying symmetry groups accounting for
the (anti-)symmetry of the representation. As explained in the introduction, the representation solely
depends on the number of flavors, while the choice of the order parameter corresponds to a special
phase. This will become more transparent below, in Sec. 2.1.2, when M) is specified for several
numbers of flavors and several phases, see, for instance, Eq. (2.86). What might appear awkward at
first sight, but is technically convenient, is that the 4 x 4 Dirac structure is partially included into My
and partially explicitly written via the energy projectors. For details concerning the Dirac structure
of the gap matrix, cf. Ref. [107].
Using Eq. (2.19), we can write the quasiparticle propagator as

Gt = (Gol + =) {(Gd] +=H(G] ™ +27)
-1
— o ([Go I+ 3R (G +2T)) (2.26)
The free fermion (charge-conjugate) propagator for massless quarks in momentum space is

Gy (K) = (7" Ku £ po) ™ (2.27)
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In Ref. [108], it was shown that, in order to solve the gap equation to subleading order, it is permissible
to approximate the diagonal elements of the quark self-energy by

M2
NK)=XT(K) =% (K) ~vg° ko In 7 (2.28)
0
where 5
__ g 2 _ 9T 9
= , ="_m?, 2.29

(2.30)

Then, using the above ansatz for the gap matrix, the second term in curly brackets in Eq. (2.26) is

([Go] ™ + =) TR ([GR] T + 27 Z |6°(K)I? Lic A (2.31)

where

Ly = MLMk Yo - (2.32)

In principle, a notation that includes a “+”, such as LI, would be appropriate since, in general, the
corresponding matrix L,  occurring in the expression for the charge-conjugate propagator G~ might
be different. Indeed, in one of the phases we consider in this thesis, namely the A phase in a spin-one
color superconductor, we have LI # L, . For more details concerning this special case, see Sec. 2.4.
Here and in the following sections it is sufficient to consider Ly = Li{", since in the gap equation, only
G and not G~ occurs, and thus we simplify the notation by omitting the +.

Note that also Ly commutes with the energy projectors, [Lyx,Af] = 0. Since Ly is hermitian, it
has real eigenvalues and can be expanded in terms of a complete set of orthogonal projectors Py,

Ly => MPp, (2.33)

where ), are the eigenvalues of Ly. In this decomposition, the sum over r is defined such that all
Ar are different, i.e., the corresponding projectors P}, project onto n,-dimensional eigenspaces, where
n, = TrPy, is the degeneracy of the eigenvalue A,. In general, these eigenvalues can depend on the
direction of the quark 3-momentum k. For the sake of notational convenience, we do not write this
ﬁ—dependence explicitly. Denoting the number of different eigenvalues with n, the projectors can be
computed via

n
, Ly — A
P=1l+— Y T (2.34)
SET

For a proof of this relation, see Appendix A. Obviously, these projectors also commute with the energy
projectors, [Pr, Af] = 0. The maximum number of different eigenvalues for the color-superconducting
phases we consider in this thesis is n = 3. However, we solve the gap equation only for special cases
in which there are at most two different eigenvalues of Ly. Therefore, let us explicitly write the
expression for the projectors in this case,

kK — A1

pL? = T2
k )\1,2 — A1

(2.35)
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The next step is to compute the full quasiparticle propagator GT. The inversion of the term in curly
brackets in Eq. (2.26) is now particularly simple, because the 2n projectors Pl’;Aljf are orthogonal and
form a complete set in color, flavor, and Dirac space. With Egs. (2.26), (2.28), (2.31), and (2.33) we

obtain
1

GH(K) = ([Gy ()] + 27(K)) D P Ay . 7 (2.36)
e [ko/Z (ko)) — ¢, (6°)]
where
M2\
Z (ko) = (1 +3%In ?> (2.37)
0
is the wave function renormalization factor introduced in Ref. [105], and
1/2

.0 (%) = [(k = en)? + A |6°?] (2.38)
are the excitation energies for quasiparticles, e = +, or quasi-antiparticles, e = —. They are the

relativistic analogues to Eq. (1.2), extended by a possibly nontrivial (multi-)gap structure, which also
includes possible anisotropies of the “true” gaps /A, |¢¢|. It was the goal of this section to show that
the investigation of this gap structure is equivalent to studying the spectrum of the matrix L.

2.1.3 Solution of the gap equation

In this section, we present a method to compute the value of the gap at the Fermi surface at zero
temperature from the gap equation. In the case of the 2SC phase, this value is given by

$25C = 250, exp (_l_) ’ (2.39)
2g
where 52
- 2 w244
b = 2567 b = - . 2.4
" (Nf92> ’ ° exp( 8 ) (240)

The term in the exponent of Eq. (2.39) was first computed by Son [91]. It arises from the exchange of
almost static magnetic gluons. The factor b in front of the exponential originates from the exchange
of static electric and non-static magnetic gluons [61, 92, 93]. The prefactor b} is due to the quark
self-energy [108, 109].

In color superconductors with Ny = 1 and 3 flavors, various other prefactors may arise [62, 110],
but the exponential exp[—n/(2g)] remains the same. As will be demonstrated in the following, this
is not an accident, but due to the fact that the leading-order contribution to the QCD gap equation
does not depend on the detailed color, flavor, and Dirac structure of the color-superconducting order
parameter. This structure only enters at subleading order, and we provide a simple method to extract
these subleading contributions.

Let us briefly recall what the terms “leading,” “subleading,” and “sub-subleading order” mean in
the context of the QCD gap equation [108]. Due to the non-analytic dependence of ¢ on the strong
coupling constant g one cannot apply the naive perturbative counting scheme in powers of g in order
to identify contributions of different order. In the QCD gap equation there are also logarithms of the
form In(p/¢o), which are ~ 1/g due to Eq. (2.39) and thus may cancel simple powers of g. A detailed
discussion of the resulting, modified power-counting scheme was given in the introduction of Ref. [108]

bYENNA3
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and need not be repeated here. In short, leading-order contributions in the QCD gap equation are due
to the exchange of almost static magnetic gluons and are proportional to g2 ¢o In?(u/¢g) ~ ¢o. They
determine the argument of the exponential in Eq. (2.39). Subleading-order contributions are due to
the exchange of static electric and non-static magnetic gluons and are ~ g% ¢ In(u/¢o) ~ g po. They
determine the prefactor of the exponential in Eq. (2.39). Finally, sub-subleading contributions arise
from a variety of sources and, at present, cannot be systematically calculated. They are proportional
to g% ¢o and constitute O(g) corrections to the prefactor in Eq. (2.39). It was argued that also
gauge-dependent terms enter at this order [111]. This is, of course, an artefact of the mean-field
approximation which was used to derive the QCD gap equation [107]. On the quasiparticle mass shell,
the true gap parameter is in principle a physical observable and thus cannot be gauge dependent.
Let us anticipate the most important results of this section. The general result for the gap para-
meter, which will be proven in the remainder of this section, is (if Ly has two different eigenvalues A1,

A2)
do = 2 b exp (—21) ()™ (Ag)e2) 12 (2.41)
g
where a1, as are positive constants obeying the constraint
ai+ax=1. (2.42)

With (—) we denote the angular average (in the case of the spin-one phases, the eigenvalues might
depend on the direction of the quark momentum k),

dQx
= [ —\ . 2.4
O = [ e (243
The constant b is defined as B
b=bexp(—d), (2.44)

with b from Eq. (2.40), and d a constant of order one. The constant d originates from subleading
contributions to the gap equation. For spin-zero condensates, d = 0, due to an accidental cancellation
of some of the subleading terms arising from static electric and non-static magnetic gluon exchange.
In the spin-one cases, this cancellation does not occur and, consequently, d # 0. Actually, in one of
the spin-one phases considered below, d is not a constant but depends on the direction of the quark
momentum, d = d(R). Nevertheless, let us keep the simplified notation d without explicitly writing a
potential k dependence (as we also do for the eigenvalues A1, A).

From Egs. (2.39) and (2.41) one immediately determines ¢y in units of the gap in the 2SC phase,
“asa = exp(=d) (A)™ (A2))71/2 . (2.45)

In this thesis we present a simple method to extract the value of the constant d without actually
solving a gap equation. This method utilizes the fact that, to subleading order, the integration over
gluon momenta in the QCD gap equation can be written as a sum of a few integrals multiplied by
constants. Only these constants depend on the detailed color, flavor, and Dirac structure of the order
parameter. The integrals are generic for all cases studied here and have to be computed only once.
This is a nontrivial fact. It means that the leading contribution to the gap equation is unique. If
it were not, then the prefactor of the gap integral would be different for each case. In other words,
the contribution of almost static magnetic gluons to the gap equation is universal in the sense that
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it is independent of the detailed color, flavor, and Dirac structure of the color-superconducting order
parameter. Differences between the cases studied here occur at subleading order. Only at this order
the specific structure of the order parameter is important and leads to different values for the constant
d in Eq. (2.44).

Let us now start to prove Eq. (2.41) (and consequently also Eq. (2.45)) using the gap equation, Eq.
(2.22c). For the right-hand side of this equation we need the anomalous propagator 2% (K), defined in
Eq. (2.20). Inserting the expression for the propagator G, Eq. (2.36), into this definition and using
the form of the gap matrix ®* given in Eq. (2.24), we obtain

] ) #(K)
ET(K) = — Z’)’o My Pl €
T tho/z (k) - e, (#9)]

To derive the gap equation for the gap function ¢¢(K), we insert Eq. (2.46) into Eq. (2.22c),

- (2.46)

multiply both sides from the right with M;r( Af and trace over color, flavor, and Dirac space. To
subleading order in the gap equation, it is permissible to use the gluon propagator in the Hard-Dense-
Loop (HDL) approximation [112], where it is diagonal in adjoint color space, ALY = 45 A*Y. We
obtain ,
T € /
#(K) = g* QAT ), (24D
Q @ [a0/Z(a0)]” — [ecy(6)]

where the sum over s corresponds to the two eigenvalues A; and Ao, i.e., s = 1,2, and
Tr [w TT o Mgy Py AGE 7 Tu M}, Aﬁ]

Tr [ My M Ag ]

T (k,q) = — (2.48)

The form (2.47) of the gap equation holds for all cases considered in this thesis. What is different in
each case is the structure of the term ﬁﬁl’s(k, q). Our computation will be done in pure Coulomb
gauge, where

AY(P) = Ay(P) , AY(P) =0, AY(P) = (07 —p'p) Ay(P) (2.49)
with the longitudinal and transverse propagators Ay; and P = K — Q. Consequently, we only need
the 00-component, 76%6”3(k, q), and the transverse projection of the ij-components,

T (k) = (07 — ) T5* (k,q) (2:50)
of the tensor (2.48). (The extra minus sign is included for the sake of notational convenience.) It will
turn out that in all cases studied here the quantities 76%6,58 (k,q) are related in the following way:

! 2 /! 2
T “(kq) _ 77" (k,q)
T (ka) T (k,q)

The right-hand side of Eq. (2.48) depends on k, ¢, and k- q. The latter can be replaced by the
square of the gluon 3-momentum p? via k - § = (k% + ¢ — p?)/(2kq). Thus, the relevant components
can be written in terms of a power series in p?,

= const. . (2.51)

' e p2 m
Too "(k,a) = as D monlee kq) (=] (2.52a)
m=—1 kq
' e p2 m
7;66 ,8 (k’ q) = ag m;I n;m(ee” k, q) (/{;—q> . (2.52b)
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Here, the coefficients nﬁ;fl(ee’ ,k,q) no longer depend on s on account of Eq. (2.51). The overall
normalization on the right-hand sides of Egs. (2.52) is still free, and we choose it such that Eq. (2.42)
is fulfilled. This uniquely determines the values of the dimensionless coefficients ng;;(ee’ ,k,q) and we
have the following relation for the coefficients a1, as,

T Pe) T P0kq)
T k) + T q) Top (k) + Tp k)

ay/y = (2.53)

We now perform the Matsubara sum in Eq. (2.47), which does not depend on the detailed structure of
the tensor ﬁﬁl’s(k, q). This calculation is similar to that of Ref. [61]. The difference is the appearance
of the wave function renormalization factor Z(go) [108]. To subleading order, this amounts to an extra
factor Z (e '.) in the gap equation. Since there are two different excitation energies ¢, and ;2 on the
right-hand side of the gap equation, we can put the gap function on the left-hand side on either one
of the two possible quasiparticle mass shells kg = €x,1 or kg = €5 2. One then obtains

2 +4 e’ €€ e
e[ e _ g H ¢ (q,saq) Eq,s
¢ (Gk,rak) ~ 16n2k /;;— dqq E as Z ee' tanh _2T

9,8

lc+q " 2 ' 2
§ : . — Zo(p-M
X / ( ) {pg +3m§ M2m + |:p2 @(p )

4 4
p p t
+OM — n , U (254
( p)(p 6+ MA(egs + €5 )2 p6+M4(€Z,s—fi,r)2>]n2} (254

The first term in braces arises from static electric gluons, while the two terms in brackets originate
from non-static and almost static magnetic gluons, respectively. Various other terms which yield
sub-subleading contributions to the gap equation [61] have been omitted. In deriving Eq. (2.54), the
angular integration d{2q = sin #dfdy has been reduced to an integration over the modulus of the gluon
momentum p: The integral over the polar angle 8 can be transformed into an integral over p by choosing
the coordinate system such that k- g = cosf and applying the relation k-q= (k% + ¢% — p?)/(2kq).
The integration over the azimuthal angle ¢ has already been performed. This integration is trivial
in the 2SC and CFL phases, since in these cases the gap function only depends on the modulus of
q and the eigenvalues A\; are constants. However, in the spin-one phases, there might occur angular
dependent terms, and consequently, the d€)q integration becomes nontrivial. First, through a potential
angular dependence of \g, the excitation energies in the integrand can be g-dependent. Second, the
gap function itself may turn out to depend on . In order to proceed we approximate the angular
integral by replacing the eigenvalues in the excitation energies €; ; by their angular averages

As = (As) (2.55)

and then performing the resulting integral over the azimuthal angle and over p. In order to avoid a
too complicated notation, we keep the same symbols for the excitation energies, eq s> but understand
them with the above replacement. This simple approximation is based on the assumption that all
neglected terms are of sub-subleading order, for which, in principle, a rigorous proof is required. An
angular-dependent gap function qﬁel(egis,q) occurs in one of the spin-one phases, namely the polar
phase. This dependence, entering via an angular dependent function d = d(q), is neglected here, cf.
also comments in the discussion of this phase, Sec. 2.1.5.
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Although the coefficients 7757'; depend on k and ¢, to subleading order in the gap equation we may
approximate k ~ g ~ u. This can be easily proven by power counting. To this end, it is sufficient to
take k = u, and write ¢ = p+ &, where ¢ = g— p. In weak coupling, the gap function is sharply peaked
around the Fermi surface, and thus the range of integration in the gap equation can be restricted to
a small region of size 2§ around the Fermi surface. All that is necessary is that § is parametrically
much larger than ¢g, but still much smaller than p, ¢9 < § < p [61]. It turns out that § ~ my is
a convenient choice [113]. Since the integral over ¢ is symmetric around ¢ = 0, terms proportional
to odd powers of £ vanish by symmetry. Thus, corrections to the leading-order terms are at most
~ (€/p)?. As long as § is parametrically of the order of mg, £ < m,, and these corrections are ~ g2,
i.e., suppressed by two powers of the coupling constant. Even for the leading terms in the gap equation
the correction due to terms ~ (£/u)? is then only of sub-subleading order and thus negligible.

Since the coefficients ng’;; are dimensionless, with the approximation & ~ ¢ ~ u they become
pure numbers which, as we shall see in the following, are directly related to the constant d. In all
cases considered here, nﬁﬁz = 0 for m > 3, and the series in Egs. (2.52) terminate after the first few
terms. Moreover, n’ o always vanishes and, to subleading order, also ', = 0. For the remaining m,
the p integral in Eq. (2.54) can be performed exactly. The details of this calculation are deferred to
Appendix B. We obtain

2 +5 e(.€e e’
_ 9 K ¢ (€,5:9) €q,s
Kok = 167 ], da o (e = tanh o

q,S

= In—; . +np In —
3 )7 — (@, g

42
0 In o 5+ 405 + ) + 8(ng + ni)] : (2.56)

1 M? 42
x [776 0

Note that the contribution from almost static magnetic gluons only appears in the term proportional
to 1§, while non-static magnetic and static electric gluons contribute to all other terms.

The antiparticle contribution (¢/ = —) does not have a BCS logarithm, since €q.s = q+ p. For
the same reason, for antiparticles the logarithm from almost static magnetic gluons is also only of
order 1, and furthermore there is no large logarithm from the p integrals. Therefore, the antiparticles
contribute at most to sub-subleading order to the gap equation and can be neglected. In the following,
we may thus set e = ¢/ = + and omit this superscript for the sake of simplicity. Then, the gap equation

for the quasiparticle gap function reads

3 b2/j;2
d( Heq.9) | h(e"—s> S Y 92.57
¢ 6]9 7‘7 / q lu’ Za’s 6(1, 6qs an 2T 4"70 n |€q5 _€%r| ’ ( )
where ant
64H4 4u2 o/ Mo
b = - —2d 2.58
e <3mg exp(—2d) , (2.58)
with 6
d =7 [+ b+ 20+ nd)] - (2.59)
0

In all cases considered here, n§ = 15, so that b assumes the value quoted in Eq. (2.44). The expression
(2.59) is a general formula to compute the constant d from the coefficients ng’,’;. We also find that, for
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all cases considered here, 7 = 2/3. This is the uniqueness of the leading-order contribution to the
gap equation mentioned before.

Let us, in order to solve Eq. (2.57), distinguish between the cases where a; = 1, a; = 0, and
where both a; and as are nonzero. It turns out that the former case corresponds to only one gapped
quasiparticle excitation, i.e., Ao = 0. This is expected, since in this case, due to as = 0, the ungapped
excitation is not present in the gap equation. The solution of the gap equation is well-known for
this case. It was discussed in detail in Ref. [108]. All one has to do is replace the constant b in the
calculation of Ref. [108] by the constant b = bexp(—d), cf. Eq. (2.44). The result for the value of the
gap function at the Fermi surface is Eq. (2.41), but without the factor ((A;)* (X)) /2. However,
in the respective cases this factor simply is (\;)~1/? (remember that 0° = 1). This factor is easily
reproduced using the method presented in Ref. [108]: One has to multiply both sides of Eq. (2.57)
with (A1)!/? in order to obtain a gap equation for which the solution of Ref. [108] applies.

In the case of two gapped quasiparticle excitations, which is equivalent to a; # 0, as # 0, the
solution of Eq. (2.57) is more complicated. A priori, one has to solve two gap equations, one for each
quasiparticle mass shell, kg = €, 1 and kg = €, 2. Therefore, as a function of momentum £, there are
in principle two different gap functions, ¢, (k) = ¢(ex,, k), r = 1,2.

In order to proceed with the solution, to subleading order we may approximate the logarithm in
Eq. (2.57) in a way first proposed by Son [91],

2 2
% In <b7,u2|> ~ O(eqs — €x,r) In (b_u) + O(ex,r — €q,5) In (b_,u) . (2.60)

2 _
€3, €k,r €q,s €k,r

With this approximation and the new variables

_ 2by _ 2by
zp=gln| ——— , s=gIn| —— | 2.61
g (k—u+6k,r) Ys=9 (q—u+6q,s> (2.61)

to subleading order the gap equation (2.57) transforms into [108]

€(ys)

—] b(ys)

s Tr

W] ot} - (2.62)

Zr
+/$ dys ys (1 - 2.6?/3) tanh oT

0

Here, we denoted the value of z, at the Fermi surface, i.e, for k = y and €;s = €, 5, by

2bu
gr=gn| ), (2.63)
? ( Vv <>‘s> ¢0,s>
where ¢ = ¢(z}) is the value of the function ¢(z,) at the Fermi surface. Remember that in

the excitation energies €, s we replaced A; by the angular average (\;). The single point £ = p in
momentum space thus corresponds to two different points z7, x5, 7 # x5 , in the new variables z;.

Since we expect ¢g s to be ~ exp(—1/g), z} is a constant of order one. Furthermore we defined

z0=5In (%") . (2.64)
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This constant is parametrically of order O(g). To subleading order, the relation between the new
variable ys and the excitation energy is given by [61],

€(ys) =bu exp (—%) . (2.65)

A consequence of the transformation of variables (2.61) and of neglecting sub-subleading corrections

is that the two equations (2.62) for » = 1 and r = 2 become identical. The only difference is the

notation for the argument of the function ¢, which in both cases we may simply call . Therefore,

instead of two separate equations, we only have to consider a single equation which determines the

function ¢(x). Moreover, y;, is merely an integration variable, and we may set y; = y in the following.
With Eq. (2.42), we rewrite Eq. (2.62) in the form

p(z) = w/f dy (1 —2gy) tanh [%} $(y) +/z:dyy(1 —2gy) tanh [#] $(y)
e(y)

x*

—ay :v/ ’ dy (1 —2gy) tanh [—] o(y) . (2.66)
z] 2T

One can also write this equation in a form where z5 is replaced by z] and a; by a2, respectively.

Equation (2.66) is an integral equation for the function ¢(z), which is solved in the standard manner

by converting it into a set of differential equations [91],

% _ /:z dy (1 —2gy) tanh %} ¢(y) — a1 /3:2 dy (1 —2gy) tanh [%} é(y) , (2.67a)
2 E\T
% = —(1-2gz) tanh [% o(z) . (2.67b)

We now solve the second-order differential equation (2.67b) at zero temperature, 7' = 0. One immedi-
ately observes that this equation is identical to Eq. (22¢) of Ref. [108], and its solution proceeds along
the same lines as outlined there. The only difference compared to the previous calculation are the
extra terms ~ a; in Egs. (2.66) and (2.67a). To subleading order, we expect ¢o.1/¢o2 ~ 1 (we show
below that this assumption is consistent with our final result), such that the difference

* * = V<>‘1>¢0,1 Ng n m
zy—2] =g In <7\/®¢0,2> ~3 1 (</\2>) (2.68)

is of order O(g). Consequently, the extra terms ~ a; are of subleading order, O(g¢o), and we may
approximate
2
[y (1~ 23y) ¢l) = (@5 - o7) dos - (2:69)
x

*
1

Ordering the eigenvalues such that (A1) > (A\2), we have x5 — 27 > 0.

The subleading correction (2.69) qualitatively changes the behavior of the gap function ¢(z) near
the Fermi surface. In the absence of the term ~ a1 in Eq. (2.67a), the derivative of the gap function
vanishes for z = z3, and the gap function assumes its maximum at this point [108]. The subleading
correction (2.69) induced by the two-gap structure causes the derivative (2.67a) of the function ¢(x)
to be negative at the Fermi surface. Consequently, since we still expect ¢(z) to rapidly vanish away
from the Fermi surface, this function assumes its maximum not right at the Fermi surface, but at a
point Zmax which is close, but not identical to 5. We shall see that 5 — Tmax ~ O(g).
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The subleading correction (2.69) modifies the solution of the differential equation (2.67b) from
the one given in Ref. [108]. Again, we fix the two unknown constants in the general solution of the
second-order differential equation (2.67b) by matching the solution and its derivative to the right-hand
sides of Egs. (2.66) and (2.67a) at the point £ = z}. Introducing the variables z = —(27)%/? (1 — 2gx)
and z* = —(29)~2/3 (1 — 2gx}), the solution reads

B M(2) sinfp(=*]) — 0(2))
62 = o2 { Sy el — 80D

—173 M(lz]) sin[0(]z*]) — 6(2])]
+ay (2 — %) (29) /3 ) (2.70)
2 N(|z*]) sin[p(]2*]) = 6(|2*])]
where the functions M(|z|), N(|z|), ¢(|z|), and €(|z|) are related to the Airy functions Ai(z), Bi(z)
and their derivatives in the standard way [114]. The derivative d¢(z)/dz can be obtained from Eq.
(2.70) simply by replacing M (|z|) and 6(|z|) by N(|z|) and ¢(|z]|), respectively. The difference to the
solution for a single gapped quasiparticle excitation, cf. Eq. (27) of Ref. [108], is the term proportional
to a;.
Finally, we have to determine the value of ¢g2. To this end, we rewrite Eq. (2.66) at the point
x = x5 in the form

o+ ()]

(20) = ¢(20) , (2.71)
where zg = —(25) /3 (1 — 2gx). Remarkably, this equation holds in this form also in the case of a
single gapped quasiparticle excitation, cf. Eq. (29) of Ref. [108]. In weak coupling, the dependence on
the variable zj is spurious. Inserting the solution (2.70) and its derivative for z = z; and expanding
M(Jz0]), N(]z0]), ¢(|20]), and 6(|zo|) to order O(g) as demonstrated in Ref. [108], one derives the

condition
T w44

By TITy
The second term is the O(g) correction originating from the quark self-energy. It leads to the constant
by in Eq. (2.39) and was first derived in Refs. [108, 109]. The last term ~ a; is the correction arising
from the two-gap structure to the result (33) of Ref. [108]. Because of Eq. (2.68), this correction is
also of order O(g). Using the definition (2.63) of x5, as well as the condition (2.42), we conclude that
the expression for ¢ s is identical to the one for ¢¢ in Eq. (2.41). This is the value of the gap function
at the Fermi surface, & = u, or z = 3, for the quasiparticle excitation branch €. The additional
factor compared to the 25C gap ¢2°C of Eq. (2.39), which originates from the two-gap structure, is
()™ (o)) 72,
We can also compute the gap function at the Fermi surface for the first excitation branch ¢ 1, i.e.,
at z = z]. The difference ¢p2 — ¢o,1 can be obtained from Eq. (2.66) as

+ a1 (z5 — 7). (2.72)

doz = doa = [ dy fy i~ a1 (53 — D)) (1~ 259) $l0) (273)

Ty

An upper bound for the term in brackets is given by setting y = x5, where it assumes the value
az(z5 — z7) on account of Eq. (2.42). Pulling this factor out of the integral, the latter can be estimated
with Eq. (2.69). This proves that the difference ¢g 2 — ¢o,1 is only of order O(g?¢y), which shows that
our above assumption ¢g.1/¢o2 =~ 1 is consistent up to subleading order. To this order, we may
therefore set ¢g1 = ¢o2 = ¢o.
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We now determine the value of zp .y, where the gap function assumes its maximum, by setting the
left-hand side of Eq. (2.67a) equal to zero. This leads to the condition

2 2
[y -2g960) =ar [y -291) 60 - (274)
Tmax T1
To order O(g¢o), one may easily solve this equation for Zy,x, with the result
max = T —a1 = In (=2 | 2.75
Tmax = T3 — a1 In (<)\2) (2.75)

i.e., Tmax 18 indeed smaller than x4 by a term of order O(g), as claimed above. Obviously, since a1 < 1,
from Eq. (2.68) we derive the inequality =} < Zpax < x4, i.e., the gap function assumes its maximum
between the values ] and z5. The value of the gap function at zmax can be estimated via a calculation
similar to the one for the difference ¢g 2 — ¢o,1 above. The result is ¢pag =~ o [1+ O(g?)]- This means
that the gap function is fairly flat over a region of size O(g) (in the variable z) in the vicinity of the
Fermi surface.

2.1.4 The critical temperature

In this section, we compute the critical temperature T, for the color-superconducting phase transition.
Again, let us present the final result before we prove it. We find for the ratio of the critical temperature
and the gap parameter

T e’

= (0 )2 2 05T ()" (ha)e) 276)

0
where 7y ~ 0.577 is the Euler-Mascheroni constant, already introduced in Eq. (1.5). In the case of
((A1)% (\2)92)1/2 = 1, we recover the relation (1.5) from BCS theory.
Note that, although a factor ((A1)% (A\2)%)%/2 # 1 renders the ratio T,/¢o different from BCS

theory, the absolute value of T is not affected by this factor. If the energy scale is set by #3°C, then

- = exp(—d) (2.77)

because the factor ((A;1)® (X9)?2)~ /2 in Eq. (2.45) simply cancels the factor ((A;)® (X2)?2)'/2 in Eq.
(2.76). As mentioned above, in one of the cases we study, namely the polar phase, the gap function ¢
depends on the direction of the quark momentum. This dependence enters via the function d = d(k),
cf. Sec. 2.1.5. In this case, Eq. (2.77) has to be replaced by

g;cc = (exp(—d)) - (2.78)

Let us now prove Eq. (2.76). In the case where a; = 1 and ag = 0, the calculation of Ref. [108]
applies. Therefore, let us focus on the more complicated case where both a; and a9 are nonzero. The
calculation follows the line of arguments presented in Ref. [108], taking into account the additional
term ~ a; in Eq. (2.66). Asin Refs. [61, 108] we assume that, to leading order, the effect of temperature
is a change of the magnitude of the gap, but not of the shape of the gap function,

¢(z,0)

¢(z,T) ~ ¢(T) T , (2.79)
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where ¢(T") = ¢(z5,T) is the value of the gap at the Fermi surface at temperature 7', ¢(z, 0) is the zero-
temperature gap function ¢(z) computed in the last section, cf. Eq. (2.70), and ¢¢ = ¢o2 = ¢(z35,0).
With this assumption, Eq. (2.66) reads at the Fermi surface

Tk 0 z5 0
1 = /ac dyy (1 —2gy) tanh [%] L(z; ) —I—/m dyy (1 —2gy) tanh [%} q5(z(,) )
—ay 5 /gf dy (1 —2gy) tanh [%} ¢(z;0)
= Il —|—IQ —|—Ig , (280)

where we divided the second integral in Eq. (2.66) into two integrals: Z; which runs from zy to z,
with z, = 25 — g In(2k), k > 1, and Zy which runs from z, to z5 [61]. We now compute the integrals
7, through 73 separately to subleading accuracy, i.e., to order O(g).

In the first integral Z;, which runs over a region far from the Fermi surface, €(y) > T, and we
may approximate the tanh by 1. This integral can be formally solved by integration by parts using
the differential equation (2.67b),

7=+ g, 0) - 20 L(a,0)] | (2.81)

oo dx
where we exploited the condition (2.71). Expanding the functions on the right-hand side around z%
we obtain to subleading order

Ti=1- g [§ In(26) — a1 (25 — 27)] . (2.82)

This estimate is similar to the one made in Eq. (36) of Ref. [108]. The main difference to that
calculation is the term ~ a; which appears because the first derivative of the gap function no longer
vanishes at the Fermi surface, cf. the discussion in the previous section.

In the second integral Zo, which only contributes to order O(g) to the right-hand side of Eq. (2.80),
to subleading order we may set ¢(y,0)/¢o ~ 1 and y ~ =5 ~ 7/2. Reverting the transformation of
variables (2.61) we obtain

w_ [Vd2)rdo d(g — p) €q2

The last integral in Eq. (2.80), Z3, also contributes a term of order O(g), and may thus be approx-
imated by an argument similar to that leading to Eq. (2.69),
T
Ty = ay (s — &%) tanh [%] . (2.84)

At the critical temperature T,, where ¢(7.) = 0, this term vanishes. Putting everything together, at

T =T, Eq. (2.80) becomes
_ [V dro q—p 1 _ A
9/0 d(g — p) [ tanh ( 5T, ) - \/(q — s <)\2>¢%} = —ay (z5 — z7) , (2.85)

where the term In(2x) in Eq. (2.82) was expressed in terms of an integral according to Eq. (96) of
Ref. [61]. In the integral on the left-hand side, we may send x — oo [61]. This allows us to perform
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it analytically, which yields the result In[e”\/(A2)do/(7T¢)]. If the right-hand side of Eq. (2.85) were
zero, for (A2) =1 this would then lead to the BCS relation T,/¢y = €” /7. However, using Eq. (2.68)
we now obtain Eq. (2.76). The last factor on the right-hand side of this equation is exactly the inverse
of the additional factor in Eq. (2.41). This factor violates the BCS relation T,./¢y = €7 /x.

2.1.5 Results: The 2SC, CFL, polar, planar, A, and CSL phases

In the previous sections we derived general expressions for the gap parameter and the critical tem-
perature. The final expressions are given in Egs. (2.41) and (2.76), respectively. In this section, we
apply these expressions to spin-zero color superconductors in the 25C and CFL phases, as well as
to spin-one color superconductors in four different phases. For each case, we need to determine the
following quantities:

e The eigenvalues A; (and their degeneracies) of the matrix Ly. This leads to the excitation
spectrum, cf. Eq. (2.38).

e The projectors Pj, which project onto the corresponding eigenspaces. They are needed for
e the traces 75%?;’5 (k,q), defined in Eq. (2.48) and occurring in the gap equation.

e The constants aj, ag, introduced in Egs. (2.52) and computed via Eq. (2.53).

e The coefficients 775’;;, which lead to

e the number d, entering the prefactor of the gap, cf. Egs. (2.41) and (2.44).

The 2SC phase

For Ny = 2, the spin-zero condensate is a singlet in flavor and an antitriplet in color space [46],
cf. Sec. 1.3.1. As explained in the introduction, the order parameter of the 2SC phase is A; = d;3.
Consequently, the matrix My reads

My =AiJiToy5 = J3 1275 (2.86)

where 75 takes into account that we restrict our discussion to the even-parity channel. The antisym-
metric 3 x 3 matrices (J;)jx = —i€ijk, 4,7,k = 1,2,3, form a basis of the color antitriplet [3]¢. They
are, up to a factor +2 , identical to three of the Gell-Mann matrices, 2Ty = J3, 215 = —Jo, and
2Ty = Ji. The antisymmetric singlet structure in flavor space is represented by the second Pauli
matrix (72) g = —t€pq, f,9 = 1,2. The matrix My obviously fulfills the condition (2.25). From Eq.
(2.32) we construct the matrix

(Lk)zqu = (J3)ij (13)79 = (855 — 0138;3) 679 . (2.87)

In this case, Ly does not depend on k, and consists of a unit matrix in flavor space and a projector
onto the first two colors in color space. In principle, it also consists of a unit matrix in Dirac space,
which we disregard on account of the spin-zero nature of the condensate.

The eigenvalues of Ly are (cf. Appendix C)

M =1 (4fold) , A=0 (2-fold). (2.88)
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From Eq. (2.38) we conclude that there are four gapped and two ungapped excitations. (Taking into
account the 4 x 4 Dirac structure, the degeneracies are 16 and 8, respectively.)
The projectors Py, follow from Eq. (2.35),

PL=J: P2=1-J2. (2.89)

They have the property that J3P. = J3 and J3P2 = 0. Consequently, the tensor 7;65"2(k, q) vanishes
trivially. Therefore, as expected, the ungapped excitation branch does not enter the gap equation.
For s =1 we obtain

o lka) = 5 (1+edk-q) , (2.90a)

TN k,q) =

Wl Wl

. k —e'q)? .
l3—ee'k-d—(ep+q) (l-l-ee'k-él)] . (2.90b)

We now match this result to the expansion in terms of p?, Eq. (2.52). Since 7;65"2(k, q) = 0 and

because of Eq. (2.42) we have
a1 = 1 y ag = 0. (2.91)
This uniquely fixes the coefficients ng’fn(ee’ ,k,q). To subleading order we only require their values for
e=¢ =+and k~q=~pu,
2 ¢ 1 ¢ 2 . ¢
2

=3 . m=-g . m=0, =3 , =g , m=0. (292

This result implies that the contributions from static electric and non-static magnetic gluons to the
constant d defined in Eq. (2.59) cancel, and consequently d = 0.

The CFL phase

In the CFL phase, the spin-zero condensate is a flavor antitriplet locked with a color antitriplet [49],
cf. Sec. 1.3.1. The order parameter is A;; = d;;, and therefore,

My =D Ljvs =T - 15, (2.93)

where, as above, J = (J1, Jo, J3) represents the antitriplet in color space. The vector I represents the
antitriplet in flavor space and is defined analogously. Consequently, (J - I)ijq = —(5{ (5? + &¢ 5; .
From Eq. (2.32) we obtain the matrix
(Lo =@ 1)2]?0_9 = o 6% + 8;; 819 . (2.94)
ij
As in the 25C case, the operator Ly is independent of k, and we omitted its trivial Dirac structure.
It can be expanded in terms of its eigenvalues and projectors as in Eq. (2.33), with (cf. Appendix C)

M =4 (Ifold) , IA=1 (8-fold), (2.95)
and ) )
PO =g0l0) . PO =dsys" — el (2.96)

where 7311{ and 731% correspond to the singlet and octet projector, also used in Refs. [115, 116].
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We now compute the relevant components of the tensor 7;"’5"5 (k,q). Since the Dirac structure of
My is the same as in the 2SC case, the dependence on k and q is identical to the one in Eq. (2.90).
However, since the color-flavor structure is different, we obtain a non-trivial result both for s = 1 and
s = 2, with different prefactors,

ee/ 1 ! SN
Tos Mlea) = 5T “(ka) = 5 (L+edk-q) (2.97a)

)2 .
(e"’pfe‘” (1+ee'k-d)] . (2.97b)

Ol O

/ 1 ! N
T k@) = 3 Tk q) = lS—ee'k-q—

Obviously, the condition (2.51) is fulfilled. The coefficients 7)5}2 remain the same as in Eq. (2.92),
which again yields d = 0. However, the two-gap structure leads to the constants

1 2
=z, a2 =3 . (2.98)
In our treatment we have so far neglected the color-sextet, flavor-sextet gap which is induced by
condensation in the color-antitriplet, flavor-antitriplet channel [117]. Such a color-flavor symmetric
structure is generated in the anomalous propagator ZT, even for the completely antisymmetric order
parameter of Eq. (2.93). (This does not happen in the 2SC case, where the color-flavor structure of
ET remains completely antisymmetric.) Consequently, it also appears on the right-hand side of the
gap equation. The reason why it disappeared in our calculation is that we projected exclusively onto
the antisymmetric color-flavor channel when we multiplied both sides of Eq. (2.22c) with ML Af and
traced over color, flavor, and Dirac space. To be consistent, one should have started with an order
parameter which includes both the symmetric and the antisymmetric color-flavor structures. In weak
coupling, however, the symmetric gap is suppressed by an extra power of the strong coupling constant
g [110]. This fact by itself is not sufficient to neglect the symmetric gap in the weak-coupling solution
of the gap equation because this could still lead to a subleading correction which modifies the prefactor
of the (antisymmetric) gap. A more detailed investigation of this problem, however, is outside the
scope of this thesis.

The spin-one phases

In the following, we discuss four different phases in spin-one (= one-flavor) color superconductors,
namely the polar, planar, A, and color-spin-locked (CSL) phases. The former three are termed ac-
cording to their analogues in superfluid *He (remember that in spin-one color superconductors as well
as in superfluid He the order parameter is a complex 3 x 3 matrix). The latter corresponds to the B
phase in *He. While in the B phase angular momentum is locked with (nonrelativistic) spin (cf. Sec.
1.2.2), the CSL phase locks color with (total) spin in a similar way (and with the same order parame-
ter A). A detailed discussion of the symmetry breaking patterns in spin-one color superconductors is
presented in Sec. 2.2, where it is also argued in which sense the above mentioned four phases are the
most important ones. Here, we simply insert the different order parameters in order to determine the
quasiparticle excitation spectrum and the gap parameter.
The general form of the matrix My in the case of a spin-one color superconductor is

3 .
Mic= 3" Ji A [ak; + B (K)] - (2.99)
2,j=1
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Contrary to the spin-zero phases, the flavor structure is trivial. Instead, the spin-triplet structure has
to be taken into account. This is done by the terms in the angular brackets, which are components
of 3-vectors and therefore serve as a basis for the spin-triplet representation [3];. The first term,
proportional to l%j, describes pairing of quarks with the same chirality, since it commutes with the
chirality projector P, = (1 & ~5)/2. The second one, proportional to

Yik) =y —ky-k,  j=1,23, (2.100)

corresponds to pairing of quarks of opposite chirality, since commuting this term with the chirality
projector flips the sign of chirality. In the above ansatz for the gap matrix we allow for a general linear
combination of these two terms, determined by the real coefficients « and g with

2+ pr=1. (2.101)

This normalization was chosen in Ref. [62] in order to introduce a single parameter ¥ and a — sin,
B — cos?. Since our results are not essentially simplified by this redefinition, we will keep the
coefficients o and 8. In Refs. [61, 98] the special cases (a, 3) = (1,0) and («, 8) = (0,1) were termed
“longitudinal” and “transverse” gaps, respectively. We will also use these terms in the following. (In
Ref. [62], the LL and RR gaps correspond to the longitudinal and the LR and RL gaps to the transverse
gaps.) The reason why both cases can be studied separately is that a purely longitudinal gap matrix
on the right-hand side of the gap equation does not induce a transverse gap on the left-hand side and
vice versa. More precisely, inserting the matrix My from Eq. (2.99) with 8 = 0 into the anomalous
propagator from Eq. (2.46), and the result into the right-hand side of the gap equation (2.22c), we
realize that the Dirac structure still commutes with 5 and thus preserves chirality. The analogous
argument holds for the transverse gap, a = 0. For the case of an equal admixture of longitudinal and
transverse gaps, i.e., @ = # = 1/4/2, let us use the term “mixed” gap. In the following, we determine
the eigenvalues of Ly for a general linear combination of longitudinal and transverse gaps, i.e., for
arbitrary coefficients «, 5. But in the calculation of the gap parameter, for simplicity, we focus on the
three special cases of a longitudinal, a mixed, and a transverse gap (except for the polar phase, where
a general treatment is presented).

Note that the ansatz for the matrix My given in Eq. (2.99) fulfills the condition (2.25), due to
the fact that Af commutes with v (k). Had we used = in Eq. (2.99), like in Ref. [62], this condition
would have been violated and the general discussion presented above would not be applicable to the
spin-one phases. However, both choices are equivalent as was shown in Appendix C of Ref. [98].

The polar phase

In the polar phase, the order parameter is given by A;; = 6;36;3 [22, 62, 98]. Inserting this into Eq.
(2.99) yields
My = Jy [aks + By ()] . (2.102)

From Eq. (2.32) we then conclude
Ly =J2 [52 + (a? — ?) cos? 9] ) (2.103)

where 6 is the angle between the direction of the quark momentum k and the z-axis, cosf = ks.
Note that Ly is a 12 x 12 matrix in color and Dirac space. However, color and Dirac parts factorize
and the Dirac part is trivial, i.e., proportional to the unit matrix. Therefore, it is obvious that, for
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arbitrary coefficients «, 3, four eigenvalues of the matrix Ly are zero, since the color part is given by
J2 = diag(1,1,0). Physically, this means that, as in the 2SC phase, there are ungapped excitation
branches in the polar phase. The eigenvalues are

M =82+ (a2 =% cos’0  (8fold) , A=0  (4-fold) . (2.104)

Consequently, in general, the first eigenvalue depends on ,2}3; nevertheless, the projectors do not. They
are the same as in the 25C phase,

Pu=Jds , Pi=1-J;. (2.105)

ee’,2

Therefore, we immediately conclude 754, (k,q) = 0, and thus, on account of Eq. (2.53),

a1 = 1 ; a9 — 0. (2.106)
Because of their length, we do not show the explicit results for the traces 76%6;;’1 (k, q) and the coefficients
ng’;(ee’ ,k,q) in the general case (= keeping « and /). We find

de §(352—4a2) cos? 6 — 3 32
T2 (B2—a2)cos?f—p2 7

(2.107)

The function d = d(l:{) is constant with respect to k in the cases of a longitudinal and a transverse gap,
where it assumes the values d = 6 and d = 9/2, respectively. In all other cases, the factor exp(—d)
causes an anisotropy of the function ¢g.

In order to elaborate on the anisotropies of the polar phase, let us discuss the special case of a
mixed gap in somewhat more detail. In this case, i.e., for « = 8 = 1/v/2, we find

1
M=g (&fold) ,  A=0 (4fold). (2.108)

Note that these eigenvalues differ from those of Ref. [98] by a factor 2. The reason for this is the choice
of the coefficients o and 3. While in Ref. [98], & = 8 = 1, here we choose a = 8 = 1/4/2, in order to
fulfill the normalization given in Eq. (2.101). Therefore, let us check which are the implications of a
rescaling with a constant factor ¢, i.e.,
Mic — ¢ My . (2.109)
We find )
Ar = PN d—d, b0 — E(;So . (2.110)

Consequently, the physically relevant quantities are not influenced by the rescaling,
VArdo = VArdo, T.—T.. (2.111)

(Remember that in the quasiparticle excitation energies ¢¢ is multiplied by v/A;.)
Since the projectors do not depend on « and 3, Eq. (2.105) also holds for the mixed gap. This
yields

W= W~

T (k, q) {(1+ee'k-a) [1+(1+ee) ksds| — (ks +€'ds)?} . (2112a)

(ek — e’q)Z]
1
p
X {(1 +eck- cAl) [1 + (1 +ee') k3 63] — (eks + 6'(33)2}) - (2.112b)

T (k,q) = (2 k3 43 (1 —ec'k - fl) +
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There is a marked difference between the expressions (2.112) and the corresponding ones for the
previously discussed spin-zero cases. In contrast to these cases, there are two independent, fixed
spatial directions, that chosen by the order parameter and that of the vector k. Since we already
aligned the order parameter with the z-direction, we are no longer free to choose k = (0,0, k) for the
d?q-integration. Without loss of generality, however, we may assume k to lie in the zz-plane, i.e.,
k = k(sinf,0,cosf). Then, we rotate the coordinate frame for the d®q-integration by the angle @
around the y-axis, such that the rotated z-direction aligns with k. The quantities k- q, g3, and ks
appearing in Eqgs. (2.112) are expressed in terms of the new spherical coordinates (g,6’,¢') and the
rotation angle 8 as follows:

~

k-q=-cosf 43 = cos ' cosf —sin@ sinf cos¢’ ks = cos@ . (2.113)

In the new coordinates the angle between k and q is identical with 6, and thus p becomes independent
of ¢'. Still, the ¢'-integral is not trivial because of the potential ¢’ dependence of the gap function.
At this point we can only proceed by assuming the gap function to be independent of ¢/. With this
assumption, the ¢'-integration becomes elementary, and we are finally able to read off the coefficients
ng’%, which now depend on 6,

;2 ’ 2 + cos? 0 ¢, 1+cos?6 . 2 " 2 —cos? 0 ; 1—3cos?6
77025, nQZ_Ta 774=T, Uozga UQZ—T, 774=T-
(2.114)
From this and Eq. (2.59) we compute
29
g 3B +cos”0) (2.115)

2 bl

which is in agreement with the general formula, Eq. (2.107), setting o = .

Let us now comment on our assumption that the gap function is independent of ¢'. As shown
above, the value of the gap function at the Fermi surface, ¢y, is proportional to exp(—d). The angular
dependence of d then implies a similar dependence of the gap itself. If k points in the same direction
as the order parameter, § = 0, we find d = 6, while for k being orthogonal to the order parameter,
0 = /2, one obtains d = 9/2. These two cases have also been discussed in Refs. [62, 109], with the
same results for the constant d. Our results surpass the previous ones in that they interpolate between
these two limiting cases.

However, the angular dependence of ¢ causes the following problem, already mentioned below Eq.
(2.55). Since the gap function ¢(ex, 1,k) is proportional to ¢y, it also depends on §. Under the d3q-
integral on the right-hand side of the gap equation, this dependence translates into a ¢’ dependence of
#(€q,1,q). Our previous assumption, which was necessary in order to perform the ¢'-integral, precisely
neglected this dependence. Therefore, this approximation is in principle inconsistent. Nevertheless,
the agreement of our results with the ones of Refs. [62, 109] suggest that the ¢'-dependence of the gap
function could be a sub-subleading effect.

The planar phase

In the planar phase, the order parameter is given by A;; = 6;; — 0;30;3 [22, 62, 99]. This leads to

M= Jifaks + ByL ()] + JLolaks + 47 (k)] (2.116)
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and
L = Ji[(e® =Bk + B+ I3 (@ = B) kS + )+ {r, Boba® = B%)kaky  (2.117)
+71, 2] B e [be L (k) — k1 ()| = B [vL (k) 22 () — Fks) }
where {—, —} denotes the anticommutator and [—, —] the commutator. For the eigenvalues of Ly we

find (@ defined as above)
M =a?sin? 04 B%(1+cos®h)  (8fold) , A =0  (4-fold) . (2.118)

In Appendix C we present a proof for this result. Then, with Eq. (2.35), the projectors obviously are

1
Ly , P2=1-—1I. (2.119)

1 1
Pk__ )\1

=5
The fact that there is an ungapped excitation branch again leads to 7;?,5"’2(k, q) =0, and
a1=1 , as=0. (2.120)

For simplicity, we do not consider the general case of arbitrary coefficients «, 8, but focus on the three
cases of a longitudinal, a mixed, and a transverse gap. In all three cases, there is a gapped excitation
branch with degeneracy 8 and an ungapped one with degeneracy 4. Also, we do not show the traces
%%f;’l(k, q) explicitly, but rather quote the final result for the constant d. Contrary to the polar phase,
d is not only constant for longitudinal and transverse gaps but also for o = 5. We find

6 (longitudinal) ,

d=4 2% (mixed), (2.121)

\INe]

(transverse) .

The A phase

The A phase in superfluid *He has been discussed in the introduction, cf. Sec. 1.2.2 and phase diagrams
in Figs. 1.4 and 1.5. In spin-one color superconductors, we use the term A phase for the analogous
phase, i.e., the phase which is described by the same order parameter, A;; = 6;3(0;1 + id;2) [62], cf.
also Eq. (1.8b). Consequently,

M= Jy [a (ks + iks) + B (vL () + 77 ()] - (2:122)
This leads to
Lic = J3 (*(1 = k) + B2(1 + k)28 {a [k vL (k) = k1 72 (k)] = B [vL(K) 72 () — ke })

In Appendix C, we show that the eigenvalues of Ly are

A = o?sin? 0 + B(1 + cos? 0) £ 28 \/042 sin? @ 4+ 2(1 + cos? ) — (2 (4-fold each) ,
N = 0 (4-fold) . (2.124)
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For the corresponding projectors see Egs. (C.23) in Appendix C. Contrary to all previously discussed
phases, there are, in general, three different eigenvalues and thus three different excitation branches,
one of which is ungapped.

Again, for the determination of the gap parameter we focus on three special cases: In the case of
a longitudinal gap, A\; = Ay = sin?#6, i.e., there is one gapped branch with an 8-fold degeneracy and
an ungapped branch with a 4-fold degeneracy. In this case, we find

d==6 (longitudinal) . (2.125)

For a mixed gap, there is also one gapped and one ungapped branch. But since in this case A\; = 2
and Ay = 0, the degeneracy of the gapped energies is 4, while the one of the ungapped energies is 8.

Here we have
21

4
as in the planar phase. In the case of a transverse gap, there are two different gapped branches,

Arj2 = (1 £]cos 6])2. In principle, for this case one needs three constants a1, as, a3, instead of two as
in Egs. (2.52). One finds

d (mixed) , (2.126)

1
a] = as = § ) az = 0. (2.127)

However, as in all other cases with one ungapped excitation branch, the corresponding coefficient
(here: a3) vanishes. Therefore, the additional third eigenvalue does not cause any complications for
the solution of the gap equation. The structure of the gap equation is similar to the one in the CFL
phase, where also two different nonzero eigenvalues are present, and thus the above presented general
formalism applies also for the transverse A phase. One finds that

d= g (transverse) . (2.128)

The CSL phase

The CSL phase is the analogue of the B phase in superfluid 3He. Therefore, the order parameter is
given by A;; = §;5, cf. Eq. (1.8a). We obtain

My =3 [ak+ By, (k)] (2.129)
Denoting color indices by i, j, we find
(L) = (o +26%) 67 — [a k! + B (k)] [ak - ByL()] . (2.130)

Note that %, j indeed indicate the components in color space, although they appear with the vectors
k and ~ (k). This is the consequence of color-spin locking, where each spatial component is assigned
to a direction in color space, (z,y,z) — (red,green,blue). For more details about this interesting
symmetry breaking pattern see Sec. 2.2. The eigenvalues of Ly are given by [62]

1 1
A2 = 5042 +26% + 504\/052 + 8432 (4-fold each) A3 =a? (4-fold) . (2.131)

Here, in general three different nonzero gaps are possible. Note that for all «, 3, the eigenvalues are
independent of k. Let us elaborate on the cases of a longitudinal, a mixed, and a transverse gap. In
these cases, at most two of the eigenvalues A1, A2, A3 assume a nonzero value.
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In the CSL phase with longitudinal gaps only, the matrix My can be read off from the general
case in Eq. (2.130),

(L)Y =69 — Kk . (2.132)

This matrix is a projector onto the subspace orthogonal to k. However, due to color-spin locking, the

indices 4,j run over fundamental colors and not over spatial dimensions, and thus, amusingly, this

projection actually occurs in color space. Since Ly is a projector, the eigenvalues are (also obvious
from the general ones given above)

A=1 (8fold) ,  A=0 (4-fold). (2.133)
The projectors Pi’Q follow from Eq. (2.35),
Pe=ILk , Pi=1-1Ix. (2.134)

The peculiar feature of Eq. (2.134) is that the projector P\ belongs to the eigenvalue corresponding to
quasiparticle excitations with a longitudinal gap, but it actually projects onto the subspace orthogonal
to k. This is, however, not a contradiction, since the projection occurs in color space, while the gap
is longitudinal (parallel to k) in real space.

For s = 2, the quantities Jeees k, q) vanish because J - kP2 =0. For s = 1, we obtain
00,t k

’ 1 N
o0 (k,q) = 3k (1+661k'fl) ; (2.135a)
’ 1~ N o1 )2 N
T (kq) = gk-(}l?)—ee'k-(j—u(1+ee'k-(1) : (2.135b)
p

which only differ by an overall factor k - § from those of Eq. (2.90). While the constants a, are the
same as in the 2SC case, see Eq. (2.91), this factor substantially changes the coefficients ng’ﬁl,

2 1 , 1 2 1 . 1
4

y 0
M=z o T=-5 » M=13 » M=z » Mm=—g , Mi=-75 (2136)

This leads to d = 6.
In the mixed CSL phase, we find from Eq. (2.130) with « = 8 = 1/4/2 (and denoting Dirac indices
with a, b, ¢)

(L), = 07 bap + [k dac + VLacK)] 37 8ep = 7] (1) - (2.137)
The eigenvalues are

1
M=2 (dfold) , A=z (8-fold). (2.138)

Again, the eigenvalues differ by a factor of two from those of Ref. [98], cf. remarks below Eq. (2.108).
The projectors follow from Eq. (2.35),

PG, = 5 [F e +70c0)] [F b0 — 0] (2.139)

y y 11y ; .. .
(PO = 076w -3 [ bac + VLac®)] [B 8ep — ¥ op(k)] - (2.139b)
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Inserting these projectors into Eq. (2.48) we obtain

1

]_ / / A~ A~
576 k) = To 0kq) = 5 (1+ec'k-a)[1+(1+ee)k 4] , (2.140a)

(ek — e'q)Q]
p2
x(1+eck-q) [1+(1+e)k-g] }. (2.140b)

1 e : L fok. 4 k - §
L tee,l(k’q) _ 7;68’2(1{,(1):2_7{2k'q<1_ee,k'q)+

1—
2

Comparing this to Eq. (2.97), the prefactor 1/2 now accompanies 76%6,;’1 instead of 76%6,;’2. Consequently,
the constants a; and ay exchange their roles compared to the CFL case, Eq. (2.98),

2 1
a; = § ; ag — g (2141)
and, to subleading order,
2 7 1 2 5
y2 £l 0 t t t
= — = —— = — == = —— =0. 2.142
m=3 , Mm=-13 > M=y > M=3 » T=—15 (2.142)

According to Eq. (2.59), this yields d = 5.

As in the CFL case, another condensate with a symmetric color structure is induced. This con-
densate belongs to the color-sextet representation and, for Ny = 1, necessarily carries spin zero. To
identify this induced condensate, one has to explicitly analyze the color structure of =*. By analogy
to the CFL case, we expect this condensate to be suppressed by a power of g compared to the primary
spin-one, color-antitriplet condensate. Its contribution to the gap equation could be of sub-subleading
order, if there is a cancellation of the leading terms involving the spin-zero gap in the gap equation
for the spin-one gap. A more detailed investigation, however, is beyond the scope of this thesis.

For transverse gaps in the CSL phase we obtain

(L), = 250 k9 Gap — 7 4e(6) 77 (k) - (2.143)
The eigenvalues of this matrix are
A1 =2 (8fold) , Ao =0 (4-fold) . (2.144)

The projectors ’Pli’2 are given by
1 1
Pl = 3 Le Pl=1- 3 Ly . (2.145)

Although J - v, (k) Pg # 0 for both s = 1 and s = 2, the final result for %%f;’g(k, q) is nevertheless
zero. To see this, however, one has to explicitly perform the trace in Eq. (2.48). For s = 1, we obtain

’ ~ 2
T 'ka) = ¢ (1+efk-q) , (2.146a)

1 n 2 k_ ! \2
,Eee,l(k’q) _ <1+ee'k-€1) [1_(6 pZGQ)] )

D= |

(2.146b)

The constants a, are the same as in the 2SC and longitudinal CSL phases, see Eq. (2.91). The
coefficients 775’7; are
2 1

(_ 2 ‘

o = 3 2
This gives d = 9/2.
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| VAr0/95°° | longitudinal | mixed ‘ transverse ‘
172
polar 31/2|cos | =6 | e3(3+cos?0)/2 (%) / |sin | e=9/2
172 172
planar (%) ! |sin ] e~ e~ 21/4 %) / V1 + cos2fe /2
72 _ _ 172 ,
A (%) |sin@|e 6 e 21/4 (%) (1+|cos@|)e /2
CSL o 6 o 1E3)/6, 5 o 9/2

Table 2.1: The ratio v/A.¢o/¢2°¢ for four different spin-one color superconductors and longitudinal, mixed,
and transverse gaps. The angle 6 is the angle between the quark momentum and the z-axis. (Fig. 2.3 shows
the same results graphically.) In the cases of the transverse A phase and the mixed CSL phase, there are two
gapped excitation branches, A1 # 0, Ay # 0.

Summary of the results

We summarize our results in Table 2.1, Fig. 2.3, and Table 2.2.

In Table 2.1, we show the ratio v/A,¢o/¢2°¢ for all spin-one phases that were discussed in detail.
There are three essential contributions to that ratio. First, through the eigenvalue A, an angular
dependence enters. The eigenvalue is included into the table, since it also multiplies the gap in
the quasiparticle energies, Eq. (2.38). Only for the CSL phase, the eigenvalues are constants in all
three cases (longitudinal, mixed, and transverse gap) . In all other phases, the eigenvalues for the
longitudinal and transverse gap depend on k. However, for an equal admixture of longitudinal and
transverse gaps, « = § in Eq. (2.99), no angular dependence of the eigenvalues is present in any phase.

The second contribution is the factor exp(—d), typical for all spin-one gaps (for spin-zero conden-
sates, d = 0). From the table it is obvious that all longitudinal gaps carry the same suppression factor
e ® ~25.103. In Appendix D, we prove that this is indeed a universal result (=independent of
the order parameter A). Also for the transverse gaps a common factor e 92 ~ 1.1-102 is found.
Consequently, the magnitude of the gap is larger in the case of the transverse gaps. In the case of the
mixed phases, the factor e~¢ differs from phase to phase. The polar phase is the only one where this
factor is angular dependent. In all phases, the mixed gap is larger than the longitudinal, but smaller
than the transverse gap. (Note that e 2/ ~ 52.107% and e ® ~ 6.7-103.) In conclusion, the
factor e~ ¢, arising in all spin-one phases, reduces the magnitude of the gap compared to the spin-zero
phases by two to three orders of magnitude. Assuming that the gap in the 2SC phase is of the order
of 10 - 100 MeV, the gap in spin-one color superconductors is of the order of 20 - 400 keV.

The third factor listed in Table 2.1 arises from a potential two-gap structure. It is absent in all
cases with only one nonzero eigenvalue A\;. In these cases, there is one gapped and one ungapped
excitation branch. The factor is nontrivial (and of order one) in the cases with two different nonzero
eigenvalues A1, Ag. In three of the cases we consider, this situation occurs: The first case is the
CFL phase (not included into Table 2.1). In this phase, an additional factor (A{*\5?)"1/2 = 2-1/3
arises compared to the 2SC gap. Including the factor /)., as in Table 2.1, we obtain the two factors
VA2 2-1/3 = 9(1E3)/6  The second case is the mixed CSL phase, which, in this respect, is very similar
to the CFL phase. While the eigenvalues are identical in both cases (up to an irrelevant factor, cf.
discussion below Eq. (2.108)), the difference is the reversed order of the constants ay, as (cf. Egs.
(2.98) and (2.141)). Therefore, as can be seen in the last row of Table 2.1, the factor arising from
the two-gap structure is slightly different than in the CFL phase. The third phase with two nonzero
eigenvalues of the matrix Ly is the transverse A phase. In this case, ((A1)%(A\2)?2)~1/2 = (3//7)1/2,
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where we used Eqgs. (2.124) and (2.127).

The results of Table 2.1 are shown graphically in Fig. 2.3. In this figure, we show the angular
dependence of the gap schematically. We also indicate the effect of the suppression factor, which leads
to larger gaps in the transverse cases than in the longitudinal ones.

long. mixed transv.

polar

planar

O K

CSL

>

o]0,

Figure 2.3: Schematic representation of the functions v/A»¢g occurring in the quasiparticle excitation energies,
Eq. (2.38), for longitudinal, mixed, and transverse gaps in four different spin-one color-superconducting phases.
All functions are symmetric with respect to rotations around the z-axis. The numbers correspond to the
degeneracies of the respective excitation branch. In each case there are 12 excitation branches, from which we
only show the gapped ones.

In the first line of Fig. 2.3 we show the angular structure of the gap in the polar phase. In the lon-
gitudinal case (first column), the gap vanishes at the equator of the Fermi surface since v/A\; = | cos 8],
i.e., there is a nodal line. In the mixed phase, A1 does not depend on the angle §. Nevertheless, there
is an anisotropy due to the exponential factor exp(—d), cf. Egs. (2.41) and (2.115). This anisotropy is
also indicated schematically in Fig. 2.3. In the case of a transverse gap, 8 = 1, the gap function has
nodal points at the north and south pole of the Fermi surface since v/A\; = |sm 0.

In the planar phase, the longitudinal gap has point nodes, since /A\; = |sin#|, while in the
transverse case the gap is nonvanishing for all angles, /A1 = /(1 + cos? ). In the mixed case, the
gap is isotropic, A\; = 1.

The results for the A phase are illustrated in the third row of Fig. 2.3. In the longitudinal case,
the gap has two point nodes, identical to the planar phase. It is not surprising that this structure can
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‘ T./$3°¢ H longitudinal ‘ mixed ‘ transverse ‘
polar e 1.4¢721/4 e 92
planar e 6 e21/4 e 92
A o6 o—21/% o972
CSL e S e™® e 92

Table 2.2: The critical temperature T, in units of ¢z°C for four different spin-one color superconductors and
longitudinal, mixed, and transverse gaps.

also be found in the A phase of superfluid *He (cf. Fig. 1.8 in the introduction). The reason for this
is the similarity of the matrix My, Eq. (2.99), in the case § = 0 with the corresponding ansatz for
the gap matrix in superfluid 3He [22]. Therefore, all longitudinal gaps reproduce the nonrelativistic
limit. The 3-vector v (k), accounting for pairing of quarks with opposite chirality, is not present in
nonrelativistic theories, wherefore the results presented in the second and third column of Fig. 2.3 can
be considered as relativistic extensions of the first column.

The mixed gap in the A phase is isotropic (note that this case is the only one where the ungapped
excitation has degeneracy eight), whereas the transverse case exhibits two different gap structures,
one having point nodes at the north and south pole of the Fermi surface, one nonvanishing for all
directions of the quark momentum. Of course, these structures cannot be seen in the nonrelativistic
theory of the A phase in >He.

In the CSL phase, the gaps in all three cases are isotropic. Again, the nonrelativistic case repro-
duces the result for the B phase in 3He, shown in Fig. 1.8.

In Table 2.2, we present the absolute value of the critical temperature in units of the 2SC gap, ¢%SC.
Then, T, simply is given by exp(—d), cf. Eq. (2.77). In the polar phase with a mixed gap, the critical
temperature is given by the angular average of this term, cf. Eq. (2.78). With ¢25¢ ~ 10 - 100 MeV,
the critical temperature in a spin-one color superconductor is therefore of the order of 10 - 400 keV.
Finally, we remark that the BCS relation (1.5) for the critical temperature is violated in the cases of
the mixed CSL and the transverse A phases, which can be seen from Eq. (2.76). This violation, also
present in the CFL phase, originates from the two-gap structure, i.e., two excitation branches with
different, non-zero energy gaps.
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2.2 Patterns of symmetry breaking

In this section, we discuss possible symmetry breaking patterns in a spin-one color superconductor. In
other words, we present a systematic classification of theoretically possible superconducting phases. As
explained in the introduction, a superconducting phase is mathematically described by a nonvanishing
order parameter A that spontaneously breaks the original symmetry group G of the system. Remember
that A is an element of a representation of G. In the case of a spin-one color superconductor, this
representation is given by the tensor product of the antisymmetric color antitriplet [3]¢ and the
symmetric spin triplet [3]%, cf. Eq. 1.9 and Sec. 1.3.3,

A€e[3®][3]5. (2.148)

Therefore, A is, as in the case of superfluid 3He, a complex 3 x 3 matrix. There is no nontrivial
contribution from the flavor structure since we consider systems with only one quark flavor. In Sec.
1.2.2, it has been discussed that the order parameter breaks down the group G to a residual (proper)
subgroup H C G. This means that any transformation g € H leaves the order parameter invariant,

g(A)=A. (2.149)

In the following, we investigate this invariance condition in order to determine all possible order
parameters A and the corresponding residual groups H. The method we use in this section is motivated
by the analogous one for the case of superfluid ®He [22]. Note that in the previous section A already
has been introduced as a part of the gap matrix, cf. Egs. (2.24) and (2.99). The specific structure of
A has been used for four different spin-one color-superconducting phases, namely the polar, planar,
A, and CSL phases. Therefore, we expect to recover these four phases (among others) in the following
discussion.

Let us first elaborate on the mathematical contents of Eq. (2.149). From Sec. 1.3.3 we know that
the relevant symmetry group in the case of a spin-one color superconductor is

G=8U@3)x8SU2); xU()em xU(1)p, (2.150)

where SU(3). is the (local) color gauge group, SU(2); the (global) spin group, U(1)en, the (local)
electromagnetic gauge group, and U(1)g the (global) baryon number conservation group. Here, we
put “local” and “global” in parentheses because these properties of the symmetries are not essential for
the following classification. They are of relevance only for the interpretation of the results. Without
loss of generality, we can restrict ourselves to the group

G = Gl X G2 X G3 s (2151)

where

G =SU®B)., Goa=8U@2);, Gy3=U(l). (2.152)

Since in the one-flavor case the transformations of both U(1)e,, and U(1)p correspond to a multipli-
cation with a phase factor, we can reduce our following arguments to a single U(1). The extension
to both U(1)’s can be done straightforwardly at the end. After specifying the group G, we have to
specify how G acts on the order parameter in Eq. (2.149). To this end, we write an arbitrary group
element g € G as (in this section, no confusion with the strong coupling constant g is possible)

g = (91,92,93) » (2.153)
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where
g1 = exp(—ia,TL) , g2 = exp(ibyJy) , g3 = exp(2icl) , (2.154)

with real coefficients a,, (m =1,...,8), by, (n = 1,2,3), and c¢. The Gell-Mann matrices T,, generate
the group SU(3)., and we have taken into account that the color representation is an antitriplet. The
matrices J, are the same as in Eq. (2.99), where they served as the basis of the color antitriplet. Here,
they are used as the generators of the spin group SU(2);. For the generator of U(1) we choose 2 -1,
where 1 is the 3 X 3 unit matrix. The factor 2 accounts for the diquark nature of the order parameter.
The transformation g acts on the matrix My, defined in Eq. (2.99), in the following way (abbreviating
the 3-vector k; = [ak; + B, ()], such that My = J;Ak;)

9 M) = gs(g1Ji) Ay (g255)
= 930 Jp Ay gl e . (2.155)
Therefore, since J; ® r; is a basis of the representation [3]¢ ® [3]%, the matrix A transforms as

9(8ij) = g3 ¥ Aregs’ - (2:156)
Then, using Egs. (2.154), the infinitesimal transformations of A by G are given by
9(A) 2 A — ap, T A+ b, AJ, +2c A (2.157)

where T,,A as well as AJ, are matrix products. The invariance condition for the order parameter
(2.149) is thus equivalent to
—amTmA + b, AJ, +2¢A=0. (2.158)

This matrix equation can be written as a system of nine equations for the nine complex entries
A11,...,Ass of the matrix A. In principle, one can find all possible symmetry breaking patterns and
corresponding order parameters by setting the determinant of the coefficient matrix to zero. Then,
each possibility to make the determinant vanish yields a set of conditions for the coefficients a,,, by,
¢, and it can be checked if these conditions correspond to a residual subgroub H. But since this is
much too complicated, we proceed via investigating possible subgroups explicitly. In the following, we
focus only on the continuous subgroups of G.
Let us start with subgroups H that contain the smallest possible continuous group, U(1), i.e.,

H=UQ1)x H, (2.159)

where H' is a direct product of Lie groups. The residual U(1) must be generated by a 3 x 3 matrix U
which is a linear combination of the generators of G, i.e., in general,

U=anTy+bpJn+ 2l . (2.160)
Let us restrict to linear combinations that involve one generator of each group G1, G2, G3, for instance
U = agTg + b3 Js + 2cl . (2.161)

In order to find all possible order parameters, it is necessary to consider at least one more combination,
namely U = aoT5 + b3Js + 2c1. We comment on these two choices of the residual generator below.
With Eq. (2.161), the invariance condition

eV(A) = A (2.162)
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results in a system of nine equations, which can be discussed explicitly,

as .
= + 2c> A —|— 'Lb A e O s 2.163&
( 2\/5 11 312 ( )
as .
_—+2C)A —ibgAy; = 0, 2.163b
( 2\/?; 12 3411 ( )
(—ﬂ + 2c) A = 0 (2.163c)
23 B '
as .
__+2>A + 4b3 A = 0, 2.163d
( 2\/?—) & 21 103222 ( )
as .
———I—2c>A —ib3Agy; = 0, 2.163e
( 2\/5 22 321 ( )
ag
_ a8 gc) Ay = 0, 2.163f
( 2V/3 # ( )
(-% n 2c> Asp +ibsAgy = 0, (2.163g)
as .
———|—2c>A —ibsAg; = 0, 2.163h
( \/.f’; 32 3431 ( )
(—a—8 + 2c> Az = 0 (2.1631)
V3 » ' .

The corresponding coefficient matrix A exhibits a block structure and the determinant thus factorizes
into four sub-determinants. Therefore, we have to consider the equation

0 = detA = det Ay det Ay det Az detAy , (2.164)
where
as 2 2

detA ( 8 2c) i (2.165b)

2 = — s .

23

detA ( % 4 2c>2 b2 (2.165¢)

3 = Iy~ — 03, .

V3
ag

detd; = e (2.165d)

Now, one can systematically list all possibilities that yield a zero determinant of the coefficient matrix
and thus allow for a nonzero order parameter. For convenience, let us introduce a normalization for
the order parameter,

Tr(AAT) =1, (2.166)
1. detd; = 0.

Here we distinguish between the cases (i) where the two terms in the angular brackets of Eq.
(2.165a) cancel each other and (ii) where they separately vanish.
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(i) ag, c arbitrary, b3 = —ag/(2v/3) + 2c.
Inserting these conditions for the coefficients into Egs. (2.163)), one obtains for the order
parameter matrix

VNN
A=l Ay ity 0|, (2.167)
0 0 0

where the factor 1/N with N = (2|A;|? +2|A3[?)'/? accounts for the normalization (2.166).
In this case, the order parameter contains two independent parameters A; and As. From
this form of the order parameter, we can now determine the group H' in Eq. (2.159).
Inserting A into Eq. (2.158) and using the fact that the parameters Ay, Ag are independent
of each other, one obtains the conditions

1
g1 =...=a7=byj=by=0, ——ag+b3—2c=0. 2.168
1 7 1 2 2\/38 3 ( )

Consequently,
H=U(1)xU(1), (2.169)

since a vanishing coefficient in Eq. (2.168) translates to a “broken dimension” of G. For
instance, a; = 0 means that 77 does not occur in the generators of H, etc. The dimensions
of the residual Lie group can be counted with the help of the number of the conditions
for the coefficients. Since dimG = dim G + dim Gy 4+ dimGg = 8 + 3 + 1 = 12, and the
number of conditions in Egs. (2.168) is 10, we conclude dim H = 2, which is in agreement
with Eq. (2.169). Or, in other words, there is an additional U(1), i.e., H' = U(1) in Eq.
(2.159) because the equation relating the three coefficients ag, b3, ¢ allows for two linear
independent generators U and V' which are linear combinations of the generators Ty, J3, 1.
Note that U and V are not uniquely determined. One possible choice is

1

2V3

Different order parameters are obtained from two subcases:

U=1Ts — J3 V=2J35+1. (2.170)

First, one can impose the additional relation ¢ = —ag/(2v/3) between the two coefficients
that have been arbitrary above. Then, b3 = —agy/3/2. These two conditions yield

L[ A iAo
A==l Ay idy 0], (2.171)
0 0 As

where N = (2|A1|% +2|Ag|? 4 |A3/?)!/2. In this case, Eq. (2.158) leads to 11 conditions for
the coefficients a,,, by, ¢, which leaves a subgroup

H=U(1), (2.172)

generated by a linear combination of generators of all three original subgroups G1, Go, Gj,

3 1
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Second, one can set one of the coefficients ag, ¢ to zero. The condition ¢ = 0 does not yield
a new case. But ag = 0, and consequently b3 = 2¢, has to be treated separately. In this
case, Egs. (2.163) yield
1 Ay 1A 0
A= | Ay By 0|, (2.174)
Az 1Az 0
where N = (2|A1[2 4 2|Ag|? + 2|A3[?)!/2. The residual group is given by
H=U(), (2.175)
generated by
U=2J5+1. (2.176)
(ii) ¢ = ag/(4V/3), b3 = 0.
Here, one obtains
1 A Ay Ag
A= N Ay Ay Ag , (2.177)
0 0 0
where N = (38, |A;]?)!/2. Again, the residual group is one-dimensional,
H=U(1), (2.178)
generated by
1
U=T1s+——7=1. 2.179
st 15 (2.179)
2. detAy = 0.

This determinant vanishes in the following cases:

(i) bs arbitrary, c = ag/(4V/3).

With Egs. (2.163), one obtains

1 0 0 A
A=2100 4, |, (2.180)
0 0 O
where N = (|A1|? 4 |Ag|?)1/2. Inserting A into Eq. (2.158) yields
by =by =0 ! (2.181)
ag=...=ar=by=by=0, ¢c=—=ag. .
1 7 =01 =02 13"
As for the order parameter (2.167), the residual group is given by
H=UQ1)xUQ1) . (2.182)
However, the corresponding generators differ from those in Egs. (2.170),
1
U=1T5+ V=J;s. (2.183)

_1’
43
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(ii) bs arbitrary, ag = ¢ = 0.
In this case,

L (00 A
A= 00 Ay |, (2.184)
00 As

where N = (JA1|? + |Ag|? + |A3[?)Y/2. The residual group is
H=U(1), (2.185)

which is a subgroup of the spin group Go = SU(2);, since it is generated by

U=1Js. (2.186)
3. detAd3 = 0.
(i) ag, c arbitrary, b3 = ag/V/3 + 2c.
In this case, we find with Eqs. (2.163),
a=2{000 217)
V2 1 72 0 .

This matrix differs from all previously discussed order parameters in that it is uniquely

determined. Here, as in all cases above, we omitted a possible phase factor which could

multiply A without violating the normalization. In Eq. (2.187) we recover the A phase,

which already has been introduced in Eq. (1.8b) for superfluid *He and in Eq. (2.122) for a

spin-one color superconductor. Inserting A into Egs. (2.158) yields the following relations,

1

ag=...=a7=by=b=0, %ag—bg-f—zc:(). (2.188)

Consequently, besides the relation between ag, b3, and ¢, there are only 6 additional condi-
tions. Thus, the dimension of the residual group is 12 — 7 = 5. We obtain

H=SU@2)xU@1)xUQ), (2.189)

where SU (2) is generated by 277, 275, 273, and thus is a subgroup of the color gauge group
G1 = SU(3),. The factor 2 accounts for the validity of the SU(2) commutation relations,

[Ji, Jj) = ieiud s 6,5,k <3. (2.190)

For the generators of the two U(1)’s one can choose

1
2V3

As in case 1.(i), there is a subcase that produces an additional order parameter. Namely,
if we require the condition ¢ = ag/(4v/3), which yields b3 = v/3 ag/2, we obtain

U=Ts——=1, V=Js+1. (2.191)

0 0 Ay
0 0 As |, (2.192)
Ay iA; 0

1
A=y
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where N = (2|/A1|2 + |Ag)? + |A3/?)Y/2. From Eq. (2.163) we conclude that all other
coefficients vanish. Consequently,

H=U(1), (2.193)
with the generator
V3 1
U=Ts+-—Js+—1. 2.194
st 5Bt 1 (2.194)
(ii) b3 =0, c = —ag/(2V/3).
With Egs. (2.163) one obtains
1 0 0 O
A= N 0 0 O , (2.195)
A Az Aj
where N is defined as in Eq. (2.184). From Eq. (2.158) we conclude in this case
as
=.=ar=b=by=b3=0, c=——". 2.196
ay a7 = by = by = by 3 (2.196)
Hence, the residual group is
H=S5U@2)xUQ1), (2.197)
generated by 277, 215, 213, and
1
U=Ts— —=1. 2.198
4. detAy = 0.
There are two cases in which detA4 = 0:
(i) b3 arbitrary, c = —ag/(2V/3).
These relations lead to
0 0O
A=|000 |, (2.199)
0 01

As in the A phase, Eq. (2.187), the order parameter is uniquely determined. It describes the
polar phase, which has been studied in the previous section. Inserting the order parameter
of the polar phase into the invariance condition, Eq. (2.158), yields

a4:...:a7:b1:b2:O, C= ——-+—=4asg . (2.200)

Therefore, the residual group is
H=SU(2)xU(1) xU(1) (2.201)

with the generators 277, 275, 273, and

1
2V/3
Thus, the symmetry breaking pattern in the polar phase is similar to that in the A phase,

cf. (2.191). But while in the A phase both residual U(1)’s are combinations of the original
symmetries, in the polar phase one of them is a subgroup of Gy = SU(2);.

U=Ts — 1, V=J. (2.202)
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(ii) b3 arbitrary, ag = c = 0.
This case is identical to case 2.(ii).

As mentioned above, one also has to take into account generators of a residual U(1) where Ty in
Eq. (2.161) is replaced by Ty, i.e.,
U = ayTh + b3Js + 2cl . (2.203)

The reason why 75 plays a special role is that we used the generator J3 of the spin group, which is
proportional to T5. Consequently, we expect to find additional residual groups that connect the color
group with the spin group (meaning a residual U(1) generated by a combination of a color and a spin
generator). The calculations with this generator are completely analogous to the ones with the ansatz
(2.161). Therefore, without presenting the details, let us mention that the ansatz (2.203) yields one
new unique order parameter, namely

0 0
10 . (2.204)
00
This order parameter corresponds to the planar phase, introduced in Eq. (2.116). In this case, Eq.

(2.158) yields
1

a1=0, az=as=...=a7;=by=by=0, ay=2b3, c:mag. (2.205)
Thus, the residual group is
H=U(1)xU(1), (2.206)
with the generators
U=2T+J;, VzTg—I-Ll. (2.207)
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Let us now turn to possible groups H that do not contain any U(1) but solely consist of higher-
dimensional Lie groups, say
H=SU@2)x H . (2.208)

Let Uy, Uy, Us be the generators of the residual SU(2). They are linear combinations of the generators
of G,

Uy = alTn+bLJ, +21, (2.209a)
Uy = a2 T+ b2J, +221 (2.209b)
Us = a}Tm+b2J, +21 . (2.209c)

Since they must fulfill the SU(2) commutation relations, Eq. (2.190), they must not contain the
generator of G3 = U(1), the unit matrix, i.e., ¢! = ¢2 = ¢ = 0 . Therefore, there are three
possibilities. First, each U; is a combination of color and spin generators. Second and third, each U;
is composed solely of color or spin generators, respectively. The simplest options to realize these cases
are

(a) Ui=T+J; , (2.210a)
0 U=T;, (2.210b)
(c) Ui =J; (2.210c)



70 Chapter 2. Spin-one color superconductivity

where (17, Ty, T3) is either given by (271, 2Ts, 2T5) or (217, —2T5,2T5), which both fulfill the required
commutation relations. Using the options (a), (b), (c), let us first show that H' in Eq. (2.208) cannot
be a second SU(2). To this end, assume that H' = SU(2) with generators Vi, V3, V3, which have the
same form as the generators U; in Egs. (2.210). Then, since the Lie algebra of H is a direct sum of
the constituent Lie algebras, cf. Sec. 1.2.2, we have to require

[Ui, Vi1 =0. (2.211)
This condition reduces all options to one, namely
Ui=T;, Vi=J; (2.212)
(or vice versa). However, now the invariance equation for the order parameter yields
AJ; =0, (2.213)

for all 4 = 1,2, 3, which does not allow for a nonzero order parameter A. Therefore, H' = SU(2) is
forbidden. Since the cases with H' = U(1) and H' = U(1) x U(1) were already covered in the above
discussion, the only possibility that is left is H' = 1 and thus H = SU(2).

From Egs. (2.210), case (¢) can be immediately excluded since it also leads to Eq. (2.213). The
same argument excludes case (b) with (77,745,T3) = (217, —2T5,2T5). Case (b) with (T7,T5,T3) =
(211,2T5,2T3) leads to two order parameters already considered above, namely the A phase, Eq.
(2.187), and the polar phase, Eq. (2.199). In case (a), only (11,745,13) = (217, —2Ts, 215) is possible.
With

UA=-T/A+AJ; =0, (2.214)
one finds
L [ 00
A=—=|[01 0. (2.215)
V{0 01

Indeed, it can be checked with Eq. (2.158) that this order parameter leads to
a1:a3:a4:a6:a8:c:0, a2:2b3, a5:—2b2, a7:2b1, (2.216)

which corresponds to H = SU(2), consisting of joint rotations in color and spin space. This is the CSL
phase introduced for a spin-one color superconductor in Eq. (2.129) and for superfluid *He (therein
called B phase) in Eq. (1.8a).

Finally, we give an argument why an even larger subgroup, i.e., an SU(3), cannot occur in the
residual group H. Assume that there are eight generators W1, ..., Wg of this SU(3). Then, as for the
SU(2) subgroup above, there can be no contribution to W1y, ..., Wg from the G5 generator due to the
SU(3) commutation relations for the generators,

where f;;; are the SU(3) structure constants. Also, W; = T; is excluded because in this case the
invariance condition yields TgA = 0 and thus A = 0. Therefore, at least one of the spin generators
has to be included. For instance, choose Wg = Tg + bsJs. Then, from the commutation relation
[Wy, Ws5] ~ Ws we conclude that also J; and Jo must be included via Wy = Ty + b1 J; and W5 =
Ts + baJo. But now the three equations W4 A = W5A = WgA = 0 lead to A = 0. Therefore, we
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conclude that there is no residual group H that contains an SU(3). For a more rigorous proof one has
to take into account more complicated linear combinations of the original generators.

Before we summarize and interpret the results, let us add two remarks.

First, we explain how the above discussion can be extended to two original U(1) symmetries, one
accounting for electromagnetism (local) and one for baryon number conservation (global). Denoting
the generators of these two groups by 2¢ 1., and 2 - 15, respectively, where ¢ is the electric charge of
the quark, it is very simple to generalize the results to this situation. For instance, in the polar phase
there are not only two residual U(1)’s generated by U = Ty — 1/(2v/3)1 and V = J3, cf. Egs. (2.202),
but three U(1)’s generated by U; = Ty — 1/(2¢Vv/3)1em (locall), Us = Ts — 1/(2v/3)15 (global!), and
V = Js. The extension in the other phases works analogously. Note that the same problem in a two-
or three-flavor color superconductor is less trivial. In these cases, the generator of the electromagnetic
gauge group is not proportional to the unit matrix since it involves different electric charges of the
respective quark flavors.

The second remark concerns the difference between the uniquely determined order parameters,
such as those for the polar, planar, A, and CSL phases, and the ones that depend on one or more
free parameters. Without elaborating on the group-theoretical details, let us refer to the analogous
situation in 3He. In this case, all order parameters of the first kind lead to so-called “inert” states [22].
All experimentally known states of superfluid 3He belong to this class of order parameters. Mathe-
matically speaking, these order parameter matrices play a special role due to a theorem (“Michel’s
Theorem”) [22, 118], which ensures that these order parameters correspond to a stationary point of
any G-invariant functional of A (for instance the effective potential). This is the reason why in Secs.
2.1, 2.3, and 2.4 we focus on these order parameters.

In Fig. 2.4, we summarize our results in a list of all superconducting phases that we have found in
the above discussion. It should be mentioned that this list is not complete, since for the generators
of the residual U(1)’s we have restricted ourselves to two special forms given in Eqgs. (2.161) and
(2.203). Therefore, there are certainly more (at least noninert) order parameters that lead to an
allowed symmetry breaking. The inert states are listed in the first four lines. Each of these four states
has its analogue in superfluid 3He [22]. Note that the A; phase, which is experimentally observed in
3He in the presence of an external magnetic field (see the phase diagram in Fig. 1.4), does not lead
to an allowed symmetry breaking in the case of a spin-one color superconductor [62]. To see this, one
inserts the corresponding order parameter from Eq. (1.8c) into Eq. (2.158). One obtains

=a3=b=b=0 = = L !
a1 =0a3=01=02=U, a4=ar, as5=as, §a2+ﬁ
These 7 conditions suggest that dim H = 12—7 = 5 and thus H = SU(2)xU (1) xU(1). However, there
is no possibility to construct three generators from the above conditions that fulfill the commutation
relations (2.190). For instance, assume that two of these generators are given by Uy = Ty + 17 and
Us = Ts + Ts. Then, with Eq. (2.217), [U1,Us] ~ T3. But since ag = 0, the third generator Us cannot
be proportional to T3. Consequently, there is no A; phase in a spin-one color superconductor.

Below the four inert states we list the eight noninert states which have been found above. Note
that one of these noninert phases, given in Eq. (2.195), has a larger residual symmetry group than the
planar and CSL phases.

There are several properties of the spin-one phases which can easily be read off from Fig. 2.4. First,
consider the spin group SU(2),;. This symmetry accounts for the rotational symmetry in real space
of the normal-conducting phase (remember that, in the case of the spin-one representation, one can
equivalently consider SO(3) instead of SU(2)s). The list shows that spatial symmetry is broken in

ag — b3 —2c=0. (2.218)
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each case. For instance, in the polar phase, SU(2) is broken to its subgroup U(1);. Therefore, the
superconducting phase is invariant under rotations around one fixed axis in real space. This axis (the
3-axis) is chosen by the spins of the Cooper pairs which all are aligned in one direction. In the previous
section it has been shown that this breakdown of the rotational symmetry leads to an anisotropy of
the energy gap. In most of the other cases, the breaking of the spatial rotation symmetry is more
subtle: For instance in the planar phase, the superconducting state is invariant under a special joint
rotation in color and real space. Note that in the planar phase, unlike the polar phase, the special role
of the third spatial direction originates from the fact that the spins are aligned perpendicular to the
3-axis. The most interesting breakdown of spatial symmetries is present in the CSL phase. Here, any
rotation in real space leaves the system invariant as long as one simultaneously performes the same
rotation in fundamental color space which is spanned by the three directions red, green, and blue.
This special form of locking of color and spatial indices is responsible for the fact that the CSL phase
(and the B phase in 3He) is “pseudoisotropic”. In fact, in the previous section it has been shown that
there is no anisotropy in the gap function, cf. Fig. 2.3.

Next, let us read off some properties concerning the color symmetry. It is obvious that in none
of the cases the full color symmetry is preserved. In this sense, it is justified to call each phase a
color superconductor. In three of the cases, there is a residual color subgroup SU(2), namely in the
polar phase, the A phase, and the noninert phase given by Eq. (2.195). Mathematically speaking, this
residual group originates from the fact that the order parameter has only nonzero elements in its third
row. Therefore, the third direction in fundamental color space is preferred. Physically, this means
that the Cooper pairs carry color charge anti-blue, or, in other words, only red and green quarks form
Cooper pairs. Of course, the choice of the anti-blue direction is convention; more generally speaking,
quarks of one color remain unpaired. Remember that this is also true for the 2SC phase in a two-flavor
color superconductor, cf. Sec. 1.3.1.

From Sec. 1.3.2 we know that a spontaneously broken gauge symmetry is equivalent to massive
gauge bosons. In the case of a color superconductor, these masses are the magnetic screening masses
of the gluons. Therefore, in the cases where there is a residual color subgroup SU(2), we expect a
Meissner effect for five of the eight gluons. Three of the gluons, however, namely those corresponding
to the generators 11, T, T3, do not attain a Meissner mass. This is also obvious from the fact that
these gluons do not see the (anti-)blue color charge which is carried by the Cooper pairs. For a more
detailed and quantitative discussion of the color Meissner effect, see the next section. Also with respect
to the breakdown of the color symmetry, the CSL phase is exceptional. Although there is a residual
SU(2), where three of the color generators are involved, we expect all eight gluons to attain a Meissner
mass. To this end, note that this residual SU(2) is a global symmetry and therefore all dimensions of
the gauge group have to be considered as broken. This is analogous to the CFL phase introduced in
Sec. 1.3.1. In this three-flavor color-superconducting phase, color is locked to flavor which results in a
color Meissner effect for all eight gluons.

In order to discuss the question whether the color superconductors in Fig. 2.4 are also electro-
magnetic superconductors, one regards the U(1) of the original symmetry (hatched background in the
figure) as the electromagnetic gauge group U(1)epn,. From ordinary superconductors, cf. Sec. 1.2.1,
we know that this symmetry is spontaneously broken below the critical temperature. Therefore, a
simple conclusion is that all states in the list without a hatched background occurring in the residual
group are electromagnetic superconductors. Obviously, this is the case for the CSL phase and for one
of the noninert states, defined in Eq. (2.184). This is a remarkable result because electromagnetic
superconductivity is absent in both spin-zero superconductors that were discussed in the introduc-
tion. Moreover, the presence of the electromagnetic Meissner effect in a spin-one color superconductor
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probably leads to observable implications for the properties of a neutron star [100].

In most of the phases listed in Fig. 2.4, the question of the electromagnetic Meissner effect is less
trivial. Although in none of the cases the electromagnetic gauge group is untouched, there are residual
groups that involve the U(1).,, generator. Here we have to distinguish between two cases. First,
U(1)¢m may only be coupled to the global spin group which results in a global residual (sub)group. In
this case we expect the photon to attain a magnetic screening mass since this situation is analogous
to the CFL (and CSL) phase(s), where a coupling of the gluons to the global flavor (spin) symmetry
leads to a color Meissner effect for all gluons. Second, U(1)en, may couple to the color gauge group.
This happens for instance in the polar, planar, and A phases. Since this scenario exactly corresponds
to the cases of the 2SC and CFL phases, we expect a “rotated” magnetic photon (cf. Sec. 1.3.2) that
can penetrate the superconductor (= no electromagnetic Meissner effect). Besides the color Meissner
effect, also the electromagnetic Meissner effect is treated quantitatively in Sec. 2.3. In this section,
we also discuss the case of a many-flavor system in which each quark flavor separately forms spin-one
Cooper pairs in the polar phase. It turns out that in this case there is an electromagnetic Meissner
effect, in spite of the apparently contradicting conclusion from Fig. 2.4.

Finally, let us comment on the superfluidity of the phases. To this end, regard the hatched U(1) as
the particle number conservation symmetry U(1)g. As discussed in the introduction, a spontaneous
breakdown of this symmetry leads to superfluidity (= a stable superflow and vortices in a rotating
system). Again, the only phases in the list, where the breakdown of this symmetry is obvious, are
the CSL phase and the phase from Eq. (2.184). In all other cases, the question of superfluidity is
nontrivial. It is comparable to the A phase in 3He, see discussion in Sec. 1.2.2. Remember that in the
CFL phase, U(1) g is completely broken, cf. Eq. (1.12), which renders this phase a superfluid, contrary
to the 2SC phase, cf. Eq. (1.11), which behaves similar to most of the spin-one phases (e.g., the polar
phase) and is no superfluid. In Sec. 1.1.2, it has been indicated that also the question of superfluidity
is of great physical relevance, since superfluid vortices (together with magnetic flux tubes) play an
important role for possible explanations of the properties of a neutron star.
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Figure 2.4: Symmetry breaking patterns and order parameters for a spin-one color superconductor. The
original symmetry group (first line) is given by the color gauge group SU (3). (blank background), the spin group
SU(2); (grey background), and a U(1) (hatched background). The latter can be regarded as the electromagnetic
gauge group or the baryon number conservation group. The backgrounds of the residual groups illustrate the
symmetry breaking pattern. For instance, the blank SU(2) occuring in the residual group of the polar phase is
generated solely by generators of the original SU(3). while the blank /hatched U(1) in the same line is generated
by a linear combination of the generators of the original SU(2); and U(1) groups. For the explicit expression
of these generators, see text.



2.3. Mixing and screening of photons and gluons 75

2.3 Mixing and screening of photons and gluons

From the previous section, where symmetry breaking patterns in a spin-one color superconductor
have been studied, we know that different color-superconducting phases have different properties with
respect to electromagnetic and color fields, i.e., with respect to photons and gluons. With the help
of simple group-theoretical arguments it has been shown that for instance the CSL phase exhibits an
electromagnetic Meissner effect. This is in contrast to the 25C and CFL phases in a spin-zero color
superconductor. In these phases there is a color Meissner effect for five and eight gluons, respectively,
but due to a locking of the color and electromagnetic gauge groups there is no electromagnetic Meissner
effect. In Sec. 1.3.2, it was mentioned that this absence of the Meissner effect is somehow related to a
mixing of the gauge boson fields and that this is analogous to what happens in the Weinberg-Salam
model of electroweak interactions.

It is the goal of this section to clarify this mixing between photons and gluons, which is also
expected to be present in several spin-one phases, cf. Fig. 2.4. Furthermore, we not only present a
calculation of the magnetic screening masses (= Meissner masses) in order to quantitatively verify the
group-theoretical predictions from the last section, but also compute the electric screening masses (=
Debye masses) for all gauge bosons. The calculations are shown for four different color-superconducting
phases. We consider the 2SC and CFL phases as well as the polar and CSL phases. More precisely,
for the spin-one phases we focus on the “mixed polar” and the “mixed CSL” phases, cf. explanation
below Eq. (2.99), but refer to them shortly as “polar” and “CSL” phases

This section is organized as follows. In Sec. 2.3.1 we start from the QCD partition function for
massless quarks in the presence of gluon and photon gauge fields in order to derive the gauge boson
propagators in a color superconductor. This fundamental study provides the basis for the following
sections, since it can be applied for arbitrary phases in color superconductivity. It is also general in
the sense that we consider gauge fields for arbitrary four-momenta P while afterwards we focus on
the limiting case P — 0 in order to discuss screening of static and homogeneous electric and magnetic
fields.

In Sec. 2.3.2, we present a general definition of the mixing angle. This mixing angle is the analogue
of the Weinberg angle, cf. Table 1.1, and quantitatively describes the mixing between photons and glu-
ons. Its definition is based on the results of Sec. 2.3.1. Making use of the results of the group-theoretical
study in Sec. 2.2, the explicit form of the mixing angle in terms of the strong and electromagnetic
coupling constants g and e is presented for the above mentioned four color-superconducting phases.

In the next sections we extend the results of Sec. 2.3.2 by performing a calculation of the De-
bye and Meissner masses for all gauge bosons. These masses correspond to the inverse screening
lengths for electric and magnetic fields, respectively. They are obtained from the longitudinal and
transverse components of the polarization tensors in the zero-energy, low-momentum limit. In the
first of these sections, Sec. 2.3.3, we perform all calculations that do not depend on the special color-
superconducting phase. A part of these calculations, namely the integrals over the absolute value
of the quark momentum, are deferred to Appendix E. In Sec. 2.3.4, we specify the results for the
above mentioned phases, i.e., we derive the particular expressions for the relevant components of the
polarization tensors. Readers who are not interested in the technical details may skip this section. All
results and a discussion are given in Sec. 2.3.5. We present all screening masses for photons and gluons
which yield the mixing angles and the masses for the (physically relevant) mixed, or “rotated”, gauge
bosons. One of the points we discuss in this section is in which cases these mixing angles obtained
from the calculation of the screening masses differ from the ones obtained in Sec. 2.3.2.
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2.3.1 Gluon and photon propagators

In the following, we provide the theoretical basis for the calculation of the Debye and Meissner masses in
a color superconductor. The results of this section are the final form for gluon and photon propagators,
Eq. (2.254), and the definitions for the “rotated” Debye and Meissner masses, Egs. (2.255).

As in Sec. 2.1.1, where the QCD gap equation has been derived, we start from the QCD partition
function for massless quarks. (In Sec. 2.1.1, the quark mass m was kept for the derivation of the gap
equation, but was set to zero before the explicit calculations were performed.) Besides the gluon fields
A¥ . however, we also include a photon field A#,

Z= / DAeSAZ,[A] . (2.219)

Since the emphasis of this section is put on the gauge fields, we choose a slightly different notation
compared to Eq. (2.1). The action for gluon and photon fields is given by S4. It consists of three
parts, cf. also Eq. (2.2),

Sa = 8Sp2+ Sy + Srpa » (2.220)

where Sy; and Sppg are the gauge fixing and ghost terms, respectively, and

1
S =1 /X (FIYF®, + FIE,,) (2.221)

is the gauge field part. The space-time integration is defined as in Sec. 2.1.1. The field strength
tensors Fyj, = 0, A} — 0, Al +gf abcAZAf, correspond to the gluon fields A}, while F,, = 0,4, — 0,4,
corresponds to the photon field A,. The functional Z;[A] is the grand partition function of massless
quarks in the presence of gluon and photon fields and a chemical potential u. It is given by

Z,[A] = /Diﬁ Dip exp [/X P (90 + pyvo + 97" ALTa + v A,Q) ¥ | (2.222)

where T, are the generators in the fundamental representation of the gauge group of strong interactions,
SU(3)., and @ is the generator of the electromagnetic U(1)¢y,. Here, @ is not necessarily proportional
to the unit matrix (as it was the case in Sec. 2.2), since in the current general treatment the number
of flavors is not specified. The coupling constants for the strong interaction and electromagnetism are
denoted by g and e, respectively. The quark fields v are spinors in color, flavor, and Dirac space.

In order to take into account Cooper pairing of the quarks, we include a diquark source term. This
has been done for instance in Refs. [46, 119]. We generalize this treatment by also taking into account
the photon field. Then, after integrating out the fermion fields, the partition function is given by [119]

1 .
Sa+=TrIn(S™" + ASTH)| (2.223)

Z:/DAexp 2

where the trace runs over space-time, Nambu-Gor’kov, color, flavor, and Dirac indices. The sum over a
now runs from 1 to 9, where Az = A, is the photon field. § = §(X,Y) is the quasiparticle propagator
in Nambu-Gor’kov space. We also defined the 2 x 2 Nambu-Gor’kov matrices

) diag(gy*T,, —g Y*TT) for a=1,...,8,
I = diag (T%,T%) = (2.224)
diag(ev*Q, —ey"Q) for a=9.
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For convenience, we included the coupling constants into T* and T, although it differs from the
notation introduced in Sec. 2.1, see Eq. (2.10).

In Eq. (2.223), we did not explicitly keep the fluctuations of the order parameter field, cf. Eq. (26)
of Ref. [119]. This is possible, since we are only interested in the gauge field propagator. Nevertheless,
it should be kept in mind that, like in any theory with spontaneously broken gauge symmetry, these
fluctuations mix with the (4-)longitudinal (unphysical) components of the gauge field. As usual, using
a suitable choice of 't Hooft gauge, the fluctuations can be decoupled from the gauge field. Then, in
unitary gauge, one finds that the gauge field propagator is explicitly (4-)transverse [119], in accordance
with general principles [120, 121].

Expanding the logarithm in Eq. (2.223) to second order in the gauge fields, we obtain

1 _ A 1 _ 1 . 1 A A
5 Tr In(S Db ASTEY) o~ ;TrnS T+ 5 TAL TG 8] — S T[4 TG SATY S . (2.225)
Following Ref. [119], the sum of all terms which are quadratic in the gauge fields will be denoted by

S5. Sy does not only contain the pure gluon and photon terms but also two terms which mix gluon
and photon fields. In order to perform the trace over space-time, we introduce the Fourier transforms

S(X,Y) = %Ze’iK'(X’Y)S(K), (2.226a)
K
ALX) = D ePrAYP), (2.226b)
P

where we used translational invariance, S(X,Y) = S(X —Y). Then we obtain

Sy = —i v Tr[A%(X) T S(X,Y) AL (Y) T} S(Y, X))
= —i Y Tr[A%(—P) T S(K) AY(P) Ty S(K — P)]
K,P
1

_ _% ; A%(—P)TI™ (P) A% (P) (2.227)

where the trace now runs over Nambu-Gor’kov, color, flavor, and Dirac indices and where we defined
the polarization tensor

™ (P) = %% ; e[ S(K) Y S(K — P)] . (2.228)

The Nambu-Gor’kov quasiparticle propagator in momentum space S(K) is defined as in Eq. (2.18),

S(K) = ( gi((lf)) 2_((?) ) . (2.229)

In the following, we may put the regular self-energies ©F to zero since, to the order we are computing,
they do not influence the results for the polarization tensors. Consequently,

¢H(K) = {[6GF17(K) - 97 (K) GF (K) 25(K)} (2.230a)

EH(K) = —-GI(K)o*(K)G*(K), (2.230b)



78 Chapter 2. Spin-one color superconductivity

where GF (K) = (7, K" £ puyo)~! is the free propagator. The gap matrices ®*(K) are given by Egs.
(2.23) and (2.24). The quasiparticle propagators are

G=(K) =[GFE)] ' D Y PLAEe ! o (2.231)
e=tr=1,2 k3 — [ei,r(qﬁe)]

In Sec. 2.1, only G* was needed, cf. Eq. (2.36). In order to derive the corresponding expression for
G—, we used the identity 'YOMLMk')’O = MkML. This identity is valid in the phases we consider,
i.e., the 2SC, CFL, polar, and CSL phases. (However, in the A phase it does not hold, which causes
a slight modification of the above result, cf. Sec. 2.4.) All quantities in Eq. (2.231) are defined as in
Sec. 2.1, i.e., Py are projectors onto the eigenspaces of the hermitian matrix Ly = 'YOMLMk’YO- In all
phases considered here, there are two eigenvalues of this matrix, denoted by A; and Ay. They appear
in the quasiparticle excitation energies

1/2
o (8) = (1 — k) + Mlg°] (2:232)
The projectors are given by Eq. (2.35). The anomalous propagators can be written as
(4
= _ K
ET(K) = =2 oMo Pl — ¢*(K) 5 (2.233a)
kg — |6, (4°)]
€ *x K
E(K) = —S MLPLAL - ¢ (K) . (2.233b)
er kg — [fi,r@se)]

As in Ref. [119], we introduce a set of complete, orthogonal projectors for each 4-vector P* = (pg, p),

NENY PHpY

o =g -Qr, =T, or=Tn

(2.234)

Il
Il

With N* = (pop?/P2,p3p/P?), the projector Q4" projects onto the one-dimensional subspace that
is (4-)orthogonal to P* but (3-)parallel to p. The operator Q5" projects onto the one-dimensional sub-
space parallel to P#. Consequently, Q% projects onto a two-dimensional subspace that is (4-)orthogonal
to both P# and N*. Furthermore, this subspace is (3-)orthogonal to p. With the additional tensor

Q! = NPV + PANY (2.235)
we can decompose the polarization tensor [121],

Mgy (P) = 3Ty (P) Q1 . (2.236)

(In the notation of Refs. [119, 121], Q; = A, Qs = B, Q3 = E,Q, = C.) Since for i = 1,2,3,
Q" Quyy = 0, the coefficients II%, (P) of the projection operators are given by

, Y (P) Qi
to(P) = M , i=1,2,3. (2.237)
i
The remaining coefficient corresponding to Qg is
1% (P)Qu,
1, (P) = Do (P)Qunp (2.238)

Qi\g Q4a)\
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The explicit forms for IT¢; (P) are given in Ref. [119], Egs. (42) and (43). Employing the decomposition
of the polarization tensor in Eq. (2.227), we obtain

———ZZA“ P)QTIE, (P) A% (P) . (2.239)
Now we add the free gauge field term
§© = _LV 5= qapyp2g — prpryac(p) = — LY. S 40 pyp2igm 4 gy aa(p) | (2.24
7 2TZ u(=P)(Pg )AL(P) 2TZ p(=P)P7(Q1" + Q37 ) AL(P) . (2.240)
P P
We obtain
2 ) 4 ]
Sy + 5% = Z A% (— {Z QU [0 P? + Ty (P)] + 3 O ;,,(P)} Ab(P) . (2.241)
=1 =3

Since we finally want to read off the gluon and photon propagators, we have to transform this expression
in two ways. First, concerning the Dirac structure it is necessary to get rid of the term proportional to
Q, which mixes the longitudinal mode (3-parallel to p) with the unphysical mode (4-parallel to P*).
Then, inverting the inverse propagator becomes trivial, because it is just a linear combination of the
complete, orthogonal projectors Q1, Qs, Q3. Second, in order to obtain the physical modes we have
to diagonalize the resulting 9 X 9 matrices which, after eliminating Qu, will replace d,P? + IT¢, (P),
i=1,2, and I, (P), i = 3,4 in Eq. (2.241).
We first write Sy + 51(!32) as

1V & a 1 a
S+ 58 = 5 S {3 AT (=P) [5uP? + Ty (P)] AL(P) + A" (~ PYIIZ,(P) AL, (P)
P =1

+ A3 (=P)N, I, (P) P, AY (P)
+ A5 (—P)P,II,(P)N, Ay (P)} (2.242)

where A¥(P) = QI A%(P) are the gauge fields projected on the subspace corresponding to Q;. Now
one can “unmix” the fields A4 (P) and A5 (P) by the following transformation of the unphysical field
component A§, (P), which does not affect the final result since we integrate over all fields in the
partition function,

AU-P) — AP(-P) — AZ(~P)N,ITY(P) [(P)] PP, (2.243a)
8,(P) — A3,(P)— B, [I(P)] T, (P) N,Ag"(P) . (2.243b)

After this transformation, one is left with quadratic expressions in the projected fields. The transfor-
mation modifies the term corresponding to ¢ = 2,

S$+8% = -2 Z A%(—P)(Q4 [6arP? + Ty (P)]

o {%PQ +IB(P) - PNPTIL(P) [I(P)] | TI(P)}

&

+ Q4 T, (P)) Ab(P) . (2.244)
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Before we do the diagonalization in the 9-dimensional gluon-photon space, we add the gauge fixing
term Sgr. We choose the following gauge with gauge parameter A,

S,p = 2/\TZA“ P)P*PYA%(P) = 2)\TZAa P)P?Qk" A%(P) . (2.245)

This looks like a covariant gauge but, including the fluctuations of the order parameter, which we did

not write explicitly, it is actually some kind of 't Hooft gauge, cf. Eq. (50) of Ref. [119]. Moreover,

had we fixed the gauge prior to the shift (2.243) of the gauge fields, we would have to start with an

expression which is non-local and also involves the (3-)longitudinal components A5* of the gauge field.
Adding the gauge fixing term (2.245) to Eq. (2.244) leads to

Sy+ 80 + 8, =—=— Z ZA“ P)Q e, (P)AY(P) , (2.246)
P =1
with
o P? + 111, (P) for i=1,
ip(P) =4 84 P2 + 12, (P) — P2N2IIA,(P) [T13(P)] . T4 (P) for i=2, (2.247)
Sapx P? + T13,(P) for i=3.

In order to obtain the physical modes, we have to diagonalize the 9 X 9 matrices GZ()(P)- Since
*»(P) is real and symmetric, diagonalization is achieved via an orthogonal transformation with a
9 x 9 matrix O;(P),

1V LA v ~
Sa+ Sid + Syr = =57 DD Ap(—P) QI 0L, (P) AL (P) (2.248)
P i=1
where .
As (P) = O (P)A(P) (2.249)
are the rotated gauge fields and
044 (P) = O (P)©},(P)Of(P) (2.250)

are diagonal matrices. The index ¢ in flf” has a different origin than in Af, introduced in Eq. (2.242).

For AZ ;» 1t indicates that for each 7 = 1,2,3 one has to perform a separate diagonalization. For A,
it denoted the projection corresponding to the projector Q5.

Note that the orthogonal matrix O;(P) depends on P*. For energies and momenta much larger
than the superconducting gap parameter the polarization tensor is explicitly (4-)transverse, II3 = 0,
and diagonal in a, b. In this case, O;(P) — 1. Consequently, the gauge fields are not rotated. However,
in the limit pg = 0, p — 0 it is known that gluons and photons mix at least in the 25C and CFL
phases, cf. Sec. 1.3.2 and references therein, O;(P) # 1. Thus, the mixing angle between gluons and
photons, which will be discussed in Sec. 2.3.2, is in general a function of P# and interpolates between
a nonvanishing value at py = 0, p — 0 and zero when pgy, p — co. Note also that the orthogonal matrix
O;(P) depends on i, i.e., it may be different for longitudinal and transverse modes. We comment on
this in more detail below.
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From Eq. (2.248), we can immediately read off the inverse propagator for gluons and photons. It
is

3
AT (P) =) Q1 64, (P) - (2.251)
i=1
From the definition of ©%,(P) we conclude

B P2+ 1,(P) for i=1,2,
Oa(P) = i (2.252)
P2+ 113,(P) for i=3,

where

Ob(P)IT;,(P)0<(P) for i=1,3,
I, (P) = (2.253)
0g(P) {112,(P) — P2N?11,(P) [IP(P)] ! TI4.(P)} O85(P) for i=2.

In the case py = 0, using Egs. (42) and (43) of Ref. [119] one realizes that the extra term involving
13 and IT* for 4 = 2 vanishes. Thus, in this case one only has to diagonalize the original polarization
tensors Hflb.

Finally, we end up with the gauge boson propagator

1 1 A

AP )= —— QW — oy
wP) = S T e 2 )

QLY . (2.254)
Setting the gauge parameter A = 0, we are left with the transverse and (3-)longitudinal modes, in
accordance with general principles [120, 121]. The static color and electromagnetic properties of the
color superconductor are characterized by the Debye masses mp , and the Meissner masses Mz,
which are defined as

Mha = = lmIiZ,(0,p) = - lim 1330, p) , (2.255a)
. .= 1o e i
e = —limIT,(0,p) = 5 lim (87 — 5311, (0,p) - (2.255b)

Since the orthogonal matrices O;(P) are regular in the limit pg = 0, p — 0, the masses can also be
obtained by first computing limy,_,o IT%; (0, p) and then diagonalizing the resulting 9 x 9 mass matrix.
In Sec. 2.3.3, we use this method to compute ﬁz%y o, and m?\/[, o+ Since the diagonalization of the matrix
I1%} (P) for arbitrary P* is too difficult.

2.3.2 The mixing angle

In this section, we investigate the structure of the orthogonal matrices O;(P) which diagonalize the
gauge field part of the grand partition function. In general, the matrices O;(P) mix all gluon compo-
nents among themselves and with the photon. However, in the limit pg = 0, p — 0 it turns out that
the only non-zero off-diagonal elements of the tensor ITY, = lim,_,oIT¢, (0, p) are II§, = H§7 = H%S.
Physically speaking, gluons do not mix among themselves and only the eighth gluon mixes with the
photon. In this case, Eq. (2.253) reduces to the diagonalization of a 2 x 2 matrix. Consequently, the
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diagonalization is determined by only one parameter 6; and the (nontrivial part of the) transformation
operator reads

o cosf; sinb;
O; = ( —sinf; cos#; > ' (2.256)
The new fields are
fliﬂ- = cosb; Ai +sin6; A, , (2.257a)
flm = —sinb; Ai +cosb; A, . (2.257b)
The new polarization functions (eigenvalues of II¢;) are
i gg = Hég cos? 0; + 21‘[@7 sin 6; cos 0; + wa sin? 9; | (2.258a)
I}, = TIIjgsin®; — 20T} sin6; cos 6; + I’ cos® 6; . (2.258b)
The mixing angle 6; is given by ‘
oI}
I
88 7Y

If [T}, ]* = IIggII%,, the determinant of I, is zero, which means that there is a vanishing eigenvalue.

In this case, we have _
7
2 88
cos” b = ——=— | 2.260
' H%S + sz'y ( )
and the new polarization tensors, Egs. (2.258), have the simple form

My =T + 10, , T, =0. (2.261)

Physically, a vanishing polarization tensor for the rotated photon corresponds to the absence of the
electromagnetic Meissner effect for ¢ = 1, or the absence of Debye screening for 7 = 2.

Next, we show how to determine the specific mixing angles from the results of Sec. 2.2. In an
ordinary superconductor, the Meissner effect and thus a non-vanishing Meissner mass m s, originate
from a non-zero electric charge of a Cooper pair. Besides this magnetic screening there is also electric
screening of photons described by the photon Debye mass mp,. Of course, in a color superconductor,
in addition to the electric charge we also have to take into account the color charge. The group-
theoretical method from Sec. 2.2 allows us to investigate whether there exists a (new) charge which
generates an unbroken symmetry. In this case, a Cooper pair is neutral with respect to this charge,
and consequently one expects that there is neither a Meissner effect nor Debye screening. The new
charge is a linear combination of electric and color charges. Correspondingly, the associated gauge
field is a linear combination of the photon and the eighth gluon field, which, in turn, defines the
mixing angle. The group-theoretical method only allows to identify a new charge, and thus does not
distinguish between electric Debye or magnetic Meissner screening. Consequently, the mixing angles
for longitudinal (electric) and transverse (magnetic) modes deduced by this method are identical,
91 = 92 =46.

From Sec. 2.2 we know that in the polar phase (and in several other spin-one phases) there is a
residual symmetry group U (1) generated by a linear combination of the generators @ = 2q of U(1)em
and Ty of SU(3).. Let us denote this residual group by U(1)em and the corresponding generator by
Q. In general, the new charge generator is given by

Q=Q+nTs, (2:262)
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Q generators of n
residual gauge group
2SC diag(2/3,—1/3) Ty, T, T3,Q + nT3 ~1//3
CFL | diag(—1/3,—1/3,2/3) Q +nTs 2//3
CSL 2q 0 -
polar 29 T, T, T3,Q +nTs | —2V3q

Table 2.3: Charge generators (), generators of the residual gauge group, and coefficients n for all color-
superconducting phases considered in this section. For the CSL and polar phases, the electric charge of the
quark is denoted by q.

where 7 is a real coefficient. For instance, in the polar phase, cf. Egs. (2.202), 7 = —2v/3¢. In Table
2.3, we list the relevant quantities regarding the spontaneous breakdown of the gauge symmetries
SU(3). X U(1)em- The results for the polar and CSL phases are taken from Sec. 2.2. Note that in
the case of the CSL phase, there is no nontrivial residual gauge group. The only residual symmetry is
global, cf. Fig. 2.4. The corresponding results for the spin-zero phases can be found using exactly the
same method as presented in Sec. 2.2, see Refs. [55, 56, 57, 58, 101]. The respective charge generators
Q = diag(qi,...,qn,) are defined by the electric charges of the quark flavors. With ¢1 = 2/3,
g2 = g3 = —1/3 for u, d, and s quarks, the charge generators shown in the table apply to a system
with u and d quarks (2SC) and a system with d, s, and u quarks (CFL).

In order to deduce the mixing angle 6, we rewrite the covariant derivative, D), = 0, — igA}T, —

ieA,Q, in terms of the new charge generator Q and the linearly independent generator
Ty = Ty + \Q , (2.263)

which belongs to the broken part of the group; A is a real constant to be determined below. We also
have to replace the gauge fields Az and A, by the rotated fields (2.257) and the associated coupling
constants g, e by new coupling constants g, é. Thus, we demand the identity [55, 56, 58]

gAS T +eA,Q = GASTs + 64,Q . (2.264)

Inserting Eqs. (2.257) for the rotated fields and the definitions of @ and T3 we determine

2

g=gcosf é=-eccosf , )\:—776—2 , (2.265)
g
and the mixing angle
2
2 g
0= ——"—5. 2.266
cos 7+ n2e? ( )

Since g > e, the mixing angle in all three cases is small. Thus, according to Egs. (2.257), the gluon
almost remains a gluon and the photon almost remains a photon and therefore it is justified to call
the rotated gauge bosons the new gluon and the new photon.

In the 2SC, CFL, and polar phases, the new charge is neither Debye- nor Meissner-screened.
We therefore expect that the polarization tensor for the rotated photon vanishes in the zero-energy,
zero-momentum limit,

2 =0. (2.267)
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As we shall see in the following section, this argument is not quite correct for the 2SC and polar
phases, as it neglects the effect of the unpaired blue quarks on the screening of electric and magnetic
fields. In the CSL phase, on the other hand, there is no residual U(l)em symmetry and we conclude
that all gauge fields experience the Meissner effect and Debye screening, since in this case there does
not exist any charge with respect to which a Cooper pair is neutral. Concerning color screening, one
concludes from Table 2.3, that in the 2SC phase and the polar phase only the gluons 4-8 are screened
while in the CFL and CSL phases all gluons are screened (see also discussion in Sec. 2.2).

2.3.3 Calculation of the polarization tensors

In this section, we calculate the polarization tensors IT?)'(P) given in Eq. (2.228) in the limit py = 0,
p — 0. In this case, the Debye and Meissner masses, cf. Egs. (2.255), are obtained from the coefficients
of the first two projectors in the decomposition (2.236). They will be calculated in the next section.
Here, we first derive a general expression for the polarization tensor that holds for all different phases.
Then we insert the order parameters of the 25C, CFL, polar, and CSL phases, and show the results
for each phase separately.

We start from Eq. (2.228) and first perform the trace over Nambu-Gor’kov space,

1T - —
Wy (P) = 537 2 {™0h G (K)TYGH(K — P)] + T[4 G (K) T, G~ (K — P)]
K

+Tx[[% &7 (K) Ty %(K — P)] + Tx[T, 7 (K) Ty &~ (K - P)]} , (2.268)
where the traces now run over color, flavor, and Dirac space. In the following, we first consider the
traces with the quark propagators G* and afterwards investigate the traces containing the anomalous
propagators =2t

In order to find the results for the former, we first perform the Matsubara sum. This is completely

analogous to the calculation of Ref. [102]. The only difference is our more compact notation with the
help of the projectors Py, cf. Eq. (2.231). Thus, abbreviating K1 = K, Ko = K — P, and k; = |k;| for
1 = 1,2, we conclude

T3 Tr 4G (K)TE G (K2)]

ko
= Z ZTr [Fff Y0 Py, Al Th 0 P, Al:::)] vl k1, k2, po) ,  (2.269a)
e1,e2 T,8
T YT [ToG (KT G (Ky)
ko
= > > T [Th 0 Pl AR Ty 0 P, AR | vis, (ki ka,po) . (2.269b)
e1,e2 1,8

where (cf. Eq. (40) of Ref. [102])
1—7’L2) (1—7’L1 )TLQ
'UTS’+ k ’k , = _ nl’r( S _ T S
erés (k1. k2, po) (po +e,rt€es  Po— €l — €

_ (1 — ’n’lﬂ‘)(l - n2,s) . nirn2s
Po— €1+ €25 Po+ €1y — €25

) (1 - Nl,r - N2,s)

) (Niy — Nog),  (2:270a)
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_ (1 —ni1s)nos B nir(l —noys)
Do+ €1+ €25  Po—€lr — €2

_ ( Ni1rn2,s (1 - nl,r)(l - nZ,s)
D

- Ni,—No,). (2.270b
0 — €1, + €25 Do+ €1y — €28 ) (N1, 2,5) ( )

253 s o o) ) (1= Ny — M)

Here, we abbreviated

€ir + 1 — €ik; 1

= €Y = Nyy=—F——— =1,2 2.271

€i,r eki,T ’ Ng,r 261"7' ) 2,7 eXp(ei’r/T) +1 (,L ’ ) ( 7 )
Note that, for pg = 0, we have

vgfé—;(kla k2a 0) = ’Ugfé; (kla kQa 0) = UZfez (kl ) k27 0) . (2272)

Next we discuss the traces containing the anomalous propagators. Again the Matsubara sum is
completely analogous to the calculation in Ref. [102]. Therefore, using Eq. (2.233), we obtain

Ty T [ThE~(Ky) Ty 5¥(K>)]

ko
= 3 3 T DML, Pl AL Ty 0 M 0Py A | e, (ko po) . (2.273a)
ei1,e2 1,8
Ty T TR (K1) TY B (K>)]
ko

= Z ZT\I I:Fg’)’OMkl’yO'P{qAESIPZML2PI‘22A§22] wgfez (klakQ;pO) ) (2273b)

e1,e2 1,8

where (cf. Eq. (93) of Ref. [102])

1 1
Weye, (K1, k2, p0) = D120 [( - ) (1= Ny — No)

der€as |\ Do+ €1 +€25  Po— €1y — €25

_ (p 1 1 ) (N, — NQ,S)] . (2.274)

0 — €1y + €25 POt €1y — €2

Here,
bir = ¢ (€iyr, ki) (2.275)

is the gap function on the quasiparticle mass shell given by the excitation branch ky = €;,. In the
derivation of Egs. (2.269) and (2.273), we assumed that, in the 25C and CFL phases, the chemical
potentials for all Ny quark flavors are the same, 1 = ... = pun, = p. In this case, the functions v and
w only depend on the single chemical potential ;1 and can thus be factored out of the flavor trace. In
the cases where quarks of the same flavor form Cooper pairs, i.e., in the polar and CSL phases, our
formalism also allows for the treatment of a system with Ny > 1 and different chemical potentials py,
n =1,...,Ny. Then, v and w depend on the quark flavor through p, and have to be included into
the trace over flavor space.
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Inserting Eqgs. (2.269) and (2.273) into Eq. (2.268), we obtain for the general polarization tensor

v d3k
) = 5 [ G

ST [T8 0 Py Al T 70 P, Al?] wbist (kv s, po)

e1 e 'r s
+ T [Th 0 Py AL Ty 70 P, A2 | wEs, (ki Ko, po)
+ T [T MY, P, A Ty Y0 Mg 0P, Awt?] wise, (K1 ks, po)
+Tr[ Y0 M, 10 Pr, Ay IFZMLQPQAZ] eleg(klakZaPO)} - (2.276)
In the following, we focus on the special case pg = 0 and p — 0, i.e, ko — k; = k. In this limit, the

traces only depend on k and the functions v and w only on k = |k|. Thus, the d®k integral factorizes
into an angular and a radial part. With the abbreviations

Vibere: = 3 / e {0 [T 0 P A" T 0 P A2
+ Tr [r“ %0 PR AR Ty % Pi AR} (2.277a)
Wiperes = 3 / ko P“ ML PE AL T, yoMicyo PEA ]
+ Tr [I‘a YoMicyo P Ay Ty MEPEAR] ) (2.277h)

we can write the polarization tensor as

I (0) = lim 12 0.) = X2 3 VA2, tim f dk K s o)
ei1,e2 7,8
ngijerfez hm/dk K w Were, klak2,0)] . (2.278)

Note that only the angular integrals over the color, flavor, and Dirac traces, defined by V and W,
depend on the symmetries of the order parameter and thus have to be calculated separately for each
phase. Therefore, we first consider the dk integrals which are the same for all cases.

In order to see how the two different quasiparticle excitations branches (labelled by r, s), as well
as normal and anomalous propagation of the respective excitations (represented by the functions v,
w) contribute in the final expressions for the polarization tensors in the zero-energy, zero-momentum
limit, it is convenient to define the quantities

A u_ 5 lim dk k% [V, (K1, ka2, 0) + v (k1, k2,0)] , (2.279a)
7t = u_ ;5% dk k% [v"5_(k1, k2,0) + v, (k1,k2,0)] , (2.279b)
w' = u_ ;13(1) dk k? [w"?, (k1,k2,0) + w™_(k1,ks,0)] , (2.279c)
T u_ 5 lim dk k? [w"_(k1, kg, 0) + w", (k1, k2,0)] . (2.279d)

These quantities are dimensionless since v;?,, (k1, k2,0) and wi?,, (k1, k2,0) have the dimension [1/en-
ergy| (cf. the definitions in Egs. (2.270) and (2.274)). Combining particle-particle (e; = e; = +) and
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‘ ‘ H il ‘ 02 ‘ 12 ‘ il ‘ il ‘ 72 ‘ 712 ‘ pval ‘
T =0 | 25C, polar —% ‘ -1 ‘ —% %
CFL, CSL —% %
T > T, | all phases -1 %
‘ ‘ H wll ‘ w22 ‘ UJ12 ‘ ,w21 ‘ 11]11 ‘ 1D22 ‘ 11}12 ‘ 1]]21 ‘
T=0 |2SC, polar | 3 - 0 | -
CFL, CSL % % | %ln2 0
T > T, | all phases 0

Table 2.4: Leading order results for the integrals defined in Eqgs. (2.279). The indices 1 and 2 correspond to
the two gaps of each phase (the second one vanishing in the 2SC and the polar phase), while v corresponds
to the trace over quasiparticle propagators G* and w to the trace over anomalous propagators =+. The fields
with no entry indicate that these values do not occur in the calculations.

antiparticle-antiparticle (e; = e = —), as well as particle-antiparticle (e; = —eg = +) contributions
is possible since the corresponding integrals V, W multiplying these terms turn out to be the same.
In the definitions of v"®, v"® and w™®, w"® we divided by the square of the quark chemical potential
©? in order to make these quantities independent of the quark flavor. This will be convenient for the
results of the spin-one phases, where the formation of Cooper pairs is possible for different chemical
potentials for each quark flavor. In Appendix E, we present the calculation of the relevant integrals
defined in Egs. (2.279). As in Refs. [102, 103], we neglect the antiparticle gap, ¢~ ~ 0, and compute
the integrals up to leading order. In Table 2.4 we collect all results. Some integrals vanish since they
are proportional to a vanishing gap. This is the case for @™ = 0 (for all r, s), since these integrals are
proportional to at least one antiparticle gap. Clearly, for T' > T, the gap vanishes in all phases and
thus w™ =w" = 0.

In order to discuss the traces and the angular integral in Eq. (2.278), we have to distinguish
between the several phases since the special form of the gap matrix, Eq. (2.24), is explicitly involved.
Therefore, in the following sections we discuss the 25C, CFL, polar, and CSL phases separately and
compute the Debye and Meissner masses for photons and gluons in each phase. For the 2SC phase
[102] and the CFL phase [103, 122], the results for the gluons are already known. Also the masses
of the rotated gauge bosons, where the rotation is given by the new generator Q, cf. Eq. (2.262),
were considered for these two phases [57]. Nevertheless, we will briefly discuss also these cases, since
we first want to establish our notation and second, we will show that for the 25C phase, there is
actually no mixing between electric gluons and photons, i.e., the longitudinal mixing angle 65 is zero.
Consequently, there is no rotated electric photon.

2.3.4 The 2SC, CFL, polar, and CSL phases

In Table 2.5, we collect the relevant color-flavor-Dirac matrices for the considered phases. They have
been introduced in Sec. 2.1. In the case of the spin-one phases, we consider the mixed gaps, i.e., a = 8
in Eq. (2.99). For simplicity, we choose a = 8 = 1. Although this choice of the coefficients «, g
violates the normalization (2.101), it does not change the results for the Debye and Meissner masses
compared to the case a =3 =1/ V2. To this end, note that a rescaling

My — e My (2.280)
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| H Mic | P | P ]
2S5C J37‘2’)’5 Jg 1-— J32
CFL J-Ivs 531 —1)] 34— J-1)7
polar || J5[k* + 4% (k)] J? 1—J2
CSL J-[k+v,(k)] sk + v, )]k — v, (k)] 1Py

Table 2.5: Relevant color-flavor-Dirac matrices for the calculation of the Debye and Meissner masses in a
given color-superconducting phase. The matrix My reflects the symmetries of the various gap matrices. For
the definition of the projectors P> see Eq. (2.35). In color space, we use the matrices (Ji)jr = —ieijk,
(¢,4,k = 1,2,3); in flavor space, we use (I;)jr = —i€;j, and the second Pauli matrix 7. In Dirac space, we
defined v, (k) = v -k~ -k.

leads to
V o5V, TS, T T, o (2.281a)
1 1
W = EW, u", a0 C—Qw”, C—Qw” , (2.281D)

where the results from Appendix E have been used. Therefore, the result for the polarization tensor
(2.278) is not affected by this rescaling.

The 2SC phase
1. Gluon polarization tensor (a,b < 8)

Inserting the matrices given in the second line of Table 2.5 into Egs. (2.277), we obtain

Ve = @ {ML P L P T, ., + I P T P T, ) (2.282a)
Wiy = @D P T Js PIUL ., + TTY TP T S P UM, L, ) . (2.282D)
where the traces only run over color space and where we defined
Ay
Tes = / (27r)3Tf[7“70Ai1 7 v AT (2.2832)
(2 = ko w5 A€ v, 5pes
Uee = | 1™ [ A A (2.283b)

Here, the traces only run over Dirac space. We used the fact that the projectors P™* = P,>* do not
depend on the quark momentum k and that the color and Dirac traces factorize. Furthermore, the
trivial flavor trace was already performed, yielding a factor 2. The angular integrals over the Dirac
traces, Eqgs. (2.283), are easily evaluated,

1
'Te{i(,)ez = _Uglo,—ez = ﬁ(l +ee2) , (2.284a)
Toiey, = The, =US o, =UL _., =0, (2.284b)
i ” 1 1
The, = Uelier = ﬁ%‘(l — z€1e2) , (2.284c)

3

where i, j = 1,2, 3. For the evaluation of the color traces note that J3P! = J3 and J3P? = 0. We find
that V and W, given in Eqs. (2.282), are diagonal in the adjoint color indices a and b.
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(a) p=v =0. With Eq. (2.284a) we obtain after performing the color traces

%,011 + %wn for a=1,2,3,
2 2,2
T1%(0) = §ap——t L(p12 4 p21) for a=4-7, (2.285)
s
%UH + %’1)22 — éwn for a=28.
(b) u=0,v =1 and g =14,v = 0. Due to Eq. (2.284b),
% (0) = I9 (0) =0 . (2.286)
(¢) p=1i,v =j. Due to Eq. (2.284c), the polarization tensor is diagonal in spatial indices i, j. We
obtain
(M +20M) — J(w'! 4 2w'?) for a=1,2,3,
ij 291 1r(,12 | 21 ~12 | =21
IT7,(0) = d4p0% 32 7™ +0h) +2( + 07)] for a=4-17,

F(w' 425 + L (0?2 + 20%2) + L(w!! +20M)  for a=8.
(2.287)

2. Mized polarization tensor (a <8,b=9 and a =9,b <8)

For a system in the color-superconducting 2SC phase where quarks with the electric charges ¢;
and g9 form Cooper pairs, the electric charge generator, introduced in Eq. (2.222), is given by Q =
diag(g1, g2). Thus, we obtain

1 v v

Vi, = 5egla+a) {TITLP P TE, ., + DIl P P78} (2.288a)
1 14 14

Wirere: = 5€9(a1+ ) {Tr[Ta J3P" J3 PE\ULY _,, + T[T J3 P Js PS]uﬁem} .(2.288b)

It is not difficult to show that the polarization tensor is symmetric under the exchange of photon and
gluon indices,

1157 (0) = 15, (0) . (2.289)
Using J§ = J3, all color traces in Eq. (2.288) reduce to Tr[T,JZ] = d,3/+/3. Therefore, we obtain for
the various Dirac components of the tensor:

(a) p=v=0.
eg 112 0 for a=1-7,
0(0) = (@ +a2) 72 (2.290)

d vl — 922 —qll for a=28

(b) p=0,v =14 and y =1i,v =0.
07 _ 170 _

11,7, (0) = IT;,(0) = 0 . (2.291)

(C) p=1i,v=7j.
9 0 for a=1-17,

eg

2
3V3m (1! +20t) — (v + 20%2) + (il +2w!'!)  for a=38.
(2.292)

1T (0) = 6ij(q1 + g2)
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3. Photon polarization tensor (a =b=19)

In this case, the tensors V, W are

v 1 v v
V’IYL’Y:gfez = 5 62 (q% + qg) Tr["DT PS] (T—Meh—ez + 7;’;,62) ’ (2.293&)
Wi, = Eqg Tl PT Iy P (UL, + UM, ., ) - (2.203b)

Here, we performed the flavor traces Tr[Q?] = ¢? + ¢3 and Tr[Q72QT2] = 2q1g2. After performing the
color traces and the sums over e1, e3 and 7, s, the results for the different components are as follows.

() p=v=0.
00 Pt o o 11 22 11
H’y’y(o) = 2 [(QI + QQ) (QU +v ) — 4q1gow ] . (2.294)
(b)y p=0,v=vdand p=1i,v=0. . '
1% (0) =112 (0) =0 . (2.295)

(¢) p=i,v=1j.
.. e u _ _ _
I (0) = 85 {(af +ad) 20" +20') + (0 + 207)] + dqrge (0 +20')} . (2:206)

The CFL phase

1. Gluon polarization tensor (a,b < 8)

With the matrix My and the projectors ’Pi’Q for the CFL phase, given in Table 2.5, Egs. (2.277)
become

v,rs 1 r s " . . )
s = 5 O AT P T PYTE oy + DI PTIPIITYL (2.297a)
1
Winte, = 50 {T[Li-1P" 0 3-1P| Ul
+ T (173 1P 31| Ut L) (2.207b)

As in the 2SC phase, the projectors P", P* do not depend on momentum. Consequently, the angular
integrals defined in Eq. (2.283) also appear in the CFL phase. Therefore, also in the CFL phase the
(07) and (i0) components of the polarization tensor vanish, and the (ij) components are proportional
to 6. Contrary to the 25C phase, color and flavor traces cannot be performed separately, since the
projectors P", P* are nontrivial matrices both in color and in flavor space. In order to perform the
color-flavor trace, one uses the relations Tr[T,P'T,P!] = 0 and J - IP! = —2P!. The polarization
tensor is not only diagonal in color, but also has the same value for all eight gluons. One finally
obtains the following expressions for the gluon polarization tensors.

(a) u=v=0.

2,2
H22(0) =5ab967/:2 [(v12+v21)+7v22+2(w12+w21)+2w22} ) (2.298)
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(b) pu=0,v=1iand y=1i,v=0.

I15,(0) = T133,(0) = 0 . (2.299)
(C) p=1,V=].
.. 92/“2
M0) = b 3 (012 +02) + 25" + 5) + 7(v + 25%)
—2(w'? + w?') — 4(5'? + 0*) — 2w + 20%)| . (2.300)

2. Mized polarization tensor (a <8,b=9 and a =9,b<8)

To compute the mixed polarization tensors, we need the electric charge generator ). Since we
consider a system with three quark flavors of electric charges ¢i, g2, g3, we have Q = diag(q1, 42, q3)-
We shall insert the charges for u, d, and s quarks in the final result. We obtain

1 14 T S 14
Vi, = e (DT P QP T, ., + T[T PP QP T, } (2.301a)
1
wirs 5 [Tr[1.3-1P7 QI 1P U™,
+ T [T 3 1P QI 1P| Ut L, ) (2.301b)

First we note that Eq. (2.289) also holds for the CFL phase. With the help of the relations

T[T, P QP =0 , Tx[T,Q]=Tx[T,]Tx[Q] =0, (2.302)
and
T[T -1QJ -1 = 3T[T,P'Q]=3Tx[T,P'QJ-I]
= dag(o @) +dug (0 + 0~ 200) (2:303)

we obtain the following results.

(a) p=v=0.
( 0 for a=1,2,4-7,
o (@1 — q) [('2 + v?1) — 2022
w0 = Lh e ) - Tu?) for a=3, (2:304)
vis

%(m + g2 — 2g3) [(v'? + v?!) — 20?2
+2(w'? + w?t) — Tw?)] for a=8.

(b) pu=0,v =14 and p =1i,v =0.
07 _ 170 _
I, (0) = I, (0) =0 . (2.305)
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( 0 for a=1,2,4-7,

(1 = g2) [(02 +0°") + 2(0'? + %)
o — 2022 — 4522 — 2(w'? + w?!)
HZJ’W(O) _ s 1271:2 ) — 4@ + 7?) + Tw?? + 14022] for a=3,
T3l + g0 = 2g3) [(v'2 + o) + 2(2" + 07)

_ 2,022 _ 41—}22 _ 2(’11]12 + w21)

{ — 4(w'? + w?) + Tw?? + 14972 for a=8.
(2.306)
3. Photon polarization tensor (a =b=19)
In this case, the tensors V, W read
v, = S ETQPT QP (TH L, + T, (2.307a)
WL, = S PTQI TP QI TP (U, +u,,) (2.307b)

In order to perform the color-flavor traces, we abbreviate the following sums over the three quark
charges,

3
T= ) Guim , Y=Y, G- (2.308)
n,m=1 n=1

Then, with Tr[Q P'Q P!] = z/9, Tr[Q?1.] = 9 Tr[Q P Q] = 3y (where 1. is the unit matrix in color
space), and Tr[QJ - 1QJ - 1] = 3Tr[QJ - IP*QJ - I] = 2(x — y), we obtain the following results.

(a) u=v=0.
00 e*p’ 11 12 21 22
I, (0) = Gz [:vv + By —z)(v+v7)+ (2ly + z)v

—4zw' + (6y — 2z)(w'? + w?) + (6y — 10x)w22] . (2.309)

In a system of d, s, and u quarks we have the electric charges g1 = ¢2 = —1/3 and ¢35 = 2/3. In
this case,

2
=0 |, y=73. (2.310)

Inserting these values into Eq. (2.309), the result becomes proportional to the gluon polarization
tensor, Eq. (2.298),

o0 (0) = € o0 g 2.311
fyfy()_gg_g aa()' ( )

(b) p=0,v=vdand p=1i,v=0. . .
1% (0) = 1122 (0) = 0 . (2.312)
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H%(O) _ ep {:v('u -|—2v11) + (3y — )[’U12+’U21 _'_2(,512_1_,‘_)21)]
+ 21y + z) (v*2 + 20%2) + 4z (w'! + 2w'h)
— (6y — 2z )[w12—|—w21+2(u‘112+u‘121)]
— (6y — 10z)(w?2 + 2@22)} . (2.313)

Again, using the quark charges of d, s, and u quarks that lead to Eq. (2.310), we obtain a result
proportional to that given in Eq. (2.300),

ij 4e’ i
I, (0) = 3 S 40) (2.314)

The polar phase

In the following we consider a system of quarks with Ny different flavors where each quark flavor forms
Cooper pairs separately. Each quark flavor has a separate electric charge, g1,...,qn;, and chemical
potential, pi1,. .., N,

1. Gluon polarization tensor (a,b < 8)

In this case, we have

V. ]‘ 14 v
e, = GO { DL P L PITE, ., + DI PTL P TR, (2.315a)
V. ]‘ 124 v
ng,’;sez 5 92 {TI[Ta J3 P" TbT J3 'ps] ué‘l ey T Tr[TaT J3P" Ty Js 'ps] uﬁel 62} , (2.315b)
where i
~ v _ k ~ ~ v ~ ~
Uty =~ [ Gyl (6 = ) A o (6 — 71 (k) A (2316)
Since X R X )
Tr[y* (K — 71 (k) AL 7 (K7 — (k) A ®] = Tr[y* AR v A ], (2.317)
we find
UL, =ue"., . (2.318)

Consequently, the gluon polarization tensor in the polar phase is almost identical to that in the 25C

phase. The only difference is the flavor trace which here yields a factor Elnvil p2. Therefore, Egs.
i . N

(2.285) — (2.287) hold also for the polar phase after replacing 2u? with 3,7, u2.

2. Mized polarization tensor (a <8,b=9 and a =9,b<8)

Obviously, also for the mixed polarization tensor, the Dirac and color part is identical to the 25C

case. Consequently, in Egs. (2.290) — (2.292) one has to replace the factor (g + g2)u? by Egil qn i
in order to obtain the results for the polar phase.
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00,11 00,12 _ 100,21 00,22
‘ a H aa,e1€e2 ‘ Vaa,elez _ aa,e1 €2 ‘ aa,e1e2 ‘
1,3,4,6,8 0 (1+ erez)/(127%) (1+ ere9)/(127%)
2,5,7 (1+ ereq)/(1872) (1+ erez)/(3672) 5(1+ ereq)/(36m2)
| | Wigere, | Waaiere, = Wantere, | Waaieie, |
1,3,4,6,8 0 (1+€162)/(67‘(’2) —(1+6162)/(127T2)
2,5,7 2(1 +e1e2)/(97%) | —(1+e1e2)/(187%) | 5(1+ erer)/(3672)

Table 2.6: (00) components of the tensors V, W for the gluon polarization tensor in the CSL phase, defined in
Egs. (2.319). All tensors are diagonal in color space.

3. Photon polarization tensor (a =b=19)

Analogously, for the photon polarization tensor, the 2SC results given in Egs. (2.294) — (2.296) are
valid for the polar phase with the following modifications. Since the 2SC phase has a nontrivial flavor
structure of the matrix My, there are two different flavor factors in Egs. (2.294) — (2.296), namely

(¢? + ¢3)u? and 2q1gop®. Replacing each of these factors by the common factor E]nvil q2p2 yields the
corresponding results for the polar phase.

The CSL phase

As for the polar phase, we consider a system of Ny quark flavors, each flavor forming Cooper pairs
separately.

1. Gluon polarization tensor (a,b < 8)

Inserting the matrices My and ’Pl‘lf from Table 2.5 into Eq. (2.277) yields

2
v, g ko _ v _
Vaberes = 2 / (27)3 {Tr [7u Yo Ta Pic A ™ 7" 70 Tp Py 62]
+ (61,2 — —e12, Tap — T(Z:b) } ; (2.319a)
2
v, g ko ~ ~ ~ ~ _
Wi, = =% [ G T e s () PLAR T 3 (k= ) P A
+ (61,2 — —e1, Top — TZb) } . (2.319b)

The trace over the 12 x 12 color-Dirac matrices is more complicated than in all previously discussed
cases. For the (00) components, both V and W are diagonal in color space. The diagonal elements
are collected in Table 2.6. They are divided into two parts, one corresponding to the symmetric Gell-
Mann matrices, a = 1,3,4,6,8, the other corresponding to the antisymmetric Gell-Mann matrices,
a = 2,5,7. For the (i0) and (07) components, we find (omitting the indices r, s and e, e3)

Vab = Vab = Was = Wap =0 . (2.320)

Therefore, also for the CSL phase, the (0i) and (i0) components of the gluon polarization tensor
vanish.
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For the (ij) components, we find that V and W are neither diagonal with respect to color a, b
nor with respect to spatial indices. Nevertheless, after inserting the k integrals from Table 2.4, the
gluon polarization tensor becomes diagonal, i.e., IT% (0) ~ dap6”. The reason for the cancellation of
all non-diagonal elements are the following properties of V and W,

3 1
17,rs

;Vab,eleg ~ B0 ek (2.321a)

W;Jb;‘iez ~ 1l—ele for (i # j; a, b arbitrary), and for (i = j; a #b) . (2.321b)

Taking into account the trace over flavor space, which is the same as in the polar phase, we obtain

(a) u=v=0.
3(v'? +v?) + 30?2
g2 Ny +6(w'? + w?!) — 3w?? for a=1,3,4,6,8,
T25(0) = dabg—5 D i (2.322)
n=1 20!t + (v'2 + 0% + 5v??

+8w!t — 2(w'? + w?!) + 5w??  for a=2,5,7.

(b) p=0,v =1 and y =1i,v=0. . '
% (0) = T2 (0) =0 . (2.323)

(¢) p=1i,v=j. The general result (keeping all functions v, w) is a complicated 24 x 24 matrix and
therefore not shown here. However, as stated above, the polarization tensor is diagonal after
inserting the values for the functions v and w, and the result for the Debye and Meissner masses
will be given in the next section.

2. Mized polarization tensor (a < 8,b=19 and a =9,b <8)

Here we have

vz = 3 [ (T TP 2 0 QP
1 (el,2 — —e19, Ty — TaT) } , (2.324a)
Wzt = ~ 2 [ Goe{e [ T (= s () PLAT 2, QT - (k= . () PE A
+(e12 = —e1, Ta > 1) } (2.324b)

where Q = diag(q1,...,qn,). All (00), (¢0), and (07) components of these integrals vanish,
Voy = Vay = Vay = Way = Way = Way, = 0. (2.325)

(Here, we again omitted the indices r, s and e1, e3.) The (ij) components of V and W are nonvanishing
and, as for the gluonic CSL case, we do not show them explicitly. However, the final result, i.e. the
polarization tensor in the considered limit, vanishes because of the following relations,

S Vi, =0, (2.326a)
s
WS 1 —eqe . (2.326D)

ay,e1e2
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‘ 00,11 ‘ VOO 12 _ 41)00,21 ‘ 00,22 ‘
7, elez Yveres — “yvieren Yv.e1ep

| (1+eie)/ ) | 0 | (1+eier)/n? |

| W%,Qez | Wilitre, = Wi, | Wilere, |

‘ —2(1 + eqe)/m? ‘ 0 ‘ (1+ ere)/m? ‘

Table 2.7: (00) components of the tensors V, W for the photon polarization tensor in the CSL phase, defined
in Egs. (2.329).

| Vi eres | Ve = V%%Zeﬁez | Ve |
| 6Y(11+ Teren)/(54n%) | 86Y(1 —e1eg)/(277%) |  69(19 — ere0)/(277%) |
| Wikl e, | W%,le%@ W%’?eiez | Wiz e, |
| | 1 | |

2697 + 1lejeq)/ (277%) 609 (1 — eiez)/ 277r —69(1 — 19e1e2)/ (277%)

Table 2.8: (ij) components of the tensors V, W for the photon polarization tensor in the CSL phase, defined
in Egs. (2.329).

(a) u=v =0. According to Eq. (2.325), we have
m9%(0) = 0. (2.327)

(b) pu=0,v=iand p=1,v=0. . 4
Iy (0) =TI (0) =0 . (2.328)

(¢) u =1i,v =j. This polarization tensor has a complicated structure in terms of v, w and is thus
not given here. However, as stated above, the final result is zero.

3. Photon polarization tensor (a =b=19)

For the photon polarization tensor in the CSL phase we need

V,TS e? dSy
V"‘7L%6162 DY / (2)3 {Tr [7 Y0 Q@ Pic A ™ v 70 Q@ Pl ] + (e12 — —61,2)} ) (2.329a)
v, e? ds) ~ . . . -
Wi, = =5 | oyt T 11" Q- (k= () PLAY 7, QT - (k= . (R) P A
+ (e12 = —e12) } . (2.329b)

The results for the (00) and (¢j) components are given in Tables 2.7 and 2.8. The (0¢) and (:0)
components vanish (for all r, s, e1, e3),

0 _ )00 _ A0 _ A0i _
Vi, =V, =W, =W,2 =0. (2.330)
One obtains the following photon polarization tensor.
(a) p=v=0.
1% (0 Z qnun e o' 4 2072 — 4!t — 2uw??) . (2.331)
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(b) pu=0,v=1iand y=1i,v=0.

1% (0) =112 (0) =0 . (2.332)
(C) p=1,v=7.
_ e? 11 =11 ~21 22 ~22
HZJ (0) = 6Z]an:u’n 573 [ + 25" +16(5' + 5%') + 18v*2 + 200

+36w' — 8@'" +32('? + @) + 18w — 2007 . (2.333)

2.3.5 Results and discussion

In this section, we use the results of the previous section to calculate the Debye and Meissner masses.
We insert the numbers from Table 2.4 into the results for the polarization tensors I1%(0) and II% (0)
given in Sec. 2.3.4 and use the definitions of the screening masses given in Sec. 2.3.1 (cf. Egs. (2.255)
and comment below this equation).

We distinguish between the normal-conducting and the superconducting phase. The screening
properties of the normal-conducting phase are obtained with the numbers given in Table 2.4 for
temperatures larger than the critical temperature for the superconducting phase transition, T' > 7.
For all a,b < 9, they lead to a vanishing Meissner mass, i.e., as expected, there is no Meissner effect
in the normal-conducting state. However, there is electric screening for temperatures larger than 7.
Here, the Debye mass solely depends on the number of quark flavors and their electric charge. We
find (with a < 8)

2 2 e’u
T>T,: mQD,aa:?’Nf— ) mQD,a’YZO ? mD’Y’Y_lsz

:t\:

(2.334)

Consequently, the 9 x 9 Debye mass matrix is already diagonal. Electric gluons and electric photons
are screened.

The masses in the superconducting phases are more interesting. The results for all phases are
collected in Table 2.9 (Debye masses) and Table 2.10 (Meissner masses). The physically relevant, or
“rotated”, masses are obtained after a diagonalization of the 9 X 9 mass matrices. We see from Tables
2.9 and 2.10 that the special situation discussed in Sec. 2.3.2 applies to all considered phases; namely,
all off-diagonal gluon masses, a,b < 8, as well as all mixed masses for ¢ < 7 vanish. Furthermore,
in all cases where the mass matrix is not diagonal, we find m§7 = mggM~,. Therefore, the rotated
masses 1mgg and 7M., (which are the eigenvalues of the mass matrix) are determined by Egs. (2.261).
The electric and magnetic mixing angles fp = 6 and 0); = 0; are obtained with the help of Egs.
(2.260). Remember that the indices 1 and 2 originate from the spatially transverse and longitudinal
projectors defined in Eqgs. (2.234). They were associated with the Meissner and Debye masses in Egs.
(2.255). We collect the rotated masses and mixing angles for all phases in Table 2.11.

Let us first discuss the spin-zero cases, 25C and CFL. In the 25C phase, the gluon masses are
obtained from Egs. (2.285) and (2.287). Due to a cancellation of the normal and anomalous parts,
represented by v and w, the Debye and Meissner masses for the gluons 1,2, and 3 vanish. Physically,
this is easy to understand. Since the condensate picks one color direction, all quarks of the third color,
say blue, remain unpaired. The first three gluons only interact with red and green quarks and thus
acquire neither a Debye nor a Meissner mass. We recover the results of Ref. [102]. For the mixed and
photon masses we inserted the electric charges for u and d quarks, i.e., in Eqs. (2.290), (2.292), (2.294),
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‘ H m2D,aa ‘ m2D,a7 — mZD,’Wl ‘ mQD,'w ‘
| o | 1 2 3 4 5 6 7 8 |17 8 9 ]
25C 0 \ 397 | 342 | 0 0 22
CFL 3¢ g? 0 —2v3Ceqg | 4Ce?
polar 0 ‘ 29’ | 342 | 0 0 18 ¢%¢?
CSL || 38g% 3ag® 3Bg> 3Bg> 3ag® 3B¢° 3ag¢’> 3B¢°| 0 0 18 ¢%¢?

Table 2.9: Zero-temperature Debye masses. All masses are given in units of Nyu?/(672), where Ny = 2 in the
25C phase, Ny = 3 in the CFL phase, and Ny = 1 in the polar and CSL phases. We use the abbreviations

(=(21-8In2)/54,a = (3+41In2)/27, and 8 = (6 — 41n2)/9.

| [ M40 | Mitay = Mitna | Miry,

| a || 1 2 3 4 5 6 7 8 |17 8 HE
25C 0 ‘ %92 ‘ %g2 0 ﬁeg %eQ
CFL ¢ g? 0 —%Ceg %Ce2
polar 0 ‘ %92 ‘ %92 0 % qgeg 4q°%e?
CSL | Bg° ag®> By Pg° ag® Pg° ag® Bg° | O 6¢°¢

Table 2.10: Zero-temperature Meissner masses. All results are given in the same units as the Debye masses in
Table 2.9. The abbreviations of Table 2.9 are used.

‘ H D a8 ‘ M ‘ cos” 0 ‘
25C 3¢° 2¢? 1
CFL (4e? +3¢°)¢ 0 39%/(39° + 4e?)
polar 3g° 18 ¢%e? 1
CSL 384° 18 ¢%e? 1

‘ H m?\/l,ss ‘ m?\/f,w ‘ cos” O ‘
2SC 39° + g€’ 0 39%/(3g° + €?)
CFL (3¢ +99)¢ 0 3g%/(3g% + 4e?)
polar 39° +4¢°€’ 0 g%/(g? +124%€?)
CSL B g° 6 g%€? 1

Table 2.11: Zero-temperature rotated Debye and Meissner masses in units of Nyu?/(67?) and mixing angles
for electric and magnetic gauge bosons. The constants ¢, a, and 8 are defined as in Tables 2.9 and 2.10.
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and (2.296) we set ¢; = 2/3 and g = —1/3. Here we find the remarkable result that the mixing angle
for the Debye masses is different from that for the Meissner masses, Op # 6. The Meissner mass
matrix is not diagonal. By a rotation with the angle 0);, given in Table 2.11, we diagonalize this
matrix and find a vanishing mass for the new photon. Consequently, there is no electromagnetic
Meissner effect in this case. This fact is well-known [55, 56, 58]. The Debye mass matrix, however,
is diagonal. The off-diagonal elements m%,&y vanish, since the contribution of the ungapped modes,
corresponding to the blue quarks, v22, cancels the one of the gapped modes, v'! —w'l, cf. Eq. (2.290).
Consequently, the mixing angle is zero, §p = 0. Physically, this means that not only the color-electric
eighth gluon but also the electric photon is screened. Had we considered only the gapped quarks,
i.e., v?2 = 0 in Egs. (2.285), (2.290), and (2.294), we would have found the same mixing angle as for
the Meissner masses and a vanishing Debye mass for the new photon. This mixing angle is the same
as predicted from simple group-theoretical arguments, Eq. (2.266). The photon Debye mass in the
superconducting 2SC phase differs from that of the normal phase, Eq. (2.334), which, for ¢ = 2/3
and go = —1/3 is mZD’W =5 Npe?u?/(672).

In the CFL phase, all eight gluon Debye and Meissner masses are equal. This reflects the symmetry
of the condensate where there is no preferred color direction. For the mixed and photon masses, we
used Eq. (2.310), i.e., we inserted the electric charges for u, d, and s quarks into the more general
expressions given in Sec. 2.3.4. The results in Tables 2.9 and 2.10 show that both Debye and Meissner
mass matrices have nonzero off-diagonal elements, namely m§7 = mgg. Diagonalization yields a zero
eigenvalue in both cases. This means that neither electric nor magnetic (rotated) photons are screened.
Or, in other words, there is a charge with respect to which the Cooper pairs are neutral. Especially,
there is no electromagnetic Meissner effect in the CFL phase, either. Note that the CFL phase is the
only one considered in this paper in which electric photons are not screened. Unlike the 2SC phase,
both electric and magnetic gauge fields are rotated with the same mixing angle 8p = 8;s. This angle
is well-known [55, 56, 57, 58]. Remember that, due to the spectrum of the matrix Ly = (J -I)2, there
are two gapped branches. Unlike the 2SC phase, there is no ungapped quasiparticle excitation branch.
This is the reason why both angles 6p, 0y coincide with the one predicted in Eq. (2.266).

Let us now discuss the spin-one phases, i.e., the polar and CSL phases. For the sake of simplicity,
all results in Tables 2.9, 2.10, and 2.11 refer to a single quark system, Ny = 1, where the quarks carry
the electric charge q. After discussing this most simple case, we will comment on the situation where
Ny > 1 quark flavors separately form Cooper pairs. The results for the gluon masses show that, up
to a factor Ny, there is no difference between the polar phase and the 25C phase regarding screening
of color fields. This was expected since also in the polar phase the blue quarks remain unpaired.
Consequently, the gluons with adjoint color index a = 1,2, 3 are not screened. Note that, due to Eq.
(2.318), the spatial z-direction picked by the spin of the Cooper pairs has no effect on the screening
masses. As in the 2SC phase, electric gluons do not mix with the photon. There is electromagnetic
Debye screening, which, in this case, yields the same photon Debye mass as in the normal phase, cf.
Eq. (2.334). The Meissner mass matrix is diagonalized by an orthogonal transformation defined by
the mixing angle which equals the one in Eq. (2.266).

In the CSL phase, we find a special pattern of the gluon Debye and Meissner masses. In both
cases, there is a difference between the gluons corresponding to the symmetric Gell-Mann matrices
with a = 1, 3,4, 6,8 and the ones corresponding to the antisymmetric matrices, a = 2,5,7. The reason
for this is, of course, the residual symmetry group SO(3).+. that describes joint rotations in color and
real space and which is generated by a combination of the generators of the spin group SO(3); and
the antisymmetric Gell-Mann matrices, 1%, 75, and 77. The remarkable property of the CSL phase is
that both Debye and Meissner mass matrices are diagonal. In the case of the Debye masses, the mixed
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entries of the matrix, mp q,, are zero because of the vanishing traces, Eq. (2.325), indicating that
pure symmetry reasons are responsible for this fact (remember that, in the 2SC phase, the reason for
the same fact was a cancellation of the terms originating from the gapped and ungapped excitation
branches). There is a nonzero photon Debye mass which is identical to that of the polar and the
normal phase which shows that electric photons are screened in the CSL phase. Moreover, and only in
this phase, also magnetic photons are screened. This means that there is an electromagnetic Meissner
effect. Consequently, there is no charge, neither electric charge, nor color charge, nor any combination
of these charges, with respect to which the Cooper pairs are neutral. This was also shown in Sec. 2.2
where we argued that in the CSL phase there is no nontrivial residual U(1)em, cf. Fig. 2.4 and Table
2.3.

Finally, let us discuss the more complicated situation of a many-flavor system, N; > 1, which is
in a superconducting state with spin-one Cooper pairs. In both polar and CSL phases, this extension
of the system modifies the results in Tables 2.9, 2.10, and 2.11. We have to include several different
electric quark charges, g1, ..., qn;, and chemical potentials, yi1,. .., un,, in a way explained below Eq.
(2.318) and shown in the explicit results of the CSL phase in Sec. 2.3.4. In the CSL phase, these
modifications will change the numerical values of all masses, but the qualitative conclusions, namely
that there is no mixing and electric as well as magnetic screening, remain unchanged. In the case of
the polar phase, however, a many-flavor system might change the conclusions concerning the Meissner
masses. While in the one-flavor case, diagonalization of the Meissner mass matrix leads to a vanishing
photon Meissner mass, this is no longer true in the general case with arbitrary Ny. There is only a
zero eigenvalue if the determinant of the matrix vanishes, i.e., if m%\/f,Sv = Mmpr,88 MM,y Generalizing
the results from Table 2.10, this condition can be written as

> tnldn — am) pips, =0 (2.335)
m,n

Consequently, in general and for fixed charges gy, there is a hypersurface in the N;-dimensional space
spanned by the quark chemical potentials on which there is a vanishing eigenvalue of the Meissner mass
matrix and thus no electromagnetic Meissner effect. All remaining points in this space correspond
to a situation where the (new) photon Meissner mass is nonzero (although, of course, there might
be a mixing of the eighth gluon and the photon). Eq. (2.335) is trivially fulfilled when the electric
charges of all quarks are equal. Then we have no electromagnetic Meissner effect in the polar phase
which is plausible since, regarding electromagnetism, this situation is similar to the one-flavor case.
For specific values of the electric charges we find very simple conditions for the chemical potentials.
In a two flavor system with ¢; = 2/3, g0 = —1/3, Eq. (2.335) reads

piuz =0 (2-336)
while, in a three-flavor system with ¢; = —1/3, g2 = —1/3, and g3 = 2/3, we have
(i + p)us =0 . (2.337)

Consequently, these systems always, i.e., for all combinations of the chemical potentials p,, exhibit
the electromagnetic Meissner effect in the polar phase except when they reduce to the above discussed
simpler cases (same electric charge of all quarks or a one-flavor system).



2.4. The pressure 101

2.4 The pressure

In Sec. 2.2, it was argued that, a priori (= from pure symmetry arguments), a multitude of phases is
theoretically possible in a spin-one color superconductor. In Secs. 2.1 and 2.3, some of these phases
were selected in order to derive their physical properties such as the magnitude of their gap, their
transition temperature, and their behavior in external electric and magnetic fields. However, so far
we have not discussed which of the phases we expect to be realized in nature. This question will
be approached in the following. To this end, we investigate the effective potential Veg, because we
expect the preferred color-superconducting state to minimize this potential. Since the thermodynamic
pressure is the negative of the effective potential (at its stationary point)

D= —Veff , (2.338)

this is equivalent to finding the state with the largest pressure. It will turn out that the formalism
introduced in Sec. 2.1 provides the means for a fundamental and straightforward derivation of a general
expression for the pressure. After the general form is derived, we will specify the value of the pressure
at zero temperature in the polar, planar, A, and CSL phases for the cases of a longitudinal, mixed,
and transverse gap.

We start from the effective action given in Eq. (2.14), cf. also Refs. [43, 79, 123],

[[Dg,Dr] = —%TrlnD(_;l - %’I‘r(AngG —-1)
+ %’I‘rlnD;l + %Tr(SO_lDF —1) + Ty [Dg, D] . (2.339)
The effective potential is defined as
VealDa, Dr] = - T[Dg, Dr] - (2.340)

As in the derivation of the gap equation, we restrict ourselves to the two-loop approximation for
['9[D¢, D], which, for the fermionic degrees of freedom, is equivalent to taking into account only the
left diagram in Fig. 2.1. Omitting the gluonic part, in this approximation we have

1
oA, S] ~ Z’I‘r(Z S) . (2.341)
Remember that the stationary point of the effective action (Dg, Dr) = (A, S) is given by the Dyson-
Schwinger equations (2.15). The fermionic part of the effective action at the stationary point thus can
be written as

1 1
T[S] = 5T&rlnS*l - ;M1 - Sy LS) . (2.342)
After performing the trace over Nambu-Gor’kov space, this expression reads
1 _ o _ _ o . . _
rfs] = T {(G5] " +ZH (G +5) -2 (1G] ' +3) @t ((Gy] " +27)}
1
+ T {2-ct6i - 6mlGs1 7'} (2.343)

This equation is derived as follows: For the inverse full fermion propagator S—! we used the Dyson-
Schwinger equation (2.15b), which allows us to replace S~! with Sy ' 4+ ¥. Then, we use Egs. (2.7)
and (2.17) to obtain
1 . [G(—)F]il + 3t (O3
Sil+T= ( o o4 5 (2.344)
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Now note that TrIn(S, L4 %) = Indet (Sy 1+ %) and that for arbitrary matrices A, B, C, and an
invertible matrix D,
A B 1
det < c D ) =det(AD—-BD CD). (2.345)

This yields the first term in Eq. (2.343). The second term is straightforwardly derived with the
definitions (2.7) and (2.18). Note that the anomalous propagators =%, occuring in the full quark
propagator S, do not enter the result (2.343).

In Eq. (2.343), the free (charge-conjugate) propagator for massless quarks G(jf is given by Eq.
(2.27). The gap matrices ®* are defined in Eqgs. (2.23) and (2.24). For the regular quark self-energies
we use the approximation (2.28), and for the full (charge-conjugate) quark propagators we use

£ _ -1 = AfC .
G* = (G " +=7) ;Pk,r AL [ko/Z%(ko)] — 5,12

(r=1,2) . (2.346)

This form of the quark propagator generalizes the ones from the previous sections, Egs. (2.36) and
(2.231). Here, we introduced two sets of projectors ’Pli: , and ’PI; > they project onto the eigenspaces
of the matrices

L: =Y ML Mx o and Ly, = My ML , (2.347)

respectively. In the notation of the previous sections,
Ly = L, Pe="Py, - (2.348)

As mentioned below Eq. (2.231), in the A phase, L;" # L, . However, in all cases, L;" and L, have
the same spectrum, given by the eigenvalues A,

L =Y MNPy, - (2.349)
T

Putting everything together, and using the identity
(GG =D kg — (n— ek)’]ALe, (2.350)

e

we find for the first term on the right-hand side of Eq. (2.343),

1 1 1 kg ) .
STrins™ = §T‘”nze: lZQ(ko) — (u—ek)* — 2L | ALC
1 + —e k(% e \2
= 5 ZZTI'[,Pk,TAk ] In ZQ(kO) - (ek,r) . (2-351)
er K
Now we make use of the relation
2 2
€ — kO € €k
%m 7 — g +2In [1 + exp (—?ﬂ : (2.352)

which is proven in Appendix F via performing the Matsubara sum in terms of a contour integration
in the complex plane. With this relation, applied to the modified variable ky — ko/Z(ko), one obtains

1+ exp (—%)] } , (2.353)

1 L 1V Bk
5’:[‘1'1118 = 5? ;/ W’I‘I‘[Pk,TAke] Gz’r + 2T ln
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where the trace now runs only over color, flavor, and Dirac space. Employing the notation of Ref.
[108], we defined the modified excitation energy €&, = Z(eg ,)€g ., which includes the effect of the
regular quark self-energy.

For the second term on the right-hand side of Eq. (2.343) one obtains

Ar 2
Tr(l — S5 'S8) = —= Te[P AL + Py AL Z2 (ko) € : (2.354)
° ;; or or k§ — 22(ko) [e; 2
In this case, the Matsubara sum can be performed with the help of the relation
plko) _ _pler) 4 €k (2.355)

o k% — 6% 2¢p, 2T’

where @ is an even function of ky. This relation is also proven in Appendix F. Then, we obtain

“Tr(1-8;1S) = L > e Te[P AL + P, A
0 T AT (27’(’)3 k,rtk k,r 'k

>‘ ¢2(€k 7 ) ¢ gz,r

VAlG h Rt 2.356
From the results of Sec. 2.1 we conclude that for all phases we consider,
1 _
5 Tr[Pi] = Tr[P, AL = Te[Py AL - (2.357)

For the case of the A phase, where ’Plt . 7 Py One uses Eqs. (C.23) from Appendix C to prove these
relations. Therefore, the final result for the pressure p, obtained by putting together Egs. (2.353) and

(2.356), is
3 e
_ —Z/ dk Tr[PL] {Ez,r—l—QTln 1+exp<—€§f)]
Ar ¢2( €k,rs ) lc'r}
—————— tan .

—Z2(€z, ) (2.358)

2¢é 2T

In the following, we leave the general treatment and consider the simpler situation of zero temperature,
T = 0. We also neglect the effect of the regular quark self-energy, Z? ~ 1, € ~ ¢. Furthermore, we
neglect the antiparticle gap, ¢_ ~ 0, and thus denote ¢ = ¢. In this case, Eq. (2.358) becomes

1 &Pk . M (e k)
_ZZ/WT‘I'[PL{] [€;r+€k,r—7k‘| .

2 ekﬂ,
In order to evaluate the integral over the absolute value of the quark momentum, we use

J 1 ¢? 1 ¢
/Odf <\/52+¢2——7m> :55\/52+¢2 154 ¢ +O(52> : (2.360)

Consequently, the pressure of the superconducting phase compared to the normal-conducting phase is

(2.359)

2

Ap = 3o (08 Tr{Lul) (2:361)
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| Ap/(p2sc/2) || longitudinal | mixed | transverse |
polar e 12 0.5-e9 e
planar e 12 e21/2 e™?
12 T _—21/2 Z—
A e 5-¢€ / e
CSL e 12 3.274/3 . 710 e™?

Table 2.12: Zero-temperature pressure Ap in units of p?(¢2>¢)%/(272) = pasc/2 for longitudinal, mixed, and
transverse gaps in four different spin-one phases. Note that e =12 ~ 6.1-107%, e=21/2 ~ 2.8.107%, 710 ~ 4.5.1075,
and e ® ~1.2-107%

where ¢g is the (angular-dependent) value of the gap at the Fermi surface for T = 0, obtained by
solving the gap equation, and the angular integration is abbreviated by (—), as introduced above.
Inserting the result for ¢¢ from Eq. (2.45), we obtain

P (6°°) (e Tr[Ly])
16 72 </\1)a‘1 </\2)a‘2 )

Ap = (2.362)

In the 2SC phase, we have d = 0, Ay = 1, Ao =0, a; = 1, and as = 0. Moreover, Tr[Ly] = 16, since the
degeneracy of the eigenvalues is 16 and 8, respectively (here we have to include the Dirac structure,
unlike in Egs. (2.88)). Consequently,
2( 425C)2
Apasc = LI (2.36)

in accordance with Refs. [124, 125].

The result (2.362) is plausible since Tr[Lg], sloppily speaking, just counts the gaps. More precisely,
Tr[Lx] = Y, nyAr, where n, = Tr[P[] is the degeneracy of the corresponding eigenvalue A,. In the
case of a constant d and only one excitation branch, i.e., A2 = 0 (and a1 = 1, a3 = 0) the nonzero
eigenvalue A; cancels (even if it is angular-dependent). Then, the pressure is solely determined by
the degeneracy of the gapped excitation branch n, and the factor exp(—2d). Consequently, as one
expects, the more gapped excitation branches there are, the more favorable is the phase.

The results for the polar, planar, A, and CSL phases for longitudinal, mixed, and transverse gaps
are collected in Table 2.12. They are obtained by inserting the specific values of these phases, cf. Sec.
2.1.5, into Eq. (2.362).

The pressure is identical for all phases in the case of a longitudinal gap, because, in this case, d is
constant, and Ay = 0. In the case of a mixed gap, the pressure depends on the phase. In the polar
phase, the angular-dependent value of d causes a factor

V3
(e724) = Tﬂ erf(v3)e™® ~0.5¢7? (2.364)
where erf is the error function. In the A phase, the gapped excitation is only four-fold degenerate.
Therefore, it differs by a factor 1/2 from the planar phase (for the degeneracies, see for instance Fig.

2.3). In the mixed CSL phase, the two-gap structure produces an additional factor

1 Nn1A1 + N2 _3. 2_4/3 .

8§ AT E (2.365)
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The pressure of all mixed phases is larger than that of the longitudinal phases. However, the largest
pressure is found in the transverse phases, which originates from the smallest value of d. Indeed, in
the case of the polar phase, where d has been computed for arbitrary combinations of longitudinal
and transverse gaps, cf. Sec. 2.1.5, we find that the pressure is a monotonously increasing function
of A, assuming its minimum for a longitudinal gap, 8 = 0, and its maximum for a transverse gap,
B = 1. Comparing the results for the transverse gaps, one observes that the A phase exhibits the
largest pressure. It is larger by a factor 4/4/7 ~ 1.5, which originates from the two-gap structure,

Lmh) +nplde) 4 (2.366)
8 (A1)®1{Ag)® VT

where, according to Egs. (2.124), (A1) = 7/3, and (A2) = 1/3 has been used. Therefore, we conclude
that the transverse A phase has the largest pressure of all spin-one color-superconducting phases we
consider. Of course, since in the spin-zero phases, d = 0, the pressure in the 25C and CFL phases is
larger by four orders of magnitude. However, this result is only valid in the case where the chemical
potentials of all quark flavors are the same. We already have commented on the reliability of this
assumption in Sec. 1.3.4.
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Chapter 3

Conclusions & outlook

3.1 Summary and discussion

In the introduction we have argued that, in order to understand systems of cold and dense quark
matter in nature, it might be important to study spin-one color superconductors as an alternative to
spin-zero color superconductors and to normal-conducting quark matter. In this section, we discuss
this statement in more detail, taking into account the results of the main part of this thesis.

We have, in the weak-coupling limit of QCD, derived several properties of spin-one color super-
conductors that are relevant in order to decide if the considered phases may exist in the interior of
compact stellar objects, such as neutron stars. Some of these properties are directly related to exper-
imentally accessible observables of neutron stars. To summarize, we have investigated the following
quantities and effects:

e angular dependence of the gap,

e magnitude of the gap,

¢ magnitude of the critical temperature,
e electromagnetic Meissner effect,

e thermodynamic pressure.

Furthermore, besides the questions regarding the phenomenological implications, also problems mainly
of theoretical and fundamental significance have been treated, such as

e universality of the gap equation,

e group-theoretical classification of spin-one phases,

e fundamental derivation of “photon-gluon mixing”,

e similarities/differences to ordinary condensed-matter physics.

Let us recapitulate these points without repeating any technical details. First, remember that a
mismatch of the Fermi momenta of different quark flavors does, if too large, not allow for the usual BCS
pairing. No mismatch is present in the case of pairing of quarks with the same flavor (provided that the
color-chemical potentials are small). However, such a one-flavor color superconductor must be built of

107
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Cooper pairs with total spin-one. Learning from the analogy between a spin-one color superconductor
and the well-known theory of superfluid 3He, we have argued that a thorough treatment requires the
discussion of more than one order parameter. This is in contrast to ordinary superconductivity and to a
two-flavor color superconductor. In both cases only one phase, i.e., one symmetry breaking pattern, is
possible. We have shown that, as in the cases of ®He and a three-flavor color superconductor, the order
parameter in a spin-one color superconductor mathematically corresponds to a complex 3 x 3 matrix.
Therefore, we have discussed possible forms of this matrix that lead to different superconducting
phases.

It has turned out that there are similarities but also differences to the analogous situation in *He.
Two of the phases shown in the 3He phase diagrams in the introduction, namely the A and the B
phase, have their analogues in a spin-one color superconductor. Following Ref. [62], we termed the
analogue of the B phase “color-spin-locked (CSL) phase”. It has been shown that there is no phase
corresponding to the A; phase, which occurs in 3He in the case of an external magnetic field. The
reason for this is the different structure of the color gauge group compared to the (nonrelativistic)
spin group. After systematically listing different order parameters for a spin-one color superconductor,
we have seen that they can be divided into two classes. We have found order parameters that are
uniquely defined and order parameters that depend on several parameters, leading to more than one
gap function. Following the similar situation in 3He, we selected the order parameters of the former
class for a detailed investigation. In ®He, they correspond to stationary points of the free energy
and therefore are called “inert” states. In our case, these are the polar, planar, A, and CSL phases.
However, we did not present a rigorous argument which disfavors the other phases. Note, for instance,
that the residual group of one of the “non-inert” states is larger than the residual group of the planar
and CSL phases. Therefore, a study going beyond our simple argument might reveal a difference to
the situation in >He, leading to a stable state containing more than one gap function.

Using our results of the group-theoretical classification, it is possible to discuss qualitatively some
physical properties without performing any calculations. Such a discussion has been presented at the
end of Sec. 2.2. One of the main results is the fact that the CSL phase is obviously not only a color
superconductor but also an electromagnetic superconductor, i.e., this phase exhibits an electromag-
netic Meissner effect. This result is of physical relevance since the (ordinary) magnetic field is one of
the observables of neutron stars. It also discriminates a spin-one color superconductor from spin-zero
color superconductors, where an electromagnetic Meissner effect is absent due to a mixing of the pho-
ton and the eighth gluon. Motivated by this remarkable result, we have presented a quantitative and
fundamental investigation of the Meissner effect and the photon-gluon mixing that goes far beyond
the group-theoretical analysis.

Starting from first principles of QCD, we have explained how mixing between the gauge bosons
can be understood. We have shown that the crucial role in this problem is played by the polarization
tensor. A priori, there are 9 x 9 = 81 polarization tensors, accounting for the eight gluons and
the photon. In other words, there are not only 9 tensors for 9 gauge fields, but the mixed terms,
including every possible combination of two of the gauge fields, have to be taken into account in the
superconducting phase. In order to derive the gauge field propagators, this four-momentum-dependent
9 x 9 polarization matrix has to be diagonalized. This is done by an orthogonal transformation, which,
applied to the original gauge fields, produces a mixture between these fields. Consequently, in the
superconducting phase, the physical fields are not necessarily identical with the original gluon and
photon fields, but may be complicated combinations of these. Indeed, in the superconducting phases we
have considered, there are nonvanishing off-diagonal elements in the polarization matrix. We have not
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computed them for arbitrary four-momenta, but rather focussed on the zero-energy, low-momentum
limit in order to compute the electric and magnetic screening masses, which are obtained from the
longitudinal and transverse modes, respectively. (Note that, keeping the four-momentum in the 2SC
phase, there is a mixing between the fourth and fifth as well as the sixth and seventh gluon [102].)
Consequently, our calculations yield 9 x 9 “mass matrices”. The eigenvalues of these matrices are the
screening masses (= Debye and Meissner masses) for the rotated fields. In this limit, for all phases
we considered, there is no mixing among the gluons themselves. The only nonvanishing off-diagonal
elements combine the eighth gluon with the photon. Therefore, the orthogonal transformation matrix
reduces to a 2 X 2 matrix, determined by one single parameter, the mixing angle. We have shown
that the group-theoretical arguments can be used to determine this mixing angle, making use of the
explicit form of the generator of the residual gauge group ﬁ(l)em. It is also determined by an explicit
calculation of the screening mass matrix, which has been done in Sec. 2.3.

In the case of the CSL phase, all off-diagonal elements vanish both in the electric and the magnetic
case. This means that there is no mixing between the gauge bosons, and thus the physical fields in the
superconducting phase are the original gauge fields. Furthermore, all diagonal elements are nonzero,
implying electric and magnetic screening for all eight gluons and the photon. The nonzero value for
the magnetic photon mass is equivalent to a finite penetration depth for magnetic fields, as predicted
from group theory.

In the case of the polar and 2SC phases, there is a qualitative difference between the electric and
magnetic screening mass matrix, which shows that the group-theoretical result has to be interpreted
with some care. For the magnetic modes, we have found a mixing between the eighth gluon and the
photon, corresponding to a mixing angle also predicted by group theory. Moreover, the eigenvalues
are nonzero for five of the gluons (four “original” gluons and the “new” one) but vanish for the three
remaining gluons and the new photon. Therefore, there is no electromagnetic Meissner effect in these
cases. However, we have argued that in the case of a many-flavor system, where each quark flavor
separately forms Cooper pairs in the polar phase, the magnetic mass matrix does not have any zero
eigenvalue (if the quark flavors differ in their electric charges, which is the case for instance in a two-
flavor system with u and d quarks). Thus, in this case (although the fields are mixed!) there is an
electromagnetic Meissner effect.

For the electric modes in the polar and 2SC phases, however, we have found a diagonal mass
matrix. This is the reason why, in these cases, there is no mixing between the electric gauge bosons,
i.e., the mixing angle is zero. Six of the Debye masses are nonzero, implying an electric screening of
five gluons and the photon. Three of the gluon Debye masses vanish. These belong to the gluons that
do not see the (anti-)blue color of the Cooper pairs. Therefore, in the low-momentum region, where
the individual quarks of the pair are not resolved, these gluons are not screened. Note that for the
2SC phase, in Ref. [57] the diagonal matrix of the electric screening masses has been rotated using
the mixing angle predicted from group theory. Therefore, a different value for the photon Debye mass
(therein, contrary to our calculation, a “rotated” photon mass) is obtained. Trying to clarify this
subtlety of the 2SC (and polar) phase, we have argued in Sec. 2.3.5, that the ungapped blue quarks
play a special role in this problem. As obvious from our results, the contribution of the ungapped
quarks cancels the one of the gapped quarks in the off-diagonal elements. Considering only the gapped
quarks would yield the same mixing angle as in the magnetic case.

After summarizing the theoretical aspects of the electromagnetic superconductivity of spin-one
color superconductors, we should comment on their physical implications. However, before discussing
the effect of spin-one color-superconducting quark matter in the interior of a compact star, it has to
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be clarified if the conditions in these astrophysical objects are such that the favored state may indeed
be a spin-one color-superconductor. To this end, we make use of the results of Sec. 2.1. To summarize
the conclusion in one sentence: Since we have estimated the critical temperature of spin-one color
superconductors to be of the order of tens to hundreds of keV, and the temperature of an old neutron
star is in the same range or below, the core of the star could very well consist of quark matter in a
spin-one color-superconducting state. Let us recapitulate our estimate in some more detail.

The critical temperature, T,, for the transition from the normal-conducting to the color-super-
conducting phase has been calculated with the help of the QCD gap equation for ultrarelativistic
quarks. Due to asymptotic freedom, asymptotically large densities correspond to the weak coupling
limit of QCD, and a systematic solution of the QCD gap equation is possible via extracting leading
and subleading contributions to the gap. We have shown that the gap equation has a universal
form applicable to arbitrary color-superconducting phases. Due to this fact, we could formalize the
solution of the gap equation in the sense that the calculation of certain terms, directly related to the
order parameter, leads to the value of the gap ¢g at the Fermi surface for T = 0. This formalism
has been applied to the computation of the gaps for the 25C and CFL phases, which had already
been known in the literature. In the case of a spin-one color superconductor, we computed the gap
in the polar, planar, A, and CSL phases. Moreover, in each phase, we distinguished between the
cases of a longitudinal, a mixed, and a transverse gap, arriving at twelve different gap parameters.
This discrimination has its origin in the special structure of the spin-one gap matrix, which, due to
the vectorial structure of the spin triplet, contains two terms. The first term, proportional to the
quark momentum R, describes Cooper pairing of two quarks with the same chirality, while the second,
proportional to 4 (k), accounts for pairing of quarks with opposite chirality. We have termed gap
matrices containing solely one of these terms “longitudinal” and “transverse”, respectively and have
shown that these gaps are consistent with the gap equation, i.e., they do not induce each other.
Note that the longitudinal gap can be considered as the nonrelativistic limit. An equal admixture of
longitudinal and transverse gaps was termed “mixed gap”.

Two technical complications enter the solution of the gap equation in the spin-one phases. The first,
also present in the CFL phase, is caused by a two-gap structure in the mixed CSL and the transverse
A phases. This feature actually produces two gap equations. We have discussed the solution of these
two gap equations, which can be reduced to one, in detail. It has turned out (and was already expected
from the results of the CFL phase), that the two-gap structure produces a nontrivial factor multiplying
the gap parameter. Due to our general treatment we have found an expression of this factor (which
is of order one) applicable to all color-superconducting phases that exhibit two different gaps. Using
the notation introduced in Sec. 2.1, this factor is

2-1/3  CFL

(M) (Ag)®)~2 = ¢ 27%*  CSL (mixed) (3.1)

(%)1/2 A (transverse)
The second complication enters through the potentially angular-dependent excitation energies. This
angular dependence results in a complicated angular integration in the gap equation. To perform
this integration, we have used a simple approximation, assuming the neglected terms to be sub-
subleading. In principle, a more rigorous treatment of the angular integration is required to prove this
approximation.
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Let us summarize the results for the gap ¢¢. Besides the factor originating from the two-gap
structure (mainly of theoretical interest, since of order one), there is another factor occurring in the
gap parameter, which we have denoted by exp(—d). Since d = 0 in the 2SC phase (and the CFL

phase), we found the following ratio of ¢y and d)%sc,
—fé)c = exp(—d) ((M)™ (A)™)7'/% . (3.2)
0

We have shown that in the spin-one phases, 4.5 < d < 6. In all longitudinal phases, d = 6, which has
been proven for arbitrary order parameters. Also, in all transverse phases, d assumes the same value,
namely d = 4.5. In the mixed phases, the value of d depends on the order parameter. In conclusion,
the value of the gap in the spin-one phases is smaller by 2 — 3 orders of magnitude compared to the
spin-zero phases, which leads to a gap of 20 — 400 keV, assuming the 25C gap to be of the order of
10 — 100 MeV.

From these results, it is easy to conclude the values of T,. To this end, we have derived a simple
relation between T, and ¢, which deviates by the (inverse of the) above mentioned factor from the
corresponding relation in BCS theory,

Te 057 () (g)o2)2 (3.3)
. 1 2 . .
bo
Consequently, the critical temperature in a spin-one color superconductor is in the range of 10 — 400
keV, and therefore the existence of these phases in an old neutron star is not ruled out by the star’s
temperature.

Remember from the introduction, and references therein, that the conventional picture of a neutron
star includes a core of superconducting protons and superfluid neutrons. Based on the assumption
that the protons form a type-II superconductor, the star’s magnetic field can penetrate into the in-
terior of the star through flux tubes. Moreover, since the star is rotating, vortices are formed due
to the superfluidity of the neutron matter. Since the neutron superflow surrounding these vortices
entrains protons, the vortices are magnetized. Consequently, the vortices are strongly interacting
with the magnetic flux tubes. This results in a complicated scenario during the spinning down of
the neutron star, because a decreasing rotation frequency is accompanied by an expanding vortex
array, entraining the magnetic flux tubes [10, 16]. However, it has been argued [16] that this scenario
is inconsistent with observed precession periods of one year in the case of isolated pulsars. A solu-
tion to this problem might be a core of color-superconducting quark matter. While spin-zero color
superconductors could be of type II at small p [96, 126], a spin-one color superconductor is most
likely always of type I, because the ratio of the penetration depth to the coherence length is of order
~ ¢o/(eu) ~ 1073 [100 MeV /(eu)] < 1. Consequently, the magnetic field is completely expelled from
the core of a compact stellar object, if it is a spin-one color-superconductor. The magnetic field is
expelled unless it exceeds the critical field strength for the transition to the normal conducting state.
The magnetic field in neutron stars is typically of the order of 10'?> Gauss. This is much smaller
than the critical magnetic field which, from the results of Ref. [96], we estimate to be of the order of
10'6 Gauss. Consequently, the magnetic field strength of a neutron star is consistent with a spin-one
color-superconducting core.

Remember also from the introduction that the superfluid vortices provide an explanation for the
observed glitches, i.e., sudden jumps in the rotation frequency of the star. Therefore, also the question
of superfluidity in a spin-one color superconductor should be addressed. We have not studied this
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question in detail, and thus it remains for further studies. However, from our group-theoretical
analysis, we can immediately read off which of the phases are expected to contain stable superfluid
vortices. We have discussed this question at the end of Sec. 2.2. To repeat the main conclusions,
let us point out that, in the case of a spin-one color superconductor, all phases that exhibit an
electromagnetic Meissner effect (due to pure symmetry reasons), are also superfluid. This simple
conclusion can be drawn for one-flavor systems. Consequently, restricting to the “inert” phases, only
the CSL phase is a superfluid. A two-flavor color superconductor, as can be seen from the discussion
in the introduction, is neither superfluid nor an electromagnetic superconductor. A three-flavor color
superconductor, however, is not an electromagnetic superconductor but a superfluid.

In order to implement the properties of quark matter into the theory of neutron stars, it is necessary
to know the ground state. In the introduction it has been argued that for sufficiently cold and dense
systems, this ground state is a color superconductor. However, the multitude of possible phases and
the uncertainty of the values for the density, strong coupling constant etc. render the question for the
true ground state extremely difficult. Therefore, in the present thesis, we have focussed on the spin-
one color superconductors and have discussed the ground state among these phases. A comparison
with other phases has been discussed on a qualitative level in Sec. 1.3.4. We have computed the
thermodynamic pressure, in order to find the favored state at zero temperature and zero magnetic
field. It has turned out that all transverse phases are favored compared to the mixed and longitudinal
phases. The reason is the factor exp(—d) that also occurs in the value of the gap parameter. The
square of this factor, i.e., exp(—2d), enters the value for the pressure. Since d assumes its minimum,
d = 4.5, in the transverse phases, these are preferred compared to all other phases where d > 4.5.
The exponential factor dominates all other contributions that discriminate between different spin-one
phases.

One of these other contributions is, roughly speaking, the number of gaps. More precisely, the
pressure is enhanced by every excitation branch that is gapped. In the normal-conducting phase,
there are twelve ungapped excitation branches, resulting from the color (three) and Dirac (four)
components of the quark fields. In the color-superconducting phases, these branches become partially
gapped. There is one case, namely the mixed CSL phase, where all branches are gapped (with two
different gaps). However, due to the exponential factor, this fact does not help to prefer this phase
over the transverse phases, even though the latter have only eight gapped quasiparticle excitation
branches.

Consequently, in order to determine the favored phase, the several transverse phases have to be
compared. It has turned out that the pressure (and the effective potential) is identical in the transverse
polar, planar, and CSL phases. In the transverse A phase, the pressure is enhanced by a factor 1.5.
This additional factor originates from the two-gap structure and the angular structure of the gap

function,

pa _ 1ni(M) +no(d) 4 ~15. (3.4)

DPpolar 8 <)\1)a1 <)\2>a2 \/'7
In conclusion, among the spin-one phases that we have considered, the transverse A phase has, at T =0
and without external magnetic field, the maximal pressure (and, thus, corresponds to the minimal
value of the effective potential). However, it should be mentioned that this conclusion depends on
our simple approximation concerning the angular integration in the gap equation and thus has to be
treated with some care.

Finally, let us comment on parallels or differences to other physical systems, such as ordinary
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superconductors/superfluids. Of special interest in this context are two features that we encountered
in the treatment of spin-one color superconductivity, namely the two-gap structure and the angular
dependence of the gap. We have demonstrated how both effects yield contributions to the values of the
gap parameter, the critical temperature, and the pressure. Therefore, it is obvious that they strongly
affect the physics of the superconductor. We have indicated above that the famous BCS relation,
T./¢o = 0.57, is violated in a superconducting system where there are two excitation branches with
different energy gaps. We have discussed one case where one gap is twice the other gap. This situation
occurs in the CSL phase and was also found in the CFL case (however, a subtle difference between
these two cases yield two different factors violating the BCS relation, cf. Eq. (3.1)). In another case,
namely the A phase, we found two gaps that differ in their angular structure. The idea of a two-gap (or
multi-gap) structure in a superconductor is not new and has been discussed in the condensed-matter
literature [127]. Also, experimental evidence for two different gaps in MgB, has been reported and
theoretically interpreted [128]. Similar to our discussion, a deviation from the expected values of the
gaps, using weak-coupling BCS theory, has been found. The origin of the two-gap structure in this
system, however, is a complicated structure of the Fermi surface, actually separating into two Fermi
surfaces. This is in contrast to a spin-one color superconductor in the CSL and A phase, where a
two-gap structure is present even with a single Fermi sphere. More relevant to quark matter could be
another study about two-gap systems [129], where the type of the superconductor and consequences
for the vortex structure is investigated.

Let us add that there is no two-gap structure in superfluid 3He, although the order parameters
of the CSL and A phases in a spin-one color superconductor are identical to those of the B and A
phases in 3He. The reason, of course, is the different structure of the relativistic gap matrix. In the
nonrelativistic limit, i.e., in the case of a longitudinal gap, we have reproduced the single-gap structure
of the 3He phases.

Also angular-dependent gap functions are known in ordinary condensed-matter physics. Before we
discuss some parallels, we briefly summarize what we have found for spin-one color superconductors.
We have presented a formalism in which the eigenvalues of a certain matrix, basically the square
of the gap matrix, determine the structure of the quasiparticle excitation energy. In particular, the
dependence of these eigenvalues on the direction of the quasiparticle momentum k determines the
angular dependence of the gap (in one of the cases we considered, namely the polar phase, an additional
angular dependence enters via the gap parameter ¢g). Since the eigenvalues are constant numbers in
spin-zero color superconductors, the gap function is isotropic. In a spin-one color superconductor we
have encountered the following cases (illustrated in Fig. 2.3):

e isotropic gap: all CSL, mixed planar, mized A phases;
e anisotropic gap without nodes: mized polar, transverse planar, transverse A phases;

e anisotropic gap with two nodal points at north and south pole of Fermi sphere: transverse polar,
longitudinal planar, longitudinal and transverse A phases;

e anisotropic gap with a nodal line at equator of Fermi sphere: longitudinal polar phase.

The transverse A phase occurs twice in this enumeration, because it has two gaps with different
structures. Nodes of the gap can only occur for a purely longitudinal or transverse gap. For all
admixtures (especially for the “mixed” gap), the gap is nonvanishing for all directions of the quark
momentum. As mentioned in the introduction, nodes of the gap are well-known from the A and
A, phases in superfluid 3He. In a spin-one color superconductor, we find, due to the transverse
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term (= Cooper pairs with quarks of opposite chirality), an even richer structure of anisotropies.
The most interesting case is certainly the transverse A phase, where two gaps with different angular
structures are present. Since this phase is likely to be realized in nature (remember the maximal
pressure of this phase), further studies regarding the physical implications of this unusual gap structure
should be tackled. The physical consequence of gap nodes is, for instance, a modified temperature-
dependence of the specific heat, as we know from 3He. It is plausible that nodes of the gap influence the
thermodynamic properties of the superconductor/superfluid, since thermal excitations of quasiparticles
become possible even at small temperatures. The implications of the nodes certainly depend on their
geometric dimension. Remember from the introduction that not only superconductors with nodal
points or lines but also with two-dimensional, spherical, nodes (“gapless 2SC phase”) are known.

Besides superfluid ®He, also unconventional superconductors, such as high-T}, superconductors, are
candidates for gaps that vanish for special directions of the fermion momentum. The anisotropies occur
for similar reasons as in *He or spin-one color superconductors. In several high-T, superconductors,
line nodes and point nodes of the gap have been studied originating from the spin-singlet, d-wave
nature of the Cooper pair. For instance, see Ref. [130] for the discussion of line nodes in cuprate
superconductors, and Ref. [131] for point nodes in YNizB2C. Another example of gap nodes has been
found in superconducting SroRuQOy [28] where the order parameter is assumed to be of the same form
as in the A phase of 3He, describing a condensate in the spin-triplet, p-wave channel.
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3.2 Open questions

In the previous section, we have summarized the main results of this thesis and have discussed their
theoretical and phenomenological meaning. In that discussion, we have already indicated some open
questions that remain to be tackled in future work. In this section, we discuss these questions in more
detail and extend the list of possible future projects by some additional points.

From the results of this thesis and the introductory remarks about the research field of color
superconductivity, it is clear that many important questions concerning cold and dense matter are
unanswered, or only understood at a relatively elementary level. We simply do not know which is the
form of matter in the core of a neutron star. We do not know if it is deconfined quark matter, and, if yes,
if it is color-superconducting, and, if yes again, which color-superconducting phase is in fact realized.
These questions, besides the not less exciting fundamental theoretical aspects, are the motivation for
a continuing activity in this field. One of the goals, of course, should be to find a microscopical model
of matter inside a neutron star that is in agreement with the macroscopical astrophysical observations.
We have argued that a key to a deeper understanding of cold and dense quark matter is the magnetic
field of the star and related observables such as its rotation frequency. We have also argued that spin-
one color superconductors exhibit some striking properties concerning magnetism. We have discussed
that, in spite of the smaller gap compared to spin-zero color superconductors, spin-one phases could
be relevant in realistic systems. Therefore, let us now point out some future projects that could be
added to the present status of the theory of spin-one color superconductors.

First, there are some obvious, mostly technical, extensions and completions to the calculations of
this thesis. For instance, we have not computed the Debye and Meissner masses for the A phase. Since
our results suggest that the transverse A phase is favored, this is definitely a task of physical relevance.
With the formalism that we have developed, this calculation reduces to the calculation of some traces
in color-spin space and can be done without conceptual difficulties. Of special interest in connection
with this question could be the general behavior of purely longitudinal and transverse gaps regarding
magnetic fields. Remember that the calculations in Sec. 2.3 have focussed on the mixed polar and
CSL phases. In none of these phases, the gap function has nodes, which is the case for instance in the
transverse A phase. It could be discussed, if and how the nodes affect a possible Meissner effect, e.g.,
it can be expected that the penetration depth of the magnetic field depends on the spatial direction.
For the transverse A phase, one does not expect an electromagnetic Meissner effect in a one-flavor
system, since there is a residual gauge group ﬁ(l)em. However, it is very likely that, as discussed for
the polar phase, for many-flavor systems a Meissner effect will be present.

Other questions, directly related to the thesis’ calculations, are the following. We have proven that
all longitudinal gaps are suppressed by a factor e compared to the spin-zero phases. This result
holds for arbitrary order parameters, i.e., for arbitrary 3 x 3 matrices A. In the explicit calculations,
we have found that for all transverse gaps we considered, the suppression factor is given by e~*?.
However, we have not presented a proof that this result is also universal (or a counter-example to
show that it is non-universal). To our knowledge, this has not been done in the framework of the
QCD gap equation. This problem is also purely technical since the conceptual framework has been
explained in detail.

An obvious extension to the discussion of the thermodynamic pressure in spin-one color super-
conductors is the generalization to finite temperatures. We have presented the general derivation
of the effective potential up to a certain point, where we restricted to the case T = 0 in order to
proceed analytically. Therefore, a straightforward numerical study could compare several spin-one
phases for nonzero temperatures. Besides the temperature, also an external magnetic field could be



116 Chapter 3. Conclusions & outlook

implemented. Obviously, this is of great importance for the application to neutron stars. Most likely,
for finite magnetic fields and finite temperatures one would find results deviating from the conclusions
in the case of zero temperature and zero magnetic field. This conjecture is suggested by the phase
diagram of 3He, where, in the case of an external magnetic field, the A; phase is observed, which is
completely absent in systems without a magnetic field.

Finally, let us mention possible future projects that are not straightforward extensions of the
present thesis, but nevertheless suggested by the results. Remember that in the polar phase, the
spins of the Cooper pairs point in one fixed direction. Also in other phases, such as the A phase, the
spatial directions are discriminated by the spin structure. Therefore, it is a natural question to ask
for ferromagnetism in these phases. In condensed-matter physics, there has been work related to this
topic, suggesting a possible coexistence of ferromagnetism and spin-triplet superconductivity, see for
instance Ref. [132]. Also for quark matter, although solely treating color ferromagnetism in spin-zero
color superconductors, similar studies have been done [133]. The study of ordinary ferromagnetism in
spin-one color superconductors might be of particular interest for the origin of the magnetic field in a
neutron star, which is, at present, not completely understood.

A phenomenological implication of the gap nodes is related to the neutrino emissivity of a color
superconductor. This might be of special interest for astrophysics since the cooling of a neutron
star is dominated by neutrino emission [9, 12]. It has been argued that in the CFL phase, neutrino
emission originating from direct Urca processes is suppressed by a factor exp(—¢/T') [134]. The reason
is simply that a quark Cooper pair has to be broken in order to emit a neutrino, i.e., the energy cost
of this process is responsible for its suppression. In a spin-one color superconductor, however, this
suppression is likely to be modified. Because of the nodes in the gap function, present in several of the
discussed phases, there are gapless excitations (depending on the direction of the quark momentum).
Therefore, neutrino emission from Urca processes might become important, and it would be very
interesting to investigate the consequences for the cooling properties of a neutron star with a spin-one
color-superconducting core.

As mentioned in the introduction as well as in the discussion of the results, the structure of
superfluid vortices (and magnetic flux tubes) is crucial in order to understand what is going on in
the interior of a neutron star. Therefore, it is a promising project to investigate the vortex structure
in a spin-one color superconductor. For a spin-zero superconductor, a similar study, using Ginzburg-
Landau theory, has been done in Ref. [96]. In order to point out the basic ideas of the problem, let us
briefly recall some fundamental facts about vortices, based on topological arguments [22].

A vortex in a superconductor is a line along which the system is in the normal-conducting state.
Typically, in a type-II superconductor, there is a special pattern of vortices along which a magnetic
field can penetrate. The width of the vortices is characterized by the coherence length. Under certain
conditions, this special configuration of the system corresponds to a minimum of the free energy and
therefore is preferred over the completely superconducting or completely normal-conducting state.
Without detailed calculations, one can use topological arguments for a prediction of the (topological)
stability of the vortex. At this point, it should be mentioned that vortices are a special case of
“topological defects” that may occur in any system that is characterized by a nonvanishing order
parameter (i.e., superconductors, superfluids, ferromagnets, etc.). These defects can be pointlike
(= monopoles), one-dimensional lines (= vortices) or surfaces (= domain walls). Let us briefly discuss
the topological stability of a line defect in an ordinary superconductor. Employing the notation
introduced in Sec. 1, in a conventional superconductor we have G = U (1), H = {1}, and G/H = U (1),
i.e., the electromagnetic gauge group is spontaneously broken. Now consider a space-dependent order
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vortex

Figure 3.1: Mapping of the contour C' onto the unit circle S*, defined by the phase of order parameter. The
image of the mapping provides information about the spatial structure of the order parameter and therefore
determines the topological stability of the vortex.

parameter '
(r) = 9o ) . (3.5)

Mathematically, ¥ (r) is singular along the vortex line. This vortex line is called topologically stable
if there is no continuous deformation of the order parameter field 1 (r) that removes the singularity.
What does that mean? Consider a closed contour C' surrounding the vortex line, cf. Fig. 3.1. On
each point of this line, the order parameter (3.5) has a certain value, which is defined by its phase
¢(r), since we assumed the absolute value 1y to be constant. Therefore, the order parameter defines
a mapping from C onto the unit circle S', which is the topological space corresponding to the group
G/H = U(1). The image of this mapping is a closed contour on S!, since the order parameter
field is continuous along C. If this closed contour can be contracted to a single point, then there is
a continuous deformation to remove the singularity. This means that the vortex is (topologically)
unstable. If it cannot be contracted to a single point, the vortex is stable. This is the case if the image
goes around the whole circle (once or more times). The winding number of the image is called the
topological charge of the vortex. Mathematically speaking, the first homotopy group m; of the broken
part of the group, G/H, here

m(8YH) =2, (3.6)

classifies the vortices with respect to their topological charges. Therefore, in the case of an ordinary
superconductor, topological charges of 0 (unstable), 1, 2, ... are possible for vortices. Note that
in this situation, where G/H = U(1), there cannot be any point defects. The reason for that is the
trivial second homotopy group, ma(S'), since, for the investigation of point defects, one has to consider
surfaces that surround a possible monopole (in a three-dimensional system).

The relatively simple situation of an ordinary superconductor becomes more involved in the case
of a more complicated group G/H that possibly also allows for point or surface defects. In the case of
a spin-one color superconductor, this group has a rich structure. Again, from the theory of *He (where
the group structure is similar) one could borrow the method to tackle the problem of topological defects
in superfluid/superconducting quark matter, especially in spin-one color superconductors. Since they
are superconductors of type I, there are no magnetic flux tubes; however, regarding superfluidity, it
could be interesting to study the vortex structure.
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Appendix A

Projecting onto eigenspaces

In this appendix we prove Eq. (2.34) of Sec. 2.1.2.

Consider a hermitian matrix L with n different (real) eigenvalues A\, (r = 1,...

projectors P, onto the corresponding eigenspaces can be written as

L— X
R:HA—;'
S#T T S
This is Eq. (2.34) in a slightly simplified notation.
Proof: L can be written as
n

L= AnPn.

m=1

Since L is hermitian, the eigenspaces are orthogonal to each other,
Vr#s: PP, =0,
and the set of projectors is complete,

n
> Pp=1.
m=1

With these relations, one obtains for a fixed number s < n,
L-=X=> (Am—2Xs)Pn .

Consequently, for a fixed number r < n,

H(L_As) = H Z()\m_)\s)Pm

S#ET s#r m=1

= J[w =) P .
SF#T

,n). Then, the

(A1)

(A.5)

(A.6)

(A7)

In this product, the only projector that survives is P,, since this is the only one that occurs in
each factor. For every other projector P,, m # r, there is one factor that does not contain P,
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and, consequently, via Eq. (A.3), all these projectors disappear. Now, since A\, # Ag for r # s, we
immediately conclude for all r < n

P =1] L __As (A.8)

which is Eq. (A.1) and thus proves Eq. (2.34).
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Integrating over gluon momentum

In this appendix, we compute the integrals over the gluon 3-momentum p to subleading order in the
gap equation, leading to Eq. (2.56) in Sec. 2.1.3. We shall see that to this order it is consistent to put
k=q=p.

After replacing k - § = (k2 + ¢2 — p?)/(2kq), the coefficients 7)5}2(66'5 k,q) can be read off from the
results of the traces ﬁfl’s(k, q), defined in Eq. (2.48). One first observes that for all cases considered

here, né;ﬁb (e, k,q) = 0 for m > 3. Next, one also realizes that n¢, = 0, since there is no term in 75%6”i
proportional to 1/p?. Consequently, we have to compute the integrals

Tt A 2 " 0,1,2 B.1
2m_/k—q| ppm k_q y, m=U,1,2, ( 'a‘)
for the contribution of static electric gluons to the gap equation,
k+q 2 (p2\™
h! :/ dpp= |—)| , m=-1,0,1,2, B.1b
om = [, P\ kg m (B.1b)

for the contribution of non-static magnetic gluons, and

t,2 p4 p2 "
1 = dpp ————~ | — m=-—1,0,1,2 B.1c
2m /|k—q ppp6+M4wi (kq) ’ 9y Uy Ly ) ( )

with wy = 62: s T € ., for the contribution of almost static magnetic gluons. The result for the integrals
(B.1a) and (B.1b) is

2 2
I5 = In m—izzfé ~In <%> , (B.2a)
T = 4- 3;7;3 ) E:tqijigzg ~4, (B.2b)
o k2 +qu— 3m; n 3]7:13)2 N [E:fg;zigza ~3 (B.2¢)
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: (k +q)* 4p°
Ié 1 = ]n M2 ~ ]n W y (B2e)
k+q)? — M?
o = (k+q)" = M* ~4, B.2f
k+q)* — M*
- (k+a)” - M7 ~8. B.2
4 2(kq)? 8 (B.2g)

The approximate equalities on the right-hand sides hold to subleading order in the gap equation. One
obtains them employing two approximations. First, terms proportional to at least one power of mg or
M? carry at least two additional powers of g, which renders them sub-subleading and thus negligible
to the order we are computing. Second, one utilizes the fact that the ¢ integration in the gap equation
is over a region of size 26 around the Fermi surface, where § ~ m,. To subleading order it is thus
accurate to put k = g = p (see discussion in Sec. 2.1.3). This then yields the right-hand sides of Egs.
(B.2).

Note that there is a term ~ p2/M? ~ 1/¢? in Eq. (B.2d). This term is parametrically the largest
and could in principle give the dominant contribution to the gap equation. However, in all cases
considered here, it turns out that the coefficient n' , is proportional to at least one power of (k — q)2.
Performing also the ¢ integration in the gap equation, one then has terms of the form

e /0‘5 d(g—p) (k—q)* 2 o (B.3)

i
€ M2 P(eq:9) ~ g MQ/ \/wg ~4g ¢ —+O< ) )

where for the purpose of power counting we have neglected the ¢ dependence of the gap function,
#(€q:q) ~ ¢o, and we have evaluated the integral on the left-hand side for £ = p. As long as
§ ~ mg ~ M, the leading term in Eq. (B.3) is ~ g?¢, and thus it is only of sub-subleading order
in the gap equation. It is obvious that the constant term —1/4 in Eq. (B.2d) is parametrically even
smaller. The contribution to the term ~ 7', from non-static magnetic gluons is therefore negligible
to subleading order.

Finally, also the integrals 75 can be computed analytically [135]. Defining @ = (M*w3)'/3, the
result is

M2
IE% = kg {ln l#] — 2v/3 arctg ( a)} , (B.4a)

_ 2
T 120 az + « V3a (k—q)?
1 M+ o 1 M?
L' = s Goarra| s o B.4b
0 6 nl(/ﬁ—q)ﬁ—i-oz3 6 n(u;i ’ ( )
M? — (k — q)? ( )2 5 M?2
— — + o T — «
T2 9" 1 x 9 /3 . ( ) 0 (BA
? 2kq 12k | |22 — oz + o2 + 2V3 arctg V3a (k—g)2 {B-c)
M* — (k- q)* o 9
' = ~ G L2 =0 B.4d
* 4(kq)? (k)3 ™2 (B.4d)
Here, we used the short notation {f(z)}¢ = f(a) — f(b). In order to obtain the approximate equalities

on the right-hand sides of Egs. (B.4b), (B.4c), and (B.4d), one employs the fact that typically (k—q)? ~
w? < M?, such that parametrically (k — ¢q)?> < a < M?2. This immediately yields the right-hand
side of Eq. (B.4b). For Egs. (B.4c) and (B.4d), we use this estimate in order to expand the logarithm
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occurring in Egs. (B.4a) and (B.4c). Onme finds that the leading term is ~ a/M?2. Similarly, one
expands the inverse tangent occurring in these equations, which leads to terms which are even of order
O(1). Collecting all prefactors, however, all terms in Egs. (B.4c) and (B.4d) are then suppressed by at
least one power of g?. These sub-subleading corrections are negligible to the order we are computing.

Somewhat more care is necessary in estimating the terms in Eq. (B.4a). Again, one may expand
the logarithm and the inverse tangent. Together with the prefactor, this leads to a term ~ 1/M? for
the logarithm, and a term ~ 1/« for the inverse tangent. The first term is harmless: together with
the factor (k — q)2 from 7’ , it leads to an integral of the form (B.3), which was already shown to give
a sub-subleading contribution to the gap equation. The other term leads to the integral

_ _ 2
72 /0‘5 dlg—p) (k—q) ewq) ~ g (B.5)

do [0 dEE?
€q o M4/3 /0 (

&+ ¢0)%/°

where we used similar power-counting arguments as in Eq. (B.3). The last integral is finite even for
$o = 0, so that we can estimate it to be ~ §*/3. For § ~ myg this contribution is then again ~ 7> do
and thus of sub-subleading order in the gap equation.

In conclusion, also the contribution of almost static magnetic gluons to the term ~ n', is of sub-
subleading order and can be neglected. To subleading order, it is therefore consistent to put n’, =0
from the beginning, provided one chooses § ~ m.
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Appendix C

Computing eigenvalues

In this appendix, we compute the eigenvalues of the matrix Ly, defined in Eq. (2.32), for several
color-superconducting phases.
The eigenvalues A, of Ly follow from the roots of

det (A1 —Lg)=0. (C.1)
The left-hand side of this equation can be rewritten in the form
det (A1 — Lx) = exp{Tr[ln (A1 — Ly)]} . (C.2)
The logarithm of the matrix A1 — Ly is formally defined in terms of a power series,

o0
Tr{ln (A1 — Ly)] = InATr1 + Tr [111 (1 — %)] =InATrl— Z%)\_”’I‘rLﬁ . (C.3)
n=1

In order to proceed, one needs to know the trace of the nth power of the matrix L. In the cases
where Ly is a projector, we have Ly = Ly. This is the case for instance in the 25C phase, cf. Eq.
(2.87). In this case, counting color and flavor degrees of freedom, the trace of Ly is 4. Therefore, we
obtain for the 2SC phase

det M1 - L) =X2(A-1)*=0. (C.4)

This yields the eigenvalues given in Eq. (2.88).

Next, let us discuss some less trivial cases, where Ly is no projector. First, consider the CFL
phase. In this case, the calculation of L} is slightly more involved. The first step is to notice that
Li =5 Ly —41. Repeated application of this relation allows to reduce an arbitrary number of powers
of Ly to a single power, plus a term proportional to the unit matrix,

Ly =apLx+0b,1. (C.5)
Multiplying both sides of this equation by Ly, one derives the recursion relation
ap+1 =dap —4ap1 (C.6)

for the coefficients a,, and the identity
bn_|_1 =—4 (477} (C7)
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for the coefficients b,. The recursion relation (C.6) can be solved with the Ansatz a, = p™, which
yields a quadratic equation for p with the solutions p; = 4 and p2 = 1. The general solution of the
recursion relation is then a,, = n1 p} +n2 py = m 4" +n2. The coefficients 7; and 72 can be determined
from a; = 1 and ay = 5, such that
4" — 1 4n — 4

, by, = — . C.8

- nm - (C3)
In the CFL phase, Tr Ly, = 12 and Tr1 = 9. Consequently,

Qp =

det A1 -L)=A-4)(A-1)%=0, (C.9)

which leads to Eq. (2.95).

Next, we compute the eigenvalues of Ly in the planar phase (the calculation for the polar phase
is trivial and analogous to the 2SC phase). This can be done for arbitrary coefficients «, £, i.e., for
general linear combinations of longitudinal and transverse gaps. To this end, we first write Eq. (2.117)

as
Ly = JPAL + J3 Ay + {J1, o} B+ [J1, 1) Z (C.10)

where we used the abbreviations

Arp = (a® — %) l%%/Q + 2, (C.11a)
B = (o= f)hiks, (C.11b)
z = plalkyll) -kl )] -8 yLE)y1 (k) - kike|} - (C.11¢)

The quantities Ay /5, B, and Z are diagonal in color space. But while A,/ and B are scalars, Z is a
nontrivial 4 X 4 matrix in Dirac space. However, one easily verifies the following relation

Z? =B? - A A, . (C.12)

With the help of this relation and the (anti-)commutation properties of the color matrices (J;) jx = —i€;jk
one obtains LY = (A; + Ag) Ly and therefore

L = (A1 + A)" T Ly . (C.13)
Then, with TrLy = 8(A; + As), we have
det(\ — L) = M\ — (41 + 49)]®, (C.14)

which, using the definition in Eq. (C.11a), proves Eq. (2.118).

Finally, we discuss the A phase. This case is special in the sense that Li'(' # Ly . (Remember that
in Sec. 2.1 we introduced the simplified notation Lx = L since L. was irrelevant in this section.)
For the definition of L;_ see Eq. (2.347). With the abbreviations of Egs. (C.11) we can write

LE = J2[(A1 + Ag) £ 20 7] . (C.15)
In order to derive an expression for the n-th power of Lff, we notice that

(Lic)? = 2(A1 + A2) Ly, — [(A1 — 42)* +4B%)J5 (C.16)
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where Eq. (C.12) has been used. Since A4/, and B are scalars and J:,?Li = Lf, we have
(L™ = anLif + by J7 (C.17)

with real coefficients a,, b,. Applying Eq. (C.16), one derives the following recursion relations for
these coefficients,

an1 = 2(A1 + As) an + by , bni1 = —[(A1 — A2)? +4BYa, . (C.18)

With the ansatz of a power series, a,, = p", one obtains a quadratic equation for p, which has the two

solutions
pijo = A1+ Ax £2V A1 Ay — B2 (C.19)

Therefore, a, is a linear combination of the n-th powers of these solutions, a, = 11 p} + n2 p5. The
coefficients 71, 72 can be determined from a; = 1, as = 2(A; + A3). One finds

1 1 0o 1(A; — A))?+4B? 4 .
_ = =B, b= —- nl o pply C.20
fin 4 vV A1A2 — B2 (pl p2) " 4 vV A1A2 — 32 (pl P2 ) ( )

With TrLif = 8(A; + Ag) this yields
det(A — LE) = X\ —p1)* (A —p2)* . (C.21)

Consequently, both Lli' and L,  have the eigenvalues 0, p1, and po, each with degeneracy 4, which
proves Egs. (2.124).

Finally, consider the projectors Plf,r corresponding to the eigenvalues A (in Sec. 2.1, Py = 7311', .-
With Eq. (2.34),
Lig (L — Mop1)

pE ’ P, =1-PF —PE, . C.22
k,1/2 )\1/2()\1/2 _ )\2/1) k,3 k,1 k,2 ( )
This leads to
1 1
+ 2
= = Lz 2
Picy 2J3 (lzl: A ) ) (C.23a)
1 1
pE = ZJ2 (1 S Z) , C.23b
ke T 9B \"T A4, - B? (C-23b)
PE, = 1-J7. (C.23c)

Since TrZ = Tr(AfZ) = 0, one immediately proves Eq. (2.357). Note that, making use of Eq. (C.12),
Egs. (C.23a) and (C.23b) can be written as

1 Z
Pe1 = 5J§ (135\/?), (C.24a)
pE = 1 1F Z ) (C.24b)
k,2 9 3 \/ﬁ
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Appendix D

Proving d = 6 for longitudinal gaps

In this appendix, we prove that d = 6 for any order parameter (= for any 3 x 3 matrix) A in the case
of a longitudinal gap. The constant d occurs in the value of the gap at the Fermi surface for 7' = 0,
cf. Eq. (2.41), and is defined in Eq. (2.59). The longitudinal case, i.e., (o, 8) = (1,0) in Eq. (2.99) is
particularly simple, since in this case the Dirac structure of the matrix My is trivial.

In order to compute the constant d, we use the method presented in Sec. 2.1.3. We have to
determine the eigenvalues of Ly in order to compute the quantities 76%61’8(k, q) and 7;66”5 (k,q)-

Let us start with the matrix

Mg=v-J, (D.1)

where we abbreviated vy = (vk,1, vk 2, Vk,3) With

3
vk = Y Agjky,  i=1,2,3. (D.2)
j=1
Then,
(Li)ij = vig 0ij — vie j Ui » (D.3)

where vi = vy, - vx. Now, with L2 = vﬁ Ly and Tr Ly = 81)1% the eigenvalues of Ly are easily found
making use of the method presented in Appendix C. One obtains

M =vE  (8fold), A=0  (4-fold). (D.4)

Consequently, the fact that there is one gapped branch with degeneracy 8 and one ungapped branch
with degeneracy 4 is completely general, i.e., it is true for any order parameter A in the longitudinal
case. The corresponding projectors are given by

vﬂ;vkd Uﬂ;ka
(Pi)ij = 6ij — ;2 , (PR = # : (D.5)
Using Eqs. (2.48) and (2.50), this leads to
/ 1 vq - vy oA
Tos 'oa) = 5k (L+edqk), (D.6a)
k
/ 2 vq -V} A
T kq) = 3 qvg k(1-eep-qp-k), (D.6b)
k
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and 77;55"2(k, q) = 0. In order to perform the angular integration, we choose a coordinate system
(¢,0',¢), such that q -k = cos@. With k = k (sinf cos ¢, sin fsin ¢, cos §), this is achieved by a

rotation
cos@ cosp cosfsinp —sind

RO, p) = —singp Cos ¢ 0 , (D.7)
sinf cosp sinf siny cosé

that rotates the original coordinate system into a new one whose z’-axis is parallel to k. Consequently,
q has to be written as q = R (0, ) q' with q' = ¢ (sin#’ cos ¢',sin ' sin ¢', cos §'). After this trans-
formation and the integration over ¢' one obtains (note that there is neither a 8- nor a y-dependence
left)

1 27 /g 1, - o

5= | @' T (k@) = za-k(l+edq k), (D.8a)
7 Jo 3

1 2m 1 Tee,s 2, « I'a A~ T

ﬂ/o do' T "(kq) = Fa-k(l—ee'p-qp-k). (D.8b)

The #'-integration is performed in terms of an integral over p, cf. Sec. 2.1.3 and Appendix B. The
result of this integration is taken care of by Eq. (2.59). We may set e = €' which is equivalent to
neglecting the antiparticle gap. Finally, via p = k — q we find

14 14 J2 t t t
n n Ny = — Ny = — . D.
‘0 3 ’ ”2 2 ? 4 12 ’ 0 3 ’ 2 6 ’ 4 12 ( 9)

With Eq. (2.59), this proves the result d = 6.



Appendix E

Integrating over quark momentum

In this appendix, we prove the results shown in Table 2.4, i.e., we calculate the integrals over quark
momentum defined in Egs. (2.279). In this calculation we neglect the antiparticle gap, ¢~ ~ 0.

Contributions from normal propagators at 7'=0

We start from Egs. (2.270) which, for pg = 0 reduce to (cf. Eq. (2.272))

€1,0€2,5 + &1&2
2¢1 r€2,5(€1,r — €2,5)

rs _ ___ C1r€2s — §1é2
crez 2€1 r€2 5(€1,r + €2.5)

(1 - NI,T - NZ,S) +

v (Nl,r — N275) . (El)

Here, we inserted the definition of n;, given in Eq. (2.271) and defined
fi = eikz’ iy Ve (EQ)

In the limit p — 0, or, equivalently, k1 — ko, we obtain for r = 1,2

T o~ _i/oo dka lAT¢2

w2 o 4e3

T

where we used (N1, — No,)/(€1,, — €2+) =~ dN,/de, and £ = k — p. All quantities now depend on

k1 = k and correspond to positive energies, e; = e3 = 1, since, due to ¢ ~ 0, the terms corresponding

to negative energies vanish. Therefore, we omit the index ¢ = 1,2. Note that, up to subleading order,

the gap function does not depend on the index r, ¢; ~ ¢ = ¢ [98]. We have to distinguish between

the cases where A\, # 0 and where A, = 0. When A, # 0, we obtain for zero temperature T' = 0, where
N, =0,

€ + 2 dN,
2¢2 de, |’

(1-2N,) - (E.3)

2
- ——/ dkkz2>\ rd ——/ AENPHER + 0 g?) S~ (E.4)
Here, we restricted the k-integration to the region 0 < k < 2y since the gap function is strongly peaked
around the Fermi surface, kK = p. In this region, we assume that the gap function does not depend on
the momentum k. Since the eigenvalue A, cancels out, this result does not depend on r. Therefore,
it gives rise to the value of v!! for all four considered phases and for v?? in the cases of the CFL and
CSL phases. When A, = 0, we obtain (for arbitrary temperature 7T')

1 / dkk2dNF , (E.5)
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where N = 1/[exp(£/T) + 1] is the Fermi distribution. Using p > T, and the substitution ¢ = £/2T,

this can be transformed to )

e~ — Ooaliz—l. E.6
Y /0 Ccosh2§ (E:6)

Let us now compute v"® for r # s. Using Eq. (E.1), we obtain for two nonvanishing eigenvalues A1, Ao
and at zero temperature

vw:vﬂ:—%/wdkk? €1€2 — /d 6%4‘52_6%"‘52 ~_
u? Jo 2e1€6o( 61+62 )\2—)\1 €2 €1

Again, we neglected the integral over the region k > 2u. In the last integral, the leading order
contributions cancel. The subleading terms give rise to (Ay — A\1)$?/2. Therefore, the eigenvalues
cancel and the result does not depend on A1, A2 # 0. Eq. (E.7) holds for the CFL and CSL phases.

When one of the excitation branches is ungapped (2SC and polar phase), for instance, Ao = 0, we
have

. (E7)

N =

L= L - Nr) (E.8)

For T' = 0, this becomes w1th the standard approximations

2 ., 1 (€ +p)? £ a+&.,
vt w [ a9 e + S ()|

_ (8 €. 1
B /0 61( >€1+§ 2’ (E9)

where the last integral has already been computed in Ref. [102].
Next, we compute v"° for the various cases. Setting the thermal distribution function for antipar-
ticles to zero, we obtain with the definition in Eq. (2.279)

€1 —

_ 1 [ (1 -n.)(1—-N,) N,n, (1 —ns)(1 — Ny) Ngng
=—— | dkk? [ — + — E.10
° 2/ & +es & — € e +ef & —er (E-10)
with F = ek Again, we first consider the situation where r = s. In this case, for T'= 0 and A, # 0,
(defining € = €T)
77'7‘ — __/ [ — Ny i
e+k+p 2k
2
:—/ dkk“er—l_“ k) £A¢” L (B.11)
er(er +k + ) 2

Here, —1/(2k) is a vacuum subtraction. The last integral has been computed in Ref. [102]. Note that
the result does not depend on the value of A, # 0. Thus, it is valid for #'! in the 25C and polar phases
as well as for both o!! and %2 in the CFL and CSL phases.

For A, = 0, we obtain from Eq. (E.10) at zero temperature and with the vacuum subtraction

1/(2k)

_rr___/ dkk2[ — 1) % :%_ (E.12)

This result holds for %2 in the 2SC and polar phases.
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Next, we discuss the case r # s. From Egs. (E.10) and (E.11) it is obvious that, since the result for
o"" did not depend on A, we get the same result for "¢ with two nonvanishing eigenvalues A1, Ao # 0.
Thus, in this case,

1
72 =% = 5 (E.13)
For Ay = 0, we obtain at zero temperature
_ _ 1 [ 1—n Ok —u) 3 1
12 21 2 1 M
= =—— dk k -~ = E.14
v ;ﬁ/o [el+k+u+ 2%k %] = 27 (E-14)

where identical integrals as in Egs. (E.11) and (E.12) were performed. Consequently, also for the 25C
and polar phases, Eq. (E.13) holds.

Contributions from anomalous propagators at 7' = 0

We start from Eq. (2.274) which, for py = 0, is

P P2
S— 1—-N;, — N
Weres 2e1r€0 5(€10 + 62,3)( b 26) +

9% 9%

2e1 €2, 5(€1,r — €2,5)

(N1 — Nojs) - (E.15)

Obviously, since ¢~ =~ 0, for all r, s and all phases we have w"® = 0 (for the definition of @w"* cf.
Eq. (2.279)). First, we calculate w™ for r = s. Neglecting the antiparticle gap and taking the limit
k1 — ko, we obtain, using the same notation as above, €, = e,jjr,

1 [ ¢ $? dN,
"= | dkk?|-—=(1—-2N,) + - —— E.16
v p? /0 [46,?3( )+ 2e2 de, (E-16)
For A\, # 0 and at zero temperature, where N, = 0, this expression reduces to
1 [ ¢ 1 e B 1
o 2Y o= 2(¢2 2\—3/2
w MQ/O AR g 2/0 56 ¢7(6% + M) T = e (E.17)

Unlike in v"", the eigenvalue A, does not cancel out and we obtain different results for A\, = 4 and
Ar = 1. (Remember the different normalization compared to Sec. 2.1, cf. Egs. (2.281) and comments
above these equations.) In the cases of the 28C and polar phases we obtain w!'! = 1/2 whereas for
the CFL and CSL phases, w'! = 1/8 and w?? = 1/2. In the former two cases, the quantity w?? does
not occur in our calculation. Thus we can turn to the case where r # s. Here, we conclude from Eq.
(E.15)

w? = w? = i/oodlm2 Lu — Ny — No) + ¢—2(N1 ~No)| . (E.18)
12 Jo 2¢1€2(€1 + €2) 2¢e1€2(€1 — €2)

For two nonvanishing eigenvalues A1, Ao, this reads at 7' =0

1 [ ¢? 1 7 11
12 2
w = dk k ~ / d ( - )
w? /0 2ere2(e1 +€2) A1 — X2 Jo < € €

201 - A2

1R

(E.19)
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For \; =4 and A\, =1 (CFL and CSL phases) we obtain

1
w'? =w? = 3 In2. (E.20)
The corresponding expression for the case where the second eigenvalue vanishes, Aa = 0, does not
occur in our calculation.

Integrals in the normal phase, 7' > T,

For temperatures larger than the transition temperature 7, but still much smaller than the chemical
potential, T < u, all integrals defined in Egs. (2.279) are easily computed. Since there is no gap in
this case, ¢ = 0, all contributions from the anomalous propagators vanish trivially, w™ = w™ = 0.
From Eq. (E.1), which holds for all temperatures, we find with ¢ =0

1 oo dN

m_ 2 _ 12 2 0INF

vo=vT=v" = dk k ~ -1 E.21
©? /0 d¢ (E-21)
and (with the vacuum subtraction 1/k)

(E.22)

1 foo 1-N, 1
gl — 22 — 512 = _ — dkk2[ F ]

k k



Appendix F

Summing over Matsubara frequencies

In this appendix, we prove Eqs. (2.352) and (2.355). For further details concerning Matsubara fre-
quencies see for instance Refs. [121, 136].

In order to prove Eq. (2.352), we compute 3", (e — k3 )/T? via performing the sum over fermionic
Matsubara frequencies, kg = —iw, = —i(2n + 1)7T. This calculation can be divided into four steps:

1. Rewrite the logarithm as an integral:

n &=k _ (ekmzd"’ 1 1 + (2n + 1)272 F.1
1 _/1 T E g ) TR Cnt (F-1)

2. Write the sum over kg as a contour integral:

Let us define the integral kernel in Eq. (F.1) as a function of kg,

0 P (F.2)
T 22 4 (2n+ 1)2n2 C T222 — k% '
Then, the sum over this function can be written as
1 1 ko
T ko)lp.— .. = — @ dko f(ko)= tanh — F.3
5 00y i, = 3 gf o/ (ko) tanh 2. (F.3)

where C' is a contour that encloses a region in the complex plane in which all poles of tanh 5—%
are located and where f(kg) is analytical.

Proof of Eq. (F.3): Remember the residue theorem

1
o §dzf(2) = X Res £(2)]._., - (F.4)
C n
where z, are the singularities of f in the area surrounded by C. If f can be written in the form
(2)

z) = , F.5
16 =45 (F.5)

then (2)

P\Zn
Res f(2)|,_, = , F.6
e, = (F.6)
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where z, are the roots of (z) and ¢’ = diy/dz. We apply this form of the residue theorem to
our calculation. Since

L ko ko  eko/@T) _ g=ko/(2T) .
tanh o7 = o @) o Ko@) (F-7)
the poles of %f(ko) tanh 5—% are given by
ko=—i2n+1)nT = —iwy, , nez. (F.8)
With p .
_@ [eko/(2T) 4 g—ko/(2T) _ Y (_qyntl
. le te ]ko:_iwn =D (F.9)
and
[eko/(zT) - efko/(zT)] =2 (=)™t (F.10)
ko=—1wn
we obtain for all n,
1 k
Res [f(ko) tanh —0] =T f(—iwy) , (F.11)
2T ko=—1iwn
which proves Eq. (F.3).
3. Compute the contour integral:
Since the poles of % f (ko) tanh 5—% are on the imaginary axis, we choose the contour for the integral
on the right-hand side of Eq. (F.3) in the following way:
10047 1 —100
fdk() f k() - tanh —_— o dk() f(k())— tanh “ + 2— / dk() f k() - tanh —_—
—100+n
I k
0
= — — — h—
o | dkoglf (ko) + f(~ho)] tank 2
—100+n
_ 1 i7+n dho —— 1 (1 2 )
~ 2mi 07242 — k2 eko/T 41
—i00+7]
T /1 1
_ T (— _ ) , (F.12)
rz \2 e*+1
where, in the last step, we closed the integration path in clockwise direction (minus sign!) such
that one of the poles, namely ky = Tz is enclosed, and used once more the residue theorem.
4. Collect the results:

With Egs. (F.1), (F.3), and (F.12), we now compute the Matsubara sum. Omitting the terms
which do not depend on k, we obtain

2 _ g2 (ex/T)? 1/1 1
puial - [l
o T 1 r\2 e*T+1
€k
1+exp< T)] . (F.13)

- %—l—QIn

This is Eq. (2.352).
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Applying the same method, it is easy to prove also Eq. (2.355). With the definition

(ko) = k‘g(’_“oe)% (F.14)

we can proceed along the same lines as described in 2. and 3. above. Using ¢ (ko) = ¢(—ko), we obtain

1 100+7] L
- 0
Y flko) = I / dko f (ko) tanh oT
ko —100+7
__plex) €k
= 2%, tanh 9T - (F.15)

This is Eq. (2.355).



138 Appendix F. Summing over Matsubara frequencies




Anhang G

Zusammenfassung

G.1 Motivation

In dieser Arbeit wird Quarkmaterie bei niedrigen Temperaturen und hohen Dichten untersucht. Diese
theoretische Untersuchung ist motiviert durch folgende drei Fragestellungen.

Zunichst ist es sehr wahrscheinlich, dass Quarkmaterie in der Form, in der sie hier betrachtet
wird, in der Natur vorkommt. Dabei handelt es sich um das Innere von kompakten stellaren Ob-
jekten, wie z.B. Neutronensternen. Hier sind die Temperaturen vermutlich hinreichend klein und
die Dichten hinreichend grof, so dass interessante und neuartige physikalische Phinomene auftre-
ten [8, 9, 10, 11, 12, 13]. Insofern ist es von grofiem Interesse, eine mikroskopische Theorie der Materie
in Neutronensternen zu entwickeln, um experimentell zugéingliche Observablen zu erkliren.

Zum zweiten ist diese Arbeit auch von theoretischem und fundamentalem Interesse. Sie liefert
einen Beitrag zu der einfach zu formulierenden Frage, was mit Materie geschieht, die man immer
weiter verdichtet. Da die dominierende Wechselwirkung unter solchen Bedingungen die starke Kern-
kraft ist, versucht die vorliegende Arbeit, einen bestimmten Bereich des QCD-Phasendiagramms zu
beschreiben, siche Abb. G.1. Denn die Theorie, mit der die starke Kernkraft erfolgreich beschrieben
wird, ist die Quantenchromodynamik (QCD). Im QCD-Phasendiagramm reprisentiert jeder Punkt
ein unendlich grofies System von Quarkmaterie im Gleichgewicht bei einer Temperatur 7' und einem
chemischen Potential u. In dem Bereich, der hier von besonderem Interesse ist, liegen die Quarks in
einem “befreiten” Zustand vor. D.h., sie sind nicht wie in der hadronischen Phase in z.B. Neutronen
oder Protonen “gefangen”, sondern als individuelle Objekte zu beschreiben. Dieser exotische Zustand,
auch als Quark-Gluon-Plasma bezeichnet, ist Gegenstand vieler aktueller experimenteller und theore-
tischer Forschungsprojekte. So versucht man mit Hilfe von Schwerionenkollisionen [3], den Zustand des
frithen Universums zu simulieren, in dem die Temperaturen sehr hoch und die Dichten vergleichsweise
gering waren.

Neben den astrophysikalischen und theoretischen Gesichtspunkten gibt es einen weiteren Aspekt,
der das Studium kalter, dichter Quarkmaterie interessant macht. Und zwar ist dies die Parallele mit der
gewohnlichen Theorie kondensierter Materie. Diese Theorie beschéftigt sich z.B. mit den Eigenschaften
von Festkorpern. Da die dort vorherrschende Wechselwirkung die elektromagnetische ist, konnte man
auch von “Quantenelektrodynamik (QED) kondensierter Materie” sprechen. Analog dazu kann man
die Theorie kalter, dichter Quarkmaterie als “QCD kondensierter Materie” bezeichnen. Tatséchlich
offenbaren sich erstaunlich viele Gemeinsamkeiten, wie man schon in Abb. G.1 sieht, wo der hier
relevante Bereich den Namen “Farbsupraleitung” trédgt. In der vorliegenden Arbeit wird ausfiihrlich
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Abbildung G.1: Schematische Darstellung des QCD-Phasendiagramms.

diskutiert, dass diese Form der Supraleitung eine Reihe von Gemeinsamkeiten mit der gewdhnlichen
Supraleitung in Metallen und Legierungen aufweist. Jedoch ist die Theorie der Farbsupraleitung mehr
als ein Transfer der etablierten Theorie auf Quarksysteme. Vor allem die zusétzlichen intrinsischen
Eigenschaften der Quarks (sie tragen nicht nur elektrische Ladung, sondern auch Farbe und Flavor)
und die relativistische Natur des Systems sind der Ursprung fiir interessante Modifikationen.

G.2 Farbsupraleitung

Das Hauptthema der Arbeit, schon im Titel spezifiziert, ist Spin-1-Farbsupraleitung. Im Folgenden
wird kurz zusammengefasst, was diese Art der Supraleitung physikalisch relevant macht und was sie
von Spin-0-Farbsupraleitung unterscheidet.

Farbsupraleitung ist die Folge einer attraktiven Wechselwirkung zwischen Quarks. Im Bereich
(asymptotisch) hoher Dichten wird die starke Wechselwirkung, aufgrund der asymptotischen Freiheit
[1], vom Austausch eines einzelnen Gluons dominiert. Diese Wechselwirkung hat einen attraktiven
Kanal und ist damit das Analogon zum Phononenaustausch von Elektronen im herkémmlichen Supra-
leiter. Nach Coopers Theorem bildet sich ein neuer Grundzustand, indem die Quarks in einer kleinen
Umgebung der Fermi-Oberfliche Cooper-Paare bilden. Dies ist ganz analog zur berithmten BCS-
Theorie [24] fiir Elektron-Cooper-Paare. Diese Cooper-Paare bestehen aus Fermionen entgegengesetz-
ten Impulses. Auflerdem sind sie verantwortlich fiir eine Energieliicke im Quasiteilchenspektrum. Man
braucht also in der supraleitenden Phase eine endliche Energie, um Quarks an der Fermi-Oberfliche
anzuregen, wohingegen im normalleitenden Zustand dafiir eine infinitesimale Energie ausreicht. Supra-
leitende und normalleitende Phase werden durch einen Phaseniibergang bei der kritischen Temperatur
T, getrennt, und es existiert ein Ordnungsparameter A, der in der supraleitenden Phase von Null ver-
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schieden ist. In diesem Sinne ist die Farbsupraleitung ein Phaseniibergang, der mit einer spontanen
Symmetriebrechung verkniipft ist.

Um verschiedene Formen der Farbsupraleitung zu unterscheiden, ist es zunichst notwendig, Sy-
steme mit verschiedenen Anzahlen von Quark-Flavors N; zu unterscheiden. Allen Systemen gemein
ist der attraktive, antisymmetrische Antitriplett-Kanal [3]2, der, mathematisch gesehen, eine Dar-
stellung der Eichgruppe der starken Wechselwirkung SU (3). ist. Die Antisymmetrie bezieht sich hier
auf den Austausch der Farbindizes der beiden Quarks eines Cooper-Paares. Fiir Ny = 2, also ein
System von (ultrarelativistischen) u- und d-Quarks, bezeichnet man die supraleitende Phase als “2SC-
Phase”, erstmals diskutiert in Ref. [46]. In dieser Phase haben die Cooper-Paare einen verschwindenden
Gesamtspin, J = 0, wobei sich der Gesamtspin aus dem nichtrelativistischen Spin S und dem Dre-
himpuls L zusammensetzt, J = L + S. Deshalb wird das Cooper-Paar durch den antisymmetrischen
Spin-Singulett-Kanal [1]§ beschrieben. Nun muss, wegen des Pauli-Prinzips, der verbleibende Flavor-
Kanal ebenfalls antisymmetrisch sein. Der Ordnungsparameter in der 2SC-Phase ist also ein Element
des Raumes [3]¢ ® [1]F ® [1]5. Physikalisch gesprochen bestehen Cooper-Paare in der 2SC-Phase aus
zwei Quarks verschiedener Farbe und verschiedenen Flavors. Dabei bleiben Quarks einer Farbe, per
Konvention blau, ungepaart.

Fir Ny = 3 ist die bevorzugte supraleitende Phase die sogenannte “CFL-Phase” (“color-flavor
locking”) [49, 50]. Hier ist der Ordnungsparameter ein Element der Darstellung [3]¢ ® [3]% ® [1]5.
Der Name der Phase erklirt sich dadurch, dass Farb- mit Flavor-Indizes verkniipft werden. Anders
ausgedrickt, die urspriingliche Symmetrie des Systems wird spontan gebrochen zu einer Symmetrie
SU(3)c+f, die Rotationen in einem “verschrénkten” Farb-Flavor-Raum beschreibt. Wie in der 25C-
Phase heben sich die Spins der einzelnen Quarks auf, so dass ein Cooper-Paar keinen Spin trigt.

Beide vorgestellten Spin-0-Phasen sind in gewissem Sinne idealisiert und deshalb, zumindest in
dieser Form, nicht in der Realitit zu erwarten. Die entscheidende Annahme fiir die Existenz einer su-
praleitende Phase gemafl der BCS-Theorie ist, dass die Fermi-Oberflichen, genauer, die Fermi-Impulse
der Quarks eines Cooper-Paars iibereinstimmen. (Fiir Elektronen in einem konventionellen Supraleiter
trifft diese Annahme zu.) Da in einem Farbsupraleiter mit Ny = 2,3 jeweils unterschiedliche Flavors
(und Farben) an einem Cooper-Paar beteiligt sind, ist diese Annahme fiir realistische Quarksysteme
sehr fragwiirdig: Um die Theorie der Farbsupraleitung in ein realistisches System einzubinden, muss
man elektrische Neutralitit des Gesamtsystems sowie die Bedingungen des -Gleichgewichts fordern.
Dariiber hinaus sorgen Massendifferenzen zwischen den Quarks (schweres s-Quark, mg > mg, m,,) fir
eine potentielle Differenz zwischen den Fermi-Impulsen. Ist diese Differenz zu gro8, so ist offensichtlich
ein konventioneller Paarungsmechanismus zwischen den Quarks nicht mehr energetisch bevorzugt.
Inspiriert von dhnlichen Szenarien in der Festkorperphysik und Atomphysik [65, 66, 68, 69], wur-
den verschiedene Alternativen zum konventionellen Mechanismus auch fiir Quarksysteme diskutiert
[83, 84, 85, 86]. Eine interessante Moglichkeit ist die sogenannte “liickenlose 2SC-Phase” [87, 88], in der
man, trotz nichtverschwindendem Ordnungsparameter, fiir bestimmte Quasiteilchenanregungen keine
endliche Energie benétigt (wie im normalleitenden Zustand). Aber auch diese Phase ist sicherlich nicht
bevorzugt, falls der Unterschied der Fermi-Impulse zu gro8 wird. Da diese Differenz von Faktoren be-
einflusst wird, deren Gréflen nicht genau bekannt sind, wie z.B. die Dichte, die Kopplungskonstante
oder die Quarkmassen, ist zum gegenwértigen Stand der Forschung keine genaue Aussage iiber die
Existenz dieser Phasen im Innern von Neutronensternen zu machen. Allerdings gibt es, neben dem
normalleitenden Zustand, eine weitere supraleitende Phase, deren Existenz nicht von verschiedenen
Fermi-Oberflichen verboten wird. Und zwar ist dies die Moglichkeit von Cooper-Paaren eines einzigen
Quark-Flavors.

Betrachtet man ein System mit Ny = 1, so kann aus Symmetriegriinden (Pauli-Prinzip!) nicht
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mehr der Spin-0-Kanal ausgew#hlt werden, sondern die Cooper-Paare tragen einen Gesamtspin J =1
[46, 59, 61, 62, 63]. Damit ist der Ordnungsparameter ein Element der Darstellung [3]¢ ® [3]5. Mathe-
matisch entspricht er somit einer komplexen 3 x 3-Matrix. In der Einleitung wird ausfiihrlich diskutiert,
dass diese Spin-1-Farbsupraleitung einige Gemeinsamkeiten mit suprafliissigem *He [22, 36] aufweist.
Denn auch in diesem theoretisch wie experimentell detailliert untersuchten System sind fermioni-
sche Cooper-Paare mit Gesamtspin eins, hier S = 1, verantwortlich fiir eine Liicke im Einteilchen-
Energiespektrum. Zudem tragen sie auch einen Drehimpuls L = 1 und werden deshalb ebenfalls von
einem Ordnungsparameter in Form einer komplexen 3 x 3-Matrix beschrieben. Man hat experimentell
verschiedene Phasen in suprafliissigem 3He beobachtet, die jeweils zu einem speziellen Ordnungs-
parameter gehoren. Deshalb ist es naheliegend, auch in Spin-1-Supraleitern zunéchst verschiedene
Ordnungsparameter zu untersuchen und die physikalischen Eigenschaften der zugehorigen Phasen zu
bestimmen. Dies wird im Hauptteil der Arbeit getan. Die daraus resultierenden Ergebnisse sollen im
Folgenden zusammengefasst werden.

G.3 Energieliicke, kritische Temperatur und Druck

Zur Bestimmung der Energieliicke in einem Farbsupraleiter und seiner kritischen Temperatur wird
die QCD-Liickengleichung verwendet. In Kapitel 2.1.1 wird sie hergeleitet, ausgehend von der QCD-
Zustandssumme unter Verwendung des “CJT-Formalismus” [43, 104]. Dabei entsteht eine selbstkonsi-
stente Gleichung fiir die Quark-Selbstenergie, deren Nichtdiagonalelemente im Nambu-Gor’kov-Raum
die Integralgleichung fiir die Energieliicke liefern. Bevor diese Gleichung gelost wird, werden zunéchst
die allgemeinen Anregungsenergien der Quasiteilchen und Quasiantiteilchen diskutiert. Sie sind, fiir
masselose Quarks, gegeben durch

o (8) = [k —ew? + MlgeP] 7 (@.1)

wobei e = =+ fiir Teilchen bzw. Antiteilchen steht, k der Impuls eines (Anti-)quarks, & = |k| und
¢¢ die Energieliicke ist. Die (i.A. von k abhingigen) Groflen A, sind Eigenwerte einer bestimmten
Matrix, die im Wesentlichen das Quadrat der Liickenmatrix ist, siehe auch Glgn. (2.24) und (2.32).
Diese Eigenwerte bestimmen, wieviele der Anregungszweige eine Energieliicke haben, ob es eine oder
mehrere verschiedene Energieliicken gibt und wie die Winkelstruktur dieser Energieliicken aussieht.
In allen hier betrachteten Phasen gibt es héchstens zwei verschiedene nichttriviale Eigenwerte, d.h.
r=1,2.

Fiir die Losung der Liickengleichung wurde zunichst eine universelle Form der Gleichung hergelei-
tet, wie sie fiir beliebige farbsupraleitende Phasen giiltig ist. Zu deren Lésung wurde ein Formalismus
entwickelt, der es erlaubt, aus einigen wenigen Groflen — direkt zu berechnen aus der Liickenmatrix —
die Energieliicke zu bestimmen, ohne die Liickengleichung explizit zu 16sen. Bei der Herleitung dieses
Formalismus sind vor allem zwei Komplikationen zu beachten. Zum einen die potentiell nichttriviale
Winkelabhéngigkeit der Energieliicke. Sie wurde mit einer einfachen Niherung beriicksichtigt. Zum
anderen die potentielle Zwei-Liicken-Struktur der supraleitenden Phasen. Sie resultiert in zwei statt ei-
ner Liickengleichung, deren Losung ausfithrlich diskutiert wurde. Das Ergebnis l4sst sich in allgemeiner
Form angeben:

osc = exp(—d) ()™ (o)) 12 (G.2)

Dies ist das Verhéltnis der Energieliicke einer beliebigen farbsupraleitenden Phase bei 7" = 0 an der
Fermi-Kante zur entsprechenden Gréfle in der 2SC-Phase. Hierbei sind A1, A2 die oben eingefiihrten
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Eigenwerte sowie a1, a2 (a1 +a9 = 1) und d reelle Zahlen, die sich aus der jeweiligen Phase bestimmen.
Die eckigen Klammern stehen fiir die Winkelintegration, (A,) = [ dQx/(47) A,

In Abb. G.2 und Tabelle G.1 werden die Ergebnisse fiir vier verschiedene Spin-1-Phasen zusam-
mengefasst. Dazu ist zu bemerken, dass die Liickenmatrix in einem Spin-1-Farbsupraleiter i.A. aus
zwei Termen besteht: Aus einem Term, der Cooper-Paare aus Quarks der gleichen Chiralitit be-
schreibt (“longitudinal”) und einem Term, der Cooper-Paare aus Quarks entgegengesetzter Chiralitét
beschreibt (“transversal”). Eine Mischung beider Terme wird in den Tabellen als “gemischt” ab-
gekiirzt. Die Bezeichnungen der Phasen ergeben sich aus den analogen Phasen in suprafliissigem 3He.
Eine Ausnahme bildet die CSL-Phase (“color-spin locking”), deren Analogon in *He die “B-Phase”
ist.

long. gemischt transv.

polar

planar

O K

CSL

O

O,

O
O,

>

Abbildung G.2: Schematische Darstellung der Funktionen /), ¢ fiir longitudinale, gemischte und transver-
sale Energieliicken in vier verschiedenen Spin-1-Phasen. Alle Funktionen sind symmetrisch bzgl. Rotationen um
die z-Achse. Die Zahlen bezeichnen die Entartung des jeweiligen Anregungszweigs. In jedem Fall gibt es 12
Anregungszweige, von denen hier nur diejenigen mit einer Energieliicke gezeigt werden.

Neben der Energieliicke selbst liefert die Liickengleichung auch einen Ausdruck fiir die kritische
Temperatur. Auch hier wurde ein allgemeines Ergebnis gefunden, das sich in der folgenden Form

angeben lisst,
T
e = exp(~d)) - (G3)
0

In Tabelle G.2 werden die kritischen Temperaturen fiir die hier betrachteten Spin-1-Phasen gesammelt.
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| VArd0/93°° | longitudinal | gemischt | transversal ‘
172
polar 31/2| cos | e6 | e~3(3+cos0)/2 (%) / |sin@| e=9/2
172 172
planar (%) / |sin 6| e~ e~ 21/4 (%) / V1 + cos2fe9/?
2 . _ _ 172 _
A (%) |sinf| e 6 e 21/4 (\%) (1+|cosf|)e /2
CSL o6 9 1E3)/6, 5 o 972

Tabelle G.1: Das Verhiltnis v/A.¢o/¢3°¢. Der Winkel § ist der Winkel zwischen dem Quarkimpuls und der
z-Achse. (Abb. G.2 zeigt die gleichen Resultate grafisch.) In der transversalen A-Phase sowie der gemischten
CSL-Phase gibt es zwei verschiedene Energieliicken, A; # 0, A # 0.

| T./¢3°C || longitudinal | gemischt | transversal |

polar e 6 1.4e21/4 e 92
planar e 6 e 21/4 e 92
A o6 2174 972
CSL e 6 e e 92

Tabelle G.2: Die kritische Temperatur 7, in Einheiten von ¢25¢.

Die Mittelung iiber den Raumwinkel ist hierbei fiir eine Phase, ndmlich die gemischte polare Phase,
notwendig. In allen anderen Phasen ist d eine Konstante.

Im letzten Abschnitt des Hauptteils, Kapitel 2.4, wird die Frage untersucht, welche Spin-1-Phase
den grofiten thermodynamischen Druck besitzt. Da diese Phase dann gegeniiber den anderen Spin-
1-Phasen bevorzugt ist, ist das Ergebnis dieses Abschnitts ebenfalls von Relevanz fiir die Diskussion
von Spin-1-Farbsupraleitern in Neutronensternen. Der Druck wurde mit Hilfe des effektiven Potentials
berechnet, das wie die Liickengleichung aus der QCD-Zustandssumme mit Hilfe des CJT-Formalismus
hervorgeht. Der Einfachheit halber wurde der Druck nur fiir 7' = 0 berechnet. In diesem Fall ist der
allgemeine Ausdruck fiir den Druck in einer farbsupraleitenden Phase (genauer: der Druckunterschied
zur normalleitenden Phase) gegeben durch

12 (93592 Tonple 24 N,)

Ap =
4 1672 (M) ()@

(G.4)

Hier sind die natiirlichen Zahlen n, die Entartungsgrade der zugehorigen Eigenwerte A., d.h., in
gewisser Weise werden die Energieliicken abgezihlt, wobei der Druck umso gréfler wird, je mehr An-
regungszweige mit Energieliicken vorhanden sind (wie man es erwartet). Die konkreten Ergebnisse,
wieder fiir die obigen Spin-1-Phasen, werden in Tabelle G.3 aufgelistet. Man liest ab, dass die trans-
versalen Phasen gegeniiber allen anderen bevorzugt sind. Insbesondere hat die transversale A-Phase
einen um den Faktor 4/+/7 =~ 1.5 gréBeren Druck als die anderen transversalen Phasen.

G.4 Der Meissner-Effekt

Ein gewohnlicher Supraleiter zeichnet sich dadurch aus, dass er magnetische Felder aus seinem Innern
verdringt. Dies nennt man den Meissner-Effekt. Eine wichtige Frage im Zusammenhang mit Farbsu-
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| Ap/(pssc/2) || longitudinal |  gemischt | transversal |

polar e 12 0.5-e9 e

planar e 12 e21/2 e™?
A 12 % 212 % P

CSL e~ 12 3.274/3. 10 e™?

Tabelle G.3: Thermodynamischer Druck Ap fiir 7 = 0 in Einheiten von p?(¢35°)2/(27%) = pasc/2.

‘ H mQD,SS ‘ sz,w ‘ cos” Op ‘
25C 3¢° 2¢? 1
CFL (4e? +3¢°)¢ 0 397/ (3% + 4e?)
polar 3¢° 18 ¢%¢? 1
CSL 38 4¢° 18 ¢%¢? 1

‘ H ﬁ"?\/f,ss ‘ m%\/f,w ‘ cos” O ‘
2SC 39° + g€’ 0 3g%/(39° + €?)
CFL (%e2 + g4 ¢ 0 39%/(3g° + 4e?)
polar || 3¢° +44%¢ 0 9°/(¢> +124°¢°)
CSL B g* 6 g°e? 1

Tabelle G.4: Rotierte Debye- und Meissner-Massen fiir 7' = 0 in Einheiten von N;u?/(67%) und Mischungswin-
kel Op bzw. 8y fiir elektrische bzw. magnetische Eichbosonen. Es werden die Abkiirzungen ¢ = (21 —81n2)/54,
a = (3+4In2)/27 und 8 = (6 — 41n2)/9 verwendet. Es ist e bzw. g die elektromagnetische bzw. starke
Kopplungskonstante und ¢ die elektrische Quarkladung.

praleitern ist also, ob sie die gleiche Eigenschaft haben. Neben der Frage, ob sie Farb-Magnetfelder
verdringen, ist es insbesondere fiir die astrophysikalischen Anwendungen interessant zu untersuchen,
ob sie auch gewohnliche magnetische Felder verdridngen. Anders formuliert: Ist ein Farbsupraleiter
auch ein elektromagnetischer Supraleiter? Es ist bekannt, dass dies fiir Farbsupraleiter in den 2SC-
und CFL-Phasen nicht der Fall ist [55, 56, 57, 58]. Der Grund dafiir ist subtil: Die Eichgruppen der
starken und elektromagnetischen Wechselwirkung werden zwar gebrochen, es bleibt aber eine modifi-
zierte Eichgruppe 0(1)em itbrig, deren zugehoriges Eichfeld in den Supraleiter eindringen kann. Dieses
Eichfeld ist eine Mischung aus dem achten Gluon und dem Photon, definiert durch einen Mischungs-
winkel (analog zum Weinberg-Winkel im Weinberg-Salam-Modell der elektroschwachen Wechselwir-
kung). Das Vermischen von Eichfeldern wird in Kapitel 2.3 anhand einer fundamentalen Herleitung
ausfiithrlich erklirt. Auflerdem werden die Debye- und Meissner-Massen der neuen, evtl. vermischten,
Eichfelder berechnet. Diese Massen sind ein Ma$ fiir elektrische und magnetische Abschirmung der
Eichbosonen, letztere dquivalent zum Meissner-Effekt.

Die Berechnungen werden durchgefiihrt fiir die 2SC- und CFL-Phasen sowie fiir die gemischte
polare Phase und die gemischte CSL-Phase. Es stellt sich heraus, dass Gluonen unter sich in keinem
der Fille vermischen. Es gibt einen Farb-Meissner-Effekt fiir fiinf der acht Gluonen in der 2SC-Phase
und der polaren Phase und fiir alle acht Gluonen in den CFL- und CSL-Phasen. Die Debye- und
Meissner-Massen fiir das (rotierte) achte Gluon und das (rotierte) Photon sind in Tabelle G.4 fur die
erwdhnten Phasen aufgefiihrt.
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Das bemerkenswerteste Resultat dieser Berechnungen ist die nichtverschwindende Photon-Meissner-
Masse in der CSL-Phase. D.h., ein Spin-1-Farbsupraleiter in der CSL-Phase ist tatsichlich auch ein
elektromagnetischer Supraleiter. Dagegen hat die polare Phase nicht diese Eigenschaft. Allerdings gilt
dies nur fiir ein System mit nur einem Quark-Flavor, Ny = 1. In Kapitel 2.3.5 wird diskutiert, dass ein
Mehr-Flavor-System, in dem jeder Flavor fiir sich Cooper-Paare in der polaren Phase bildet, sehr wohl
magnetische Felder verdringt. Diese Schlussfolgerung gilt, sobald Quarks mit mehr als einer elektri-
schen Ladung involviert sind, also z.B. fiir ein System aus u- und d-Quarks. Es ist demnach die ver-
allgemeinerte Aussage moglich, dass Spin-1-Farbsupraleiter im Gegensatz zu Spin-0-Farbsupraleitern
einen elektromagnetischen Meissner-Effekt zeigen.

G.5 Schlussfolgerungen

Die Schlussfolgerungen dieser Arbeit betreffen im Wesentlichen zwei Aspekte. Erstens liefern die Ergeb-
nisse die Grundlage fiir die Diskussion von Spin-1-Farbsupraleitung im Innern von Neutronensternen.
Zweitens haben die Ergebnisse interessante Eigenschaften von Spin-1-Farbsupraleitern offenbart, die
bereits in anderen unkonventionellen Supraleitern beobachtet wurde. Deshalb ist es interessant, und
mag eine fruchtbare Diskussion fiir mehrere Forschungsgebiete sein, Parallelen und Unterschiede zu
anderen physikalischen Systemen aufzuzeigen, sei es die Atomphysik oder die Festkérperphysik.

Um eventuelle Implikationen von Spin-1-Farbsupraleitern in Neutronensternen zu studieren, soll
zunichst das konventionelle Bild eines Neutronensterns kurz erldutert werden [10]. Vereinfacht gesagt
kann man sich einen Neutronenstern aus einer Kruste und einem Kern zusammengesetzt denken.
Dabei besteht in der herkdmmlichen Vorstellung der Kern aus Neutronen und, zu kleinerem Anteil,
aus Protonen (und Elektronen). Bei hinreichend niedrigen Temperaturen bilden die Neutronen eine
Suprafliissigkeit und die Protonen einen Supraleiter. Da, Neutronensterne rotieren, bildet sich, wie in
jeder Suprafliissigkeit, ein Gitter von Vortizes (= quasi-eindimensionale Kurven mit verschwindendem
Ordnungsparameter). Da die Rotationsfrequenz des Sterns im Laufe der Zeit abnimmt, driften diese
Vortizes auseinander, und das Gitter wird ausgedehnt. Zudem nimmt man an [10], dass die Protonen
einen Supraleiter vom Typ II bilden. Das bedeutet, dass ein magnetisches Feld nicht komplett aus
dem Innern des Sterns verdréngt wird, sondern in Form von Flussschlduchen eindringen kann. Somit
befinden sich im Kern des Neutronensterns sowohl Vortizes als auch magnetische Flussschlauche, die
miteinander wechselwirken. Auf diesem Bild beruht z.B. die Erkldrung sogenannter “Glitches”. Dies
sind plotzliche, unstetige Anstiege in der Rotationsfrequenz des Sterns, die ansonsten kontinuierlich
abnimmt.

Andererseits scheint das Bild eines Supraleiters vom Typ II einer weiteren experimentellen Be-
obachtung zu widersprechen. In Ref. [16] wurde gezeigt, dass beobachtete Prizessionsperioden von
Neutronensternen von etwa einem Jahr unvereinbar sind mit einem Typ-II-Supraleiter im Innern des
Sterns. Diese Diskussion wurde fortgesetzt z.B. in Ref. [17] mit der Behauptung, dass die Protonen
einen Supraleiter vom Typ I bilden.

Auch ein Spin-1-Supraleiter konnte eine Erklarung fiir die beobachteten Prizessionsperioden sein,
denn er ist vom Typ I, da das Verhiltnis der Eindringtiefe zur Kohéirenzlinge gegeben ist durch
~ ¢o/(en) ~ 1073100 MeV/(eu)] < 1. Somit wiire ein magnetisches Feld komplett aus dem In-
nern eines Neutronensterns verdringt. Natiirlich muss man zunichst fragen, ob die Bedingungen
im Stern iiberhaupt einen Spin-1-Supraleiter zulassen. Das magnetische Feld eines Neutronensterns,
das typischerweise im Bereich von 10'2 Gauf liegt, ist kleiner als das kritische Feld eines Spin-1-
Farbsupraleiters, das man mit Hilfe der Ergebnisse von Ref. [96] abschiitzt auf etwa 10'® GauB, weshalb
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Spin-1-Farbsupraleitung vom magnetischen Feld des Sterns nicht ausgeschlossen wird.

Die Ergebnisse der vorliegenden Arbeit zeigen, dass auch die Temperaturen in alten Neutronenster-
nen, die im Bereich von einigen keV oder sogar darunter liegen, eine moglichen Spin-1-Farbsupraleiter
nicht verbieten. Denn nimmt man fiir die Energieliicke in der 2SC-Phase einen Wert von 10 — 100 MeV
an, so ist die Energieliicke fiir Spin-1-Farbsupraleiter wie auch die kritische Temperatur im Bereich von
ca. 10 — 400 keV. Dieser Unterschied von zwei bis vier Gréflenordnungen zur 2SC-Phase resultiert aus
dem Faktor exp(—d). Wahrend d = 0 fiir einen Spin-0-Farbsupraleiter, wurde in den Berechnungen
dieser Arbeit fiir Spin-1-Farbsupraleiter gefunden, dass 4.5 < d < 6. Dabei ist d = 6 fiir alle longitudi-
nalen und d = 4.5 fiir alle transversalen Fille (siche Tabellen G.1 und G.2). In den gemischten Féllen
hingt d von dem jeweiligen Ordnungsparameter ab. Man beachte, dass das entsprechende Ergebnis
fiir die Spin-0-Supraleiter von der unrealistischen Annahme gleichen Fermi-Impulses aller Quarks aus-
geht. Deshalb ist die um mehrere Gréflenordnungen kleinere Energieliicke der Spin-1-Supraleiter kein
Argument fiir die Irrelevanz dieser Form der Farbsupraleitung.

Der Faktor exp(—d) dominiert alle anderen Beitrige, wie z.B. die Faktoren, die aus einer Zwei-
Liicken-Struktur resultieren. Diese Zwei-Liicken-Struktur, oder genauer, die Existenz zweier Anre-
gungszweige mit unterschiedlichen, von Null verschiedenen, Energieliicken, tritt in der gemischten
CSL- und der transversalen A-Phase auf. Sie sorgt dafiir, dass die aus der BCS-Theorie bekannte
Relation zwischen der kritischen Temperatur und der Energieliicke, ndmlich T,/ ¢o = 0.57, verletzt ist.
Die verallgemeinerte Version lautet

Lo 057 () (g)®2)72 (G.5)

%o
Neben der CFL-Phase in einem Spin-0-Farbsupraleiter gibt es auch Beispiele in der Physik gewdhnli-
cher kondensierter Materie [127, 128] fiir solche Zwei-Liicken- (oder Viel-Liicken-) Systeme. Obwohl das
Auftreten zweier verschiedener Energieliicken in dieser Art Supraleiter vor allem durch eine komplizier-
te Struktur der Fermi-Oberfliche hervorgerufen wird, beobachtet man auch dort eine Abweichung von
dem erwarteten BCS-Verhalten. Interessant vor allem fiir die Anwendung von Spin-1-Farbsupraleitung
in Neutronensternen koénnte in diesem Zusammenhang die Untersuchung des Einflusses der Zwei-
Liicken-Struktur auf Vortizes sein [129].

Ein weiterer Beitrag, der in die Werte fiir die Energieliicke, die kritische Temperatur und den ther-
modynamischen Druck in Spin-1-Farbsupraleitern eingeht, hat seinen Ursprung in der Winkelstruktur
der Energieliicke. Wie man in Abb. G.2 sieht, gibt es vier verschiedene Strukturen:

Isotrope Energieliicke: alle CSL-Phasen, gemischte planare Phase, gemischte A-Phase;

Anisotrope Energieliicke ohne Nullstellen: gemischte polare und transversale planare Phase,
transversale A-Phase;

Anisotrope Energieliicke mit zwei Nullstellen am Nord- und Siidpol der Fermikugel: transversale
polare und longitudinale planare Phase, longitudinale und transversale A-Phasen;

Anisotrope Energieliicke mit Nullstellen entlang des Aquators der Fermi-Kugel: longitudinale
polare Phase.

Die transversale A-Phase taucht in dieser Aufzdhlung zweimal auf, da sie zwei Energieliicken mit
verschiedenen Strukturen hat. Nullstellen hat die Energieliicke nur fiir rein longitudinale und rein
transversale Phasen. In den gemischten Phasen ist sie iiberall von Null verschieden. Die longitudi-
nalen Phasen sind in gewissem Sinne der nichtrelativistische Grenzfall. Deshalb reproduzieren diese
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Energieliickenstrukturen genau die entsprechenden Strukturen in suprafliissigem >He. Man kennt also
aus diesem ganz anderen physikalischen System bereits Energieliicken, die fiir bestimmte Richtun-
gen des Fermion-Impulses verschwinden. Diese Nullstellen sind von physikalischer Bedeutung, da dort
Quasiteilchen wie in einem Normalleiter mit infinitesimaler Energie angeregt werden koénnen. In 3He
hat das z.B. eine charakteristische Temperaturabhingigkeit der spezifischen Wirme zur Folge [22].
Auch in unkonventionellen Supraleitern wie Hochtemperatur-Supraleitern sind sowohl punktférmige
wie auch eindimensionale Nullstellenmengen der Energieliicke bekannt [28, 130, 131].

Die genauere Untersuchung der physikalischen Konsequenzen dieser Energieliicken-Nullstellen ist
sicherlich ein mogliches Zukunftsprojekt, was die Ergebnisse dieser Arbeit nahelegen. Weitere wiren
die Studie der Vortex-Struktur oder méglichen Ferromagnetismus in Spin-1-Farbsupraleitern, mit dem
Ziel, mogliche Konsequenzen in Neutronensternen und damit fiir astrophysikalische Observablen, vor
allem das Magnetfeld eines Neutronensterns, zu beleuchten.
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