The Generalized
Gauss Reduction Algorithm

MIicHAEL KAIB* and CLAUS P. SCHNORR

Fachbereich Mathematik / Informatik, Universitat Frankfurt
Postfach 1119 32, 60054 Frankfurt a.M., Germany

January 28, 1994

Abstract

We generalize the Gauss algorithm for the reduction of two—dimensional
lattices from the lo-norm to arbitrary norms and extend Vallée’s analysis
[J. Algorithms 12 (1991), 556-572] to the generalized algorithm.

1 Introduction

Gauss [Gal801] gave, in the language of qaudratic forms, an algorithm which reduces
a basis a, b of a two—dimensional lattice and finds the two successive minima of the
lattice. Vallée [Va9l] shows that the Gauss reduction algorithm performs at most
loglﬂ/i(% lal>+ || b]3) + 2 many iterations. This bound is optimal up to an
additive constant. Vallée also characterizes for the lattice Z* the minimal size
input bases for which the Gauss algorithm performs exactly k iterations. The bit
complexity of the Gauss algorithm has been studied by Schonhage [Sch91] in the
language of quadratic forms.

While these results are all for the ls-norm, other norms are important, too. The
lso-norm is the natural norm for integer programming problems. Schnorr [Sch93]
reduces the problem of factoring integers to a closest lattice vector problem in the
l1-norm. Lovész and Scarf [LS92] propose a generalized basis reduction algorithm
that extends the L3-algorithm of A.K. Lenstra, H'W. Lenstra Jr. and L. Lovasz
[LLL82| to an arbitrary norm.
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Our results. We extend the Gauss reduction algorithm from the ls-norm to an
arbitrary norm. This generalized Gauss algorithm (gGA) essentially coincides with
the Lovédsz—Scarf algorithm for two—dimensional lattice bases. The gGA finds for
any norm the two successive minima of the lattice. Given a reduced basis we exhibit
minimal size input bases requiring a given number of iterations. These minimal size
input bases represent the worst case inputs. They are universally worst case for all
norms for which the given output basis is reduced. They satisfy the same recursion
which holds true for the worst case inputs of the centered Euclidean algorithm
according to Dupré [Dul846].

We show that the generalized Gauss algorithm terminates for any norm after at
most log,, 5 (2V2B/X2) + o(1) many iterations, where B is the maximum of
the norms of the two input vectors and )\, is the second successive minimum of the
lattice with respect to the given norm.

The paper is organized as follows. In Section 2 we introduce reduced lattice bases.
In section 3 we present the generalized Gauss algorithm and its analysis. Section 4
gives complexity bounds for the RAM-model. A preliminary version of this paper
has been published by Kaib [Ka91].

2 (Geometrical preliminaries

We generalize the concept of reduced lattice bases for lattices of rank 2 to an arbi-
trary norm || . || on R". We use the following three elementary lemmata:

Lemma 1. Let a,b € R",a #0, let F: R — R" : £ — £a + b describe a line in
R" and f(§) = || F(§) || . Then fis a convex function.

Lemma 2. Let F': R — R" be a line in R" and &, &, m, 12 be four reals with
< &om <m, & <m, & < n. Then [[F(&)| < || F(&) |l implies
[ E(m) | < | F() |l and || F(&) | < || F(&) || implies || F(m) | < || F(n2) |-

We will usually apply Lemma 2 in the case & = 0 and & = 1.

Lemma 3. Let M be a closed set in R"™ and 0 ¢ M. Then every point in M with
manimal norm lies on the boundary of M.

Throughout the paper let (a,b) € R" x R" be basis of the two—dimensional lattice
L = Za+ 7Zb . We define reduced and well-ordered lattice bases. The reduction
algorithm in the next section recurs on well-ordered bases until a reduced basis is
found.



Definition. A lattice basis (a,b) is called
reduced if Fall, Toll < fla=bll < lfa+b]  and
well-ordered if  |al < ||Ja=0b] < ||b] .
By Lemma 2 ||a—0b]| < | b] implies
[oll < lnatbll ¥n>0. (1)
Thus (a,b) is well-ordered iff || a| < [la=0b| < |0 < ||a+0b] .

The i~th successive minimum \; of a lattice L with respect to the norm || .| is
defined as the minimal real p such that there are at least i linearly independent
lattice vectors of norm at most p.

Theorem 4. If (a,b) is a reduced basis then | a ||, || b are the two successive
minima of the lattice L = Za + Zb.

Proof. W.lo.g. let |[al| < ||b] . The theorem claims the following:
lal < |ra+sb| forall (r,s)cZ*—{(0,0)},

bl < ||ra+sb| forallreZ,seZ—{0}.

These inequalities follow from the inequalities

Fall < Aol
la| < |ra| foralreZ—{0},
loll < Néatubl forall & e R with [¢] |l > 1. @)

It is therefore sufficient to prove Inequality 2. For this we show the following

Claim. Consider the four dotted areas in Figure 1. The norm takes its minimum
in each of the four dotted areas in the points +a + b.

Figure 1: Reduced basis (a,b)

Inequality 2 is an immediate consequence of the claim and the reduction conditions
ol < [fatb].



Proof of the claim. Each dashed line in the figure contains three lattice points
where the middle point has minimal norm, i.e. we have

[ +a=0b| = |[£a] < [ £a+b],

I—axbll > [£b] < latb].

Lemma 2 yields

[+a£&b| = [[fa£b| = [ £al,
[ +a+b]l > [[+atb| = [[£b]

for & > 1. This proves that the points +a + b have minimal norm for the dotted
lines. By Lemma 3 the norm takes its minimum for each of the four dotted areas
on the boundary, i.e. on the dotted lines. This proves the claim. O

3 Analysis of the generalized Gauss algorithm

We extend the Gauss basis reduction algorithm from the /y-norm to an arbitrary
norm. We choose the sign of the basis vectors in the algorithm so that the algorithm
recurs on well-ordered bases. As a consequence all occurring integral reduction
coefficients u are positive.

The generalized Gauss algorithm (gGA).
INPUT a well-ordered lattice basis (a,b) .

WHILE ||b]| > |a—b| DO

1. b:=b— pa,
where the integer p is chosen to minimize the norm || b — pa || .

2.IF |la+b]| < |Ja—0b]| THEN b:=—b.
3. Swap a and b.

END WHILE
OUTPUT (a, b).

Comments.

1. The exchange in Step 3 produces either a well-ordered or a reduced basis. The
algorithm traverses, upon exit of Step 3 (resp. entry of Step 1), a sequence of
well-ordered bases until a reduced basis is produced.

2. The algorithm terminates after finitely many steps because the norm of the
basis vectors decreases in every, except the last, iteration.

3. To have a well defined algorithm we require to choose in Step 1 the smallest
i that minimizes || b— pa || .



We associate with an input basis the sequence of lattice bases occurring in the
algorithm upon exit of Step 3. The bases of this sequence are all well-ordered,
except that the final basis is reduced. If (b,¢), (a,b) are two consecutive bases
in any of these sequences we call (a,b) the successor basis of (b,¢) and (b, c) a
predecessor basis of (a,b). A well-ordered basis has at most one successor basis but
may have infinitely many predecessor bases corresponding to runs of the algorithm
with various input bases. If (b, ¢) is a predecessor basis of (a,b) we call the vector ¢
a predecessor of (a,b). The transition of a well-ordered basis (b, ¢) via Steps 1-3 to
its successor basis (a, b) is of the form

ool 1) ()2
_ <b,c>(‘§“ é) = (e—n

where ¢ = 41 denotes the possible change of sign in Step 2. We see that the
predecessor c is of the form ¢ = ca + ub. The following lemma characterizes the
predecessors of a well-ordered basis (a,b). It generalizes Lemma 1 of Vallée [Va91].

b), b) (3)

Lemma 5. If (a,b) is a well-ordered lattice basis then a vector ¢ = ea + ub is a
predecessor of (a,b) if and only if eithere =1, u>2 or e =—1, u > 3.

Lemma 5 shows that the set of predecessor bases of (a,b) does not depend on
the norm, i.e. if (a,b) is well-ordered for two distinct norms then its two sets of
predecessors coincide.

Proof. Since (a,b) is well-ordered we have
lall < lla=bl < [Ib]. (4)

The predecessor basis (b, ¢) is well-ordered iff ||b] < [[b—c ]| < | ¢] -
We consider the lines
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Figure 2: Well-ordered basis (a, b)



Inequality 4 implies:

[EO) I = [fb=al < ol = [FO)|
TGO f = el < Jol = J6O)]
HE=O) [ = el < [lb=al = [HDI.

Thus by Lemma 2 || FI(§) || and || G(§) || is strictly increasing and || H= () ||
is increasing (i.e. non—decreasing) for £ > 1. This yields a corresponding inequality
for H:

FETO) [ = GO
< Gl = [T FQ) |
< 1FQ) I = [TH W),

We decide for all possible cases of p and € = £1 whether (b, ¢) is well-ordered.

e=1 p< -1 Then [[b—c| = [[Q-wb—al| = [|H (A=-p | =
THE-@) I = [[26—al = G > GO = [b]l. Thus (b,¢) is not
well-ordered.

c— —1, p <0 Then [b—c| = [(-mbtall = |HQ—p)| >
|HY) || = [|F@2)| > [|FQ) |l = ||b]] . Thus (b,c) is not well-ordered.
pw=0: Then |[c| = [|a]|l < ||b] and (b,c) is not well-ordered.

p=1: Then ||b—c| = |Jal < ||b] and (b,c) is not well-ordered.
e=—1,u=2: Then ||[b—c| = ||la—0b]| < | b] and (b,c) is not well-ordered.
e=1L p=2 Then |c| = [latp| = [H (| > |H (=1 =
lat+ (=10l = lo—cl = [H O = [FQI > [FOI = ol .
Thus (b, ¢) is well-ordered.

c=—1, u=8 Then el = [—a+pb| = |H oIl > |H-(u-1)| =
[o—cl = TH- @I = 161 > [GWI = fol . Thus (bc)is
well-ordered. O

For the analysis of the algorithm we consider the sequence of well-ordered bases
that is traversed upon exit of Step 3. We index this sequence in reverse order
(bo,b1), ..., (by,brs1) so that (by,bry1) is the input basis, (bg,b1) is the last well-
ordered basis and (b_1, by) is the reduced output basis. Let ¢;, ; be the coefficients
which, according to Equation 3, transform (b;, b;+1) into the successor basis (b;_1, b;).
We have

N —eipi 1
(bzflybz> - (bl>bl+1) ( c 0 )

]

0 €1 0 &2 0 €k
b b — b b )
(b, biy1) (0’1)<1M1><1 M2> <1uk>



The latter matrix product can be expressed by the generalized continuants which
Rieger [R78] has introduced for the analysis of the centered Euclidean algorithm.
These polynomials

& Z[Q?Q,...,xnaylr-wyn]

[ o ...Tp
n

Y1 -+ Yn

are recursively defined as

Yy .- y”n Y2 ... Yp n—1 Ys ... Yn n—29
An easy induction shows that

e [ €3...€k—1 } e [ £3...6k }
( 0 & > <O €k ) Dlpe o g k—2 Volpa o k—1

1 1 1 Mk [ €9..Ek—1 :| [ £9...6 }
H1 o Pk—1]1k—1 Bl o PR K
Hence
bkﬂzgllsg...sk] by + leg...ek] by (©)
fo - Pk, f1 - k]
There is a simple formula for the continuants with p; = 2, ¢; = 1:
T = [1...1} :i[(l—l—\/é)“l—(l—\/i)”l]. (7)
2 ... 2] 2\/§

Simultaneous induction on i, via Equation 5, yields the following inequalities:

Lemma 6. Let u; > 2 fore; =1, and p; > 3 fore; = —1. Then
83...€i‘|
ILL2 AR M/L 171 ‘

Lemma 7. Every sequence of successive well-ordered bases (by,b1), - .., (b, bri1)
satisfies || bpyr || = T || b1 ] -

> 2

%

Z’I;’ [ E2...&;
[y

%

Proof. We see from Lemma 6 that the coefficient of b; in Equation 6 is positive
and the coefficient of by has sign £;. We distinguish two cases:

Case 1. ¢; = 1. We have
E2...Ek
||bk+1||z[ ] Lol > Tl
- ],

The first inequality follows from Equation 6 by Inequality 1 since (bg,b;) is well—
ordered. The second inequality holds by Lemma 6.
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Case 2. ¢ = —1. We have | by| < | b1 since (by,b;) is well-ordered.
Therefore Equation 6 and the triangular inequality yields

E9... & €3...E
- [
Ml"':ukk M2 ... Ug k—1
The right-hand factor can be simplified to
[82...€k] [53...€k‘| . [ E2...EL ]
N A Mo vo Pk | (/’l’l_l),ukk

To verify this equation develop its first and last term via Equation 5. Finally the
claim follows from Lemma 6 since p; > 3. O

bt || = (

We consider the number of iterations of the gGA or equivalently the number of
traversed well-ordered bases. We bound this number as a function of B := || b ||/As
where b is the largest input vector.

Theorem 8. The gGA performs on input (a,b), for B = | b ||/A2 — o0, at most
log, .3 (22 B) + o(1) many iterations where Ay is the second successive minimum
of the lattice.

Remark. If the input basis is not well-ordered there may be an extra iteration.
The o-term is at most 2 — log;, 5(4v2) &~ 0.0339 where the maximum occurs in
case of a single iteration.

Proof. Let (by,byr1) be a well-ordered input basis and (b_1, by) the output basis.
There are k£ + 1 iterations. Lemma 7 tells us that

b |
= el S

Equation 7 implies

‘ -

[(1+ V2 =1 -V2)*] < B,

S

and thus we have
k+1 < log,, 5 (2V2B) + o(1)

for B — oo. O
The bound of Theorem 8 is optimal for all norms:
Theorem 9. Let (b_1,by) be a reduced basis with || b_1 || < | bo| and bix1 =

bi_1 4+ 2b; fori=0,...,k. Then the gGA performs on input (bg,bxy1) exactly k+ 1
iterations where k41 > log,, 5(2B) —1 + o(1) and B = || bry1 ||/ Xe.



Remarks.

e The difference of the upper and lower bound in the above two theorems is
1+1log,. 5 (v2) +0(1) ~ 1.393+o(1) .

e In the particular case that b_y, by are the integers b_; = 0, by = 1 the recursion
biv1 = bi_1 + 2b; for i = 0,...,k yields, according to Dupré [Dul846], the
minimal integers by, bx+1 for which the centered Euclidean algorithm performs
exactly k+ 1 divisions. Vallée [Va91] has extended this minimality, in the case
of the ly-norm, to bases of the lattice Z>.

e The novelty in Theorem 9 is that the recursion b;, 1 = b; _1+2b; for0=1,... k
is valid for all norms, all lattices and all reduced output bases (b_1, by).

For the proof we characterize the well-ordered predecessor bases (b, ¢), ¢ = eca+ ub,

of reduced bases (a,b). This extends Lemma 5.

Lemma 10. Let (a,b) be a reduced basis and ¢ = ea+ pub where e = +1 and p € Z .
LIf la| < [|b] and (g,p) # (—=1,2) then (b, c) is well-ordered iff p > 2.

2. If |b] < |la|l then (b,c) is not well-ordered for u < 0 and well-ordered
fore=1, p> 2/\—)‘12 — 1 and fore =—1, p> % where N\; = \(Za + 7Lb) .

Proof of Theorem 9. The bases (b;,b;11) for i = 0,...,k are all well-ordered.
This holds by Lemma 10 for ¢ = 0 and by Lemma 5 for ¢ > 0. Hence the gGA
performs on input by, bry1 exactly k£ + 1 iterations with all reduction coefficients
equal to 2, and then finds the reduced basis (b_1, by). Equation 6 implies

b1 = Tr—1bo + Ty.by .
Thus we see from || by || = A2, || b1 || < 33Xy and Equation 7 that

| b1 || < (The1 + 3Tk) Ao

B 1+3(1+v2)
(1+\/§>kT

hence k > log, .5 (2B) —2 + o(1) . O

A2 (1+0(1)) ,

Proof of Lemma 10. We collect facts that cover all the claims. The basis (b, ¢) is
well-ordered iff

[0l < [lea+(p=10[ < [[eat+pb]| . (8)

If ||a|| < |[b] the left~hand inequality holds by Theorem 4 iff 4 # 1. This
inequality is trivial for || 0] < |a] -



For the right-hand inequality we consider the line H (&) = ea + £b, assuming that

(a,b) is reduced. We have || H(—=1)| = Jea=b]| > |al| = ||HQO)]| <
lea+b] = || HQ1) || . For p <0 Lemma 2 implies
leat+ (u=—1b| = Hu—-1) > H(u) = [[eat+pb| .

Hence (b, ¢) is not well-ordered. This proves all claims in the case p < 0.
Now let © > 1. We have
lea+(p-Dbll = Hp—1) < H(u) = [eat+pb] . (9)

Ife=—-1wehave ||[a| < A2 < || c¢| which shows that

1 2
bl = —|lat+c| < = | c] . 10)
ol =21 =2 el (
If e = 1 the inequality ||b—al < |a+0b]|| = H(1) < | c| implies
1 2
bl = — || (b— < — : 11
ol = 7 1b-a+el < ==l (11)

Now assume that the left—-hand Inequality 8 holds but (b, ¢) is not well-ordered. In
this case equality must hold in Inequality 9. This implies that (b, ¢) is reduced and
thus ||b|| = A1, |lc|l = Ao Moreover if ||a| < | b] , ie. the right-
hand Inequality 8 does not hold, we have ||b| = Ao = | ¢ , and thus the
inequalities above imply p <1 for e =1 and p < 2 for ¢ = —1. On the other hand,
if |6 < | al,nequality 10 yields p < 2?—? and Inequality 11 yields p < 2%—1 :

The claims in case 1 > 1. For those ¢, 1 where it is claimed that (b, ¢) is well-ordered
we have shown, assuming that (b, ¢) is not well-ordered, an inequality excluding this
i. Moreover, in the case that || a || < |[b] , we have shown that (b,¢) is not
well-ordered if = 1. O

Remark. In the indefinite cases of Lemma 10, i.e.,
o [alf <o, e=-1L n=2,

o (bl

IN
B

— A
5——1,1§1LL§2)\*?,
o ol <llall, e= 1, 1<p<22-1,

the above proof shows that (b,c) is either reduced or well-ordered. Both reduced
and well-ordered bases do actually occur, as the norm and the lattice vary, in each
of the three cases. However there is only one indefinite case for the Euclidean norm,
namely [0 < [al ande=—-1, u=1.

10



4 Time bounds

The generalized Gauss algorithm described in the last section needs acces to a norm
oracle which for given a € R" outputs || a || . We give time bounds for the RAM
model with the arithmetic operations multiplication, division, addition, subtrac-
tion, comparison and next integer computation at unit costs. We count for steps
arithmetic steps and oracle calls. In this section we prove the following

Theorem 11. Given an oracle for an arbitrary norm || . || there is an algorithm
which || . ||-reduces a given basis a,b € R"™ using O(n log (n+ A2/A1) + log B) many
steps where B = max(|| a ||, ]| 0 ]|)/Az2-

Efficient | . ||-reduction. For an efficient reduction of a basis a,b € R" in an
arbitrary norm || .|| we first reduce a,b in the norm corresponding to a suitable
inner product <, > and we subsequently reduce the resulting basis in the || . [-norm.
We initially perform a <, >-reduction since it only costs O(1) arithmetic steps per
iteration.

The inner product <,> is chosen so that {z € R"| ||z | < 1} is spherical in

llzll <yy>2 _ 15 :
I <eas? = O(n'?) . The existence of <,> follows

from [Le83], see construction of 7 in Section 2, pp. 542 ff. We assume that the
inner product is given, we do not count the steps for producing it. The constant
B<’> - maX(< a,a >1/2, < b, b >1/2)/)\2,<7> Satisﬁes B<’> - O(nlf} B) .

the sense that max, ycgr

The initial <, >-reduction in O(n +log B) arithmetic steps. In each iteration
<a,a> <ab>
<ba> <bb>
matrix H € GL,(Z) satisfying (aeurrent, beurrent) = (@inputs binput) H as G := STGS,

we transform the Gram matrix G = and the transformation

H = HS where S = —?u 1 ) and p is the integer closest to =222  Each

0 <a,a>
iteration requires 6 multiplications, 6 subtractions, 1 division and 1 next integer
computation. The initial (resp. final) transformations of (a,b) into G (resp. back
from H into (a,b)) require 7n multiplications and 5n — 3 additions. According to
Theorem 8 the entire <, >-reduction of a, b is done in O (log B< ~) = O (log (B+n))
iterations.

Computing p in O(1) resp. O(log \2/\;) oracle steps. Let pp : R"xR" — 7
denote the function that minimizes || b — p(a,b)a || . For a given well-ordered basis
a,b we have to compute p = || b+ z ||/|| a || where (z,a) is the successor basis of
(a,b). By the inequality [ — || b/ all| < | z]|/]| a] we can compute p, via
the bisection method, using O(log || = ||/|| a ||) oracle steps. Except for the final
iteration we always have ||z || < | a| and the step bound is O(1). For the final
iteration we have || z ||/[| a || < A2/ A1.

11



The final || . ||-reduction in O(n log (n+X3/A1)) steps. It follows from Theorem 8
el <yy>'7

ol <a>17%)

1 4+ o(1) = O(log n) many iterations. Every iteration, except the final one, re-

quires O(1) norm computations and O(n) arithmetic steps. The final iteration costs
O(log A2/A1) norm computations and O(n log A2/A;) arithmetic steps.

that the final || . ||-reduction requires at most log, , 5 (2v/2 max, yern

The case of the [;(l,)-norm. There are particularly efficient algorithms to com-
pute u for the [;- and l,o-norm. For the /;-norm the real ¢ minimizing || b — ta ||
is the generalized median, with weights |a;|, of the component fractions b;/a; for
i =1,...,n which can be computed using O(n) arithmetic steps. For the [,-norm
the graph of the function || b — ta || with real indeterminate ¢ is the maximum
polygon of the 2n lines £(b; —ta;) . We sort, using O(n logn) arithmetic steps, these
lines in order of descending gradient. A subsequent scan of the lines computes, us-
ing O(n) arithmetic steps, the vertices of the polygon and in particular its minimal

point which yields the real ¢ that minimizes || b — ta ||». Details can be found in
[KS93].

Hence the i (I )-norm reduction of a, b takes at most O(log B + n logn) arithmetic
steps where B = max (|| a |[,|| b]])/A2 and || .|| is the l;(ls)-norm.
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