Extended duality methods for nonlinear

Helmholtz equations

Dissertation
zur FErlangung des Doktorgrades

der Naturwissenschaften

vorgelegt beim Fachbereich 12
der Johann Wolfgang Goethe-Universitat

in Frankfurt am Main

von
Tolga Yesil

aus Frankfurt am Main

Frankfurt am Main 2021 (D30)



vom Fachbereich 12 der

Johann Wolfgang Goethe-Universitat als Dissertation angenommen.

Dekan: Prof. Dr.-Ing. Lars Hedrich

Gutachter: Prof. Dr. Tobias Weth
Prof. Dr. Rupert L. Frank

Datum der Disputation: 16.4.2021



Contents

|Chapter 1. Overview| 1
(I.__Introductionl 3
2. Main results of this thesis| 11
13.  Zusammenfassung| 21
D gung 42

|Chapter 2. Dual ground state solutions for the critical nonlinear Helmholtz equation| 43
1. Introduction| 43
P The Helmholi ool T The Soholov-crinical | 48
B Eg —The dual —Tonal Tiod 57

|Chapter 3. Fourier-extension estimates and applications to a nonlinear Helmholtz |

| equation | 75
(I.__Introductionl 75
[2. Fourier extension estimates for Gp-invariant functions) 82
[3.Resolvent estimates for G-invariant functions| 88
[4. Nonvanishing for G-invariant functions| 93
[5. Dual variational framework and G'—invariant solutions| 97

|[Chapter 4. Dual variational methods for a nonlinear Helmholtz equation with |

| sign-changing nonlinearity| 105
(I.__Introductionl 105
(2. Dual variational formulationl 108
[3. Saddle-point reduction| 110
|4.  Palais-Smale sequences for the reduced tfunctionall 113
[5.  Proof of Theorem 4.1 and Corollary 4.2 116

|Chapter 5.  Appendix]| 119
[1.  Failure of the nonvanishing-Theorem in the Stein-Tomas critical case| 119

|Chapter 6. Summary| 125

|[References constituting the authors dissertation thesis| 131

References 133



Dedicated to my grandparents Behice and Fevzi Yesil



CHAPTER 1

Overview

Dual variational methods have proven useful in a variety of situations in the context of non-
linear partial differential equations that did not allow an apparent direct variational approach.
Probably one of the first works in this context is due to Clarke in [16], [17], where he intro-
duces a "dual action principle” in order to find periodic solutions for Hamilton’s equations by
minimizing an integral that appears to be "dual” by means of the Fenchel-transform. Let us
mention [I8], where these ideas were carried out. See also [2],[3],[11],[19],[38], and [9] for
more applications as well as recent examples where dual variational approaches have led to an
advantageous and successful framework.

G. Evéquoz and T. Weth developed in [31] a dual variational framework for the nonlinear

Helmholtz equation
(1.1) — Au— k?u = Q(z)|ulP?u, z e RV,

where @ € L>®(RV) \ {0} is non-negative, & > 0 and p € [2,2*], with 2, := 28{,le) and

I
2% = % for space dimensions N > 3. In particular, the existence of standing-wave solutions,

which arise from real-valued solutions, are obtained under additional requirements on ) and

p. Equation ((1.1)) is related to stationary Schrodinger equations of the type
(1.2) —Au+ = f(z,u), NER, zeRVN,

which have been in the center of extensive research since the early 1980ies. Let us mention
the works of Berestycki, Lions [7), 8], Ding and Ni [22], Floer and Weinstein [33] and many
others in this context. Whereas the existence of real-valued solutions of for A > 0 is
quite well understood (see e.g. [63],[69]), comparably less is known in the case A < 0, which
corresponds to by setting A = —k? for the important case of power-type nonlinearities
f(z,u) = Q(x)|ulP2u. One of the main reasons is the lack of a direct variational approach,
since by classical results of Rellich [56] and Kato [40], solutions of the Helmholtz equation

decay at most like
(1.3) u(@) = O(|z] =), as |z| = oo,

thus are only to be expected to be in LP(RY) (or W2P(RY)) for values p > 22-. Therefore,
H'—solutions will not exists in general, as would be required for the natural energy functional

associated with ([1.1]), and powerful tools as the concentration compactness machinery of Lions
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[47),[48],[49],[50] are not available in this case. Here W™P(R™) denotes the usual Sobolev-
space with weak derivatives up to order m € N that belong to LP(RY) and H™(RY) :=
Wm™2(RY). Additionally, in the situation of we have, that 0 is contained in the essential
spectrum of the (linearized) Schrédinger operator —A — k2 which limits the applicability of
functional analytic tools.

In the present thesis we focus on extensions of the dual methods developed in [31]. In particular,
we will be concerned with the Sobolev-critical case p = 2* (Chapter 2), the possibility to extend
the dual framework for values 2 < p < 2, (Chapter 3) and describe an extension of the dual
framework, that allows sign-changing weight functions (Chapter 4). In all of these cases we
will in particular establish the existence of real-valued solutions of under these new
requirements.

Let us give an overview regarding the organization of this thesis. We start by introducing the
Helmholtz equation in the context of wave propagation and recall the linear case briefly. Then
we introduce the Helmholtz resolvent operator, fundamental solutions and recall important
results concerning boundedness properties that will be of great significance throughout the text.
We then recall one of the first results for the nonlinear problem due to Gutierrez [37] and
formulate the basics concepts within her approach, also to relate the upcoming strategies and
results. Equipped with these preliminary results, we are able formulate the dual variational
framework developed in [31], present the main results, discuss certain limitations and recall
further results established in this context. This allows us to present and classify the established
results in [Y1], [Y2], [Y3], which we will then present in the Chapters 2,3 and 4 respectively.
The results presented in Chapter 2 result from a collaboration with Gilles Evequoz published
in [Y1]. The content of Chapter 3 is a joint work with Tobias Weth published in [Y2]. The
results in Chapter 4 can be found in [Y3] and are a result of a collaboration with Rainer
Mandel and Dominic Scheider.

These will be presented in the same form as they can be found in the published versions.
Additional details will be provided in the corresponding prefaces at the beginning of chapters

2, 3 and 4 respectively.
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1. Introduction

Real-valued solutions of the nonlinear Helmholtz equation arise in the study of high-frequency
time-harmonic solutions of the nonlinear Klein-Gordon equation

0?1 N
(14) ﬁ - A1/’(t737) + mw(ta .CC) = f(xﬂb(tvl’)), m > 07 (tPT) €cRxR )

if the nonlinearity has the form f(z,) = g(z,|1|?)®. This can be seen via the time-harmonic
ansatz 1 (t, ) = e*u(x) for which (1.4) leads to

(1.5) — Au+ (m —whu = f(z,u), z e RV,

This equation has the form with A = m — w?; thus we have A < 0 in the case of high
frequencies w? > m. The Klein-Gordon equation is a central tool in the mathematical
description of wave propagation in an ambient medium with nonlinear response, which appears
to be a fascinating and challenging field in nonlinear analysis (see e.g. [42] and [61] for a
detailed description). Thus, real valued solutions of Helmholtz equations help to investigate
this important class of (high-frequency) time-periodic solutions as an essential step towards a

full description and deeper understanding for wave phenomena.

1.1. Fundamental solution and resolvent operator. The decay condition (|1.3|) for
solutions of the Helmholtz equation is incomplete from an analytical point of view, as it is
necessary to distinguish the radiative behavior of the solutions at infinity (c.f. [55, Chapter

2]). In the context of the linear problem
(1.6) — Au—k*u=f(z), zeRY

for some (possibly complex-valued) function f on RY, it was suggested by Sommerfeld (see

[58]) to additionally introduce the outgoing radiation condition
ou
ik
ar

N—-1

(1.7) r2 — 0, asr=|z|— 0.

The corresponding solutions of the linear equation represent outgoing waves that are
stimulated by the source f. If f is sufficiently benign (e.g. continuous and compactly sup-
ported), then (L.6), has a unique solution (formally) given by u = (—A — k2)71(f) (see
[20]). Let us give a brief description how this resolvent operator can be derived. For ¢ > 0 and
k > 0 the operator —A — (k? +ie) : H*(RY) ¢ L*(RY) — L?(RY) is an isomorphism. For any
Schwartz-function f € S(RY) its inverse is given by

~

(&)

Pkt ©

Rief(@) = [-A — # +i0)] " fla) = 2m)3 / el
RN

where

F()E) = J(&) = 2m) / 7€ f () di
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denotes the Fourier transform of f : RY — C. As described in [36], there exists a linear
operator Ry : S(RY) — &'(RY) such that

(Ref.g) = limy [ [Recf@g(o) do = [ (005 @)g(o) do,  for f9. SBY)
RN RN
with @, : RV \ {0} — C given by

18 o) = e FF( PR o ) =g () | H G,

The function @ is the fundamental solution to satisfying Sommerfeld’s outgoing radiation
condition and H & denotes the Hankel-function of the first kind of order % (see [68]
for a detailed treatment of Hankel-functions).

Boundedness properties of the resolvent operator Ry turn out to be crucial for the study of the
nonlinear problem . A first key result is the following estimate by C. E. Kenig, A. Ruiz
and C.D. Sogge.

THEOREM 1.1. [43] Special case of Theorem 2.3] Let p € [24,2*]. Then there exists a constant
C = C(N,p) > 0 such that

_9)_2N
(1.9) IRkl oy < CEN D75 | fll gy for all f € S(RY).

Here and in the following p’ := p%l denotes the Holder-conjugate to p € (1, 00).

Thus, the operator Ry can be continuously extended as a linear map Ry, : L? (RY) — LP(RVN)
such that holds for all f € LP (RN). Let us also mention the following non-selfdual
generalization of Theorem from [37].

THEOREM 1.2. Lett € [1, %) and q € <%,oo] satisfy % < %—% < % if N > 3. Then
there exists a constant C = C(N,t,q) such that
(1.10) 1Rk pauny < CRNIVI2NY | £ gy for all f € S(RY).

We see that Theorem is implied by Theorem with g =p and t = p'.

The given range for ¢, ¢ in Theorem and thus for p in Theorem is optimal as can be seen
by the counterexample of Borjeson [12] pp. 231-233]. Concerning the proof of Theorems and
let us mention that the given limitation regarding the upper bound, namely 1/t—1/q < 2/N
(and p < 2* in the selfdual case, respectively) is due to an underlying Hardy-Littlewood-Sobolev
inequality (c.f. [46, Theorem 4.3]) and we will refer this case in the following as the Sobolev-
critical case. The lower critical case comes from the Stein-Tomas inequality (see Theorem
and below), so that we will refer to this case in the following as the Stein-Tomas critical
case. The Stein-Tomas inequality analyses boundedness properties of Fourier-restriction or
Fourier-extension operators. For F € L2(SN=1), where SV—! := {z € RY : |z| = 1} denotes
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the unit sphere in R, the (inverse) Fourier-extension of F' is given by
Fy(x) = (27‘()_% / €TV E(w) do(w),
SN-1

where do denotes the induced Lebesgue measure on S¥~1. Let us state both (equivalent)

versions of the Stein-Tomas results (see also [59) §8 Corollary 5.4]).

THEOREM 1.3 (Stein-Tomas extension-theorem). Let F € L*(SVN~1). Then F, belongs to
LY(RN) for all ¢ > 2. and we have

(1.11) 1Fo |l oy < CIFll2n—)

with a constant C' > 0 independent of F.

THEOREM 1.4 (Stein-Tomas restriction-theorem). Let 1 < ¢ < (2.)" and f € LYRY). Then
for the Fourier transform f we have ﬁsN*l € L2(SN=1Y) and there exists a constant C > 0
independent of f, such that

(1.12) [ 1F@P o) < Ol

gN-1

As can be seen by the famous Knapp example (c.f. [66], §4]) the range of values regarding ¢ in
(T.11)) and (T.12)) is sharp. However, for radial (and thus constant) functions F' € L2(S™V~!) the
estimate ([1.11)) can be seen to be true (c.f. [59, §8 Proposition 5.1]) for all ¢ > ]\2,711[1 Contrary
to the proof of Theorem (or Theorem this particular result can be achieved mainly by
using the key bound

(1.13) don(z) < C(1+z)) 2, zeRV,

where doy := F, for F = 1. Stein-Tomas type results have been receiving extensive atten-
tion due to their various applications and consequences to several fields in mathematics (see
also [34],[66]). Variants of the Stein-Tomas Theorem play a crucial role in order to obtain
Strichartz-estimates for the Wave- or Schrodinger equation (see [13],[41][62]).

1.2. Small complex solutions for the nonlinear equation. One of the very first
existence results for a nonlinear Helmholtz equation of the type (1.1)) is due to Gutiérrez [37].
She proves the existence of (small) complex solutions for N = 3,4, p = 4 and @ = +1, that
additionally satisfy an integral variant of the decay condition (|1.3)) given by

1 2
(1.14) sup — |u|* dz < oo.
r>1 R
Br(0)

A key observation in her approach is that for N > 3 and p € [2,,2*] a (complex-valued)
function u € W2P(RV) is a solution of (T.1]) satisfying (T.14) if and only if u € LP(RY) solves
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the integral equation
(1.15) u =Ry (QuP2u) + ¢4

for some ¢, € ‘H. Here H denotes the space of Herglotz-wave functions given by

H={ ¢, :RY = C:py(x) = / e* € g(w) do(w) for some g € L2(SV 1)
gN-1
Thus we have with Theorem that every ¢, = (2#)% Jo € LYRYN) for all ¢ > 2, Every
g € H is a solution of the linear equation with f =0 (see [37, chapter 2]).
The nonlinearity in her result has the explicit form f(x,u) = Q(z)|u|?>u and thus defines a
substitution operator Ny : LP(RY) — LP (RN) for p = 4. Consequently, the integral equation
(1.15)) reduces to the fixed-point problem

(1.16) u=TRpN¢(u)+ g, for some ¢, € H,

which is then solved with non-selfdual resolvent estimates and contraction-mapping techniques.

1.3. Dual variational framework for the nonlinear Helmholtz equation. Evequoz
and Weth [31] focus on the the complementary class of real-valued solutions for (1.1)). Assuming
that Q@ € L= (RY)\ {0} is non-negative and p € |2, 2*], they observe that real-valued solutions

can be obtained as solutions of the integral equation
(1.17) u =Ry (Qulfu), wueLPRY).

Here Ry, denotes the real part of Ry given by Ry(f) = ¥y * f and

N—-2

(118)  Wy(x) = Re(Pg)(x) = — (%ﬁ'm') " Yaa(Klzl), zeRV\ {0},

where Y _» is the Bessel-function of the second kind of order 22 (see [68] for a detailed study
2

of these functions). A first central observation is that solutions of ([1.17)) satisfy (1.15) with

g = gu given by

N-2

. o\ Y5
(1.19) w@=-1(5) " FQuoee. gesv
Therefore, a solution u is nonlinearly related to the associated Herglotz-wave, which (see e.g.
[31]) is indeed uniquely determined.

Notice, that by the trivial solution v = 0 is an isolated solution of , thus contraction
mapping arguments will not lead to nontrivial solutions of this problem. Instead, the idea is
to introduce a dual transformation leading to a new problem that appears to have a rich

variational structure. To this purpose let us assume k = 1 to simplify the notation. The
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general case can be recovered by scaling. We are thus led to study the equation
(1.20) — Au—u = Q(z)|ulP?u, e RY
and the corresponding integral equation
(1.21) u=R(Qu|Pu), wue LP(RY)

with R := R;.

REMARK 1.5. According to [31, Lemma 4.3] for p € [24,2*] any solution v € LP(RY) of
u = R(Q[u[P~2) for Q € L®(RYN) is indeed a strong solution v € W2I(RN) N CM(RYN) for
all g € [p,o¢) and v € (0,1) of (L.20). Using the same arguments as in [51], p.13] this can be
improved to W*4(RN) N CYY(RYN) for all g € (42, 00), v € (0,1).

Any solution of will be referred as a dual bound state solution.

1 /
By setting v := Q¥ |[u|P~2u € LP'(RY) for u € LP(RY) the integral equation (T.21]) leads to
(1.22) 0P 0 = QPR (@P0) = Ko, (v).

The problem (T.22) is variational and the associated (dual) energy functional Jg , : L” (RN) —
LP(RY) is given by

1 ’ 1
(1.23 Taalv) =~ 101y = 5 | Keau(v) da.
]RN
The functional Jg , is of class Cl with derivative
(1.24) T p(0)w = / (|U|P/—2v . KQ,p(v)) wdr,  for all v,w e LP (RV)

RN

and possesses the Mountain-Pass geometry as summarized in the following lemma.

LEMMA 1.6. [31, Lemma 4.2] Let p € [24,2*] and consider Q € L>(RN)\ {0} such that Q >0
a.e. on RV,
(i) There exists > 0 and p € (0,1) such that Jg,(v) > § > 0 for all v € L’ (RN) with

||U”Lp’(RN) =p
(i) There is vg € LP (RN) such that H’UOHLP/(RN) > 1 and Jg p(vo) < 0.
(iii) Bvery Palais-Smale sequence for Jg, is bounded in LY (RV).

Let us recall that a sequence (v,) C L (RN) is called a Palais-Smale-sequence ((PS)-sequence),
if (Jo(vn))n C R is bounded and HJb’p(v”)H* — 0 as n — oo , where the latter denotes the
operatornorm of Jg (v,). If in addition Jg »(vs) — ¢ € R as n — oo, then (vy), C LY (RN) is
called a (PS).-sequence. Moreover, Jg , is said to satisfy the Palais-Smale-condition at level

c € R, if every (PS).-sequence has a strongly convergent subsequence.
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Compactness properties of Jg , are crucially linked to compactness properties of the Birman-
Schwinger operator K¢ ;,, which in turn are closely related to decay properties of the weight-

function @) and the choice of p. In fact, we want to point out the following result.

LEMMA 1.7. [31 Lemma 4.1] Let p € [24,2%) and consider Q € L®(RY) with Q > 0 a.e. on
RY. Then the operator

Kop: IV (RY) > I'(RY), Kgy(v) = Q"R (Qwv)
s symmetric in the sense of

/ vKgp(w) de = / wKg ,(v) dz, for all v,w € LP (RM).
RN RN
Moreover,
(i) Kq,p is locally compact, i.e. for any bounded and measurable set B C RN, the operator
15Kq, is compact. Here 1p denotes to characteristic function of a measurable set B C
RV,
(i) if esssupy>, Q(x) — 0 as p — oo, then Kq,, itself is compact.
If Q vanishes at infinity, then from Lemma (ii) it can be deduced, that the functional Jg,
satisfies the Palais-Smale condition at every level. A symmetric Mountain-Pass theorem then
gives the existence of infinitely many pairs +u of critical points for Jg,. Combining this
existence and multiplicity result with a nonlinear far-field relation, the full result from [31]

concerning this case reads as follows:

THEOREM 1.8. [31], Theorem 1.2] Let N > 3, p € [2,2*) and let Q € L>®(RN) \ {0} be non-
negative with esssup|x‘ZpQ(x) — 0 as p — oco. Then admits an unbounded sequence of
pairs tu, of dual bound state solutions. Moreover, all of these solutions satisfy the nonlinear
far field relation

1
1.2 li —
(1.25) Am /

Br(0)

N-1 2

20\ 2 . i(N—1)m €T
20 ilo|— == il
o) +2 () R () 0 ()

dx

with gy, given as in (1.19)
Thus, taking Remark into account, we indeed obtain strong solutions of (1.20)).

A second situation, where the existence of dual bound state solutions is obtained in [31], is
that of periodic ). In this case, the functional Jg , will not satisfy the Palais-Smale condition
in general, but the existence of a bounded Palais-Smale sequence at the Mountain-Pass level

(1.26) c:=inf sup Jg,(v(t)),
V€L ¢e0,1]

where I' := {v € C([0,1], L” (RY)) : ~(0) =0, J(y(1)) < 0}, can still be shown (see e.g. [31]
Lemma 6.1]). Note that by Lemma we have I' # () and ¢ > 0. This allows to deduce the
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existence of a critical point by an approximation argument, but its non-triviality is unclear. A

key component in this context is the following nonvanishing result:

THEOREM 1.9. [31, Theorem 3.1] Let N > 3, and p € (2.,2*). Moreover let (uy), C L? (RY)

be a bounded sequence satisfying

lim sup /unR(un) dz| > 0.
n—oo
N

Then there exist R >0, ( > 0 and a sequence (), C RN such that, up to a subsequence,

(1.27) / lup|? dz>¢>0  for alln.

BR(J"n)

Here we have abbreviated R := Ry for the full resolvent. Let us say a few words to the proof,
since we will be concerned with various extensions of this result. The proof of Theorem
relies on a decomposition of the fundamental solution ® := ®; given in similar to [37].
Thus we introduce ® = ® (1) + P (9) with

q)(l) =nx (I), (I)(Q) =d — (I)(l)

for n € S(RY) such that 7 € C°(RY) with values in [0,1], 7= 1 on {||¢|— 1| < £} and 7 = 0
on {|[¢| =1 > 1}. From the asymptotics of Hankel-functions we deduce that

1®(2)| < Comax{|z|>V,|z| = }, forzeRY\ {0},

for Cyp > 0 and arguing as in the remark after [31, Theorem 3.1] one deduces that

(1.28) Dy (@) < Co(1+]a)) 7, zeRN
and
(1.29) | (2) ()] < Co min{|z|>~V, |z| N}, for z € RV \ {0}.

Theorem is then proved for @y, ®(;) separately. The result concerning @, is compa-
rably short and causes the limitation p < 2*. For ®(;) one important step is to estimate
HﬂMRq)(Q)HLP(]RN) for Mg := RN \ Bgr, where By is the (open) ball with Radius R around
the origin, by decomposing dyadicly for some R > 0. Then each dyadic summand satisfies
a straight forward (L°°, L')-bound. With the help of the Stein-Tomas Theorem then an
(L2, L(2*)/)—bound is derived. Complex interpolation yields a selfdual bound for each dyadic

summand of H]l M P with a prefactor R4 where j € N is the index of the summand

)HLP(RN )
and A; := jA(N,p) is resulting from the interpolation procedure and has the property that
A(N,p) < 0 if and only if p > 2,, which is necessary for convergence of the associated dyadic

series. Thus, the proof can only be established for p > 2,.
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We shall see, that the statement of Theorem [1.9| continues to hold in the Sobolev-critical case
p = 2" using a modification of the argument concerning @, (see Theorem below) but
indeed fails to hold in the Stein-Tomas critical case p = 2, as will be demonstrated in Chapter
5 below.

Let us remark, that for a bounded Palais-Smale sequence (u,), C L (RV) at the Mountain-

Pass level ¢ > 0 we have
/

1 1 2p 1 2p
/Qr’unR (Ql’un> dox = R (JQ,p(un) — p/Jé?,p(un)un> —
RN
as n — 0o, thus (u,), C L” (RN) satisfies the conditions of Theorem The proof of the

non-triviality of the critical point is then obtained with a local-convergence argument in the

corresponding dual formulation (see e.g. [31, Theorem 6.2]). In total, the following result is

stated in the case of periodic Q:

TuEOREM 1.10. [31, Theorem 1.1] Let N > 3, p € (24,2%) and let Q € L®RN)\ {0} be
non-negative and ZN -periodic. Then (1.20) admits a nontrivial dual bound state solution u
that additionally satisfies (1.25)) with g, in place of g, -

1.4. Further and related results. In the case of spatially compactly supported super-

linear nonlinearities f, in [30] existence and multiplicity results are obtained for the problem
(1.30) — Au— k*u = f(z,u), zeRY.

By using a Dirichlet-to-Neumann map associated to the exterior problem for the corresponding
linear equation, the problem is reduced to the existence of critical points for an H!-functional
defined on a ball centered at the origin. These methods are heavily based on the compact
support (in space) of the nonlinearity f. In [27] a dual approach in Orlicz spaces is developed
that allows to treat more general nonlinearities than the model case f(z,u) = Qu[P~?u. In
particular, under additional decay assumptions on the superlinear and subcritical nonlinearity,
multiplicity results as well as far-field relations are derived for the obtained real valued solutions.
In [29] a multiplicity result concerning the case of periodic weight functions @ is proved, where
ideas for a periodic Schrédinger equation developed in [64] have been successfully integrated
to the dual context. Moreover, the existence of real valued solutions in the noncritical case
p € (24,2%) for is established for asymptotically periodic weight functions, i.e. weight
functions of the form Q = Qo + Qper, wher @ vanishes at infinity and Qpe, is Z"-periodic.

Let us mention that the dual variational framework was elaborated in [52] for the defocusing
case () < 0. Moreover, the authors obtain radial solutions of for a broad class of radial
nonlinearites allowing values p > % In [32] equation is considered under the viewpoint
of the existence of continuous solutions branches depending on the parameter A = —k? in the
spirit of [8, [7], for values of A that may enter the essential spectrum of —A. The existence and
behavior of standing-wave solutions for in the plane is obtained in [26]. The existence
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and properties of high-wave number solutions for was analyzed in [28]. In [15] complex
solutions for the Helmholtz equation with general nonlinearity are provided. The authors
overcome the lack of maximum principles and the dual variational framework by analyzing the
integral equation with the help of topological fixed-point theory and global bifurcation.
Let us further mention the articles [21],[53],[54], where the dual approach is extended to

Helmholtz systems.

2. Main results of this thesis

In the following we will summarize each of the articles [Y1],[Y2] and [Y3], which form the

scope of the research work that is central for the present thesis.

2.1. Dual ground state solutions for the critical nonlinear Helmholtz equation.
The first presented article [Y1] is a joint work with Gilles Evéquoz and will be concerned with
the Sobolev-critical case for the nonlinear Helmholtz equation . Namely we will consider
the problem

(1.31) —Au—u=Q)|u* %, inRY

for N >3, Q € L(R")\ {0} non-negative and 2* := 2.
As already pointed out in Lemma the (bounded) Birman-Schwinger operator Kg :=

Koo : L2 (RY) = L2 (RN), where 2t := (2*) = %, given by

1 1
Kq(f) =Q*R(Q7 [)
fails even to be locally compact in the Sobolev-critical case, which is due to the lack of com-

pactness in the underlying Sobolev-embedding. We will demonstrate, how the Palais-Smale
condition for the dual functional Jg o« =: Jg : L2'RN) — L (RN) given by

1 + 1
Tow) = 55 e gy = 5 [ uKo(w) do

RN
can be recovered for certain energy levels. To this purpose, we compare the Mountain-Pass

level Lg of Jg with the least energy level L¢, among all possible limit problems
(1.32) — Au=Q(zo)|ulP%u, inRY
for some zg € RY, similar to the classical case of a bounded domain in the celebrated work of
Brézis and Nirenberg [10]. We shall see, that
Sz

N—-2

N Qo
where S denotes the optimal constant in the Sobolev inequality (see [46, §8]). Our strategy in

Ly =

order to obtain critical points of Jg can be summarized by the following two steps:
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(I) Show that at every level 0 < 8 < L}, the Palais—Smale condition is satisfied, and
(II) establish the strict inequality Lo < Lg,.

The comparison of (1.31) and ([1.32) takes place on the level of corresponding fundamental

solutions (and resolvent operators) since we do not have a direct functional for in hand.
The following lemma regarding the difference ¥ — A : RV \ {0} — R, where ¥, A : RV\ {0} — R
are the fundamental solutions associated with the Helmholtz and Laplace’s equation is crucial
to obtain both steps (I) and (II).

LEMMA 1.11. Let r > 0 be given such that r < yn—a if N > 4, where yn—_a is the first positive
2 2
zero of Yn-a and r < 7w if N = 3.
2
(i) There exist k1, k2 > 0 only depending on r and N, such that for all x € B, (0),

pilztN < U(x) — Alx) < Rolz*N, if N > 5,

rilnfz|| < U(z) - A(z) < Ko|ln |z

? lfN:47

—K1|z| > U(x) — A(z) > —ko|z|, if N =3.

\

(ii) For every multiindex o € N with || > 1, there exists k3 > 0 only depending on |a|,
r and N, such that

(1.33) 0% (T(z) — A(z))| < walz*N71 for all z € B,(0).

The proof of Lemma [1.11] relies heavily on a detailed study of Bessel-functions for small ar-
guments. A first consequence of Lemma [1.11] is a new compactness result for the difference
R-Ro: L2 (RN) —» LY

2 (RY), where Rq : f — Ax f is the resolvent operator associated with

Laplace’s equation.

ProrosiTiON 1.12.

(i) The difference R—Ry is a continuous linear mapping from L* (RN) into W22 (RY).
(ii) For allr > 0, the operator 1p (R —Rg): L2 (RN) — L¥(RYN) s compact.

Together with the result, that R : L2" (RY) — LY(RY) remains locally compact for subcritical
t € [1,2%), we are able to finish step (I). By proving that the nonvanishing Theorem contin-
ues to hold for p = 2%, we are able to additionally include periodic @) into our considerations.

Regarding step (I) thus we have the following result.

PROPOSITION 1.13. Let Q € L®(RM)\{0} have the form Q = Qper+Qo, for some Qper, Qo > 0
such that Qper is Z -periodic and Qo(z) — 0 as |z| — oo.

If (Un)n € L2 (RYN) is a Palais-Smale sequence at level 8 for Jg such that B = Lg < L}, then
there exists w € L2 (RY), w # 0, such that Jo(w) =0 and Jo(w) = Lq.
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In order to estimate the Mountain-Pass Level Lg, we note that in our situation we have the

alternative description

vl

2+
d
Lo —infd L (Je [l dz
N \ [pn vKqu dz

from which we are able to deduce that Lg coincides with the least-energy level, i.e.

tvE L2+(RN) with /UKQ’U dx >0

RN

Lg = inf{Jg(v) : v € L (RN) with J§(v) = 0}.

Thus, the solutions we obtain are (dual) ground state solutions, namely solutions u € L% (RV)
of the form u = R(Q#v), where v € L2 (RY) is a critical point of Jg with Jg(v) = Lg and
thus has least energy among all (nontrivial) critical points. Note that by Remark these
are indeed strong solutions of . To verify step (II), we shall estimate the quantity

2+
[[02,all5+

[ ve.0KQUeo dz
RN

where v, o € L2" (By4(0)) for some o > 0 is a smoothly cut version of the optimizer v. €
L2 (RN) of the Hardy-Littlewood-Sobolev inequality, thus

_ +
/%m%mzsww@,
RN
given (up to translation and scalar multiples) by
1 N+2
N+2 2
=(N(N —2e) 2 [ —— , > 0.
) = (V=29 F () e

In this step again the difference estimated in Lemma plays a key role and the sign-change
between dimensions N > 4 and N = 3 has an important impact. Whereas we are able to
deduce Lg < La for N > 4, we indeed obtain equality for NV = 3. Additionally we deduce that
the Mountain-Pass level in this case is not achieved, which will result in a nonexistence result

for our approach. Our main result is as follows.

THEOREM 1.14. Let N >3 and consider Q € L®(R™)\ {0} such that Q >0 a.e. in RY.
(i) If N > 4 and Q satisfies
(Q1) Q = Qo + Qper, where Qo, Qper > 0 are such that Qper is periodic and Qo — 0 as
|z| — oo.
(Q2) There exists o € RY with Q(zo) = I%?VXQ and as |r — xo| — 0 we have

_ 2 .
Q(z) — Q(xo) = ofle = zol"), 7N25
O(’:Ij‘ - 1110‘2)7 7/f']\]’ — 4

Then, the problem (1.31)) has a dual ground state solution.
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(i) If N = 3, then no dual ground state exists for (1.31)).

The additional condition (Q2) is sufficient in order to prove Lo < Lg, for N > 4. Since we
are considering non-constant (), we need a condition that controls at which rate @ attains
its maximal value ||Q||,.. This condition appears in several papers concerned with critical
problems (see [25]) and was also used by Chabrowski and Szulkin in [14] in the context of
critical Schrodinger equations. Egnell [24] provides examples of critical problems, where this

condition is also necessary.

2.2. Fourier-extension estimates for symmetric functions and applications to
nonlinear Helmholtz equations. The second contribution [Y2], which is a joint work with

Tobias Weth, is concerned with the existence of (non-radial) real-valued solutions of
(1.34) — Au—u = Q(z)|ulP%u, in RN

with @ € L>®(R")\{0} allowing for values 2 < p < 2,. To this purpose, we study implications of
improved Fourier-extension estimates with regard to boundedness properties of the Helmholtz
resolvent operator and related nonvanishing results. Moreover, we provide an improved Fourier-
extension estimate, that explicitly allows to treat values ¢ < 2, and study its consequences for
the dual variational framework regarding .

Motivated by the fact that Fourier-extension results like Theorem can be improved both,
by considering additional symmetries and considering weighted norms, we introduce the notion
of an admissible extension triple. That is a triple (G, ¢, @), with a closed subgroup G C O(N),
g >1and Q: RY — C measurable, such that the (weighted) Fourier-extension estimate

(1.35) ||QF0—HLp(RN) < CF || p2n-1y for every G-invariant function F € L?(SV 1)

holds for a constant C' > 0 independent of F. Here, a function F € L?(SN71) is called

G—invariant, if F(A-) = F holds for every A € G. Thus, from Theorem we deduce
that ({id},q,1) is an admissible extension triple for all ¢ > 2, and its radial version yields
that (O(N),q,1) is an admissible extension triple for any g > 1\277]1[1 Let us mention, that
for @ € L*(RY) for s € [1,00) the triple ({id},q, Q) is an admissible extension triple for all
q > max{1, L(s,N)}, where L(s,N) := % — 2, from below as s — oo, which
is a consequence of Holder’s inequality applied to the LHS of . We are interested in
admissible extension triples with @ € L®(RY) for which we do not achieve an improvement
by decay assumptions on @, but from the underlying symmetry assumption. To this purpose,
we concentrate on G = Gy := O(N — k) x O(k) with k € {1,..., N — 1} and weight functions

Q = Qo =11, where
Ly :={x= (x(N_k),:E(k)) e RN F x R¥: |$(N_k)\ < a|$(k)|_a}

for a,a > 0. Since |Ly| = oo for any a > 0, we have Q, € L= (RN)\ L¥(RY) for all s € [1,00).

We can state the following result.
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THEOREM 1.15. Let N >3, k€ {1,...,N—1}, let « > 0, and let Q, = 11, be given as above.

Moreover, suppose that

(1.36) a>— k=1, a<N-1 ifk=N-1,
and let
2(N—-1)—2 Fk—1;
N-2 =4
2(N —k) — 2 2k —2a(N — k)
1.37 A a = @ ; < k< _9.
(1.37) Nk, maX{ N T P if2<k<N -2
2(N —1) - 2a .
——— =N-1.
( N-2 ik

Then (Gg,q,Qq) is an admissible extension triple for every ¢ > AN k-
We shall in fact prove a generalization by using
Lop=A{z= (fU(N_k),x(k)) e RV=F x RF : |x(N—k)| < amax{|x(k)|_°‘, |$(kz)|—ﬂ}}

for « > 8 > 0. Note, that Theorem also allows values ¢ < 2, as indicated in the following

figure and which can be easily seen by an examination of Ay q-

2k—2a(N—k)

2(N+1) |
N—-1

FI1GURE 1. Admissible values of ¢ for N = 6 and k = 2 depending on «

The proof of Theorem is obtained in two steps. First, using the symmetries we can rewrite

F as a function hp on [0,1] via

hp:[0,1] =R, hp(r):=F(n,V1—r2u), forneSVNF1 peskt
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Then HQFH La(RN) reduces to an one-dimensional integral involving the quantities doy_; and
dd, whose asymptotics have to be estimated precisely. Here the bound plays a key role.
We then study abstract implications of admissible extension triples with regard to correspond-
ing resolvent and nonvanishing estimates. In particular we obtain, that admissible extension
triples (G, ¢, Q), for G-invariant @ € L°°(RY) give rise to resolvent and nonvanishing results

for the weighted resolvent Rq : f +— Q[P * (Qf)] for values p € (]\%—quz%, 2*]. Note here that

q < 2, is equivalent to 2N 2q < 24. The full result reads as follows:

THEOREM 1.16. Let N > 3, G C O(N) a closed subgroup, Q@ € L>®(RY) be G— invariant,

and let q € [1, %] be such that (G,Q,q) is an admissible extension triple. Then for every

pE (ﬂﬂ 2*} there exists a constant C > 0 such that

N+12+q
IRQUA oy < C Il vy
holds for all G—invariant Schwartz-functions f € S(RN).
In fact we will prove a non-selfdual generalization of this statement (see Theorem below)

based on the strategy used in [37] and [43], see also [31]. Under the same assumptions as in

Theorem we are able to establish a nonvanishing result in the spirit of Theorem

THEOREM 1.17. Let N > 3, let G C O(N) be a closed subgroup, let Q € L¥(RN) be G—

mvariant, and let q

€ [ , ( 1)] be such that (G,q,Q) is an admissible extension triple.
Moreover, let p € (]\%—Nl% N—N] Then for every G—invariant bounded sequence (vy), C
) (RN) satisfying
limsup/vnRQ(vn) dx| >0,
n—oo
RN
there exist — after passing to a subsequence — numbers R,{ > 0 and a sequence of points

(1) nen C RN with

/ \Qvn(:v)|p/ dx > ¢,  for all n.

BR(ﬂvn)

Let us note, that for G = {id} and @ =1 this reduces to Theorem |1 E since 2N %:12 =2, for
q = 2.

Equipped with these results, we are able to deduce our first existence result for G—invariant
solutions of (1.34) with a G—invariant weight function @ € L>(R")\ {0} and a closed subgroup

G C O(N). Let us state our first existence result concerning G-invariant dual bound states.

THEOREM 1.18. Let N > 3, let G C O(N) be a closed subgroup, and let Q € L¥(RY) be a

real-valued, G-invariant, non-negative function with Q@ Z 0 and with the property that

(1.38) 1@l L1 (Br) — 0 as |x| — oo for some R > 0.
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1
Moreover, let q € [1, 2(]@@11)], and let p € (max{%qi—qzﬂ}, %) be such that (G,q,Qvr) is

an admissible extension triple. Then (1.34) admits a nontrivial G-invariant dual bound state

solution.

Here we need to ensure, that the Mountain-Pass geometry of the underlying energy functional
is preserved by assuming p > 2. By Theorem the triple (G, ¢, Q") is an admissible extension
triple for ¢ = 2, and any closed subgroup G C O(N) and every Q' € L>(R"). Since %% =

2, for ¢ = 2,, we have the following consequence of Theorem [1.18

COROLLARY 1.19. Let N >3, G C O(N) be a closed subgroup and let Q € L>®(RN)\ {0} be
a non-negative and G-invariant function that satisfies (1.38)). Then (1.34) admits a nontrivial

G—invariant dual bound state solution for every p € (2,2%).

This corollary in particular applies to the non-symmetric case G = {id} but requires the
asymptotic condition ([1.38)) to hold. In the case of special invariances with respect to the
group action G = O(N — k) x O(k), we may drop assumption ([1.38)) to obtain a nontrivial

Gr—invariant dual bound state in the noncritical range p € (2,,2%).

THEOREM 1.20. Let N > 4, let k € {2,...,N — 2}, and let Q € L¥(R"N) be a non-negative

G-invariant function with Q #Z 0. Then admits a nontrivial Gi-invariant dual bound

state solution for every p € (Q%lel), %)

In this situation, the restrictions on N and k are necessary, since this guarantees the min-
imal orbit dimension of G} to be 1. This is required in order to prove that the sequence
(), C RN obtained after applying a nonvanishing theorem is bounded. Indeed, combining
the nonvanishing result with the assumed symmetries, we find that the Palais-Smale sequence
(tn)n C LP(RY) has positive L” -mass on any orbit of Bg(x,) and obtain a contradiction since
they are bounded.

Finally, we point out that assumption holds in particular for functions @ € LOO(RN )
satisfying |Q| < ¢l for some ¢, > 0. Using this fact, the following corollary can be deduced
from Theorems [[.15] and [L.I8

COROLLARY 1.21. Let N >3, letk € {1,...,N—1}, and let o« > 0. Moreover, let Q € L>(RY)
be a non-negative Gy-invariant function with Q # 0 and satisfying |Q| < clr, for some ¢ > 0.
Then (1.34) admits a nontrivial Gy-invariant dual bound state solution for allp € (1 k.o %)
if one of the following holds:

(i) k=1 and
2 N1—1< 0‘33(];]\;:11)’
(1.39) MUN 1o ‘=
b AN(a(N —1) — 1) 0> N+l
(N—1)(2aN —3a_1)’ 3N —1)
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(ii) k=N —1 and

AN(N =1 - q) 3(N -1)
(1.40) Nt i d (NN —a =3 0 <es=§ 1
T 3(N —1)
2, W<Q<N_1.
(iii) 2< k<N —2 and
AN(k — a(N — k) o N+2k-1
N-D2k—1—aN —R) “=WNFTOWN R
- N+2k—1 (N + D)k
(L41) pnka =12 m<a§N—l+2(N—k)’
AN(a(N — k) — k) o (N4
N-D@2a(N—k) —a—Fk)’ NI 2N R

2.3. Dual variational methods for a nonlinear Helmholtz equation with sign-
changing nonlinearity. Our third contribution [Y3], which resulted from a collaboration
with Rainer Mandel and Dominic Scheider, demonstrates how sign-changing weight-functions

Q € L*°(RY) can be considered in the dual variational framework for the problem
(1.42) —Au—ku=Q)|uf ?u  onRY, pe2,27, k>0.

Besides the established case of non-negative @ in [31]], in [52] the applicability of the dual
method for non-positive ) is demonstrated. In this situation the authors introduce the trans-

formation v = \Qﬁ |u|P~2u. Then the integral equation u = Ry (Q|u|P~2u) leads to

020 = ~ QI Ry (1QI [ul?u)
which again has a variational structure (see [52], §3]). Let us remark, that the right hand side
has a negative sign since Q = —|Q)| in the case of non-positive Q). Thus for sign-changing weight
functions a new method needs to be developed. Our idea is as follows: Write Q = Q4+ —@Q_ with

Q+ = |Q|La,, where Ay :={Q > 0} and A_ := {Q < 0}. We then introduce Q) := A\Q+ —Q—
for A > 0. Then, for the integral equation

(1.43) u = Rp(QxlulP~?u), wue LP(RY)
we consider the restrictions v := u|4, and w := u|4_ which leads to the system
v=Aa Ry [Q_s_\v]p*%] — 14, Ry [Q_]w|p72w} ,
w = Aa Ry, [Q [0 *0] — L4 Ry [Q-|w]P*w] .
Applying the dual transformations

@ = )\Qi_li_/p’w‘pf% c Lp/(A+), W= Ql_/P”w‘p*Qw € Lp/(A_)
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the above system leads to a ”dual” system
NP0 = QYPR(QIP (9 — ) = La.Kilp —¥),
W20 = QUPRL(QIP (o ) = La Kilp —¥)
with the Birman-Schwinger operator Ky : LP (RN) — LP(RN) given by
Ki(f) = QIR (JQ17f)

This system carries for p € [24,2*] a variational structure through the dual energy-functional
Jy: LV (Ay) x LP (A_) — R given by

AL

/ 1 |
Ia(p, ¥) = el — % 1l — B /(W —Y)Ki(p —¥) du.

RN

p/

The functional Jy is of class C!' and nontrivial critical points of J) correspond to nontrivial

solutions of the problem
(1.44) — Au — K*u = Qx(z)|[ulP2u on RV,

Contrary to the non sign-changing case, the functional J) does not have a Mountain-Pass
structure and the boundedness of Palais-Smale (or Cerami) sequences turns out to be a difficult
problem.

We establish the existence of critical points for Jy in two steps. As a first step, we perform
a saddle-point reduction with respect to the 1 -variable. In particular we prove, that if K

is compact and [ Ky(1) dz > 0 for all ¢ € LP'(A_), then ¢ — Jy(p,1) is concave and
RN
bounded from above. Thus we are able to verify, that for any ¢ € Lp/(AJr) there exists a

unique 1* € L’ (A_) such that
I, ") = max  J(p, ) = Jr(p).
YeLP (A_)
This result holds for any A > 0 and the obtained maximizer is independent of A\. Thus we are

led to study the reduced functional j,\ that for A > )\g has a Mountain-Pass structure. Here
Ao == (2Ba~1)P with

(1.45) o= max Wk dz, 8= max WK dx.
el =1, lell =1, =1,
supp(p)CAL RN supp(¢)C A ,supp($)CA_RN

For compact K, both values are attained and we have 8 > 0. Furthermore we deduce o > 0 if
|Ay| > 0, as can be seen by the same arguments as in the proof of [31, Lemma 4.2 (ii)]. Since
Jy fulfills a monotonicity condition with respect to A, we are allowed to apply the abstract
result [39, Theorem 2.1] in order to obtain the existence of bounded Palais-Smale sequences.
This theorem only provides the existence for almost all A > Ay which is typical for monotonicity

tricks of this kind. Let us state our main result.
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THEOREM 1.22. Letp € [Z%lel), %) and Q € L¥(RN), Qt # 0. Moreover assume that

(1.46) Ki: P (RY) — LP(RN) is compact and /1/1/Ck¢ dz >0 for all € LV (A_).

RN
Then for almost all X > Ao := (2Ba~1)P there exists a nontrivial dual bound state solution of
(11.44]).

As already seen, compactness of Ky is for example given, when ) vanishes at infinity. Using

[15 Corollary 5.4] we see that the non-negativity assumption on the bilinearform can indeed

be achieved, if A_ has a small diameter, namely if diam (A_) < k~'y~_», where yn_2 denotes
2 2

the first positive zero of the Bessel-function Yn_z.
2

COROLLARY 1.23. Assume p € [Q%lel), %) and Q € L¥(RN),Q* #£ 0 . Moreover assume

lim esssupj, >z Q] =0 and diam (A_) < k™ lyny_s.
R—o0 = 2

Then for almost all X\ > \g := (2Ba~1)P there exists a nontrivial dual bound state solution of
(1.44).
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3. Zusammenfassung

Duale variationelle Methoden haben sich im Kontext nichtlinearer partieller Differentialgle-
ichungen oftmals in Situationen bewéahrt, in welchen kein, oder zumindest kein einfacher di-
rekter Zugang moglich war. Eine der ersten Arbeiten hierzu sind wohl [16],[17], wo ein ,,dual
action principle“ eingefiihrt wird, um die Existenz periodischer Losungen fiir die Hamilton Gle-
ichungen per Minimierung eines Integrals zu etablieren, welches ,dual“ im Sinne der Fenchel-
Transformation ist. Diese Ideen wurden in [18] erfolgreich weitergefithrt. Wir mochten auch
[2],13],[11],[19],[38] sowie [9] erwdhnen als z.T. moderne Beispiele, in welchen duale varia-
tionelle Methoden einen Zugang zur weiteren, tieferen Analyse des Problems zulieflen.
G.Evéquoz und T.Weth haben in [31] einen dualen variationellen Rahmen fiir die nichtlineare
Helmholtz-Gleichung

(1.47) — Au—k*u = Q) |ulP%u, zeRY
mit Q € L%®°(RY)\ {0} nicht-negativ, k& > 0 sowie p € [2.,2*] fiir Dimensionen N > 3
aufgestellt. Hier ist 2, := 2(]{,\[:1) und 2* = % gesetzt. Unter weiteren Bedingungen an

Q@ und p erlaubt es dieser Zugang, die Existenz stehender Wellen fiir ((1.47)), welche sich aus
reellwertigen Losungen ergeben, zu beweisen. Gleichung (1.47) ist verwandt mit stationdren

Schrodingergleichungen der Form
(1.48) — Au+u= f(z,u), zeRY,

welche seit den frithen 1980er Jahren Gegenstand vieler Untersuchungen sind. Dazu seien die
wegweisenden Arbeiten von Berestycki und Lions [7],[8], Ding und Ni [22], Floer und Weinstein
[33] sowie vielen anderen erwidhnt. Wahrend die Existenz reellwertiger Losungen im Fall A > 0
fiir verschiedene Klassen von Nichtlinearitidten f als gut verstanden gilt (siehe z.B. [63],[69]),
gibt es fiir den Fall A < 0 vergleichsweise wenige Resultate, welcher mit A = —k? sowie
f(z,u) = Q(x)|u|P~2u entspricht. Tatsichlich erweist sich das Problem in dieser Situation
als schwierig, weil die etablierten Methoden aus dem Fall A > 0 nicht, oder nur begrenzt
anwendbar sind. Beispielsweise hat Rellich [56] (oder auch Kato [40]) gezeigt, dass Losungen
der Helmholtz-Gleichung das Abklingverhalten

(1.49) u(z) = O(|z|"7),  fiir 2| — oo

aufzeigen, demzufolge also in LP(RY) (bzw. W2P(RY)) fiir p > 22 zu erwarten sind. Ins-
besondere ist also ein L2-basierter variationeller Rahmen, wie fiir das natiirlich mit
assoziierte Energie-Funktional, nicht ohne Weiteres moglich. Hierbei bezeichne WP (RM)
den Sobolev-Raum schwach differenzierbarer Funktionen bis zur Ordnung m € N, welche in
LP(RYN) liegen sowie H™(RY) := W™2(RY). Als weitere analytische Schwierigkeit kommt
hinzu, dass nun 0 im wesentlichen Spektrum des (linearisierten) Schrodingeroperators —A — k2

liegt, welches die Anwendbarkeit etablierter funktionalanalytischer Mittel limitiert.
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In der vorliegenden Arbeit befassen wir uns mit Erweiterungen der dualen Methode aus [31].
Genauer werden uns mit dem Sobolev-kritischen Fall p = 2* befassen (Kapitel 2), die Moglichkeit
zur Einbeziehung von Werten p < 2, herausarbeiten (Kapitel 3) sowie demonstrieren, wie
vorzeichenwechselnde Gewichtsfunktionen in den dualen Rahmen eingebettet werden konnen
(Kapitel 4). In all diesen Fillen werden wir insbesondere die Existenz reeller Losungen von
(1.47)) unter diesen neuen Gegebenheiten beweisen.

Die vorliegende Arbeit ist wie folgt strukturiert. Wir beginnen mit einer Einleitung zur
Helmholtz-Gleichung und beleuchten ihre Stellung im Kontext der Theorie von Wellenaus-
breitung. Dann widmen wir uns Aspekten der linearen Gleichung und fithren die von uns
betrachtete Fundamentallosung sowie den dazugehorigen Resolventenoperator ein und préasen-
tieren die wichtigsten Resultate in diesem Zusammenhang, welche im Verlauf des gesamten
Textes von Wichtigkeit sind. Anschlielend préasentieren wir eines der ersten Resultate fiir einen
Spezialfall der nichtlinearen Gleichung aus [37]. In dem darauf folgenden Abschnitt
préasentieren wir die duale Methode aus [31], erlautern die wichtigsten Resultate in diesem
Zusammenhang sowie eventuelle Limitierungen. AnschlieSend diskutieren wir Erweiterungen
sowie verwandte Resultate. Dies ebnet uns den Weg, die dieser Dissertation zugrunde liegen-
den Arbeiten [Y1],[Y2],[Y3] zusammengefasst wiederzugeben und einzuordnen. Diese werden
dann in den Kapiteln 2, 3 und 4 in der verdffentlichten Form préasentiert.

Die Resultate aus Kapitel 2 stammen aus einer Arbeit mit Gilles Evequoz verdffentlicht in
[Y1]. Die gemeinsame Arbeit [Y2] mit Tobias Weth wird in Kapitel 3 prasentiert. In Kapitel
4 befassen wir uns dann mit der unter [Y3] zu findenden Arbeit, welche einer Kollaboration

mit Rainer Mandel und Dominic Scheider entstammt.
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3.1. Die Helmholtz-Gleichung. Reellwertige Losungen der nichtlinearen Helmholtz-
Gleichung stehen in engem Zusammenhang mit hochfrequenten zeit-harmonischen Losungen
der nichtlinearen Klein-Gordon Gleichung

0% N
(150) W - Al/’(tyl’) + ml/)(t, .Z‘) = f($7¢(t733))7 m> 07 (t7$) €eRxR )
im Falle einer superlinearen Nichtlinearitit f(z,u) = g(x,[|?)1. Dies folgt aus dem zeit-
harmonischen Ansatz (¢, z) = e**u(x) fiir (1.50) und fiihrt zu

(1.51) — Au+ (m —whu = f(z,u), z e RV,

Diese Gleichung ist von der Form mit A = m — w?. Wir haben demnach \ < 0 fiir hohe
Frequenzen w? > m. Die Klein-Gordon Gleichung ist zentral fiir die mathematische Beschrei-
bung von Wellen in (nichtlinearen) Medien, welches ein faszinierendes aber auch herausfordern-
des Teilgebiet der nichtlinearen Analysis ist (siche z.B. [42] sowie [61] fiir weiterfithrendes zu
diesem Thema). Demzufolge leisten reellwertige Losungen der Helmholtz-Gleichungen einen
wichtigen Beitrag zum Verstéandnis zeit-periodischer Losungen und damit dem Gesamtverstand-

nis von Wellenphdnomenen.

3.2. Fundamentallésung und Resolventenoperator. Die Abklingbedingung
fiir Losungen der Helmholtz-Gleichung ist vom analytischen Standpunkt her unzufrieden stel-
lend, da, wie in [55] Kapitel 2] hervorgehoben wurde, es notwendig ist das genaue Strahlungsver-
halten der Losungen bei unendlich zu beschreiben. Im Zusammenhang mit dem linearen Prob-

lem
(1.52) — Au—K*u=f(z), zeRN

mit einer (méoglicherweise komplexwertigen) Funktion f auf RY, wurden von Sommerfeld in

[68] Losungen betrachtet, welche zusétzlich die (ausgehende) Strahlungsbedingung
g:f —iku

N—-1

(1.53) ro2 —0, firr=|z|]—

erfiillen. Die dazugehérigen Losungen sind von f angeregte ausgehende Wellen. Ist f hinre-
ichend regulér (stetig und kompakt getragen), so hat , eine eindeutige Losung wu,
welche (formal) gegeben ist durch u = (—A —k2?)~Lf (siehe [20]). Wir m&chten kurz vorstellen,
wie dieser Resolventenoperator funktionalanalytisch beschrieben werden kann: Fiir jedes € > 0
sowie jedes k > 0 ist der Operator —A — (k% +ie) : H2(RY) C L(R"Y) — L%(R") ein Isomor-
phismus. Fiir jede Schwartz-Funktion f € S(RY) kann die Inverse dann beschrieben werden
durch

~

&)

e (i)

Rk,sf(-f) = [—A — (k;Q + 15)] -1 f(.??) _ (271_)% /eix{

RN
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wobei
FE) = Fle) = 2% [ ¢ p(a) o
RN
die Fourier transformierte fiir f : RN — C bezeichne. Wie in [36] beschrieben, existiert ein
linearer Operator Ry, : S(RY) — S'(RY) mit

(Ruf.g) = lim [ [Recfl@g(o) do = [ [@0x @)g(e) de,  tin f.g € SERY),
RN RN
wobei @, : RV \ {0} — C gegeben ist durch

(1.54) @(az)zhm(zw)¥f1<<-|2—k2—ie>1><w>:jl< - ) 1Y), (klal).

e—0 27| x|

Die Funktion &, ist die Fundamentallésung von assoziiert mit und H N2 die
Hankel-Funktion erster Art der Ordnung Y2 (swhe z.B. [68] fiir eine ausfuhrhche Abhandlung
dieser Funktionen). Abblldungselgenschaften des Resolventenoperators Ry sind essentiell fiir
die Untersuchung des nichtlinearen Problems. Ein Schliisselresultat in diesem Zusammenhang
ist das nachfolgende Resultat von C.E. Kenig, A. Ruiz und C.D. Sogge.

THEOREM 1.24. |43 Spezialfall von Theorem 2.3] Sei p € [24,2*]. Dann existiert eine Kon-
stante C' = C(N,p) > 0, sodass

_9)_2N
(1.55) IR fll oy < CEY 275 £l vy
fiir alle f € S(RN) gilt.

Hier und im folgenden stehe p’ := ]% stets fiir die Holder-konjugierte von p € (1, 00). Demzu-
folge kann der Operator Ry, stetig zu einem Operator Ry, : LP (RY) — LP(RYN) fortgesetzt
werden, sodass (T.55) fiir alle f € L (RY) gilt. In [37] wurden die folgenden nicht-selbstdualen

Abschéatzungen beziiglich des Helmholtz-Resolventenoperators Ry bewiesen.

THEOREM 1.25. Seien t € [1, ]\%—]L) sowie q € (1\2,]\71,00} derart, dass N— < % —

N > 3 gilt. Dann existiert eine Konstante C = C(N,t,q), sodass

fuir

2w

<

Q=

(1.56) IRk F || agravy < CENY V2N £ vy
fiir alle f € S(RY) gilt.

Offenbar folgt Theorem aus Theorem mit ¢ = p und ¢t = p’. Der angegebene Bereich
fiir ¢, ¢ in Theorem ist optimal, was aus einem Gegenbeispiel von Borjeson [12] S.231-233]
folgt. In Bezug auf die Beweise von Theorem [1.24 und [1.25]sei erwéhnt, dass die Beschrankung
hinsichtlich der oberen Grenze 1/t — 1/q < 2/N (bzw. p < 2* im selbstdualen Fall) aus
einer zugrunde liegenden Hardy-Littlewood-Sobolev Ungleichung resultiert (siehe z.B. [46],
Theorem 4.3]), weswegen wir diesen Fall im folgenden als den Sobolev-kritischen Fall beze-

ichnen moéchten. Die untere Limitierung héngt mit der Stein-Tomas Ungleichung zusammen,



3. ZUSAMMENFASSUNG 25

weswegen wir diesen Fall stets als den Stein-Tomas kritischen Fall bezeichnen mochten. Die
Stein-Tomas Ungleichung untersucht Abbildungseigenschaften von Fourier-Fortsetzungs- bzw.
Fourier-Restriktionsoperatoren. Fiir F € L*(SV~!), wobei SV=! := {2 ¢ RY : |z| = 1}
im folgenden stets die Einheitssphire in RY bezeichne, ist die (inverse) Fourier-Fortsetzung
gegeben als
(o) = (2m) ¥ / 7 B () do(w),
SN-1
wobei do das induzierte Lebesguemaf auf SV ! sei. Wir formulieren nun beide (iquivalenten)

Versionen der Stein-Tomas Ungleichung (siehe z.B. [59] §8 Corollary 5.4]).

THEOREM 1.26. (Stein-Tomas Fortsetzungsungleichung) Sei F € L*(SN~1). Dann ist F, €
Lq(RN) fiir alle ¢ > 2, und wir haben

(157) HFO'HLq(RN) < CHFHL2(SN_1)

mit einer von F unabhdngigen Konstanten C' > 0.

THEOREM 1.27. (Stein-Tomas Restriktionsungleichung) Sei 1 < q¢ < (2,) = 2%\7:31) und f €

LiRN). Dann ist ﬂqu € L2(SN1) und es existiert eine Konstante C' > 0 unabhingig von
f mit

(1.58) [ 1F@P o) < Ol e,

SN-1

Mithilfe des Knapp-Beispiels (siehe z.B. [66, Kapitel 4]), bei welchem mit der Charak-
teristischen Funktion einer kleinen Kugelkappe getestet wird, sieht man, dass der in Theorem
[1.26] angegebenen Bereiche fiir ¢ optimal ist. Fir radiale Funktionen, also konstante Funktio-
nen I € L2(SV~1) gilt Theorem bereits fiir alle ¢ > 22 (siehe [59] §8 Proposition 5.1]).
Im Gegensatz zu den Beweisen der Theoreme und ist der Beweis im radialen Fall
vergleichsweise einfach. Dieser folgt im wesentlichen aus der Schranke
1-N
2 9

(1.59) doy(z) < C(1+ |z|) z e RV,

wobei doy(z) := F, fiir F = 1 gesetzt sei. Stein-Tomas Resultate haben zahlreichen An-
wendungen in einem groBen Spektrum der Mathematik, siehe hier z.B. die Ubersichtsarbeiten
[66],[34]. Varianten der Stein-Tomas Ungleichung spielen eine herausragenden Rolle im Zusam-
menhang mit Strichartz-Abschéatzungen fiir die Wellen- sowie Schrédingergleichung (siehe [62],
[41], [13]).

3.3. Komplexe Losungen der nichtlinearen Gleichung. FEines der ersten Resultate
fiir das nichtlineare Problem (1.47) ist von Gutiérrez [37]. Sie etabliert die Existenz (kleiner)
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Losungen fiir N = 3,4, p = 4 sowie (Q = *+1, welche zusétzlich die Integralversion

1
(1.60) sup — / lul|? dr < oo
r>1 R
Br(0)
der Abklingbedingung (|1.49)) erfiillen. Signifikant wichtig ist bei ihrem Ansatz folgende Beobach-
tung: Fiir N > 3 sowie p € [2,,2*] ist eine (komplexwertige) Funktion u € W2P(RY), welche
zusétzlich die Sommerfeld’sche Strahlungsbedingung (1.53)) erfiillt genau dann Lésung von
(1.47)), falls sie ebenfalls eine Losung der Integralgleichung

(1.61) u =R (QlulP"*u) + g

fiir ein 4, € H ist. Hierbei ist

M= @4 RY 5 C: () = / eikx'gg(ﬁ) do (&) fiir ein g € LQ(SNA)

gN-1

der Raum sogenannter Herglotz-Wellen. Nach Theorem ist g = (27‘()% Jo € LI(RN) fiir
alle ¢ > 2,. Jedes ¢, € H ist eine Losung der linearen homogenen Helmholtz-Gleichung [37,
Abschnitt 2]. Die Nichtlinearitiit in [37] hat die explizite Form f(x,u) = QJu|?u und definiert
demzufolge einen Substitutionsoperator Ny : LP(RN) — LP'(RN) fiir p = 4. Damit erhilt man
aus dann das Fixpunkt-Problem

(1.62) u=RpN¢(u) + g, firein ¢, € H,

welches dann mit nicht-selbstdualen Resolventenabschatzungen sowie Kontraktionsmethoden

gelost wurde.

3.4. Dualer variationeller Rahmen fiir die nichtlineare Helmholtz-Gleichung.
Evequoz und Weth [31] untersuchen die komplementire Klasse reellwertiger Losungen von
(1.47). Fiir Q € L>=(R™)\ {0} nicht-negativ sowie p € [2., 2*] stellen sie fest, dass die gesuchten
Losungen aus der Integralgleichung
(1.63) u =Ry (Qu|f?u), wueLP(RY)
gewonnen werden konnen. Hier sei Ry(f) der Realteil von Ry gegeben durch Ry (f) = ¥y  f
mit

N-2
1

i) = Re(@)(0) =~ (ot ) | Yasa(hlah, o€ R\ (o)

Hierbei ist Yn_» die Bessel-Funktion zweiter Art der Ordnung ¥ (siche z.B. [68] fiir eine
2

k
27 |x|

Ubersicht zu Bessel-Funktionen). Ein erste entscheidende Beobachtung in diesem Zusammen-
hang ist, dass Losungen von ((1.63)) ebenfalls (1.61]) erfiillen mit g = g, und der nichtlinearen
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Beziehung
N—-2

i k2 oz p—2 N—-1
(1.64) 9 =0.0) =7 (5] F@uIruke), ges¥ .
Die triviale Losung von ((1.63]) ist nach Theorem isoliert, weswegen Kontraktionsmethoden
hier keine nicht-trivialen Losungen liefern werden. Stattdessen ist die Idee, die Integralgle-
ichung ([1.63]) zu einer neuen Gleichung zu transformieren, welche eine variationelle Struktur
besitzt. Hierzu setzen wir der Einfachheit halber & = 1. Allgemeine k > 0 konnen dann durch

geeignete Skalierung zuriickgewonnen werden. Wir untersuchen demnach das Problem
(1.65) —Au—u=Q)|ufu, zeRN

mit der dazugehorigen Integralgleichung

(1.66) u=R(Qu|Pu), ue LP(RY)

mit R := R;.

BEMERKUNG 1.28. Nach [31, Lemma 4.3] ist fir p € [2.,2*] jede Lésung u € LP(RY) von
u = R(Q|ulP~2u) fir @ € L®(RYN) eine starke Losung u € W24(RN) N CYY(RY) fir alle
q € [p,00) sowie v € (0,1) von (1.65). Mithilfe der selben Argumente wie in [51) S.13] kann
dies verbessert werden zu u € W*P(RN) N CHY/(RY) fiir alle q € (225, 00) und v € (0,1). Jede
Lésung von (|1.66|) heifst duale gebundene Zustandslosung.

1 /
Zur Transformation setzen wir v := Q7 |u|P~2u € LP (R") fiir ein u € LP(RY) und erhalten
dann aus ([1.66|) die neue Gleichung

(1.67) o 20 = Q7R (Q%v) = Kqp(v),

welche nun in der Tat eine variationelle Struktur tragt. Losungen dieser Gleichung entsprechen
kritischen Punkten des (dualen) Energie-Funktionals Jg, : L” (RY) — R gegeben durch

1 / 1
(168 Toulv) =~ 101y~ 5 | Kea(v) da.
RN
Dieses Funktional ist von der Klasse C' mit
(1.69) Jop)w = / (\v|p1_20 - KQ’p(v)> w dz, fiir alle v, w € L” (RN)
RN

und besitzt eine Mountain-Pass Geometrie wie im folgenden Lemma beschrieben:

LEMMA 1.29. [31, Lemma 4.2] Seip € [24,2*] und sei Q € L>®(RN)\ {0} mit Q > 0 fast diberall
auf RN,
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(i) Es existiert § > 0 und p € (0,1) sodass Jg,(v) > & > 0 fir alle v € LY (RN) mit
”UHLP’(RN) = p gilt.
(ii) Es gibt ein vo € LV (RN) mit ||’U0”LPI(RN) > 1 und Jg p(vg) < 0.
(iii) Jede Palais-Smale Folge fiir Jg,, ist in LP (RN) beschrinkt.

Hierbei heiBe eine Folge (v,), C LP (RN) eine Palais-Smale-Folge ((PS)-Folge) zu Jg,,, falls
(Jop(vn))n C R beschrénkt ist und ‘Jé’p(vn) L 0 fir n — oo gilt, wobei mit [|-||, die
Operatornorm bezeichnet sei. Gilt zusétzlich Jg ,(v,) — ¢ € R fiir n — oo, so heiit (vy,), eine
(PS)c-Folge. Zudem erfiille Jg,, die Palais-Smale Bedingung zum Level ¢, falls jede (PS).-

Folge eine konvergente Teilfolge besitzt. Kompaktheitseigenschaften von Jg, hangen nun

direkt mit Kompaktheitseigenschaften des Birman-Schwinger Operators Kg,, : LY (RN) —
LP(RY) gegeben durch Kq,(f) = Q%R(Q% f) zusammen, welche mit Abklingeigenschaften
der Gewichtsfunktion () sowie von Werten von p zusammenhingen. Das folgende Resultat

beschreibt diesen Zusammenhang prézise.

LEMMA 1.30. [3T, Lemma 4.1] Sei p € [2,2%) sowie Q@ € L¥(RN) mit Q > 0 fii. auf RV,

Dann ist der Operator
Koy : I (RY) = LP(RY),  Kgy(v) = Q7R (Qrv)
symmetrisch in dem Sinne, dass

/ vKgp(w) de = / wKg ,(v) dz, fir alle v,w € LP'(RY).
RN RN

Zudem,

(1) Kqp ist lokal kompakt, d.h. fiir jede beschrinkte messbare Menge B C RY st der Opera-
tor 1pKq , kompakt. Hier bezeichne 1 die charakteristische Funktion einer messbaren
Menge B C RV

(i) falls esssup|y >, Q(x) — 0 fiir p — oo, so ist Kg,p kompakt.

Verschwindet also Q) bei unendlich, so kann mit Lemma gefolgert werden, dass das Funk-
tional Jg, die Palais-Smale Bedingung erfiillt. Mithilfe eines symmetrischen Mountain-Pass
Theorems kann dann die Existenz unendlich vieler Paare kritischer Punkte fiir Jg , gefolgert
werden. Kombiniert mit nichtlinearen Fernfeld-Relationen lasst sich das komplette Resultat

aus [31] wie folgt wiedergeben.

THEOREM 1.31. Sei N > 3, p € [24,2%) und Q € L®(RM) \ {0} nicht-negativ und erfiille
esssup|y > @(x) — 0 fir R — oo. Dann besitzt (1.65) eine unbeschrinkte Folge von Paaren
+u, dualer gebundener Zustandslésungen mit u, € W24(RN) N CHY(RN) fir alle q € [p, 00)
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sowiey € (0,1) und n € N. Zudem erfiillen diese Lisungen die nichtlineare Fernfeld-Beziehung

N-1 2
1 2w\ 2 N1 x
im — uidl ila|— il
(1.70) ngréo 7 / un () + 2 <|x\> Re (e i ) Gu, <|x\)‘ dx

Br(0)

mit gy, gegeben in (1.64)).

Mithilfe von Bemerkung [I.28 sehen wir, dass diese Losungen auch starke Losungen sind. Eine
weitere Situation, in welcher die Existenz dualer gebundener Zustandslosungen in [31] beweisen
wurde ist fiir periodisches Q. In dieser Situation wird Jg, im Allgemeinen nicht mehr die
Palais-Smale Bedingung erfiillen, aber die Existenz einer Palais-Smale Folge zum Mountain-
Pass Niveau

(1.71) c:=inf sup Jg,(v(t)),
7€l tel0,1]

wobei T' := {y € C([0,1], L (RY)) : ~(0) = 0, J(y(1)) < 0} sei, lisst sich nachweisen [31]
Lemma 6.1] und die Existenz eines kritischen Punktes folgt mithilfe eines Approximationsar-
guments (siehe [31] Theorem 6.2]). Bemerke hier, dass Lemma I # () sowie ¢ > 0 liefert.
Fiir den Nachweis der Nichttrivialitét hilft folgendes ,nonvanishing®* -Resultat [31, Theorem

3.1] essentiell.

THEOREM 1.32. Sei N > 3 sowie p € (24,2%). Ist (up)n C LP (RY) eine beschrinkte Folge mit
lirginf > 0, so ezistieren -nach Ubergang zu einer Teilfolge - R, > 0 sowie
n o0

[ unR(uy) dzx
RN
eine Folge (x,), C RY mit

(1.72) / lupP dz > ¢ >0, fir alle n.
Br(zn)
Hier haben wir R := R; gesetzt. Da wir Modifikationen und Verallgemeinerungen dieses

Resultats herleiten werden, soll die wesentliche Beweisidee kurz erlautert werden.

Der Beweis basiert auf einer Zerlegung dhnlich zu [37] der Fundamentallosung ® := ®; gegeben
in (1.54) durch ® = ®(;) + ®(5) mit
@(1) =nx* q), (I)(Q) =d — (I)(l)

fiir n € S(RY) so, dass 7) € C°(RY) mit Werten in [0,1], 7 = 1 auf {||¢| — 1| < 2} und 7 =0
auf {||¢| — 1> 1}. Die Asymptotik der Hankel-Funktionen liefert nun

@(2)| < Comax{|a]> N, |27}, fiir e € RV \ {0},
mit Cp > 0, und analog zu den Ausfiihrungen nach [31, Theorem 3.1] haben wir

1-N
2

(1.73) [y () < Co(l+z)) 2, zeRY
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sowie
(1.74) |9y ()] < Co min{|z|>~V, |z| 7V}, fiir z € RV \ {0}.

Das Theorem wird dann fir @, ® (o) separat gezeigt. Der Nachweis fiir @) ist vergle-
ichsweise kurz. Hier resultiert die Einschrankung p < 2*. In Bezug auf ® ;) ist der wesentliche
Schritt den Ausdruck H]IMRCI)(Q)HLP(RN) fir Mp := RN \ Bgr, wobei Bp die (offene) Kugel
mit Radius R um den Ursprung bezeichne, mithilfe einer dyadischen Zerlegung abzuschétzen.
Fiir jeden Summanden erhilt man dann eine einfache (L>, L')-Abschitzung, sowie mithilfe von
Theorem ebenfalls eine (L2, L(>*)")-Abschétzung. Komplexe Interpolation liefert dann eine
selbstduale Abschétzung an jeden dyadischen Summanden von H]l MR<I>(2)H Lo(RN) mit einem

Vorfaktor A; := jA(N,p), wobei j € N der Summationsindex sei. Nun gilt
A(N,p) <0< p> 2,

welches notwendig fiir die Konvergenz der dyadischen Reihe ist. Demzufolge kann der Beweis
nur fur p > 2, vollendet werden.

Wie wir sehen werden (siehe Theorem , gilt Theorem auch fiir den Sobolev-kritischen
Fall p = 2* durch Modifikation des @, betreffenden Teils. In Kapitel 5 werden wir sehen, dass
das Resultat dahingegen fiir p = 2, nicht gilt.

Wir méchten bemerken, dass im Falle einer beschrinkten Palais-Smale Folge (uy,), € LP (RY)

zum Mountain-Pass Niveau ¢ > 0 die Beziehung

/

1 1 2p 1 2p
[ @hur (@run) dr =52 (JQ,pm) - p,J@,pwn)un) "
]RN

fiir n — oo gilt. Diese Folge erfiillt also die Voraussetzungen von Theorem[1.32] Der Beweis der
Nichttrivialitat des kritischen Punktes erhalt man dann aus einer lokalen Konvergenzaussage
ausgehend von ([1.72) (sieche auch [31, Theorem 6.2]). Das vollstdndige Resultat fiir periodische

Gewichtsfunktionen lautet wie folgt.

THEOREM 1.33. Sei N > 3 sowie p € (24,2%) und sei Q € L=¥(RN)\{0} nicht-negativ sowie ZN
periodisch. Dann besitzt (1.47) eine nicht-triviale gebundene Zustandslosung, welche zusdtzlich
(1.70) mit g, anstelle von g, erfillt.

3.5. Weitere sowie verwandte Resultate. Fiir den Fall rdumlich kompakt getragener

Nichtlinearitdten f wurde in [30] Existenz sowie Vielfachheit von Losungen des Problems
(1.75) — Au—k*u = f(z,u), reRY

beweisen. Mit einer Dirichlet-zu-Neumann Abbildung assoziiert mit dem Auflenraumprob-
lem, kann das Problem reduziert werden zur Existenz kritischer Punkte eines H'-Funktionals,
welches auf einem Ball um den Ursprung definiert ist. Diese Methoden basieren stark auf der

Lokalisation des Trégers von f. In [27] wird ein dualer Rahmen in Orlicz-Raumen erarbeitet,
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welcher ebenfalls allgemeinere Nichtlinearitdten zuléasst. Zudem werden hier, unter zusétzlichen
Abklingbedingungen an die Nichtlinearitat f, ebenfalls Vielfachheitsresultate sowie Fernfeld-
Relationen hergeleitet. In [29] wird die Vielfachheit von Losungen im Falle periodischer
Gewichtsfunktionen bewiesen, wobei Ideen im Schrodinger-Kontext aus [64] erfolgreich in die
Methode eingebettet werde konnten. Zudem wurde die Existenz von Losungen im Falle asymp-
totisch periodischer () nachgewiesen.

Es soll erwéhnt sein, dass die duale variationelle Methode fiir die Helmholtz-Gleichung in
[52] auch auf den Fall Q@ < 0 iibertragen wurde. Zudem haben die Autoren die Existenz
radialer Losungen von im Fall radialer f fiir Werte p > % etabliert. In [32] wird die
Helmholtz-Gleichung vom Standpunkt der Bifurkationstheorie beleuchtet. Genauer wird die
Existenz stetiger Losungszweige fiir in Abhiingigkeit des Parameters A = —k? untersucht
und gezeigt, dass dies auch Parameterwerte innerhalb des wesentlichen Spektrums von —A
zulésst. Der Fall N = 2 fiir (1.47) wird in [26] erfolgreich untersucht. In [15] werden komplexe
Losungen fiir die nichtlineare Helmholtz-Gleichung fiir allgemeine Nichtlinearitéten hergeleitet.
Die Autoren haben keine duale Formulierung oder Maximumprinzipien zur Verfiigung und
analysieren die Gleichung stattdessen mithilfe von Fixpunktmethoden sowie globalen
Bifurkationsmethoden. Zudem seien die Arbeiten [21],[53],[54] im Kontext von Helmholtz-

Systemen erwahnt.

3.6. Hauptresultate der vorliegenden Arbeit. Den Umfang der Forschungsleistung
bilden die Arbeiten [Y1], [Y2] sowie [Y3] welche wir nun zusammenfassen und einordnen

mochten.

Duale Grundzustandslésungen der kritischen nichtlinearen Helmholtz - Gle-
ichung im Sobolev-kritischen Fall. Dieser erste vorgestellte Artikel [Y1] ist eine Kollabo-
ration mit Gilles Evequoz und befasst sich mit der Helmholtz-Gleichung im Sobolev-kritischen
Fall p = 2%, also

(1.76) —Au—u=Q()u* %, nRY
fiir N > 3 sowie Q € L°(RY) \ {0} nicht-negativ.

Wie bereits in Lemma erwéhnt, ist der Birman-Schwinger Operator K¢ := K o 2" (RN) —

L* (RN), wobei 27 := (2*)/ = 25 gegeben durch

Ko(f) = Q7R(Q7 f)

nicht einmal lokal kompakt, was an der Nicht-Kompaktheit der dem Lemma zugrunde liegen-

den Sobolev-Einbettung liegt. Wir zeigen, dass die Palais-Smale Bedingung fiir das duale
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Funktional Jg := Jg o+ : L2 (RN) — L¥(RY)) gegeben durch

1 + 1
Tow) = 5 il gy = 5 [ wKo(w do

RN
zumindest flir gewisse Energieniveaus erhalten werden kann. Hierzu vergleichen wir das Mountain-

Pass Niveau Lg von Jg mit dem geringsten Energieniveau Ly, aller assoziierten Grenzprobleme

(1.77) — Au = Q(zo)|ulP?u, inRY
fiir 2o € RY, dhnlich zur klassischen Arbeit [TI0] von Brézis und Nirenberg. Hierzu stellen wir
fest, dass
N
A 5=
Lo=—%3
N @l

wobei S die optimale Konstante aus der Sobolev-Einbettung (siehe [46, §8]) bezeichne. Unser
Ansatz zum Auffinden kritischer Punkte von Jg kann also mithilfe der folgenden zwei Schritte
zusammengefasst werden:

(I) Zeige, dass die Palais-Smale Bedingung fiir Niveaus 0 < 3 < Lg, erfiillt ist.

(II) Zeige, dass tatsichlich Lo < Ly, gilt.
Wir vergleichen die Gleichungen und auf der Ebene der Fundamentallésungen (und
Resolventen), da wir fiir kein direktes Funktional zur Verfiigung haben. Im folgenden
Lemma leiten wir eine Abschiitzung fiir die Differenz der Fundamentallssungen ¥ — A : RV \
{0} — R, wobei ¥ = ¥; die Fundamentallosung zu und A die Fundamentallosung
zu ist, ausgewertet auf kleinen Mengen her. Dieses Resultat erweist sich ebenfalls im

zweiten Schritt als essentiell.

LEMMA 1.34. Seir > 0 so, dass r < yn—a falls N > 4, wobei yn—a die erste positive Nullstelle
2 2

der Bessel-Funktion Yn_4 sei, und sei v < 7w falls N = 3.
2

(i) Es existieren k1, k2 > 0 nur abhéingig von r und N, sodass fir alle v € B,(0),

klz[PN < U(z) — A(z) < Kolz[*N,  fiir N > 5,

silnjz|| < U(z)— Az) < ko|llnfa||, fir N =4,

—K1|x] > U(z) — A(z) > —kol|z|,  fur N =3.

\
(ii) Fiir jeden Multiindex o € NY mit |a| > 1, eistiert ein k3 > 0 nur abhéingig von |al,

r und N, sodass
(1.78) 0% (T(2) — A(x))| < male[* N7l fir alle 2 € B,(0).

Der Beweis dieser Behauptung basiert auf préazisen Abschéatzungen von Bessel-Funktionen fiir

kleine Argumente. Eine erste Konsequenz dieses Lemmas ist die Kompaktheit des Operators



3. ZUSAMMENFASSUNG 33

R—Rg: L2 (RY) — L%

i OC(RN ), wobei Ry : f — A x f den Resolventenoperator zur Laplace-

Gleichung bezeichne.

PRrRoOPOSITION 1.35.

(i) Die Differenz R —Ry ist eine stetige lineare Abbildung von L2’ (RN) nach W22"(RY)
(ii) Fir alle r > 0, ist der Operator 15, (R —Ryg): L2 (RY) — L¥(RY) kompakt.

Zusammen mit der Ergebnis, dass R : L' (RY) — L!(RM) fiir subkritische ¢ € [1,2*) lokal
kompakt ist, konnen wir den ersten Schritt vollenden. Indem wir zusatzlich zeigen, dass das
nonvanishing Resultat aus Theorem [1.32] auch im Fall p = 2* gilt, kénnen wir auch periodis-
che Gewichtsfunktionen in unser Resultat miteinbeziehen. Unser Hauptresultat in Bezug auf
Schritt (I) lautet wie folgt.

PROPOSITION 1.36. Sei Q € L°(RY)\ {0} von der Form Q = Qo + Qper mit Qo, Qper > 0
derart, dass Qo(z) — 0 fiir |z| — oo sowie Qpe, eine ZN -periodische Punktion ist.

Ist nun (vy), C L2 (RN eine Palais-Smale Folge fiir Jq zum Level B = Lg < Lg), so existiert
ein nicht-trivialer kritischer Punkt w € L2 (RN) von Jg mit Jo(w) = Lq.

Um das Mountain-Pass Niveau Lg abzuschatzen, bemerken wir die in unserer Situation alter-

native Beschreibung

N

. 1 fN|v]2+d:U 2 n )

Lo=infd — [2BYUT @0 2N RN t/ Kov d

o =in N(fRNUKQUdSU NS (R™) mi vKguv dx >0,
RN

aus welcher wir folgern konnen, dass
Lo =inf{Jg(v) :v € L* (RY) with Jo(v) =0}
gilt. Die Losungen, welche wir erhalten sind duale Grundzustandslosungen, also Losungen
. .
u € L¥(RY) der Form u = R(Q2Tv), wobei v € L2" (RY) kritischer Punkt von Jo mit
Jgo(v) = Lg ist, demzufolge also die minimale Energie unter allen kritischen Punkt haben.

Nach Bemerkung sind diese Losungen starke Losungen von ((1.76)). Um Schritt (IT) nachzu-

vollziehen, schitzen wir die Ausdriicke

2+
[[ve,a ”2+

| ve,aKQue o dz
]RN

wobei ve o € L2 (Bys(0)) glatt abgeschnittene Versionen von Optimierern v, € L2 (RY) der
Hardy-Littlewood-Sobolev-Ungleichung sind, also

2+

/UERQ’UE dr = S~! lvello+
RN
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welche (bis auf Translationen und skalare Vielfache) gegeben sind durch

N+2

ve(z) = (N(N — 2)e)5* <8+1‘$|2> T oeso

Auch in diesem Schritt ist Lemma [I.34] essentiell und der Vorzeichenunterschied in Dimensionen
N >4 und N = 3 zeigt sich hier deutlich. Wéhrend wir Lg < L*Q fir N > 4 beweisen konnen,
haben wir im Fall N = 3 tatsachlich die Gleichheit Lg = LZ“Q. Zusatzlich zeigen wir, dass das
Mountain-Pass Niveau in diesem Fall nicht angenommen wird und erhalten ein Nichtexistenz

Resultat fiir unseren Ansatz. Unser Hauptresultat ist wie folgt.

THEOREM 1.37. Sei N > 3 und Q € L=¥(R™)\ {0} mit Q > 0 fast iberall auf RN .

(i) Falls N > 4 und Q erfillt die Bedingungen
(R1) Q = Qo + Qper, wobei Qo, Qper > 0 derart sind, dass Qper eine ZN -periodische
Funktion ist und Qo(x) — 0 fir |z| — oo.
(Q2) Es existiert g € RN mit Q(xg) = I%E}VXQ und firlx — x| — 0 gilt

o(|lz — z0]?), falls N > 5

Q) = Qlro) = O(|z — z0]?), falls N =4

Dann hat (1.76)) eine duale Grundzustandslosung.
(i1) Ist N =3, dann ezistiert keine duale Grundzustandslésung fiir (1.76)).

Die Bedingung (Q2) ist hinreichend um Lg < Lg, im Fall N > 4 nachzuweisen. Da @ im
Allgemeinen nicht konstant ist, bendtigen wir eine Bedingung, welche beschreibt mit welcher
Rate @ den Wert ||Q||, erreicht. Diese Bedingung erscheint in diversen kritischen Problemen
(siehe z.B. [25]) und wurde auch von Chabrowski und Szulkin in [14] im Kontext kritischer
Schrodingergleichungen verwendet. In [24] sind Beispiele kritischer Probleme aufgezéhlt, fiir

welche (Q2) auch notwendig ist.

Gewichtete Fourier-Fortsetzung Resultate sowie G-invariante Losungen fiir die
nichtlineare Helmholtz-Gleichung. Grundlage dieser Arbeit ist der Artikel [Y2], welcher
aus einer Kollaboration mit Tobias Weth resultiert. Hier befassen wir uns mit der Existenz

(nicht radialer) reellwertiger Losungen der Helmholtz-Gleichung
(1.79) —Au—u=Qz)|uu, inRN

mit Q € L°(RY)\ {0} und mégliche Werte p € (2,2*). Diesbeziiglich studieren wir Implikatio-
nen verbesserter Fourier-Fortsetzungsresultate in Bezug auf Resolventenabschatzungen sowie
nonvanishing Aussagen. Zudem leiten wir eine explizite verbesserte Fourier - Fortsetzungsab-
schatzungen her und untersuchen die Konsequenzen im Hinblick auf die duale variationelle

Formulierung von (|1.79)).
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Motiviert dadurch, dass Fourier-Fortsetzungsabschatzungen der Form sowohl im Hinblick
auf Symmetrien als auch durch gewichtete Normen verbessert werden konnen, definieren wir
fir ¢ > 1, G C O(N) eine abgeschlossene Untergruppe und eine messbare Funktion @ :
RY — C das zulissige Fortsetzungstripel (G, q, Q). Dies ist ein Tripel (G, ¢, Q), fiir welches die

(gewichtete) Fourier-Fortsetzungsungleichung
(1.80) HQFUHLP(RN) < C||F||f2@n-1y,  fiir alle G-invarianten Funktionen F* € L*(RM)

mit einer von F' unabhiingigen Konstanten C' > 0 gilt. Hierbei nennen wir F' € L%(SV~!) eine
G—invariante Funktion, falls F' = F(A.) fiir alle A € G gilt. Gem& Theorem [1.26]ist demnach
das Tripel ({id}, ¢, 1) ein zuléssiges Fourier-Fortsetzungstripel fir alle ¢ > 2, und (O(N), ¢, 1)
ein zulassiges Fourier-Fortsetzungstripel bereits fiir alle ¢ > ]\2[71171 Ist Q € L*(RY) fiir s € [1,00)
so liefert eine Anwendung der Holderschen Ungleichung in (1.80)), dass ({id, ¢, @}) ein zuléssiges
Fourier-Fortsetzungstripel fiir alle ¢ > max {1, L(s, N)} ist, wobei L(s, N) := 2AN 1)

T (N-D+Z(N+1)
unten fiir s — oo gegen 2, konvergiert. Im folgenden interessieren wir uns fiir zuldssige Fortset-

von

zungstripel mit @ € L>(R"), bei welchen wir keine Verbesserung durch das Abklingverhalten

der Gewichtsfunktion erzielen, sondern durch die betrachteten Symmetrien.

Hierzu betrachten wir konkret Gy := O(N — k) x O(k) fir k € {1,2,...,N — 1} sowie Q =
Qq =11, mit

(181) La = {[L‘ — (x(ka)jx(k)) c RN*’C X Rk . ‘I(ka-)’ S a|x(k)‘7a}.

Wegen |L,| = oo fiir alle a > 0 ist Q, := 1, ¢ L*(RY) fiir alle s € [1,00) sowie a > 0. Unser
Resultat lautet wie folgt.

THEOREM 1.38. Seien N >3, ke {l,...,N —1}, a > 0, und setze Q, = 11, mit L, gegeben
in (L.81). Nehme zudem an, dass

1
(1.82) o > N falls k=1, a<N-—-1 fallsk=N-—1,
und setze
20V —1) -3 ls k=1;
T N-2 folls k=1,
2(N — k) — 22 9k —2a(N — k)
1.83 AN ko = Q 2<k<N-2;
(1.83) Nk, max{ N T 1 falls 2 < k < ;
2N — 1) — 2a
- =N-1.
N3 , falls k

Dann ist (G, q, Qq) ein zuldssiges Fourier-Fortsetzungstripel fir jedes ¢ > AN ko -

Tatsachlich werden wir eine Verallgemeinerung beweisen, indem wir Mengen der Form

Lo = {z= (@™ 0 20y e RVF x RF . |2N=F)| < gmax{|z®)|~, [2*)|7F}}
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fir « > B > 0 betrachten. Eine genauere Betrachtung von Ay 1 . zeigt, dass auch Werte ¢ < 2,
realisierbar sind. Der Verlauf zuléssiger Werte von ¢ ist beispielhaft mithilfe folgender Grafik

veranschaulicht.

2k—2a(N—k)

2(N+1) |
N—-1

FIGURE 2. Veranschaulichung zulassiger Werte fiir ¢ am Beispiel N = 6 und
k = 2 in Abhéngigkeit von «

Der Beweis von Theorem [1.38| wird in zwei Schritten vollzogen. Als ersten Schritt verwenden
wir die Symmetrien und schreiben F' € L2(SV~!) um zu einer Funktion hx auf [0, 1] gegeben
durch

hp [0,1] = R, hp(r):=F@rg,/1—r2p), firne SVNF1 4 esk L.

Dann reduziert sich HQF H La(rN) 20 einem eindimensionalen Integral, in welchem die Groéflen
don_ und dgy, vorkommen. In Bezug auf die Abschitzung dieses Integrals nimmt dann (1.59))

eine zentrale Rolle ein.

Anschlieflend studieren wir abstrakte Implikationen fiir zulassige Fortsetzungstripel im Hinblick
auf Resolventenabschétzungen und nonvanishing Resultate. Speziell zeigen wir, dass im Falle
eines zuldissigen Fortsetzungstripels (G, ¢, Q) fiir G—invariantes Q € L™(RY), wir beziiglich

des gewichteten Resolventenoperators Rg : f — Q® * (Qf) selbstduale Abschatzungen sowie

2N  2q

N-Tg+2’ 2*] erhalten. Bemerke, dass p < 2, dquivalent zu

nonvanishing Resultate fiir alle p € (

2N 29 :
N—Tgq+12 < 2, ist.
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THEOREM 1.39. Sei N > 3, G C O(N) eine abgeschlossene Untergruppe, @ € L>®(RN) \

{0} sei G—invariant und sei q € [1, Z%lel)} derart, dass (G,Q,q) ein zuldssiges Fourier-

2N 2q
N—1g+2°

(1-84) HRQ(f)HLp(RN) <C ||f||Lp’(RN)

fiir alle G—invarianten Schwartz-Funktionen f € S(RN).

Fortsetzungstripel ist. Dann existiert fiir alle p € ( 2*} eine Konstante C' > 0 mit

Wir werden Theorem in allgemeinerer nicht-selbstdualer Form beweisen (siehe Theorem
in Kapitel 3) aus welchem Theorem dann als Spezialfall hervorgeht. Die Strategie
hierzu ist dhnlich zu [37], [43] siehe auch [31]. Unter den selben Voraussetzungen wie in

Theorem [I.39] erhalten wir die Giiltigkeit eines nonvanishing Theorems.

THEOREM 1.40. Sei N > 3, G C O(N) eine abgeschlossene Untergruppe, @ € L>®(RN) \

{0} sei G—invariant und sei q € [1, 2%\[:1)} derart, dass (G,Q,q) ein zuldssiges Fourier-

Fortsetzungstripel ist. Zudem seip € <%%, 2*} Dann gilt fiir jede beschrinkte und G—invariante

Folge (vn)n C LV (RYN), welche

n—o0
RN

limsup/vnRQ(Un) dx| >0

erfillt, dass - nach Ubergang zu einer Teilfolge - Zahlen R,( > 0 sowie eine Folge (27)n C RN

existieren mit
/ lon(@)|P dz > ¢ >0,  fir alle n.

Br(zn)
Es sei bemerkt, dass wir fiir G = {id} und @ = 1 exakt die Aussage aus Theorem erhalten,
da 5 2% =2, fiir ¢ = 2. gilt.

Mithilfe der Theoreme [1.39|und sind wir nun in der Lage erste Existenzresultate in Bezug
auf das Problem (1.79)) zu formulieren.

THEOREM 1.41. Sei N > 3 und G C O(N) eine abgeschlossene Untergruppe und sei @Q €
L®(RM)\ {0} G-invariant, nicht-negativ und erfiille

(1.85) / Q(z) de — 0,  fir |z| — oo fiir ein R > 0.
Br(z)

1
Zudem seien q € [1, Z%lel)] undp € (max{%%, 2}, 2*) derart, dass (G, q,Q») ein zulissiges

Fourier-Fortsetzungstripel ist. Dann besitzt (1.79) eine nichttriviale G-invariante duale gebun-

dene Zustandslosung.

Hier sei angemerkt, dass p > 2 im Hinblick auf den Erhalt der Mountain-Pass Geometrie

gewahrleistet werden muss.
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Nach Theorem ist (G,q,Q") ein zuldssiges Fourier-Fortsetzungstripel fiir ¢ = 2., jede
abgeschlossene Untergruppe G C O(N) und jedes @' € L>®°(RY). Da zudem ]\27—]_\]1;_—‘12 =2, fur
q = 2, gilt, haben wir die folgende direkte Konsequenz aus Theorem

KOROLLAR 1.42. Sei N > 3, G C O(N) eine abgeschlossene Untergruppe und sei ) €
L®(RN) \ {0} eine nicht-negative und G—invariante Funktion, welche (1.85)) erfillt. Dann
besitzt (1.79)) eine nicht-triviale duale gebundene Zustandslosung fir p € (24,2%).

Dieses Korollar gilt insbesondere im nicht-symmetrischen Fall G = {id}, aber bendtigt die
Abklingbedingung (|1.85). Im speziellen Fall G = G = O(N — k) x O(k) C O(N) konnen wir
(1.85) fallen lassen um Losungen im nicht-kritischen Fall p € (2,,2*%) zu erhalten.

THEOREM 1.43. Sei N > 4, k € {2,3,...,N — 2} und sei Q € L®(RN)\ {0} nicht-negativ
und Gg-invariant. Dann besitzt (1.79)) eine G-invariante duale gebundene Zustandsldsung fiir
pE (24,2%).

Die Bedingung an N und k ist hier notwendig um zu gewihrleisten, dass die minimale Orbit-
dimension von Gy, gleich 1 ist. Dies wird fiir den Nachweis der Beschrinktheit der aus dem
nonvanishing Theorem resultierenden Folge von Punkten (x,), bendtigt. Kombination
des nonvanishing Resultats mit der Symmetrie liefert einen Widerspruch zur Beschranktheit
der betrachteten Palais-Smale Folge im Falle unbeschrinkter (), C RY.

Zuletzt mochten wir hervorheben, dass die Bedingung fiir die Konkrete Wahl Q = Q, = 11,
und Konsequenterweise fiir jede messbare Funktion ]Q\ < cly, erfiillt ist. Zudem ist fiir

ein zuléssiges Fortsetzungstripel (G, ¢, @), demnach auch (G, ¢, Q) eines. Hiermit haben wir

folgendes Korollar als Konsequenz von Theorem [1.38| sowie Theorem [1.41

KOROLLAR 1.44. Sei N >3, k € {1,...,N — 1}, und sei a > 0. Zudem sei Q € L®(RY)
nicht-negativ und Gr-invariant mit Q # 0 sowie |Q| < clp,, fir ein ¢ > 0. Dann besitzt (1.79)

eine nicht-triviale, G-invariante gebundene Zustandslosung fir alle p € (un k.qa, %), falls
(i) k=1 und
1 N+1
(1.86) 0 Fo1® 0 Ss-
' PNLe "=y yN((N =1)=1) 0 s N1
(N —1)(2aN —3a - 1)’ 3(N 1)
(i) k=N —1 und
AN(N -1 - a) 23V -1)
(L.87) ) _ N -heN a3y 0 <as=FH7>
. N,N-1l,a 3N —1)

2,
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(iii) 2< k<N —2 und

AN(k — a(N — k) o N+2%-1
(N-D2k—1—aN—F) =IOk
B N+2k—1 (N + 1)k
(1.88) pNka =12 NrON—®m - *SNCirav R
AN(a(N — k) — k) o (Nt
N-D2a(N k) —a—k)’ TN I 2Nk

Duale variationelle Methoden fiir eine nichtlineare Helmholtz-Gleichung mit
vorzeichenwechselnder Nichtlinearitit. Die dritte Arbeit [Y3], welche aus einer Kollab-
oration mit Rainer Mandel und Dominic Scheider resultiert, befasst sich mit der Etablierung

eines dualen variationellen Rahmens fiir
(1.89) —Au—ku=Quf?u, zeRY, pel2,2], k>0

im Falle vorzeichenwechselnder Gewichtsfunktionen @ € L>®(R”). Neben dem etablierten Fall
Q@ > 0 aus [31], haben die Autoren in [52] die Anwendbarkeit der dualen Methode auch fiir
@ < 0 demonstriert. Ausgehend von der Integralgleichung u = Ry (Q|u[P~2u) fiir u € LP(RY)
betrachten sie dort die duale Transformation v := |Q|%\u|p_2u welche

- 2 A
(1.90) [o"~20 = = Q7 Ry (|QI lul~u)

liefert und eine variationelle Struktur tragt (siehe [52], §3 ]). Es soll bemerkt sein, dass die rechte
Seite der dualen Gleichung ein negatives Vorzeichen wegen Q = —|Q| fir @ < 0 hat.
Unsere Idee vorzeichenwechselnde ) zuzulassen ist wie folgt: Zuerst schreiben wir Q = Q1 —Q -
mit Q+ = |Q|La,, wobei Ay :={Q > 0} und A_ := {Q < 0} gesetzt seien. Dann fiithren wir
die neue Gewichtsfunktion Q) := AQy+ — Q_ mit Parameter A > 0 ein. Wir betrachten dann
fiir die Integralgleichung

(1.91) u =R (Qx|ulP%u), ue LPRY)
jeweils die Restriktionen v := u|4, und w := u|4_ welches uns dann zum System
v=A, Ry [Q+\v|p_2v] — 14, Ry [Q_]w|p_2w] ,
w=A,4 Ry [QHUVD*ZU] —14 Ry [Q_|w\p*2w]
fithrt. Mithilfe der dualen Transformationen
o= 2QY Wt e LV (Ay), = QY |wlPw e LV(AL)
erhalten wir aus obigem System das ,duale* System
N ol =20 = QYPRL(IQIP (¢ — ¥)) = L, Kilp — ¥),
W = QUPRL(QIVP(p ) = La_Ki(p — ¥)
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mit dem Birman-Schwinger Operator Ky, : L (RN) — LP(RN) gegeben durch

k() = Q1" Ry. (1Q171)

Dieses System tragt nun fiir p € [24,2*] eine variationelle Struktur mit dem dazugehorigen
Funktional .Jy : LP (A4 ) x L” (A_) — R gegeben durch

AP

/ 1 ’ 1
I b) = el = Wl = 5 [ (o= )Kale = w) da

RN

p/
Das Funktional Jy ist von der Klasse C' und kritische Punkte entsprechen Losungen von
(1.92) — Au — K*u = Qx(z)|ulP2u in RV,

Anders als im definiten Fall besitzt .Jy keine Mountain-Pass Geometrie und der Nachweis
der Beschranktheit von Palais-Smale (oder auch Cerami) Folgen erweist sich als schwieriges
Problem.

Wir leiten die Existenz kritischer Punkte von Jy in zwei Schritten her. Im ersten Schritt
fiihren wir eine Sattelpunktsreduktion beziiglich der y)—Variable durch. Genauer zeigen wir,

dass falls Ky kompakt ist und [ Ky (¢) dz > 0 fiir alle ¢ € LP'(A_) gilt, die Zuordnung
RN
¥ — Jx(p, 1) konkav und nach oben beschrénkt ist. Damit gelingt es uns zu zeigen, dass fiir

jedes ¢ € L (Ay) genau ein ¢* € LP' (A_) existiert mit
I(p, ") = max  Jx(p,¥) = Ja(p).
YeLr (A-)
Dies gilt fiir jedes A > 0 und der gefundene Maximierer ist unabhéngig von .
Im zweiten Schritt untersuchen wir das reduzierte Funktional Jy : L' (A;) — R auf kritische
Punkte. Dieses besitzt fiir Werte A > )¢ eine Mountain-Pass Struktur, wobei A := (28a~1)P
durch

(1.93) a:= max WK dz, B = max WKy dx
el =1, el =lll =1,
supp(¢)CA L RNV supp(p) CAy ,supp(¥)CA_RN

gegeben ist. Ist K kompakt, so werden beide Werte angenommen und wir haben g > 0. Zudem
gilt a > 0, falls |A4| > 0, mithilfe der selben Idee wie im Beweis von [31), Lemma 4.2 (ii)].
Da Jy eine abstrakte Monotoniebeziehung in Bezug auf den Parameter A erfiillt, kénnen wir
[39, Theorem 2.1] anwenden, um die Existenz beschrankter Palais-Smale Folgen zu erhalten.
Dieses Theorem erlaubt dies allerdings nur fiir fast alle A > Ay, wie fiir Monotonieaussagen

dieser Art iiblich. Unser Hauptresultat lautet wie folgt.

THEOREM 1.45. Sei N > 3 und p € [2,,2*) und sei Q € L¥RY) mit Q1 # 0. Zudem sei

angenommen, dass

(1.94) Ky : LP'(RN) — LP(RYN) ist kompakt und / YKptp dz >0, fir alle p € LP (A_).

RN
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Dann gibt es fiir fast alle A > X\ := (28a~1)P eine nichttriviale gebundene Zustandslésung von
(11.92).

Wie bereits gesehen, ist K bereits dann kompakt, falls () im unendlichen verschwindet. Die
Nicht-Negativitatsbeziehung in ([1.94) kann mithilfe von [15 Corollary 5.4] beispielsweise re-
alisiert werden, falls A_ C R einen kleinen Durchmesser hat, nimlich falls diam(A4_) <

k~lyn_2 gilt, wobei yn_2 die erste positive Nullstelle der Bessel-Funktion Yx_2 bezeichne.
2 2 2

KOROLLAR 1.46. Seip € [2(N+1) 2N und Q € L¥(RN), QT # 0 . Zudem sei angenommen,

N-1 ' N-2
dass
lim esssupp, >z Q| =0 und diam (A_) <k lyn_s.
R—oo = 2
Dann existiert fiir fast alle X > \g := (2Ba~1)P eine nichttriviale gebundene Zustandslésung

vOn .
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CHAPTER 2

Dual ground state solutions for the critical nonlinear

Helmholtz equation

In this chapter we will present the existence of real-valued solutions to (2.1]) in the Sobolev-
critical case p = 2*. The presentation is in the very same form as the publication [Y1], which
resulted from a collaboration with G. Evéquoz. Only the acknowledgement is excluded. The

notation may slightly differ from the notation in Chapter 1.

1. Introduction

In this paper, we focus our attention on the existence of nontrivial real-valued solutions of the

critical nonlinear Helmholtz equation
(2.1) — Au— k*u = Q(x)|ulP2u, ue WPRN)

for N > 3, k # 0, and where Q € L>®(RY) \ {0} is a nonnegative weight function and

p = 2% := % is the critical Sobolev exponent. Recently [31], the existence of solutions to

(2.1) has been proven for all p in the noncritical interval (2(}{{\/:1)’ %) A direct variational

approach leads to some difficulties. Indeed, by classical results of Rellich [56] and Kato [40],

solutions of the Helmholtz equation decay at most like

u(z) =0 (|:B _%) , as x| — oo.

Therefore, solutions of (2.1)) can only be expected to lie in LP(RY) or W2P(RY) for p > 2. In
particular, H'-solutions will not exist in general, as would be required when using the natural
energy functional associated with (2.1)).

The authors of [31] considered instead the integral equation
(2.2) u =Ry (Qul?u), ue LP(RY),

where Ry, denotes the real part of the resolvent operator Ry : f — @ % f of —A — k2. Here,
;. is the (complex valued) radial outgoing fundamental solution of the Helmholtz equation,
i.e, the convolution ®;, * f solves the inhomogeneous Helmholtz equation —Awu — k*>u = f and

satisfies the Sommerfeld outgoing radiation condition

Oru(x) — iku(x) = 0(|xl%), as |z| — oo.

43
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For p € [Q%lel), %}, solutions of the integral equation (2.2) by [31], lemma 4.3] belong to
W24(RN) with p < ¢ < o0, so that, by Sobolev embeddings u is indeed a strong solution of

(2.1).
This dual variational approach, based on the dual energy functional Jg ) given by

1 / 1 /
Jop(v) = = / [oP" dz — 3 / vAgvdr, wve P (RY),
g RN RN

where p’ = p%l and Ag v = Q%Rk (Q%v), admits a better behaved structure. The functional
Jg.pis of class C ! and has the mountain pass geometry. Therefore the properties of ) determine
whether it satisfies the Palais—Smale condition and this in turn is linked in an essential way to
compactness properties of the Birman-Schwinger type operator Ag,. For noncritical p, the
operator Ag , is compact if ¢) vanishes at infinity, and then Jg, satisfies the Palais-Smale
condition. When () is periodic, this is not the case anymore, but Ag , still has some local
compactness. In combination with a crucial nonvanishing property [31, theorem 3.1] of the
quadratic form associated with Ry, a nontrivial critical point can then be obtained as weak
limit after translation of a Palais—Smale sequence at the mountain pass level. The problem

(2.1) becomes more delicate in the critical case p = 2*. Applying to the differential equation
N-—2

the rescalings

(2.3) U Up gy, Where g () =7 2 u(r(z — o)),
the linear term vanishes as r — oo and, since the limit problem

(2.4) — Au= Q(zo)|u* 2u inRY

possesses nontrivial solutions, the local compactness of Ag := A 2+ is lost. In the case where
() vanishes at infinity, the functional Jg := Jg o+ therefore does not satisfy the Palais-Smale
condition at every level. Indeed, if u is a nontrivial solution of for some z¢ € RN, consider
the function v given by

1 *_
v = Q3 (ao)uf 2

where 27 = 1\2,—12 is the conjugate exponent to 2*. Then, v satisfies the dual equation

o0 = Q¥ (w0)Ro (Q7 (a0)v) .

where Rg = (—A)~!. The sequence (v,), defined from v via the dual rescalings v, (z) :=
nyv(n(x - :c[))) is then a Palais-Smale sequence for the dual functional Jg at level ¢ =
%Hv”%i = +||Vul|3, and this sequence has no converging subsequence in L2T(RM).

In analogy to the study of the critical problem on a bounded domain, starting with the
celebrated work of Brézis and Nirenberg [10], we shall try to recover some kind of compactness

by comparing the mountain pass level Ly of the functional Jgy with the least energy level
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¢ among all possible limiting problems [2-4) with 2o € RY. From the duality between the
Sobolev and the Hardy—Littlewood—Sobolev inequalities, it follows that
N
Sz
Lo=——%=
N[Qll’
where S denotes the optimal constant in the Sobolev inequality (see §[3.2] for more details).

The general strategy consists roughly in two steps:

(I) show that at every level 0 < 5 < L}, the Palais—Smale condition is satisfied, and
(II) establish the strict inequality Lo < Lg,.

Ambrosetti and Struwe [5] confirmed that, for the Dirichlet problem on a bounded domain,
this scheme is also adapted to the dual variational framework. However, whereas the authors
in [5] reduce the proof of the Palais—Smale condition for the dual functional to the proof of
the same property for the direct functional, we do not have for the problem on RV a
direct functional at hand. In our approach towards the above steps (I) and (II), we choose
instead to work directly with the resolvent operators for the original and the limit problems,
via the corresponding fundamental solutions. More precisely, we start by deriving accurate
upper and lower bounds on the difference of these fundamental solutions (lemma . This
involves a detailed study of Bessel functions for small arguments. Based on these estimates,
we then prove a new local compactness property for the difference operator Ry — Ry, where
Ro = (—A)~! (see proposition . In addition, we show that Ry remains locally compact in
subcritical Lebesgue spaces. Combining these properties, the step (I) can be completed in the
case where @) vanishes at infinity.

The next step is to prove the strict inequality Lg < L*Q. There, the lower bound on the
difference of the fundamental solutions plays a key role. Indeed, it implies that in dimension
N > 4 the quadratic form of the operator R — Ry is positive for positive functions supported
in sets of small diameter. For such functions, the energy of Jg can thus be made smaller than
that of the dual functional associated to . Since we are working with a nonconstant ), an
additional requirement (see (Q2) in theorem below) is needed to complete the argument.
The condition that we impose controls the way in which @ approaches its maximum value
|Q|lco- The same condition also appears in several related critical problems, and it seems to
go back to the work of Escobar [25]. Let us mention that Egnell [24] provided examples of
critical problems on bounded domains for which this assumption is necessary. More recently,
this condition was also used in a paper by Chabrowski and Szulkin [14], on a strongly indefinite
critical nonlinear Schrédinger equation on RY with periodic coefficients. There, the authors
work in a direct variational framework and use generalized linking arguments to show the
existence of a Palais—Smale sequence at some level. The condition (Q2) is used to prove that
this level lies strictly below L*Q. A nontrivial critical point is then obtained with the help of

Lions’ local compactness lemma [47],[48] (see also [70, lemma 1.21]). Our approach to treat
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periodic, and more generally asymptotically periodic functions @, is inspired by [14], although
our arguments differ significantly. Working within the dual framework, we can simply use
the mountain pass theorem without Palais—Smale condition, but we need to show that the
nonvanishing property for Ry, proven in [31] theorem 3.1] for noncritical exponents, continues
to hold in the critical case p = 2*.
As already pointed out by Brézis and Nirenberg [10], there is a strong contrast between the
dimensions N = 3 and N > 4, for problems with the critical exponent. In the present case,
the estimates on the difference of the fundamental solutions have the opposite sign for N = 3,
so that Ry — Ry acts negatively on positive functions. This does not permit to verify Step (II)
above, and we show that in fact Ly = LZ, holds for any bounded @ > 0 in this case. Moreover,
we find that the mountain pass level Lg is not achieved.
As indicated in [31], every nontrivial critical point v € 2" (RY) of Jg is related, via the
transformation

u= Ry (Q%*v),
to a nontrivial strong solution v € W22 (RY) of (see §3.1 for more details). The solutions
we obtain in the present paper have the distinctive property that the corresponding critical
point of Jg has minimal energy among all nontrivial critical points. Following the terminology
introduced in a recent paper [28], we call such solutions dual ground states of (cf. §3 for

the precise definition). The main result in the present paper is the following.

THEOREM 2.1. Let N >3 and consider Q € L>®°(RN)\{0} such that Q >0 a.e. in RY.
(i) If N > 4 and Q satisfies the following conditions,
(Ql) Q = Qper + Qo, where Qper, Qo > 0 are such that Qper is periodic and Qo(x) — 0
as |x| — oo;
(Q2) there exists xo € RN with Q(xo) = I%?}VXQ and, as |r — zo| — 0,

ojz —xol?), if N >5,
Q(zo0) — Q(z) =
O(|x —zol?), i N =4,

then, the problem (2.1)) with p = 2* has a dual ground state.
(ii) If N = 3, no dual ground state exists for ([2.1)) with p = 2*.

Note that the assumption (Q1) also allows for the cases @ = Qo and @ = Qper. Let us point
out that, for a maximum point z¢ of Q, the condition Q(x¢) — Q(z) = O(|x —xo|?) as z — z¢ is
satisfied as soon as @ is twice differentiable at x9. The assumption Q(z0) — Q(z) = o(|z — x0|?)
as ¢ — xo is more restrictive and requires some additional flatness of @ at z¢ (cf. [24]). For
small k& > 0, the condition (Q2) seems to be sharp. However, using a scaling argument, we can
slightly weaken this assumption in dimensions N > 5 in the following sense: If @ is given and

o is some maximum point of @ for which Q(zo) — Q(x) = O(|z — z0|?) as ¥ — zo. Then, if
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(Q1) is satisfied, there is some ko > 0 such that for all k& > ko the equation with p = 2*
has a dual ground state. Concerning the existence of multiple solutions, the method developed
recently (see [28, Theorem 4.1]) for the high frequency limit k¥ — oo can be combined with the
results of the present paper to relate the number of dual bound states (i.e., solutions of
associated to critical points of the dual functional) to the topology of the set M of maximum
points of (). More precisely, for every given continuous () vanishing at infinity and satisfying
the condition Q(z¢) — Q(x) = O(|z — zo|?) as * — x¢ for some of its maximum points x¢
there is £* > 0 such that for all £ > k* the problem has at least catjz, (M) dual bound
states, where M; is some neighbourhood of M and cat denotes the Ljusternik-Schnirelman
category. Previous results on the critical equation had been obtained in the radial case
in [30] and very recently in [52], where a broad class of nonlinearities is considered. Up to
our knowledge, theorem [2.1] is the first result concerning solutions of the nonlinear Helmholtz
equation with critical nonlinearity and nonradial ). Let us also mention that the lower critical

case p = 2%\[:1) is still open. There, we expect completely different phenomena than for p = 2*.

A suitable method therefore needs to be found and we will address this issue in a forthcoming
paper.

We shall now briefly describe the structure of the paper. In §2, we study the Helmholtz
resolvent operator in the Lebesgue space 2" (R™). Recalling first the construction of the
fundamental solution of the Helmholtz equation and its asymptotic properties, we derive in
lemma new upper and lower bounds on the difference of the latter and the fundamental
solution of Laplace’s equation, for small arguments. The proof consists in the precise estimation
of Bessel functions and their derivatives, and the result is of crucial importance for the whole

paper. As a first application, we prove in proposition that the difference

R,—-Ro : L2 (RY) — LZ (RN,

loc

where Ry denotes the Laplace resolvent operator, is compact. There, we start by decomposing
the fundamental solution of the Helmholtz equation in a similar way as in [31] and then apply
the upper bounds obtained in lemma[2.2] Another essential property of the Helmholtz resolvent,
the nonvanishing property, is established in the case p = 2* in theorem Its proof relies
on improvements of previous results from [31] by means of the Hardy-Littlewood—Sobolev
inequality. After this study of the Helmholtz resolvent, we turn in §3 to the existence of dual
ground states of with p = 2*. We start by recalling the dual variational framework set up
in [31] and the characterization of the dual mountain pass level Lg. Using the compactness
properties of Ry and of Ry — Ry established in §2, we then analyse the behaviour of Palais—
Smale sequences for Jg at the level Lg. Under the assumption Lo < Lf,, we obtain in
proposition the existence of a nontrivial critical point for Jg in the case where @ is
asymptotically periodic. The nonvanishing property plays here a key role in handling the
periodic part Qper of the coefficient (). Section 3.3 is then devoted to estimating the dual
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mountain pass level Ly under the additional ‘flatness condition’ (Q2). There, we show that
the positive lower bound on the difference of the fundamental solutions given by lemma
yields the strict inequality Lo < L), in the case N > 4. Combining the above results, we
obtain in § 3.4 the existence of dual ground states stated in theorem The paper concludes
with the 3-dimensional case, in which we show that Ly = Lg, holds and, by a contradiction

argument, we obtain the nonexistence of dual ground states for (2.1)) with p = 2* in this case.

We close this introduction by fixing some notation. Throughout the paper we denote by B, (z)

the open ball in RY with radius 7 and centre at z. Moreover, we set B, = B,.(0). The constant

N
WN = NZl’f (Z), where I' is the gamma function, represents the volume of the unit ball B;. By
2

1, we shall denote the characteristic function of a measurable set M C RY. We write S(R™)

for the space of Schwartz functions and &’ for its dual, i.e., the space of tempered distributions.
Furthermore, we shall indifferently denote by ]?or F(f) the Fourier transform of a function
f €S8’ For 1 <s< oo, we abbreviate the norm in L¥(RY) by |||,

2. The Helmholtz-resolvent in the Sobolev-critical case

2.1. Fundamental solutions. Without loss of generality and to simplify formulas, we
consider the problem with & = 1. The general case follows by rescaling the independent
variable.

For N > 3, the radial outgoing fundamental solution of the Helmholtz equation —Au —u = dg
in RY is given by

(2.5) B(z) = ~(2rla) T HY, (j2]),  for z € RN\{0},

where H (1)_2 denotes the Hankel function of the first kind of order ¥2. For a function f €
2

2
S(RY) the convolution u := ® % f € C°(R") is a solution of the inhomogeneous Helmholtz
equation —Au — u = f which satisfies the Sommerfeld outgoing radiation condition 0,u(x) —
iu(z) = 0(|xl%), as |x| — oco. Moreover, it is known (see [36]) that, in the sense of tempered
distributions, the Fourier transform of ® is given by
1 N 1
- = (2n) 2 lm —————.
€12 — (1 +10) (2m) e—0t €2 — (1 + i)

Since we shall be considering real-valued solutions of the Helmholtz equation in the sequel, we

~

(2.6) B(6) = (2m)

Nk

turn our attention to
1 2-N
(2.7) (x) = Re (®(x)) = = (2n|x]) = Yas(a]), for z € RM\{0},
2
where Yny_2 denotes the Bessel function of the second kind of order % U should be seen as
2

the fundamental solution of the Helmholtz equation associated to real-valued standing waves.
Let us recall some well-known facts concerning Bessel functions of the second kind: For non-

negative orders v and positive arguments ¢, the asymptotic behaviour of Y, (¢) is given by (see
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[44] Remark 5.16.2])

2T (v) '
2.8) Y, ()= —W@ + O(t)), ast— 0, ifv>0,
(29 Yo(t) = —%ln%JrO(l), as t = 0,

]2 (2v —1)m -1
(2.10) Y, (t) = — p— cos(t — T) <1 +O(t )), ast — oo, forallv>0.

As a consequence, we find that

WIQ)MVWP*N@*‘O(WD)’ as |z] — 0,
(2.11)  U(z) =

Lerle)) 2 cos(jz] — =T (14 O(jz|™Y),  as |z — oo

Denoting by vy, the first positive zero of Y, with v > 0, we deduce from the asymptotics (2.8))
and (2.9), that Y, (¢) < 0 for all ¢ € (0,y,) and therefore ¥(x) > 0 for all |z| < y,.
Recalling that for N > 3 the fundamental solution A of Laplace’s equation in RY is given by

(2.12) Aw) = MW—N, for = € RN\ {0},

we see from (2.11)) that ¥(x) behaves like A(z) for small |z|. Our first result gives more precise

estimates on the way W(z) approaches A(x) as x| — 0. In particular, we observe a strong

contrast between the dimension N = 3 and the higher dimensions N > 4.

LEMMA 2.2. Let r > 0 be given such thatr < yn—a if N >4 andr <w if N = 3.
2

(i) There exist k1, k2 > 0 only depending on r and N, such that for all x € B,,

(kx| < W(z) — A(z) < kolz|*N, if N >5,

wilnfz[ | < W(z) - A(z) < mo|lnfz| |, if N =4,

—K1|z| > WU(x) — A(x) > —ko|z|, if N =3.

(ii) For every multiindez o € N} with |a| > 1, there exists k3 > 0 only depending on ||,
r and N, such that

(2.13) 0% (¥(z) — Ax))] < wsla[* N1 for all x € B,.

PROOF. We start by considering for v > 1 the function 7,: [0,00) — R given by

—e VY, (), t>0,
Ny (t) == WY (1) where ¢, = VW .
17 tZO, 2 F(V)
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Remark that 7, is continuous, as a consequence of (2.8 and since Y, is analytic on (0, 00). In
addition, for ¢ > 0, the recursion formula % [t7Y,(t)] = t"Y,_1(t) (see [44) p.105]) gives

m(t) = —c,t’Y,_1(t).

Hence, 1, is strictly increasing in the interval (0,y,_1) and in particular 77, > 1 in this interval.

Moreover, using the asymptotic expansions for small arguments (2.8]) and (2.9)), we see that
m,(t) 1

lim 2“2 = —¢, lim 7YY, 1(t) = ——, if 1
50+ ¢ v o v-1(t) 2(v—1)’ =t
/
and (1) =" Yim Yo(t) =
t—0+ t| Int| 2 t—0+ —Int

Therefore, given 0 < r < y,,_; and since yg < 1, there exist constants x| = & (v, r) and k5 (v,r)
such that

' (t ot
() > 2Ky, ifv>1, and () > 2k, forallO<t<r,

t t| Int|

! (t ot
n”()‘§2nl2, ifr>1, and nl()‘§2l<&/2, forall 0 <t <.

t tint

Writing
L) — 1 Loy (st t)—1 L n(st ! (st
WOZL [0 g O ) e,

t 0 st 2| Int| 0 Int | st|In(st)]

we obtain the bounds

(2.14) n,(t) —1>wit?,  ifvr>1, and 1 (t) — 1> kjt}Int|, forall0<t<r,
(2.15) ’77,,(75)—1‘ < kht?, ifvr>1, and ‘771(75)—” < kyt*|Int|, forall0 <t <,
with some k) = k4(r) > 0. The assertion (i) in case N > 4 follows from (2.14) and ([2.15),

since we have

V() = M) = M) (a2 (o)) = 1) = gl (a2 (o) ).

In the case N = 3, we have

1
(2.16) U(z) — Alz) = pEp (cos|z| —1).
Remark that
t—1 ! sin(st int int
Sk ssm(s ) ds, t+— s decreasing in [0, 7], lim b _ 1,
12 0 st t t—0 t

sint
t

k1 = K1(rog) > 0 such that

and } } <1 for all t > 0. We thus conclude that for given 0 < ry < 7 there is a constant

t—1 t—1 1
%g—m, forall 0 <t <rp, and %2—57 for all £ > 0.
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Plugging these estimates in (2.16)) yields the assertion (i) for N = 3 with kg = Siﬁ.
To prove the assertion (i), we notice that for a € N and k = |a|, an induction argument
based on the recursion formula & [tV (t)] = —t7"Y,41(t) (see [44, p.105]) gives

141
0*(¥(x) = AMx)) = Y fre(|2]) Pe-ae(w),

=0

where for m € Ny, P,,,(z) is a homogeneous polynomial of degree m and where
W2 D(BF2 4 m) 2 N-2m

F(%) N(N —2)wy

fm(t) = (1) [n¥+m(t) - 1}, t>0.

As a consequence, given r > 0, there is a constant v = (N, k,r) > 0 such that
5]
o B < 2-N—k [ - _ ] ‘
|0°(T(2) — A(x))] < 72| DMy (l2l) = 1], forall 2] <r

=0
Using (2.15) and remarking that ¥ +k—{¢>1fork>1and0</¢< L%J, we obtain the
desired assertion and the lemma is proven. O

2.2. Compactness properties. Here, and in the next section, we discuss the properties
of the resolvent Helmholtz operator R := R, given by the convolution f + Wx f for f € S(RY)
where V¥ is given in (2.7]). Let us first remark, that as a consequence of an estimate of Kenig,

Ruiz ans Sogge [43] Theorem 2.3|, this mapping extends as a continuous linear operator
R:L*> (RY) - L (RV).

In particular, there exists a constant Cy > 0 only depending on N such that

(2.17) IRV||pe < Co|[vllys, for all v e L (RY).

Let us denote by
Ro: L¥ (RY) - L¥(RY)
the linear operator given by the convolution with the fundamental solution of Laplace’s equation

Rov:=Axv, ve L*(RY).

Notice that Rg is well defined and continuous, as a consequence of the weak Yound inequality
[46], p.107].

REMARK 2.3. The results in this and the next sections are stated and proven for the real part
R of the resolvent, but they remain valid for the full resolvent R: L%" (RN) — L% (RN) which
is the extension of the convolution map f — ®  f, f € S(RV,C).

LEMMA 2.4. For all 1 < t < 2* and all r > 0 the operator 1, R : L2 (RN) — LY(RN) is

compact.
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PROOF. By elliptic estimates (see [31, proposition A.1l]), we can find for every r > 0
a constant D, > 0 such that HRU”WM*(BT) < Dy||v|lgs for all v € L2 (RYN). Since the
embedding W22" (B,) < L'(B,) is compact for all 1 < ¢ < 2*, and all r > 0, we deduce that
the operator 15 R : L2" (RY) — LY(RYN) is compact for all 1 < ¢ < 2* and all 7 > 0. O

PRroroOSITION 2.5.

(i) The difference R — Ry is a continuous linear mapping from L2 (RY) into W22" (RN)
(ii) For all v > 0, the operator 1p, (R —Rg): L2 (RN) — L2 (RN) is compact.

PROOF. In the sequel, for 4 € R, C' and C}, shall denote constants depending on N and on
N, i respectively, but which may change from line to line.
To prove (i) we shall use a decomposition of ¥, similar to the one introduced in [31], § 3] for ®.
We fix a radial ¢ € S(RV) such that ¢ € C*(RN), 0 < < 1, 9(€) = 1 for [|¢] — 1| <} and
W(E) =0 for [|¢] — 1] > L. Write ¥ = ¥y + ¥y with

(2.18) Uy = (20) 2 (W), Wy =0 — 0y,

Then, for every f € S(RY) and o € Név , the properties of the convolution of Schwartz functions

with a tempered distribution (see [57, theorem 7.19]) allow to write
(0°W1) % f = (2m) 72 [T % (9°)] « f = (2m) 2 W #[(0"0) = ],

where 0% € S(RY). Hence, from the resolvent estimate (1.9) and Young’s inequality for the

convolution, we obtain the estimate
_N a - «
[(0%W1) = fllpe = (2m) " 2 [[W % [(0%¢) * flllox < (2m) 2 Col| 0% |1l fl2+,

for all f € S(RY). As a consequence, the convolution f — (0°¥;) * f, f € S(RV), extends as
a continuous map from L2 (RY) into L2" (RYN) for every a € NYY.
Turning to ¥y, we have by definition \f/\g =(1- 12)\/1} and, since taking real parts in (3.30)) yields

— N ~ _y1-9(9)
Ty(€) = (2 lim 22—~ (- = (2m) 2 =S

26 =m)7F lim o (1-9(0) = 0m)7F 5
we get Uy € C°(RY) and Wy(¢) = (27r)_%(\§]2 —1)7! for |¢| > 2. This gives 8°0y € LY(RN)
for all 8 € Név such that 2 + |3| > N. Therefore, using standard differentiation properties of
the Fourier transform, the fact that Uy (and so W3) is radial and that F(f)(€) = F~1(f)(=¢€),

we obtain

e = |7 (5] < e

§C|5|, for all |ﬁ’ >N —2.

I b

Choosing 8 € N}’ with |3| = N, we obtain that

(2.19) |Wy(z)| < Cla| ™, for all 2 € RY.
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Using the same argument with %Wy in place of Wq, for every a € NJ, we get
(2.20) |0%Wq(z)] < C‘a|\x|*N*‘°‘|, for all z € RY and all o € NYY.

From lemma we obtain estimates on 9%(¥y — A)(x) for |z| small. For large values of |z|,
we use (2.20) and [0“A(x)| < C"Oé||3:|2_N_|C“‘7 which follows easily from (2.12]). Altogether, we
get for @ € NY and z € RV,

Cla| min{|z[*~N=lel g2 N-lely, N =3, N>5, or

N=4and|a|>1,
221)  |0%(Wy — A)(z)| < and |af 2

C'min{1 + |In =2}, N =4 and |o| = 0.

N
As a consequence, denoting by Lg > (RY) the weak-L N2 space (see e.g. [46, p.106]), we infer
that N
Wy — A) € LY 2(RY), for all € N such that |a| < 2.
From the weak Young inequality, the convolution f + 9%(¥s — A) * f, f € S(RY), extends
as a continuous map from L2 (RY) into L2 (RY) for such ov. Summarizing and using the fact
that
1% = A) * fllfpaer <2 ) [0%(W2 = A) % fl5. +2 > (0*%1) * fl5-

|af<2 o <2

we obtain that the convolution f — (¥ — A) * f extends as a continuous map from L2 (RN)
into W22 (RY). Therefore, the operator

R-Rg: L* (RY) » w22 (RY)

is continuous and (i) is proven.
By the Relhch Kondrachov theorem, the embedding VV2 z (RY) — LI (RY) is compact for
all1 <t < (N 6) . Thus, we obtain the compactness of ]lBT(R Ro) : L2"(RN) — L2 (RN)

for all > 0, which proves (ii). O

2.3. Nonvanishing property and related estimates. As a key ingredient for the up-
coming existence results, we prove that the nonvanishing property of the quadratic form associ-
ated with the Helmholtz resolvent holds true in the space L¥ (RN) with p = 2*. This property

has been proven in [31], theorem 3.1] in the noncritical range 2(N+1) <p<2F.

THEOREM 2.6. Consider a bounded sequence (vn)n C L2 (RYN) satisfying

(2.22) lim sup v, Ru, da| > 0.

n—oo
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Then there exists R > 0, ¢ > 0 and a sequence (z,,)n C RN such that, up to a subsequence,

(2.23) / \vn\QJr dz > (¢, for alln.

Br(zn)

PROOF. Let us assume by contradiction that

(2.24) hm sup / lva? dz | =0, forall p> 0.
yERN
Bp y)

Consider the decomposition ¥ = Wy + ¥y introduced in (2.18)), and denote by Ry: L2 (RY)
— L?"(RY) the continuous extension of the convolution map f ~ ¥y * f, f € S(RV). Since
Lemma 3.4 in [31] holds for the critical exponent p = 2*, we obtain by density of S(R") into
L2 (RN) that

(2.25) /vanvn dr — 0, asn— oo,

RN
taking real parts. Turning to ¥y, we note that the estimate (2.19) and the behaviour of ¥
close to = 0 given by (2.11]) yield the existence of some constant C' = C’(IN) > 0 such that

(2.26) |Wy(z)| < C' minf|z>N, |z|7V}, for all x # 0.

Setting My := RN\ Bpg for R > 1, we deduce from (2.26)) that

N-2

N

2
[Pl 1 ¥ (M)SC/ / |x|_%d:p — 0, as R — oo.
R

|z[>R
Hence, by Young’s inequality,

(2.27) Sup‘ / [(Tar, ¥2) * vy, dx‘ < ||l S

2
— — 00.
sup sup ||vn |7+ (&) 0, as R— o0

2(MR) neN

Consider a decomposition of RV into disjoint N-cubes {Q¢}¢en of side length R, and let for each
¢ the N-cube @}, have the same centre as )y but side length 3R. From the estimate ([2.26]) and
the Hardy-Littlewood-Sobolev inequality [46, theorem 4.3], there is a constant C” = C”(N)
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such that

‘/ (15, 05) % ] | <Z/ / oz — ) [lon ()| fen ()| dy ) da

t= 1Q, |z—y|<R

oy [l ),

{= 1Q Qg

< C”[SUP/Q/ |vn (2 |2+ 2/ |vn (T ‘2 dz

teN J@

< C’"[ sup /
yGRN BgR\/ﬁ(y)

for all n. Therefore, the boundedness of (v, ), and the assumption ([2.24]) give

(@) da] 3V ol

(2.28) lim [ v,[(1p,¥2) * vy] dz =0, for every R > 0.

n—o00
RN

Combining ([2.25)), (2.27)) and (2.28)), we obtain

/ v, R, dz = | v,Ryv, do + / Up[Po *vy)dz — 0, asn — oo,
RN RN RN
contradicting the assumption (2.22)). The theorem follows. O

Let us recall a result obtained in [28, Lemma 2.4], on the bilinear form associated to the

operator R for functions having disjoint support.

LEMMA 2.7. [28| Lemma 2.4] Let p > (NH). There exists a constant D = D(N,p) > 0 such

that for any R >0, r > 1 and u,v € LP (RN) with supp(u) C Br and supp(v) C RV\Bg.y,,

/’LLRU dz| < Dr2||ullyljvlly, — where A, = N; I N;_ 1.
N

The proof uses the decomposition ¥ = W1 +Ws introduced in for the fundamental solution
of the Helmholtz equation. The dominant term in the estimate comes from the convolution
with Wy and is obtained as follows. First remark that the Fourier transforms \I//\l and \f/\lg’é
coincide, for any ¢ satisfying @ = 1 on the set {H§| — 1‘ < i} Choosing such a ¢ for which
in addition supp(®) is contained in {|[¢] — 1] < 1}, one can replace v with ¢ x v and apply the
result in [31) proposition 3.3] to the convolution (1as,W1) * (¢ % v) giving the asserted decay
rate. The remaining convolution terms are estimated using Young’s inequality and these only

give lower order contributions.
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Based on this estimate, we prove a technical result which will be used in to deal with a remainder

term in an estimate derived from the Hardy-Littlewood—Sobolev inequality.

LEMMA 2.8. Let (2,)n C L2 (RYN) be a bounded sequence. Then, for every e > 0, there exists
pe > 0 such that

lﬂgf /]pran(]lMpzn) dx| <e, forall p> p..
RN

Here, M, :=RN\B,.

PROOF. Let ¢ := sup{||z,|[>+ : n € N}. We first see that by lemma [2.7] there is a constant
D = D(N) > 0 such that

/ ]pran(]lMQPZn) dz| < D(Qp*%, for all n € N and every p > 1.

RN

£

N
Hence, setting pg := max{l, <2DC2) } we find

/]pran(]lMQPzn) dx| < =, forall n € N and every p > pp.

RN

| ™

2+

Next, we choose n > 0 such that n < (25—04) , where Cy > 0 is such that (2.17) holds, and

we claim that

. 1 > 0 such that Imin Zn xr <7, or a > p1.-
2.29 3 p; > 0 such that liminf 2" dz <m, forall p>p
B2p\Bp

n—o0

Suppose this is not the case. Then, for every £k € N we can find a radius p; > k£ and an index
no(k) € N for which

/ |zn\2+ dz >n, forall n > ngy(k).
BQPk\BPk

Moreover, we can assume without loss of generality that no(k + 1) > ng(k) and pgrq1 > 2pg.
For each £ € N, it follows that

L
¢ > / 2n)?" dz > Z/ . |2a|?" dz > fn,  for all n > ng ().
B, \B
RN k=1 PR NP

For ¢ large enough we obtain a contradiction, and the claim is proven.
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As a consequence of the above results, we can write for p > p. := max{po, p1},

/ ]pran(]lMpzn) dx
RN

IN

/]pran(]lMszn) dx| + /]pran(]lB2p\szn) dzx
RN RN

IN

&
3T CoCll1,,\B, 2nll2+

using Holder’s inequality and the resolvent estimate (2.17). The conclusion then follows from

the claim (2.29)). O

3. Existence via the dual variational method

We follow the path established in [31] and use a dual variational framework to find nontrivial

solutions for the problem

(2.30) — Au—u=Q)|ul* 2u, ueW>*RY),

Whlere Q € L>®(R") is a nonnegative function which is not identically zero. Setting v =
Q727 |u|? ~%u, we shall study the fixed-point problem

(2.31) w2 2 = QFR(QTv), wve L* (RY),

where R denotes the resolvent Helmholtz operator defined in § For the Birman-Schwinger
type operators associated to the Helmholtz and Laplace resolvents respectively, we introduce

the notation

(2.32) Agu = Q%*R(Q%*v) and Gqu:= Q%*RQ(Q%*U), vE L2+(RN).
We consider the functional
1 1
(2.33) Jo(v) == o / |U|2+ dz — B / Agudx, forve L2+(RN).
RN RN

It is known that J € C*(L¥" (RV),R) and from the symmetry of A (cf. [31] lemma 4.1]) we
have
Jow)w = / (|v|2+*2v - AQU) wdz, forall v,we L*" (RM).
RN
We detect solutions of (2.30)) by finding critical points of the functional Jg. Indeed, for v €
L2 (RN) we have Jo(v) = 0 if and only if v satisfles (2.31). Setting u = R(Q%*v), we see
that u solves u = R (Q\u|2**2u). Any solution of this integral equations has the following

properties:
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LEMMA 2.9 (Special case of [31, lemma 4.3)). Let Q € L®(RYN) and consider a solution
ue L¥ (RY) of u =R (Qu* "2u). Then, u € W4(RN) for all 2* < ¢ < 0o and u is a strong
solution of (2.30). Moreover, u is the real part of a function u which satisfies Sommerfeld’s

outgoing radiation condition in the form

1 ~ _
P}Lr%oR/ Vu(al:)—z'u(az?)’i—| dz =0.
Br
In addition, u satisfies the following asymptotic relation
1 T ei‘xl_i(N;?’)W €T 2
lim — — —Ri( 2*_2)— dx = 0.
Rl—I>Ic1>oRB/ u(z) 5 e[ |x\% F(Qlul* ~u z] x
R

As shown in [31] lemma 4.2], the functional Jg has the mountain pass geometry, i.e.

(MP1) there exists 6 > 0 and p > 0 such that Jg(v) > § > 0,
for all v € L*" (RN) with ||[v]jo+ = p;
(MP2) there exists vy € L* (R™) such that [Jvg||o+ > p and Jg(vo) < 0.

The mountain pass level

Lg := inf Jo(P(t
Q= jnf, max Jo(P(t),

where
P ={Pec(o.1], ¥ (RY)) : P(0) =0 and Jo(P(1)) <0},
is therefore well defined, 0 < Lg < oo, and by the same arguments as in [29, Lemma 4.1], it

can be characterized as the following infimum

Lo =inf ¢ Jo(tyv) = v e L¥" (R with /UAQU dz >0

RN
(2.34)

vz

1 2
= inf N JM;;dx LV E L2+ (RN) Wlth / UAQU dx >0
RN RN

Here, for v € L2" (RY) with [ vAgudz > 0,
RN
[ o2 da\ 72T
2.35 ty= | B
(2:35) | vAgudx
RN

denotes the unique ¢ > 0 with the property Jo(t,v) = max Jg(tv). Remarking that for every
>
such v, Jé)(tvv)v = 0, we see that if Lg is achieved by some critical point of Jg, then Lg
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coincides with the least-energy level, i.e.,
Lo = inf {JQ(U) : v e L¥T (RV)\{0} with J4(v) = o} .

Following the terminology introduced in [28], we will call a solution u of the nonlinear Helmholtz
equation a dual ground state, if u = R(Q%"U) and v € L2" (RN) is a critical point of the
functional Jg at the mountain pass level, i.e., J;(v) = 0 and Jo(v) = Lg. As a consequence
of the discussion at the beginning of the section, every dual ground state uw has the properties
stated in Lemma 2.9l

3.1. Palais—Smale sequences. In this section, we investigate the properties of Palais—
Smale sequences for the functional Jg. Recall that a sequence (vy), C L2 (RY) is called a
Palais—Smale sequence for Jq if (Jg(vn))n is bounded and ||.Jg (vy) ||« — 0 asn — oo. Here, ||-[|.
denotes the dual norm to [ - ||o+. If, in addition, Jg(v,) — B as n — oo for some § € R, (vy,)y,
is called a (PS)g-sequence for Jg. We start by considering sequences which satisfy a localized
version of the above property. For this purpose, we introduce the following piece of notation:
If v e L2 (RY), we let Jo(v)1p, denote the continuous linear form w — Jg(v)(1p,w) on
L2 (RM).

LEMMA 2.10. Let (vn)n C L2 (RN) be a bounded sequence such that, for allr > 0, o (vn) 1B, [« —

0 as n — oo. Then, up to a subsequence,

(i) (vn)n has a weak limit v € L*" (RV).
(ii) For all 1 < q < 2% and all r > 0, we have 1g,v, — 1p.v, strongly in L4(RY) and
Un = v a.e. on RN, as n — .
(iii) T (v) = 0.
(iv) As n — oo, we have for all r > 0,

(2.36) i o0 = 03 = [ Lo, (00 — ) Ag(en — ) do + o).
RN

PROOF. Since (vp)y is bounded in L2 (RY), there exists v € L2 (RN) and a subsequence
which we still denote by (vy,), such that v, — v weakly. This proves (i). From now on, we
restrict to this particular subsequence. To prove (ii), let r > 0, 1 <t < 2* and ¢ € C°(RY).
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For n,m € N we have

+_ +_
/ (ﬂBT|Un|2 20, — ]1]5>r|vm|2 2vm) pdx
RN

= [Jé)(vn) — Jé(vm)} (1p,¢)+ / 15, 0AQ(vy — V) dz
RN

N pllor + 1L, Ag(vn = vm)ll, Il

IN

|76 (vn) 1B, — JG(vm) 1B,

< O [|7(wa)ts,

A g(om)Ls,

el

1
+ Q1%

15, R (QF (o = vm)) | Il

where the constant C' > 0 depends on N and r. The first expression in the last line vanishes
as m,m — oo, by assumption, and the second one also vanishes due to lemma [2.4 Therefore,
arguing by density, we find that (1, |v,|2 20, ), is a Cauchy sequence in LY(RN). Since the
mapping N : L}(RY) — Lﬁ(RN) given by N(u) := |u|?> ~2u is well defined and Lipschitz
continuous, it follows that (1, vy,), = (N(]IBT|vn\2+_2vn))n is a Cauchy sequence in L4(RN)
for all 1 < g < 27, Since these spaces are complete, and since 15, v, — 1p,v in each of these
spaces, we obtain the desired strong convergence 15, v, — 1p v in LY(RY) for all 1 < g < 2.
Going to a subsequence, we also have the pointwise convergence v, (x) — v(z) as n — oo, for
almost every x € RY. Assertion (iii) now follows from (ii), since for ¢ € C°(R¥) and r > 0

such that supp(yp) C B,, we have

Jow)ep = /IIBT\U\QJF_chpdm—/]lBrgpAdex
RN RN

n—0o0

= lim /ﬂBr|vn\2+_2vn<p dz — /]lBrcpAQvn dz
RN RN

= lim J;(vn)1p, o = 0.

n—00

To prove assertion (iv) we use the assumption ||J;(vn)15, ||« — 0 as n — oo and write

+
o(1) = JG(va) 1, v = 15,005+ — / 15, v,AQu, dz
RN

+
(2.37) = [LpvallZ — / L, (0n — 0) Ayt — 0) da
RN

- / 1g,vnAqudx — / 1p,vAqg(v, —v) da.
RN RN
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The last expression vanishes as n — oo, since v, — v in L2" (RY) and since Ag: L2T(RN)
— L?(RY) is continuous. Furthermore, using (iii), the weak convergence v, — v and the

Brézis-Lieb lemma [70l lemma 1.32], which applies due to (ii), we obtain

+
gl ~ [ LavAguds
RN

= ||]1Brvn||31r — H]lBrngi — /]lBT’UAQ’U dz | — /ILBTvnAQv dz
RN RN

+
= 15, (vn — V|2 +o(1), asn— oo.

Substituting in (2.37]), the desired conclusion follows. O

In the above proof, the fact that the operator 1z R: L2 (RY) — LY(RY) is compact for
1 <t < 2* was essential. For t = 2*, the compactness does not hold anymore and therefore the
assertion (ii) is false in this case. However, in view of proposition this is only caused by the
noncompactness of the operator 15 Ro: L2 (RY) — L' (RY) associated to the fundamental
solution of Laplace’s equation. In the next result, we prove that local strong convergence can
be restored, provided the mountain pass level Lg lies below the threshold value given by the

least-energy level Lg, of the functional

. 1 . 1
Jo() = > / > dz — 2/quv dz,
RN RN

where Ggv := q%*Ro(q%*v) for ¢ = ||Q||co- As mentioned in the introduction, this functional
arises after passing to the limit of a suitable rescaling of Jg. The least-energy level L¢, can be
characterized by a formula similar to (2.34]), namely

N
2

2
(2.38) Ly = inf 1 Iollz: s ve L2 (RV)\{0}

2
NIz | vRevda
RN

We note incidentally that it can be expressed in terms of the optimal constant S for the Sobolev

inequality in RY,

(2.39) IVul?2 > S|jul3., for all u € L¥ (RY) with Vu € L*(RY).

Indeed, it is known (see [46] and also [23]) that the Sobolev inequality is dual to the Hardy—
Littlewood—Sobolev inequality

(2.40) /vRov daz < S7H|v||2;

RN
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and that the optimal constants are inverse to each other. Hence, we obtain

N
\ Sz
N[ Qllo

PROPOSITION 2.11. Let Q € L®(RM)\{0} have the form Q = Qper+Qo, for some Qper, Qo > 0
such that Qper is Z -periodic and Qo(z) — 0 as |z| — oo.

If (vp)n C L2 (RY) is a (PS)sg-sequence for Jg such that B = Lo < Lg,, then there exists
w e L2 (RN), w # 0, such that Jo(w) =0 and Jo(w) = Lq.

PROOF. Since (vy)n is a (PS)g-—sequence for Jg with 8 > 0, it is bounded (see [31} lemma
4.2]). Using lemma we find

. 1 1 11\ 1,
7}1_{{)10 Q2 vnR(Q2 vn) dz = <2+ — 2) nh_)n(f)lo [JQ(vn) — 2—+JQ(vn)vn
RN
=Njg > 0.

Hence, the nonvanishing theorem [2.6] gives the existence of a sequence (z,), C RY and of

constants R, ( > 0 such that, up to a subsequence,

2+

_2t _2t
(2.42) / a2 dz > QI / QF val? de > QI ¢ > 0, for all n.
BR(J:TL BR("‘CTL)

Moreover, we may assume that (z,,),, C Z"¥ by making R larger if necessary. We now distinguish
two cases.

Case 1: |z,,| — oo, for a subsequence.

Let us restrict to this subsequence, setting w, := v, (- + x,) for all n. We shall use lemma
for the sequence (wy), and with @ replaced with Qper. We therefore need to check that
Mper(w”)n& H* — 0asn — oo, for all » > 0. For this, observe that for r > 0 and ¢ € C*(RY)

we have
Jéper (wn)1p,% = Jo(0n)lp, (2,)P(- — n)

2.43
( ) + / ]lBTSO(AQ(ern) - AQper('+xn))wn dz,

RN
using the fact that Qper is invariant under ZM-translations. Since (v,), is a Palais-Smale

sequence, the first term in the right-hand side goes to zero uniformly for [|¢|s+ < 1. The
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second term can be estimated as follows.

/ ]IBTSD(AQ(J’_I’"«) B AQPer(’+In))wn dz
RN

(2.44)

1 1
=

= | [ tmel@F () - Qe+ R @

RN

1
< 2Co[|QII% llepllg+ llwnll2+

(- + @) + Qir(- + acn))wn] dx

nBT<Qzﬂ<~+xn>—Qszr<-+xn>>H ,

where Cy > 0 is given by (2.17). Moreover, by assumption, Q(z) — Qper(z) = Qo(z) — 0 as
|z| — oo. Thus, since |z,| — 00 as n — oo and Q, Qper > 0 are bounded functions, it follows
that

1
=

(2.45) 115, (Q% (- + 20) — Qiar(- + zn))]loo — 0, asn — oo, for all 7 > 0.
Combining (2.43), (2.44) and (2.45), we find that [|J;,  (wn)Lp,[l« = 0, as n — oo. Therefore

the conditions of lemma [2.10] are fulfilled and, going to a subsequence, we obtain w, — w in
L2 (RN) and w, — w a.e. on R, for some w € L? (RV) which satisfies Jéper(w) =0.

Furthermore, from (2.36]) we infer that, as n — oo,

15, (wn — w)|2 = / 1, (s — w)Ag,. (w, — w) dz + o(1)
RN

(2.46) = / 1, (wn — w)Aq,., []lBT (wy, — w)] dz
RN
+ / 1, (wn — w)Aq,.. [Lam, (W, — w)] dz + o(1),
RN
for all r > 0, where M, := RV\B,.
For the first integral we obtain with proposition and the characterization (2.38) of L,

/ 1p, (w, — w)AQpcr []IBT (wy, — w)] dz
RN

= / 1, (wn — w)Gq,., []lBr(wn - w)] dz

RN
+ / 1p, (w, —w) (AQper — GQPH) []IBT (wy, — w)] dz
RN
2
<IQIE [ 1w, — wlRo[ta,lwn — wl] do -+ o(1)

RN

< (NLH) ¥ |[Lp, (wy — w)|2+ +0(1), asn — oo,
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where Gg,., is given by (2.32)) with Qe in place of Q. In addition, the Brézis-Lieb lemma
implies
2+ 2+ 2+ 2+
1B, (wn —w)ll3+ < [lwn — w34 = llwnllz+ — [Jwlz+ +o(1)

<l o0 = (5~ 3) " (Jaten) — 2otonun) +ot1)

=NpB+o0(1), asn— oo,

since (vy,)y, is a (PS)g-sequence by assumption. Combining these two estimates, we obtain

2
g\" ot

1- I* ||]lBr('UJn - w)”?“’
Q

< |15, (wa —w)|[3+ = (NLH) ™ g, (wn — w)[3: +o(1)

+
S HnBr(wn - ’U})H§+ - / ﬂBr(wn - w)AQper []lBr(wn - w)] dm + 0(1)7
RN
as n — oo, and ([2.46)) gives for all r > 0,

2
N
(247 1<ﬁ> I, 0 = w)I) < [ (a0 — 0) Ay [La, (0 — )] e + o(1),
Q BN
as n — oo, where the first factor on the left-hand side is strictly positive, since we are assuming
B < Lg.
Let us now suppose by contradiction that (1p,wy,), does not converge strongly to 1z, w in

oz (RM), for some fixed 7 > 0. Then, passing to a subsequence, there exists ¢ > 0 such that

5\ .
1— (L*) |1, (w, — w)][§+ > € for all n.
Q
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1
Lemma applied to the sequence <Q§Zr(wn — w)) gives p. > 0 such that for all p >
n
max{pe, r}, we have
€ > liggioréf / 1, (wn — w)AqQ,.. [, (wn — w)] da:
RN
_ -
stimint [1- (2) | 2 ing (2-47
>limint |1 7o | | g0 =0l using
_ %:
> liminf |1 — ( P ) 15, (w, — w)|%
> €.

This contradiction proves the strong convergence 1p w, — 1p,w in L2 (RV) as n — oo, for
all r > 0. Using (2.42]) we immediately deduce that w # 0. Moreover,
1 1 +
Taper () = T W) = 3T (w)w = w3
(2.48)

. . 1 2+ . . 1 2+
< liminf - flwp |3 = lminf ={lva |5

. 1
= liminf[Jo(vn) = 5Jp(va)vn] = 8 = Lo

w = (Q(ger>2*w

Since Q = Qper + Qo with Qo > 0, we find that |w| < |w|. In particular, we have w € L2T(RN)
and by definition,

Now, consider the function

/@AQiﬂ dz = /wAQperw dz = ||w||gi > 0,
RN RN
since w is a nontrivial critical point of Jg . Hence, w # 0 and, setting

[l de \ 7
]RN

| wAqw dx

]RN

we find that 0 < 7 < 1 and Ji(7w)w = 0. In addition, since |w| < |w| we have

Jo(Tw) =

1

N

@]15+

J wAgw dx

RN

N
2

1
- N

lwll3+

| wAg,..wdx
RN

N
2

= JQper (w) °
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Therefore, (2.34) and (2.48) yield Jo(tw) = Lo = Jg,.,(w) and we deduce that 7 = 1. We
now claim that 7w = w is a critical point for Jg. To prove this, let ¢ € 2" (RN) be arbitrarily
given and choose § > 0 such that

/({E + sp)Ag(w + sp) dz >0, for all s € [0, 0],

RN

and, for s € [—4, ], set

[1T+spP do  \7F
ty = RY
° J (W + sp)Ag(w + sp) dz
RN
Then we can write, using (2.34), the property Jo(w) = Jo(rw) = max Jo(tw) and the mean-
>

value theorem,
0 < Jo(ts(w + sp)) — Jo(w) < Jo(ts(w + sp)) — Jo(tsw)
= Jé? (ts({ﬁ + Sago))tssnp,

for some o € [~1,1]. Dividing by s # 0 and letting s — 0%, we obtain Jo(w)p = 0, since
ts — 1, as s — 0. The proposition is proven in this case.

Case 2: (z,), is bounded. In this case, making R again larger if necessary, we can assume
that holds with x,, = 0 for all n.

Since (vy,)y is a (PS)s—sequence, the assumptions of lemma are satisfied. Thus, going to
a subsequence, we obtain v, — v in L2" (RY) and v, — v a.e. on RY, for some v € L*" (RY)
which satisfies Jb(v) = 0. Replacing in and the subsequent computations Qper with @,

wy, with v, and w with v, we obtain for all r > 0,

- (f@) i, (o0 = 0IE < [ 15, (00— 0)AQ [y (0 — )] o + o(1),

RN
as n — oo, and the same contradiction argument as in Case 1 yields the strong convergence
1p,vn — 1p.v as n — oo in L2 (RY), for all » > 0. In particular, v is a nontrivial critical
point of Jg and the characterization (2.34]) of the mountain-pass level Lq yields

1 1 +
Lg < Jq(v) = Jo(v) = 5 Jg(v)v = NHU\\§+
o1 . 1
< hnniggfﬁﬂvnﬂé = hnlggf [JQ(vn) — iJé(vn)vn] =B=Lg.

Hence, Jg(v) = Lg and this concludes the proof. O

REMARK 2.12. (i) When Q = Qop, Case 1 does not occur in the proof above. Moreover, the
operator Ag — Gg s itself compact, so that all arguments in the proof hold globally on RN,

As a consequence, Jg satisfies the Palais-Smale condition at every level 0 < 8 < L*Q.
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(it) In the case where Q = Qper, we have w = w in the above proof and the proposition
is valid for any 0 < B < LE)’ except for the last assertion which should be replaced with
Lo < Jo(w) < B.

3.2. Estimating the dual mountain-pass level. Our next result shows that in dimen-
sion N > 4, the mountain-pass level Lq lies below the critical threshold Lg, if the coefficient
@ satisfies some flatness condition (see condition (Q) below). This additional condition seems
to go back to the works of Escobar [25] and Egnell [24] (see also [14, Remark 1.2]).

To estimate Lg, we shall use the functions

N+42

(2.49) va(x) = (N(N — 2)e) 5> (le) T oeso.

It was shown by Lieb [45] (see also [46], theorem 4.3]) that, up to translation and multiplication
by a constant, v., € > 0 are the only optimizers of the Hardy—Littlewood—Sobolev inequality

@A0), ie..

(2.50) /ngov6 dz = S H|ve|3+
RN
In addition, we have v, = ug*_l, where
) N-2
N—2 2
’U,€<I') = (N(N — 2)5) 4 <Ej—|—|x’2> , &> 0,

are the Aubin—Talenti instantons (see, e.g., [10]) that optimize the Sobolev inequality ({2.39)
and for which the following holds:

* N
IVuelZ2@ny = llucll3. = S, for alle > 0.
In particular, we deduce that

2% -1 SNIQ

(2.51) l|vello+ = [|ucl|5 , foralle>0.

PROPOSITION 2.13. Let N > 4 and consider Q@ € L™¥(R™)\ {0} nonnegative. Assume further,
that there exists o € RN with Q(z0) = ||Q||, and that

(Q) Q(z0) — Q(z) = o(|z — 20]?), as |z — zo| — 0.

Then we have

LQ < ng'
PROOF. Let us assume — without loss of generality — that xp = 0 and set ¢ := ||Q|| o-
We consider for ¢ > 0 the dual instanton v, given by (2.49) and put v := v;. Fix a cut-off
function ¢ € C°(RY) with 0 < ¢ < 1 on RY, » = 1 on By(0) and ¢ = 0 outside of By(0).
Setting for € > 0, a > 0,

x
Us,a = Pale, Where @q(x) = @(a),
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we shall estimate the ratio )
”Us,a||2+
f Ve, a AQUe o dz’
]RN
and we first look at the quadratic form f Ve,a AQUs o dz. Consider the decomposition
RN

/ Ve, aAQUe o do = / veGgve do — /(1 + gpa)van((l — goa)va) dz
RN RN RN

+ / Ve o (Aq — Gq)ve,a dz — / Ve o (Aq — AQ)ve,a dzx,
RN RN

(2.52)

1
*

with Gy as in (2.32) where @ is replaced by the constant function ¢, i.e., G4 = q%*Roq“z .
Starting with the first integral in the right-hand side of (2.52)), we remark that (2.50) and
(2.51)) together with the definition of G, give

(253) / UEGq,UE dZL' = q% / UEROUE dl’ = Q%S%
Using the Hardy—Littlewood—Sobolev inequality, the second integral in (2.52]) can be estimated

as follows
2
/(1 + gaa)vqu((l - ‘Pa)US) dz < ¢S ! (1 + SOOz)UEHQJr (1 - ‘Pa)UEH% .
RN

Moreover, since 1 — ¢, = 0 in B,(0), we obtain

N
2

(1 = pa)ve|3: < Nun(N(N —2))

Thus, from (2.51]) and since 0 < ¢, < 1, it follows that

2
=

(2.54) /(1 + 0a)VeGq((1 — pa)ve) dz < 2¢2
RN
The third integral in (2.52)) can be rewritten as

/ Ve (Aq — Gq)vaa dx

N-2 N+2 N+2 N+2

(wy)2F S T (N(N — 2)) T a T,

= q2l* / V.o [(\Il —A) v&a] dx

RN
o / / ve(@)ve (y)pa(@)a () [V (@ — y) — Alw —y)] dy da.

RN RN
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Since @, (z) = 0 for all x| > 2a, it is enough to estimate the difference ¥ — A inside By, (0).
Fixing ag € (0, iyo) and observing that vy, < y,4+1 for v > 0, we obtain from lemma [2.2[ a
constant kg > 0 such that
kolz|*N, if N >5,
U(z) — Az) > for all 0 < |z| < 4ap.
50’1n|z| }, it N =4,

As a consequence, and since ¢, = 1 in By, we can write for all 0 < a < ag and 0 < € < o?:

2
/vmqu—Ga%@deKMwd//ﬁam%@ﬂx—m*wdwm

RN BaBa
2
:ww3//ﬁmmm gV dy da
B a B a
Ve o e

in the case where N > 5. In a similar way, we obtain for N = 4,
2

(2.55) / Ve,a (Ag — Gg)vz,q dz > €] ln(2\/§)\/ﬁoq2l* (B/ v(z)dx | .

RN

2

Setting ~ := 24*N/£0q2l* (f v(x) da:) , the above computations yield
B

-2

(2.56) /v&a (Aq — Gq)vaﬁa dz > e, forall0<a<apand 0 <e < min{az, eT}

RN

To estimate the remaining integral in (2.52)), we first note that, since 0 < ng) < 1, we have

L
=

0<gq2 —Q%*(x) gq%_l(q—Q(x)), for all z.

Thus, the assumption gives for each § > 0 a constant as > 0 such that

1 1
*

0
0<q? — Q> (x) < i\xlz, for all |z| < 2a4.
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Since ¢, o = 0 outside Ba,, we find for 0 < a < a5 and 0 < e < a?,

/'Ue,a (Aq - AQ)'Ue,a dx = /(q;* - Q%)UE,QR[(q

RN RN

L L
* *

¥ + Q2 )ve,a] dz

1 1 1
< 2q7 COH(QQ* - Q7 )Us,aH2+HU€,O¢”2+
1
1 2+ >
2¥ dz

<deqt s F 0 | [|laPota
N

1
Choosing § > 0 such that 5q2i*S¥Co ( [v‘ ]:1:|2v(33)‘2+ dx> g < 3 and setting o := min{ap, as},
we obtain the estimate ’
(2.57) /1}5@ (Aq — AQ)v&a dz < %5, for all 0 < € < o’

RN
With this choice of «, putting the estimates (2.53)), (2.54), (2.56]) and together, the
decomposition yields

/UE,QAQUE,O[ dz > q%S
(2.58) RY

S

N-+2 2
2

+%5—C572q2 S

Sk

+ —¢€

w2

2 N . YA e ?
* f < = 2 N-2
>q2* 52, for0<e<egg mln{a,(4c) ,4},

where ¢ = 2q2i*(wN)2L*S¥(N(N - 2))¥0f¥. Hence, from (2.34), (2.41), (2.51) and
(2.58) we infer that for c = min{agp, as} and 0 < e < g,

N
N+2 = N
Lo < l ||Us,a||§+ < i STJr 2 B Sy L
Q= N f /UE,OcAQUE,a dz N Q%S% Nq¥ Q-
RN
This proves the desired result. .

REMARK 2.14. In the case N = 4, using the estimate (2.55)) instead of (2.56|), we see that the
condition can be weakened to

Q(x0) — Q(x) = O(|lz — z0l?),  as |z —zo| — 0.

3.3. Existence and nonexistence of dual ground states. We are now in position to

give the proof of our main existence result for the critical nonlinear Helmholtz equation.

THEOREM 2.15. Let N >4 and consider Q € L= (RN)\{0}. Assume in addition that
(Q1) Q = Qper + Qo, where Qper, Qo > 0 are such that Qe is Z -periodic and Qo(x) — 0

as |x| — oo;
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(Q2) there exists o € RN with Q(z0) = || Q|| and, as |z — zo| — 0,

o(|lz —xol?), if N >5,
Qo) — Q(z) =
O(|lz — x0]?), if N =4.

Then the problem
(2.59) —Au—u=Q)|ul* u, wueW>([RYN)
has a dual ground state.

PRrROOF. Using the mountain pass theorem without the Palais—Smale condition (see [4] and
[10} theorem 2.2]) we obtain the existence of a Palais—Smale sequence (vy), C L2 (RY) at the

mountain pass level Lg. Therefore, by proposition proposition and Remark
the functional Jg possesses a critical point w € L2 (RN) of Jg which satisfies Jg(w) = Lq.

Setting u = R(Q%*w), we find that v € L¥ (RV) is a dual ground state of (2.59), and this

concludes the proof. O

In dimension N = 3, the situation completely changes. Indeed, the proof of Proposition
fails, since the estimate in Lemma [2.2{i) now has the opposite sign. In fact, we have the

following nonexistence result.

PROPOSITION 2.16. Let Q € L®(R3)\{0} satisfy Q(x) > 0 for almost every x € R®. Then,

there is no dual ground state for the problem
(2.60) —Au—u=Qx)|u* u, ue W (R?).

PROOF. We start by proving the inequality Lg < Lg,.
For this, let us consider the family of functions v, € > 0, given in (2.49). Let 0 < § < ||Q||oo
be arbitrary but fixed, and consider the set ws := {x € R? : Q(x) > ||Q]|cc — §}. Since ws has

positive measure, we can choose a point x5 € ws such that

i \w(; M Ba(CL‘(s)‘

2.61 lim =1,

( ) a—0t  |Ba(xs)]

where | - | denotes the Lebesgue measure. With @5 := 1,,n5, (z5)> We find
2

/80505(- — 25)Aq (sv:(- — x5)) da

L
=

R3
— / / 8(2) 08 (0)ve (& — T)vely — 75)QF (2)Q3

R3 R3

> ([1Qlloo — &) / / o8(2) 8 (00 (& — 2)vely — 15) Tz — y) d dy,
RS RS

(y)¥(z —y) dzdy
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cos |z—y|

since ¥(z — y) = dm|z—y|

> 0 for all z,y € Bi(z), z € R3. Remarking furthermore that
2

ve(z) = 5_%2}1(%), a change of variables gives

/ / o5(2)s (e (x — 25)vely — 25) ¥ (e — y) de dy

R3 R3
cos(e(x —y
= //@6(\@3: + x5)ps(Vey + xs)vi(x)v1 (y) 1(17\4;(_ | ) dz dy
R3 R3 Y
1
— //vl(:c)vl (y)——— dedy = /U1R0U1 de, ase—0T,
Am|z — y|
R3 R3 R3

using (2.61)) in the last step. Thus, we obtain

1@$§/¢w4—xﬁMﬂ%%(—%Dd$ZWQMfWﬁ3/mRWHM
: R3 R3
2
= ([Qlloc = 8)27 S~ a3

In addition, since |[psve(- — z5)||o+ — ||vi]lo+, as € — 0, the characterization (2.34) of Lg
yields

1 ve(- — xo)||2 Sﬂ
Lg <limsup — lsve( 0)ll5+ < ’ g

esot NV | [ @sve(- = 20)Aqg (@sve(- —20)) dz | 7 N(||Ql|oc — 6) "2
R3
Letting now ¢ — 07, we infer from (2.41)) that Lo < Lg,.
We next assume by contradiction that Lg is achieved. In this case, there exists v € 2" (R3)

such that [|v||+ = 1 and

2
/UAQU de = (NLg) V.
R3
Since Lo < Lf, and recalling the value of Lf, given in (2.41]), we can write

2
SQIE = (VL) % < (VLg) # = [vAquds

R
< /Qzl* v [\‘P\ *(Q%!v\)} dr < /Q;*
R3 e
:/Qé
e

using the fact that |U(z)| = [cos =] 1 = A(z) for all z € R?, and the Hardy-Littlewood—

d|z| — 47|z

of [A (QF o)) da

1 AL - &
R (@7 o) dz < 57QF ol < STQIE,

Sobolev inequality. As a consequence, all inequalities are equalities and we find Lg = L*Q and
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obtain the following identities.

(2.62) [ @ v/Ra (QF o) dz =57 [QF ol
R3
(2.63) [ @ 1ol le1 @ o] ar = [ Q¥ el [2+ (@F1o))] .
R3 R3

From (2.62)) and the uniqueness of the optimizers for the Hardy-Littlewood—Sobolev inequality
[46], we deduce that

Q%]vl = yv.(- — zp), for some v, > 0 and xo € R,

where v, is given by ([2.49)). In particular, Q%* lv] > 0 everywhere in R3, and we obtain

[l lw1 @ o] ar= [ | Qzﬂ<x>|v<x>czzﬂ<y>rv<y>|w e dy
R3 R3 R3
< [ [@F @r@ies ) g — dedy
R3 R3

:/Qzl* ol [A+(Q*])] da.

R3
This contradicts (2.63|) and therefore shows that Lg is not achieved. In particular, Jg does
not have any critical point at level L, and thus no dual ground state solution of (2.60|) can
exist. 0






CHAPTER 3

Fourier-extension estimates and applications to a nonlinear

Helmholtz equation

In the current chapter we will provide our results concerning improved Fourier-extension esti-
mates and their consequences with regard to the nonlinear Helmholtz equation. The presented
results follow the presentation of the original article [Y2], where we have excluded the ac-
knowledgement. This article resulted from a collaboration with Tobias Weth. The notation

may slightly differ from the notation in the previous chapters.

1. Introduction

Starting with the pioneering work of Stein (cf. [60]), Tomas [67] and Strichartz [62], Fourier
restriction and extension estimates have been receiving extensive attention due to their various
applications, especially to partial differential equations. For an overview on classical results
and recent progress, we refer the reader to e.g. [34, 59, [66]. In its classical form, the famous
Fourier extension theorem of Stein and Tomas (see e.g. [59) §8: Corollary 5.4]) states that the

inverse Fourier transform E, of F € L>(SN~1), given by
Fo(z) = (27m)% / ¢ B () do(w)
SN-1

belongs to LI(RY) for N > 2 if ¢ > 2(]<7le1)’ and that

(3.1) HFUHLQ(RN) <C ”F||L2(SN*1)

with a constant C' > 0 depending only on ¢ and N. Here SV ! denotes the (N —1)—dimensional
sphere in RY and do the induced Lebesgue measure on S¥~!. Due to the Knapp example
given by a characteristic function of a small spherical cap in SV¥~!, this range of exponents
is known to be sharp for arbitrary functions, see e.g [66, Chapter 4]. On the other hand,
it is a natural question whether the range of exponents can be improved both by considering
weighted L9-norms and by restricting to functions having additional symmetries. A well known
and classical observation in this context yields that case holds for g > % and radial
(and thus constant) functions F' € L2(SV~1), see e.g. [59, §8: Proposition 5.1].

In the present paper, we analyze this question for more general symmetries with respect to
closed subgroups of O(N).

For this we introduce the following definition.

75
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DEFINITION 3.1. Let ¢ > 1, let G C O(N) be closed subgroup, and let Q@ : RN — C be a
measurable function. We call (G, q,Q) an admissible extension triple if there exists a constant
C > 0 with

(3.2) HQFO—HLq(RN) < CNF || p2gn-1 for every G-invariant function F € L*(SV71).

Here and in the following, a function F € L?(SV~1) is called G-invariant if F(A0) = F(6) for
every §# € SN~ A € G. By the remarks above, ({id},¢,1) is an admissible extension triple if
q> % and (O(N),q, 1) is an admissible extension triple if ¢ > ]\%—Jfl As a further specific
example, we mention the subgroup O(N — 1) 2 O(N — 1) x {idg} € O(N) which corresponds
to axial symmetry with respect to a fixed axis in RY. Since a characteristic function of a
small spherical cap in SV ~! — as considered in Knapp’s example mentioned above — is axially
symmetric, the range for ¢ with (O(N — 1),q,1) being an admissible extension triple cannot
be extended beyond the value %VH)

If, on the other hand, we consider weight functions @ € L*(RY) for suitable s < oo, then
the range of exponents giving rise to admissible extension triples can be readily extended by
applying Holder’s inequality to the LHS of . In particular, this yields that ({id}, ¢, Q) is an
admissible extension triple if Q € L*(R") for some s € [1,00) and ¢ > max{%, 1}
Moreover, (O(N ),q, Q) is an admissible extension triple if Q € L*(RY) for some s € [1,00) and

q > max{ 2N+s(N DR 1}.
In the present paper, we are interested in weight functions ) € LOO(RN ), where Holder’s in-
equality does not yield an extended range of admissible exponents. The main aims of the paper
are the following. First, we wish to detect a class of admissible extension triples correspond-
ing to nontrivial subgroups of O(N) and corresponding to functions @ € L*(RY) which are
not s-integrable for any s < co. Second, starting from a range of admissible extension triples
(G,q,Q), we wish to derive selfdual (Lp/, LP)-estimates for the restriction of mappings of the
form

f = Rof = QR(QY)
to G-invariant functions in the Schwartz space S of rapidly decreasing functions in RY. Here
R denotes the standard Helmholtz resolvent defined by Rf = @ * f, where
7 @nle]) 2 HYL, (). for = € RM\{0),

is the fundamental solution of the Helmholtz operator associated with Sommerfeld’s outgoing

(3.3) O(x) :=

. o . 1-N (1)
radiation condition d,u(z) — iu(z) = o(|z| 2 ), as |x| — oo. Here H’, denotes the Hankel
2

function of the first kind of order % Moreover, we wish to derive corresponding nonvanishing
results in the spirit of [31, Theorem 3.1]. Finally, we wish to deduce existence results for real-

valued G-invariant solutions of nonlinear Helmholtz equations of the form

(3.4) —Au—u=Q2)|uP?u, ueW»PRN).
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With regard to our first aim, we focus our attention to the subgroups
(3.5) Gr:=0O(N —k) xO(k) € O(N) fork=1,...,N—1.
Moreover, we consider weight functions of the form @, = 1, for the set
(3.6) Lo = {x = (aW 2®)) e RN=F 5« RF . |z(V=F)| < g2},

where a > 0 is an arbitrary fixed number and « > 0. Since |Ly| = oo, we have Q, ¢ L¥(RY)

for any a > 0, s < oo.

THEOREM 3.2. Let N >3, ke {1,...,N — 1}, let « > 0, and let Qo = 11, with L, given in
(3.6). Moreover, suppose that

1
(3.7) o> ifk=1, a<N-1 ifk=N-—1,
N -1
and let
2(N-1)-2 A
N—2 k=1,
2(N —k) — 2 2k —2a(N — k)
3.8 A a = o o< k< _9.
(3.8) N, maX{ I P if2<k<N-—2;
2(N = 1) — 2 .
- s <~ = —1_
N —2 ) ka N

Then (G, q,Qa) is an admissible extension triple for every ¢ > AN k.q-

We note that, in Theorem below, we shall in fact prove a generalization of this result for
characteristic functions of sets of the form L, g := {z € RY : |2(N=F)| < gmax{|z®|=, |2*)|=F1}
with a > § > 0. Regarding Theorem we note in particular that Ay o = 0 for a = ﬁ, SO

(Gk, q,Qq) is an admissible extension triple for every ¢ > 1 in this case if also (3.7)) is satisfied.

k+1

More generally, the latter property holds if o € (m, N—27]]§+1)7 since then we have Ay ;o < 1.

Comparing with the classical Stein-Tomas exponent, we have Ay 1 o < 28{,\]:1) if
N-1 N+1-2k
k<
=2 “Ay—pw-n™® @
N—1<k<N+1 6( N+1-2k k(N —1) )
2 2 ““WwWowmwN-1%-w-1
N +1 k(N —1)
k> 0, ——).
=T (0 y—x_p

The main part of the proof of this Theorem consists in a detailed asymptotic study of one-
dimensional integrals which arise after integrating along the orbits of G. Here, the well-known
bound

1—-k
2
’

\doy(2)] < C(1 + |z|) z € RF
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2k—2a(N—Fk)

2(N+L) |\ .
N—1
1 2(N—k)—2&
2 N_h—T
1 1
k «

FiGURE 1. Possible values of ¢ for N = 6 and k£ = 2 depending on «.

for the Fourier transform of the standard measure doy on S¥~! will play a key role (see e.g.
[59] §8: Theorem 3.1}).

We also remark that, if (G, ¢,Q) is an admissible extension triple and Q' : RN — C is a
measurable function with |Q’| < |Q| in RY, then, by definition, (G, q, Q') is also an admissible
extension triple. Consequently, the statement of Theorem [3.2|extends to functions Q € L>®(RY)
with |Q| < cl, in RY for some ¢ > 0.

Next we state our main result on (L LP)-Helmholtz resolvent estimates for G-invariant func-
tions. Here and in the following, for r € [1, 00|, we let L7,(R") denotes the closed subspace of

G-invariant functions in L"(R™).

THEOREM 3.3. Let N > 3, let G C O(N) be a closed subgroup, let Q € L¥(RYN), and let

q € [1, 2(]<[le1)] be such that (G,q,Q) is an admissible extension triple. Then for every p €
(2N 2¢ 2N

N-Tg12 m} there exists a constant C > 0 such that

(3.9) IReNllge < Clfll e for every f € Sa.

Here and in the following, S¢ C S denotes the subspace of G-invariant functions in the Schwartz

space S.

Our proof of Theorem is based on the strategy used in [37] and [43], see also [31]. We

recall that a selfdual estimate of the form (3.9) has been proved in [43] for the Helmholtz

2(N+1) 2N
N—-1 »N-=-2

non-selfdual estimates were obtained in [37]. Clearly, these already available (L", L®)-estimates

resolvent R in place of R, in the range of exponents p € | ], while corresponding

for R extend, by approximation, to the weighted resolvent R, in the case where Q € L>(RY).

Theorem [3.3|complements the selfdual estimate in [43], for R and G-invariant functions, in the

case where (G, ¢, Q) is an admissible extension triple for some ¢ < %, which is equivalent
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to the 1nequahty N o1 q%f2 < % In fact, we will prove a non-selfdual generalization of

Theorem B.3] in Theorem [B.12] below.
Under the assumptions of Theorem it follows, by density, that the weighted resolvent R
extends to a bounded linear operator LZ(RN ) = LZ(RY). In our next result we state that,

under the same assumptions, a nonvanishing property in the spirit of [31, Theorem 3.1] holds.

THEOREM 3.4. Let N > 3, let G C O(N) be a closed subgroup, let Q € LE(RY), and let

q € [1, Q%lel)] be such that (G,q,Q) is an admissible extension triple. Moreover, let p €

(2 %’ 281, Then for every bounded sequence (vy,),, C Lg (RN satisfying

n—o00
RN

limsup/vnRQ(vn) dz| > 0,

there exist — after passing to a subsequence — numbers R,( > 0 and a sequence of points

() nen C RY with

/ |Qua ()P dz > ¢, for all n.

BR(an)
In the special (non-symmetric) case G = {id}, @ = 1, ¢ = 2%\[:1), this theorem reduces to
[31], Theorem 3.1]. Here we note that ]\2,N T q%qu = (N 1) if ¢ = 2(]@7:1). The general strategy

of the proof of Theorem [3.4] ﬂ is inspired by [31, Theorem 3.1]. However, additional difficulties,
related to the fact that the multiplication with Q € L>(RY) does not map S into itself, lead
to a somewhat more involved argument.

Theorems [3.3]and [3.4]are useful in the study of real-valued G-invariant solutions of the nonlinear
Helmbholtz equation with a real-valued weight function @ € L (RY), where G C O(N) is
a given closed subgroup. In the following, we focus on dual bound state solutions, which arise
as solutions u € LP(RY) of the integral equation u = R(Q|u[P~?u), where R is the real part of
the resolvent operator R, see Section [5| for details. Our first main result in this context is the

following.

THEOREM 3.5. Let N > 3, let G C O(N) be a closed subgroup, and let @ € LE¥(RYN) be a
real-valued nonnegative function with Q % 0 and with the property that

(3.10) 1R L1 (Br(z)) — 0 as |z| — oo for some R > 0.

Moreover, let q € [1, 235:”], and let p € (max{%q%fQ,Q}, o 2) be such that (G, q, Q ) is
an admissible extension triple. Then admits a nontrivial G-invariant dual bound state

solution.

We recall that, by the Stein-Tomas inequality, (G, ¢, Q') is an admissible extension triple for

q= 2%\”11) and every closed subgroup G C O(N) and every Q' € L>°(R"). Recalling moreover

2N 2 _ 2(N+1) .
that 2 = TN-1

in this case, we readily deduce the following corollary of Theorem
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COROLLARY 3.6. Let N > 3, let G C O(N) be a closed subgroup, and let Q € L¥(RY) be a

nonnegative function satisfying Q@ Z 0 and . Then admits a nontrivial G-invariant

2(N+1) 2N)
N—-1 > N-2/

dual bound state solution for every p € (

This corollary applies in particular in the non-symmetric case G = {id}, but it requires the
asymptotic condition (3.10f). On the other hand, in the case of special symmetries corresponding
to the subgroups Gy, defined in (3.5)), we may drop assumption (3.10)), as the following result
shows.

THEOREM 3.7. Let N > 4, let k € {2,...,N — 2}, and let Q € LOGOk(]RN) be a nonnegative

function with Q@ £ 0. Then admits a nontrivial G-invariant dual bound state solution

2(N+1
for every p € ( (N_+1), ]\2,71172)

Finally, we point out that assumption (3.10) holds in particular for functions Q € L*®(RY)
satisfying |Q| < ¢l for some ¢, & > 0, where L, is given in (3.6). Using this fact, the following
corollary can be deduced from Theorems and

COROLLARY 3.8. Let N >3, letk € {1,...,N—1}, and let « > 0. Moreover, let Q) € Lg, (RM)
be a nonnegative function with Q #Z 0 and satisfying |Q| < clp, for some ¢ > 0 with L,
given in . Then admits a nontrivial Gg-invariant dual bound state solution for all
P € (UN k) ]\2,—]172) if one of the following holds:

(i) k=1 and
1 N+1
(3.11) P e )
' HNLe "= 4NN =1) - 1) oo Nl
(N —1)(2aN —3a - 1)’ 3(N—1)
(ii) k=N —1 and
AN(N —1— @) 3(N —1)
N_1@2N —a-_3)’ 0 <es=§1
(3.12) UNN—1,0 = (N 1
2, (N_:1)<a<N—1.
(iii) 2< k< N —2 and
AN(k — (N — k) o N1
(N D2k —1—aN —k)’ SINFOWN R
_ N+2k—1 (N + 1)k
(313) ina =12 Wi R~ CSN1raN R
AN(a(N — k) — k) oo (VD
(N-1D(2a(N —k) —a—Fk)’ N-1+2(N—k)
We point out that, in contrast to Corollary and Theorem Corollary allows to
consider exponents p < Q%lel).

To put our existence results for (3.4]) into perspective, we recall some previous results. In
[37], the existence of small complex solutions has been proved via the use of contraction

mappings in dimensions N = 3,4, p =3 and Q = +1. A variant of this technique is developed
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in [51], where continua of small real-valued solutions of (3.4]) are detected for a larger class

of nonlinearities. The dual variational approach to (3.4) was introduced in [31], where the

2(N+1) 2N
N—1 ’N—2) and

existence of nontrivial dual bound state solutions was proved for p € (
for nonnegative weight functions @ € L>(R™) \ {0} which are either Z"-periodic or satisfy
the uniform decay assumptions Q(z) — 0 as |x| — oo. Under additional restrictions on @,
this approach was extended to the Sobolev critical case p = % in [Y1]. Moreover, a dual
approach in Orlicz spaces was developed in [27] to treat more general nonlinearities in (3.4)).
The defocusing case @) < 0 in and radial solutions are considered in [52]. We are not
aware of any previous work where symmetries different from radial symmetry are used to extend

the range of admissible exponents to values below the Stein-Tomas exponent 2%\[:1) and to

overcome lack of compactness issues in the context of . .

The paper is organized as follows. In Section [2, we derive a Fourier extension estimate for
G-invariant functions, where Gy, is defined in . In particular, we prove a generalization
of Theorem In Section |3 we provide weighted Helmholtz resolvent estimates relative to
a given admissible extension triple, thereby giving the proof of Theorem In Section [4] we
study related nonvanishing properties, and we give the proof of Theorem Finally, Section 5]
is devoted to our main existence results for dual bound state solutions of .

We close this introduction by fixing some notation. Throughout the paper we denote by B,.(z)
the open ball in RY with radius r > 0 and center at z. Moreover, we set B, = B, (0) and Siv-1
for the boundary of B; =: B. The constant oy represents the volume of the unit ball By in RV.
For any element z € RY we write 2 = (V"% 2®)) .= ((z1,...,25_1), (@N,11,---,2N)) €
RN~k x R¥. Moreover by B*) we denote the unit ball in R¥. By 1 we denote the characteristic
function of a measurable set L C RY. Furthermore, we shall indifferently denote by f or F (f)

the Fourier transform of a function in RY given by

FE) = F(6) = (2m) 3 / e f(2) da

RN
and by F,, the inverse Fourier transform of an admissible functions F' defined on SV~ via

_N

Fy(x) = (2m) 2 / Y F(w) do(w).

§N-1

For 1 < s < oo, we abbreviate the norm on L*(RY) by ||-||,. The Schwartz-class of rapidly

decreasing functions on RY is denoted by S. For any p € (1, 00) we always denote by p’ := p%l

the Holder conjugate of p.
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2. Fourier extension estimates for GGi-invariant functions

We recall that, for a function F € L?(SV~1), we define the (inverse) Fourier transform of Fdo
by

Fo(z) = (20)% / ¢ P (1) do(w).

gN-1

For F' = 1 we use the notation

doy(x) = (27r)_% / e do(w)
SN-1
and will often omit the dimensional index if no confusion is possible. We point out that this
function satisfies the key uniform bound

r e RN,

(3.14) |don ()] < C(1+|a) 7,
with a constant C = C(IN) > 0, see e.g. [59] §8: Theorem 3.1].

For k € {1,...,N — 1}, we consider the closed subgroup G = O(N — k) x O(k) C O(N). We
first derive a useful expression for F, in the case where F' € C(SN~1) is Gj-invariant. Note

that in this case F' only depends on one variable r € [0, 1] via the function

(3.15) hr:10,1] = R, hp(r):=F(rn,v/1 —1r2p) for n € SN=F-1 e sFL

LeEMMA 3.9. Let k€ {1,...,N — 1} and F € C(SN~1) be Gj-invariant. Then we have

1

(316) Fy(r) = (2m) ¥ 2ok / VL1 255 )y (e o (VI = 22 ®)) dr
N

0
with hg given in . Moreover,

1
i F|poev- L ]
o) < o) hon IO foeton 105 e (3T a0

Nay /|SN=F-1]|Sk-1]

for all x € RV,

=
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PROOF. By using slice integration (see e.g. [6, A.5]) we have

By(z) = (27)> / ¢ P (w) dor(w)

gN-1

N kay k=2 ;o (N—k) NON -
= (271-) 2 Nax / (1 _ ’y‘Q) 7 el Y / et 1 \y|2#F <y, 1— |y‘21u> dUk(,U) dek(y)
B(N—k) Sk—1

k _ (N k)
= (2ﬂ)g$/rN_k_1(l — )t / i / eV (7“77, 1 —T2M> doy(p) don—k(n) dr
N

SN—k—1 Sk—1

0
1
= om) 3 o [N ) () (e o (V1 = ) dr
0
for all z € RY with hfr given in , as claimed in . In particular, we get

1
|Fy(z)] < (zw)%ﬂ / rNR1(1 =12 SR hp(r)] |doy—k(reWY )| dor(v/1 — r22®)] dr.
0

Napn
1
i 1 2
< (zw)%NZ’;V /rNkl(l — ) hp(r)Pdr | x

0

N

1
/ PN =025 do g (ra™ )P |dog (V1 = 722 W) 2dr
0

N[

1
F — 2 . .
_ (271_)% kay, H ||L2(SN 1) /T‘N_k_l(l _T2)¥|dO_N_k(T$(N—k))‘2 |d0k( /1 —T2$(k))‘2d1"
0

Nay /|SN=F-1[|Sk-1]

g

For a > 8 > 0 and fixed a > 0, we now consider the subset
(3.17) Log:={x= (zWN=R) )y 12N =R)| < g max {|$(k)‘7o‘, \x(k)rﬁ}} c RV,

We shall prove the following generalization of Theorem [3.2]

THEOREM 3.10. Let N > 3. Suppose we have a > >0, k€ {1,...,N =1}, Q =1, with
Lag given as in (3.6), and

(3.18) AN g = max{%—ZB(N—k) 2(N—k;)_20i€}

k—1 " N—-k-1
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Suppose furthermore that ¢ > 1 and k € {1,...,N — 1} satisfy

k=1 B d AN
=1, SN—] W a> T O
(3.19) 2<k<N-2 4> ANkas OF
2(N—-1)-2
k=N -1, a< N-—-1, andq>(N)26-

Then there exists a constant C = C(N, k,«, 8, a) with the property that

(3.20) HQFUHq < C|F || p2gn-1y for every Gy-invariant function F € C(SV™1).

PrROOF. We shall prove (3.20)) under the additional assumption
(3.21) q <4,

noting that for any o > 8> 0 and k € {1,..., N — 1}, the set of values ¢ satisfying (3.19) and
(3.21)) is non-empty. Moreover, by interpolating with the trivial estimate

IQF || [SY Al 2oy »

we can remove the extra assumption a posteriori.

In the following, the letter C' stands for positive and possibly different constants depending only
on N,k, o, 3 and a. Let F € C(SV¥7!) be a Gy-invariant function. Without loss of generality
we assume that ||F'[|2gn-1y = 1. Using Lemma we can write

@F = [ eF)@ \qu—/@ (o)

1

R
< C’/Q / (N=k=1)3(1 — ) |do'N R (re NN 9 doy (V1 — r220)| dr da
RN
1

0

C/T(Nkl)g(l —7r?) 4 /Q(m)\dvaNk(rx(Nk))\q|dbk(Mx(k))]q dx dr
RN

1
(3.22) C/rNkl) k(1 = ) i3 Fy (r)dr,
0

where we have used that |Q|? = @ due to the special choice of @ as a characteristic function.

In the last line we have set

(N=) () ) )
Hy(r) ::/Q("" i )\daNk(x(N_k))\q \do o (22 da.

r V1—r2

RN
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Using the definition of () and the estimate (3.14)), we deduce that

_ / (dor ()2 / oz R)|8 g V) g
|2(N=k)| < ar max (\|/a:(k7)|2) ’ ( )
<c / (14 [«®))e'5" / (14 [2 N R =E g (V-b) gy

—a B
|z(N=k)| < ar max{ ( ‘xl(k)‘ (\‘/17> }

arma{ (Y52 (7))

S

_c [ 114 980D / RS (LS
0

0
1—12 a’r(l—r2)%s’a

=C / sP1(1 4 5)"2 R0 =R 4 )2 N R gt s
0

o

(3.23)
o0 ar(l—rQ)gs’B
+C / sP1(1 4 5) 72D / R (1 )2V gy s,
Vi? 0

where the last equality follows since o > 8 > 0 by assumption and therefore

i) () i, e

Combining (3.22) and (3.23)), we can estimate

(3.24) |QF, | < C([lgl) 1 122))
with
1
(3.25) 1= /T(N“)%(N’“m — )i g0y g for i =1,2
0
and
00 ar(l—ﬂ)gs*ﬁ
B0 = [ S N4 )~ HOVRD) gy g,
1—r2 0
Vi=r? ar(1—r2)2 s

H/S;Q)(T) = / s 4 5) 2D / N1 ) T2V RED gy g,
0 0
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We first estimate I kl;, and we note that

B
ar(1—r2)2 s~

[e.e]
H,gl)(r) < / s(1=3)(k-1) / =R dt ds
V1—r2

0
(3.26) < CTN_k(l — T2)§(N—k) / s1=DE-1)=BN-k) gg < CTN_k(l — r2)(1_%)%+%
Vi—r?

for 0 < r < 1. Here we used in the last step that (1 —4)(k — 1) — (N — k) < —1 since by
(13.19) we have

B

2k — 2B(N — k)
k—1

in case k=1 and H2<k<N-1.

B>
Combining (3.25]) and (3.26|), we conclude that

1 1
1 < C/T,(N—k—l)g(l R A (E L P C/T(N—k—l)gO )4,
0 0

where the integral on the RHS is finite due to (3.21f). As a consequence, I,gl) < C; with a
constant C; = C1(N, k,3,a) >0
2)

Next we consider [ ,E , and we distinguish the following cases.

Case 1: ¢(N —k—1) <2(N —k).

In this case we estimate as follows:

1—r2 ar(1—r2) % 5=
HO () < / g1 / PN-k—1-§(N—k=1) g4 4
0 0
-2
< CpNh- N k1) (] _p2) 5 (N—k)~§ §(N—k-1) / gh—1-a(N—k)+ad(N—k-1) g
0

— PN EN-R-D () 028 for e (0,1).

Here we used in the last step that k — 1 — (N — k) + ad(N — k — 1) > —1 since by (3.19) we

have

AN-F) = k<N-—1 d N-1 ifk=N-1
N——H 1In case < - aln a < — 1 = — 1.
We thus conclude that

1

1
(3.27) IIEQ) = /T(N_k_l)g_(N_k)(l - r2)%(k_2)_§H£2 / (1—72)i¢2) g < 0.
0 0

q>

We now consider
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Case 2: ¢(N —k—1) > 2(N — k).
In this case we choose § € (4(N—k—1)—(N—k), min{{(N—k—1), {(N-k-1)+£—(N-k)}),
and we estimate as follows:

2 ar(1-r2)% s

1—r
HP (r) < / sh—1 / tN=E=1 (1 4 )05 (IN=k=1) gt g
0 0

1—12 ar(l—rQ)%s’D‘

< / sk—1 / thkflJr&f%(kafl) dt ds
0 0

< CTkaJr&f%(kafl)(l

1—r2

p2) SNk 40)-§ §(N—k-1) / k—1-a(N—k+8)+ad(N—k-1) g
0

— OPNRHEINR-D (1 2 for e e (0,1).

‘We thus conclude that
1

1
(3.28) IIEQ) = /T(Nkl)g(Nk)(l r2) ik -5 (2) / (1—r2)ik=2) g < 0.
0 0

Combining 43.27I) and (]3.28'), we conclude that I,g2) < C9 with a constant Cy = Co(N, k,a,a) >
0.
Going back to (3.24)), we deduce that

|QF, |1 < C(C1 + Ca),

where the constant on the RHS only depends on N, k, a, 5 and a. The proof is thus finished. [

We note that Theorem is a direct consequence of Theorem [3.10] since the assumptions of
Theorem [3.2] imply those of Theorem [3.10]in the case oo = f.

Moreover, we have the following duality property.

LEMMA 3.11. Suppose that a closed subgroup G C O(N), ¢ > 1, and Q € LE(RY) are given
with the property that (G, q,Q) is an admissible extension pair in the sense of Definition .

Then there exists a constant C' > 0 with

Hé\flngl HL2(SN71) < CHqu/ Jor every f € Sg.

In particular, this holds if G = G, and N, k,a, 3,q and Q) satisfy the assumptions of Theo-
rem 3. 10
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PRrROOF. Let f € Sg and F := @’SN% € L2(SV~1). Then we have

HFH%Q(SN / QfF do = 27r / / fzxef )d:z:mda(e)

gN-1 SN-1 RN

~ (2n) % / f(@)Q@)
RN

and therefore || F||f2gn-1) < C|flly, as claimed. O

¢ F(0) do(0) d < || fll¢|QFsllq < ClLfllg 1F ] L2en—1y

gN-1

3. Resolvent estimates for G-invariant functions

For N > 3, the radial outgoing fundamental solution of the Helmholtz equation —Au —u = dg
in RY is given by

(3.29) D(x) == (2nla) 2" HY, (fe),  for x € RV\{0},
2
where Hy’, (1 ) denotes the Hankel function of the first kind of order —2. For a function f €

S(RYM) the convolution u := ® x f € C>°(RY) is a solution of the inhomogeneous Helmholtz
equation —Au — u = f which satisfies the Sommerfeld outgoing radiation condition d,u(z) —
iu(z) = 0(|xl%), as |x| — oco. Moreover, it is known (see [36]) that, in the sense of tempered
distributions, the Fourier transform of ® is given by

1 b4 1
—_ 21 lim
SR

e—0t [€]2 = (1 +ie)
As a consequence of a classical estimate of Kenig, Ruiz and Sogge (see [43] Theorem 2.3]), the

vl z

(3.30) d(¢) = (2m)

mapping f > @ * f for f € S(RY) extends as a continuous linear operator

R : LP(RN) — LP(RYN)

for % <p< % Moreover, non-selfdual (L”,Lp/)—estimates for R were established by

Gutiérrez in [37, Theorem 6]. The aim of this section is to establish a similar estimate for
the operator Rq defined by Rqo(f) := f — Q[® * (Qf)], where G is a closed subgroup of
O(N) and Q € L¥(RY) is a weight function. The main result of this section is the following
generalization of Theorem

THEOREM 3.12. Let N > 3, let G C O(N) be a closed subgroup, let @ € LOGO(RN), and
let q € [1,%] be such that (G,q,Q) is an admissible extension triple. Moreover, let
p,r € (1,00) satisfy

N -2 1 1 q+2 N -1
3.31 < —4 - _
( ) N “p r < 2q N
Suppose moreover that
1 1 N -1
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and that
(3.33)

20 1 (N-Dg—2N-3) 1_(N-D@-q1, (N-1[N~1)q—2(N-3)
(N-12-q)p 2N(2 —q) r 2q p 4qN

if ¢ < 2. Then there exists C' > 0 such that

(3.34) R fll, < ClIfll,y for all functions f € Sg(RY).

REMARK 3.13. (i) In the special case r = p, the assumptions of Theorem reduce to

pE (% (12%, %] Hence Theoremfollows directly from Theorem .

(i) The assumption q € [1, Q%lel)] implies that condition (3.31]) covers the (nonempty) con-

dition % < % + % < % considered in [37, Theorem 6.

(11i) Geometrically, the conditions , and can be formulated for the point

(%, %) to be contained in the trapezoid in (0,1) x (0,1) spanned by the points

N-3 N-1 N—-1 N-1 N—-1 N-3 N—-1 N-1
( ) )7 ( ) )) ( > ) and ( , )7
2N 2N qN 2N 2N 2N 2N qN

with part of the boundary being excluded due to the fact that some of these inequalities are

strict. In the case q = 2, this trapezoid degenerates to a triangle.

FIGURE 2. Reflected Riesz diagrams for 1 < ¢ < 2 (left) and ¢ > 2 (right)

In order to prove Theorem we adapt the strategy of [37] and [43], see also [31]. Through-
out the remainder of this section, we fix a closed subgroup G C O(N) and Q € L¥(RY). We

first note the following lemma which is a basic consequence of complex interpolation.
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LEMMA 3.14. Let 1 < g < oo and let p € S be a radial function. Suppose furthermore that

(3.35) 1Q[p * (Qu)lll2 < CD [|ul|, and
(3.36) 1R * (Qu)]llse < CD'™ lully for all u € Sg(R™)
with constants C, D > 0. Suppose furthermore that p,r € (1,00) satisfy
1 1 1 1

(3.37) dq’lggmin{—i——,dqg},

p T 2 ¢ pp
where

. fq 2 q 2
(3.38) dg,1 = min {2, q} and  dgo2 = max {2, q} .
Then we have
(3.39) Qe+ (Qu)]||, < CDAra|ul,  for allu € Sa(RY),
with

2gN (1 1

3.40 Arpgi=——(-+~-) = (N =1).
(3.40) o= g ()~ (N =)

PrOOF. Since p € S is radial, the convolution with p maps G-invariant functions to G-

invariant functions. Moreover, by assumption we have

[ @l @ulds = | o (@u))de < full Qe+ @), < CDlul2 o],
for all u,v € Sg. By duality, we therefore have
(3.41) 1Q[p * (Qu)] Hq < CD |ul, for all u € Sg.
Note that, by () the point (%, %) is contained in the closed symmetric triangle in R?
spanned by the points (%, ), (3, é) and (0,0). Hence we can write
1 A 1 A
LA e 1A
p q 2 r 2 q
With v :=1— (A + p), we thus have

(3.42) with Ap>0, A4+p<l.

1 A 1 A
LA, p o 1A p o
p ¢ 2 1 r 2 q o0
so complex interpolation of the inequalities (3.35)), (3.36]) and (3.41)) gives
(3.43) 1Q[p* (Qu)]||, < D} W=Dy = CD" N [lufl,  for all u € Sg.

Solving (3.42) yields A + p = %(% + %) and therefore v = 1 — %(% + %) Hence (3.39

follows from (|3.43)). O

Next we decompose the fundamental solution ® as in [37] and [31]. For this we fix 1) € S(RY)
such that ¢ € C2° is radial, 0 < ¢ <1 and ¢ = 1 for ||¢]| — 1] < L, ¢(€) = 0 for [|¢] — 1] > 1.
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We then write
D=0 + Py with @1 =9 *x®, Py=P — Py,

Accordingly, we write
Ro=RH+RE  with RL(f) :=Q[®; = (Qf)], i=1,2.

As shown in [31], Section 3], we have

(3.44) 1B1(z)] < C(L+|z) 2 forz eRY
and
(3.45) 1Bo(z)] < Cmin{lz|>Y, |z} for z € RV \ {0}.

In particular, by the Hardy Littlewood Sobolev inequality, we have the following.

LEMMA 3.15. For every pair of numbers p,r € (1,00) satisfying

1 1 N -2
,> ,
p r N

the convolution operator f — ®o x f defines a bounded linear map from L¥ (RN) — L"(RN).
Consequently, the operator R% also defines a bounded linear map from LY (RN) — L™(RY) in

this case.
Next we turn to the operator T\’,é?

PROPOSITION 3.16. Let g € [1, o0) be given such that (G, q, Q) is an admissible extension triple.

Moreover, let p,r € (1,00) satisfy
d 1 d 1 1 2N-1
(3.46) ng—gﬂ and 7+7<i7
p T p p T 2¢ N
with dg1,dg2 defined in . Then there exists C > 0 such that

HRé?er < C|fll, for all functions f € Sg(RY).

PROOF. Let ¢ € S(RY) be such that @ € CX(RY) is radial, 0 < < 1 with § = 1 for
1§] — 1] < L and =0 for ||¢| — 1| > 4. By construction of ®;, we then have ®; = &,, which
means that ®; = (277)_%i>1 * o and therefore
N
Rof = Q@1+ (Qf)] = (2m) 2 Q[®1+¢xQf]  for feS.

Choose 1 € C°(RY) radial with 0 < n < 1, n(z) = 1 for || < 1, n(x) = 0 for |z| > 2. Moreover
we define 1; € C°(RY) by 19 = n and ¢j(z) = n(277z) — n(2=U~Yz) for j € N, z € RV,

Then we have the dyadic composition

=) @  with @] =v;d
j=0
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Using (3.44)), we find that

H<I>31H < C2_j(N271>, for all 7,
oo

o~

where the constant C' > 0 is independent of j. Using that ® is radial, we get, with Plancherel’s
theorem and Lemma

[(@1x0) < @], = [ 12l©)2a <>\2d§<c/ SHelnP [ 1QFw)P dotw) dr
RN

gN-1
<[5 1QfI% < C2|Qf|5  forall f € Sa,
where the constant does not depend on j. Consequently, we thus have
|e@l+¢)x@p|, < c2blQrl,  foranfeSe.
Moreover, we have

5 ), for all j,

127 % Plloc < [ @][lsclllls < C
which implies that
|e@l+e)«@n|_<c

Since the assumption (3.46) implies (3.37), we may apply Lemma to the radial kernel
<I>{ * ¢ € S(RY) and deduce that

(3.47) |e@] <o)« @n)| =c2teaysl,  foralfess

with A, ), given in (3.40). By assumption (3.46), we have A, ,, < 0. Since, as remarked
above, &1 = (2#)7%(1)1 * i, we deduce that

IRLE]| = 1Q®1 % (QF), = (2m)~ 7 |Q(®1 % ) * (Q)],

<C

for all f € Sg.

%ZHQWW Q)| <Collflly  foral fesSs

o0 .
£l S 234rpa < o0, The proof is finished. O
7=0

with Cy = C(27)~

We may now complete the

PROOF OF THEOREM [3.12l Let M denote the set of points ( ,2) € (0,1) x (0,1) such
that ([3.34) holds with some constant C' > 0. By combining Lemma [3.15] m 5l and Proposition

we see that( 1)ye M if

dgr 1 _dyo N-2 1 1 g¢+2N-1
3.48 < - < 2 d <4l dirTerT
( ) p —r= p an N _p+7“ 2q N
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: : N-1 N-1y (N-1 N-1
Hence the closure of M contains the points (5, 55 ), (55> 4w

line segment between these points. Moreover, by [43, Lemma 2.2(b)], M also contains the

) and therefore also the
open line segment between the points ( 21_\,3, ]\2/ Nl) and ( 21_\,1, ]\é 3
mterpolatmn yields that M contains all points ( ,1) € (0,1) x (0,1) with the property that
1< 2 SN L and that

). Hence, if ¢ > 2, complex

7«7

N =2 1 1 2N-1
Sl 1 _areNot

N p T 2q N

i.e., all points ( , 1) € (0,1) x (0,1) satisfying (3.31) and (3.32). Hence the theorem is proved
in the case ¢ > 2.

(3.49)

If q < 2, complex interpolation yields that M contains all points ( ) (0,1)x(0,1) satisfying
and with the property that ( ) lies above the line through the points ( 2;,1, ]\27 N3)
(%, 25*) and below the line through the points (552, 554, (252, ]\(gNl). This is precisely
the set of points (7, 7) (0,1) x (0,1) satisfying (]3.31[) and (]3.33[). The proof is thus also

finished in this case. O

4. Nonvanishing for G-invariant functions

Our next aim is to deduce a nonvanishing theorem for the operator Rq and G-invariant func-
tions, where again G C O(N) is a closed subgroup and Q € L¥ (RY) is a given weight function.

We restate Theorem [3.4] for the reader’s convenience.

THEOREM 3.17. Let N > 3, let G C O(N) be a closed subgroup, let Q € LZT?(RN), and

let q € [1,%] be such that (G,q,Q) is an admissible extension triple. Moreover, let
pE (%%, %} Then for every bounded sequence (vy )y C LZ(RN) satisfying

lirnsup/vnRQ(vn) dz| > 0,
n—oo

RN
there exist — after passing to a subsequence — numbers R,{ > 0 and a sequence of points

(zn)nen C RY with

(3.50) / 1Qun ()P dz > ¢, for all n.

BR(xn)

The remainder of this section is devoted to the proof of this theorem. For this we fix N > 3

and g € [1, 2(}{{\/_+11)] such that (G, q, Q) is an admissible extension triple. Moreover, we keep

using the notation of the previous section, so we write ® = ®; + ®3 and Rg = R}Q + 72%2
We need to analyse the operators Rb and RQQ separately. We start by proving the following
variant of Proposition for the operator Rég

PROPOSITION 3.18. Let ¢ € S(RY) be such that p € C°(RY) is radial, 0 < 3 < 1 with p = 1
for |l€] = 1] < L and =0 for||¢| — 1] > L.
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Moreover, let n € C°(RYN) be radial with 0 <n <1, n(z) =1 for |x| < 1, n(x) =0 for |z| > 2,
and let i (z) = n(27%x) for k € N.
Finally, let p € (%%,oo) and Apq =
that for k > 1 we have

p q+2 +1— N < 0. Then there exists C > 0 such

k+l

Je(ta -meex@n)| <c I

for all functions f € Sq.

ProoF. Let k € N. Using the given function 7, we let <I>]1'7 j € NU{0} be defined as in the
proof of Proposition The proof of this proposition yields, in particular, inequality (3.47))

with 7 = p, which writes as

HQ[(@{ k) % (QF)] H < C28%a||f|,  for j € N and all functions f € S¢
p

—L 4+ 1 — N, cf. (3.40). Moreover, by construction, we have the

. 4
with A,, == Ap,p,q = %q—fQ

dyadic decomposition

(1— )@ = Z ]
j=k+1
and therefore

HQ( (1 =) ®1] % x Qf)H Z HQ cI)J *cp (Qf)]HPSCHfHP’ i 9% Ap.q

j=k+1 J=k+1
kJrlA
272
=C——F _QAM 11l s
for all functions f € Sg, as claimed. O
LEMMA 3.19. Let p > 2N1 q%qu and suppose that (vy,)n, C Sg is an LY -bounded sequence with

lim sup / 1Qua|P" dz =0, for all p > 0.
n—oo yelRN
Bp(y)
Then

/ Quy[P1 % (Quy)] dz — 0, as n — oo.

PROOF. Let, as in the assumptions of Proposition ¢ € S(RY) be such that ¢ €
Ce(RY) isradial, 0 < $ < 1with g =1for [|¢| — 1| <  and $ = 0 for ||¢| — 1| > 3. Moreover,
let w, = ¢ * (Quy,). Then we have

(3.51) lwnlly < llellil|Qually < [l@ll1l|Qllocllonlp

for all n € N by Young’s inequality, so (wy), is also a bounded sequence in LP (RN) by
assumption. Since &D\l = &)\1 @, we have (27r)%CI>1 = &1 *x . Therefore, with ;. defined as in
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Proposition 318 we can write
(277)% /Qvn[q)l * (Quy)] dox = /Qvn[Cbl x o * (Quy)] dx
RN RN

= / Qup [Nk ®1 * ¢ * (Quy)| dx + / Qup[(1 — k)P * @ * (Quy)]| du,
RN RN
for every n, k € N, where

p,q
[ @ual-n@rpx(Qua da < oully Q10 = m)@al < 06 Qo) | < 020
o P12
by Hoélder’s inequality and Proposition Since A, 4 < 0, it follows that

(3.52) sup| / Qual(1 = m)®1 + 9+ (Quu)] da| 0, as k> oo.
neN
RN

For fixed k € N, we now choose R = 2*t! which implies that 7, = 0 on RY \ Br. Decomposing
RY into disjoint N-cubes {Z;};en of side length R, and considering for each | the N— cube Z)
with the same center as Z; but with side length 3R, we find

[ Qual(n) « 0 (Quu] da| =| [ Qual(n) <, o

RN RN

< i ( / |P1(z —y)| [Qua(z)| [wn(y)| dac) dy

1 |z—y|<R

< o i [ 2o s [ funl o
<0l [ [ ol )" [32( 1@l )]

=1

Z Z
2N s / i/ s ’ 5 1
< J@l=GR T [ [ lwa” da]” [S( [ 1@ual az)” ]
l:IZl, =1 Zl/
2N N / ﬁ_l > / %
< 1@l (38) 7 37 0 [sup [ 1Qual” da] 7 [S [ 1Quat” ]
Ty =1z
g I v %
< [[@1z (BR) 7 8N ] [ sup Qual” dz]” | Quall
yeERN
Biryw (W)
142 2N 147 / 51
< [@al= QI " ek GRS 3wl [ sup [ jQual” da] 7
yeR

Biryw (W)
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where we used (3.51)) in the last step. By assumption, it now follows that

(3.53) / Qua[(ne®1) * ¢ * (Qup)] dz — 0 as n — oo for every k € N.
RN
The claim now follows by combining (3.52)) and (3.53]). O

Regarding ®2 we make use of the following variant of [Y1, Theorem 2.5].

LEMMA 3.20. Let 2 < p < 2% and suppose that (vy)y, is a bounded sequence in LY (RN such
that
lim sup / lup|? dz =0, for all p > 0.
n—0o0 yERN
By (y)

Then
/vn[tﬁg*vn} dr — 0 asn — oo.

RN

PRrROOF. The claim follows from [Y1l, Theorem 2.5] in the case where v,, € S for every n € N.
If (vn)n is an arbitrary bounded sequence in LP' (RY), we first recall that, by Lemma there

exists a constant C > 0 with
| P2 * v, < Cllv|ly for every v € L” (RN).

Moreover we choose, by density, 0, € S with |[v, — 0|y < % for every n € N. The assumption
then implies that also
lim sup / |G| da = 0, forall p> 0
n—00 yeRN
By (y)
and therefore
/@n[(bg*ﬁn] dx — 0, asn— oo
RN
by [Y1l Theorem 2.5]. Moreover,

)/RN [Un (P2 * vy,) — V(Do * Ty,)] dm‘ _

‘ Up, — On)Po * (v, +70p,) d
C(1+ 2)lvally
n

(
RN

—0 as n — 0o

< COllvp — ﬁan/an +~Uan/ <

and thus also
/vn[q)g*vn] dr —0 asn — oo,

RN
as claimed. O

We are now in position to finish the proof of Theorem [3.17]
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PrROOF OF THEOREM [B.17 Let (vy), C Lg (R™) be a bounded sequence, and suppose by
contradiction that (3.50)) does not hold. Then we have

lim sup / ]Qvn|p/ dr =0, for all p > 0.

n—0o0 yGRN
By(y)

By density, we may choose v, € Sg with ||v, — Uy < % for every n € N, which implies that
1Qun — QUy |y < % for all n and therefore also

lim sup / Q|7 dx =0, for all p > 0.

n—oo yGRN

Bo(y)

Combining Lemma (applied to v,,) and Lemma (applied to Qv,), we then deduce
that

/ﬁnRQf}ndx = / Q0 [Py % (Q0y,)] dx + / QU [P2 * (QUy,)] dr — 0 as n — 0o.
RN RN RN
Moreover, by Theorem [3.3] we have

‘/ [V Rqun — UnRoUn) dx‘ = ‘/ (Un — Un)Reo(vn +vy) dx
RN RN
< lvn — {)an’HRQ(Un +~Un)”p < Cllvp — 5n||p’”vn +~Un||p

-0 as n — 00.

Consequently, we also have that [ v,Rqundz — 0 as n — oo, contrary to the assumption.
RN
The claim thus follows. O

5. Dual variational framework and G—invariant solutions

Let G C O(N) be a fixed closed subgroup, and let Q@ € L (RY) be a nonnegative fixed weight

function with @ # 0. We now focus our attention to the equation
(3.54) — Au—u = Q(x)|ulP%u, u € LP(RY).

To prove the existence of nontrivial real-valued solutions of , we will use the dual
variational approach introduced in [31] and consider the operator K, formally defined as
Kof = Q%R(Q% f), where R denotes the real part of the Helmholtz resolvent operator R, i.e.,
Rg = (Re <I>) * g with the fundamental solution ® defined in .

To analyze the mapping properties of K¢ and to set up a variational framework, we assume,
as in Theorem E that ¢ € [1, %] and p € (max{%qi—%, 2}, ]\?—J_Vz) are fixed such that
(G, q,Q%) is an admissible extension triple. The following is an immediate consequence of
Theorem [3.12
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LEMMA 3.21. Let p,r € (1,00) satisfy with p in place of p, and suppose moreover that

holds with p in place of p if ¢ > 2, and that holds with p in place of p if ¢ < 2.
Then the operator Kq is bounded as a map LZ(RN) — LT (RY).

We note that Lemma [3.21] applies in particular in the case r = p = p, so
K¢ is a bounded operator Lg(RN) — L% (RY).
We also note the following immediate corollary of Lemma

COROLLARY 3.22. There ezist o1 < p < op with the property that K¢ is bounded as a map
LG (RN) — LP(RN) and as a map LZ(RN) — LE(RN) fori=1,2.

Next we note the following variant of [31, Lemma 4.1].

LEMMA 3.23. The operator K : Lg(RN) — L%(RN) 18 locally compact, i.e., the operators
Kolp: LERYN) » LL[RY)  and  1pKq: LEL(RY) — LE(RY)

are compact for every bounded and measurable set B C RV,

ProoF. Let B C RY be bounded and measurable, and fix s € [Q%lel) , %) with s > p,
i.e., 8 < p. By [31, Lemma 4.1], the operator 1K, : L¥ (RY) — L*(RY) is compact. By
duality, the operator Kolp : L¥ (RV) — L*(RYN) is therefore also compact.

Next, let (vy,)n C L’C’; (RM) be a sequence with v, — 0 in Lg (RM). Then we have wy, := 1gv,, —
0 in LZ(RN ), and thus also in Lé(RN ), since B has finite measure. By the compactness
property mentioned above, it follows that Kolpv, = Kgolpw, — 0 strongly in LE(RN ).
Moreover, it follows from Corollary that the sequence of functions Kqolpv, = Kqouwp,
n € Nis bounded in L} (RN) for some o1 < p. Since o1 < p < s, it thus follows by interpolation

that there exists 6 € (0, 1] with
|Kolptnly < 1Kol pualli KoL pualll 50 as n— oo.

Hence the operator Kolp : LZ(RN ) = LP,(RY) is compact, and by duality it follows that also
1Ko : Lg(]RN) — LE,(RY) is a compact operator. O

As in [31], we now introduce the (dual) energy functional

/ 1 / 1
T N T / ol do— / o[Kov](x) da.
RN RN
Then J is of class C* with
J (v)w = /(\v\pl% — Kgv)w dz for v,w € LZ(RN).
RN

Moreover, we have
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LEMMA 3.24. Ifv € Lg(RN) is a critical point of J, then u = RQ%U s a real-valued solution

of of class W24(RN) N CL*(RN) for ¢ > p, s € (0,1).

PROOF. Let w € LY (RN), and let wg € L (RY) be defined by

wg = /w o Adu(A), ie., wa(z) = /w(Am)d,u(A) for z € RY,
G G

where 1 is the Haar-measure of G. Since v is G-invariant, it follows that

/(!v|p,_zv — Kou)w dz = /(]v|p,_20 — Kgu)[w o A] dx forall A e @
RN RN

and therefore

/(|v|p/_2v — Kov)w dz = /(|U|p/_2v — Kgv)wg dz = J'(v)wg =0
RN RN

Consequently, we have |v[F'~2v = Kgv in LP(RY), which implies that u = RQ%U satisfies the
equation

u = RQ|u[P%u in LP(RV).
The claim now follows by [31], Lemma 4.3]. O

Next we note that the functional J has a mountain pass geometry. More precisely, we have:

LEMMA 3.25. (i) There exists 6 > 0 and 0 < p < 1 such that J(v) > § > 0 for all
v € LY RY) with o] = p.
(ii) There is vy € LE,(RYN) such that ||voll,y > 1 and J(v(/)) < 0.
(iii) Every Palais-Smale sequence for J is bounded in LL,(RY).
(iv) There exists a Palais-Smale sequence for J at the mountain pass level

3.55 d = inf J(v(t) > 0,
(3.55) Inf max (v(1)

where T = {y € C(10, 11, LE(RY)) : 7(0) = 0, [y(Dlly > p. J((1)) < 0}.

PROOF. Since p > 2, the parts (i)-(iii) are proved in [31, Lemma 4.2] for G = {id}, and
the proof remains the same for general closed subgroups G C O(NN). Moreover, the positivity
of the mountain pass level ¢ defined in is a direct consequence of (i) and (ii), which
also shows that the set I' is nonempty. Finally, the proof of the existence of a Palais-Smale
sequence for J at level d is exactly the same as the proof of [31, Lemma 6.1]. Here we note
that periodicity of () was assumed in [31] Section 6], but this property is not used in Lemma
6.1. O

PROPOSITION 3.26. Let (vy,)n C LZ(RN) be a Palais-Smale sequence of J with c := lim J(v,) >

n— o0
0. Moreover, suppose that one of the following conditions hold:
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(A1) For some R > 0, we have lim HQHLl(BR(:v)) = 0.

|z|—o00

(A2) For every R > 0 we have lim Ng(x, R) = oo, where, for R > 0 and x € RY \ {0},

|z|—00

Ng(z, R) denotes the maximal number of elements of a subset H C G with Br(Az) N
Br(A'z) =@ for A,A' € H.

Then, after passing to a subsequence, we have
Up — U in LP (RN),

where v € L‘g (RN)\ {0} is a critical point of J.

PROOF. We first note that (v,), is bounded by Lemma Consequently, since L’(’;(RN )
is reflexive, there exists v € Lg (R™) such that

(3.56) vp —v  in L (RV).

Moreover,

/

lim /vnKQvn dx =

n—oo
RN

1 2
lim (J(Un) - p/J'(vn)vn> S ¢ >0

— p/ n—oo
by assumption, which implies that

lim ‘/vnR 1Up dx‘ > 0.
n—00 Qr
]RN

1
Since moreover (G,q,Q7) is an admissible extension triple by assumption, Theorem ap-
plies and yields 6, R > 0 and a sequence of points (xy,), C RY such that, after passing to a

subsequence,

(3.57) / QP vl dz >8>0, foralneN.
Br(zn)
We claim that (z,,), has to be bounded. To see this, we argue by contradiction and assume
that, after passing to a subsequence again, |x,| — co. We distinguish two cases.
Case 1: (A1) holds.
In this case we put ¢, = Qp_lvn]lBR(xn), and we note that (¢,), is a bounded sequence in

LP (RN). Moreover, we have
1 / ’
(3.58) / |Qrvp|P do = / |vn P _2vn‘Pndx = JI(”n)SOn + /'UnKQ(Pndx

Br(zn) RN RN

<o) llenll, +| [ vaKapn da|=o(1) + unlly 1 Kapall
RN
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as n — oco. By Corollary there exists o > p’ and C > 0 with the property that
[Kqenllp < Cllenllor forn €N,

whereas, since 0/ < p’ and by Holder’s inequality,

p'o’(p—1)
/7

p =o'
_ e
loallr = 197 ol oy < () 1QIF ) ™ el
R\Tn
(p'o'/(pfl)_ )p’—d’

Y 1 o’
< (1Rl 1 Baeny) ™ QI lvn

Since [|QlL1(Bx(zn)) — 0 by (3.10), it thus follows that ||¢n[ler — 0 as n — oo. Here we note
that, by an easy covering argument, (3.10) holds for every R > 0 if it holds for one R > 0.
Going back to (3.58)), we thus deduce that

/ ’
p —0o
plo./ |

1
/ Qv v, [P dz — 0 as n — 0o,
Br(zn)

which contradicts (3.57)).
Case 2: (A2) holds.

In this case it follows from (3.57)) and the fact that v, and @ are G-invariant that

1 / 1 /
Q¥ enll? > No(an, R) / QFvnl? da > Ne(wn, R)S — oo
Br(zn)
as n — oo, which contradicts the boundedness of the sequence (vy,), in L (RV).
Since in both cases we have reached a contradiction, we conclude that (z), is bounded.

Therefore, making R larger if necessary, we can assume that (3.57) holds with x,, = 0 for all
n € N. Now for any fixed G-invariant function ¢ € C°(RY), any r > 0 and n,m € N we have

/ (|vn|p,_2vn - |vm|p/_2vm) o dr| = |J (vy)e — J (vm)p + /cpKQ(vn —v) dx

N B

[ (wn) = T (wm) || Ml + 1L, Kq(n = van)ll,, 2l -

IN

So by assumption and the local compactness of K, as stated in Lemma @ we get that
(|vn|?” ~20n)nen is a Cauchy sequence in LP(Bg). Consequently, |v,|P ~2v, — © strongly in
LP(BpR) for some v € LP(BpR), and passing to a subsequence also pointwisely almost everywhere
on Br. This clearly implies that v, — |5|P~2% almost everywhere on B,. Now and the

. . . . ~ /_
uniqueness of the weak limit gives © = |v|P ~?v and

0<d< /\Q;vn(a:)]p, dx — / \Q%v\pl dr, asn— o0
Br Br
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which implies that v # 0.

For every G-invariant function ¢ € CZ°, we now have

J’(v)gp:/|v|p/2vgp dx — /QOKQ(U) dx
RN RN
= le /|vn|p/20ng0 dx — /npKQ(vn) dx
N RN

= lim J'(v,)p =0

n—oo

using the local strong convergence of ]vn|p/*2vn and the continuity of linear operator K :
Lg(RJ\/[) — LE(RY). By density, it now follows that .J'(v)w = 0 for every w € Lg(RN), ie.,
v € LE,(RN) \ {0} is a critical point of J. O

We now have all the tools to complete the proofs of our main existence results for nontrivial

G-invariant dual ground state solutions as stated in the introduction.

PROOF OF THEOREM (COMPLETED). By Lemma [3.25(iv), there exists a Palais-Smale
sequence (vy, ), in Lg(RN ) for J at the mountain pass level d > 0. By Proposition we have
vp — v in Lg (RN) after passing to a subsequence, where v € Lg (RM) is a nontrivial critical
point of J. Here we note that assumption (A1) of Proposition is satisfied by . The

proof is finished by Lemma O
PROOF OF COROLLARY [3.6 Since Q% € L=®(RY), it follows by the classical Stein-Tomas
1
estimate that (G, ¢, @7) is an admissible extension triple for g = % Since
2(N+1) 2N 2N 2¢q 2N

N1 ’N—Q)Z(N—lq—i—Q’N—Q)’

the assumptions of Theorem are satisfied and yield the existence of a nontrivial solution
v e LE(RN) of (3.4). O

PROOF OF THEOREM [3.7. As above, it follows by the classical Stein-Tomas estimate that

1 2(N+1)

(Gk»q,Qr) is an admissible extension triple for ¢ = =5—7~, whereas

(2(N+1) 2N )= ( 2N 2 2N)
N—-1'N-2/ ‘N—-1¢g+2'N-2"

Moreover, since 2 < k < N — 2, we have
(3.59) lim Ng(z,R) = o0 for every R > 0,

|z|—o00
where Ng(z, R) is defined as in Proposition This fact is noted without proof in [70, Proof
of Corollary 1.25], and we give the short proof here for the reader’s convenience. In fact, (3.59)
follows already from the fact that the minimal orbit dimension of Gy, is min{k — 1, N —k — 1}

and therefore greater than or equal to one by assumption. In particular, for every n € N and
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0 € SV=1 there exists ¢ > 0 and a subset Hy C G with B.(Af) N B.(A'0) = @ for every
A, A" € Hy. Moreover, by a straightforward compactness argument, € > 0 can be chosen to
depend only on n and not on § € S¥~!. Hence, if R > 0 is given, x € RY satisfies |z| > g and
0 equals (i, we have Br(A0)NBr(A'0) = @ for every A, A’ € Hy and therefore Ng(x, R) > n.

This shows (3.59)).
Hence assumption (A2) of Proposition is satisfied, and thus the proof is completed as the
proof of Theorem above. O

PROOF OF COROLLARY [3.8] We first note that @) satisfies the asymptotic condition (3.10]).
Indeed, since 0 < @ < clp, for some ¢ > 0 by assumption, it suffices to show that

(3.60) |Lo N Br(z)| — 0 as |x| — oo for every R > 0.
To see the latter, it suffices to consider a sequence (Tn)n = (xq(lN k) (k)) C RY=F x R* with
2R = 0 for all n € N and 7y, := |z,| = ]a:n | =& oo as n — oo. In this case we have

|z(k) — 2 | < R for x € Bg(z,) and therefore

|Lo N Br(zy)| < / / de@™ =) qz0) < ¢ / 20|~ (N=R)a g.(k)
{le® - <r} {|2(V=H)|<ala®|-a} {lz® —2{P|<R}
—c [ bt o [ (- r) T
|z(®)|<R |z(®)|<R

=C(rn — R)~W=ha 5 g as n — 0o

with constants C' > 0. Hence ((3.60]) holds.
Next, we first consider the case k = 1. By Theorem E additionally the condition o > ﬁ is

. N
requlred and we set \ = % By case distinction we see that py 1., = max {%%, 2}
for a > 5. Thus by Theorem [3.2{we may fix any ¢ € (iun,1,o,p) With p € (,uN,La, %) such
1

1
that (Gl, q, 1 La) is an admissible extension triple. Since 0 < Q» < cr1ly,_, it follows that also
1
(G1,q,Q7) is an admissible extension triple. Thus Theorem applies and yields that (3.4))

admits a dual bound state solution.

2(N—1)—20
N-2

and observe that for « < N — 1 the expression puy n—_1,o is chosen such that uy y—1. =

The case k = N — 1 now follows similarly: Consider additionally « < N —1, set A =

max{]\%Nl )\+27 2}_ Then, for ¢,p as above with pn n—_1,, instead of pn 1., we conclude that

(Gn-1,q, QP) is admissible extension triple and Theorem again yields the existence of a
dual bound state solution of (3.4))

f2< k< N-—2andp E%JNICQ,A%N» again a case distinction shows that unia =
max{ NoT Jr2,2} where A := An o is given in Theorem 2l Consequently, by Theorem
we may fix ¢ € (N k., p) With max{N T q+2,2} < p < ;5 and the property that (G, g, ]1La)

1
is an admissible extension triple. As above, it follows that also (Gg,q,Q?) is an admissible
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extension triple. Again, Theorem applies and yields that (3.4)) admits a nontrivial dual
bound state solution. Thus the claim holds in this case as well. O

REMARK 3.27. We note that Corollary extends to the case where Lo, is replaced by the
more general class of sets Lo g considered in Theorem [3.10. For this, one has to additionally
assume 3 > ﬁ if k = 1. Then the statement of C’orollary holds with pn1 5. If k=N —1

the statement holds with the same value un N—1,o. For 2 <k < N — 2 the value un ko needs

to be replaced by max {%)\%\2’ 2}, where now A\ = AN ka8 18 given in ((3.18




CHAPTER 4

Dual variational methods for a nonlinear Helmholtz equation

with sign-changing nonlinearity

In this chapter we will present how sign-changing nonlinearities can be incorporated into the
dual variational framework for the nonlinear Helmholtz equation and establish the existence
of real valued solutions in this context. The presented article [Y 3] resulted as a collaboration
with Rainer Mandel and Dominic Scheider. The presentation is in the very same form as the
publication [Y3], with the exception that the acknowledgement is excluded. The notation may

slightly differ from the notation in the previous chapters.

1. Introduction
In the present article, we consider nonlinear Helmholtz equations of the form

(4.1) — Au — k*u = Q(x)|ulP*u on RV

for p € {Z%lel) , %) and k > 0 with a weight function @ € L>°(R") that may change sign.

To allow for the latter is nontrivial given that one of the main tools for proving the existence of
solutions is the dual variational method that, in its classical form, relies on the nonnegativity of
the weight function. In the context of Nonlinear Helmholtz equations it was first implemented
in a paper by Evéquoz and Weth [31]. To highlight the role of the nonnegativity of @ we
briefly recapitulate the approach.

Instead of (4.1)) one considers a reformulation as the integral equation
(4.2) u = R(Qu|P?u) u € LP(RY),

where R is the real part of a resolvent type operator R, i.e., a right inverse of the Helmholtz
operator —A — k2 on RV, For f € S(RY) the operator R is given by R(f) = ®  f where

N-—-2

0w = (o) | HU ke 2R\ (0)

27T’.T’ 2

is the fundamental solution of the Helmholtz equation associated with Sommerfeld’s outgoing
radiation condition

x

(4.3) ‘vqm) — k(o)

‘ —o(jz|2"), as|z| = 0.

105
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Here, H (1),2 denotes the Hankel function of the first kind and order ¥ So the operator R
v

from (4.2)) is given by R(f) = ¥ * f where ¥ := Re(®) is given by

N-2

(4.4) xp@:):-i( i >2Y22N(k\x|), z e RV {0}

27 |x|

It is known [43, Theorem 2.3] that R extends as a continuous linear map from ’ (RN) —

LP(RY) precisely for p € [Q%lel), %} . One then introduces the dual variable @ := Ql/pl\u|p*2u

and observes that solutions of (4.2)) are precisely the critical points of the (dual) energy func-
tional I : LP (RY) — LP(RVN) given by

_ [ N
I(a) ::/Hqu,—z/ulCu dx.

p
RN
/ 1 1
Here, K : LP (RY) — LP(RY), @ — Q»R(Q7 ) is a symmetric operator in the sense of

(4.5) /fng dr = /gle dz for all f,gELp/(RN),
RN RN

see [31), Lemma 4.1]. Under the additional assumption that () vanishes at infinity, one obtains
that I is an odd functional of class C! that has the Mountain Pass Geometry and satisfies
the Palais-Smale Condition. So the existence of an unbounded sequence of solutions to
follows from the Symmetric Mountain Pass Theorem. Inverting the transformation v +— % one
thus obtains an unbounded sequence of solutions to the nonlinear Helmholtz equation .
This is the strategy proposed by Evéquoz and Weth [31] for the focusing nonlinear Helmholtz
equation @ > 0. We refer to [52] for analogous results in the defocusing case Q < 0, where the
dual variational approach was implemented for the dual variable @ := |Q|"/? |u[P~2u. In view
of these two results it is natural to ask for a dual variational approach work in the intermediate

case of sign-changing (). In this paper, we provide a solution for this problem.

To treat sign-changing coefficients Q € L>°(RY) we have to come up with a new idea to make

the dual variation approach work. We write Q = Q4+ — Q— where Q4+ := |Q|14, and

(4.6) Ay =1{Q > 0}, A ={Q < 0}.

In fact we will consider @) = AQ+ — @— for A > 0 in the following. Our main idea is to
introduce a tuple of dual variables (o, 1) € LP' (Ay) x L' (A_) associated with (ula,,ula_)
and to derive a coupled system of nonlinear integral equations the solutions of which are
precisely the critical points of an associated strongly indefinite dual energy functional. We will
see that the indefiniteness comes from the presence of (J_ and thus vanishes in the case of a
nonnegative function ¢ > 0. In particular, the critical points of this dual energy functional

will have infinite Morse index, which clearly distinguishes these solutions from the dual bound
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and ground states obtained in [31] in the case @ > 0. We will explain the dual variational
framework in detail in Section [2L

Our conditions for the existence of critical points involve the linear operator K : L? (RN) —
LP(RN), f ]Q\%R(]Q\%f) as well as the numbers

(4.7) o= max oy dz, 8= max oKy dx.
lll =1, el =lwll =1,
supp(¢)CAL RN supp(p)CA ,supp() CA_RN

Since we will assume K to be compact, both values are indeed attained. Moreover we have
B >0 and [31], Lemma 4.2(ii)] gives o > 0 once we assume that AT has positive measure, i.e.,

Q™" # 0. Our main result reads as follows.

THEOREM 4.1. Letp € [2(N+11), 2N) and Q € L®(RYN), Q* # 0. Moreover assume that

(4.8) K LY (RY) — LP(RY) is compact and /WCz/J da >0 for allp € LY (A_).

RN
Then for almost all X > \g := (2B8a~1)P there is a nontrivial strong solution u € W24(RY) N
CYY(RY) for all q € (N T ) and v € (0,1) of

(4.9) — Au — k*u = Qx(z)|ulP%u on RV,

The proof relies on a combination of a saddle-point reduction and the abstract monotonicity
trick by Jeanjean-Toland [39], which provides bounded Palais-Smale sequences (only) for al-
most all A > A\g. It would clearly be desirable to extend our result to all A > Ay, but related
a priori bounds seem to be out of reach. Notice also that [52, Theorem 1.4] suggests the
existence of nontrivial solutions also for small A > 0, possibly assuming the set {Q > 0} to be
small enough and following a different variational approach. Let us point out that A\g is small

provided that the number 3, which is the same as the operator norm |14, K(14_)||p—p, is
2(N+1)

small compared to o > 0. In the case p > this can be achieved by considering coefficient

functions @ such that dist(A_, A1) is large enough7 see [Y1l Lemma 2.6].

In the following Corollary, we show that the abstract conditions hold for a reasonable class
of sign-changing functions Q € L>(R). If for instance @ vanishes at infinity, then [31], Lemma
4.1(ii)] applied to |Q| implies that K : LP (RY) — LP(RVN) is compact. It is less immediate
to verify the non-negativity assumption on the bilinear form . From [I5] Corollary 5.4]
we infer that this condition holds for measurable sets A_ with small enough diameter. To be
more precise, if Yn_2 denotes the first (positive) zero of the Bessel function YN ~N—2, then the

condition diam(A_ ) <k~ yN 2 is sufficient. To put this condition into perspectlve note that

for N = 3 we have Y%( ) = —\/ﬁcost, thus y1/, = /2 and yn_2 > y; /3 for N > 3 (see [1]
2

Section 9.5]). We thus conclude as follows.

COROLLARY 4.2. Assume p € | (N+11), ]\2,—]_\[2) and Q € L¥(RN),Qt # 0 . Moreover assume
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(4.10) Rlim esssup|,(> g |Q(z)| =0 and diam (A_) < k*1y¥.
ade e -

Then for almost all X > \g := (2Ba~1)P there is a nontrivial strong solution u € W24(RN) N
CYY(RN) for all q € (%,oo) and vy € (0,1) of (4.9).

The regularity results in Theorem and Corollary are direct consequences of [31, Lemma
4.3] and of the iteration procedure from Step 3 in the proof of [51, Theorem 1]|. Notice that [51],
Theorem 1] provides solutions to far more general Nonlinear Helmholtz equations than
regardless of whether sign-changes occur or not, but the constructed solutions are small. This
result relies on a fixed point approach. Let us also mention [30] where nontrivial solutions of
Nonlinear Helmholtz equations are constructed for rather general and possibly sign-changing
nonlinearities vanishing identically outside some compact subset of RY. Our method is entirely

different from any of these approaches.

This paper is organzied as follows: In Section 2 we introduce our basic tools and develop the
dual variational framework by reformulating the indefinite Nonlinear Helmholtz equation as
a coupled system of integral equations. Then we prove that nontrivial critical points of the
associated energy functional .J\ are indeed nontrivial solutions u € LP(RY) of the integral
equation u = R(Qx|u[P~2u). This motivates the search for critical points of Jy. In Section 3
we perform the saddle-point reduction of (p,1) — Jy(p, ) leading to a reduced function
Jy that depends on ¢ only. In Section 4 we establish the existence of bounded Palais-Smale
sequences for these reduced functionals for almost all A > Ag. As mentioned above, this step
entirely relies on the monotonicity trick by Jeanjean and Toland [39]. Finally, we combine all
the auxiliary results to prove Theorem and Corollary [4.2) in Section 5.

Let us close this introduction by fixing some notation: Throughout the paper we denote by
B,(x) the open ball in RY with radius » > 0 and center at 2 € RY. Moreover, we set
B, = B,(0) for any r > 0. For 1 < s < oo, we abbreviate the standard norm on LS(RN) by
||l,- The Schwartz-class of rapidly decreasing functions on R¥ is denoted by S(RY). For any
p € (1,00) we always denote by p’ := p%l the Holder conjugate of p. The indicator function of
a measurable set B C RV is 15. By diam (B) we always denote the diametere of a set. We
will always use the symbols ¢, to denote L (A} )— and L¥ (A_)-functions that are continued
trivially to the whole of RY.

2. Dual variational formulation

In this section we will formulate a variational framework to the equation (4.9). We recall from

the introduction that solutions of our problem are obtained as solutions of the integral equation

(4.11) u = R(Qx|ulP~?u), u e LP(RY).
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where R(f) = U x f for the function ¥ introduced in (4.4) and

(4.12) IR Loy < C Il ey

for all p € [2%\[:1), %} and some constant C' > 0.

To obtain the dual variational formualation of (4.11)) we introduce v := 14, u and w := 14_u.

Then (4.11)) is equivalent to the system
v=A4,R[Qsv[ 0] — 14, R[Q_|w|P*w],

w=A4 R [Q+]v|p72v] —14 R [Q_|w\p72w] .

Settlng / , / ’
0= AQY P2 e IV (4y), = QY wPw e LY (AL)

we deduce
Nl 2 = QP

= AQY"R[Q+[vP?0] — QYR [Q-[wl?u]
—QUR[Q/7] - Q7R [Q7]
= Q"R [IQ1 (o - v)].

Similarly w2 = QPR [1Q17 (0 - v)]

1 1
In terms of the Birman-Schwinger operator K : f |Q|5R(|Q|5 f ) introduced above this can

be reformulated as
NPl 20 = 14, K(e — ¥),

WP 2 =14 K(p — o)

and therefore carries a variational structure through the (dual) energy functional Jy on LP' (A )x
LY (A_) given by

P po1 ;1
(4.13) M) == el — v 19l = 5 /(so —Y)K(p — ) da.
RN
This functional is of class C! with
IPACROINE / (N7 el 20 = K = ) u dav hi € LP(Ay)
RN
ZONCROINES / (=l 20 = Ko = ) hz da, hy € LV (A-).
RN

Here 01, 02 stand for the partial derivatives with respect to ¢ and . For this reason we will
look for critical points of Jy. These solve the integral equation (4.11)). Thus by the regularity

results [31, Lemma 4.3] and [51], p.13] these are indeed strong solutions to our original problem

(E9).
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PROPOSITION 4.3. Let (p,) € L (AL) x LV (A_) \ {(0,0)} be a critical point of Jy where
A > 0. Then

1
wi=R(IQ (¢ —v)) € IP(RY)
is a nontrivial solution of (4.11)).
PROOF. Let (p,¢) € L (Ay) x L (A_) \ {(0,0)} be a critical point of .Jy. Thus we have

MNP 2o =14, K0 —v), [0 =14 K(p — )
as well as
Qulul’u = ALy, —14)| Q"2
= (M, = 1a0)IQP - QI ul2 - Q[P
= (M, = 1a)IQP - [[QIPR Q1 (0 = )] 72+ [QI R [|Q17 (¢ — )]
= (MLa, = La)IQI7 - (Kl =] P72 Kl — ]
= (Ma, — 1)1 - [N ol 4 [l 2] (N ol 2+ [l )
= (ALa, — La)|QP - (AU 4 y)
= 1QI7 - (p—v).

Applying R then gives R (Q,\|u|p_2u) =R (]Qﬁ(cp — @Z))) = u. Hence u solves (4.11)). O

=

So we conclude that it remains to find nontrivial critical points of the functionals Jy for as
many A > 0 as possible. This will be achieved with the Mountain Pass Theorem for families

of C!-functionals by Jeanjean and Toland [39].

3. Saddle-point reduction

In this section we perform the saddle-point reduction of Jy with respect to the -variable. To

this end, we prove that for any fixed ¢ € LP (Ay) the functional ¥ — Jy\(p,?) attains its

maximum at some uniquely defined function in L' (A_) that we will call Z(y) in the following.

We shall see that the positivity assumption [ ¥y dz > 0 for all ¢ € LP' (A_) ensures that
N

the functional ¥ — Jy(p, 1)) is strictly concave so that the global maximization with respect
to 1 is the only reasonable approach to perform a saddle point reduction. We introduce the
reduced functional Jy : L¥ (A}) — R via

(4.14) I(p) = sup  J\(p,9).
peLr' (A)

PROPOSITION 4.4. Assume that K : LV (RN) — LP(RY) is compact and that [ Ky dz >0
A_

for all o € LP (A_). Then for every ¢ € LP' (Ay) there exists a unique Z(p) € L’ (A_) such
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that for all A > 0 we have

In(p) = Ia(p, Z(p)).

Moreover:

(i) For any ¢ € LY (A) the corresponding mazimizer Z(p) satisfies

(4.15) 12y < (FBlel, )"

where 8 is defined in (4.7)).
(i) The map Z : LP (Ay) — LV (A_) is continuous.
(iii) The reduced functional Jy : L’ (Ay) — R is of class C* with derivative

JA[h] = 015 (¢, Z(¢))[h].

PROOF. We first establish the existence of a maximizer. So fix ¢ € L (A, ) and consider a

maximizing sequence (¢, ), C L¥ (A_). Using Ja(,0) < sup  Jx(@,¥) = Ja(@, ¥n) +o0(1)
Yelr'(A-)
as n — 0o we obtain

1 ’ 1 1 /
oV) < = lnllf + [ @kbn =5 [ bukcn < =l + Blellplénly (n s o0).
D RN 2 Jry P
Here we used the nonnegativity assumption on K as well as (4.12). Hence,

(4.16) [nlly < @BIll)TT +0(1)  (n— o0),

s0 (¢n)n is bounded. Passing to a subsequence we find ¢* € L’ (A_) such that ¢, — ¢* in
LY (A_) as n — oo. Using the compactness of K and the weak lower semicontinuity of the

norm we find

sup (0, %)

YeLP' (A_)
Aol = Ll 1/ Ko d +/ Kibn d 1/ YnKtpn dz + o(1)

= , — — n ; — = XL n r — = n n Xz o

p/ C,Qp p/ p 2RNSOSO RNQD QRN
AN 1
el = lnlly — 5 [ elpdo+ [ plowtdo—g [ vtk da o)
% 1

7p, / * / 1 * 1 * *
<ol = Sl 5 [ ekpdas [ ek dn—g [ wiow dot o)

p
= Al ¥7) +o(1).

Hence the supremum is attained at *. Since equality must hold in the above estimate we
conclude |9y, — [|¥*]],/, whence ¢, — 9" in LY (A_) as n — co. This shows the existence
of a maximizer satisfying the estimate stated in (i). So (i) is proved once we have established

the uniqueness of the maximizer.
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To this end assume that ¢*, ¢t € L?' (A_) are maximizers. Then we have

)
OE%JA(¢7¢)+ In(p,yh) — JA(‘P 1/)+¢T)

_ Ll L e Lt
- (H ) S — 2
+2(RN 5 /C[ 5 }dx—2 RN@ZJIC@Z) dx—2/RN@ZJICd) dm)
v+ ot AT  _ oKl — ot
<H A ||§,>—8/RN<¢ — K — ] da
* T ,
(H“’ Ll . Wug,)
p
<0,

where we have used the non-negativity condition in the second last step and the convexity
of z — |z|P" in the last step. So we have equality in each estimate and conclude ¥* = 1.

Note that the maximizer does not depend on A since the only A-dependent term in Jy(p, 1)) is
,\1 L

HcpHp ,, which is independent of ).
We now prove (ii), i.e., the continuity of the map Z: Assume @, — ¢ in LP (A) and let
(Yn)n := (Z(¢n))n € LY (A_) be the associated maximizers. By (4.16), the sequence (¢y)y is
bounded and after passing to a subsequence we may assume ), — v in L? (A_) as n — oo.
Arguing as above we deduce
(4.17) limsup Jx(¢n) = lmsup Jx(n, ¥n) = limsup Ji (0, ¥n) < (9, %0) < Ja(9).

n—00 n—0o0 n—00
using weak lower semicontinuity and linlg i£f [¢nll,y = lltoll,y. On the other hand, with the

special choice ¥ = Z(¢) we obtain

(4.18) lim inf Jx(¢n) > Ja(e, %) = Ja(e, Z(9)) = Ja().

n—o0

Combining both estimates gives ||, — [|[¢o]|,, as well as In(¢n) = Ja(p) as n — oo. Thus
we have equality in (4.17]), (4.18]). Since maximizers are unique, we obtain ¥y = Z(p) and in
particular Z(p,) = ¥, — 1o = Z(po) in LF (A_) as n — oc.
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We are left to prove (iii). Let h € LP (Ay) be arbitrary. We can estimate the difference

quotients as follows:

lmint PO TR = @) oo e I+ 7h Z(9) = Tale Z(9))

T—0 T 70 T

T—0

= Ja(p, Z(¢))[R],
lim sup Ia(p +Th) — Jx(p) < limsup Ia(@ +Th, Z(¢ + Th)) — JA(@, Z(¢ + Th))

70 T T—0 T

1
— liminf / OIr (¢ + roh, Z(0))[H] do
0

1
= limsup/ NJIx(p* +T0oh, Z(p + Th))[h] do
0

7—0

Here we used that Z is continuous and that 0;J) is continuous, see [65], Proposition 9] for a
similar computation. We conclude that Jy is Gateaux-differentiable with continuous derivative
© — 01\ (0, Z())[], see Proposition 4.4 (iii). Hence, the reduced functional .Jy is continuously
(Fréchet-)differentiable with

TA(@)[h] = 01dx(p, Z(9))[h]  Vhe LV (Ay)

as claimed. O

Notice that the condition fRN YKy de > 0 is also necessary for the existence of a global

maximizer of ) — Jy(p, 1) because otherwise this functional is unbounded from above.

4. Palais-Smale sequences for the reduced functional

In view of the results of the previous sections, we obtain a solution to our problem by proving the
existence of a nontrivial critical point of the reduced functional .Jy : L” (Ay) — R introduced
in (4.14)). This will be done via Mountain-pass techniques for monotone families of functionals

originating from the work of Jeanjean and Toland [39].

DEFINITION 4.5. Let X be a Banach space, M C R a compact interval. Then the family
(I)ver of Cr-functionals on X is said to have the Mountain Pass Geometry if there eist
v1,v9 € X such that for all v € M it holds

¢, = inf sup I,(y(t)) > max{l,(v1), I, (v2)},
7€l tel0,1]

where I' := {y € C([0,1], X) : v(0) = v1,7y(1) = va}.

THEOREM 4.6. (Jeanjean, Toland) [39], Theorem 2.1] Assume that X is a Banach space, M C R

a compact interval and (I,),en a family of Ct-functionals on X having the Mountain Pass
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Geometry. Assume further that (I,),enr has the following property:

For every sequence (Vp, ) € M x X with v, /v« € M and with
1, (pn) — Lu, (¥n)

Vs — Up

(H) =L, (¢n), 1, (en), bounded from above,

the sequence (py,) is bounded itself, and limsup(l,, (¢n) — I, (©n)) < 0.

n—oo

Then for almost all v € M there is a bounded Palais-Smale sequence (BPS) for I, at the level

Cy.

We shall apply this result to X = L” (A ) and the family of C'-functionals I := Jy : X — R.
We first verify the Mountain Pass Geometry for parameters A € (\g, 00) where \g = (28a~1)P.

Let us recall that «, 8 were defined as

o= max Yy dz, B = max WK dx.
el =1, el =1l =1,
supp(¢)CAL RN supp(¢)CA 4 ,supp(y)) CA_RN

PROPOSITION 4.7. Let K : LP (RY) — LP(RN) be compact and assume [ K1 dz >0 for all
RN
Y € LV (A_). Then, for any given compact subinterval M C (Ao, 00), the family of functionals

(jA))\eM has the Mountain Pass Geometry according to Definition .

PROOF. For A € M we define ry := (\?~1a)/®'=2), Then we have

inf  Jy(¢)= inf sup  Ja(p, ) > inf  Jy(p,0)
||<P||p’:7">\ ||‘19Hp’:7”>\¢€Lp’(A7) ||<p||p/:r>\

it X1 [ e
= in ot — = | Kepdx
lgllr=rx P P2 Jgy

A 1 1 , 2
R R T
P

On the other hand, we have
1 ro 1
BO= sw RO0) = s |l - [ ekeds| o
PeLP' (A_) pelr (A_) L P RN

According to Definition it therefore remains to find some p* € L' (Ay) with |p*[|, > ra,
such that Jy,(¢*) < 0 holds. Notice that in this case we actually have Jy(p*) < Jy,(¢*) <0
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for all A € M C (\g,00). To achieve this we estimate .J \o from above as follows

Tale) = Dol 0) =126 + [ ek(ze) =5 [ 26z

1 ,
< a1, 0) — ];IIZ(SO)Hi/ + Bllelly 12y
< B p
< (9, 0) + ;Hsﬂllp/

where we have used that max (—Cpi, + HQOHZ c) = %H(,OHZ,. We choose ¢* = 1o where the
>

function @g € LP' (A4), |polly = 1 attains the maximum o = Sz w0K@o dz > 0. Then the
choice R := (%aﬁfp)l/(p*m yields after some computations (recall \g = (28a~1)P)

1

1
1 p—2 / 1 ,
™Ml = R = (2045_1)) ’ > (N5 7101)?”1—2 > (W la)—2 =1 for all A € M.

Using again the explicit formulas for R, A\g we find

- P RP
Iro (Rpo) < Jx,(Repo) + b
1—p/
_ >‘0 ? Rp’ gR2+ng
2 2 p
R

1
RP 1 1 1 \r 1t
= I (2Ba7) Pt 7 <2045 p> )
=0
and thus the claim holds with v; = 0 and vs = ¢* = Ryg. Il

Having established the Mountain Pass Geometry of our functionals we now verify the condi-

tion in order to use Theorem

PROPOSITION 4.8. For any compact subinterval M C (Mg, 00) the family of C'—functionals
(jA)AeM satisfies the condition .

PrOOF. Consider a sequence (¢n, \,) € L (Ay) x M with A, A, and

jAn (¢n) — jA* (¢n)

Uy — Up

~J\.(pn) £C, T, (pn) < C, <C

for all n € N. Then we have

Da(on) = aelpn) _ M7 =XNTF p/
€ > P R = 2 gl = (0 = DA +o(1)) leallyy (0 o0)
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So we conclude that (¢y,) is bounded. Furthermore, A\, — A\* > 0 gives

limsup (I, (n) — In, () = limsup AL = A7) [0, 12 = 0,

n—oo n—oo

which is all we had to show. O

We thus conclude that Theorem applies in our context and yields BPS sequences for Jy
at the corresponding Mountain pass levels ¢y for almost all A € (Ag,00). From the existence
of BPS sequences we deduce rather easily the existence of critical points at the corresponding

Mountain Pass level.

PROPOSITION 4.9. Let K : LP'(RY) — LP(RN) be compact and assume [ K1 dz >0 for all
RN
Y € LV (A_). Then for all X € (\g,o0) every BPS sequence of Jy at its Mountain Pass level

ex converges to a critical point of Jy at the level cy.

PROOF. Let (¢;); in LP (A;) be a BPS sequence for Jy, ie., Ja(p;) — ¢ > 0 and
j;\(gaj) — 0. We may thus assume w.lo.g. ¢; — ¢*. Moreover, Proposition (i) im-
plies the boundedness of (v¢;); := (Z(y;)); and hence w.l.o.g. also weak convergence. For all
h € L¥ (A}) we then have, in view of the formula for .J; from Proposition [4.4| (iii),

[ o 2 eih = b 2o da

(o) — T (o) + /

hK[pj — @] dox — / hK [ — ] da
RN

RN

< Il - [5G + 175Gl + IKTes = eillly + KT — wally ]
= Il o)) (k= o).

We infer that (J¢;|”'~2¢;); converges strongly in LP(A4). By uniqueness of weak limits, we
infer [P 2p; — |@*[P'~2p* strongly in LP(A;) and hence in particular ||g;|l,y — [l¢*[|,-
This finally implies ¢; — ¢* strongly in LP(AL). A standard computation finally shows
In(¢*) = ¢y as well as J§(p*) = 0. O

5. Proof of Theorem 4.1 and Corollary 4.2
We finally combine all auxiliary results to prove Theorem

PRrROOF OF THEOREM [4] From Proposition [£.3] and Proposition [£.4] we infer that for al-
most all A € (\g, o0) a nontrivial solution v € LP(RY) of the nonlinear Helmholtz equation
is found once we have proved the existence of nontrivial critical points of the reduced func-
tional Jy for almost all A € M where M is an arbitrary compact subinterval of (Ao, 0). From
Proposition we infer that the family (j \)aenm has the Mountain Pass Geometry. Moreover,
by Proposition condition holds. So Theorem yields for almost all A € M a BPS
sequence for .J, at the corresponding Mountain Pass level. By Proposition each of these
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BPS sequences converges to a critical point @) of Jx at the Mountain Pass level. Since this
critical point is necessarily nontrivial, we have thus obtained the desired claim for LP(R™)-
solutions of . From [31, Lemma 4.3] we infer that each of these solutions belongs to
W24RN) N b (RN) for all p < ¢ < co and a € (0,1). Arguing as in Step 3 and Step 4
[51, p.13] one even obtains that these solutions belong to W24(RY) for all ¢ € (25,p). In
particular, these solutions are strong solutions of , which finishes the proof. ]

PROOF OF COLLORARY .2l In order to apply Theorem [4.1]we show that (4.10) implies (4.8).
In the special case k = 1 the compactness of I was shown in Lemma 4.2 in [31]. So the general

case follows by rescaling. It therefore remains to show that § := diam (A_) < k™ 'yn—» implies
2

[ Ky dz >0 for all ¢ € LY (A_). Due to ([E12), K = |Q|"/*R(|Q|'/?-) and Q € L>(RN) it
RN
suffices to prove

(4.19) / YRy dx > 0, for all » € S(A_).
RN

Using that z,y € A_ implies z — y € By we infer from Corollary 5.4 in [15]

/@le/} dr = /1/1[]136\11*’(/)](1‘) dz >0
RN RN
which proves (4.19)) and hence the Corollary.






CHAPTER 5
Appendix

1. Failure of the nonvanishing-Theorem in the Stein-Tomas critical case

In this section we will provide two different couterexamples regarding the nonvanishing Theo-
rem in the Stein-Tomas critical case p = 2, = % The first example is closely related to
the construction in [12] pp. 231-233], that provides sharpness of the given range of exponents
in the (non-selfdual) resolvent estimates stated in Theorem n The second example provides a
possible connection to the results in [35] concerning maximizers of the Stein-Tomas inequality.

Both examples result from an unpublished collaboration with G. Evéquoz.

First example: For p € [1,00), we consider the sets C,, D, given by

5p VP , }
C,=%zeRY : 2p<z; <= and || < —4—=,2<i< N
’ { pas sy adlnl < oy sis
and

P VP :
D,=2zeRY : ~Z <z <0and |z;) < —X— 2<i<Ny.
’ { 2 HAEW, Sk }

First we note that in terms of sets we have D, = {2pe;} — C, and therefore |D,| = |C,|. The

latter is given by

)

c, =2 ( NG )N‘l (N -1~ 2 Nps

= — _— WN_1 = WN_ — 2 2
T2 \ayN -1 NN ’
where wy_1 denotes the volume of the (N — 1)-dimensional unit ball.

Let us now define functions v,, w, € L*(RY), where 2, := (2,)' = 28{,\[:31), by

N+3 —ixy

vp(@) = p " g, ()e

and  wy(z) = p_ﬁ]lpp(x)em.

The families (v,),>1 and (w,),>1 are bounded in L2+ (R") and for any r > 0 there holds

(5.1)  sup / [vpl > dx = p~" sup |B,(y) NCyl < exp™ 7 rNuy =0, as p = oo,
yERN r(y) yERN

and similarly: sup [g ) lw,|*+ dz — 0, as p — oo.
yeRN "

We remark furthermore that w,(z) = e**v,(2pe; — z), and since R is equivariant under

translations we find

(5.2) / wyRw, dx = 642"’/ v,Ru, dz.
RN RN

119
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[ v,Ru, dx
RN
provide in each case a family (f,),>1 that satisfies

[ v,Ru, dx
RN

> 0 and limsup = 0 and

p—00

Now we distinguish the cases lim sup
p—00

(5.3)  limsup /prfp dx| >0 and lim | sup / |fo(z)|*+ dz| =0 for any r > 0.
p—ro0 p—0 yeRNB )
Y

f v,Rv, dx
RN

If lim sup

pP—00

> 0 then the family (f,),>1 = (v,),>1 satisfies (5.3)) due to (5.1)).
Let us assume that lim sup

/ v,Rv, dx
p—+00 RN
In this case, we will show that the family of functions (f,),>1 := (v, +w)),>1 will satisfy (5.3).

First let us note, that the second assertion in (/5.3 is implied by (5.1) and the corresponding
result for (w,),>1. Concerning the first assertion in (5.3|), notice that the symmetry stated in
Lemma of the quadratic form implies

=0.

/ wyRv, dw = / vyRw,dx  for every p > 1,
RN RN

and since we are assuming

lim sup / v,Rv,dz| =0,
pP—00 RN
we find that
lim sup / (vp + wp)R(vy, + w,) dz| = 2limsup / w,Rv, dx|,
p—oo  |JRN p—oo | JRN

using (5.2)). Hence, to prove the first assertion in (5.3)) for (f,),>1 := (v, +w),),>1, it is enough
to show

(5.4) lim sup

pP—00

> 0.

/ w,Rv, dv
RN

The following approach is inspired by Boérjeson [12, pp.231-233|. For this we start by consid-
ering the kernel Q(z) = \m\%eim, x # 0 and write

clz—yl+(z1—y1))
[, L wn@0te = v dy da =5 [ / o dy do
RN JRN D, |z — y|

etr(le—yl+(z1-y1))
pN 1 / / ——— dy d.
ip, Jom1c, |z —y|"T

For z € p~'D,, y € p~1C,, there holds —§ < 21 < 0,2 < y1 < 5 and |z;|, [y;| < $((N — 1),0)_%
for all 2 < i < N. Consequently, |1 —y1| = —(x1 —y1) > 2 > 1— ﬁ for all p > 1 and this

1 1
— >z =yl +y/lzr —nlP+ = > -yl + (21 —y1) > 0.
2p p

gives

N | =
vV
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Plugging this estimate in the last integral above and taking real parts we obtain the uniform

bound
Re </}RN /]RN wy(x)x — y)vy(y) dy dx)

(1)
COS 5
_1/ / 21 dy dx
p~'D, Jp~1C, 2

=277 cos<1/2>pN LN D, |G|

73N+1 N

Now as in the proof of [31], Proposition 2.6], we have for z € D,, y € C, that

(z —y) =z —y) (1 +d(|lz —y])),
where vy = %(QW)_%e_i¥ and where r — 0(r) is a function satisfying d, := supr|d(r)| <
r>1

for every p > 1.

oco. As a consequence,

/RN /}RN w,(x) (P(z — y) — YNz — y)) v,(y) dydz
< |wlp~ NH/D /C ";:Cy_‘ dydz

< | ldup 5 /D/ (20)" % dyda
P

= w62 T W (N = 1)V

for all p > 1. It follows

‘/RN w,Rv,dx| > |yn|Re </RN /RN w,(2)Qz — y)v,(y) dydx)
- /RN /RN w,(z) (®(z — y) — Wz — Y)) v,(y) dydz

3N+1 1 N _5N+1 N —
> vl cos (5 )ok 2 (F = 175 =l (V- 1Y

>0

for p large. Therefore (5.4) holds and we conclude that (f,),>1 = (v, + w,),>1 satisfies (5.3)
as claimed.

Second example For the second example we introduce the anisotropic scaling

d, RN 5 RV, dp(xl,xg,...,xN)=<“” 2 xN)

PV



122 5. APPENDIX
for p > 0. Based on this scaling we define
(5.5) folw) = p= "5 (n(dp(@))e™ +n(d,@)e™ ), p=1

for some fixed n € S(RY) \ {0} such that 7 is supported in the set
| N
P={ceRY : ¢ < 52532}
j=2

We will now show that the family (f,),>1 given in (5.5]), which is bounded in L2+ (R¥) satisfies
E3).

First, for given y € RY and » > 0 we have

/ fpl@)Pt de < p=7 / ‘U(dp(a:))e*iml +n(dy(z))e™ e

By (y) By (y)

< 2%+ / In(z)[** dz — 0, asp— oo,
Br/p(dp(y))

where in the last step we have used the inclusion
r
{z eRYN . |dy/p(7) —yl <r} C{ze RY ¢ |z —d,y(y)| < ;}
For the Fourier transform of f, we have

Fol®) = 0T [(plE0 + 1), /s, VPEN) + T (p(T — 1), =02 -, —/PEN)|

and since f7 = fp, we conclude that fp = fp. Here fp denotes the inverse Fourier transform

3 _N iz
F& = en ¥ [ gy de
RN
Now by definition of the resolvent operator R for any Schwartz-function v we have

/u??,u daz—// —y) dx dy = /a(g)@(g) d¢

RN RN

N /~
— (2 *<<I>, 'A> 1
(2m)> W siks ™~ )z a—l>%l+/ !{\2 1+1s
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Consequently for f, we obtain

_N ERT ‘fp
(2m) / JoR Iy dw‘!i%i/ € - 1+lg
RN

7 (ol + 1) \ffg,...,\/ﬁav)+ﬁ(p<1—§1>,—\//352,...,—¢5§N)\2
:sli%l+p d / €2 — (1 + i)
7 (p(&1 + 1), f&,...w&v)|2+\ﬁ(p(l—51),—¢ﬁ£2,...,—ﬁav)\2
:Qi%h” ] / €2 — (1 + ie)
]RN
;1 ﬁ(p(£1+1)7\/ﬁ€277\/ﬁ€N)ﬁ(p(1_§1)7_\/ﬁ£2a7_\/551\7)
2 lim / P — (1+ie)
B vo [ (P + 1), /P, /PEN) |
=2 lim p / €7 = (1 1) de
2 ( (€1+1) \[{27'-'7\/ﬁ{N)ﬁ(p(l_61)7_\/5627"'7_\/55N)
+251351 p / €12 — (1 +ie)

RN
where we have substituted —&, — &, k = 1... N in the first integral in the last line. Since 7
has compact support, we can find pg > 1 such that

1 (p(&1+1),v/pk2, -, /PEN) T (p(1 = §1), =v/PC2, -+ -, —v/PEN) = 0

for every p > po and all £ € RN, For these p therefore we have

/\n p(&1+ 1), /P2 o JPEN) |

(2m) /f”Rf” dr =297 lim 2= (1+10) de
. (¢ )|2
S Sin@-er-are ¢

N
BV &/p+ 225? — 26 —
=

o[ HOE

By &/p+ 225]2 — 28
=

Now since 7 is supported in P we conclude

ILIEOQW /fp (fp) x-2/m<§)|2d§>0
’ RN 252—251
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as claimed.

Note that if 7 is supported in
1 N
Pl={eeRY i >3 ¢
j=2

the same result still holds, since we obtain < 0 instead of > 0 in the last line of the proof.
Let us remark that (};)le concentrates as p — oo simultaneosly at two antipodal points
(=1,0,...,0) € S¥! and (1,0,...,0) € S¥~! and it would be interesting to put this in

relation with the results in [35].



CHAPTER 6

Summary

The dual variational framework developed in [31] for the nonlinear Helmholtz equation
(6.1) — Au—ku=Q)|uf *u, zeRY k>0

has opened the path for a deep study of this and related types of partial differential equations.
Let us set k£ = 1 for a simpler presentation. The dual approach is based on a dual reformulation

of the integral equation
(6.2) u=R(Qu|P*u), wue LP(RY),

where R : LP (RN) — LP(RN) is a (real valued) resolvent operator. Since R is only bounded
for p € [24,2%], the approach is in general limited to this values. For Q € L*®(RY)\ {0}

1
non-negative, via the transformation v := Q' |u[P~u the above integral equation leads to
/_2 l l
[P0 = QPR(QPv),

whose solutions coincide with critical points of the C'— functional Jg ,, : LY (RY) — R given
by

1 / 1
(6.3) Jop(v) === / [P dx — 5 /UKQ’pU dx.

b RN RN
For p > 2 this functional has a Mountain-Pass geometry. Compactness properties significantly
depend on p and decay-properties of (). Under the following additional conditions, in particular

the existence of nontrivial dual bound state solutions have been obtained in [31]:

1) Compact case: If Q satisfies esssup,>p Q() — 0 as R — oo and p € [24,2%),

2) Periodic case: Q is Z"-periodic and p € (2,,2%).

In the present thesis we presented the extendability of this dual technique with regard to sev-
eral aspects and obtain in particular the existence of real-valued solutions of (6.1)) under these

new requirements, which we will summarize in the sequel.

With regard to our first contribution [Y1], which is presented in Chapter 2, we are concerned
with the Sobolev-critical case p = 2*. Mainly due to the following two reasons, the existence of
real-valued solutions in [31] could initially not be carried out to the Sobolev-critical case: First,
the Birman-Schwinger operator Kg ,, : LY (RN) — LP(RVN) given by Kg,(f) = Q%R (Q%f)
that appears in the (dual) energy functional fails even to be locally compact for p = 2*

125
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due to the lack of compactness in an underlying Sobolev-embedding. Thus, the Palais-Smale
condition for Jg does not hold for all levels. Secondly, the non-vanishing property was not
shown to be true in this case, which is crucial in order to deal with weight-functions ) that do
no vanish at infinity, such as periodic functions.

In our approach we overcome lack of compactness issues by restoring the Palais-Smale condition
at least for certain energylevels. In particular we prove, that the Palais-Smale condition is

satisfied for levels 8 with
SN/2

N|Ql
where S denotes the best constant in the Sobolev embedding and Ly, is the least energy among

all possible limit problems

—Au = Q(zo)|ul’?u, €RY
for zo € RN. A main step towards this result is the compactness of the difference R —
Ry : LY (RY) — L2

2 (RM) which we were able to prove by analyzing the difference of the

corresponding fundamental solutions which turn out to be central to the whole article and we
think it might be of independent interest.
As a second step, we prove under an additional flatness condition on @ (see (Q2) below), that
the Mountain-pass level lies indeed below L7, which only turns out to be true for dimensions
N > 4. This comes from the fact that ¥ — A, where A : RV \ {0} — R is the fundamental
solution associated with Laplace’s equation, acts positively on sets of small diameter if N > 4
and negatively in the case N = 3 and in fact we show that the Mountain-pass level in equal to
¢ in this case and is not attained. From this we conclude that no dual ground state exists
for N = 3. The difference between the cases N > 4 and N = 3 was in a related context also
pointed out by Brézis and Nirenberg in [10]. We discover the arising difference from another
viewpoint and find it interesting that an analytical property (namely the precise values of A
and U for small arguments and the corresponding sign-property of the difference) on the dual
level does not allow (dual) ground state solutions in this particular situation. We also establish
the non-vanishing property for the critical case, which allows to add periodic functions in our
considerations. The proof relies on a modification of a specific argument, so that the complete
result can be readily formulated for p € (24,2*]. Together with the given counterexamples in
Chapter 5 for p = 2,, we have established a complete description of this theorem for the range
D E [24,2%]

The main existence and nonexistence result in the context of the Sobolev-critical case reads as

follows.

THEOREM 6.1. Let N >3 and consider Q € L>®°(R™)\ {0} such that Q@ >0 a.e. in RY.

(1) If N > 4 and Q satisfies
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(Q1) Q = Qo+ Qper, where Qo, Qper > 0 are such that Qper is periodic and Qo(x) — 0
as |x| — oo.

(Q2) There exists mg € RN with Q(xg) = max @ and as |z — xo| — 0 we have
R

o(|z — zo[?), if N =5
Q(z) — Q(z0) = ‘
O(|x_$0|2)7 ZfN:4
Then, the problem
(6.4) —Au—u=Q)|u*u, inRN

has a dual ground state solution.
(2) If N = 3, then no dual ground state exists for (6.4]).

Contrary to the results for noncritical p, we are able to allow asymptotically periodic @), which
for example were also considered in [29]. Regarding (Q2) we want to mention, that since @ is
not constant, we indeed need a condition, that controls at which rate ) attains its maximal
value ||Q|| ;0. The condition (Q2), which also arises in related articles (c.f. [14]) seems to
go back to [25] and [24], where the optimality of this condition is shown for several critical

problems.

In the subsequent article [Y2] presented in Chapter 3, we focus on the extendability of the by
resolvent estimates governed range for values of p by investigating in particular values p < 2,.
Since this condition is related to the (sharp) Stein-Tomas inequality (see Theorem [L.3)), we
study possible improvements of the latter and corresponding implications with regard to resol-
vent estimates and nonvanishing properties.

We start by establishing an improved Fourier-extension result with regard to symmetric func-

tions and weighted norms. In particular, for a,« > 0 we define
Lo = {x = (a0 20y e RN=F 5« RF . ¢V =R)| < g|2®)| =2}

and set Q4 := 1r,_. Since Q@ € L>®(RY)\ L*(RY) for all s € [1,00), Q has no decay so all
improvements will come from the additional symmetry assumption. We consider functions that
are invariant under the group action of G, := O(N —k) x O(k) C O(N) for k € {1,..., N —1}.

Our result reads as follows.

THEOREM 6.2. Let N > 3, k € {1,...,N — 1}, a > 0 and consider Qo = 1, as above.
Moreover, suppose that

1
N -1

ifk =1, a<N-1 ifk=N-1,
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and let
2N —1) - 2 o
T N2 yrR=t
2(N —k) — 22 2k — 2a(N — k)
AN ko = a f2<k<N-—2
ks max{ N—k-1 ' k-1 F2sks :
2(N—-1) -2« .
- = =N -1
N3 , if k

Then, for there exists a constant C = C(N,k,a,a) > 0 such that for ¢ > Ay . the Fourier-

extension estimate
(65) HQQFUHLL;(RN) < CHFHLQ(SN—l)
holds for all Gy-invariant functions F € L2(SN~1).

A triple (G, q, Q) for a closed subgroup G C O(N), some ¢ > 1 and a measurable function @ :
RN — C is called an admissible (Fourier-)extension triple, if holds for every G-invariant
function F' € L2(SN¥~1). In order to establish the dual variational method for such values q as
given in Theorem we need to study consequences for weighted resolvent operators of the
form Rqg : f +— Q[¥ x (Qf)] in the case of admissible extension triples. Indeed, we are able to

deduce an resolvent estimate of the form

||RQf||Lp(RN) <C ||f||Lp/(RN)

by proving more general non-selfdual resolvent estimates in the case of an admissible extension

triple (G,q,Q) for any G—invariant Schwartz-function f € S(RY) and p € (%%,2*).
Additionally we establish a corresponding nonvanishing result for the same values of p. This
allows in particular to obtain the existence of G-invariant solutions of (6.1]) for values 2 < p <

2.

THEOREM 6.3. Let N > 3, let G C O(N) be a closed subgroup, and let Q € LERY) be a
real-valued non-negative function with Q@ #Z 0 and with the property that

(6.6) 1Ql L1 (Br@) — 0 as |x| = oo for some R > 0.

1
Moreover, let q € [1, Q%lel)], and let p € (max{%%, 2}, %) be such that (G,q,Q?) is
an admissible extension triple. Then (6.1) admits a nontrivial G-invariant dual bound state

solution.

Moreover we obtain the following alternative result in the noncritical range in the case of the
special choice G = O(N — k) x O(k), that allows to drop the asymptotic assumption

THEOREM 6.4. Let N > 4, let k € {2,...,N — 2}, and let Q € L¥(RY) be a non-negative

Gr-invariant function with Q % 0. Then admits a nontrivial G-invariant dual bound

2(N+1) 2N)
N—-1 " N=2/°

state solution for every p € (
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The third contribution [Y3] presented in Chapter 4, regards mainly the dual method itself and
demonstrates how sign-changing weight-functions ) can be included in the dual variational
reformulation of . In particular we will also obtain the existence of dual bound state
solution for in this case.

In order to allow sign-changing @ in the dual formulation, we write QQ = Q4+ — Q_ with Q4+ =
Q|14 and Ay :={Q > 0} and A_ := {Q < 0}. For A > 0 we then introduce Q) := \Q+—Q_.
Considering the restrictions u|4, we then derive an system, that is equivalent to and
involves (dual) variables (p,v) € L (A,) x LP (A_). This system carries for p € [2,,2"] a
variational structure through the dual energy-functional Jy : L' (AL) x LP' (A_) — R given by

1 ’ 1 / 1
I ) = - el =~ 11y = 5 [ (0 = 9)Kaale — v) da.
RN

Assuming Kg, : L7 (RN) — LP(RY) given by Kg, : f — |Q|"PR(|Q|'/?f) to be compact,

the values

(6.7) Q= max oK pp dz, B = max K pt dx.
lell =1, lell =l =1,
supp(¢)CAL RN supp(p)CA ,supp() CA_RN

are indeed attained with 8 > 0 and o > 0, where for the latter we additionally require |A| > 0.

Our main result in this context is the following

THEOREM 6.5. Let p € [%, %) and Q € L®(RN), QT # 0. Moreover assume that

(6.8) Kgyp: LY (RY) — LP(RN) is compact and /wKQ,p@Z) dz >0 for all 1 € LY (A_).
RN

Then for almost all X > \g := (2Ba~1)P there is a dual bound state solution of
(6.9) — Au—u = Qx(z)|ulPu on RY.

The proof consists of two steps. First we perform a saddle-point reduction in order to eliminate
the y—variable. Thanks to the non-negativity condition in , the functional Jy(¢p,-) is
bounded from above and concave for any ¢ € L¥ (A4). This allows to prove, that for any
@ € LP'(A,) there exists a unique 1)* € L” (A_) such that

I, ) = max (g, ) = Ja(p).
YeLr (A-)

The reduced functional Jy : L” (A4) — R has a Mountain-Pass structure for A > Ao and obeys
a monotonicity condition, that we will use to apply an abstract result in [39] in order to obtain
the existence of bounded Palais-Smale sequences, only for almost all A > Ag. As mentioned,
compactness of K, can for example be achieved for weight-functions ) that vanish at infinity.
The non-negativity property is somehow more delicate. However, using a result [15], §5] this is

indeed guaranteed, if A_ is small. In particular we have the following result.
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COROLLARY 6.6. Assume p € [2%\7;1), %) and Q € L¥(RN), QT #0 . Moreover assume

lim esssupj, > |Q =0 and diam (A_) < yn_2,
R—o0 = 2

where yn—2 s the first zero of the Bessel-function Yn_2. Then for almost all X > Ay :=
2 2

(2Ba~1)P there is a dual bound state solution of
—Au —u = Qy|ulP%u.

Clearly it would be desirable to obtain solutions for all A > )\g. However, boundedness of
Palais-Smale sequences seem to be difficult problem, so we see our approach as a first step. We
think also, that our approach may help to understand and to formulate general dual approaches

for a larger class of (possibly nonlocal) problems involving sign-changing nonlinearities.
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