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Flow harmonics (vn) of the Fourier expansion for the azimuthal distributions of hadrons are commonly 
employed to quantify the azimuthal anisotropy of particle production relative to the collision symmetry 
planes. While lower order Fourier coefficients (v2 and v3) are more directly related to the corresponding 
eccentricities of the initial state, the higher-order flow harmonics (vn>3) can be induced by a mode-
coupled response to the lower-order anisotropies, in addition to a linear response to the same-order 
anisotropies. These higher-order flow harmonics and their linear and mode-coupled contributions can 
be used to more precisely constrain the initial conditions and the transport properties of the medium 
in theoretical models. The multiparticle azimuthal cumulant method is used to measure the linear and 
mode-coupled contributions in the higher-order anisotropic flow, the mode-coupled response coefficients, 
and the correlations of the event plane angles for charged particles as functions of centrality and 
transverse momentum in Au+Au collisions at nucleon-nucleon center-of-mass energy √sN N= 200 GeV. 
The results are compared to similar LHC measurements as well as to several viscous hydrodynamic 
calculations with varying initial conditions.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Experimental studies of heavy-ion collisions at the Relativistic 
Heavy Ion Collider (RHIC) indicate that a state of matter predicted 
by Quantum Chromodynamics (QCD), called Quark-Gluon Plasma 
(QGP), is formed in these collisions. Many of the ongoing stud-
ies are aimed at characterizing the transport properties (particu-
larly, the specific shear viscosity: the ratio of shear viscosity to 
entropy density η/s) of the QGP. The azimuthal anisotropy of parti-
cle production relative to the collision symmetry planes, known as 
anisotropic flow, is a key observable in many such studies because 
it displays the viscous hydrodynamic response to the initial spatial 
distribution created in the early stages of the collision [1–16].

The anisotropic flow can be characterized by the Fourier expan-
sion [2,17] of the particle azimuthal angle (φ) distributions,

dN

dφ
∝ 1 + 2

∞∑
n=1

vn cos [n(φ − �n)] , (1)

where �n is the n-th order flow symmetry plane. The n-th com-
plex anisotropic flow vector with vn magnitude and �n direction 
is defined as Vn = vnein�n . The flow coefficient v1 is commonly 
termed as directed flow, v2 is the elliptic flow, and v3 is the 
triangular flow. Anisotropic flow studies of higher-order flow har-
monics vn>3 [12,18–24], correlation between different flow har-
monics [22,25–31] and flow fluctuations [20,32–34] have led to a 
deeper understanding of the initial conditions [35] and the prop-
erties of the matter created in heavy-ion collisions.

In the hydrodynamic models, anisotropic flow arises from the 
evolution of the medium in the presence of initial-state energy 
density anisotropies, characterized by the complex eccentricity 
vectors [29,36–39]:

En ≡ εnein�n ≡ −
∫

d2r⊥ rn einϕ ρe(r,ϕ)∫
d2r⊥ rn ρe(r,ϕ)

, (n > 1), (2)

where ρe(r, ϕ) is the initial anisotropic energy density profile, 
εn = 〈|En|2〉1/2

represents the eccentricity vectors magnitude and 
�n denotes the azimuthal direction of the eccentricity vector [39–
41].

The elliptic and triangular flow harmonics are, to a rea-
sonable approximation, linearly proportional to the initial-state 
anisotropies, ε2 and ε3, respectively [9,29,42–48]:

vn = knεn, (3)

where kn is the proportionality factor that encodes the medium 
response, and is expected to be sensitive to η/s and the sys-
tem lifetime [49]. Therefore, the ratio vn/εn (for n = 2, 3) could 
be used as a tool to probe η/s of the QGP [19]. In contrast, the 
higher-order flow harmonics are expected to arise from a mode-
coupled (nonlinear) response to the lower-order eccentricities, ε2

and/or ε3 [14,40,41] in addition to linear response to the same-
order initial-state anisotropies [50]:

V 4 = V L
4 + V mc

4 = V L
4 + χ4,22 V 2 V 2, (4)

V 5 = V L
5 + V mc

5 = V L
5 + χ5,23 V 2 V 3, (5)

where VL
n and Vmc

n represents the linear and the mode-coupled 
contributions to the flow vector Vn respectively. The χ4,22 and 
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χ5,23 are the mode-coupled response coefficients which define the 
magnitude of the Vmc

n>3 measured with respect to the lower-order 
symmetry plane angle(s). Also, the mode-coupled contribution of 
Vn is expected to reflect the correlation between different order 
flow symmetry planes, �n , which could shed light on the initial 
stage dynamics [25,27,28,40,51–56].

The v2 and v3 harmonics are sensitive to the respective in-
fluence of the initial-state eccentricity and the final-state viscous 
attenuation, which have proven difficult to disentangle. The mode-
coupled coefficients show characteristically different dependencies 
on the viscous attenuation and the initial-state eccentricity [48]. 
Therefore, they can be used in conjunction with measurements for 
the v2 and v3 harmonics to leverage additional unique constraints 
for initial-state models, as well as reliable extraction of transport 
coefficients.

In this paper we report new differential and integral measure-
ments of v4 and v5 and their mode-coupled response coefficients, 
obtained with the two- and multiparticle cumulant methods de-
scribed in Section 2. Measurements of these quantities as functions 
of collision centrality and charged particle transverse momentum, 
pT , in Au+Au collisions at 

√
sN N = 200 GeV, are reported in Sec-

tion 3. The presented results and conclusions are summarized in 
Section 4.

2. Experimental setup and analysis method

2.1. Experimental setup

The data reported in this analysis were collected with the 
STAR detector at RHIC using a minimum-bias trigger [57] in 2011. 
Charged particle tracks, measured in pseudorapidity range |η| <
1.0 and covering all azimuthal angles of the Time Projection Cham-
ber (TPC) [58], are used to reconstruct the collision vertices. Col-
lision centrality is determined from the measured event-by-event 
multiplicity with the assistance of the Monte Carlo Glauber simu-
lation [59,60]. Tracks included in the analysis are required to have 
a distance of closest approach to the primary vertex of less than 
3 cm, and to have at least 15 TPC space points used in their re-
construction. In order to remove track splitting, the ratio of the 
number of fit points to the maximum possible number of TPC fit 
points was required to be larger than 0.52. The transverse mo-
mentum (pT ) threshold of these tracks is ∼0.2 GeV/c; the cut 
pT ≤ 4 GeV/c was employed to reduce a possible nonflow influence 
from jets. Events are chosen with vertex positions within ±30 cm 
from the TPC center (along the beam direction), and within ±2 cm 
in the radial direction relative to the center of the beam inter-
section. Also, the absolute difference between the two z-vertex 
positions defined by the TPC and Vertex Position Detector is re-
quired to be less than 3 cm to decrease beam-induced background 
and pileup.

The systematic uncertainties associated with the measurements 
presented in this work are estimated by changing different param-
eters of the analysis and comparing the results with their baseline 
values. The systematic uncertainty associated with the event se-
lection is estimated by using more restrictive requirements for the 
vertex positions determined by the TPC along the beam direction 
(−30 to 0 cm or 0 to 30 cm instead of the nominal value of 
±30 cm). The systematic uncertainty arising from track selection 
is evaluated by employing more strict requirements: (i) Distance 
of Closest Approach (DCA) is changed to be less than 2 cm in-
stead of the standard value of 3 cm, and (ii) number of TPC space 
points from more than 15 points to more than 20 points. The sys-
tematic uncertainty associated with the nonflow effects, due to 
Bose-Einstein correlations, resonance decays and the fragments of 
individual jets, is estimated by investigating the impact of a pseu-
dorapidity gap, 
η = η1 − η2, for the track pairs used in the 
Table 1
The contributions to the total systematic uncertainties from various sources.

Variations of quantities Minimum value Maximum value

Event 2% 4%
Track 3% 6%

η 3% 8%

measurements. Studies were performed for 
η values of 0.6, 0.7, 
and 1.0.

Table 1 shows the systematic uncertainties evaluated for this 
work. The overall systematic uncertainty was calculated by com-
bining uncertainties from different sources in quadrature. In the 
ensuing figures, the overall systematic uncertainties (which do not 
include those from 
η variation) are shown as open boxes; statis-
tical uncertainties are shown as vertical lines.

2.2. Analysis method

The two- and multiparticle cumulant techniques are used in 
this work. The framework for the cumulant method is described 
in Refs. [51,61], which was extended to the case of subevents in 
Refs. [62,63]. In this work, the two- and multiparticle correlations 
were constructed using the two-subevents cumulant method with 
particle weights [as outlined in Ref. [63]], for 
η > 0.7 between 
the subevents A and B (i.e., ηA > 0.35 and ηB < −0.35). The use 
of the two-subevents method helps to suppress the nonflow cor-
relations. The two- and multiparticle correlations can be written 
as:

v Inclusive
k = 〈〈cos(k(ϕ A

1 − ϕB
2 ))〉〉1/2, (6)

Ck,nm = 〈〈cos(kϕ A
1 − nϕB

2 − mϕB
3 )〉〉, (7)

〈v2
n v2

m〉 = 〈〈cos(nϕ A
1 + mϕ A

2 − nϕB
3 − mϕB

4 )〉〉, (8)

where 〈〈 〉〉 indicates the average over all particles in a single event 
and then the average over all events, k = n + m, n = 2, m = 2 or 3, 
and ϕi is the azimuthal angle of the i-th particle.

Using Eqs. (6)-(8), the mode-coupled contribution in higher-
order anisotropic flow harmonics, v4 and v5, can be approximated 
as [41,64]:

vmc
4 = C4,22√

〈v2
2v2

2〉
, (9)

∼ 〈v4 cos(4�4 − 2�2 − 2�2)〉,
vmc

5 = C5,23√
〈v2

2v2
3〉

, (10)

∼ 〈v5 cos(5�5 − 2�2 − 3�3)〉,
and the linear contribution to v4 and v5 can be given as:

v L
4 =

√
(v Inclusive

4 )2 − (vmc
4 )2, (11)

v L
5 =

√
(v Inclusive

5 )2 − (vmc
5 )2.

Equation (11) assumes that the linear and mode-coupled con-
tributions in v4 and v5 are independent [41,65]. The ratios of the 
mode-coupled contribution to the inclusive v4 and v5 are expected 
to measure the correlations between different order flow symme-
try planes [66] and are expressed as ρ4,22 and ρ5,23, respectively. 
The ρ4,22 and ρ5,23 can be approximated as:

ρ4,22 = vmc
4

v Inclusive
4

∼ 〈cos(4�4 − 2�2 − 2�2)〉, (12)

ρ5,23 = vmc
5

v Inclusive
∼ 〈cos(5�5 − 2�2 − 3�3)〉. (13)
5
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Fig. 1. Comparison of the pT -integrated three-particle correlators, C4,22 and C5,23, 
for Au+Au collisions at √sN N = 200 GeV, obtained with the standard (red squares) 
and the two-subevents cumulant (blue circles) methods. The respective systematic 
uncertainties, that do not include the nonflow contributions, are shown as open 
boxes. The vertical lines represent the statistical errors. The shaded bands indicate 
hydrodynamic model predictions Hydro−1 [67], Hydro−2a and Hydro−2b [68].

Table 2
Summary description of the hydrodynamic simulations, Hydro−1 [67], and 
Hydro−2a/b [68].

Hydro−1 [67] Hydro−2a/b [68]

η/s 0.05 0.12
Initial conditions TRENTO Initial conditions IP-Glasma Initial conditions
Contributions Hydro + Direct decays (a) Hydro + Hadronic cascade

(b) Hydro only

The mode-coupled response coefficients, χ4,22 and χ5,23, which 
quantify the contributions of the mode-coupling to the higher-
order anisotropic flow harmonics, are defined as

χ4,22 = vmc
4√

〈v2
2 v2

2〉
(14)

χ5,23 = vmc
5√

〈v2
2 v2

3〉
. (15)

In Eq. (15) for the differential χ5,23, this work further makes the 
approximation 〈v2

2v2
3〉 ∼ 〈v2

2〉 〈v2
3〉 [40]. These dimensionless ra-

tios that represent the mode-coupled coefficients in Eq. (4) are 
expected to be weakly sensitive to viscous effects [48].

3. Results and discussion

In A+A collisions, short-range nonflow correlations contribute 
to the measured three-particle correlators C4,22 and C5,23 [65]. 
However, such correlations can be reduced by using subevents cu-
mulant methods [63]. Fig. 1 compares the C4,22 and C5,23 values 
obtained from the standard (i.e., the three particles are selected 
using the entire detector acceptance) and the two-subevents cu-
mulant methods as a function of centrality in the range 0.2 < pT <

4.0 GeV/c for Au+Au collisions at 
√

sN N = 200 GeV. For mid-central 
to peripheral collisions, the magnitudes of the measured C4,22 and 
C5,23 from the standard cumulant method are larger than those 
from the subevents cumulant method, compatible with the expec-
tation that the subevents cumulant method can further reduce the 
nonflow correlations. The shaded bands in Fig. 1 indicate viscous 
hydrodynamic model predictions [67,68], as summarized in Ta-
ble 2. Note that these model predictions include an influence from 
changes in the initial- and final-state assumptions incorporated 
in model calculations. The model predictions, which were gener-
ated with the standard cumulant method, show good qualitative 
agreement with both C4,22 and C5,23. However, Hydro−2b with no 
hadronic cascade gives a better description of the data for C4,22
and C5,23 obtained with the two-subevents cumulant method.
The centrality dependence of the inclusive, linear and mode-
coupled v4 and v5 in the pT range from 0.2 to 4.0 GeV/c for Au+Au 
collisions at 

√
sN N = 200 GeV are shown in Fig. 2. They indicate 

that the linear mode of v4 and v5 depends weakly on the colli-
sion centrality and constitutes the dominant contribution to the 
inclusive v4 and v5 in central collisions. These results are com-
pared to similar LHC measurements in the pT range from 0.2 to 
5.0 GeV/c and pseudorapidity range |η| < 0.8 for Pb+Pb collisions 
at 

√
sN N = 2.76 TeV [66]. The comparison indicates strikingly sim-

ilar patterns for the RHIC and LHC measurements, albeit with a 
difference in the magnitude of the measurements. This observed 
difference could result from a sizable difference in the 〈pT 〉 for the 
pT -integrated v4 and v5 measurements at RHIC and the LHC, re-
spectively. Here, it is noteworthy that even though the pT range 
for both measurements is similar, the inverse slopes of the hadron 
pT spectra are larger at the LHC than at RHIC. Subtleties related 
to a difference in the viscous properties of the medium created at 
RHIC and LHC energies could also contribute to the observed dif-
ference in the magnitude of the measurements [67].

The centrality dependence of the mode-coupled response co-
efficients, χ4,22 and χ5,23, for Au+Au collisions, is presented in 
Fig. 3(a) and (b) for the range 0.2 < pT < 4.0 GeV/c. They show 
a weak centrality dependence, akin to the patterns observed for 
similar measurements at the LHC for Pb+Pb collisions at 

√
sN N =

2.76 TeV [66] (closed symbols). These patterns suggest that (i) the 
centrality dependence observed for the mode-coupled v4 and v5
(cf., Figs. 2(b) and (e)) stems from the lower-order flow harmonics 
and (ii) the mode-coupled response coefficients are dominated by 
initial-state eccentricity couplings which have a weak dependence 
on beam energy. The shaded bands in Figs. 3(a) and (b) show 
that the predictions from the viscous hydrodynamic models [67,68]
summarized in Table 2, give a good qualitatively description of the 
χ4,22 and χ5,23 data. However, the predictions from Hydro−1 and 
Hydro−2b (cf. Table 2), give the overall closest description to χ4,22
and χ5,23.

Figs. 3(c) and (d) show the centrality dependence of the corre-
lations of the event plane angles, ρ4,22 and ρ5,23, for 0.2 < pT <

4.0 GeV/c in Au+Au collisions at 
√

sN N = 200 GeV. The data sug-
gest stronger event plane correlations in peripheral than in central 
collisions. This centrality dependent pattern is also captured by the 
viscous hydrodynamic model predictions [67,68] indicated by the 
shaded bands in the figure. The LHC ρ4,22 and ρ5,23 measurements 
for Pb+Pb collisions at 

√
sN N = 2.76 TeV [66] (closed symbols), also 

indicate magnitudes and trends similar to those for the Au+Au col-
lisions. This observation could be an indication that the correlation 
of event plane angles is dominated by initial-state effects.

The pT dependence of the inclusive, linear and mode-coupled 
higher-order flow harmonics, v4 and v5, for 10–40% central Au+Au 
collisions, are compared in Figs. 4(a) and (b). They show that the 
pT -dependent trends of the linear and mode-coupled contribu-
tions are similar to the inclusive v4 and v5, as previously measured 
by the STAR collaboration [12,21]. This observation suggests that 
the linear and mode-coupled contributions are driven by the same 
pT -dependent physics processes. The corresponding mode-coupled 
response coefficients χ4,22 and χ5,23 and the correlations of event 
plane angles ρ4,22 and ρ5,23 are shown in Figs. 4(c) and (d). They 
indicate little, if any, pT dependence for the centrality selection 
presented. These trends suggest that both dimensionless coeffi-
cients are dominated by initial-state effects.

4. Summary

In summary, we have presented new differential measurements 
of the charge-inclusive, linear and mode-coupled contributions to 
the higher-order anisotropic flow coefficients v4 and v5, mode-
coupled response coefficients χ4,22 and χ5,23 and the correlations 
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Fig. 2. Comparison of the inclusive mode-coupled and linear higher-order flow harmonics v4 and v5 obtained with the two-subevents cumulant method, as a function of 
centrality in the pT range 0.2 − 4.0 GeV/c for Au+Au collisions at √sN N = 200 GeV. The factor 2, was applied to v5 to aid a comparison between v4 and v5. The systematic 
uncertainties, that do not include the nonflow contributions, are shown as open boxes. The solid diamonds indicate LHC measurements for the pT range from 0.2 −5.0 GeV/c
for Pb+Pb collisions at √sN N = 2.76 TeV [66].
Fig. 3. Results as a function of centrality in the pT range from 0.2 to 4.0 GeV/c for 
Au+Au collisions at √sN N = 200 GeV. Panels (a) and (b) show the mode-coupled re-
sponse coefficients, χ4,22 and χ5,23, and panels (c) and (d) show the correlations 
of event plane angles, ρ4,22 and ρ5,23. The results were obtained with the two-
subevents cumulant method; the open boxes indicate the systematic uncertainties. 
The closed-symbols represents similar LHC measurements in the pT range from 0.2
to 5.0 GeV/c for Pb+Pb collisions at √sN N = 2.76 TeV [66]. The shaded bands indi-
cate hydrodynamic model predictions Hydro−1 [67], Hydro−2a and Hydro−2b [68].

of the event plane angles ρ4,22 and ρ5,23, for Au+Au collisions at √
sN N = 200 GeV. The pT -integrated measurements indicate a siz-

able centrality dependence for the mode-coupled contributions of 
v4 and v5, whereas the linear contributions, that dominate the cen-
tral collisions, show a weak centrality dependence. The v4 and v5
results are compared with similar LHC measurements which show 
larger magnitude that could be driven by the difference in the vis-
cous effects and the mean pT between RHIC and LHC energies. The 
χ4,22 and χ5,23 show a weak centrality dependence, however the 
ρ4,22 and ρ5,23 increase from central to peripheral collisions. These 
dimensionless coefficients show magnitudes and trends which are 
similar to those observed for LHC measurements, suggesting that 
the correlations of event plane angles as well as the mode-coupled 
response coefficients are dominated by initial-state effects. This is 
further supported by the observed pT independence of the χ4,22, 
χ5,23, ρ4,22 and ρ5,23. Viscous hydrodynamic model comparisons 
Fig. 4. Results as a function of pT for 10-40% central Au+Au collisions at √sN N =
200 GeV. Panels (a) and (b) present the inclusive, linear and mode-coupled 
higher-order flow harmonics v4 and v5 obtained with the two-subevents cumu-
lant method; the factor 2, was applied to v5 to aid a comparison between v4 and 
v5. Panel (c) presents the χ4,22 and ρ4,22, while panel (d) presents the χ5,23 and 
ρ5,23. The open boxes indicate the systematic uncertainties.

to the data indicate good qualitatively agreement. However, none 
of the models provide a simultaneous description of the three-
particle correlations, the mode-coupled response coefficients, and 
the correlations of event plane angles. These higher-order flow 
measurements could provide additional stringent constraints to 
discern between initial state models and aid precision extraction 
of the transport properties of the medium produced in the colli-
sions.
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