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The global center symmetry of quenched QCD at zero baryonic chemical potential is broken
spontaneously at a critical temperature 𝑇𝑐 leading to a first-order phase transition. Including
heavy dynamical quarks breaks the center symmetry explicitly and weakens the first-order phase
transition for decreasing quark masses until it turns into a smooth crossover at a 𝑍 (2)-critical
point. We investigate the 𝑍 (2)-critical quark mass value towards the continuum limit for 𝑁f = 2
flavors using lattice QCD in the staggered formulation. As part of a continued study, we present
results from Monte-Carlo simulations on 𝑁𝜏 = 8, 10 lattices. Several aspect ratios and quark
mass values were simulated in order to obtain the critical mass from a fit of the Polyakov loop
to a kurtosis finite size scaling formula. Moreover, the possibility to develop a Ginzburg-Landau
effective theory around the 𝑍 (2)-critical point is explored.
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1. Introduction

The thermal transition of Quantum Chromodynamics (QCD) at zero baryon chemical potential
and physical quark masses has been determined as an analytic crossover [1]. The QCD phase
diagram as a function of the baryon chemical potential and the temperature 𝑇 can not be explored
directly by lattice QCD for non-zero real chemical potentials due to a severe sign problem. However,
exploring the phases of QCD for unphysical parameter values, in particular unphysical quark masses,
with first-principle methods gives valuable insights into the rich phase structure of QCD.

Figure 1: The Columbia plot for the second-order
scenario of the chiral phase transition, from ref. [2].

The Columbia plot (see fig. 1) determines
the nature of the QCD thermal transition as
a function of the degenerate up- and down-
quark mass 𝑚𝑢,𝑑 and the strange quark mass
𝑚𝑠 at zero chemical potential [3]. In contrast
to the light quark mass region, where strong
evidence exists, that there is no chiral transi-
tion of first order in the continuum limit [2],
the first order region in the heavy corner is
known to persist from investigations of pure
gauge theory [4]. The deconfinement transi-
tion in the heavy quark regime, which we focus
on in this work, is related to the spontaneous
breaking of the 𝑍 (3) center symmetry. For
infinitely heavy quark masses the center sym-
metry of QCD is exact. When including heavy
dynamical quarks, the center symmetry is bro-
ken explicitly and the first-order phase transi-
tion weakens with decreasing quark masses. At the 𝑍 (2) second-order boundary the first order
transition turns into a smooth, analytic crossover.

The location of the 𝑍 (2)-critical point for 𝑁f = 2 quark flavors has been investigated using
the Wilson fermion action for three different lattice spacings 𝑎 [5]. Here we present results for
the same 𝑍 (2)-critical point employing the staggered fermion action on lattices with two different
lattice spacings. As a continuation of the work from ref. [6] final results from the coarser lattice are
shown, as well as new preliminary results from the finer lattice. Another point on the 𝑍 (2)-critical
boundary has been studied also with staggered fermions for 𝑁f = 3 quark flavors [7].

The resulting critical quark masses will provide a first-principles benchmark for effective
theories, that are not excluded from investigating non-zero real chemical potentials. Examples are
effective lattice theories of QCD employing the hopping parameter expansion [8–17] and Polyakov
loop models in the continuum [18, 19]. Additionally, a first attempt is made to determine an
effective Ginzburg-Landau theory around the deconfinement critical point as a function of the
staggered lattice QCD parameters. Similar as in ref. [20], the pseudo-critical phase boundary can
be determined as a function of the lattice QCD parameters, which allows to fit it to data originating
from lattice QCD simulations.
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2. Simulation Details

The Monte Carlo importance sampling simulations are conducted on Euclidean lattices with
dimensions 𝑁3

𝜎 × 𝑁𝜏 employing the standard Wilson gauge action and the unimproved staggered
fermion action (for detailed formulations see ref. [21]). The lattice QCD parameters are the
inverse gauge coupling 𝛽(𝑎) = 6/𝑔2 and the bare quark mass 𝑎𝑚. The inverse gauge coupling
𝛽 controls the lattice spacing 𝑎 and tunes the temperature through the relation 𝑇 = (𝑎(𝛽)𝑁𝜏)−1.
Increasing 𝑁𝜏 while keeping 𝑇 constant leads to the continuum limit, where 𝑁𝜏 = 8, 10 for
our simulations. To account for the thermodynamic limit, simulations at several aspect ratios
𝐿𝑇 = 𝑁𝜎/𝑁𝜏 ∈ {4, 5, 6, 7, 8} are performed, where 𝐿 is the spatial extent of the thermodynamic
system. In order to localize the transition point, 2 to 4 𝛽 values are simulated around the pseudo-
critical 𝛽pc. For the quark mass 𝑎𝑚, 5 or 6 values around the critical quark mass 𝑎𝑚c at the
𝑍 (2)-critical point are simulated. For each set of parameters, 4 independent Markov chains are
produced, which are thermalized before with a sufficient number of updating steps.

The gauge configurations are generated according to the RHMC algorithm, which is imple-
mented in the Open-CL based lattice QCD code CL2QCD [22]. It is run on the GPU-clusters L-CSC
at the GSI in Darmstadt and on the Goethe-HLR at the Center for Scientific Computing in Frank-
furt. The huge number of simulations is efficiently handled and monitored using the bash tool
BaHaMAS [23].

3. Analysis of the Deconfinement Transition

The order parameter associated with the deconfinement phase transition is the volume averaged
Polyakov loop

𝐿 =
1
𝑁3

𝜎

∑︁
𝒏

1
3

Tr

[
𝑁𝜏−1∏
𝑛4=0

𝑈4(𝒏, 𝑛4)
]
, (1)

with temporal gauge links 𝑈4(𝑛). The standardized moments of the absolute value of the Polyakov
loop

𝐵𝑛 =
〈(|𝐿 | − 〈|𝐿 |〉)𝑛〉〈
( |𝐿 | − 〈|𝐿 |〉)2〉𝑛/2 . (2)

contain information about the shape of its distribution. We analyze the skewness 𝐵3 as a function
of 𝛽 in order to determine the transition point at 𝛽pc through the symmetry condition 𝐵3(𝛽pc) = 0.
The kurtosis 𝐵4 at 𝛽pc determines the order of the transition, where 𝐵4 assumes universal values in
the thermodynamic limit: 𝐵4(𝛽pc) = 1 for a first-order phase transition, 𝐵4(𝛽pc) = 3 for a crossover
and 𝐵4(𝛽c) = 1.604(1) [24] for a 𝑍 (2) second-order phase transition in three dimensions. Both
the skewness and the kurtosis are interpolated as a function of 𝛽 using the multiple histogram
reweighting method [25]. Hence, a precise estimate of 𝛽pc allows to obtain a good estimate of
𝐵4(𝛽pc). To account for the volume dependency of 𝐵4(𝛽pc; 𝑁𝜎 , 𝑎𝑚), a finite size scaling analysis
gives

𝐵4(𝛽pc; 𝑁𝜎 , 𝑎𝑚) =
(
1.604 + 𝐵𝑥 + O

(
𝑥2
))

·
(
1 + 𝐶𝑁

𝑦𝑡−𝑦ℎ
𝜎 + O

(
𝑁

2(𝑦𝑡−𝑦ℎ)
𝜎

))
(3)

depending on the scaling variable 𝑥 =

(
1
𝑎𝑚

− 1
𝑎𝑚c

)
𝑁

1/a
𝜎 [26]. 𝑦𝑡 = 1/a = 1.5870(10) and

𝑦ℎ = 2.4818(3) [27] are Ising 3D universal exponents. 𝐵 and 𝐶 are constants that remain to be
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Figure 2: Kurtosis data and fits for 𝑁𝜏 = 8, 10. The data points are shifted due to readability. The colored
lines show the combined fit, indicating the corresponding volume by the color. The dashed line indicates the
infinite volume kurtosis value for the 𝑍 (2) second-order transition. The vertical black line and the grey band
localize the critical mass and its error.

determined and the correction term 𝐶𝑁
𝑦𝑡−𝑦ℎ
𝜎 can be neglected for sufficiently large volumes. The

critical mass 𝑎𝑚c for a certain 𝑁𝜏 can then be extracted as a fit parameter from a fit of formula (3)
to the 𝐵4(𝛽pc; 𝑁𝜎 , 𝑎𝑚) data.

4. Simulation Results

Fitting the kurtosis from formula (3) including the relevant correction term gives critical quark
mass values 𝑎𝑚c for 𝑁𝜏 = 8, 10. The fits and the used data points can be seen in fig. 2 together
with tables summing up the fit result. The effect of the correction term on the fit is recognized
as pairwise different crossing points of the kurtosis lines for different volumes, that are shifted
upwards with respect to the infinite volume kurtosis crossing point (crossing of the black solid and
black dashed line). Larger error bars on the kurtosis points of 𝑁𝜏 = 10 in comparison with 𝑁𝜏 = 8
can be explained by larger autocorrelation times for the larger lattices and still low statistics for the
larger 𝑁𝜎 for 𝑁𝜏 = 10. The bad fit quality, indicated by the large 𝑄-parameter, and the large error
on the critical mass are a consequence of the large error bars on the kurtosis points. This issue will
disappear with increasing statistics.

𝑁𝜏 𝑎𝑚 𝛽𝑐 𝑎𝑚𝜋 𝑎 {fm} 𝑚𝜋 {GeV} 𝑇𝑐 {MeV} 𝑚𝜋/𝑇𝑐
8 0.6070 5.9940 1.79918(9) 0.0885(9) 4.01(4) 278(3) 14.39
10 0.35 6.0828 1.38085(15) 0.0691(7) 3.95(4) 286(3) 13.81

Table 1: Pion mass measurement and scale setting results. The data for 𝑁𝜏 = 10 is preliminary for
𝑎𝑚 = 0.35, 𝑎𝑚c is not yet final.

The scale is set via the 𝑤0 scale [28], which is based on the Wilson flow [29]. The pion mass
in physical units is compared to results from Wilson fermions [5] in fig. 3. The error bars represent
the error from the pion mass measurement. The fit error on 𝑎𝑚c, which is significantly larger, is
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Figure 3: Comparison with the results from Wilson fermions [5]. The staggered value for 𝑚𝑍 (2)
𝜋 at 𝑁𝜏 = 10

is preliminary for 𝑎𝑚 = 0.35.

not shown in the plot. The complete results of the pion mass measurement and the scale setting
are presented in table 1. For both 𝑁𝜏 , the critical pion mass in lattice units 𝑎𝑚𝑍 (2)

𝜋 is larger than 1,
implying that the pion, represented by its Compton wavelength, is not yet resolved by the lattice.

5. Development of an Effective Ginzburg-Landau Theory

We investigate the possibility to find an effective Ginzburg-Landau theory in the vicinity of
the deconfinement critical point that describes the lattice data. To determine an ansatz for the
Landau functional, the 𝑍 (3)-symmetric combinations of the order parameter, which is the complex
Polyakov loop, have to be found. Invariant combinations of 𝐿 and its complex conjugate 𝐿∗ include
𝐿∗𝐿 = |𝐿 |, (𝐿∗)3, 𝐿3 and (𝐿∗𝐿)2 = |𝐿 |4 up to fourth order, which appear in the general Landau
functional as

L(𝐿, 𝐿∗) = 𝐵2 |𝐿 | + 𝐵3,∗(𝐿∗)3 + 𝐵3𝐿
3 + 𝐵4 |𝐿 |4. (4)

In the thermodynamic limit 𝐿 is restricted to one center sector or the spontaneously broken phase,
such that

〈
𝐿3〉 = 〈

(𝐿∗)3〉 = 〈|𝐿 |〉. Including dynamical fermions, the center symmetry is explicitly
broken, where 1/(𝑎𝑚) is the symmetry breaking field. In the thermodynamic limit 〈Re(𝐿)〉 → 〈|𝐿 |〉
for the volume averaged Polyakov loop. With these assumptions we substitute |𝐿 | ≡ Λ to reduce
the problem to a one-component field.

The general Landau functional is then defined as

L(Λ; 𝛽, �̃�) = 𝐶2(𝛽, �̃�)Λ2 + 𝐶3(𝛽, �̃�)Λ3 + 𝐶4(𝛽, �̃�)Λ4 − 1
𝑎𝑚

Λ, (5)

where the coefficients 𝐶𝑖 depend on the reduced quantities 𝛽 =
𝛽

𝛽𝑐
− 1 and �̃� =

𝑚c
𝑚

− 1, which
become 0 at the critical point. To leading order the coefficients are

𝐶𝑖 (𝛽, �̃�) ≈ 𝑐𝑖,0 + 𝑐𝑖,𝛽𝛽 + 𝑐𝑖,𝑚�̃�, (6)

with constants 𝑐𝑖,0, 𝑐𝑖,𝛽 and 𝑐𝑖,𝑚.
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At a second order phase transition with (𝛽𝑐 , 𝑎𝑚c), the three conditions for the Landau functional
at the critical point [20] are

L ′(Λ; 0, 0) = 0 (7)

L ′′(Λ; 0, 0) = 0 (8)

L ′′′(Λ; 0, 0) = 0, (9)

where eq. (7) demands that the Landau free energy is minimized. Eq. (8) represents the fact that the
curvature has to become zero at a second order phase transition. By eq. (9) we impose a minimum
for the curvature L ′′(Λ; 0, 0) of the Landau functional at the critical point. 𝐿 ′′′′(Λ; 0; 0) > 0
always, since 𝑐4,0 > 0 for a global minimum of L to exist. The solution to the equation system is

Λ𝑐 =
3

2 · 𝑐2,0 · 𝑎𝑚c
(10)

𝑐3,0 = −
4 · 𝑐2

2,0 · 𝑎𝑚c

9
(11)

𝑐4,0 =
2 · 𝑐3

2,0 · (𝑎𝑚c)2

27
. (12)

To reduce the number of unknown parameters, we assume 𝐶3 and 𝐶4 to be constant and set
𝐶2(𝛽) = 𝑐2,0 + 𝑐2,𝛽𝛽. This leads to a minimal ansatz for the Landau functional

Lmin(Λ; 𝛽, �̃�) = (𝑐2,0 + 𝑐2,𝛽𝛽)Λ2 −
4 · 𝑐2

2,0 · 𝑎𝑚c

9
Λ3 +

2 · 𝑐3
2,0 · (𝑎𝑚c)2

27
Λ4 − 1

𝑎𝑚
Λ, (13)

which is only valid for sufficiently small �̃� and 𝛽. This minimal ansatz allows to determine
a simple functional form of the phase boundary 𝛽pc(𝑎𝑚) in the vicinity of the critical point.

1 2 3

1.4

1.5

1.6

·10−2

Λ
pc
(𝑎

𝑚
)

1 2 3

5.95

6

6.05

1
𝑎𝑚

𝛽
pc
(𝑎

𝑚
)

Figure 4: Combined fit of eqs. (16), (17) to
data from simulations on 𝑁𝜏 = 8, 𝑁𝜎 = 56
lattices.

Solving the equation system

L ′(Λ; 𝛽, �̃�) = 0 (14)

L ′′′(Λ; 𝛽, �̃�) = 0, (15)

for Λ and 𝛽, the pseudo-critical quantities

Λpc =
3

2 · 𝑐2,0 · 𝑎𝑚c
(16)

𝛽pc =
𝑐2,0

3 · 𝑐2,𝛽
�̃� (17)

are obtained. The curvature L ′′(Λ; 𝛽, �̃�) must be mini-
mal again, but it is not always 0 anymore, which is valid
for polynomials up to fourth order.

The unknown coefficients can be determined by fit-
ting eqs. (16) and (17) to data from simulations and using
the critical mass value from the kurtosis fit of one specific
𝑁𝜏 . The resulting combined fit for 𝑁𝜏 = 8, 𝑁𝜎 = 56 is
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shown in fig. 4, with fit parameters 𝛽c = 5.9934(4), 𝑐2,0 = 174(4) and 𝑐2,𝛽 = −3.44(9) · 103 that
minimize the reduced 𝜒2

dof = 3.69.
Λ is non-zero at the critical point, such that we can shift the Landau functional and express it

in terms of a new order parameter [ = Λ − Λc, which becomes 0 at the critical point. The shifted
minimal Landau functional is

Lmin([; 𝛽, �̃�) = −
((

1 +
3𝑐2,𝛽

𝑐2,0
𝛽

)
1
𝑎𝑚

− 1
𝑎𝑚c

)
[ + 𝑐2,𝛽𝛽[

2 +
2 · 𝑐3

2,0 · (𝑎𝑚c)2

27
[4, (18)

where the symmetry breaking field now depends both on 𝑎𝑚 and on 𝛽.

6. Conclusions

This work presents progress on determining the deconfinement critical point for 𝑁f = 2
staggered fermions in the continuum limit. Results from two different lattice spacings for 𝑁𝜏 = 8, 10
have been shown. The task to perform the continuum limit is challenging mainly due to increasing
autocorrelation times. The preliminary fit for 𝑁𝜏 = 10 is not yet well constrained, as the kurtosis
errors are still large for currently running simulations. Despite these challenges, it is necessary to
simulate at even larger 𝑁𝜏 , because the pion is still not resolved by 𝑁𝜏 = 10 lattices. To circumvent
the issue of large computational cost, an effective Ginzburg-Landau theory in the vicinity of the
deconfinement critical point has been explored in a first step. Based on a minimal Landau functional,
the functional form of the phase boundary is fitted to data from simulations. However, further
investigations are required, which includes taking into account the 𝑁𝜏 dependence of the Landau
functional. This would allow to study the continuum limit with the effective Ginzburg-Landau
theory.
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