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1 Introduction

The phases of QCD under extreme conditions and the nature of its associated effective
degrees of freedom are among the most pressing problems of theoretical physics, affecting
experimental programs from heavy ion collisions, to astro-particle and gravitational wave
physics. Of particular interest is the question, deeply related to the confinement problem,
of how ordinary hadronic matter gets modified in medium to eventually dissolve into the
expected quark gluon plasma. In principle, the answer is provided by the spectral properties
of Euclidean two-point functions of gauge-invariant operators OΓ(τ, ~x)

CΓ(τ, ~x) = 〈OΓ(τ, ~x)OΓ(0,~0)〉T , (1.1)

where Γ denotes a set of quantum numbers, and the expectation value is over a thermal
ensemble at temperature T = 1/β, which for the purposes of this work we specialise to
zero baryon density, µB = 0. The spatial Fourier transform of the correlation functions
take the universal form

C̃Γ(τ,~p) =
∫ ∞

0

dω

2π
cosh

[(
β
2 − |τ |

)
ω
]

sinh
(
β
2ω
) ρΓ(ω,~p), (1.2)

where the associated spectral functions ρΓ(ω,~p) contain the desired information about the
possible excitations in a given quantum number channel.

In order to fully describe a thermal system of strong-interaction particles one ulti-
mately requires a non-perturbative approach. Lattice QCD is a powerful such approach,
and numerical computations of the correlation functions in eq. (1.1) have led to significant
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advancement in the understanding of finite-temperature phenomena [1–17]. On the lattice
it is the spatial correlators, integrated over the orthogonal directions, that are accessible
over the largest distances and hence contain the most information about the thermal sys-
tem. Particular progress has been made in establishing the properties of these correlators
in recent years [18–25], which are defined as

CΓ(x3) =
∫ ∞
−∞

dx1

∫ ∞
−∞

dx2

∫ β
2

−β2
dτ CΓ(τ, ~x) (1.3)

=
∫ ∞
−∞

dp3
2π e

ip3x3

∫ ∞
0

dω

πω
ρΓ(ω, p1 = p2 = 0, p3), (1.4)

where the second equality follows from eq. (1.2). Equation (1.4) demonstrates that the
structure of CΓ(x3) is entirely controlled by the spectral function of the corresponding
hadronic operator, and thus directly probes the spectral properties of QCD for T > 0. A
fundamental issue with eq. (1.2) though is that the extraction of the corresponding spectral
function is an ill-posed inverse problem. For this reason, most strategies to obtain QCD
spectral functions from lattice data require intricate statistical methods, combined with
input based on either perturbative calculations or phenomenological modelling. A general
discussion of such strategies can be found in refs. [26, 27].

In this work we pursue a different approach, which was developed in refs. [28–32] and
is based on the T > 0 generalisation of axiomatic formulations of local vacuum-state QFT,
whose applications over the years have led to numerous foundational insights, including
the relationship between spin and statistics, the generality of CPT symmetry, and the
rigorous connection of Minkowski and Euclidean QFTs [33–35]. The non-perturbative T >

0 framework of refs. [28–32] focussed on the simplest case of Hermitian scalar fields φ(x),
and established that characteristic features such as the loss of Lorentz symmetry can be
incorporated by defining a thermal background state |Ωβ〉 at temperature T = 1/β, which
is no longer invariant under the full Poincaré group. Together with the standard constraints
brought about by the assumption of thermal equilibrium [36, 37], it was demonstrated that
the locality of the fields1 alone imposes particularly significant constraints, and implies the
following representation of the scalar spectral function2 [28]

ρ(ω,~p) =
∫ ∞

0
ds

∫
d3~u

(2π)2 ε(ω) δ
(
ω2 − (~p− ~u )2 − s

)
D̃β(~u, s). (1.5)

In the T → 0 limit eq. (1.5) reduces to the well-known Källén-Lehmann spectral repre-
sentation,3 and hence represents its T > 0 generalisation. From the structure of eq. (1.5)
one can see that the effects of the background state are entirely captured by the thermal

1By locality we mean: [φ(x), φ(y)] = 0 for (x − y)2 < 0, which is simply the physical assumption that
all measurements respect causality.

2As is standard in the literature, the spectral function refers to the Fourier transform of the thermal
two-point commutator 〈Ωβ | [φ(x), φ(y)] |Ωβ〉.

3For the vacuum spectral function the Källén-Lehmann representation has the momentum-space
form [38, 39]: 2πε(ω)

∫∞
0 ds δ

(
p2 − s

)
ρ(s), where ρ(s) is the spectral density whose singularities capture

the presence of stable particle states.
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spectral density D̃β(~u, s). Determining the properties of this quantity is therefore essential
for describing the characteristics of scalar particles in thermal media.

Equation (1.5) is completely general and holds for any scalar field satisfying locality. In
order to understand the characteristics of the thermal spectral density for specific theories,
additional information is necessary. In ref. [28] the authors proposed that the singular
structure of D̃β(~u, s) in the variable s is preserved relative to the vacuum theory, as long
as no phase transition is met. This implies that discrete and continuous contributions are
decomposed, and hence if a theory contains a stable particle state of mass m at T = 0 one
can write [32]

D̃β(~u, s) = D̃m,β(~u ) δ(s−m2) + D̃c,β(~u, s), (1.6)

where D̃c,β(~u, s) is continuous in s. As outlined in refs. [28–32], there are several reasons
for why the discrete component in eq. (1.6) provides a natural description of a particle
state in finite-temperature QFT. Firstly, for T > 0 the so-called damping factor D̃m,β(~u )
is non-trivial, which due to the structure of eq. (1.5) causes ρ(ω,~p) to have contributions
outside of the mass shell p2 = m2, and hence the T = 0 mass peak of the particle becomes
broadened, as one would expect. Moreover, the precise nature of this broadening has been
shown to be controlled by the underlying interactions between the particle state and the
constituents of the thermal medium [32]. Although eq. (1.6) assumes the T = 0 particle
state to be stable, this can in principle be generalised to unstable states by replacing
δ(s−m2) with a suitable resonance-type function in s, such as a relativistic Breit-Wigner.
The factorisation of the (~u, T ) and s dependence therefore ensures that this representation
can distinguish between particle decays of different physical origin, namely those brought
about by dissipative thermal effects, controlled by (~u, T ), and those due to any intrinsic
instability of the T = 0 particle states. The structure of damping factors in specific models
was first explored in ref. [32], and more recently in refs. [40–42], where it was shown that
these quantities can in fact be used to perform non-perturbative analytic calculations of
in-medium observables, including the shear viscosity.

The goal of the present work is to apply the observations from refs. [41, 42] to lattice
data for pseudo-scalar correlators in order to compute the thermal spectral density D̃β(~u, s),
and from it the spectral function ρ(ω,~p). In section 2 we establish an analytic connection
between the spatial correlator and the spectral representation in eq. (1.5). In section 3 we
use these results to extract the properties of the light-quark pseudo-scalar spectral function
from lattice QCD data, and discuss the physical implications of these results. Finally, in
section 4 we summarise our main findings.

2 Spectral representation of spatial correlators

We begin by discussing the relation between the thermal spectral density D̃β(~u, s) and the
imaginary-time two-point function C(τ, ~x). In ref. [41] it was shown for scalar fields that
this connection is defined via the following integral relation∫ β

2

−β2
dτ C(τ, ~x) = 1

4π|~x|

∫ ∞
0

ds e−|~x|
√
sDβ(~x, s), (2.1)
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where Dβ(~x, s) is the inverse Fourier transform of D̃β(~u, s). Using the fact that Dβ(~x, s)
depends only on |~x| in an isotropic medium, it follows by combining eqs. (1.3) and (2.1)
that the spatial correlator has the general spectral representation

C(x3) = 1
2

∫ ∞
0

ds

∫ ∞
|x3|

dR e−R
√
sDβ(R, s). (2.2)

As outlined in section 1, in the simplest case where there exists a single stable particle
state at T = 0, there is evidence to suggest [32] that the thermal spectral density has
the decomposition in eq. (1.6). However, hadronic correlators in QCD in general receive
contributions from multiple states. In this case, the decomposition in eq. (1.6) has the
natural position-space generalisation

Dβ(~x, s) =
∑
i

Dmi,β(~x) δ(s−m2
i ) +Dc,β(~x, s), (2.3)

where mi are the T = 0 masses associated with these states. Using analogous arguments
to those in ref. [41], if Dc,β(~x, s) is non-vanishing for s ≥ sc, and the gap between the scale
sc and some subset of the masses {m1, . . . ,mn} is sufficiently large, the damping factors
associated with these states will dominate the behaviour of C(x3)

C(x3) ≈ 1
2

n∑
i=1

∫ ∞
|x3|

dR e−miRDmi,β(R), (2.4)

and this domination will be especially pronounced at large x3. Equation (2.4) demonstrates
not only that the vacuum particle states have a significant impact on the behaviour of
C(x3), but also how this behaviour is connected to the dynamical properties of the theory.
In the situation that one of the masses m1 is significantly smaller than the others, it
follows from eq. (2.4) that the corresponding damping factor Dm1,β associated with this
state can be directly calculated from the leading large-x3 behaviour of the spatial correlator
derivative

Dm1,β(|~x| = x3) ∼ −2em1x3 dC(x3)
dx3

, x3 →∞. (2.5)

In principle, the damping factors associated with the higher mass states {m2, . . . ,mn}
can also be extracted, in this case from the sub-leading large-x3 behaviour of C(x3). The
practical feasibility of this depends on the relative size of the masses and the behaviour of
Dmi,β(~x). Once explicit particle damping factors are available, one can then use eq. (1.5)
to calculate their analytic contributions to the full spectral function ρ(ω,~p).

3 Scalar QCD correlators

3.1 Preliminary considerations

Before applying the relations derived in the last section to lattice QCD data, let us recall a
result from the literature that explicitly supports the validity of the ansatz in eq. (1.6) in
QCD, at least for low temperatures and in the chiral limit. In refs. [43, 44] QCD vector and
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axial-vector correlators were evaluated using the well-tested PCAC current algebra, which
to leading order in ε = T 2/(6f2

π) allows one to express the low-temperature correlators by
the vacuum correlators

CV (p, T ) = (1− ε)CV (p, 0) + εCA(p, 0),
CA(p, T ) = (1− ε)CA(p, 0) + εCV (p, 0). (3.1)

Whilst these are not scalar correlators, they provide particular examples for the more gen-
eral assumption leading to eq. (1.6), namely that certain analytic structures of vacuum
correlators are preserved at finite temperatures. In the case of eq. (3.1), the poles of the
vacuum correlators are mixed, but explicitly present in the finite-temperature correlators.
Similar considerations apply, in less detail but more generality, to the spectral decomposi-
tion of lattice meson correlators,

CΓ(τ, ~x) = 1
Z
∑
m,n

|〈m|OΓ(0, ~x)|n〉|2 e−τEne−(β−τ)Em , (3.2)

where Z is the partition function, and H has the discrete spectrum H|n〉 = En|n〉. Since
the Hamiltonian is independent of T , this spectrum is identical to that in the vacuum, as
long as no non-analytic phase transition is crossed. Again, it is evident that the finite-
temperature correlator inherits the vacuum particle states and their analytic structures,
which get mixed with weight factors determined by temperature.4 Since there is no non-
analytic phase transition in QCD at µB = 0, the proposition in eq. (1.6) appears well
suited for lattice pion correlators over a large temperature range, and we shall now use it
to extract the corresponding spectral information.

3.2 Pseudo-scalar lattice correlator analysis

We now focus on spatial pseudo-scalar correlators defined as

CaPS(x3) =
∫ ∞
−∞

dx1

∫ ∞
−∞

dx2

∫ β
2

−β2
dτ 〈Ωβ |OaPS(τ, ~x)Oa †PS(0)|Ωβ〉, (3.3)

where OaPS = ψγ5
τa

2 ψ, with ψ(x) = (u(x), d(x)) isospin doublets, and τa the Pauli spin
matrices. For the remainder of the paper the isospin index a will be dropped since the
spatial correlator is independent of a for degenerate quark masses. We analyse the lattice
data generated in ref. [45] with two mass-degenerate flavours of domain wall fermions, which
have good chiral symmetry properties also at finite lattice spacing. Thermal ensembles for
T = 220, 320, 380, 480, 660, and 960MeV were generated with a fixed bare quark mass
of amu = amd = 0.001, which is compatible with the physical pion mass at T = 0. The
correlator in eq. (3.3) was evaluated in the range x3 ∈ [x∗3, L/2], where L is the spatial
lattice extent, and x∗3 = 1/(TNτ ) is the smallest non-vanishing separation by one lattice
spacing, with Nτ the temporal lattice extent. The calculation in ref. [45] was also performed

4Incidentally, the hadron resonance gas model, which is known to provide a reasonable description of
the lattice QCD equation of state up to the chiral crossover at Tpc ≈ 155MeV, employs exclusively masses
and decay widths encoded in vacuum correlation functions.
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Figure 1. Spatial pseudo-scalar lattice correlators obtained with Nf = 2 domain wall fermions
in [45]. The dashed lines represent fits to the data using the ansatz in eq. (3.5). The corresponding
χ2/d.o.f. of the fits are listed in table 1.

such that the correlator was normalised to one at x3 = x∗3. To avoid ambiguity we will
refer to this normalised correlator as CPS(x3). More details regarding the precise lattice
setup can be found in ref. [45] and a brief summary is given in table 1.

We begin our analysis by parametrising the functional form of the correlator CPS(x3).
In order to do so, one must first understand the particle states that are generated by the
light quark pseudo-scalar operator OaPS. For masses below 2GeV, these states consist of
the pion π, π(1300), and π(1800) [46], the latter two of which are generally interpreted
as being the first two radial excitations of the pion, the π∗ and π∗∗ [47]. In accordance
with numerous previous investigations, we find the large x3 behaviour of CPS(x3) to be
consistent with a pure exponential. Taking into account the periodic boundary conditions
along the x3 direction, we thus started by fitting the standard functional form

CPS(x3) = Ae−m
scr
π x3 +Ae−m

scr
π (L−x3) (3.4)

to a range x3 ∈ [xmin
3 , L/2], where mscr

π defines the so-called screening mass of the lowest
energy state, in this case the pion. The lower boundary of the fit range xmin

3 was chosen
such that the inclusion of an additional data point would significantly reduce the quality
of the fit, producing an O(1) increase in the χ2/d.o.f. By adding an additional exponential
component to our fit ansatz,

CPS(x3) = Ae−m
scr
π x3 +Ae−m

scr
π (L−x3) +Be−m

scr
π∗x3 +Be−m

scr
π∗ (L−x3), (3.5)

the overall quality of the fit was significantly improved, enabling excellent fits over the
entire data range [x∗3, L/2] for T = 660MeV and 960MeV, and excluding only the smallest
separation point for T = 220, 320, 380, and 480MeV. These data and the fits are shown in
figure 1. The corresponding fit parameters, together with their uncertainties, are listed in
table 1.
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N3
s ×Nτ a [fm] amud T [MeV] Fit range A mscr

π [MeV] B mscr
π∗ [MeV] χ2/d.o.f.

323 × 12 0.075 0.001 220 [2x∗3, L/2] 0.114(7) 776(17) 2.24(17) 3361(115) 0.581

323 × 8 0.075 0.001 320 [2x∗3, L/2] 0.347(7) 1781(5) 3.45(14) 4230(62) 0.686

323 × 8 0.065 0.001 380 [2x∗3, L/2] 0.325(9) 2153(9) 3.49(15) 4998(78) 0.444

323 × 8 0.051 0.001 480 [2x∗3, L/2] 0.343(11) 2860(11) 3.61(16) 6430(108) 0.314

323 × 4 0.075 0.001 660 [x∗3, L/2] 1.65(2) 3816(4) 5.96(6) 6012(39) 0.353

323 × 4 0.051 0.001 960 [x∗3, L/2] 1.52(4) 5559(10) 6.04(8) 8604(77) 1.243

Table 1. Lattice parameters for the spatial pseudo-scalar correlator data from ref. [45], together
with the best-fit parameters pertaining to the dashed lines in figure 1.

In eq. (3.5) the exponents of the second pair of terms have the interpretation of a
screening mass for the second-lightest pseudo-scalar meson state, the π∗. As opposed to
the pion, the π∗ is unstable under strong interactions, but this is not observed in the data,
presumably due to an insufficient lattice resolution. The exact correlator can also contain
additional contributions from higher excited states, including the π∗∗, although these states
are increasingly exponentially suppressed. One could in principle extract the properties
of these states from the short distance behaviour of the correlator on finer lattices with
higher resolution and more lattice data points, but at the current resolution these states
do not play any role. As an independent check, the resulting pion screening masses (listed
in table 1) can be compared with the continuum extrapolated values from Nf = 2 + 1
simulations [48], and good agreement is observed.

Since the QCD pion in vacuum is a stable massive scalar particle, and corresponds to
the lightest T = 0 state, the considerations of section 2 apply, and one can use eq. (2.5) to
extract the damping factor associated with this state. Doing so, one obtains

Dmπ ,β(~x) = απ e
−γπ |~x|, (3.6)

where απ and γπ are T -dependent parameters. Note that a damping factor with this func-
tional form was already observed in ref. [42] for pion states in the quark-meson model,
in this case with correlators generated using a functional renormalisation group (FRG)
approach.5 The parameter γπ was shown to control the thermal broadening of the pion
states, and hence corresponds to the interaction energy between the pions and the thermal
background. For the sub-leading π∗ contribution it must also be the case that the corre-
sponding damping factor has the form Dmπ∗ ,β(~x) = απ∗ e

−γπ∗ |~x|. Therefore, the resolution
of two independent exponential contributions to CPS(x3) is consistent with the two lowest-
lying particle states in the T = 0 spectrum having exponential damping factors. Applying
eq. (2.4), contributions of this form generate the general spatial correlator behaviour

CPS(x3) =
∑

i=π,π∗
Ci(x3), Ci(x3) = αi

2(mi + γi)
e−(mi+γi)|x3|, (3.7)

5Recent analyses of pion spectral properties in the quark-meson model were also performed in refs. [49–
51], based on an FRG analytic continuation approach.
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which implies the following relation between the screening masses, vacuum masses, and
damping factor exponents for each particle contribution

mscr
i (T ) = mi + γi(T ), i = π, π∗. (3.8)

Due to the restoration of Lorentz invariance in the T → 0 limit, the parameters γi must
vanish, and hence

Ci(x3) T→0−−−→ αi(T = 0)
2mi

e−mi|x3|, (3.9)

as expected for the T = 0 spatial correlator of a massive particle with weight αi(T = 0).
Having determined the functional form of the π and π∗ damping factors, one can now use
the corresponding thermal spectral density

Dβ(~x, s) = Dmπ ,β(~x) δ(s−m2
π) +Dmπ∗ ,β(~x) δ(s−m2

π∗), (3.10)

together with the general representation in eq. (1.5), to establish how the π and π∗ states
contribute to the pseudo-scalar spectral function ρPS(ω,~p). One finds that

ρPS(ω,~p) = ε(ω)

θ(ω2 −m2
π) 4απγπ

√
ω2 −m2

π

(|~p|2 +m2
π − ω2)2 + 2(|~p|2 −m2

π + ω2)γ2
π + γ4

π

+ θ(ω2 −m2
π∗)

4απ∗γπ∗
√
ω2 −m2

π∗

(|~p|2 +m2
π∗ − ω2)2 + 2(|~p|2 −m2

π∗ + ω2)γ2
π∗ + γ4

π∗

 ,
(3.11)

which is the two-state generalisation of the result obtained in ref. [42]. Equation (3.11)
therefore represents the spectral function that best describes the lattice data in the range
[2x∗3, L/2]. Substituting eq. (3.11) into the spatial correlator expression in eq. (1.4) one
recovers the result of eq. (3.7), as expected.

To interpret the physics of this result, let us focus on the zero-momentum spectral
function ρPS(ω) := ρPS(ω, ~p = 0), which has the form

ρPS(ω) = ε(ω)

θ(ω2 −m2
π) 4απ γπ

√
ω2 −m2

π

(ω2 −m2
π + γ2

π)2 + θ(ω2 −m2
π∗)

4απ∗ γπ∗
√
ω2 −m2

π∗

(ω2 −m2
π∗ + γ2

π∗)2

 .
(3.12)

Particularly distinctive characteristics of eq. (3.12) are that the π and π∗ contributions
have sharp thresholds at their respective T = 0 masses, and each particle contribution has
a single peaked behaviour, with the peak maxima located at

ωpeak
i =

√
m2
i + 1

3γ
2
i , i = π, π∗. (3.13)

Mathematically, the thresholds are a direct consequence of the discrete δ(s − m2
i ) com-

ponents in the ansatz of eq. (1.6). It reflects the physical situation that the thermal
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background state |Ωβ〉 is itself composed of pions, and therefore one has to inject an en-
ergy of at least mπ or mπ∗ in order to create a zero-momentum excitation with π or π∗

quantum numbers, respectively. The shift of the peaks to energies larger than mπ and mπ∗

corresponds to the fact that in addition one has to supply the interaction energy of the
particles with the thermal background in order to excite those states with maximal proba-
bility. Hence, the thresholds have a microscopic origin in the mass gaps of the constituents
of the thermal system, whilst the peak positions are a collective feature of the macroscopic
system.

To complete our knowledge of the pseudo-scalar spectral function, we still need values
for the coefficient parameters απ and απ∗ . In principle, these are fixed by the absolute
normalisation of the correlation functions. However, this would require renormalised cor-
relators, which are not available at present. Fortunately, by taking the ratio of the fitted
coefficients this normalisation cancels, and one obtains the following expression for the
relative weight of the π and π∗ coefficients

απ
απ∗

= mscr
π A

mscr
π∗B

. (3.14)

Since the spectral function has the functional form in eq. (3.12), this implies that it satisfies
the integral relation ∫ ∞

0

dω

π
ω ρPS(ω) = απ + απ∗ . (3.15)

By choosing to normalise the spectral function to one, it follows from eqs. (3.14) and (3.15)
that the coefficients in the normalised spectral function ρ̂PS(ω) can be calculated directly
from the fitting parameters as

α̂π = απ
απ + απ∗

= Amscr
π

Amscr
π +Bmscr

π∗
, (3.16)

α̂π∗ = απ∗

απ + απ∗
= Bmscr

π∗

Amscr
π +Bmscr

π∗
. (3.17)

Using these relations, together with the fit parameters and eq. (3.12), in the left plot of
figure 2 we evaluate ρ̂PS(ω) with its respective 1σ error band for mπ = 140MeV at different
temperatures. In the right plot of figure 2 we also show ρ̂PS(ω)/ω2, which is often studied
in the literature. One sees that the rescaling by ω2 causes a separation of the π and π∗

peaks, and their relative heights to change order.

3.3 Systematics

Before discussing the physics implications of our results, it is useful to assess the system-
atic uncertainties involved in their extraction. Starting with the lattice data we analysed
here, it is worth repeating that domain wall fermions have good chiral properties at finite
lattice spacing, and there are no doublers involved. This is important since the data we
consider are not extrapolated to the continuum. The range of lattice spacings considered
here (cf. table 1) is comparable to those used in a recent continuum extrapolated calcu-
lation of screening masses [48], so finite lattice spacing effects are expected to be small.
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Figure 2. The unit-normalised pseudo-scalar spectral function ρ̂PS(ω) (left), and rescaled expres-
sion ρ̂PS(ω)/ω2 (right), at different temperatures for mπ = 140MeV. The coloured bands indicate
the 1σ uncertainties.

Similarly, for the spatial correlators, the box size in units of the largest correlation length
(cf. table 1) is msrc

π L & 12, and based on experience, finite-size effects in the correlators
are exponentially small.

A larger quantitative effect is caused by the fact that the bare quark mass is held
fixed at amud = 0.001 in lattice units. Since there are different lattice spacings involved
at different temperatures (cf. table 1), the system is not strictly staying on a so-called
line of constant physics. Using the relation m2

π ∼ mq from chiral perturbation theory
this amounts to a roughly 50% uncertainty on the vacuum pion mass, and hence we set
mπ = 140±70MeV. By using a linear extrapolation based on the T = 0 excited pion lattice
calculations of ref. [52] we were able to estimate how this lattice uncertainty propagates to
the mass of the first excited state, finding that mπ∗ = 1412± 38MeV. In order to establish
the effect that these uncertainties have on the spectral function we varied the masses
within their uncertainty ranges. Whilst we found that this produced some quantitative
modifications of the peak heights on the order of 20%, the overall qualitative characteristics
of ρ̂PS(ω) were not significantly altered. Since the analysed lattice data correspond to
Nf = 2 QCD, one would also expect the spectral function to be quantitatively modified to
some extent once strange quarks are included.

Besides discrete particle components, the spectral function also contains continuous
contributions, represented by Dc,β(~x, s) in eq. (2.3). However, since the spatial correlator
is directly related to the momentum-dependent spectral function via eq. (1.4), if these
components did provide a significant contribution, particularly at small energies, they
should be detectable in the fits. Together with the controllable effects discussed here,
the largest systematic uncertainty in the present approach is the decomposition ansatz of
eq. (1.6) proposed in ref. [28], which encodes the significant influence of the vacuum states
on the analytic structure of the spectral function. This ansatz is motivated by various
physical considerations, as outlined in sections 1 and 3.1, and a general investigation will
be the subject of future work. In the context of this study there exists a highly non-trivial
test of the consistency of the extracted spectral functions, which is independent of how
they are obtained. This will be discussed in section 3.4.
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3.4 A non-perturbative test of the spectral function

It is apparent from eqs. (1.2) and (1.4) that the spectral function governs the behaviour of
both spatial and temporal correlation functions. This therefore provides a straightforward
and non-perturbative test of the consistency of any extracted spectral function: the spectral
function determined from spatial correlators must predict the corresponding temporal ones,
and vice versa. In our case, ref. [53] provides lattice data of the temporal correlator
CPS(τ) := C̃PS(τ, ~p = 0) at T = 220MeV with the same lattice action and parameters as
the spatial correlator data analysed here. From eqs. (1.2) and (1.5) it follows that

CPS(τ) =
∫ ∞

0

dω

2π
cosh

[(
β
2 − |τ |

)
ω
]

sinh
(
β
2ω
) ρPS(ω) (3.18)

=
∫ ∞

0
ds

∫ ∞
0

d|~u|
(2π)2

|~u|2 cosh
[(

β
2 − |τ |

)√
|~u|2 + s

]
√
|~u|2 + s sinh

(
β
2
√
|~u|2 + s

) D̃β(~u, s), (3.19)

and hence the extracted thermal spectral density in eq. (3.10), from which our ρPS is calcu-
lated, can be used to predict the form of CPS(τ), and compared with the data of ref. [53].

The lattice temporal correlator data from ref. [53] are normalised as CPS(τ = τ∗) = 1,
where τ∗ = 1/(TNτ ) is lattice separation one. In order to perform a comparison we need to
ensure that both the spatial and temporal lattice correlators are normalised such that the
zero-momentum spectral function has unit normalisation, as in figure 2. To do so, consider
the derivative of CPS(τ) for τ → 0+, which due to eq. (3.18) gives

dCPS
dτ

(τ → 0+) = −
∫ ∞

0

dω

2π ω ρPS(ω). (3.20)

Rescaling the temporal lattice data by −2dCPS
dτ (τ → 0+) therefore ensures the proper

normalisation, and we denote the corresponding correlator by ĈPS(τ). A final obstacle is
the estimation of the derivative itself, since the data does not extend down to τ = 0. For
this purpose we performed interpolations of the data based on Hermite polynomials and
cubic splines, which were then extrapolated to τ = 0. Using the spread in results across
the different interpolation methods we estimated the error on the derivative to be of the
order of 10%. In figure 3 we plot the ĈPS(τ) prediction from the spatial correlator data
against the appropriately rescaled temporal lattice data.

We see that the ĈPS(τ) prediction matches well with the rescaled lattice data. As τ
becomes small the prediction begins to underestimate the lattice points. This is entirely
expected, since ρ̂PS(ω) only contains information about the two lowest-lying states π and
π∗, whereas for small values of τ the higher-excited states such as the π∗∗ exert a greater
influence over the behaviour of ĈPS(τ). Indeed, we observe quantitative agreement for
τ & 0.0007MeV−1 ≈ m−1

π∗ , which is the smallest screening length resolved by the spatial
correlator. Overall, the analysis in this section provides robust evidence that the spectral
function in eq. (3.11) is fully consistent with the available state-of-the-art lattice correlator
data from refs. [45, 53] on length scales ` & m−1

π∗ at T = 220MeV.
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Figure 3. The ĈPS(τ) prediction against the rescaled lattice data (black points) for T = 220MeV.
The error bars and coloured band indicate the estimated combined uncertainties.

3.5 Dynamical implications

Apart from the appearance of thresholds related to the vacuum spectrum, which we dis-
cussed already, the most prominent feature in figure 2 (left) is that the pion component
of the spectral function gives a pronounced peak at the lowest temperature T = 220MeV,
which corresponds to approximately 1.2Tpc. As the temperature increases, this peak even-
tually disappears due to two combined effects. Firstly, there is a broadening of the peak,
as expected from the increasing collision rates in the medium. Secondly, the peak location,
defined in eq. (3.13), begins to exceed the π∗ threshold at ω = mπ∗ , causing the pion peak to
effectively disappear. The π∗ features a distinct peak up to around T = 660MeV, although
the inclusion of higher-excited pion states, which are not captured by the lattice data,
would modify this picture. Nevertheless, because the contributions of the higher-excited
states have increasingly larger thresholds, their behaviour would not affect the pion contri-
bution to ρ̂PS(ω). The emerging physical picture is that of sequential melting of the pion
and its excitations with increasing temperature, and that this process happens gradually
and at temperatures significantly larger than the chiral symmetry restoration scale Tpc.

Note that the general characteristics of figure 2 (right) are similar to those seen in some
earlier reconstruction studies [54, 55], where instead the spectral function was extracted
from data of temporal correlators CΓ(τ) via eq. (1.2). In particular, these studies also see
separated peaks of decreasing size for larger values of ω, even when T > Tpc. A contrast
with figure 2 though is the absence of discrete thresholds, which is most likely because
the reconstructed spectral functions are constrained to be smooth. Further meaningful
comparisons can also be made with non-perturbative studies in the O(4) model [56–58],
and analyses of the pseudo-scalar spectral function in low-temperature QCD [59–62]. In
the O(4) model the spectral functions also appear to possess peaks above the transition
temperature, as in figure 2, and the peak locations are related to the screening masses [56].
In QCD analyses [59–62] the pion screening mass mscr

π is similarly found to increase with
temperature, and the notion of a quasi-particle mass is introduced in the low-temperature
regime, motivated by the observation that the spatial correlator has a purely exponential
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decay at large distances. This exponential behaviour is explained by the presence of a
discrete delta component in the spectral function whose argument is proportional to mscr

π

at ~p = 0. However, in our case we demonstrate that an exponential spatial correlator can
also be achieved with exponential damping factors (cf. eq. (3.7)), and a resulting spectral
function (eq. (3.11)) with a quite different analytic structure.

Finally, we note that the picture of pions melting at temperatures significantly above
the effective chiral symmetry restroration scale is fully consistent with the expectations
based on chiral spin symmetry, which was observed to be approximately realised in a
temperature range Tpc . T . 3Tpc on the same lattice configurations [45, 53]. As explained
in those studies, chiral spin symmetry can only emerge dynamically in a regime where the
chromoelectric quark gluon interactions dominate the quantum effective action of QCD.
Refs. [45, 53] therefore concluded that in this intermediate temperature regime the thermal
medium consists of hadron-like states where chiral symmetry is nearly restored, and quarks
are still effectively bound. The spectral function of figure 2 fully supports this picture. In
ref. [63] it was discussed how this chiral spin symmetric band smoothly extends to finite
baryon density, where it may connect to quarkyonic matter in the cold and dense regime [64,
65], which is expected to contain chirally symmetric (parity-doubled) baryons. In this
context, it would be most interesting to extend the present study to lattice correlators
evaluated at imaginary baryon chemical potential, which can be computed without a sign
problem, and understand the influence of small baryon densities on the spectral functions.

3.6 The scalar spectral function and chiral symmetry restoration

In ref. [45] the correlators for several other iso-vector meson operators are given for the
temperatures listed in table 1, in particular the Lorentz scalar, which contains contributions
from the a0 meson. The physical a0 has a vacuum mass of roughly 980MeV, but this
value will be lower in Nf = 2 QCD because the a0 is expected to have a sizeable ss̄
component [46]. Moreover, the a0 is unstable under strong decays in vacuum, and the
effect of this instability also needs to be taken into account. For these reasons, we postpone
the analysis of the other iso-vector meson correlators to future work. Nevertheless, a
few qualitative observations can already be made. Due to the effectively restored U(1)A
symmetry for T & 220MeV, the scalar and pseudo-scalar spatial correlators are degenerate
within the available accuracy of the data [45]. One might therefore expect the corresponding
spectral function ρS to be identical to ρPS in this temperature regime. This, however, would
only be the case for a theory with exact chiral symmetry, whereas for physical QCD, some
care is in order.

Although scalar and pseudo-scalar screening masses are approximately degenerate for
T > Tpc, eq. (3.8) demonstrates that this can be achieved even if the damping factor ex-
ponents γi(T ), and hence the spectral functions, are different, due to the unequal vacuum
masses. If ρS also has the same qualitative properties as ρPS, this implies that the low-
energy behaviour of these spectral functions also cannot be equal since the pion and a0
components will have different thresholds. It is well known from reconstruction studies that
enormous accuracy of the correlation functions is necessary to resolve details of the spectral
function, due to its folding with the thermal kernel in eq. (1.2). In other words, slightly
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different spectral functions may well result in approximately degenerate correlators. This
leads to the following natural picture: starting with different vacuum properties of the pion
and a0, the spectral functions ρPS and ρS will begin to move towards one another for higher
temperatures on account of the thermal modifications encoded in their respective damping
factors. In the temperature region T & Tpc investigated here, one still expects some differ-
ences, in particular around the pion threshold region, but plausibly these differences will
only integrate to a small deviation between the respective correlators. As the temperature
is further increased, the vacuum properties of the particles will be overpowered by the ther-
mal modifications, and the spectral functions will effectively merge in the limit T →∞, as
expected. The non-perturbative approach presented in this work therefore offers a viable
path to unveil the details of chiral symmetry restoration and deconfinement in QCD.

4 Conclusions

Understanding the non-perturbative structure of Euclidean correlation functions at finite
temperature is essential for obtaining a correct physical interpretation of how particles
behave in the presence of a thermal medium. In this work, we utilise the general spectral
representation satisfied by thermal two-point functions to derive a corresponding represen-
tation for the spatial correlator C(x3) of real scalar fields. We find that if there is a mass
gap to a stable vacuum particle state comprising the bulk of the medium, and a further gap
to the continuum threshold, the large-x3 behaviour of the correlator is dominated by dis-
crete particle contributions, as expected from basic physical arguments. In such a regime,
the spectral function can be extracted directly, avoiding the well-known inverse problem.

Using these analytic results, we analyse lattice QCD data for the light-quark pseudo-
scalar meson operator in the temperature range 220–960MeV, and extract the form of
the corresponding spectral function ρPS(ω,~p). As a non-trivial test, we demonstrate that
the extracted spectral function reproduces the corresponding temporal lattice correlator
data for T = 220MeV. We find that the pion π and its first-excited state π∗ dominate
the behaviour of ρPS, and that the π is clearly distinguishable in a range of tempera-
tures above the chiral pseudo-critical temperature Tpc. Similar qualitative features should
also be realised for the a0 meson and its excitations, due to effective chiral symmetry
restoration. Explicit relations between the vacuum masses, screening masses, and spectral
function parameters are derived, and insights into the distinction between decays due to
intrinsic vacuum instability and thermal broadening are also discussed. These findings
suggest that non-perturbative effects continue to play a significant role above Tpc even for
hadronic states composed of light quarks, and are consistent with the expectations based
on the approximate realisation of chiral spin symmetry in this temperature regime. Al-
though this study focused on the spectral properties of correlators involving pseudo-scalar
meson operators, our approach can in principle be generalised to meson states with higher
spin, other hadronic states, as well as to regimes with non-vanishing baryon density. This
work represents a step towards the analytic characterisation of non-perturbative in-medium
effects in QCD.
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