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Abstract

We study the descriptional complexity of cellular automata (CA), a parallel
model of computation. We show that between one of the simplest cellular models,
the realtime-OCA, and “classical” models like deterministic finite antomata (DFA)
or pushdown automata (PDA), there will be savings concerning the size of descrip-
tion not bounded by any recursive function, a so-called nonrecursive trade-off.
Furthermore, nonrecursive trade-offs are shown between some restricted classes
of cellular automata. The set of valid computations of a Turing machine can be
recognized by a realtime-QCA. This implies that many decidability questions are
not even semidecidable for cellular automata. There is no pumping lernma and no
minimization algorithm for cellular automata. '

1 Introduction

Given a grammar or automata model, in the theory of formal languages one investi-
gates for example the generative capacity, closure properties or decidability questions
of the model. Furthermore, questions concerning the descriptional complexity arise.
How succinctly can a model represent a formal language in comparison with other
models? Regarding regular languages, it is known [9] that there are languages being
recognized by a nondeterministic FA (NFA) with n states, such that every DFA rec-
ognizing these languages will need 2" states. Beyond this trade-off bounded by an
exponential function, Hartmanis has proved that between deterministic PDA (DPDA)
and PDA there exists a trade-off not bounded by any recursive function, a so-called
nonrecursive trade-off. Additional nonrecursive trade-offs are known to exist between

DPDA and unambiguous PDA (UPDA), between UPDA and PDA and many other
models.

The models considered so far have in common that they process their input in a se-

quential manner. There are also parallel computational models, among others cellular
automata.

A cellular automaton consists of many identical deterministic finite automata (cells)
arranged in a line. The next state of a cell depends on the current state of the cell
and the current states of a bounded number of neighboring cells. The transition rule is
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applied synchronously to each cell at the same time. One simple model is the realtime
one-way cellular automaton (realtime-OCA). Here the local transition rule depends
only on the state of the cell and the neighboring cell to the right. Furthermore,
the input is processed in realtime. We will define cellular antomata (CA) and the
recognition of formal languages by CA in the next section.

The intention of this paper is to investigate the descriptional complexity of cellular
automata in comparison with classical automata models and several subclasses of cel-
lular automata. This goal is attained rather easily due to the fact that the set of
valid computations of a Turing machine can be recognized by a realtime-OCA. This
allows us to use techniques as presented in the paper by Hartmanis [4]. We can show
nonrecursive trade-offs between DFA and realtime-OCA, PDA and realtime-OCA and
between realtime-OCA and realtime-CA. The recognition of the set of valid computa-
tions by CA has some interesting consequences: “Almost nothing” is decidable for CA,
there is no pumping lemma for CA languages and there is no minimization algorithm.

2 Preliminaries and Definitions

Let ©* denote the set of all words over the finite alphabet £, Bt = T* \ {¢}. By |w|
we denote the length of a string w, and the reversal of a word w is denoted by w’.
Let REG, LCF, CF, RE denote the families of regular, linear context-free, context-free
and recursively enumerable languages. In this paper we do not distinguish whether a
language L containg the empty word e or not. I.e.: We identify L with L\ {e}. We
assume that the reader is familiar with the common notions of formal language theory
as presented in [5]. Let S be a set of recursively enumerable languages. Then S is said
to be a property of the recursively enumerable languages. A set L has the property S,
if L € S. Let Lg be the set {< M > |T(M) € S} where < M > is an encoding of
a Turing machine M. If Lg is recursive, we say the property S is decidable; if Lg is
recursively enumerable, we say the property S is semidecidable. Concerning cellular
automata we largely follow the notations and definitions as introduced in [7].

Definition: A two-way cellular automaton (CA) 4 is a quintuple 4 = (Q, #, £, 6, F),
where

1. Q # 0 is the finite set of cell states,

2. # & () is the boundary state,

3. £ € @ is the input alphabet,

4, F € () the set of accepting cell states and

5. 6: (QU{#}) x (QU {#}) x (QU {#}) — Q is the local transition function.

Restricting the flow of information only from the right to the left, we get an one-way
cellular automaton (OCA) and the local transition function maps from (Q U {#}) x
(QU{#}) to Q. To simplify matters we identify the cells by positive integers.

A configuration of a cellular automaton at some time step ¢ > 0 is a description of its
gh)?ml state, formally a mapping ¢; : {1,... ,n} = Q for n € N. The initia) configu-
ration at time 0 is defined by the input word w = ...z, ¢ w(d) =3, 1 <i < n



During a computation the O(CA) steps through a sequence of configurations whereby
successor configurations are computed according to the global transition function A:
Let ¢, t > 0, be a configuration, then its successor configuration is defined as follows:
crr = Ala) &=
ct+1(1) = 8(F# ce(1), e (2))
e1(1) = 8{er(i = 1), (i) (i +1)),0 € {2,... ,n—1}
a1 (n) = 6(a(n — 1), ce(n), #)

for CAs and

a1 = Ale) &=
Ct+1(i) = J(Ct(i)a ¢ (2 + 1))32 € {11 IR E{ B 1}
cr1(n) = 8(ce(n), #) ‘

for OCAs. Thus, A is induced by 4.

An input string w is accepted by an (O)CA if at some time step 4 during its computation
the leftmost cell enters an accepting state from the set of accepting states F C Q.

Definition: Let A = (Q,#,%,4, F) be an (O)CA.

1. A word w € Tt is accepted by A if there exists a time step i € N such that
¢i(1) € F holds for the configuration ¢; = A(cg,qw).

2. T(A) = {w e T |w is accepted by A} is the language accepted by A.

3. Let t: N — N, #{(n) > n, be a mapping and i, be the minimal time step at which
A accepts w € T(A). If all w € T'(A) are accepted within i, < ¢(jw|) time steps,
then T(A) is said to be of time complexity t. -

4. L;(OCA) = {L C ¥*| L is accepted by an OCA with time complexity 1}
Li(CA) = {L C ©*|L is accepted by a CA with time complexity ¢}

5. If t{n) = n, we say these languages are accepted in realtime; if t(n) = k- n with
a rational number k > 1, we say these languages are accepted in lineartime. The
corresponding language classes are denoted by L£,,(OCA), £,,(CA), L,(OCA)
and £, (CA), the corresponding cellular devices are denoted by realtime-OCA,
realtime-CA, lineartime-OCA and lineartime-CA.

It is known that REG C LCF C £,;(OCA) and that CF and £,,(QCA) are incompa-
rable [13]. £,(OCA) is closed under union, intersection, complementation, reversal,
and concatenation with regular sets [6]. £7:(CA)} is closed under union, intersection,
aud complementation.

In the sequel we will use the set of valid computations of a Turing machine. Details
are presented in [4] and [5). '
The set of valid computations of a Turing machine M is denoted by VALC[M], the
set of invalid computations is denoted by INVALC[M] = A* \ VALC[M] with respect
to a coding alphabet A.

To show that some languages are not in £,;(OCA) we will apply the following pumnping
lemna for cyclic strings from [10].

Lemma 1 For any L € L,,(OCA), there exists an integer n such that for any string
w and any integer k, if w* € L and k > nl*! then there is an integer 1 < m < nl!
such that wbi™ e L for all § > 1.



Descriptional complexity

Concerning the notations and definitions of descriptional co.mplexit){ we follow the
presentation in [14]. A descriptional system K is a set of finite descriptors (e.g. au-
tomata or grammars) relating each M € K to a language T'(M). The language class
being described by K is T(K) = {T(M)|M € K}. For every lan'guage L we def:me
K(L) = {M € K|T(M) = L}. A complexity measure for K is a total function
|-]: K = N Comparing two descriptional systems K and K, we a,s.sume that
T(Ki) N T(K2) is not finite. We say that a function f : N—= N, f (‘r.z) > n is an upper
bound for the trade-off when changing from a minimal description in K7 for an arbi-
trary language to an equivalent lglinimal description in Kj, if for all L € T'(K1)NT(Ky):

the following holds:

min{|M|| M € Ky(L)} £ f(min{|M||M € K1(L)}).

If no recursive function is an upper bound for the trade-off between two descriptional

systems K{ and Ky, we say the trade-off is nonrecursive and write K; " K.

3 Nonrecursive Trade-Offs

Theorem 1 Let M be a Turing machine. Then two realtime-OCA Ay Aa can be con-
structed such that T(Ay) = VALC[M] and T(A2) = INVALC[M].

Proof:

In |5} it is shown that INVALC[M] is a context-free language. Taking a close look at
the construction we can see that INVALC[M] is the union of regular and linear context-
free languages. Therefore we can construct a linear context-free grammar G such that
L{G) = INVALC[M]. Given a linear context-free grammar G, Smith IIT has shown in
[12] how to construct a realtime-OCA A such that T'(A4) = L(G). So, we can construct
a realtime-OCA Aj such that T(A) = INVALC[M] € £,:(OCA). Since £,(QCA) is

effectively closed under complementation, we can construct a realtime-OCA A; such
that T'(A1) = VALC[M] € L,,(OCA). O

Corollary: A language L is recursively enumerable if and only if there exists a
homomorphism h and a language L' € L,y(OCA) such that L = h(L).

We are now prepared to prove some nonrecursive trade-offs using the techniques pre-
sented in [4]. ‘

Theorem 2 Let Ky and Ky be two descriptional systems. If for every Turing machine

M a language Ly € T(K:) can be effectively constructed such that Ly € T(K) &
T(M) is finite, then the trade-off between Ky and Ky is nonrecursive.

Proof: We assume that the trade-off is not nonrecursive. Then there exists a recursive
function f as an upper bound. Le.: Let L = T(A) for A € K| and L € T(K3), then



there exists M € Ky such that L = T (M) and |M| < f(|A]). Assuming A € K, we can
list all My, My, ... , M, such that |M;] < f(|A]) for 1 < i < 5. But this implies: T(A) &
T(Ky) <= T(A) # T(M;) forall 1 £ < s. By checking all inputs z € Z* on each M;,
a Turing machine can be constructed which stops when T(A) € T(K3). Thus, the set
R={AlA € K|, T(A) & T(K»)} is recursively enumerable. Hence we can construct a
Turing machine M’ which gets as input an encoding of a Turing machine. We construct
Ly for input < M > and check whether Ly € R. Therefore, M’ stops when T'(M) is
infinite. Thus the set {M | M is a Turing machine and T(M) is infinite} is recursively
enumerable which is a contradiction to Rice’s theorem for recursively enumerable index
sets [5]. Hence the trade-off must have been nonrecursive. (i

Consequences:

realtime-OCA "Z25¥° DFA using Ly = INVALC[M].
realtime-OCA "Z° PDA using Ly = VALC[M].
realtime-CA "€ realtime-OCA using Ly, = L[M] where
Ly (M) & {w!! jw € {#o}VALC[M]{#1}}.

nonrec

lineartime-QCA "~—+" realtime-OCA using Lj; = Ly[M] where
LolM) & {w!e! | € {#:1}VALCIM]*{#o}}.

L ]

The nonrecursive trade-offs just claimed are verified by the following lemma:

Lemma 2 Let M be a Turing machine, Then

(1) INVALC/M] € REG & T(M) is finite
(2) VALC[M]e CF & T(M) is finite

(3) Li[M] € L (OCA) & T(M) is finite
(4) Ly[M] € Ly(CA). '

(5) Ly[M] € Ly(OCA) < T(M) is finite
(6) Ly[M] € L.,(CA).

Proof: (2)is proved in [5] and (1) is then easy to show. The “if” portion of (3)
is obvious, since REG is a subset of £,4{(OCA). The “only if” portion is proved by
using lemina 1.. We show that L [M] & L, (OCA), if T(M) is infinite: We assume that
Li[M] € £,,(OCA). Let n € N be the integer from lemma 1. Since T'(M) is infinite,
we can choose w € {#o}VALC[M}{#1} such that |w]! > n!vl. Hence w*! € L,[M]
and the conditions of the lemma are fulfilled. Therefore, an integer 1 < m < nlwl
does exist such that w!¥li™ € Li[M] for all j € N. Considering j = 1, we have
w*™ e L,[M]. But this is a contradiction, since [w|! +m < Jw|! + " < 2wt <
(fw} +1) - jw|! = (Jw| + 1)! is not a factorial and hence no w' € {#o}VALC[M]{#1}
does exist such that |w!|! = |w|! +m.

To prove (4) we show how to construct a realtime-CA recognizing Li[M]. Ly[M] is the

intersection of the following three languages Ly, Ly, Ly: Let A = T U {0, #1} where
{#0,. 41} N T = 0.

Ly & {#owdhiz |w € VALC[M], z € A*},

def

Lo = {w" |w € {#}T"{#:},n € N},

[she}



Ly & (#owdtiz|w € T,z € O%, [Howshizlyg, = (w] +2)1}

Since Lr(CA) is closed under intersection, it remains for us to show that L; € £,,(C A)
for | <i<3. Ly € L,4(CA) is obvious, since VALC[M] € £,+(OCA) and £,;(OCA) is
closed under concatenation with regular sets. Considering the language -

LY [z € Az = m#homattiFosathiTa = T2 # zzwhere 29,73 € 8%, 71,74 € A*},

we see that Ly = L N {{#o}E*{(#1}}*. Since L € LCF C £;4(OCA) and £,,(OCA)
is closed under intersection and complementation, it follows that Ly € £,,(OCA) C
L£,+(CA). Now it remains for us to show that L3 € £,4(CA). We sketch the construc-
tion: We use a cellular automaton where each cell is split into four subcells, so we
can speak of four tracks. On the first track we are collecting all occurrences of #q’s
from left to right. That means for an input containing the symbol #¢ m times, that
at some time step the first m cells are marked with a special symbol §. This task can
be done by a realtime-CA. The second track computes the factorials according to the
construction presented in [8]. We modify the construction slightly: At one step the
automaton is computing the factorials, in the next step all cells are shifted one cell to
the right, in the next step the automaton is computing, and so on. Therefore, after
2 - n! steps the ni-th cell from the left can be marked with a special symbol. Now,
the task of the third track is to cooperate with the second track and to mark the
(Jw] +2)!-th cell from the left on the fourth track. This can be done by a realtime-CA
within 2 - (Jw| + 2)! steps. Now we just have to compare the number of occurrences
of #4’s being collected in'the first track with the marked cell on the fourth track: At
some time step there is a cell on the first track having as left neighbor $§ and as right
neighbor the endmarker symbol, The state of the cell itself is §. The first time that
this situation does arise, we look on the fourth track if this cell is marked. If this is
true, we send a signal with maximum speed to the left to accept the input, otherwise
we send a signal to reject the input. Hence we can construct a realtime-CA accepting
Lz and (4) is proved. The proof of (5) and (6) is analogous to (8) and (4) considering
that VALCIM ]R € L,,(0CA), since £,;(OCA) is closed under reversal. ' O

The nonrecursive trade-off between the descriptional systems K; and K5 implies that
there exists no algorithm converting a descriptor M € K| into a descriptor M’ € Ks.
Le.: For regular and context-free languages there is no algorithm converting a realtime-
OCA into an equivalent DFA and PDA, respectively. For realtime-OCA languages
there is no algorithm converting a realtime-CA and lineartime-OCA into an equivalent
realtime-OCA. An exceptional case are unary languages. It is known that each unary
realtime-OCA language is a regular language and Seidel shows in [11] that for unary

languages a realtime-OCA can be converted into an equivalent DFA. The trade-off is
quadyatic.

The following easy example shows that arbitrary recursive trade-offs can be con-
structed.

»
Example: Let f be a recursive function and n € N. Then there exists a regular

language L(f,n) being recognized by a realtime-OCA having O(n) states, but every
DFA recognizing L(f,n) will need Q(f(n)) states.

Proof: Let f be arecursive function and n € N a fixed nunber, then there cxists a



Turing machine with unary input and output M which computes f(n). Thus L(f,n) =
VALC[M] consists of one string. This string can be recognized by a DFA which needs
as many states as the string is long. Hence every DFA recognizing L{ f,n) will need
U f(n)) states. Consider a Turing machine M’ computing f(n) on every input n.
According to theorem 1, we can construct a realtime-OCA A recognizing VALC[M'].
The size of A with respect to the length of input n is a constant number. If we want
to modify A to recognize L{f,n) for a fixed n, we just have to count the input length
n. Hence a realtime-QCA recoguizing L(f,n) will need O(n) states. (]

4 Decidability Questions

Using reductions of the Post Correspondence Problem Seidel shows in [11} that the
questions of theorem 3 and theorem 4 are not decidable. In (3] it is shown that the
questions of emptiness, universality and equivalence are undecidable.

Due to the fact that the set of valid computations can be recognized by realtime-OCAs,
we can simply prove that many decidability questions for cellular automata are not
decidable and not even semidecidable. We want to summarize the known results in
theorem 3 and 4, to present short proofs, and to show that the questions are not even
semidecidable.

Lemma 3 Let M be a Turing machine. Then it is not semidecidable whether T{M) =
B, T(M) is finite, T(M) is infinite, T(M) is reqular, T(M) is contezt-free or T(M) €
L.(OCA).

Proof: Except for the property “T'(M) is infinite”, all the properties are violating the
contaimment property of Rice’s theorem for recursively enumerable index sets [5]. We
prove this for the last property by using L = {a®" |n < ng} for a fixed number ny € N
and L' = {a®" |n € N}, respectively. Since L € £4(OCA), L € L' and L' € RE,
Rice’s theorem implies that L' € £,,(OCA). But this is a contradiction, since all
unary languages in £,,(0OCA) are regular languages. Hence the containment property
is violated. The non-semidecidability of the property “T’(M) is infinite” can be seen by
showing that the second condition of Rice’s theorem for recursively enumerable index
sets is not fulfilled. O

Theorem 3 It is not semidecidable for arbitrary realtime-OCA A, A’ whether
e T(A)=0, T(A)=53*
o T(A) is finite, T(A) is infinite
o T(A) =T(4"), T(A) C T(4)
e T(A) € REG, T(A) € CF

Proof:  The technique of proving each statement is quite similar. For example,
we prove that the question “Is T(A) infinite?” is not semidecidable. Let M be an
arbitvary Turing machine. By theorem 1 we can construct a realtime-OCA A accepting
VALC[M]. Suppose that the above question is semidecidable. Thus it would be
semidecidable whether 7'(M) is infinite. This is a contradiction to lemma 3, 0



Corollary: The above questions are not semidecidable for arbitrary automata A, A’
which belong to an automata class containing the realtime-OCAs.

Theorem 4 It is not semidecidable for arbitrary realtime-CA A whether‘ T(A) €
L(OCA). : '

Proof: Let M be an arbitrary Turing machine. By lemma 2(4) we can construct a
realtime-CA A accepting LI[M].' Suppose that the above question is semidecidable.
Then by lemma 2(3) it would be semidecidable whether T'(M) is finite. This is a
contradiction to lemma 3. 0

Corollary: The above question is not semidecidable for an arbitrary automaton A
which belongs to an automata class containing the realtime-CAs.

Corollary: The above question is not semidecidable for L € Zrt(CA) and each
language class containing £,.,(CA).

Theorem & Let A be a realtime-OCA, h a homomorphism and he an e-free homo-
morphism. Then it is not semidecidable whether

e h(T(A)) € REG, h(T(A)) € CF, L(T(A)) € L(OCA)
o he(T(A)) € REG, h(T(A)) € CF, h(T(A)) € Lr(OCA)

Proof: Let M be a Turing machine. By the corollary to theorem 1 there is a
realtime-OCA A and a homomorphism h such that h(T(4)) = T(M). If the above
questions are semidecidable, it is semidecidable whether T'(M) is regular, context-free
or T(M) € L,4{OCA). This is a contradiction to lemmma, 3. |

In (1] it is shown that the closure of L:(OCA) under e-free homomorphism yields
L;(1G-OCA) where 1G-OCA denotes one guess OCAs. Let A' be a realtime-1G-
QCA. By [1] there is a realtime-OCA A and an e-free homomorphism A, such that
T(A') = he(T'(A)). The assumption that the above questions are semidecidable implies
that they are semidecidable for realtime-1G-OCAs. Since L, (OCA) C £,4(1G-OCA)

and L(CA) C £(1G-OCA) [1], this is a contradiction to the corollaries to theorem
3 and 4. 0.

Corollary: The above questions are not semidecidable for an arbitrary automaton
A which belongs to an automata class containing the realtime-QOCAs.

Corollary: The above questions are not semidecidable for I, € Ly (OCA) and each
language class containing £,;(OCA). :

Example: Automata classes containing the realtime-OCAs are lineartime-OCAs,

realtime-CAs, and lineartime-CAs. Language classes containing L,,(OCA) are £;,(OCA),
L{(CA). and Ly(CA).



5 Further Results

Now, the results of the previous chapter can be applied to show that there is no
pumping lemma and no minimization algorithm for cellular automata.

Following [2] we say that a language class £ possesses a pumping lemma if the class
has the following property: For each language L € £ there exists a number n € N such
that for each z € L with |z] > n, there is a partition z = uvw such that [v] > 1 and
for infinite many i € N holds: u'viw' € L, where ' and w' depend on u,w and i.

Theorem 6 L. (OCA) and each language class containing L,;(OCA) does not possess
a pumping lemma in the above sense.

Proof: Let A be an arbitrary realtime-OCA. On condition that a pumping lemma
does exist, we show the following claim: T'(A) is infinite & 3z € T(A) : |z| > n. Hence
we can semidecide whether A accepts an infinite language. This is a contradiction to
theorem 3. Now we will prove the claim: The “only if" portion is obvious. “if™: Let
z € T(A) such that |z| > n. Since the conditions of the pumping lemma are fulfilled,
we get infinite many words in T(A) by pumping, 0

Theorem 7 For realtime-OCAs there is no minimization algorithm converting an ar-
bitrary realtime-QCA A into a realtime-OCA A’ which accepts T(A) and has ¢ minimal
number of states.

Proof: Obviously, a minimal realtime-OCA A = (Q,#,5%,4, F) recognizing L = @
needs || states and has no accepting states. We suppose that a minimization algorithm
does exist. Let A be an arbitrary realtime-OCA. We apply the minimization algorithm
and receive a minimal realtime-OCA A'. We are now checking whether A’ has no
accepting states and |Q'] = |Z]. If it is so, then T(A') = T(A) = 0. Otherwise,
if |Q'] = [Z] and A’ has accepting states, then at least one alphabet symbol is an
accepting state. But then the recognized language is not empty. Hence we can decide
whether an arbitrary realtime-OCA accepts the empty set. This is a contradiction to
theorem 3. O

A consequence from the characterization of RE as the homomorphic image of £,;,(OCA)
is a criterion for incomparability to other language classes:

Theorem 8 L, (OCA) is incomparable to each language class L sotisfying: CF C
L C RE and L is closed under homomorphism.

Proof: According to Terrier [13], CF is not contained in L,(OCA) and hence CF \
L(OCA) # 0. Therefore £\ £-,(OCA) 5 @. Now we assume that £,,(OCA) € L.
According to the corollary to theorem 1, it follows that RE C £. Thisis a contradiction
to the assumption that £ is a proper subset of RE. Hence we know that £, (QCA)\L #
0. ‘ O

9



By applying this criterion we can see that L+(OCA) is incomparable to many known
and well-investigated language classes. Among others there are the l.ang‘uage classes
generated by indexed grammars, certain grammars with controlled derivations, certain
contextual grammars and certain L-systems, e.g. ETOL.

6 Conclusion

We have studied the descriptional complexity of cellular automata. Nonrecursive trade-
offs were shown between sequential antomata like DFA and PDA and cellular devices,
namely the realtime-OCA. Even within cellular automata classes, nonrecursive trade-
offs were proved. The fact that the valid computations of a Turing machine can be
recognized by realtime-OCAs is a strong property of L£,,(OCA), since this fact leads to
nonrecursive trade-offs in a straightforward manner and almost no decidability results.
Therefore, it would be interesting to investigate restricted classes of cellular automata,
e.g. weaker models than realtime-OCA generating language classes between REG and
L (OCA).
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