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A R T I C L E I N F O A B S T R A C T

Editor: F. Gelis We investigate the space-time dependence of electromagnetic fields produced by charged participants in 
an expanding fluid. To address this problem, we need to solve the Maxwell’s equations coupled to the 
hydrodynamics conservation equation, specifically the relativistic magnetohydrodynamics (RMHD) equations, 
since the charged participants move with the flow. To gain analytical insight, we approximate the problem 
by solving the equations in a fixed background Bjorken flow, onto which we solve Maxwell’s equations. The 
dynamical electromagnetic fields interact with the fluid’s kinematic quantities such as the shear tensor and the 
expansion scalar, leading to additional non-trivial coupling. We use mode decomposition of Green’s function to 
solve the resulting non-linear coupled wave equations. We then use this function to calculate the electromagnetic 
field for two test cases: a point source and a transverse charge distribution. The results show that the resulting 
magnetic field vanishes at very early times, grows, and eventually falls at later times.
1. Introduction

In heavy-ion collisions, intense transient electromagnetic fields are 
produced due to the motion of spectators, reaching magnitudes of ap-

proximately ∼ 1018 − 1019 G at RHIC-LHC energies [1–7]. These in-

tense electromagnetic fields may give rise to many novel phenomena, 
such as chiral magnetic effect (CME), chiral separation effect (CSE), 
etc [8–10]. Detecting these phenomena in heavy-ion collisions is still 
an ongoing process. It is well-known that the bulk matter produced 
in heavy-ion collisions has low kinematic viscosity (𝜂∕𝑠) [11–13] and 
is well-described using the viscous relativistic hydrodynamics formula-

tion [14–16]. The relativistic generalization of first-order hydrodynam-

ics in the Landau frame is acausal, so one needs to go to second-order 
in gradients of hydrodynamic fields to make the theory causal [17]. 
On a similar footing, for charged fluids, the generic framework is that 
of relativistic magnetohydrodynamics (RMHD) [18,19]. As with un-

charged fluids, the above framework has recently been extended to 
second-order in gradients of fluids and fields [20–23]. Other theoret-

ical developments [24–28] in this direction have also been made, along 
with numerical implementation for a comprehensive study of the bulk 
dynamics [29–37]. For more detailed discussions on the developments 
in the field of RMHD one can follow [18,38].

Nonetheless, all previous analyses focused on calculating the gener-

ation of electromagnetic fields from moving spectators. In Refs. [1,39], 

* Corresponding author.

electromagnetic fields generated by participants are calculated from 
the geometric overlap region of the participants, using electromag-

netic fields generated by the spectators. However, we believe that this 
method can be improved upon. Since charged participants constitute 
the bulk of the flow, the electromagnetic field generated by them re-

quires thorough investigation, and that is the focus of our work. As 
previously mentioned, the generic framework for studying the dynamics 
of charged participants is RMHD, which can be challenging and often 
requires numerical simulation. Our approach here will be more mod-

est, with a focus on analytical insights. To this end, we approximate the 
problem by studying Maxwell’s equations in a charged background fluid 
flow, which we take to be a simple one-dimensional Bjorken flow [40]. 
Eqs (44)-(49) are the main results of this work, generalizing Maxwell’s 
equations on top of a Bjorken flow. Later, we use the mode decom-

position of Green’s function to solve these nonlinear coupled wave 
equations, with Eq. (65) being the solution. The present work provides 
exact results for the electromagnetic fields for expanding fluid without 
relying on any time-dependent asymptotic expansion, which is a com-

mon approach in literature. However, we make two key assumptions: 
(i) neglecting the influence of the electromagnetic fields on the fluid 
flow, and (ii) setting all dissipative quantities, such as conductivity and 
diffusion, to zero.

The paper is arranged in the following manner: we start with a re-

cap to the basic equations Sec. 2 followed by Sec. 3 which describes
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the background model and the underlying assumptions, solution to the 
Green’s function is described in Sec. 4. Finally we discuss our results in 
the Sec. 5 followed by conclusion and outlook in the Sec. 6.

2. Basic equations

We will now recap the fundamental equations that we will need 
later; their derivation can be found in [41,42]. The energy-momentum 
tensor of the fluid in the Landau frame reads

𝑇
𝜇𝜈

𝑓
≡ 𝜀𝑢𝜇𝑢𝜈 + 𝑝Δ𝜇𝜈, (1)

where Δ𝜇𝜈 is the spatial projection operator defined as

Δ𝜇𝜈 ≡ 𝑔𝜇𝜈 + 𝑢𝜇𝑢𝜈 , (2)

and 𝜀 is the energy density, 𝑝 the isotropic pressure and 𝑢𝜇 is the fluid 
four-velocity respectively. As usual, the fluid four-velocity is normalized 
so that 𝑢𝜇𝑢𝜇 = −1.

The four-velocity 𝑢𝜇 and projection operator Δ𝜇𝜈 can be used to de-

compose the covariant derivative of 𝑢𝜇 into irreducible basic kinematic 
quantities

𝑢𝜇;𝜈 = 𝜎𝜇𝜈 +𝜔𝜇𝜈 +
𝜃

3
Δ𝜇𝜈 − �̇�𝜇𝑢𝜈 , (3)

where the shear tensor 𝜎𝜇𝜈 , the vorticity tensor 𝜔𝜇𝜈 , the expansion 
scalar 𝜃 and the four-acceleration �̇�𝜇 are defined as

𝜎𝜇𝜈 ≡ Δ𝜇
𝛼Δ𝜈

𝛽

2
(
𝑢𝛼;𝛽 + 𝑢𝛽;𝛼

)
− 𝜃

3
Δ𝜇𝜈 , (4)

𝜔𝜇𝜈 ≡ Δ𝜇
𝛼Δ𝜈

𝛽

2
(
𝑢𝛼;𝛽 − 𝑢𝛽;𝛼

)
, (5)

𝜃 ≡ 𝑢𝜇 ;𝜇 , (6)

�̇�𝜇 ≡ 𝑢𝜇;𝜈
𝑢𝜈 , (7)

where 𝜎𝜇𝜈𝑢𝜇 = 𝜔𝜇𝜈𝑢
𝜇 = �̇�𝜇𝑢𝜇 = 0 by definition.

The first set of Maxwell’s equations are given as

𝐹𝜇𝜈
;𝜇 = −𝐽𝜈 , (8)

where 𝐽𝜈 = 𝐽
𝜇

𝑓
+𝐽𝜈

ext is the total charge four-current, i.e. it contains both 
the charged current generated in the fluid 𝐽𝑓 and also that is generated 
from external source 𝐽𝜈

ext e.g., from spectators. The fluid charge current 
obeys the conservation law

𝐽
𝜇

𝑓 ;𝜇 = 0. (9)

The second set of equations is a direct consequence of the existence of 
a four-potential and is given by the following relation

𝐹𝛼𝛽;𝛾 + 𝐹𝛽𝛾;𝛼 + 𝐹𝛾𝛼;𝛽 = 0 . (10)

As seen by an observer moving with four-velocity 𝑢𝜇 , the electro-

magnetic field tensor can be decomposed into an ‘electric’ (𝐸𝜇) and 
‘magnetic’ (𝐵𝜇) part defined by

𝐸𝜇 ≡ 𝑔𝜇𝛼𝐹𝛼𝜈𝑢
𝜈 , (11)

and

𝐵𝜇 ≡ 1
2
𝜖𝜇𝜈𝛼𝛽𝐹𝛼𝛽𝑢𝜈 , (12)

where 𝜖𝜇𝜈𝛼𝛽 is the totally antisymmetric tensor with 𝜖0123 =
√
−𝑔. Using 

the definitions Eqs. (11) and (12), it can be immediately deduced that

𝐸𝜇𝑢
𝜇 = 0 , (13)

𝐵𝜇𝑢
𝜇 = 0 . (14)

Using the above definitions, the electromagnetic tensor 𝐹𝜇𝜈 can be pro-
2

jected onto the observer’s instantaneous rest frame in the following way
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𝐹𝜇𝜈 ≡ 𝑢𝜇𝐸𝜈 −𝐸𝜇𝑢𝜈 + 𝜖𝜇𝜈𝛼𝛽𝑢
𝛼𝐵𝛽 . (15)

Similarly, the charge current can be decomposed into local charge den-

sity 𝜌 ≡ 𝜌𝑓 = −𝐽𝜇𝑢𝜇 and charge diffusion current 𝑉 𝜇 ≡ 𝑉
𝜇

𝑓
= 𝐽𝜈Δ𝜈

𝜇 ,

𝐽𝜇 ≡ 𝐽
𝜇

𝑓
= 𝜌𝑓 𝑢

𝜇 + 𝑉
𝜇

𝑓
. (16)

Note that as mentioned in the introduction we will not consider any 
external charges and currents here, all of them are of fluid origin, and 
for later convenience we will drop the subscript ‘𝑓 ’.

Maxwell’s equations Eq. (8) and Eq. (10) can be decomposed into 
temporal and spatial parts using 𝑢𝜇 and the projector Δ𝜇𝜈 yielding the 
following set of equations

𝐸𝜇
;𝜇 −𝐵𝜇𝜈𝜔𝜇𝜈 −𝐸𝜈�̇�𝜈 = 𝜌 , (17)

𝐵𝜇
𝜈;𝜇 − 𝑢𝜈𝐵𝛼𝛽𝜔

𝛼𝛽 −𝐸𝜇
(
𝜔𝜇𝜈 + 𝜎𝜇𝜈 −

2𝜃
3
Δ𝜇𝜈

)
+Δ𝜈

𝛼�̇�𝛼 = −𝑉𝜈 , (18)

𝐵𝜇
;𝜇 −𝐸𝜇𝜈𝜔𝜇𝜈 −𝐵𝜈�̇�𝜈 = 0 , (19)

𝐸𝜇
𝜈;𝜇 − 𝑢𝜈𝐸𝛼𝛽𝜔

𝛼𝛽 −𝐵𝜇
(
𝜔𝜇𝜈 + 𝜎𝜇𝜈 −

2𝜃
3
Δ𝜇𝜈

)
+Δ𝜈

𝛼�̇�𝛼 = 0 , (20)

where we have defined new antisymmetric tensors 𝐵𝜇𝜈 ≡ 𝜖𝜇𝜈𝛼𝛽𝑢
𝛼𝐵𝛽 , 

𝐸𝜇𝜈 ≡ 𝜖𝜇𝜈𝛼𝛽𝑢
𝛼𝐸𝛽 .

The electromagnetic energy-momentum tensor is given as

𝑇 𝜇𝜈
𝑒𝑚

≡ 𝐹𝜆𝜇𝐹𝜆
𝜈 − 1

4
𝑔𝜇𝜈𝐹𝛼𝛽𝐹

𝛼𝛽 , (21)

and the total energy-momentum tensor of the system is given by

𝑇 𝜇𝜈 ≡ 𝑇
𝜇𝜈

𝑓
+ 𝑇 𝜇𝜈

𝑒𝑚
. (22)

The divergence of 𝑇 𝜇𝜈 is given as

𝑇 𝜇𝜈
;𝜇 = 0 . (23)

These equations also imply that

𝑇
𝜇𝜈

𝑓 ;𝜇 = 𝐹 𝜈𝜆𝐽𝑓,𝜆
. (24)

Projecting Eq. (24) in the direction of 𝑢𝜈 and Δ𝛼
𝜈 gives the following 

equations of motion

�̇� = −((𝜀+ 𝑝)𝜃 +𝐸𝜆𝑉𝜆) (25)

�̇�𝛼 = 1
(𝜀+ 𝑝)

(
∇𝛼𝑝+𝐸𝛼𝜌−𝐵𝛼𝜆𝑉𝜆

)
(26)

The second and third terms of Eq. (26) are the Lorentz forces which 
do work on the fluid. Here, we have neglected dissipative forces aris-

ing from shear and bulk viscosity etc. Eqs. (17)-(20) and Eqs. (25)-(26), 
together with an equation of state for the fluid completely describe the 
system under consideration provided consistent initial and boundary 
data are given. In the next section, we will simplify these equations 
by ignoring the back-reaction of electromagnetic fields on the fluid de-

scribed in Eqs. (25)-(26).

3. Background model

The previous analysis is quite general given that the background 
evolution is specified, Eqs. (17)-(20) apply to a range of physical situ-

ations. For example, in the absence of matter sources one can always 
set the observer’s acceleration to zero. Similarly, if the fluid evolution 
is stationary and non-rotating we can set expansion scalar and vorticity 
tensor to zero, etc. In the following we will assume that the background 
fluid is undergoing a longitudinal boost-invariant Bjorken expansion 
[40]. As well known the invariance under boosts is easily manifest by 
using Milne coordinates, than the Minkowski coordinates, we will be 
using the former.

The line element in Milne coordinates (𝜏, 𝑥, 𝑦, 𝜂) is given as:
𝑑𝑠2 = −𝑑𝜏2 + 𝑑𝑥2 + 𝑑𝑦2 + 𝜏2𝑑𝜂2 (27)
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Eq. (27) is manifestly invariant under the following combined symmetry 
𝑆𝑂(1, 1) ⊗ 𝐼𝑆𝑂(2) ⊗𝑍2, namely boost-invariance along the beam di-

rection 𝜂, rotational and translational invariance in the transverse (𝑥, 𝑦)
coordinates and reflection under 𝜂 → −𝜂. The flow consistent with the 
combined symmetry property is 𝑢𝜇 = (1,0,0,0). Similarly, the only non-

vanishing Christoffel symbols are: Γ𝜏
𝜂𝜂

≡ 𝜏 , Γ𝜂𝜏𝜂 = Γ𝜂𝜂𝜏 ≡ 1∕𝜏 . We also 
observe that Bjorken symmetry implies 𝜔𝜇𝜈 = �̇�𝜇 ≡ 0, 𝜃 ≡ 1∕𝜏 and 𝜎𝜇𝜈 ≡
diag(0,−1∕(3𝜏),−1∕(3𝜏),2𝜏∕3).

However, it should be noted that the generic anisotropy of the elec-

tromagnetic energy-momentum tensor causes the Maxwell’s fields to be 
incompatible with the high symmetry of the Milne metric. When con-

sidering ideal Bjorken flow- that is, in the absence of dissipation and 
effects of the electromagnetic field- Eq. (26) becomes trivially zero. This 
is attributed to the expansion being boost invariant, thereby resulting in 
zero acceleration. In a similar vein, Eq. (25) yields the well-understood 
Bjorken scaling 𝜀 ∼ 𝜏−4∕3 assuming squared speed of sound 𝑐2

𝑠
= 1∕3. 

If there exists a back-reaction from the electromagnetic field impinging 
on the fluid, this will induce net acceleration. Such acceleration will 
subsequently influence the electromagnetic fields as per Eqs. (17)-(20). 
Moreover, the influence of the electric field will lead to modifications 
in Eq. (25), altering the conventional Bjorken scaling 𝜀 ∼ 𝜏−4∕3. For 
instance, in [30], the authors utilized a 1+1-dimensional transversely 
homogeneous resistive MHD calculation without ignoring any back-

reaction to demonstrate that boost invariance is broken due to the 
ensuing self-consistent dynamics of matter and electromagnetic fields.

Central to our discussion is an assumption. Given that the right 
side of Eq. (26), containing the Lorentz forces, is multiplied by the 
factor 1∕(𝜀 + 𝑃 ), we can introduce the inverse plasma 𝛽-parameter: 
𝛽−1 ≡ 𝐵2

0∕(2𝑝0) responsible for determining the relative strength. If the 
inverse plasma 𝛽-parameter 𝛽−1 ≪ 1, we can ignore the back-reaction 
of the electromagnetic field on the fluid. Since it is known that the 
strength of the electromagnetic field (that produced by spectators in 
mid-central collision) decreases faster with an increase of collision en-

ergy, while the energy density of the fluid is comparably higher with an 
increase in collision energy, it is expected that the 𝛽−1 is small at large 
collision energy. Nevertheless, it could be possible that certain regions 
of the fireball, for example, the periphery of the fireball can have large 
𝛽−1 even at moderate energies. In the remainder of this section, we will 
work in this regime and neglect any back-reaction of the electromag-

netic fields on the background fluid.

Lastly, we assume that the fluid is an ideal insulator with vanish-

ing conductivity and, hence, zero diffusion current 𝑉 𝜇

𝑓
according to 

Ohm’s law. This assumption is also not too bold since the conduc-

tivity of the plasma obtained from lattice simulations is small, with 
𝜎∕𝑇 = 8𝜋𝛼EM∕3 ≃ 0.06 [43], where 𝜎 is the conductivity, 𝑇 is the tem-

perature, and 𝛼EM is the fine structure constant. However, for the sake 
of brevity, we keep this term in the following derivation but drop it 
later when we discuss specific cases (see Sec. 5).

With the above assumption, Eqs. (17)-(20) simplify to:

𝜕𝑥𝐸𝑥 + 𝜕𝑦𝐸𝑦 + 𝜏−2𝜕𝜂𝐸𝜂 = 𝜌 , (28)

𝜕𝑥𝐵𝑥 + 𝜕𝑦𝐵𝑦 + 𝜏−2𝜕𝜂𝐵𝜂 = 0 , (29)

which are usual Gauss law for electric and magnetic fields. Similarly 
the equations for Faraday’s law can be given as:

𝜕𝜏
(
𝜏𝐵𝑥

)
= −(𝜕𝑦𝐸𝜂 − 𝜕𝜂𝐸𝑦) , (30)

𝜕𝜏
(
𝜏𝐵𝑦

)
= (𝜕𝑥𝐸𝜂 − 𝜕𝜂𝐸𝑥) , (31)

𝜕𝜏
(
𝜏−1𝐵𝜂

)
= −(𝜕𝑥𝐸𝑦 − 𝜕𝑦𝐸𝑥) , (32)

and equations for Ampère’s law are given as:

𝜕𝜏
(
𝜏𝐸𝑥

)
= (𝜕𝑦𝐵𝜂 − 𝜕𝜂𝐵𝑦) − 𝜏𝑉 𝑥 , (33)

𝜕𝜏
(
𝜏𝐸𝑦

)
= −(𝜕𝑥𝐵𝜂 − 𝜕𝜂𝐵𝑥) − 𝜏𝑉 𝑦 , (34)( )
3

𝜕𝜏 𝜏−1𝐸𝜂 = (𝜕𝑥𝐵𝑦 − 𝜕𝑦𝐵𝑥) − 𝜏𝑉 𝜂 . (35)
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As mentioned in the introduction, we are interested in finding the wave 
equation of electromagnetic fields in this expanding background. To re-

alize the former, we first redefine the electromagnetic fields along with 
the charge and currents in the following way: �̃�(𝑥,𝑦) = 𝜏𝐸(𝑥,𝑦), �̃�(𝑥,𝑦) =
𝜏𝐵(𝑥,𝑦) �̃�𝜂 = 𝜏−1𝐸𝜂, 𝐵𝜂 = 𝜏−1𝐵𝜂 , and �̃�= 𝜏𝜌, 𝑉 𝑖 = 𝜏2𝑉 𝑖.

With the following redefinitions, the Maxwell’s equation Eq. (28)-(35)

simplify to:

𝜕𝑖�̃�𝑖 = �̃� , (36)

𝜕𝑖�̃�𝑖 = 0 , (37)

𝜕𝜏�̃�𝑥 = 𝜏−1𝜕𝜂𝐸𝑦 − 𝜏𝜕𝑦𝐸𝜂 , (38)

𝜕𝜏�̃�𝑦 = 𝜏𝜕𝑥𝐸𝜂 − 𝜏−1𝜕𝜂𝐸𝑥 , (39)

𝜕𝜏�̃�𝜂 = 𝜏−1𝜕𝑦𝐸𝑥 − 𝜏−1𝜕𝑥𝐸𝑦 , (40)

𝜕𝜏�̃�𝑥 = 𝜏𝜕𝑦𝐵𝜂 − 𝜏−1𝜕𝜂𝐵𝑦 − 𝜏−1𝑉 𝑥 , (41)

𝜕𝜏�̃�𝑦 = 𝜏−1𝜕𝜂𝐵𝑥 − 𝜏𝜕𝑥𝐵𝜂 − 𝜏−1𝑉 𝑦 , (42)

𝜕𝜏�̃�𝜂 = 𝜏−1𝜕𝑥𝐵𝑦 − 𝜏−1𝜕𝑦𝐵𝑥 − 𝜏−1𝑉 𝜂 . (43)

Now, to get the wave equation we employ the following procedure, 
e.g., to get the wave equation for �̃�𝑥, we take the 𝜕𝜂 (Eq. (42)) and 𝜕𝑦
(Eq. (43)) and substitute the former in 𝜕𝜏 (Eq. (38)) while making use 
of the constraints Eq. (36) and Eq. (37). Similar procedure is carried for 
other components of electromagnetic fields and we have the following

□�̃�𝑥 = 2𝜕𝑦�̃�𝜂 − (𝜕𝑥�̃�+ 𝜏−1𝜕𝜏𝑉
𝑥) , (44)

□�̃�𝑦 = −2𝜕𝑥�̃�𝜂 − (𝜕𝑦�̃�+ 𝜏−1𝜕𝜏𝑉
𝑦) , (45)

□�̃�𝜂 = −𝜏−1𝜕𝜏𝑉 𝜂 − 𝜏−2𝜕𝜂�̃� , (46)

□�̃�𝑥 = −2𝜕𝑦�̃�𝜂 + 𝜕𝑦𝑉
𝜂 − 𝜏−2𝜕𝜂𝑉

𝑦 , (47)

□�̃�𝑦 = 2𝜕𝑥�̃�𝜂 − 𝜕𝑥𝑉
𝜂 + 𝜏−2𝜕𝜂𝑉

𝑥 , (48)

□𝐵𝜂 = 𝜏−2𝜕𝑥𝑉
𝑦 − 𝜏−2𝜕𝑦𝑉

𝑥 , (49)

where □ is the d’Alembert operator in the Milne coordinates, defined 
as:

□ ≡ 𝜕2
𝜏
+ 𝜏−1𝜕𝜏 − 𝜏−2𝜕2

𝜂
− 𝜕2

𝑥
− 𝜕2

𝑦
. (50)

Eqs. (44)-(49) are the main results of this work. These equations, with-

out the external charges and currents, can be compared to the standard 
source-free wave equation in Minkowski coordinates [39], which does 
not have the additional couplings between the field components appear-

ing in the right-hand side as seen in the former coordinate system. One 
interesting consequence of these coupling terms is that one can produce 
a magnetic field for a stationary charge in an expanding medium with-

out even having any charge current 𝑉 𝑖. The resulting magnetic fields 
are dictated by the gradients of electric fields, which act as sources.1

This will be discussed briefly in Sec. 5. The origin of these terms 
can be traced back to the non-vanishing expansion scalar 𝜃 and shear 
stress tensor 𝜎𝜇𝜈 in Eqs. (17)-(20). We must also stress that the elec-

tromagnetic fields obtained from the solutions of these Eqs. (44)-(49)

are not the coordinate-transformed solution of electromagnetic fields 
in Minkowski coordinates. Unless one solves Eqs. (44)-(49) with longi-

tudinal fluid velocity 𝑣𝑧 ≡ 𝑢𝑧∕𝑢𝑡 = tanh 𝜂 in the latter coordinate, the 
solutions will differ (here 𝑢𝑧 and 𝑢𝑡 are the components of the four-

velocity in Minkowski coordinates). Since the velocity in Minkowski 
coordinates is coordinate-dependent, the fields cannot be obtained sim-

ply by boosting from the rest frame to this frame. In the following 
section, we shall solve Eqs. (44)-(49) based on mode decomposition 
of Green’s equation.

1 The solutions to these equations in Minkowski coordinates are sometimes 

also called Jefimenko’s equations or Jefimenko-Feynman formula [44].



A. Dash and A.K. Panda

4. Solution of the wave equations

To solve the non-linear coupled wave equation system Eqs. (44)-

(49), we first notice that the longitudinal components of the electro-

magnetic fields solely depend on external sources while the transverse 
components are dependent on the gradient of the former. Therefore, 
we can solve the system of equations iteratively, by first solving for the 
longitudinal components and then using this solution to find the trans-

verse components. The equation for the longitudinal components is a 
well-known problem in the literature [45–47], and is encountered in 
solving the Klein-Gordon equation in Milne coordinates. We mention 
that often either the WKB procedure [48,49] or the mode decomposi-

tion of Green’s function [50,51] is used to solve these equations, but 
we adopt the latter approach which leads to an exact solution. For com-

pleteness, we outline our calculations in the paper.

Using the 2-point Green function 𝐺(𝑥𝜇; 𝑥′𝜇) between 𝑥𝜇 ≡ (𝜏, 𝐱⊥, 𝜂)
and 𝑥′

𝜇
≡ (𝜏′, 𝐱′

⊥
, 𝜂′) we make the following definitions

𝐺𝑟(𝑥𝜇;𝑥′𝜇) = −Θ(𝜏 − 𝜏′)𝐺(𝑥𝜇 ;𝑥′𝜇) , (51)

𝐺𝑎(𝑥𝜇;𝑥′𝜇) = Θ(𝜏′ − 𝜏)𝐺(𝑥𝜇 ;𝑥′𝜇) , (52)

�̄�(𝑥𝜇;𝑥′𝜇) =
1
2

[
𝐺𝑟(𝑥𝜇;𝑥′𝜇) +𝐺𝑎(𝑥𝜇 ;𝑥′𝜇)

]
, (53)

where Θ(𝜏 − 𝜏′) is the Heaviside step function with 𝐺𝑟(𝑥𝜇 ; 𝑥′𝜇), 
𝐺𝑎(𝑥𝜇; 𝑥′𝜇) and �̄�(𝑥𝜇 ; 𝑥′𝜇) being the retarded, advanced and symmet-

ric propagators respectively.

Now we decompose the Green function into modes via a Fourier 
expansion

𝐺(𝑥𝜇;𝑥′𝜇) =
1

(2𝜋)3
√
𝜏𝜏′ ∫ 𝑑3𝑘𝑒𝑖[𝐤⊥⋅(𝐱⊥−𝐱

′
⊥
)+𝑘𝜂 (𝜂−𝜂′)]⋅[

𝑎𝑘𝜂
(𝜏)𝑏𝑘𝜂 (𝜏

′) − 𝑎𝑘𝜂
(𝜏′)𝑏𝑘𝜂 (𝜏)

]
, (54)

where 𝑝𝜇 ≡ (𝐤⊥, 𝑘𝜂). If we denote the particular solutions of the above 
equations by 𝑎𝑘𝜂 (𝜏) and 𝑏𝑘𝜂 (𝜏) in such a way that they satisfy the fol-

lowing relations

𝑎𝑘𝜂
(𝜏) = 1 , 𝜕𝜏𝑎𝑘𝜂

(𝜏) = 0 , (55)

𝑏𝑘𝜂
(𝜏) = 0 , 𝜕𝜏𝑏𝑘𝜂

(𝜏) = 1 , (56)

at a given instant 𝜏 = 1, then it can be verified that following relation is 
valid for any 𝜏 ,

𝑎𝑘𝜂
(𝜏)𝜕𝜏𝑏𝑘𝜂 (𝜏) − 𝜕𝜏𝑎𝑘𝜂

(𝜏)𝑏𝑘𝜂 (𝜏) = 1, (57)

given the Green’s function 𝐺(𝑥𝜇; 𝑥′𝜇) satisfies the homogeneous wave 
equation

□𝐺(𝑥𝜇 ;𝑥′𝜇) = 0 (58)

together with boundary condition:

𝐺(𝑥𝜇;𝑥′𝜇) = 0, 𝜕𝜏𝐺(𝑥𝜇;𝑥′𝜇) = −1
𝜏
𝛿(𝑥𝑖 − 𝑥′

𝑖
) , (59)

at 𝜏 = 𝜏′.
We can also show that the symmetric propagator �̄�(𝑥𝜇; 𝑥′𝜇) satisfies 

the following inhomogeneous wave equation,

□�̄�(𝑥𝜇 ;𝑥′𝜇) =
1√
𝜏𝜏′

𝛿4(𝑥𝜇 − 𝑥′
𝜇
) (60)

where 𝛿4(𝑥𝜇−𝑥′
𝜇
) = 𝛿(𝜏−𝜏′)𝛿3(𝑥𝑖−𝑥′

𝑖
). Now, using the definition of the 

d’Alembert operator from Eq. (50), it can be verified that the particular 
solution satisfies the following relation,

𝑎𝑘𝜂
(𝜏)𝑏𝑘𝜂 (𝜏

′) − 𝑎𝑘𝜂
(𝜏′)𝑏𝑘𝜂 (𝜏)

𝜋
√
𝜏𝜏′ [ ( ) ( ) ( ) ( )]
4

=
2

𝐽𝑖𝑘𝜂
𝑘⊥𝜏 𝑌𝑖𝑘𝜂

𝑘⊥𝜏
′ − 𝐽𝑖𝑘𝜂

𝑘⊥𝜏
′ 𝑌𝑖𝑘𝜂

𝑘⊥𝜏 , (61)
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where the 𝐽𝑖𝑘𝜂
(
𝑘⊥𝜏

)
, 𝑌𝑖𝑘𝜂

(
𝑘⊥𝜏

)
are the Bessel function of 1st and 2nd

kind respectively with 𝑘⊥ ≡ |𝐤⊥|. Plugging Eq. (61) into Eq. (54), we 
arrive at the following equation for Green’s function:

𝐺(𝑥𝜇;𝑥′𝜇) =
1

16𝜋2

∞

∫
−∞

𝑑𝑘𝜂𝑒
𝑖𝑘𝜂 (𝜂−𝜂′)

∞

∫
0

𝑑𝑘⊥𝑘⊥

2𝜋

∫
0

𝑑𝜃𝑒𝑖𝑘⊥𝑟⊥ cos𝜃 ⋅

[
𝐽𝑖𝑘𝜂

(
𝑘⊥𝜏

)
𝑌𝑖𝑘𝜂

(
𝑘⊥𝜏

′)− 𝐽𝑖𝑘𝜂

(
𝑘⊥𝜏

′)𝑌𝑖𝑘𝜂 (𝑘⊥𝜏)]
= 1
8𝜋

∞

∫
−∞

𝑑𝑘𝜂𝑒
𝑖𝑘𝜂 (𝜂−𝜂′)

∞

∫
0

𝑑𝑘⊥𝑘⊥𝐽0(𝑘⊥𝑟⊥)⋅[
𝐽𝑖𝑘𝜂

(
𝑘⊥𝜏

)
𝑌𝑖𝑘𝜂

(
𝑘⊥𝜏

′)− 𝐽𝑖𝑘𝜂

(
𝑘⊥𝜏

′)𝑌𝑖𝑘𝜂 (𝑘⊥𝜏)]
=− 𝜖(𝜏 − 𝜏′)𝜃(𝜆2)

4𝜋

∞

∫
0

𝑘⊥𝑑𝑘⊥𝐽0(𝜆𝑘⊥)𝐽0(𝑟⊥𝑘⊥)

= − 𝜖(𝜏 − 𝜏′)
2𝜋

𝛿(𝑠2) (62)

where 𝜆2 = 𝜏2 + 𝜏′ 2 − 2𝜏𝜏′ cosh(𝜂 − 𝜂′), 𝑟2
⊥
≡ (𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2, 𝑠2 =

𝜆2 − 𝑟2
⊥

and 𝜖(𝜏 − 𝜏′) =Θ(𝜏 − 𝜏′) −Θ(𝜏′ − 𝜏) respectively.

Substituting Eq. (62) into the definition of symmetric propagator 
Eq. (53), we have

�̄�(𝑥𝜇;𝑥′𝜇) =
1
4𝜋

𝛿(𝜏2 + 𝜏′ 2 − 2𝜏𝜏′ cosh(𝜂 − 𝜂′) − 𝑟2
⊥
). (63)

Eq. (62) is very similar to its counterpart in the usual representation in 
Minkowski space-time but the expression for 𝑠2, in Eq. (62) (𝑠2 = 0 has 
support only at the lightcone) is entirely different from that in the later.

Thus, for any field Φ(𝑥𝜇) satisfying an equation of the form.

□Φ(𝑥𝜇) = 𝑆(𝑥𝜇) (64)

with a generic source 𝑆(𝑥𝜇), we have the solution of the form:

Φ(𝑥𝜇) = ∫ �̄�(𝑥𝜇;𝑥′𝜇)𝑆(𝑥
′
𝜇
)
√
𝑔′𝑑4𝑥′ (65)

5. Results

In this section, we present the results for the electromagnetic fields 
generated by the participants. First, we consider a simple case of a sta-

tionary point charge, for which the fields corresponds to the fields from 
the Li’enard–Wiechert potential for the expanding fluid. This is to test 
our formulation for a simplistic case. Next, we move to a more realis-

tic scenario of charge particles being distributed in a Gaussian profile 
in the transverse plane with a constraint on the region of participant 
charge distribution.

5.1. Field of a stationary point charge

Firstly, the charge density of a point particle at rest (co-moving) in 
an expanding fluid with four velocity 𝑢𝜇 = (1,0,0,0), is given as

𝜌(𝜏,𝐱) =𝑍𝑒
𝛿3(𝐱 − 𝐱0)Θ(𝜏 − 𝜏0)

𝜏
(66)

where 𝑍𝑒, 𝐱0, is the magnitude and position of the charge. To avoid the 
singularity of the Green’s function at 𝜏 = 0, we assume that the charge 
appeared at a finite time in the past, 𝜏 = 𝜏0. This is motivated by the fact 
that hydrodynamics in heavy-ion collisions typically starts after a finite 
time, around ∼ 0.5 −0.6 fm. It should be noted that, in this theory, there 
is no conservation law for charge, and a charge can be spontaneously 
created if there is enough energy available. Additionally, since we have 
assumed the fluid to be a perfect insulator, the charge diffusion current 
𝑉 𝜇 is zero. Therefore, the particular solution for the 𝜂 component of the 

magnetic field Eq. (49) can be set to zero without loss of generality, and 
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Fig. 1. Left panel: The electric-field component 𝑒�̃�𝜂 as a function of 𝜂 for a stationary point source. Various symbols represent the values of electric field at different 
times. Right panel: Same as left panel but for the electric-field component 𝑒𝐸 .
𝑥

it decouples from the other components of the electromagnetic fields. 
By substituting the gradient of the point charge Eq. (66) as a source in 
the Green’s function Eq. (65), we obtain

�̃�𝜂(𝜏,𝐱) = −𝑍𝑒∫
1

(𝜏′)2
�̄�(𝜏,𝐱; 𝜏′,𝐱′)𝜕𝜂�̃�(𝜏′,𝐱′)

√
𝑔(𝜏′)𝑑3𝐱′𝑑𝜏′ (67)

as a solution of Eq. (46). Integration of Eq. (67) with the symmetric 
Green’s function of Eq. (63) is elementary, and we obtain

�̃�𝜂(𝜏,𝐱) =
⎧⎪⎨⎪⎩
𝑍𝑒

𝜏 sinh(𝜂−𝜂0)

4𝜋[(𝑟⊥−𝑟⊥0)2+𝜏2 sinh2(𝜂−𝜂0)]
3∕2 , if 𝜏0 < 𝜏𝑓 (𝐱;𝐱0) < 𝜏

0, otherwise
(68)

where, 𝜏𝑓 (𝐱; 𝐱0) ∶= 𝜏 cosh(𝜂 − 𝜂0) −
√

(𝑟⊥ − 𝑟⊥0)2 + 𝜏2 sinh2(𝜂 − 𝜂0) and 
the inequality satisfies the causality constraints.

The transverse components of electric fields can also be computed 
similarly and are given as

�̃�𝑥(𝜏,𝐱) =
⎧⎪⎨⎪⎩
𝑍𝑒

𝜏(𝑥−𝑥0) cosh(𝜂−𝜂0)

4𝜋[(𝑟⊥−𝑟⊥0)2+𝜏2 sinh2(𝜂−𝜂0)]
3∕2 , if 𝜏0 < 𝜏𝑓 (𝐱;𝐱0) < 𝜏

0, otherwise
(69)

�̃�𝑦(𝜏,𝐱) =
⎧⎪⎨⎪⎩
𝑍𝑒

𝜏(𝑦−𝑦0) cosh(𝜂−𝜂0)

4𝜋[(𝑟⊥−𝑟⊥0)2+𝜏2 sinh2(𝜂−𝜂0)]
3∕2 , if 𝜏0 < 𝜏𝑓 (𝐱;𝐱0) < 𝜏

0, otherwise
(70)

As discussed in Sec. 4 the transverse magnetic fields can be com-

puted by taking the gradients of longitudinal component of electric field 
Eq. (68), which acts as source in Eq. (65) and is given as

�̃�𝑦(𝜏,𝐱) = 2∫ �̄�(𝜏,𝐱; 𝜏′,𝐱′)𝜕𝑥′ �̃�𝜂(𝜏′,𝐱′)
√
𝑔(𝜏′)𝑑3𝐱′𝑑𝜏′ (71)

as a solution of Eq. (48). The integration over 𝜏′ is elementary and we 
are left with

�̃�𝑦(𝜏,𝐱) =⎧⎪⎪⎨⎪⎪⎩
𝑍𝑒

3
8𝜋2 ∫ 𝑑3𝐱′ 𝜏𝑓 (𝐱′;𝐱)2(𝑥′−𝑥0) sinh(𝜂0−𝜂′)

[(𝑟′
⊥
−𝑟⊥0)2+𝜏𝑓 (𝐱′;𝐱)2 sinh2(𝜂′−𝜂0)]

5∕2

× 1√
(𝑟⊥−𝑟′⊥)

2+𝜏2 sinh2(𝜂−𝜂′)
,

if (𝜏0 < 𝜏𝑓 (𝐱′;𝐱0) < 𝜏) ∧
(𝜏0 < 𝜏𝑓 (𝐱′;𝐱) < 𝜏)

0, otherwise

(72)

where, 𝜏𝑓 (𝐱′; 𝐱) = 𝜏 cosh(𝜂 − 𝜂′) −
√

(𝑟⊥ − 𝑟′
⊥
)2 + 𝜏2 sinh2(𝜂 − 𝜂′). In the 

above expression, one of the constraints is inherited from the electric 
field Eq. (68) while the other is from the Green’s function appearing in 
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Eq. (71). The 𝑥 component of magnetic field can also be obtained by 
wing a similar procedure. The spatial integration in Eq. (72) can 
be reduced to an elementary form and we perform the integration 
erically in the rest of this section.

To gain insight into the space-time dependence of electromagnetic 
s produced by the charged participants, we make a simplifying 
mption that the charges are located at 𝐱0 = (𝑏∕2, 0, 0) and the ini-

time 𝜏0 = 0.6 fm, where 𝑏 is the coordinate where the source is 
ted taken as 𝑏 = 7 fm. We calculate the fields at points with trans-

e coordinates 𝐱⊥ = (0, 0), but for variable rapidities 𝜂 and time 𝜏 . 
 magnitude of charge 𝑍𝑒 is a free parameter, and we took 𝑍 = 79, 
ch is half of the total charged spectators for an Au-Au collision and 
f course, a simplification. With the above geometry, the only non-

ishing components of electromagnetic fields are �̃�𝜂 , 𝐸𝑥 and 𝐵𝑦.

Fig. 1 shows the electric field components 𝑒�̃�𝜂 and 𝑒𝐸𝑥 as a function 
. The various symbols in the figure represent different time frames. 
hown in the figure, the 𝑥-component of the electric field is even 
er rapidity and its magnitude is roughly ten times larger than that 
he 𝜂-component, while the 𝜂-component of the electric field is odd 
er rapidity. At a given 𝜂, the electric fields decay as ∼ 𝜏−3 (see 
. (68) and (69)). Since the fields are retarded, prior to 𝜏 = 4.6 fm, 
electric field for both components is zero. At a later time, only the 
on allowed by causality experiences the electric field, which appears 
 piecewise function in the figure above. This region of influence 
ends, of course, on the initial time 𝜏0 and the relative distances 
𝐱0.

Fig. 2 (left panel) shows the magnetic field component 𝑒𝐵𝑦 as a 
tion of 𝜂, with various symbols representing different time frames. 

tly, we note that at early times (𝜏 < 3.1 fm), the magnetic field is 
, owing to the first causality constraint (see Eq. (72)) inherited from 
electric field. However, unlike the electric field, which has support 
 at 𝜏𝑓 (𝐱; 𝐱0), the magnetic field’s support 𝜏𝑓 (𝐱′; 𝐱0) extends to a 
er region of space-time. This is also readily seen in the left panel 
ig. 2 (left panel), where the magnetic field attains non-zero values 
r to the corresponding electric field, which remains zero until 𝜏 =
fm. Nevertheless, the magnetic field for such an early time is limited 
 smaller rapidity region owing to this constraint. Next, for 3.1 fm 
< 4.6 fm, the magnitude of the magnetic field increases and shows 
tinuous evolution throughout the rapidity region.

The domains of influence for both the electric and magnetic fields 
 be discerned from their respective equations (i) electric field, 𝑒�̃�𝜂

 Eq. (68) given as 𝜏0 < 𝜏𝑓 (𝐱; 𝐱0) < 𝜏 and (ii) magnetic field, 𝑒𝐵𝑦

 Eq. (72) given as 𝜏0 < 𝜏𝑓 (𝐱′; 𝐱0) < 𝜏 ∧ 𝜏0 < 𝜏𝑓 (𝐱′; 𝐱) < 𝜏 .

From Fig. 3 (left panel), which visualizes the domain of influence or 
causal region, one can observe that for smaller values of 𝜏 , the sup-

t of 𝜏𝑓 (𝐱; 𝐱0) is restricted to narrower 𝜂 intervals for electric field. 
ever, referring to Fig. 3 (right panel) for the magnetic field, the sup-

t spans larger areas based on the specific value of 𝜂′. To elucidate, 

at 𝜂′ = 0, the magnetic field’s support mirrors that of the electric field. 
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Fig. 2. Left panel: The magnetic-field component 𝑒𝐵𝑦 as a function of 𝜂 for a stationary point source. Various symbols represent the values of magnetic field at 
different times. Right panel: Time evolution of 𝑒𝐵𝑦 at rapidities 𝜂 = 1 and 𝜂 = 2 respectively. The black dotted lines are a fit to a power law function.

Fig. 3. Left panel: Domain of influence 𝜏0 < 𝜏𝑓 (𝐱; 𝐱0) < 𝜏 for the electric field component 𝑒�̃�𝜂 . Right panel: for the magnetic field component 𝑒𝐵𝑦, 𝜏0 < 𝜏𝑓 (𝐱′; 𝐱0) <
𝜏 ∧ 𝜏0 < 𝜏𝑓 (𝐱′; 𝐱) < 𝜏 . The transverse coordinates and 𝜂0 are set to zero (𝑟⊥ = 𝑟⊥0 = 𝜂0 = 0) for simplicity.
But when 𝜂′ = −1.0 or 𝜂′ = 1.5, the depicted (shaded) region encom-

passes a more extensive area than the prior scenario. As we transition 
to later times, both the electric and magnetic fields exhibit a progressive 
expansion in their supportive domains.

Fig. 2 (right panel) shows the time evolution of the magnetic field 
for two different values of rapidity, 𝜂 = 1, 2 respectively. For 𝜂 = 1, we 
have also fitted the obtained numerical solution with a power law (black 
dotted lines). As can be seen clearly, the whole time evolution can be 
divided into two regions: at early times, the growth of magnetic field 
∝ 𝜏5, while at late time it decays as ∝ 𝜏−2.2, and in the intermediate 
region around 𝜏 ∼ 4.6 fm, there is a discontinuity. For larger rapidities, 
e.g. 𝜂 = 2, the magnitude of the magnetic field is an order of magnitude 
smaller than for smaller rapidities, e.g. 𝜂 = 1. It is also instructive to 
compare the above results with that generated from spectators [39], 
which, at vanishing conductivity, simply decays as ∝ 𝜏−3, although at 
early times the magnitude is much larger than due to participants and 
depends on the colliding energy. Nevertheless, a unique feature of the 
magnetic field produced by the participants, unlike the spectators, is 
that they remain non-negligible throughout the evolution even at very 
late times. For example, at 𝜏 = 10 fm for smaller rapidity 𝜂 = 1, the 
magnitude is in the order of (10−3) vs (10−5) (in units of 𝑚2

𝜋
) for the 

spectators.

5.2. Field of a transverse charge distribution

Next, we turn to the problem of finding the fields generated by a 
6

stationary charge distribution. Without any loss of generality, we as-
sume that the charge density of the target and projectile is distributed 
along the transverse plane while it is still localized in the rapidity di-

rection. We shall make the simplifying assumption that the protons in a 
nucleus are uniformly distributed according to a Gaussian distribution 
with mean 𝐱0 and standard deviation 𝜎⊥. The charge density can then 
be described as follows:

𝜌(𝜏,𝐱) =𝑍𝑒
𝑓⊥(𝑥,𝑥0;𝑦, 𝑦0)𝛿(𝜂 − 𝜂0)

𝜏
Θ(𝜏 − 𝜏0) (73)

where 𝑓⊥(𝑥, 𝑥0; 𝑦, 𝑦0) is the charge distribution in the transverse direc-

tion and which is given as:

𝑓⊥(𝑥,𝑥0;𝑦, 𝑦0) =
1

𝜋𝜎2
⊥

[
exp

(
−
(𝑥− 𝑥0)2 + (𝑦− 𝑦0)2

𝜎2
⊥

)

+ exp

(
−
(𝑥+ 𝑥0)2 + (𝑦+ 𝑦0)2

𝜎2
⊥

)]
Θ

(
1 − 𝑥2

𝑟2
𝑎

− 𝑦2

𝑟2
𝑏

)
(74)

with 𝑥0 = 𝑏∕2, 𝑦0 = 0 which corresponds to the centers of the nuclei 
in the transverse plane and we took 𝜎⊥ = 5 fm respectively. Here 𝑏 is 
the impact parameter which is chosen as 𝑏 = 7 fm. The semi-major and 
semi-minor axis of the elliptical region of the participants are given by 
the quantities 𝑟𝑎 = 𝑅 − 𝑥0 and 𝑟𝑏 =

√
𝑅2 − 𝑥20, where 𝑅 is the radius 

of a nucleus and we took 𝑅 = 7 fm. The unit step function in Eq. (74)

guarantees us that we consider only the charges in the elliptical region 

in the transverse plane.
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Fig. 4. The electric-field component 𝑒�̃�𝜂 as a function of 𝜂. Various symbols 
represent the values of electric field at different times.

Following procedure similar to point charge as discussed in Sec. 5.1, 
we can find the different field components using the Green’s function 
Eq. (63) for the equations Eqs. (44) to (49). The integration over 𝜏 and 
𝜂 is elementary, and the resulting expressions for electromagnetic field 
components turn out to be:

�̃�𝜂(𝜏,𝐱) =
𝑍𝑒

4𝜋 ∫ 𝑑2𝐱′
𝜏 sinh(𝜂 − 𝜂0)

[(𝑥− 𝑥′)2 + (𝑦− 𝑦′)2 + 𝜏2 sinh2(𝜂 − 𝜂0)]
3∕2 ×

𝑓⊥(𝑥′, 𝑥0;𝑦′, 𝑦0)Θ

(
1 − 𝑥′2

𝑟2
𝑎

− 𝑦′2

𝑟2
𝑏

)
(75)

�̃�𝑦(𝜏,𝐱) =𝑍𝑒
3

8𝜋2 ×

∫ 𝑑3𝐱′𝑑2𝐱′′
𝜏𝑓 (𝐱′;𝐱)2(𝑥′ − 𝑥′′) sinh(𝜂0 − 𝜂′)

((𝑥′ − 𝑥′′)2 + (𝑦′ − 𝑦′′)2 + 𝜏𝑓 (𝐱′;𝐱)2 sinh2(𝜂0 − 𝜂))5∕2
×

𝑓⊥(𝑥′′, 𝑥0;𝑦′′, 𝑦0)√
(𝑥− 𝑥′)2 + (𝑦− 𝑦′)2 + 𝜏2 sinh2(𝜂 − 𝜂′)

Θ

(
1 − 𝑥′′2

𝑟2
𝑎

− 𝑦′′2

𝑟2
𝑏

)
(76)

where the integration over 𝐱′ is again limited to the causal region satis-

fying the inequality 𝜏0 < 𝜏𝑓 (𝐱′; 𝐱) < 𝜏 along with the physical boundary 
of the elliptical region which is expressed via the unit-step function. 
Here, we have explicitly shown the expression for �̃�𝜂 and �̃�𝑦, other 
components of the electromagnetic fields can be calculated using a sim-

ilar procedure and will not be discussed further.

Fig. 4 shows the variation of 𝑒�̃�𝜂 with respect to 𝜂 at different time 
frames. Compared to the electric field generated by a point charge dis-

tribution Fig. 1 (left panel), the electric field generated by a charge 
distribution has support even for time as early as 𝜏 ∼ 1.1 fm although 
still localized in space. At late times, the electric field asymptotically 
goes to zero at large rapidities. The magnitude of electric field is of 
the order of ∼ 0.1𝑚2

𝜋
and this acts as the source for magnetic field. 

Fig. 5 shows the temporal evolution of transverse component of mag-

netic field 𝑒𝐵𝑦 at rapidity 𝜂 = 0.5 and the blue band is an estimate of 
the error in the numerical integration. Since, the integrand in Eq. (75)

is highly oscillatory, we could not extrapolate to smaller time interval 
regions, nevertheless the qualitative behavior of magnetic field at late 
time 𝜏𝑓 > 4.6 fm is similar to that of a point charge distribution Fig. 2

(right panel) and remains non-vanishing for times long enough in the 
context of heavy-ion collisions. The long life time is the result of retar-

dation effect which can be readily seen from Fig. 3 and emphasizes the 
fact that for late time the support of the integral in Eq. (75) increases 
to larger spatial regions which has non-vanishing gradients of electric 
7

field.
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Fig. 5. Time evolution of 𝑒𝐵𝑦 at rapidity 𝜂 = 0.5. The blue band is the estimate 
of the error in the numerical integration.

6. Conclusion and outlook

In this study, we investigated the spatiotemporal behavior of elec-

tromagnetic fields generated by charged particles in an expanding fluid 
under a background Bjorken flow. We solved Maxwell’s equations in 
this background, assuming no back-reaction to the flow. The inclusion 
of coupling to the fluid’s shear and expansion scalar has made the dy-

namics much more intricate. An important finding of this study is that 
even in the absence of charged currents, the gradient of the electric 
field can produce a magnetic field for a stationary charge distribution 
co-moving with the fluid. The resulting magnetic field initially van-

ishes, grows, and eventually decays. Causality plays a decisive role for 
describing the space-time evolution for such charge distributions. We 
also discussed a more realistic case of continuous charge distribution in 
the context of heavy-ion collision. The resulting magnetic field remains 
appreciable even for time as large as ∼ 10 fm. This finding supports the 
works that discuss the effect of magnetic field in the hadronic stage of 
heavy-ion collision [52–54].

A major limitation of this study is the assumption of vanishing 
charged currents. This could have significant and interesting conse-

quences on the results obtained in this study when non-equilibrium 
processes such as charge diffusion and conductivity come into play. 
These processes eliminate any gradients present in the electric charge 
distribution and may have non-trivial effects on the space-time varia-

tion of dynamic electromagnetic fields. When such terms were included, 
we were unable to find a closed analytical solution to the Green’s func-

tion and are therefore difficult to solve. Other possible directions for 
future work could include considering flow fields with non-vanishing 
vorticity and acceleration. These and other intriguing phenomena will 
be left for future investigations.
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