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1. Introduction

Quantum Chromo Dynamics (QCD) at extreme conditions of
temperature and/or density is a central topic of many experimen-
tal and theoretical investigations. Especially the transition from the
hadronic to the quark-gluon phase is a key region for studies of
hot matter in ultra-relativistic heavy-ion collisions as well as for
the stability of hybrid stars consisting of hadrons and quarks. Here,
the role of the repulsive vector interaction in QCD has become a
much discussed topic in recent literature. It is not only important
for the general understanding of the strong interaction but also has
concrete implications for effective models of QCD regarding the
location of the hadron-quark transition [1-3]. In heavy-ion phe-
nomenology the vector repulsion is a possible explanation for the
observed splitting in particle and anti-particle azimuthal momen-
tum asymmetry [4], whereas in nuclear astrophysics the possibility
of stars with quark matter core depends strongly on the existence
of a quark vector repulsion [5,6]. It is therefore of great interest
to possibly constrain the strength of the hadronic and quark re-
pulsive interaction from QCD itself. In this work we propose that
such an independent determination has been provided by the con-
served charge susceptibilities evaluated with lattice QCD at g = 0.
These susceptibilities quantify the fluctuations of the conserved
charges of QCD, in particular the net baryon number. These sus-
ceptibilities can provide constraints on the interaction of particles,
as a repulsive interaction of baryons would have direct impact on
the magnitude of the fluctuations. The purpose of this paper is
to first reproduce the results from [7], though with a different
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model for the quark phase, but also advance on these conclusions
in several ways. First we include a phenomenologically correct
hadronic phase, to achieve a satisfactory agreement with lattice
QCD thermodynamics in the separate phases. This improvement is
necessary to make relevant statements on the importance of the
different types of interactions. Secondly we also investigate the in-
fluence of the strength of the vector repulsion on finite density
properties of the QCD phase diagram, in particular on the curva-
ture of the pseudo-critical line. This part is of essential interest as
there where several studies [1,2] which claimed that the vector re-
pulsion strength of QCD could be fixed solely by its determination
at the pseudo-critical temperature at u = 0, with the curvature
k of the pseudo-critical line. In the present paper we will show
that this statement cannot be upheld. In the following we will de-
scribe how we combine a hadronic and an effective quark model
in order to construct an equation of state that gives a correct de-
scription of the two phases of QCD, the confined and deconfined
phase connected by a smooth crossover. We will then use this
combined equation of state to investigate the sensitivity of the
baryon number susceptibilities on possible hadronic and quark re-
pulsive interactions. In particular we want to understand the role
of the repulsive interaction in the two separate phases and relate
our results to recent attempts to constrain the vector interaction
strength [7-9].

2. The combined equation of state

The total grand canonical potential of our model includes con-
tributions from the hadrons (£2444), the deconfined quarks (£2;),
as well as contributions from mean fields interacting with the
hadrons and quarks (V') and the Polyakov loop potential (U):
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Qtot:9h0d+9q+v+u (1)

In the hadronic phase we use the parity doublet model for
the baryon octet and add all hadronic resonances, with masses
up to 2.2 GeV, in order to correctly describe the QCD thermody-
namics below T.. In the parity doublet model positive and neg-
ative parity states of the baryons are grouped in doublets. Their
masses are generated by a coupling to the chiral field o. The ef-
fective masses of the nucleon and its chiral partner then become:

(g(l)o)z +m0 :I:g(z)a where g(l) and g(z) are the scalar

couplmg parameters of the model. In the chirally restored phase,
for vanishing o, their masses are degenerate and identical to mg
[10,11]. The hadronic contribution $244 therefore can be written
as

Phad = TZ(Z )3/d3 [In(1+e” TIE} 1) 2)

where y; is the hadronic degeneracy factor and Ej = | /m;."2 +p?is

the single particle energy and uj = u; — gew the effective chem-
ical potential (see e.g. [17,18]) of the i’th hadronic species. The
scalar meson interaction driving the spontaneous breaking of chiral
symmetry can be written in terms of SU(3) invariants I = Tr(X),
I, =Tr(XZ?), I3 =Tr(X*). The full potential for the fields then be-
comes
1 2 1 5 9

V:V0+§’<012—k112—k213+5mw0) (3)
where V| is fixed by demanding a vanishing potential in the vac-
uum, X is the multiplet of the scalar mesons and w the repulsive
vector field. The free parameters ko = (368.8 MeV)2, k; = 4.264
and k; = —13.055 and g@ = 5.563 are fitted to describe nuclear
ground state properties. Within this approach we ensure a good
description of well-known properties of nuclear matter properties
by adjusting the baryonic attractive scalar and repulsive vector in-
teraction strength.

To describe the transition from the confined hadronic phase to
a deconfined quark phase we include explicitly the contributions
of the quarks and gluons in the thermodynamic potential, as dis-
cussed in detail in [11]. This generates a smooth crossover chiral
and deconfinement transition at small chemical potential and high
temperatures, and a first-order transition in the case of cold, dense
systems like compact stars. The quarks and gluons are incorporated
in a similar way as described in so-called Polyakov loop extended
quark models [12-16]. In our implementation we add the thermal
contribution of the quarks to the thermodynamic potential §2o;:

_ Vi 3 Ef —ni
Qq_—quj(zﬂp /d k1n<1+q§exp% (4)

where we sum over all three quark flavors. y; is the correspond-
ing degeneracy factor, @ is the Polyakov loop. For the anti-quarks
we have to use the conjugate of the Polyakov loop @* and —/J,E =

Mq Mg — gvu) For the Combined EoS we keep the quark vec-
tor coupling to be =0, if not stated otherwise. The effective mass
mf{ =mo + gSUcr + gS ¢ of the quarks (except a small bare mass
term mg =55 MeV) is generated through a coupling to the scalar
fields o and ¢, which correspond to the non-strange and strange
scalar quark condensates, respectively. Here we chose coupling val-
ues of gS = 1.8 and, following SU(3) relations, g5 =42 8qsa
in order to enable a smooth transition between the hadromc and
quark part of the EoS.

The effective potential U(®, ®*, T), which controls the dynam-
ics of the Polyakov loop, is also included in the thermodynamic
potential. In our approach we adopt the ansatz proposed in [14]:

1
U=—sal)do"

+b(T)In[1 — 600" +4(030*3) — 3(00*)’] (5)
with a(T) = agT* +a; ToT> +aT2T?, b(T) = b3T3T. The values of
the parameters ag = 3.51, a1 = —8.2, a = 14.8, b3 = —1.75 and
To = 156 MeV where adjusted to get a reasonable description of
the interaction measure from lattice QCD [19] and have the correct
asymptotic value for free massless gluons.

To suppress hadrons when deconfinement is realized we adopt
an ansatz introduced in [20] and used in [21], where we intro-
duced an excluded volume for the hadrons (and not the quarks),
which very effectively removes the hadrons once the free quarks
give a significant contribution to the pressure. In this approach the
excluded volume v;, of particle species i, enters in the total vol-
ume as V =V’ + ) v;-N;, where V' is the volume not occupied
and N; the number of particles i in a volume. From this simple re-
lations follows that one can also rewrite the chemical potential jt;
of a particle species as (1; = u; — viP with P the total pressure of
all particle species. This volume parameter v; is usually set to be a
fixed value, but in this work we have chosen to make it explicitly
dependent on the temperature. Such a dependence has the advan-
tage that we can better match the combined equation of state to
available lattice data. To make sure all densities (energy density
and entropy) are thermodynamically consistent the usual densities
e, p, s have to be multiplied with a volume correction factor f,
which is the ratio of the total volume V and the reduced volume
V', not being occupied, yielding the corrected quantities (€7, p; and
§i). The temperature dependence of the volume parameter in this
work is

vi(T) =vo - f(T) (6)

with a simple sigmoid function f(T)=1/[1+ exp(—(T — t)/3871)],
where T =156 MeV corresponds to the transition temperature and
8t =8 MeV is the width of the transition. The asymptotic ex-
cluded volume v, corresponds to a hadronic radius of r =0.84 fm.
Such a dependence leads to a negligible correction at low temper-
ature, as suggested from lattice results, and a strong suppression
of hadrons in the deconfined phase. The physical interpretation
of such a large volume can be understood as an expected signifi-
cant phase space broadening of the hadronic states around T = 7.
Note that due to the temperature dependent excluded volume the
combined equation of state violates, to a certain degree, thermody-
namical consistency, but only in the close vicinity of the matching
temperature.

By construction of the Polyakov Loop potential, one usually
observes an appearance of free quarks even at temperatures con-
siderably lower than Tpc. Even though their contribution to the
thermodynamic quantities is very small compared to the hadronic
contribution, we suppress the quarks in the confined phase in or-
der to study the separate impact of hadrons and quarks on the
susceptibilities and phase transition more clearly. To achieve this
we also introduce an explicitly temperature-dependent mass term
Smg, which is added to the quark mass my:

sm(T) =m® - [1— f(T)] (7)
with corresponding values of m® = 400 MeV, 7 = 130 MeV and
8T =3 MeV. Such a dependence essentially suppresses any con-
tribution of the quarks below a temperature of T ~ 130 MeV.
The resulting interaction measure (¢ — 3p)/T# is shown in Fig. 1
and compared with available lattice data. By adjusting the above
mentioned parameters we obtain a very good description of the
Interaction measure.



J. Steinheimer, S. Schramm / Physics Letters B 736 (2014) 241-245 243

T
[ Lattice Data STOUT cont.
Combined EoS

Interaction Measure

100 200 300 400
Temperature [MeV]

Fig. 1. Interaction measure, (¢ — 3p)/T*, for our combines equation of state (red
solid line) compared to continuum extrapolated lattice QCD results [19] (grey band).
(For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

To isolate the contributions of the deconfined quarks we will
also calculate the so-called ‘Quark EoS’ which is essentially defined
as the combined model, excluding the hadronic contribution to the
grand canonical potential £2¢; — $2pq4, but including all the poten-
tial terms.

3. Results

Because lattice QCD suffers from the sign problem it is diffi-
cult to compute the QCD phase structure and thermodynamics at
non-zero baryochemical potential wp. It is however possible to in-
fer information on the thermodynamics of QCD at small values of
up/T through a Taylor expansion of lattice results at wp =0 in
terms of the chemical potential [22]. In the Taylor expansion of
the pressure p = —£2, the coefficients c2, which can be related to
the baryon number susceptibilities x.2, follow from

B n 4
X b qy = T 1) /T ®)
T2 n d(up/T)"
for up =ps=pq =0.

As p(T,up) also depends on the value of the vector field
(T, up) explicitly one can easily see that the susceptibilities
have contributions which depend on the derivatives of this field
"w(T, up)/(@up)" # 0. It is now interesting and instructive to
investigate how large these contributions are and if one can use
them to constrain (T, up) and subsequently gy. In Fig. 2 we
show our results for the baryon number susceptibility as a function
of the temperature at pup = 0. As for the interaction measure we
again obtain a good description of the lattice data, over the whole
temperature range, from our combined EoS. The most interesting
feature of this figure is the strong dependence of the second-order
baryon number susceptibility on the value of the free quark repul-
sive interaction gg. Below the pseudo-critical temperature Tpc we
observe hardly any change in )(ZB due to the repulsive hadronic in-
teraction strength gg, but a strong decrease in XZB above Tpc due

to a quark repulsive coupling g‘(,l.

A similar picture can be drawn from Fig. 3, where the ratio of
the fourth order over the second order baryon number suscepti-
bilities is shown. Below Tpc, in the hadronic phase, we observe
only a very small dependence of the susceptibility on the hadronic
repulsive interaction strength, even though the dependence ap-
pears somewhat stronger for x2/xB than for xJ. Such a weak
dependence of the susceptibilities is understandable when we re-
call which hadronic degrees of freedom contribute to the suscep-
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Fig. 2. Second order baryon number susceptibility from our combined equation of
state (red solid line) compared to continuum extrapolated lattice QCD results [23]
(grey band). We also show the combined EoS with zero hadron vector interaction
strength (black dashed line), and the quark part of the EoS with finite vector cou-
pling (magenta short dashed line). (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Forth order baryon number susceptibility from our combined equation of
state (red solid line) compared to continuum extrapolated lattice QCD results [24]
(grey band). We also show the combined EoS with zero hadron vector interaction
strength (black dashed line), and the quark part of the EoS where quarks have a
finite vector coupling (magenta short dashed line). (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of this
article.)

tibilities. These are, in the case of the baryon number, dominantly
nucleons and heavier baryons. Because these hadrons have a large
mass, their density, and therefore any repulsive force, will only be
significant at very large chemical potentials, comparable to their
mass. At such high chemicals potentials, the lower-order suscepti-
bilities will not be the relevant contributors to a Taylor expansion,
but rather higher-order terms. To understand the influence of the
repulsive interactions of hadrons one therefore would have to eval-
uate susceptibilities of even higher order. Because the quarks have
significantly smaller masses, once chiral symmetry is restored, they
contribute strongly also to lower orders of the baryon number sus-
ceptibility which allows for a much stricter constraint on the quark
repulsive interaction strength. A similar behavior was found al-
ready in the NJL model by Kunihiro where a formula was derived
(Eq. 3.12 in [7]) which showed the effect of the mass reduction due
to the chiral restoration and the vector coupling was considered
as an additional mechanism to account for the lattice data in [7].
Note that because [7] did not include a transition from hadrons to
quarks it was not possible to fully disentangle the different contri-
butions, of the phases, to the susceptibilities.
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Table 1
Values of the curvature of the chiral pseudo-critical line from different EoS. I: The
Combined EoS, II: The Quark EoS and III: From the Hadronic EoS only.

EoS: I Il 1

gl = 0 3g¢ 0 389 0 0

gl = 5.563 5.563 0 0 0 5.563
K= 0.143 01 0.139 0.0463 0.25 0175

In the deconfined phase, for T > Tpc we again observe a sig-
nificant deviation of the calculated values of )(f / XZB from lattice
results, whenever we assume a repulsive interaction between the
free quarks. As the ratio decreases by a factor of 1/2 above Tpc we
can conclude that the relative contribution of the repulsive inter-
action to xf is considerably larger than for XzB-

In several publications (e.g. [1-3,5,6]) it has been argued that
a non-zero repulsive quark vector coupling is required by con-
straining the interior of compact stars and the phase structure of
constituent quark mean field models. For example one can show
that the newly measured maximum mass of compact stars of 2
solar masses can only be accommodated for, if one either assumes
a very small or no quark content for these stars, or introduces a
quite sizable repulsive interaction for quarks. For isospin symmet-
ric matter, it has been shown that constituent-quark based models
like the PNJL and PQM model can only accommodate for a “nu-
clear ground” state (in these models this is approximated by a
constituent-quark saturated state) if the quarks have a finite vector
interaction strength. We therefore have to ask the question if our
results are in contradiction to these earlier attempts on constrain-
ing the quark repulsive interaction.

To give a possible answer, we investigate the curvature of the
chiral pseudo-critical line for different realizations of our model. In
[25] the curvature of the pseudo-critical line is estimated within
lattice QCD using the light quark chiral condensate. Here the chiral
condensate (PW)(T) is expanded in terms of the chemical po-
tential as (PW)(T, ) = (FPW)(T,0) + Xm,q/2u*T where xmgq =
dxq/0m; and yxq is the light quark number susceptibility, taken
only to second order and m; the light quark mass. To find the cur-
vature « one has to find the maximum in 8(¥¥)(T, u)/dT which
gives Tpc(u) and is related to the curvature k o< 8%Tpc/d 2. Note
that only the second order susceptibilities where included in the
lattice study. To second order the curvature k therefore depends on
the light quark number susceptibility, but also its derivatives with
respect to T and p at 4 =0 and T = Tpc. Therefore it is not sim-
ply a function of the second order susceptibility, but does depend
on the (4th order) susceptibility near Tpc at pu = 0. Defining the
shifting Tpc with chemical potential requires higher-order suscepti-
bilities. Overall, as we showed, the vector interaction strength may
vary rapidly around that point and therefore the determination of
gy from « is not very reliable as also the repulsive interaction
strength may change rapidly around T..

We calculated the curvature of the pseudo-critical line, accord-
ing to the chiral transition, from our combined model, and the
quark and hadronic phases separately (i.e. leaving out the hadronic
or quark contribution to Eq. (1)). The results for the curvature «
are presented in Table 1, where we show the two cases where the
vector repulsion strength of hadrons and quarks is either set to
zero everywhere or is a fixed finite value. For all equations of state
we observe that the transition for finite vector couplings is moved
to larger chemical potentials, i.e. the curvature of the transition is
decreased, as required by [1-3].

To isolate the effect of the appearance of the quarks and their
vector interaction, we introduce a chemical dependent quark vec-
tor coupling strength g‘(,l (up) in a schematic way, which we can
define such that it disappears at the pseudo-critical line. For our
result in Fig. 4 this would correspond to:

1.0 T T T

08F  TNTN~L. @ mmmmmee gy= :
- - - -gi=3q]

06 s . 1

| 9y (k)
0.4} i .

'
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Baryo Chemical Potential u, [MeV]

Fig. 4. The normalized chiral condensate, order parameter of the chiral phase tran-
sition, as a function of chemical potential at fixed temperature T = 140 MeV. We
compare different scenarios of the repulsive quark vector interaction strength. The
vertical lines indicate the pseudo-critical chemical potentials, defined from the max-
imum of the chiral susceptibility.

gS(MB) = g\(,1 (up=0)- (1 +EXP(MB _ Mz;c)/su)fl 9)

where /L’;C is the pseudo-critical chemical potential for a constant

g‘? = gqo, and 8, =10 MeV. The resulting curve of the normal-
ized chiral condensate is presented as solid line in Fig. 4 where
we show the behavior of the normalized chiral condensate & /oy,
from our combined equation of state, as a function of baryochem-
ical potential, for an arbitrarily fixed temperature T = 140 MeV
relatively close to, but below, T.. Here the short dashed line repre-
sents the result for vanishing quark vector coupling. We also show
the same curve with finite quark vector coupling as dashed line.
One can clearly see that we obtain a larger pseudo-critical chemi-
cal potential, comparable to that with large quark vector repulsion,
even though the repulsive strength is vanishing in the 'deconfined’
phase. The shift in Tpc is therefore determined by the behavior of
the interacting matter below the pseudo-critical temperature and
the appearance of the free quarks.

The apparent contradiction of [1-3] with our result, stating that
there should be no quark repulsive interaction, can be explained in
a very simple way. In PNJL and PQM type models, only one type of
vector coupling strength exists, which is the same for light “uncon-
fined” quarks above the transition as well as possible three-quark
states that appear in the confined phase. In reality of course this
might not hold true. We know that there should be no quarks in
the confined phase and we also have strong indications for a con-
siderable repulsive hadronic interaction. In other words the large
repulsive vector interaction, required in the PQM and PNJL models
might be simply a result of the unsatisfactory description of the
confined, or hadronic, phase.

4. Summary

We have shown that lattice results for the baryon number sus-
ceptibilities can be used, even to lowest order, to constrain the
repulsive vector interaction strength of quarks in the deconfined
phase. We confirm [7] that only a nearly vanishing strength is sup-
ported by lattice QCD data. Even a small vector coupling would
lead to a systematic deviation of the baryon number susceptibili-
ties, i.e. a maximum as function of temperature at upg = 0. Such a
behavior is not observed, even when susceptibilities are calculated
to very high temperatures on the lattice [26] and in perturbative
QCD [27]. Concerning the repulsive hadronic interaction we find
that, due to the large mass of the baryonic hadrons, the lowest
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order susceptibilities show only a very weak dependence and are
not useful to constrain the hadronic repulsive interactions. We also
show that earlier constraints on the quark repulsive coupling, using
the curvature of the transition line and compact star masses are
not as strict as they claim to be. Both can also be accommodated
taking into account a more realistic hadronic phase and a strong
change of the vector coupling strength at the deconfinement tran-
sition (appearance of free quarks). As an example, we show that
the curvature of the transition is sensitive to the repulsive inter-
action in the confined phase and not necessarily in the deconfined
phase. Also compact stars with large masses can be accommodated
for with stiff hadronic equations of state, due to hadronic repulsive
forces.

Concluding, we believe that the results shown represent a con-
siderable step forward in the understanding of the interactions of
deconfined quarks. Furthermore they present a strict set of con-
straints for effective models of QCD.
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