SYMMETRY BREAKING
FOR GROUND STATES OF BIHARMONIC NLS
VIA FOURIER EXTENSION ESTIMATES

By

ENNO LENZMANN AND TOBIAS WETH

Abstract. We consider ground state solutions u € H?(RY) of biharmonic
(fourth-order) nonlinear Schrédinger equations of the form

A’ u+2aAu+bu— uf?u=0 inRY

with positive constants a, b > 0 and exponents 2 < p < 2%, where 2* = N2§4 if
N > 4and2* = oo if N < 4. By exploiting a connection to the adjoint Stein—Tomas
inequality on the unit sphere and by using trial functions due to Knapp, we prove
a general symmetry breaking result by showing that all ground states u € H*(RV)
in dimension N > 2 fail to be radially symmetric for all exponents 2 < p < %VN_J'f
in a suitable regime of a, b > 0.

As applications of our main result, we also prove symmetry breaking for a mini-
mization problem with constrained Z2-mass and for a related problem on the unit
ball in R" subject to Dirichlet boundary conditions.

1 Introduction

The study of biharmonic (fourth-order) nonlinear Schrodinger equations (NLS) has
attracted a significant amount of attention in the recent past; see, e.g., [17, 1, 12, 19,
20,21, 6,3,5,4, 10]. The main purpose of the present paper is to prove a symmetry
breaking result for ground state solutions of biharmonic NLS (suitably defined as
energy minimizers), which is in striking contrast to the well-known results of radial
symmetry for ground states of classical second-order NLS. As a key ingredient
in our approach to show symmetry breaking, we shall exploit a close connection
between Fourier extension estimates and ground states for suitable biharmonic

As a concrete model problem, we consider ground state solutions u € H>(R")

of biharmonic NLS of the form

A%u+2aAu+bu— |luff2u=0 inRV.
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where a, b > 0 are positive constants. We remark that positivity of @ > 0 implies
that the Fourier symbol of the ‘mixed dispersion’ differential operator A% + 2aA
is radially symmetric but fails to be monotone increasing in the radial variable.
Throughout the following, we consider the subcritical case with 2 < p < 2*, where
we set

N—4

5 2N for N > 4,
o e’} for N < 4

Furthermore, the constants a, b > 0 in (1.1) are chosen such that the associated
quadratic form

Q)= [ (8P =20V + by de= [ un(2DIAOF d¢

is positive definite on the Sobolev space H := H>(R"). Here it denotes the Fourier
transform of u and the corresponding symbol g, ;(|{|) above reads

8ap(IED) = 161 = 2alEP +b = (IE* — @)* + b — &,

Thus we readily see that g, is positive definite if and only if » > @® holds. In this
situation, we find that

qa,b(u)
, = inf
ueH\{0} ||M||p ueH, ||ull,=1

(1.2) Rap(p) = a,b(1) > 0,
and that this infimum is attained. Here || - ||, denotes the usual 1/ (RV)-norm. More
precisely, the following result follows from classical arguments.

Theorem 1.1. Suppose N > 1,a > 0,b > 0, and 2 < p < 2*. Then we
have R, »(p) > 0 if and only if b > a’. Moreover, if b > a2, then R, p(p) is attained
in H\ {0}, and every minimizer u € H \ {0} corresponds, after multiplication with
a positive factor, to a solution of (1.1). Finally, any minimizer u € H \ {0} is
real-valued up to a trivial constant complex phase, i.e., we have ¢“u(x) € R for
a.e. x € R and some 6 € R.

For the convenience of the reader, we provide a short proof of Theorem 1.1 in
the appendix. Moreover, we note that a slightly different proof of the first statement
in this theorem is given in [10, Theorem 3.6]. We say that a solution u € H \ {0}
of (1.1) is a ground state solution if the infimum R, 5(p) in (1.2) is attained at the
function u. To justify this notion, we recall that the energy functional associated
with (1.3) is given by

1 1
Eap() = 0ap(u) = » lluell}-
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A standard argument shows that the least energy value among nontrivial solutions
of (1.1) is characterized as

Cun = b, S0P Eus() = (Raustp) "
Moreover, minimizers of the quotient in (1.2) correspond, up to multiplication by
a positive factor, to nontrivial solutions of (1.1) where the least energy value c,
is attained. This justifies the term ground state solutions.

The main aim of the present paper is to study the asymptotics of R, ,(p) and
the shape of ground state solutions in the limiting case where b is slightly larger
than a. Without loss of generality, by rescaling, we may assume that ¢ = 1 from
now on. By writing b = 1 + ¢ with some ¢ > 0, we thus arrive at the equation

(1.3) A?u+2Au+(1+&)u—uff2u=0 inR".

Clearly, the corresponding quadratic is given by

(149 a= [ (AP =2VuP + A+l dr= [ e (Da@OF d2
where the Fourier symbol is given by

g:(1ED = (1€ — 1)? +e.
Furthermore, the corresponding minimal energy quotient reads

Q. (u)
n 2
ueH\{0} ||u||P

(1.5) R.(p) = >0 for2 <p <?2".

As noted above, minimizers of the quotient in (1.5) correspond, after multiplication
by a positive factor, to ground state solutions of (1.3). We shall see below that,
for fixed p € (2, 2*), the value R.(p) tends to zero as ¢ — O*. In fact, a detailed
analysis of this limit shows that ground states u € H cannot be radially symmetric
for sufficiently small ¢ > O and for exponents

2 <p<?2,.
Here we define the exponent
2N +2
2, = ,
N—-1

which arises from the adjoint version of the celebrated Stein—Tomas inequality
for the Fourier restriction on the sphere SN=1 = R¥ in dimension N > 2. More
precisely, we have the following main result.
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Theorem 1.2 (Symmetry Breaking). If N > 2 and 2 < p < 2,, then there
exists €9 = €o(p) > 0 with the property that every ground state solution u € H
of (1.3) is a nonradial function if 0 < & < &.

Remarks. (1) It is interesting to note that the nonradial ground states u € H
in Theorem 1.2 can still be even functions. By the recently developed Fourier
symmetrization methods in [7, 18], one can prove for N > 1 and p € 2N
with 2 < p < 2* that any ground state solution u € H for all ¢ > 0 must be
an even function (up to a translation in space), i.e., we have u(—x) = u(x) for
a.e. x € RV; see Lemma B.1 below. In particular, this result applies in the case
N =2andp =4 < 2, which is admissible for Theorem 1.2. So in this case, ground
state solutions are nonradial but even up to translation.

(2) The evenness result given in Lemma B.1 below also shows that Theorem 1.2
cannot be extended to the case N = 1 since symmetry breaking does not occur
forp € 2N.

(3) We do not expect any symmetry breaking of ground states u € H*(R")
for (1.1) if @ < 0 holds. In this case, the corresponding Fourier symbol g, »(|¢])
becomes strictly increasing in |£| and, by Fourier rearrangement methods from [18],
we obtain radial symmetry (up to translation) for any ground state u € H*(R%)
provided that p € 2N is an even integer. Also, by maximum principles and
classical rearrangement techniques, it can be shown for any 2 < p < 2* that
ground states u € H*(R") for (1.1) must be radial (up to translation) whenever
a < 0 satisfies |a| > v/b; see [3, Theorem 3.9].

Note that Theorem 1.2 does not rule out symmetry breaking for exponents p >2,.
Nevertheless, the special role of the exponent 2, is highlighted by the following
result, which shows that the rate of convergence of the minimal energy quotient
R.(p) in (1.5) is p-independent if 2, < p < 2*, whereas it depends nontrivially
onpif2 <p < 2,.

Theorem 1.3 (Expansion of R.(p)). Let N > 2. For2 < p < 2%, there exist
constants C(p) > 0 with the following properties.
) Ifp = 2., we have

(1.6) R.(p) =C(p)vVe+o0(/e) ase— 0.
(1) If2 <p <2,, we have
(1.7) R.(p) > C(p)ei*» 2070 4 o(ei*»™2G70)) a5 e — O

Moreover, this asymptotic lower bound is sharp in the sense that

(1.8) R.(p) = O(ci*%™2070))  asg — O
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Remarks. (1) The constants C(p) are characterized in (1.14) below.

(2) Note that i + 2lp — g’ (é — ;) = ; for p = 2, holds. Thus the dependence on
the exponent on p is continuous.

(3) In [10, Proposition 3.7], the authors derive the general upper bound
R.(p) < Cy/e for ¢ > O sufficiently small and some constant C > 0 depend-
ing on p and N. However, such a bound will not be sufficient to conclude the

symmetry breaking result in Theorem 1.2.

Next, we discuss an application of Theorem 1.2 to the associated energy mini-
mization problem with fixed mass (i.e., L?-norm), which has been studied recently
in [10]. For this we consider the energy functional

N 5 2
(199 E:H-> R, E(u):/ |Au|2dx—2/ |Vul? dx — /lulpdx
RY RN P JRN

and the fixed mass constraint given by
(1.10) S(m) = {u €eH: / lul? dx = m}
RN

As discussed in detail in [10], both the energy E and the set S(m) are invariant under
the corresponding biharmonic nonlinear Schrodinger flow. As a consequence of
this invariance, the problem of minimizing £ on S(im) is closely related to orbital
stability properties of the set of associated minimizers. In [10, Theorems 1.2

and 1.3], it is proved that, for every m > 0, the infimum of E on S(m) is attained in
2(N+5)
> N+l

minimizer u € S(m) is a ground state solution of (1.3) for some ¢ = ¢(m), whereas

the mass-subcritical case where 2 < p < max(4 andp < 2+ ;f, and every
e(m) — 0% as m — 0. The following theorem on symmetry breaking in the case
of small fixed mass is an immediate corollary of these results and Theorem 1.2.

Theorem 1.4. Let N > 2, and suppose that 2 < p < '} if N = 2 and
2 <p <2,if N > 3. Then there exists my = my(p) > 0 with the property that for
every 0 < m < mo(p) all minimizers of E on S(m) are nonradial functions.

In our final main result, we show that the symmetry breaking phenomenon is
not restricted to biharmonic equations in the entire space but also arises in the case
of Dirichlet problems in the unit ball B = B;(0). More precisely, we consider the
boundary value problem

A’u+2aAu+bu— ulP>u=0 inB,

u:avuzo on OB.

(1.11)
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Related to (1.11) we consider the restriction
U~ Quppu) = /(lAu|2 — 2a|Vu|* + blu|*) dx
B

of the quadratic form q, 5 to the subspace H3(B) C H and the value

qa,b,B(”)

(1.12) Rap,8(p) = 2
ueHZ(B)\{0} ”u”l}’(B)

Similarly as in Theorem 1.1, we see that, for N > 1,a > 0b > a?and?2 < p <2
we have R, 5 p(p) > 0, and this value is attained in H%(B) \ {0}. Moreover, every
minimizer u € H(B) \ {0} corresponds, after multiplication with a positive factor,
to a solution of (1.11). We say that a solution u € H%(B) \ {0} of (1.11) is a ground
state solution if the infimum in (1.12) is attained at u. We then have the following
result.

Theorem 1.5. Let N > 2 and?2 < p < 2,, and let gy = g9(p) > 0 be given by
Theorem 1.2. For 0 < ¢ < g, there exists ay = ao(e, p) > 0 with the property that
every ground state solution u € H of (1.11) is a nonradial function if a > ao and
b=(1+¢e)d’

To our knowledge, this is the first result on nonradiality of ground state solutions
for a rotationally invariant semilinear elliptic Dirichlet problem with constant co-
efficients in a ball. Inthe casea=b=0and 2 < p < 2,, the radial symmetry (and
uniqueness) of ground state solutions of (1.11) has been proven in [11], whereas in
the remaining cases the question of radial symmetry remains largely open. Related
to this aspect, we mention the analogue in [2] of the Gidas—Ni—Nirenberg result on
Schwarz symmetry of nonnegative solutions for polyharmonic Dirichlet problems
in the unit ball with increasing nonlinearity and the counterexamples given in [24]
and [16]. For a comprehensive discussion of various aspects of semilinear higher
order boundary value problems, see [15].

As already indicated above, the limiting exponent 2, in Theorem 1.3 hints at
the Stein—Tomas inequality (see [25, 23]), which indeed will be of key importance
in our paper. We recall this inequality in the following convenient adjoint version
as a Fourier extension estimate.

Theorem 1.6 (Stein—Tomas inequality, adjoint version). Suppose N > 2 and
let S := SN~! be the unit sphere in RN. If p > 2,, then

2
”w”LZ(S)

(1.13) Csr(p) := in Lo
wel2S\(0} [0l

B
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where, for w € L*(S), the function © € L’(R") is a.e. given by
w(x) = 2x) N2 / e™?w(0) da ().
s

Consequently, the inequality |||, < ¢C:T(p) lwll2¢s) holds for every w e L2(S).

The existence of optimizers for the Stein—Tomas inequality above in the non-
endpoint case when p > 2, can be inferred from [9]. However, existence of
optimizers in the endpoint case p = 2, is an open problem except for the cases
N € {2, 3} (see [8, 22, 13]); see also [14] for a conditional existence result for the
endpoint case in general space dimensions.

The Stein—Tomas inequality plays a key role in the proof of the expansions
given in Theorem 1.3. In fact, we obtain the following characterization of the
constants C(p) occurring in Theorem 1.3 in terms of the constants Cgr(p) in the
Stein—Tomas inequality:

,Z,CST(I?) if2, <p <27,

(1.14) Cp) (iCST(Z*))(Nn)(;—I‘,) if2 < p <2,

While the Stein—Tomas inequality is sufficient to derive the asymptotic expan-
sion (1.6) in the case where p > 2,, we have to combine the Stein—Tomas in-
equality with interpolation estimates to obtain the lower asymptotic bound (1.7) in
the case 2 < p < 2,. It is somewhat surprising that this approach already yields
the optimal exponent, as shown by (1.8). To obtain the sharp asymptotic upper
bound (1.8), we have to construct suitable nonradial test functions to estimate the
quantity R.(p). The construction builds on the well-known test functions used by
Knapp to characterize the optimal exponent 2, for the Stein-Tomas inequality; see,
e.g., [26, Chapter 7]. For the attentive reader, we mention that the numerical fac-
tor 72[ in (1.14) appears due to the second-order derivative of the Fourier symbol g,
at its minimum; see Lemma A.1 below.

The paper is organized as follows. In Section 2, we first derive Theorem 1.2
from Theorem 1.3 and related asymptotic bounds for radial functions, see Theo-
rem 2.1 below. In Sections 3 and 4, we then complete the proof of Theorem 1.3
by deriving upper and lower asymptotic bounds for the quantity R.(p). Moreover,
we prove the radial asymptotic estimates given in Theorem 2.1. In Section 5, we
then consider the Dirichlet problem (1.11) and complete the proof of Theorem 1.5.
Finally, in Appendix A we prove an elementary technical lemma which is needed
in the proofs of Theorems 1.3 and 2.1, and in Appendix B we prove Theorem 1.1.
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2 Symmetry breaking: Proof of Theorem 1.2

We first prove the symmetry breaking result stated in Theorem 1.2, which will
be based on Theorem 1.3 and further estimates, whose proofs will be postponed
to the sections below. Let H,,; denote the closed subspace of radial functions
in H=H*R"). For2 < p < 2%, we define

Qe (u0)

2.1 R“(p) = > R.(p).
@D S lully — )

Our goal is to show that, for exponents 2 < p < 2,, there exists &g = gy(p) > 0
with the property that

(2.2) R“(p) > R,(p) for0 <& < .

Once this is proved, it immediately follows that all ground state solutions of (2.2)
are nonradial for 0 < & < gp. The starting point of the proof of (2.2) is the well-
known observation that the range of admissible exponents in the Stein—Tomas
inequality can be extended for the subspace of radial functions in L*(S), which is
merely the one-dimensional space of constant functions defined on S = S¥~!. For
this we recall that the function 1V5 e C®(RY) is given by

[5(x) = 2m)™N? / e™do(0), xeRM.
s
Standard estimates for oscillatory integrals yield the classical bound
1Ts(x)] < Cy(1 + |x|)_N2_1 with some constant Cy > 0.

As a consequence, we have

. 2N
Is e IP(RY) f 200 = :

s € L/RY) forp>2":= .
We therefore may define

”15||i2(5) _ N-—1

(2.3) Csi'(py:= o= T,
. ITsh2 011512

where wy_; denotes the measure of the unit sphere S = S¥=! ¢ RV. Thus, for
every radial (i.e., constant) function w € L*(S), we have the equality

(2.4) for p > 279,

. 1
lbll, = w72,
Vo w)

Using this equality, we can prove the following asymptotic estimates for R (p).
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Theorem 2.1. Let N > 2. We have the following estimates.
() If27%d < p < 2*, we have

chad(p)

(2.5) R (p) = ; Ve+o(e) ase— 0.

(i) If 2 < p < 2% then for every B > 1 — N(é - ;}) there exists a constant
C(p, ) > O with the property that

(2.6) R“(p) > C(p, P&’ + o(e”) ase — 0"

Proof. See Sections 3 and 4 below. O

For N > 2 and 2 < p < 2,, the key strict inequality (2.2) now follows by
combining Theorem 2.1 with the estimates in Theorem 1.3, since we have

3 1 Ny/1 1 ! for 2/ < p < 2,,
o= (=)=
4 2p 232 p 1=N(G — ) for2 <p <2/

This proves that the strict inequality (2.2) holds for some gy = go(p) > 0. This
completes the proof of Theorem 1.2. (|

3 Upper estimates for R.(p) and R"“(p)

In this section, we prove the upper estimates for R.(p) and R“(p) needed in the
proofs of Theorems 1.3 and 2.1. We begin with the following result.

Proposition 3.1. (i) For2, < p < 2% we have

R.(p) < 2057:([7) Ve+o(ve) ase— 0.

(ii) For?2™ < p < 2% we have

zcrad

R (py < 77 ®) Ve+o(e) ase— 0O

T

Proof. (i) Recall that S = S¥=! ¢ R" denotes the unit sphere. Assume first
that p > 2, and let w € L?(S) be an extremal function for the adjoint Stein—Tomas
inequality, i.e.,

w72 = Cst@)DII,

where ® is given by

w(x) = /S e w(0) do ().
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We then fix s € (0, ;), put

1+&° }"N_ld
Pe ::/ d fore € (0, 1)
1—& ge(r)

and we define u, € H by its Fourier transform

Low(s) if|lé] =1 <&,
0.(&) = 8:(I<D (Igl - <] | < S
0 il — 1) > 2

Then we have

l+e" N—1
qs(ue)=/ g:(IEDN(O)Pdé = lw(O)|* do(6) dr
RN 1—es &e(r) Js

= s /5 |w(O) do(0) = p,Csr ()| D]

Moreover, for x € RY we have

1+¢° }"N_l

e w(0)do(0) dr
—&s ga(r) S

U = 27)? / i1, (&) dE = (2m) N /
RN 1

1+&° N—1
:/ r w(rx) dr.

| ga(r)
Therefore,
. 1 1+&* }"N_l
(%) _ w(x)‘ = / (D(rx) — B())dr| < sup  [B(rx) — ()| —>
e Pelti—es 8e(1) [r—1]<es

as ¢ > 0*. Hence Fatou’s Lemma yields

lim inf MS(X)H > |1,
e—0* Pe llp
Consequently,
-G wl|?
Ry < 9 _ PGB O

luell2 = p2(lDI2+o0(1) = pe
as ¢ = 0". Moreover, since
1+&* e
pe = (1 +0(1)) as ¢ — 0,
1—¢&5 ga(r)

it follows from Lemma A.1 and Remark A.1 in Appendix A below that we have

T T
Vep, — = as e — 0.

Vg5

=)
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Thus we conclude that

KD < Cortpy tim 1 22T

lim sup i, Jepe -

€
e—>0* \/8

This proves the claimed upper bound for R.(p) in the case 2, < p < 2*. In the
endpoint case when p = 2, (and the existence of optimizers w € L?(S) for the Stein—
Tomas inequality in dimensions N > 4 is still open), we can choose for any ¢ > 0
an approximate optimizer w € L*(S) such that [|wl|7, = (Csr(p.) + )&, By
the exact reasoning as above, we find that

R.(p.) < 2(CST(:_*) +9) Ve +o(g).

Since 0 > 0 can be chosen arbitrarily, we are done.

(ii) The upper bound for R (p) with 27 < p < 2* follows by the above
arguments if we take the constant function w = 1 € L?*(S) on the unit sphere and
use (2.4). O

Next, we treat the case p < 2,.

Proposition 3.2. For2 <p < 2,, we have
R.(p) = O+ %2070y as e — O

Proof. Inspired by Knapp’s well known example (see, e.g., [26, Chapter 7]),
we construct test functions by using characteristic functions of spherical caps. Let
¢ € (0, 1) in the following. As usual, we use S = S¥~! to denote unit sphere in R".
We define the spherical cap

(3.1) C.={0eS:1—0y<e)={0eS:|0—en| < V2ei),

where ey = (0,...,0, 1) is the N-th coordinate vector and the latter equality
follows since |§ — ex|> = 2(1 — 0 - ey) = 2(1 — Oy) for 6 € S. We note that

(3.2) 16/ < 10— ey < V24 forfeC,,i=1,...,N—1,

and that
lwell7os) = |Cel - for wg :=1¢, € L*(S).

In the following, we shall estimate R, (p) with the test function u, € H defined by

wo(5) i IIE = 1] < Ve,

YO0 -1 v
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Since 0 < g.(r) < Ce for |r — 1] < /¢ with a constant C > 0, we have

1+y/¢

0. = [ s @Pd < Ce [ A [w@Pdo@ar

—e

(3.3)
< 2Ce> (1 +v/e) . l}xg < 2VCIC .
To estimate | u,||,, we now define, for 6 > 0, the set
M,s:={xeR":|xy| <2, x| <de i fori=1,...,N— 1},

which has the volume
M, 5] = Ve
We also note that

Re (¢ ™, (x)) = 27)" 2 / Re (¢~ do(6)

(3.4) G

=Q2r)"? / cos(x - (0 — en))do(0),
C.

&

whereas, by (3.1) and (3.2),

N—1
x-(O—ey) =Y x0i+xy(Oy—1) < [(N—1)V2+116 < 2N forx € M, 5,0 € C,.
i=1
Hence, setting dp := ¢y, we have
e (0 —en)| < Z forx € My, ., 0 € C,,

By (3.4), we deduce that

(35  Re(e™w,(0) > @0 |Cleos” = 1!

= forx e M, .
4~ V22! %

Similarly, we also compute that

Tm (e t5,(x))| = (27) "> < (27)"|C,|sin Z

/ Im (=) da(0)
Cé.’

(3.6) I,

= V202!

For x € RY we now have

forx e M, 5,.

1+y/¢
_ ixEp _ ~N/2 —1 [ im0
0= [ eade=n™ [ e @doo)

l+y/e
= Nl (rx)dr
1—/e
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and therefore

Re (¢™™u,(x))

l+y/e )
= rN"IRe (e7™ w,(rx))dr
1—/¢
1+y/e ] )
= ! [Re (e7"™V b, (rx))Re W
(3.7) 1—e
—Im (e”"™ b, (rx))Im "~ ]dr
1+y/e )
= NURe (e 7V, (rx)) cos((r — 1Dxy)
1—/e

— Im (e "™, (rx)) sin((r — D)xy)]dr.
Here we note that
Ir = 1lxy] < o < ’g for [r — 1] < Ve, x € M5,

We thus find that

by CONE—Dw) > 23 and | sin((r — Doxy)] < ;

for |r— 1| < Ve, x € M,,.
We now fix ¢ := 620. By (3.5) and (3.6), we have the implications

xXeM. ;= rxeM,s forre(0,1++/¢)

|Ce|

. , C,
= Re (e ™, (rx)) > v and Im(e "™, (rx)) < |G|

= V202" V2(2m):
forr € (0, 1 + /).

Combining these estimates with (3.7) and (3.8), we see that

] 1+/e _
Re (e_lxNMg(x)) > ‘/1_\/ rN—l \/2|'((;€7!:)}2\, \/32 1

- (V3 — D1 — eV /el Cyl
- V2Q2r)?

for x € M, ;. This also implies that

(V3 =D = VeV /el Gyl
V2Q2r)?

lue(xX)| > for x € M, ;.
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From this we deduce that

(V3 =D = eV /e|C,l

sllp > v M,|'P
luell, > 20! |M,|
(3.9) LNl
_ (V3 =D — eV le2™ % |Cy
V22r)? '
By combining (3.3) and (3.9), we obtain
Ry < 90 2V 2m)VCIC, e
T el T (V3= 1021 = (e -e! T C

N2 C g2t

T (V3= DAL = Je2ND |G|
Noting finally that

N+l (271')NC

(V3 = 1)2(1 — /e)2N-D =0(l) ase— 0F

and that
IC.l = &' (wy—2+0(1)) ase—s O,

where wy_; is the measure of the N — 2-dimensional unit sphere, we conclude that

N-

1, N+l _ N—1 3,1 _No1I_ 1
R.(p)=0(e » ~ 4 )= 0(e+*»72070)) ase — 0"

The claim follows. (]

4 Lower bounds for R.(p) and R™“(p)

We now turn to deriving lower bounds for R,(p) and R’“(p). We can summarize
our results as follows.

Proposition 4.1. The following lower bounds hold.
) If2, < p < 2% we have

2Csr(p)
T

R.(p) > Ve+o(ve) ase— 0.

(i) If27 < p < 2*, we have

2G5 ()

T

R™(p) > Ve+o(/e) ase— 0%
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(i) If2 < p < 2., we have

N+D)(5— )
ZCST(2*))( e ”)si““zlp_g(%_:lf)+0(83+2117_Az'<5_117)) as & = 0*.

Rp) =

T

(iv) If2 < p < 27, then we have

ZCrad 2_2,8
@.1) R™(p) > ( ST ("”)) e +o?) ase— 0
T
for every
L1y 1,1 :
“42) f e A=NG =), +) in the case N < 4,
(1-NG, — ,1,), 1= - ll,)) in the case N > 5

and q5 = l‘fg-_@ﬁ e (21 2*].
Proof. (i)Letd e (0,1)andAs :={& e RN : ||| —1| <}, and letu € H be
a function with (&) = 0 for & € RV \ A;. Then

1+0
lull, = 2m)™N2 / N1 /S "0 8r0) do(O)dr

1-0

/ GO (E) di
]RN

=Qm)~?
P

P

1+0
<@m™ [

_ —NJ/2 1+ N—1=-V
= (2m) r P
1

—0
1 140

= VCst(p) J1-s

1 0 > I+ ~ 2
= \/CST(P)< 1-o e l(r)dr> < 5 . lgg(r)||u(r(.))||i2(s)dr>

1 0w 5
VCst(p) (/1—6 " "8 (r)dr)

140 é
x ( N lg.(r) / |12(r(9)|2da(6')dr>
0 S

— 1 1+ N—1-2N 4 é . 5 é
- VCst() (/1_5” 8 <">dr) ( /R RAGILE] dg)

1 1+0 NI !
B VCsr(p) </1—(5 " " 8e (r)dr> V(1)

Noi [ 10 >
(1+8) 2 77 < /1 y gg—l(r)dr) V().

dr
p

/ e"0(r0) do(0)
S

dr
p

/ eY0(r0) do(0)
S

N—1-N «
r r | a(r( )l 2csydr

1
= VCsr(p)
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Here we used the fact that V > I 1;’ > 0 since p > 2,. Consequently,
(u W 1+0 B -1

(4.3) e 2) >(1+0)r “csr(m( / g 1(r)dr) :
llull; 1—0

For ¢ > 0, let u, € H be a function with |lu,]l, = 1 and q.(u;) = R.(p), i.e., u;
minimizes the quotient in (1.5). We write u, = v, + z, with

Uy =it 1p, and  Z; =it 1pvya,.
By the properties of g., there exists a constant ¢ = ¢(d) > 0 with
g:(r)=c(1+r*) forre[0,1 —0d]U[l+6, 00)ande > 0.

Consequently, by Proposition 3.1(i) and Sobolev embeddings,

O(Ve) = (1) > Au(z) = ¢ /R A+EIZOP 2 elllzl} ase— 0
with a constant ¢; > 0. Therefore,
loallp = lluelly — llzell, =1 —o(1) ase— 0.

Applying the estimate (4.3) to v, in place of u, we find

Rop) = Qu(ut) = 0u(0) = (1 — (1)) ¥ )
lo: 12

2N 1+0 —1

=1 —o(1))(1+6) 7 "M VCer(p) </1—6 ge‘l(r)dr> .

From Lemma A.1 below, we thus deduce that

limint P 5 (1463 - (p) lim ! /M ~L(r)dr -
£—0 \/S - ST e—)O\/S 1—5 8e

—a +5)2’§V—(N—1)2CST(P)
T

Since 0 € (0, 1) can be chosen arbitrarily, we conclude that

liminf R:(p) - 2Csr(p) '
e=0 /& T

(i1) This follows by precisely the same argument as in (i), where now the
definition of Cg“Td(p) is used in place of Theorem 1.6 and Part (ii) of Proposition 3.1
is used in place of Part (i).
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(iii) We use the interpolation inequality

1—
lullp < llully”*ulls,  forueH

with ) )
1 - 1- 1 1
p p
a=_ b= J o=wN+D(,— ).
L= 1= (2 p)

Now for every u € H we have
ellull3 = 8/ la(&)Pdé < / (€D PdE = q.(w),
RN RN

and therefore
l1—a a o
qg(uz) > qg(g)l_ qg(ug > gl_a(qg(b;)) '
leell; = Cllaell) = *Clluell3,)* lluell,
Consequently, by (i),
_ . Q. (u) \* 1—a (2Cs7(24) 1 L\
R, > gl f > @ 2 4 2
(p) > ¢ (ue}in\{o} ”u”%*) > ¢ ( o errole ))
> (2CST(2*)

T

a a o
) 7 + 0(81_2).

Since 1 — § = i + 21 — g’(é — 1y, the claim follows.
p P
(iv) We argue similarly as in (iii), choosing now g > 21“‘1 }\%ﬁll and setting
1-2 . . . .
a=opg=_". We then use the interpolation inequality [|u||,

IN

l_
lleell ;= Nluelly and
q
obtain, as above, that

9:(u) - 81_0,(qg(u)

a
a2 = ||u||2) for every u € H,yg.
p q

Consequently, by (ii),

l—a . qa(u) @ 1—a 203%4(6]) ! 1)
f > 2 4 2

€ (ueHlmn,l\{O} IIMII?I) > ( S o(e ))

- (ZCE“Td(q)

- s

R“(p)

%

4.4)
)“81—‘; + 0(81_g ).

Now, for any f satisfying the restrictions in (4.2), we choose

2 4(1 _ﬂ) 7 *
q=d4p = 12 =1+2_2ﬂe(2*ad92)’
Ly P
and we note that 5
A=0pg= 3=2-28
q

in this case, i.e., we have 1 — 9 = f. Hence (4.4) implies (4.1). The proof of
Proposition 4.1 is thus finished. g
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S The Dirichlet problem in the unit ball

In this section we complete the proof of Theorem 1.5. For this we fix p € (2, 2,)
and we put B, := B,(0) for r > 0. Moreover, we consider, for ¢ > 0, the restriction

u— q.(w) =/ (1Aul> = 2|Vul® + (1 + &)|u|?) dx
B,

of the quadratic form g, defined in (1.4) to the subspace Hg(Br) C H. We also
define

) o ()

(5.1 Rl (p) = ‘S
ueHz(B,)\{0} ”u”Ij’(B,)

and we note that R.(p) > R.(p) for every r > 0. Moreover, from the fact

that C3°(R") is dense in H and Sobolev embeddings, it is easy to deduce that

(5.2) R.(p) = R.(p) asr— oo.
We also define ()
u
R4 (py:= inf  HH
ueH2(Br\(0) ”u”IJ’(B,)
u radial

and we note that
(5.3) R (p) > R™(p) for every r > 0,

where R;“d(p) is defined in (2.1). Next, we let 0 < ¢ < gg with g9 = go(p) given
in Theorem 1.2. Combining (2.2) with (5.2) and (5.3), we find that there exists
agp = ap(p, €) > 0 with the property that

(5.4) R (p) > Ri(p) forr > \/ao.

Next, we define, for a > 0, the scaling map u — S,u = u( \(/L) which is a
topological isomorphism between the spaces H3(B) and H3(B Ja)- Moreover, 8,
maps radial functions to radial functions. A change of variables shows that

N _ N
(5.5 9Y“(Satt) = a> "*Qy 140y p) and ISattllr s, = a® lullrs
forevery u € H%(B), where q, (140)02,5 18 defined in (1.12). By (5.4) and (5.5), we
have
A, (14+£)a2,8(1)
¢ |(| ;W; > Ra,(1+e)a2,B
(B)

for every a > ag and every radial function u € Hé(B),
where R, (110,25 1s defined in (1.12). Hence, if a > ap and b = (1 + e)u?, then

every ground state solution of (1.11) is nonradial. This concludes the proof of
Theorem 1.5.
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Appendix A A technical lemma

Lemma A.1. Suppose that a € R, 6 > 0, and let gy : [a — 6, a + ] be a
C?-function with go(r) > 0 for r € [a — J,a + ] \ {a} and go(a) = gj(a) = 0,
go(a) > 0. Moreover, let

g :ila—0,a+d5l > R, g.(r)=go(r)+e.

Finally, let g > 0 and 7 : (0, &9) — [0, d] be a function with 1in01 T\(/e) = 00. Then
e—0*t VE

a+1(e) d
lim /e / - T
e—0* a—1(¢) 8:(1) \/;gg(a)

Remark A.1. Under the assumptions of Lemma A.1, it follows in particular,

we have

by choosing the constant function 7 = J, that

a+o d
lim /e / - o
e—=>0" a—o gé‘(r) \/églo’(a)

Moreover, it follows that

K}

dr T

a+e 1
lim \/e/ = for every s € (0, )
>0 a—es 8e(T) \/égg(a)

2

Proof of Lemma A.1. Without loss of generality, we assume that a = 0.
By assumption, there exists a constant ¢ > 0 with

go(r) > cr? forre[=6,6].

Then

@ dr LR /4 v edr v dr
Ve =ve | -/ -/
—1(¢) g:(r) —1(g) go(r)+e —’\(/‘2 go(\/ﬁ'}’)+g _f\(/? gr)(\g/gr) +1

for every ¢ > 0 and

1 1 7(e) (&)
go(\/87)+15cr2+1 fore>0,re[— \/g’\/e}'
&
Since also 1
forall r € R,

lim =
e—0* go(\g/er) +1 ;g{)’(O)rZ +1

Lebesgue’s theorem implies that

@ dr dr b .
e/ - / )2 4 1 = 1 ase — 0. 0
—1(e) 8&(1) R ,80(0)r* + \/286(0)
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Appendix B Existence and properties of ground states

In this section, we provide the proof of Theorem 1.1. Assume that b > a®

and 2 < p < 2*. Let us first prove that the infimum R, ,(p) is attained. Suppose
that (u,) C H*(R") is a sequence with ||u,]|, = 1 for all n € N and

(B.1) Qa.p(Un) = Ryp(p) asn — oo.

In particular, the sequence (u,,) is bounded in H>(R"). Since we must have u,, 4 0
in LP(RY), it follows from Lions’ concentration compactness lemma for bounded
sequences in H*>(R") together with 2 < p < p, that there exist points z, € R
with the property that, after passing to a subsequence, the sequence of functions
u,(- — z,) has a nontrivial weak limit u € H>(RV) \ {0}, say. By translation
invariance, we can replace u, by u,(- — z,) for every n € N, so that

u, — u € H*(RV)\ {0}.
By Fatou’s lemma, we have
0 < flully < liminf .

We claim that u, — u € LP(RV). If this is not the case, then we may pass to a
subsequence with the property that ||v,||, — d > 0 where we setv, = u—u,. Then
we have |lu||7 +d” = 1 and thus ||u||127 +d? > 1. Consequently, we deduce

Ra,b(p) = nll>nolo qa,b(un) = nli)nolo(qa,b(u) + qa,b(Un))

> Ry (p) lim (lul2 + 10al12) = Rap)([14ll? + @) > Ran(p),

which is a contradiction. Hence u,, — u in L”(R"), which implies that |u||;» = 1
and, by weak lower semicontinuity,

qa,b(”) < nll)rgo qa,b(un) = Ra,b(p)-

Therefore the infimum R, ,(p) is attained at u € H*(RV) with u # 0.

Next, we claim that any minimizer u € H*(R") \ {0} for R, »(p) must be real-
valued up to a trivial constant complex phase, i.e., there is some constant § € R
such that

e%u(x) e R forae.x e RV,

To prove this claim, we adapt an argument in [14] (see also [7]). First, we recall
that

Q)= [ gusEDIOP d2
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where g, ,(|¢]) = IE]* — 2al&|> + b. We split u : RY — C into real and imaginary
parts so that
u(x) = ug(x) + iuy(x)

with the real-valued functions ug,#; : R¥Y — R. From now on, we assume
that ug = 0 and u; % 0 are both nontrivial, since otherwise the result would
directly follow. By elementary properties of the Fourier transform, it holds
that fig(—¢) = iig(¢) and 4;(—=&) = 4;(¢) for ae. ¢ € RY. Using that ganr(ED)
is real-valued and even, an elementary calculation shows that

(B.2) Qu,b (1) = Qup(UR) + qa,p(Ur).

On the other hand, we use the fact that p > 2 to deduce that
2 2 2 2 2 2 2
(B.3)  Mullzy = HNurl” + w1 lpr < Wurl™ 2 + w2 = Nurllzy + Nurllzy-

From the strict convexity of the L”/?-norm for p > 2 (Hanner’s inequality) we see

2u? with some constant

that equality holds in (B.3) if and only if u; = 0 or u% = «
a > 0.
By using (B.2) and (B.3) together with the fact that ¥ € H minimizes R, ;(p),

we find that

_ Qap@) _ Qap(up) +Qap(ur) _ (Qa,b(MR) Qa,b(Ur)
min

Ra b(l/l) - = 5
llul2, lurll7, + llusllZ, lurll?, ™ llusllZ,

) = Rap(p)-

Since ug # 0 # u; by assumption, equality in (B.3) yields that u7 = a’u% for some
constant o > 0. Next we claim that u¥; = faug holds, which would complete
the proof. To see this, we define the real-valued functions u; = \/12 (ug + uy) and

Uy = \}2(_”’? + uy). This gives us

in/4 in /4

u(x) =e""“ui(x) +ie"” “up(x).

If uy = 0 or u; = 0, we are done since this implies u; = £ug. Thus we can assume
u; # 0 and up # 0. In the same fashion as above, we find that we can use (B.2)
and (B.3) with ug, u; replaced by u;, up. Hence we deduce that u3 = f%u? with
some constant # > 0. Notice that > # 1 holds, because otherwise we get ugu; = 0
(which yields # = 0 from u; = a’u%). In summary, we have found that

1
u,z-‘, = azuf and 2(1 +a?)(1 — ﬁ’z)ulz-‘, =(1 +ﬂ2)uRu1,

which implies that #; = aug. Thus the functions ugx and u; are linearly dependent
and hence ¢u(x) € R almost everywhere in RV with some constant @ € R. This
completes the proof of Theorem 1.1. O
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Finally, we use the method of Fourier symmetrization to obtain the following
symmetry result in the case of even-integer p > 2.

LemmaB.1. LetN > 1,2 < p < 2* b > a?, and suppose that p € 2N is an
even integer. Then any minimizer u € H for R, ,(p) must be an even function, i.e.,
we have u(—x) = u(x) for a.e. x € RV,

Remark. From Theorem 1.2 we recall that breaking of radial symmetry for
minimizers u € H must occur in the range N > 2 and 2 < p < 2,. In this range,
the only compatible choice with Lemma B.1 is N =2 andp =4 < 2,.

Proof. We can invoke the general strategy developed in [7] based on Fourier
methods. For the reader’s convenience, we provide some details on how to apply
these results to our setting. In [7], one considers minimizers of functionals of the
form J : H*(RV) \ {0} — R with

_ (L) + )
T

Here P(D) is an elliptic (pseudo-)differential operator of order 2s > 0 with Fourier

symbol p(¢) and 0 < ¢ < o, with 0, = Nz_szs if s < N/2 and g, = o0 if s > N/2.

The constant A € R is assumed to satisfy

J ()

inf p(&)+ 4 > 0,
FeRN

which guarantees the norm equivalence |||, = (f, (P(D) + A)f). Adapted to our
setting, we have s = 2 and
p—2

P(D)= A>+2aA, A=b, o= )

Notice that infzcgv p(&) + 4 > 0is equivalent to b > a?. Furthermore, it is elemen-
tary to check that the condition 0 < ¢ < o, is equivalentto 2 < p < 2,. Thus the
minimizers u € H for R, ,(p) are exactly minimizers of the above functional J(f)
with our choice of P(D), 4, o above.

If p € 2N is an even integer (and thus ¢ = ;(p — 2) e Nis an integer), we can
apply [7, Theorem 2] to deduce that any minimizer u € H for R, ,(p) must be an
even function, i.e., it holds that

u(—x) =u(x) forae.xe RV,

using also that the symbol p(&) = |&|* — 2a|&|? is real-valued and even together
with the fact that we have the exponential decay property

ey e L2(RN)
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for some 4 > 0. In fact, the latter exponential decay property can be deduced
from Paley—Wiener type arguments and complex continuation arguments, which
are classical for the operator P(D) = A% +2aA having an analytic symbol; see also
the remark following [7, Theorem 2] for exactly this example for P(D).

This completes the sketch of the proof of Lemma B.1. (|
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