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We compute the critical exponents of the O(N) model within the Functional Renormalization
Group (FRG) approach. We use recent advances which are based on the observation that the FRG
flow equation can be put into the form of an advection-diffusion equation. This allows to employ
well-tested hydrodynamical algorithms for its solution. In this study we work in the local potential
approximation (LPA) for the effective average action and put special emphasis on estimating the
various sources of errors. Our results complement previous results for the critical exponents obtained
within the FRG approach in LPA. Despite the limitations imposed by restricting the discussion to
the LPA, the results compare favorably with those obtained via other methods.

I. INTRODUCTION

The understanding of the behavior of systems where microscopic degrees of freedom are strongly interacting is
the main goal of many areas of physics, ranging from condensed matter [1, 2] to elementary-particle theories [3, 4],
and extending even to quantum gravity [5, 6]. However, first-principle calculations for these systems are often very
difficult and demand the use of powerful tools. Calculations are in particular challenging when a system undergoes a
phase transition, since new degrees of freedom may arise or become relevant. In this case the underlying theory must
consistently relate the two phases and thus describe the transition from one set of degrees of freedom to the other.
For second-order transitions, the behavior of a system at all length scales is determined by a finite set of so-called
critical exponents.

A widely exploited theoretical method to treat this problem is the perturbative Renormalization Group (RG)
introduced by Callan, Symanzik, and others. This technique describes systems where many interacting degrees of
freedom are present which interact via small effective couplings [7]. Unfortunately, this approach cannot be used
in systems where such a small coupling, or in general a small parameter in which one can perform perturbative
calculations, simply does not exist or is hard to identify. Furthermore, the perturbative series does not converge
in general and one has to exploit resummation techniques or other methods. Another approach to describe phase
transitions are computer simulations employing Monte Carlo (MC) methods, which have been successfully used to
obtain high-precision estimates of the critical exponents, see, e.g., Refs. [8, 9]. However, one of the major issues
with these methods is the extremely large amount of computer time needed to obtain a reliable infinite-volume and
continuum limit. Yet another method which can address critical phenomena is the conformal-field theory approach
[10–12], which for example leads to a high precision for the critical exponents of the Ising model, originally in 2D and
later in 3D thanks to the Conformal Bootstrap (CB) technique.

In order to overcome the difficulties of the perturbative RG method and numerical simulations, a different, but
similarly powerful approach can be used: the Functional Renormalization Group (FRG) [13–17], also referred to as
Exact RG or Non-perturbative RG, which is ultimately based on seminal ideas by Wilson [18–22] and others, see, e.g.,
Refs. [23, 24]. The central object of the FRG approach is a flow equation, which describes the evolution of correlation
functions or, equivalently, their generating functional under the influence of fluctuations. It connects a well-defined
initial quantity, e.g., the microscopic ultraviolet (UV) action, in an exact manner with the desired full infrared (IR)
effective action, where all fluctuations are integrated out. Hence, solving the flow equation corresponds to solving the
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full theory and is therefore equivalent to a direct computation of the generating functional. Thanks to the fact that
it is non-perturbative and connects degrees of freedom at different scales, the FRG approach is well suited to address
the issue of describing systems approaching criticality and phase transitions, and thus a tool for the computation of
critical exponents, cf. Refs. [25–33].

Even though the FRG has a solid theoretical foundation, it is very hard to find analytical solutions to the flow
equation. For specific problems, it can be converted into an infinite number of coupled partial differential equations
(PDEs) and/or ordinary differential equations (ODEs), which, if suitably truncated, can be subjected to a numerical
treatment in order to obtain a solution. In fact, as a truncation scheme one often employs a derivative expansion of
the effective action and solves separate FRG flow equations for the coefficients of this expansion. The leading-order
truncation in this expansion only accounts for the flow of the local effective potential, and is thus called local potential
approximation (LPA).

In this work, we briefly introduce the FRG approach and apply it to the O(N) model, for which we compute the
critical exponents in the LPA. The critical exponents are just one example of physical quantities that can be computed
by the FRG method. However, they are relevant since they can provide a good benchmark to test the convergence of
this method, because other techniques, such as CB and MC, yield a very precise determination of these quantities.

The critical exponents of the O(N) model have already been studied within the FRG approach some time ago,
see, e.g., Refs. [27, 30, 31, 33, 34]. The reason why we decided to repeat such an investigation is that recently a
novel method to solve the FRG flow equations has been proposed [35]. This method relies on the observation that
the FRG flow equation for the effective potential can be cast into the form of a hydrodynamic advection-diffusion
equation. This suggests to use numerical techniques well-known from hydrodynamics to solve that equation, see also
Refs. [36–42] as well as Refs. [43–49] for some early developments. In particular, hydrodynamic conservation laws in
general allow for the formation of discontinuities or, more general, non-analyticities in the solution. Therefore, the
applied numerical scheme has to be able to handle discontinuities in an appropriate manner. While Ref. [35] used a
discontinuous Galerkin method to solve the FRG flow equation, here we will exploit a well-established finite-volume
central scheme, the Kurganov-Tadmor (KT) algorithm, which is designed to have a high-order accuracy, preserving
stability and introducing negligible dissipation, while allowing to treat discontinuities in the solution (see Ref. [50] for
more details). Applying this method, we perform a more systematic study of various sources of errors in determining
the critical exponents of the O(N) model as compared to previous attempts using the FRG approach in the LPA
(without working with the fixed-point equations directly).1

This work is organized as follows. In Sec. II we give a brief introduction to the FRG approach and discuss the
FRG flow equation. In Sec. III we derive the FRG flow equation for the O(N) model in the LPA and rewrite it in
the form of an advection-diffusion equation in order to solve it with the KT scheme. Numerical results for the critical
exponents are presented in Sec. IV. Finally, we conclude this work in Sec. V with a summary and an outlook. A
detailed discussion of error estimates is delegated to App. A.

II. FUNCTIONAL RENORMALIZATION GROUP APPROACH

In this section, we briefly recapitulate the FRG approach in the formulation given by Wetterich et al. [51–54].
For further details, see Refs. [13–17]. The central object of this approach is the effective action Γ[Φ], which is the
generating functional of 1PI vertex functions. In order to compute Γ[Φ], one introduces the so-called effective average
action Γ̄k[Φ]. This quantity depends on the parameter k, which is a coarse-graining scale with physical dimension of
a momentum. The FRG flow equation describes the evolution of Γ̄k[Φ] as k runs from the UV, k → ∞, to the IR,
k → 0. The effective average action interpolates between the bare classical action Sbare[Φ] in the UV and the full
quantum effective action Γ[Φ] in the IR, i.e.,

Γ̄k→∞[Φ] = Sbare[Φ] , Γ̄k→0[Φ] = Γ[Φ] . (1)

In practice, one may not always be able to send k → ∞. Therefore, one usually introduces a UV scale Λ as initial
scale for the FRG flow equation, which is chosen to be sufficiently large, i.e., much larger than any other physical
scale of the theory, and assumes that the bare classical action describes the underlying theory at this scale. However,
using a finite cutoff is an approximation and one has to ensure that the results are independent of the choice of Λ,
e.g., by respecting RG consistency [55].

1 As already mentioned, there are more advanced truncations available for high-precision calculations of the critical exponents of O(N)
models via the FRG [30, 31, 33, 34], and we do not attempt to compete with the respective results. However, since some of these works
combine the use of fixed-point equations with the approach employed in this work, we believe that our results are still of sufficient
interest to be made public.
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The equation that describes the RG-scale evolution of Γ̄k[Φ], i.e., how the effective average action varies as one
integrates out fluctuations with increasingly smaller momenta, is the so-called Wetterich equation, or Exact Renor-
malization Group flow equation, or simply FRG flow equation [51, 56, 57],

∂kΓ̄k[Φ] = Tr
[(

1
2 ∂kRk

)(
Γ̄

(2)
k [Φ] +Rk

)−1
]

= , (2)

where the trace indicates an integral over momenta and a sum over all internal degrees of freedom. The equation
has one-loop structure, which is indicated by the Feynman-diagram representation on the right-hand side. Here, the

black line represents the full propagator Gk[Φ] = (Γ̄
(2)
k [Φ] + Rk)−1 and the crossed circle stands for 1

2 ∂kRk, where

Rk in Eq. (2) is the so-called regulator. The latter must be chosen such that Γ̄k[Φ] smoothly interpolates between
the bare classical action Sbare[Φ] at k = Λ and the full effective action Γ[Φ] at k = 0. This requirement imposes
certain conditions on Rk. In particular, (i) it should act like a mass term for momenta smaller than k, regulating

the full propagator Gk[Φ] = (Γ̄
(2)
k [Φ] + Rk)−1 in the IR, (ii) it has to vanish when k → 0, and (iii) it has to diverge

when k → ∞, such that the functional integral defining Γ̄k[Φ] is dominated by the bare classical action. The choice
of the specific shape of the regulator is a delicate issue and can be optimized depending on the problem, see, e.g.,
Refs. [58–61] for details.

Despite its deceptively simple form, the Wetterich equation is a functional integro-differential equation, and as
such cannot be solved exactly for an arbitrary Γ̄k[Φ]. Thus, it is clear that some approximation has to be made.
Two common approximation schemes used in the literature are the vertex expansion [53, 62] and the derivative

expansion [17, 63]. The former expands Γ̄k[Φ] in powers of the fields Φ, where the vertex functions Γ̄
(n)
k (x1, . . . , xn) =

δnΓ̄k[Φ]/δΦ(x1) · · · δΦ(xn)
∣∣
Φ=Φ0

of the theory are the expansion coefficients. On the other hand, in the derivative

expansion one expands Γ̄k[Φ] in terms of all composite operators constructed from space-time derivatives (in principle
of arbitrary order) of the fields. These composite operators must be compatible with the symmetries of the theory.
In both cases, one obtains an infinite system of coupled integro-differential equations which needs to be truncated,
either at a certain order of the vertex functions or at a certain order of space-time derivatives of the fields. In
this work we will focus on the latter, since the vertex expansion assumes regularity of Γ̄k[Φ], which is violated near
phase transitions, where the effective action develops discontinuities or points of non-analyticity during the FRG
flow [35, 36, 40]. Since in this paper we are interested in critical exponents of second-order phase transitions, we
have to employ a method which allows to treat discontinuities and non-analyticities in the FRG flow of the effective
action. The derivative expansion fulfills this requirement, even in the most simple truncation, the aforementioned
local potential approximation (LPA), which will be discussed in the next section.

III. APPLICATION: O(N) MODEL IN LPA

In this section we will briefly introduce the O(N) model and then apply the FRG approach in LPA to derive the
respective flow equation.

A. The O(N) model

Let us consider the O(N) model in d-dimensional Euclidean space-time. The model describes the dynamics of N
scalar fields φa(x), where a = 1, . . . , N , with the bare action

Sbare[~φ ] =

∫
ddx
[
(∂µφa)2 + V (ρ)

]
, (3)

where V (ρ) is the potential parametrizing the form the N scalar fields interact with each other. The O(N) symmetry
requires that V (ρ) is solely a function of the variable

ρ = 1
2 φa φa , (4)

where a sum over a from 1 to N is implied. Despite its apparent simplicity, the O(N) model can describe a large
variety of physical systems at different energy scales. The reason for the wide range of applicability of such a simple
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model is the well-known universal behavior of physical systems close to criticality, when the microscopic degrees of
freedom are not important and only the main features, like the symmetry of the model, have to be taken into account
in the description of the physical behavior of the system. For this reason, the O(N) model can be considered as a
prototype model to understand relevant mechanisms that govern a phase transition. For example, for N = 4 the
model can describe the chiral phase transition in Quantum Chromodynamics (QCD) with two quark flavors [64]. For
N = 3 it belongs to the universality class of the Heisenberg model, describing a ferromagnetic phase transition [65].
The N = 2 case can be used to describe the XY-model [66] and N = 1 belongs to the Ising universality class [67].

B. Derivation of the flow equation in LPA

In order to proceed with the quantitative study of the O(N) model, the first step will be to derive the flow equation
that describes the k-evolution of the effective average action. As already mentioned in the previous section, we need
to truncate the effective action, i.e., we need to choose an ansatz. We use the derivative expansion, expanding the
effective action in terms of powers of gradients of the field. In particular we consider the lowest order of the expansion,
the so-called LPA, where the only space-time derivatives of the fields appear in the kinetic term and the effective
potential V (ρ) is solely a function of the fields but not of their space-time derivatives.

The advantage of the LPA is that it leads to a simple expression for the FRG flow equation, while still capturing
many non-trivial features of the theory. Furthermore, this approximation becomes exact in the limit N →∞ [68]. In
LPA the effective average action reads

Γ̄k[~ϕ ] =

∫
ddx

[
1
2 (∂µϕa)2 + Vk(%)

]
, (5)

where Vk(%) is the effective potential which depends on the FRG scale parameter k and the O(N)-invariant % =
1
2ϕaϕa, i.e., the quantity ρ defined in Eq. (4), evaluated for the mean fields ϕa. The next order in the derivative
expansion would be the so-called LPA′, which considers non-trivial wave-function renormalization corrections, i.e.,
(∂µϕa)2 → Zk (∂µϕa)2, with Zk being a non-trivial function of the FRG flow parameter k. For even better truncations
in similar models, see, e.g., Refs. [69–72].

Once the ansatz (5) for the effective action is specified, the Wetterich equation (2) turns into a PDE for the effective
potential Vk(%). For a concrete result, we have to choose a regulator which satisfies the conditions we described in
the previous section. It is possible to prove [58] that, in the case of the LPA, an optimal choice for the regulator in
terms of stability of the FRG flow equation is the so-called Litim regulator

Rk(q, p) = (2π)d δ(d)(q + p) p2 rk(p) , rk(p) =

(
k2

p2
− 1

)
Θ

(
k2

p2
− 1

)
, (6)

where rk(p) is the corresponding regulator shape function. The next step is the computation of the regularized
propagator, or equivalently the two-point vertex function. To this end, we choose a simple background field

~ϕ = (0, · · · , 0,
√

2%) , ⇐⇒ ϕa =
√

2% δaN . (7)

In this way we obtain for the two-point vertex function in momentum space

Γ̄
(2)
k,ab(q, p; %) = (2π)d δ(d)(q + p)

{[
q2 + V ′k(%)

]
δab + 2%V ′′k (%) δaN δbN

}
, (8)

where V ′k(%) = ∂%Vk(%). Inserting Eq. (8) into Eq. (2) and performing the trace one obtains

∂kVk(%) =

∫
ddq

(2π)d
q2
[

1
2 ∂krk(q)

]{ N − 1

q2 [1 + rk(q)] + V ′k(%)
+

1

q2 [1 + rk(q)] + V ′k(%) + 2%V ′′k (%)

}
. (9)

Inserting Eq. (6) into Eq. (9), the integration becomes trivial and employing Eq. (16) we arrive at the following
well-known flow equation for the effective potential,

∂kVk(%) = Ad k
d+1

[
N − 1

k2 + V ′k(%)
+

1

k2 + V ′k(%) + 2%V ′′k (%)

]
, (10)

with

Ad =
Ωd

d(2π)d
, Ωd =

2πd/2

Γ(d/2)
. (11)

Here, Ωd is the volume of the d− 1 dimensional unit sphere and Γ is the Gamma function.
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C. FRG flow equation in terms of the field σ and boundary conditions

Up to now the PDE (10) for the effective potential is written in terms of the O(N)-invariant %. However, when
solving the PDE with a numerical scheme that relies on a discretization in %-direction, we face the following problem.
Usually, such a numerical scheme requires a stencil of points in the vicinity of any given point in the domain where
Vk(%) is defined. In particular, this stencil is then also required at the boundary % = 0, i.e., we would have to specify
Vk(%) for some negative value of %, which does not exist.

A solution is to reformulate the equations above in terms of the field expectation value σ =
√

2%, i.e., we consider
Vk(σ), ∂σVk(σ), and ∂2

σVk(σ) instead of Vk(%), ∂%Vk(%), and ∂2
%Vk(%), respectively. We then rewrite Eq.(10) as follows:

∂kVk(σ) = Ad k
d+1

[
N − 1

k2 + 1
σ∂σVk(σ)

+
1

k2 + ∂2
σVk(σ)

]
. (12)

This equation will be the reference point for our further investigations of the FRG flow in LPA.
The boundary condition at σ = 0 (including points in its vicinity) is now specified exploiting the residual Z2

symmetry of the potential,

Vk(σ) = Vk(−σ) , (13)

which translates into a Z2 antisymmetry for ∂σVk(σ),

∂σVk(σ) = −∂σVk(−σ) , (14)

and again a Z2 symmetry for ∂2
σVk(σ),

∂2
σVk(σ) = ∂2

σVk(−σ) . (15)

The PDE (12) cannot be solved numerically on an infinite domain σ ∈ [0,∞). Therefore, we have to choose a
sufficiently large value of σ for the upper boundary, say σmax, and we also need to specify Vk(σmax).

In the UV, at k → ∞, the effective potential Vk(σ) is given by the potential term in the bare action Sbare, which
is usually a polynomial in powers of σ. For a Z2-symmetric potential, these powers must be even. For an interacting
theory, the smallest power of σ must then be at least four. This means that for large σ the right-hand side of the
FRG flow equation (12) is at least of order ∼ σ−2. Choosing a sufficiently large σmax ensures that the right-hand side
of Eq. (12) can be neglected, which means that the effective potential Vk(σmax) does not change under the FRG flow
and stays at its UV value. For a more detailed discussion on the boundary conditions and how to implement them
we refer to Ref. [37].

D. Advection-diffusion formulation of the FRG flow equation

For the sake of convenience, let us introduce the “RG-time” parameter t via

t = − ln

(
k

Λ

)
,

∂

∂t
= −k ∂

∂k
. (16)

Note that we choose the opposite sign as in most of the standard FRG literature, because we deem it more natural
for a time to flow from t = 0 (at k = Λ) to t =∞ (at k = 0).

We will now show that it is possible to cast Eq. (12) into the form of an advection-diffusion equation well-known
from hydrodynamics. This is possible because Eq. (12) is independent of the potential itself and thus one can rewrite
it in terms of a PDE for

u(t, σ) = ∂σV (t, σ) . (17)

Analogously we will denote

u′(t, σ) = ∂σu(t, σ) = ∂2
σV (t, σ) . (18)

Here, we have defined V (t, σ) = Vk(σ), i.e., we replaced the k-dependence of Vk(σ) by an equivalent dependence on
the variable t. We also considered V (t, σ) as a function of the two continuous variables t and σ. In the interpretation
of the FRG flow equation as an advection-diffusion equation, t will retain its role as a time variable for the FRG flow,
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while σ will assume the role of a spatial variable. The main advantage of considering the FRG flow equation as an
advection-diffusion equation is that it allows us to exploit the powerful toolbox of numerical methods that have been
developed to solve hydrodynamical equations.

We now introduce the function

f(t, u, σ) = (N − 1)Ad
(Λe−t)d+2

(Λe−t)2 + 1
σu(t, σ)

, (19)

which corresponds to the non-linear advection flux in the hydrodynamical interpretation, as well as the function

g(t, u′) = −Ad
(Λe−t)d+2

(Λe−t)2 + u′(t, σ)
, (20)

which corresponds to a non-linear diffusion flux. Taking the derivative of Eq. (10) with respect to σ we then obtain
the equation for u(t, σ) as

∂tu(t, σ) + ∂σf(t, u, σ) = ∂σg(t, u′) , (21)

which has exactly the form of a non-linear advection-diffusion equation for some fluid field u. For more details on the
properties of this equation in the FRG framework we refer to Refs. [35–42].

IV. CRITICAL BEHAVIOR

In order to study the critical behavior of the O(N) model, we first have to set an initial condition for the FRG flow
in the UV, i.e., at t = 0 or k = Λ. The potential in the UV is chosen to have the well-known φ4-form,

Vk=Λ(%) =
λ

4
(%− %0|t=0)2 , (22)

where %0|t=0 is the minimum of the potential at k = Λ. For %0|t=0 > 0, the system is in the broken phase, while for
%0|t=0 = 0 it is in the symmetric phase.

In particular, in the case where %0|t=0 > 0, one component of the N -dimensional scalar field ~φ develops a non-
vanishing expectation value, see Eq. (7), and the O(N)-symmetry group is spontaneously broken to O(N − 1). Ac-
cording to Goldstone’s theorem, this leads to N − 1 massless modes, the so-called Nambu-Goldstone bosons. The
remaining component of the field ~ϕ is the radial sigma mode discussed above in Sec. III C, which develops a non-
vanishing mass proportional to the minimum %0|t=0 [73]. For example, considering the model at finite temperatures,
the O(N) symmetry is restored via a second-order phase transition and all modes become degenerate in mass when
the temperature is increased above a critical value.

It seems clear that, due to the non-perturbative nature of the phase transition, a simple perturbative approach
fails to describe this phenomenon. On the other hand, the non-perturbative FRG approach allows us to go beyond
any finite order in perturbation theory, and thus to correctly treat this kind of problem. Via this approach we will
determine several critical exponents in the LPA.

A. Critical scaling

In order to compute the critical exponents we need the generalization of the flow equation (12) to finite temperature.
However, we can circumvent this step by exploiting the well-known phenomenon of dimensional reduction [74–77]: in
the limit of high temperatures, or more precisely, when the temperature is much larger than the FRG flow parameter,
T � k, the non-zero Matsubara modes with energy ∼ 2πnT , n 6= 0, decouple from the evolution, leaving only a
three-dimensional effective theory involving the zero Matsubara mode. From a different perspective, if the correlation
length, which is the scale associated with the system, dominates over the inverse temperature, then it is not possible
to resolve the compactified Euclidean time dimension, leading to a dimensionally reduced effective theory. Thus we
do not need to use a finite-temperature flow equation in order to investigate the critical region of the phase transition.
Instead, it is sufficient to employ the d = 3-dimensional zero-temperature equation (12).

According to universality-class arguments [78–81], there are two relevant parameters that can be tuned in order
to bring the system to the critical point. This can be immediately understood considering the ferromagnetic Ising
model, which has a discrete Z2 = O(1) symmetry, as an example: here the parameters that drive the system towards
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FIG. 1. The effective potential Vk(σ) (right panel) and its derivative u(t, σ) (left panel) in LPA at RG time t = 3, for different

values of σ0|t=0 =
√

2%0|t=0 and for N = 3. The UV cut-off scale is Λ = 1.0, the grid size is [0, σmax] = [0, 2.0], while the grid
spacing is ∆σ = 0.005 (corresponding to 400 grid points).

the phase transition are the temperature and the external magnetic field. Since we are considering the O(N) model
without external fields, only one relevant parameter is left in our case: the temperature.

However, since we exploit the dimensional-reduction phenomenon and work in a zero-temperature field theory, the
temperature does not explicitly enter the description and we need to identify a relevant variable which assumes its
role. Obviously, such a variable decides whether the system ends up in the symmetric or broken phase when t→∞.
This leads us to take the UV minimum %0|t=0 of the potential as the variable replacing the temperature. Indeed, if
%0|t=0 is larger than a critical value %c0|t=0, the system will end up in the broken phase in the IR, i.e., this is equivalent
to working at temperatures T < Tc. Analogously, if %0|t=0 < %c0|t=0, the system will end up in the symmetric phase
in the IR, which is equivalent to working at temperatures T > Tc.

Due to the convexity of the effective potential, see for example Ref. [82], in the broken phase the potential VIR(σ)

is flat for σ ≤ σ0|IR, where σ0|IR =
√

2%0|IR > 0 is the minimum of the potential in the IR, i.e., for t → ∞. On the
other hand, in the symmetric phase σ0|IR = 0. This allows us to identify σ0|IR as the order parameter of the phase
transition, since σ0|IR > 0 in the broken phase and σ0|IR = 0 in the symmetric one.

This qualitative discussion is confirmed by solving the FRG flow equation, cf. Fig. 1, where we plot the effective
potential Vk(σ) (right panel) and its derivative u(t, σ) (left panel) for different values of σ0|t=0 at the FRG time t = 3,
which is sufficiently far in the IR such that the flow does not change the minimum of the potential and the curvature
mass at the minimum by an appreciable amount (for a detailed discussion of the numerical errors, see App. A).

One observes that, for small values of σ0|t=0 the system ends up in the symmetric phase in the IR (σ0|IR = 0),
while for larger values of σ0|t=0 the symmetry remains broken in the IR (σ0|IR > 0) and the potential exhibits a
plateau. Since we are dealing with a second-order phase transition, we expect an IR fixed point of the FRG flow,
close to which the theory is scale-invariant. Thus the critical behavior has to be described by a solution of the FRG
flow equation which is scale-independent for sufficiently small (large) values of k (t). Since we only have one relevant
variable (%0|t=0), we are allowed to set λ, which is an irrelevant variable from the RG perspective, to an arbitrary
value. Here, we choose λ = 0.5. We then tune %0|t=0 in order to find the so-called scaling solution or critical trajectory,
i.e., a solution of the FRG flow equation which becomes t-independent for sufficiently large values of t.

In particular, the closer %0|t=0 is to %c0|t=0, the closer the solution is to the critical trajectory when approaching the
IR. This implies that properly rescaled dimensionless quantities will exhibit a constant behavior at sufficiently large
t. In particular, the dimensionless minimum

%̃0,k = k2−d%0,k (23)

tends to a constant (fixed-point) value as %0|t=0 approaches %c0|t=0.
This qualitative behavior is quantitatively confirmed by an explicit solution of the FRG flow equation, as shown

in Fig. 2, cf. Ref. [31]. Here we plot the evolution of the dimensionless minimum (23) with t for different initial
values %0|t=0. One observes that, during the FRG flow, %̃0,k approaches the critical trajectory, the asymptotic fixed-
point value of which is shown by the red horizontal line. However, eventually it deviates upwards (for initial values
%0|t=0 > %c0|t=0) or downwards (for initial values %0|t=0 < %c0|t=0). This can be easily explained by considering that,
in d = 3 dimensions,

• in the broken phase (%0|t=0 > %c0|t=0) the minimum %0,k of the potential tends to a constant value %0|IR > 0
when k → 0, which means that %̃0,k = %0,k/k → +∞,
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• in the symmetric phase (%0|t=0 < %c0|t=0) the minimum %0,k of the potential goes to 0 already at a non-zero
value of k > 0, which means that %̃0,k = %0,k/k → 0.

The closer the initial value %0|t=0 is to the critical value %c0|t=0, the larger is the value of t where the deviation from
the scaling solution occurs. The critical trajectory, ending in the fixed-point value as t → ∞, can actually not be
reached in practice, as it would require infinite numerical precision and infinite spatial resolution in the domain of the
PDE.

Of course not only %̃0,k exhibits a scaling behavior, but all other appropriately rescaled dimensionless quantities first
approach and then deviate from the critical trajectory at certain RG times which depend on the initial value %0|t=0.
Here, we choose %̃0,k since the minimum of the potential is the order parameter characterizing the phase transition.

B. Critical exponents

It is a well-known fact [78–81] that some physical quantities derived from the partition function or, equivalently,
from the free energy of the system, may diverge when approaching a phase transition, i.e., for %0|t=0 → %c0|t=0.
In particular they exhibit a power-law behavior characterized by so-called critical exponents, which depend on the
dimension d and the symmetries of the system, and which define the universality class of the theory. There exist six
critical exponents: α, β, γ, δ, ν, η. However, only two of them are independent since they are constrained by the
following so-called scaling laws or scaling relations:

α = 2− dν , Josephson law , (24)

γ = ν(2− η) , Fisher law , (25)

γ = β(δ − 1) , Widom law , (26)

2 = α+ 2β + γ , Rushbrooke law . (27)

In the following we will consider β and ν as independent and discuss in more detail how to extract them from the
FRG flow equation.

1. Exponent for the order parameter: β
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Close to criticality, the order parameter of the phase transition σ0|IR is described by the following behavior

σ0|IR = 0 , %0|t=0 < %c0|t=0 ,

σ0|IR ∼ (%0|t=0 − %c0|t=0)β , %0|t=0 > %c0|t=0 .

(28)

In Fig. 3, we show ln(σ0|IR) as a function of ln(%0|t=0 − %c0|t=0) for N = 3 and d = 3 in the LPA. The exponent
β is then read off from the slope of this function.

One observes that, for small values of ln(%0|t=0 − %c0|t=0), ln(σ0|IR) deviates from the scaling behavior given
by the second line of Eq. (28). This deviation is caused by the finite numerical precision with which we can
determine %c0|t=0. The closer the initial %0|t=0 is to the critical value, the more sensitive one is to deviations
from the actual critical value caused by the finite numerical precision, and thus one simply does not follow the
critical behavior anymore.

Note that, if we work in the finite-temperature theory, σ0|IR would be a function of temperature and close
to criticality would be proportional to (Tc − T )β . Thus %c0|t=0 determines the critical temperature in three
dimensions.

2. Exponent for the correlation length: ν

For large spatio-temporal distances, the correlator exhibits an exponential decay,

G(x− y) = 〈φ(x)φ(y)〉 − 〈φ(x)〉 〈φ(y)〉 ∼ e−|x−y|/ξ for |x− y| � ξ , (29)

where ξ is the so-called correlation length. Close to criticality it behaves as

ξ(T ) ∼ (T − Tc)−ν , (30)

which, in the dimensionally reduced theory, becomes

ξ(%0|t=0) ∼
∣∣%0|t=0 − %c0|t=0

∣∣−ν . (31)

In order to compute ν, we exploit the fact that the correlation length is proportional to the inverse of the
renormalized mass m, ξ ∼ m−1. Note that in the LPA the pole, curvature, and screening masses are identical
for zero-temperature calculations [83]. In the symmetric phase, the square of the renormalized mass is given by

m2 = lim
t→∞

u′(t, σ = 0) = lim
t→∞

∂2
σV (t, σ = 0) . (32)

Thus we compute m2 and then exploit

m2 ∼
∣∣%0|t=0 − %c0|t=0

∣∣2ν . (33)
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In this way we can obtain ν from the slope of lnm2 as a function of ln
∣∣%0|t=0− %c0|t=0

∣∣, see Fig. 4. We note that
one has to make sure to reach the symmetric phase before stopping the t-evolution, because only this ensures
that m2 > 0 at σ = 0.

We remark that the deviation of lnm2 from the scaling solution at small values of ln
∣∣%0|t=0−%c0|t=0

∣∣ has the same

origin as that observed in Fig.3. On the other hand, the deviation observed for large values of ln
∣∣%0|t=0−%c0|t=0

∣∣
is due to the fact that one is simply too far away from the critical region, such that the scaling behavior of
Eq. (29) does no longer apply.

In Tabs. I and II we show our results for β and ν, respectively, obtained within the LPA for d = 3 and various values
of N in comparison to results obtained within similar as well as other frameworks. Results obtained within the same
FRG framework but including a non-trivial RG-scale dependent wave-function renormalization [31] are denoted as
“RG’ ”. Results obtained from MC simulations [8, 9] are listed under “MC”, those from perturbative RG are denoted
as “PT” [84], while those from the ε-expansion at order ε6 are shown under “ε–exp.” [85]. Results from CB are
denoted as “CB” [86–88], and finally those from a derivative expansion up to fourth order as “DE4” [30]. We observe
that the results obtained in this work are overall in good agreement with the ones obtained with other approaches.
As compared to the results of RG’, which is from a technical perspective closest to our approach, we improve the
precision by one order of magnitude and in addition provide an error estimate, see App. A for details. Although RG’
includes a non-trivial wave-function renormalization, while our approach does not, our results for the values of the
critical exponents are not significantly worse than RG’. Furthermore, we have checked that the values obtained for
finite N tend to converge to the ones in the large-N limit, shown in Tab. III, since in that case the LPA becomes
exact [53].

V. CONCLUSION AND OUTLOOK

In this work we have applied the Functional Renormalization Group (FRG) approach to compute the critical
exponents of the O(N) model. We exploited the recent realization that the FRG flow equation for the effective
potential can be put into the form of an advection-diffusion equation [35], allowing us to employ widely used and well-
tested hydrodynamic algorithms to solve it. We demonstrated the feasibility of this approach for the computation
of the O(N) critical exponents by solving the FRG flow equation in the local potential approximation (LPA). As
hydrodynamic algorithm, we used a finite-volume method, the so-called KT scheme [50]. The critical exponents of
the O(N) model have been studied previously within the FRG approach in LPA and our discussion closely follows
Ref. [31]. However, here we demonstrated that the novel hydrodynamic approach to solve the FRG flow equations
allows a better control of statistical errors. With this method, these errors can be more precisely determined and
are of order 10−2 to 10−3. They are thus comparable to the errors of other well-established methods like lattice
calculations, perturbation theory, the ε-expansion, or CB.

The range of applicability for the novel hydrodynamic method to solve FRG flow equations is very wide. Studies
in the framework of the O(N) model were already carried out including higher-order terms in gradients, such as
wave-function renormalization factors [30, 31, 33, 34]. Combining these high-precision studies with our developments
is certainly a worthwhile future project. Furthermore, it is possible to study the system at finite temperature, without
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N LPA RG’ MC PT ε−exp. CB DE4

1 0.3486(59) 0.32 0.32643(6) 0.3258(10) 0.32599(32) 0.326419(2) 0.3263(4)

2 0.3659(45) 0.35 0.34864(5) 0.3470(11) 0.3472(6) 0.34872(5) 0.3485(5)

3 0.3838(58) 0.37 0.3689(3) 0.366(2) 0.366(1) 0.3697(12) 0.3691(7)

4 0.4046(34) 0.40 0.3873(4) 0.3834(35) 0.3834(18) 0.3877(47) 0.3874(6)

10 0.4541(45) 0.45 0.4398(7) 0.4523(2) 0.4489(6)

TABLE I. Order parameter exponent β.

N LPA RG’ MC PT ε−exp. CB DE4

1 0.634(8) 0.64 0.63002(10) 0.6304(13) 0.6292(5) 0.629971(4) 0.62989(25)

2 0.7057(14) 0.69 0.67169(7) 0.6703(15) 0.6690(10) 0.6718(1) 0.6716(6)

3 0.744(19) 0.74 0.7112(5) 0.7073(35) 0.7059(20) 0.7120(23) 0.7114(9)

4 0.780(20) 0.78 0.7477(8) 0.741(6) 0.7397(35) 0.7472(87) 0.7478(9)

10 0.901(13) 0.91 0.859(1) 0.8842(3) 0.8776(10)

TABLE II. Correlation length exponent ν.

exploiting dimensional reduction. In particular, we expect that the non-zero Matsubara modes do not influence the
exponents related to the singular part of free energy (the effective action), that is α, γ, η, ν, while in principle they
could give contributions to the order parameter, thus modifying β, and to the critical isotherm, changing the value
of δ.

Another possibility is to extend the model to include fermions. From a mathematical point of view, the FRG flow
equations is still an advection-diffusion equation, but now with a source term [36, 40, 89], which can also be solved
using the approach described above.

β ν η δ α γ

Large N 0.5 1.0 0 5 −1.0 2.0

TABLE III. Critical exponents in the large-N case.
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Appendix A: Numerical precision and error estimates

In order to provide some insight into the capabilities and limitations of our method, in this appendix we discuss
the numerical precision of our results and give error estimates. There is of course a systematic error due to the use of
the LPA [27, 30], which can be estimated by improving the truncation beyond LPA [30, 31, 33, 34]. This, however,
is beyond the scope of the current paper. Moreover, there are also fit errors which result from the way the critical
exponents are determined. One of them is general in the sense that it is inherent to the extraction of both β and ν,
but there are also some which are specific for the calculation of either ν or β.
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plots N = 3 and d = 3. Other parameters of the calculation are the same as for Fig. 2.

1. General fit error

As discussed in Sec. IV, a linear fit to the data is performed, the slope of which gives the critical exponents. This
procedure inevitably leads to some error due to the fact that, as mentioned in Sec. IV, some points do not follow
the critical scaling and thus deviate from the linear fit. Therefore, we need a criterion which enables us to select
which points we should take into account for the fit. This is an important issue, since, as can be seen from Figs. 6
and 7, the value of a particular critical exponent and the relative fit error may change a lot if only a single data
point is added to (or subtracted from) the fit. Since our goal is to extract the critical exponents from the scaling
region, where we expect a linear behaviour of the observables (the logarithm of the IR minimum and the logarithm
of the curvature mass) as a function of ln

∣∣%0|t=0− %c0|t=0

∣∣, it seems reasonable to use those consecutive points for the
fit which exhibit the highest degree of collinearity. As a criterion for collinearity, we choose the Pearson correlation
coefficient. However, the number of points which are taken into consideration still have a significant impact on the
value of the critical exponents. This can be clearly seen from Figs. 6 and 7, where the critical exponents are shown as
a function of the number of consecutive most aligned points. This is due to the fact that, as shown in Fig. 5, either
the region where the consecutive most aligned points are contained moves while modifying the number of points, or
it includes points in the fit which are increasingly further away from a straight fitting line. Thus, a criterion is still
needed according to which one should select the number of consecutive collinear points.

It is worth noting that the behavior seen in Figs. 6 and 7 is not affected by varying the point density (number of
points per unit interval of the fitting region), indicating that the values of the critical exponents depend on the size
of the fitting region rather than on the number of points contained in it. Ideally, if all points belong to the scaling
region, all of them would exhibit perfect collinearity and thus the critical exponents would be completely independent
of the fitting region.

Our criterion is thus to identify the scaling region by searching for the range on the abscissa in Figs. 6 and 7 where
the critical exponent is least dependent on the number of consecutive collinear points and thus on the fitting region.
Once this range is identified, we assume that the actual value of the critical exponent lies somewhere between the
highest and the lowest value of the critical exponent in that range. This gives a contribution to the total error on the
critical exponent which is half the difference of the highest and the lowest value in that range. Finding such a range
of consecutive collinear points is straightforward in the case of β: if the number of points in the range considered is
too small, the range moves a lot along the abscissa when it is extended. Therefore, we discard the leftmost points in
Fig. 7 (left panel). From a certain size onward the range does not move anymore, but merely grows within the critical
region. However, if the range is too large, also points from outside the critical region are included, which is clearly
seen by the jump in Fig. 7 (left panel) at Np ' 130. Hence, this clearly restricts the size of the critical region.

On the other hand, in the case of ν, if the fitting region is too large, the exponent starts to change more rapidly,
indicating that the corresponding fitting region includes points which do not follow a straight line in Fig. 4. Thus, we
restricted the fit to a maximum value of Np ' 180. However, from Fig. 6 it is clearly visible that it is much harder, if
not almost impossible, to identify a critical region, because ν strongly depends on the fitting interval.

We conclude this subsection by first noticing that the error originating from the choice of the fitting region is much
larger than the error of the fit itself, i.e., the one extracted from the maximum deviation of the points in the fitting
region from a straight line. Indeed, this error is at least one order of magnitude smaller than the error from the
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choice of the fitting region. Second, as we discuss next, the error from choosing the correct fitting region is also much
larger than the numerical error coming from the KT scheme and the determination of the curvature mass, which is
required for extracting ν. For β, however, the discretization error which results in an uncertainty on the position of
the minimum is again comparable to the error arising from the determination of the size of the critical region.

2. Error on m2

In this subsection we analyze the impact of the discretization in field space, i.e., of the grid spacing ∆σ, on the
value of the renormalized mass m2 and on the corresponding error. In Fig. 8, we show the curvature mass squared
m2 (left panel) and its relative deviation (right panel)

∆m2
rel(∆σ) = 1− m2(∆σ)

m2(∆σmin)
(A1)

from the value m2(∆σmin) calculated for the smallest cell size ∆σmin (which in our case is 10−4) as a function of
∆σ. Note that each point in these figures is the result of an FRG flow evolution, obtained for σ0|t=0 = 0.3 in the
symmetric phase (σIR

0 = 0) at final time tIR = 25 (kIR ∼ 10−11). The aim is to identify the value of m2 from a plateau
region, i.e., when its value does not change anymore upon changing the value of ∆σ. From Fig. 8 we observe that this
happens for values of ∆σ <∼ 10−2.5. Thus, in order to get a reasonable compromise between computational resources
and needed precision, we use ∆σ = 0.0005 (corresponding to the fourth point from the left in Fig. 8 (left panel)). As
one observes from the right panel of Fig.8, this choice leads to a relative error in the determination of m2 of the order
of ∼ e−7 ' 10−3.

As anticipated, the right panel provides an estimate of the order of magnitude of the relative errors, which is
especially useful for those points which belong to the plateau in the left panel. The fact that these relative differences
scale as ∆σα, with α > 2, is a direct consequence of the numerical scheme used, the KT scheme, which has second-order
precision in the spatial resolution. This means that it is possible to significantly reduce the error in the determination
of m2 by choosing a sufficiently small ∆σ. We should also mention that there is no additional error from using a finite
difference stencil in Eq. (32) to extract the curvature mass at σ = 0, for details see Refs. [37, 40].

One final remark is related to the extrapolation of the value of m2 in the IR. As final value of t in the IR we have
chosen t = 25, since at this point the FRG flow is effectively frozen in, i.e., no quantity changes anymore with RG
time. We convinced ourselves that this is true by computing m2 for t = 50 and t = 100. The values of m2 at these
times were the same as at t = 25 up to machine precision. Thus, in the symmetric phase it is possible to reach
arbitrarily small momentum scales to obtain IR quantities.

3. Error on σIR
0

Several aspects have to be taken into account regarding the determination of the value of σIR
0 . First of all, in

the broken phase, u(t, σ) is negative for σ < σ0 and approaches zero from below as t → ∞. As a consequence, the
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denominator in Eq. (19) becomes very small when approaching the IR, which leads to a stiff problem when solving
the FRG flow equation numerically, i.e., the time step ∆t has to become increasingly smaller when t→∞ in order to
avoid numerical instabilities. In practice, this prevents us to go arbitrarily far into the IR within our setup. For recent
advances on this issue, we refer to Ref. [90]. This problem is solved by determining the position of the minimum σIR

0

via extrapolation. Here, we decided to perform an exponential extrapolation of σ0 as a function of k via a linear
extrapolation of the values of lnσ0

lnσ0 = a k + b , ⇐⇒ σ0 = eb eak , (A2)

as can be seen from Fig.9. This functional form of the extrapolation is motivated by the behavior of σ0 in the large-N
limit, where such an exponential scaling is exact, as can be shown by solving the FRG flow equation analytically via
the method of characteristics (see Refs. [35, 91]). This extrapolation is the reason for the small oscillations of lnσIR

0

observed in Fig. 3.
Even if the extrapolation procedure were to give the correct value, the uncertainty on σIR

0 is still limited from below
by the grid spacing ∆σ. Assuming that the correct value lies within a cell, one can still determine whether σ0 lies to
the left or the right of the cell center, such that the uncertainty is ∆σIR

0
<∼ ∆σ/2.

Indeed, it can be seen from Fig. 10 that, starting with the same fixed σUV
0 , the position of the minimum is

independent of the cell size ∆σ for larger momentum scales and becomes dependent on ∆σ as k decreases (the shifts
of the curves in the right panel, which are performed to increase the visibility of the ∆σ bands, are smaller than the
actual differences between the curves). However, we observe that, for any given ∆σ, for small k the fluctuations of
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σ0 as a function of k stay within a band given by ±∆σ/2, confirming the aforementioned assumption for the error on
σIR

0 . In addition, these fluctuations seem to decrease as ∆σ is reduced.
Thus, assuming ∆σ/2 as the error on every value of σIR

0 , each point in Fig. 3 has an error given by

δ lnσIR
0 =

δσIR
0

σIR
0

=
∆σ

2σIR
0

. (A3)

Note that this error depends on σIR
0 itself. We then consider the value of β extracted from the line which passes through

the points
(

(%0|t=0 − %c0|t=0)left, lnσIR,left
0 − δ lnσIR,left

0

)
and

(
(%0|t=0 − %c0|t=0)right, lnσIR,right

0 + δ lnσIR,right
0

)
,

where δ lnσIR,left
0 and δ lnσIR,right

0 are the errors of the leftmost and rightmost points of the selected fit interval.
The difference of this value of β and the one extracted from the slope of the straight line in Fig. 3 gives our estimate
for δβ, which then reads

δβ =
δ lnσIR,left

0 + δ lnσIR,right
0

∆%fit
, (A4)

where ∆%fit is the range in ln(%0|t=0 − %c0|t=0) where the linear fit is performed.
Using typical values encountered during the calculations, i.e., ∆%fit ' 3.5, ∆σ = 0.0005 one finds

δβ ' 0.006 . (A5)

We will assume this as error on the critical exponent β. It is worth noticing that this contribution is significantly
larger than the one coming from the fit error, i.e., the one extracted from the maximum deviation of the points from
the straight-line fit, which is usually of order

δβfit ∼ 0.0002 . (A6)

If one wants to have an upper and lower bound for the error, one can use the minimum and the maximum value for
σIR

0 in the fit region in Eq. (A4). One gets

δβ> = 0.024 δβ< = 0.007 . (A7)

Thus, our estimate of the error seems a good compromise between the highest and the lowest possible errors.
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