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PROJECTION OF THE ANGULAR AMPLITUDE: MOMENTS OF POLARIZATION AND
SPIN-CORRELATION

The complete angular amplitude of the decay J/ψ → Ξ−Ξ̄+ → Λ(pπ−)π−Λ̄(n̄π0)π+ + c.c. is written as [1]

W(ξ;ω) =

3∑
µ,ν=0

Cµν

3∑
µ′ν′=0

aΞµµ′aΞνν′aΛµ′0a
Λ̄
ν′0, (1)

where ξ is one row matrix containing nine helicity angles and ω is one row matrix containing eight parameters defined
as

ξ = (θΞ, θΛ, ϕΛ, θΛ̄, ϕΛ̄, θp, ϕp, θn̄, ϕn̄) ,

ω =
(
αJ/ψ,∆ΦJ/ψ, αΞ, ϕΞ, ᾱΞ, ϕ̄Ξ, αΛ−, ᾱΛ0

)
.

(2)

Here Cµ,nu(θΞ, αJ/ψ,∆ΦJ/ψ) is a 4× 4 spin density matrix, written as

Cµν =
(
1 + αJ/ψ cos2 θΞ

)
1 0 Py 0
0 Cxx 0 Cxz

−Py 0 Cyy 0
0 −Cxz 0 Czz

 , (3)

where Py represents the contribution of the θΞ-dependent Ξ− and Ξ̄+ polarizations and Cxx, Cyy, Czz, Cxz are the
spin-correlation coefficients defined as follow,

Py =
√
1− α2

J/ψ

cos θΞ sin θΞ
1 + αJ/ψ cos2 θΞ

sin(∆ΦJ/ψ),

Cxx =
sin2 θΞ

1 + αJ/ψ cos2 θΞ
,

Cyy =
αJ/ψ sin2 θΞ

1 + αJ/ψ cos2 θΞ
,

Czz = − α+ sin2 θΞ
1 + αJ/ψ cos2 θΞ

.

(4)

The polarization and spin correlations of the process e+e− → J/ψ → Ξ−Ξ̄+ are shown in Fig. 1.

SYSTEMATIC UNCERTAINTIES

The main sources of systematic uncertainties include the reconstruction and selection of the signal candidates, the
background estimation and the fit procedure, which are summarized in Table II.

The efficiency of π0 reconstruction is investigated by using a control sample J/ψ → Σ+(pπ0)π−Λ̄(p̄π+)+c.c., which
is of the similar final state and the hyperon’s decay length. The efficiency from π± reconstruction is investigated
by using a control sample J/ψ → Ξ−Ξ̄+ → Λ(pπ−)π−Λ̄(p̄π+)π+. The efficiency differences between data and MC
simulation are obtained. Based on these, we obtain the ratio of the efficiencies between data and MC simulation,

wij =
εdata
ij

εMC
ij

, where i represents the i-th bin of the polar angle cos θ and j represents the j-th bin of the momentum

of π0 momentum or the transverse momentum of π±. The ratios are used to re-weight the signal MC samples of
the process e+e− → J/ψ → Ξ−Ξ̄+ in the log-likelihood fit. The systematic uncertainties are estimated by smearing
the ratios with a Gaussian distribution and repeating the fit procedure by 100 trials. A Gaussian function is used to
model the 100 trials for each parameter and its width is taken as the systematic uncertainty.

The systematic uncertainties related to the selection criteria, e.g. the decay points and the invariant masses of Λ
and Ξ−, the polar angle of Ξ−, the invariant mass of (anti)neutron and the χ2 of kinematic fit are studied by varying
individual requirements around the nominal ones and repeating the fit. For each test, i, the selection criteria are
varied in the range R by steps s. The changes of the fitted parameters compared to the nominal results, ∆i = |ω−ωi|
and the uncorrelated uncertainties, σuc,i =

√
|σ2
ω − σ2

ω,i| are calculated, where σω and σω,i are the uncertainties of
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FIG. 1. The polarization Py and spin correlations, Cxx̄, Cyȳ and Czz̄ of the reaction e+e− → J/ψ → Ξ−Ξ̄+. The data points
with error bars are determined independently in each cos θΞ bin. The red solid curves are the expected angular dependence
obtained with the parameters αJ/ψ,∆ΦJ/ψ from the global maximum log-likelihood fit.

TABLE I. The nominal cut, varied range, step and standard deviation of the selection criteria in the studies of systematic
uncertainties.

Source Nominal cut Range R Step s Standard deviation
Λ decay length (cm) 0 [−1, 3.5] 0.5 1.2
|Mpπ −mΛ| (MeV/c2) 11 [1, 19] 2 2.0
Ξ decay length (cm) 0 [−1, 3.5] 0.5 0.5
|Mpππ −mΞ| (MeV/c2) 11 [1, 19] 2 3.0
| cos θΞ| 0.84 [0.74, 0.92] 0.02 0.1
|Mn −mn| (MeV/c2) 15 [5, 23] 2 5.0
χ2
KMFIT 200 [0, 200] 20 -

the nominal and varied results, respectively [2]. The nominal cut, varied range, and step for each selection criterion
are listed in Table I.

No strong trending behavior is observed for these tests, and a linear function fit is applied to the obtained distribution
for each case. For the decay lengths of Λ and Ξ, the values of the linear fit at one standard deviation, 1.17 cm and
0.53 cm, which are larger than the nominal position 0 cm, are taken as the systematic uncertainties. If most of the
systematic tests ωi (more than 7) are larger or smaller than the nominal ones ω, asymmetric systematic uncertainties
are assigned, otherwise the symmetric systematic uncertainties are assigned. The difference between the nominal value
and the value from the linear fit are taken as one side of the systematic uncertainty. The other side of the systematic
uncertainty is 0. For the invariant masses of Ξ, Λ, and neutron and the polar angle of Ξ, the values of the linear fit at
one standard deviation of the kinematic variables both larger and smaller than the nominal position are calculated.
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For each parameter, if two fit values are both larger or smaller than the nominal value, the largest deviation is taken
as one side of systematic uncertainty; the other side of the systematic uncertainty is 0. If two fit values have opposite
signs, they are taken as the asymmetric systematic uncertainties. For the χ2 of kinematic fit, the differences between
the nominal values and the values of the linear fit at 100 are taken as the systematic uncertainties.

The uncertainties associated with the combinatorial backgrounds are estimated by smearing the parameters ω of
model within one standard deviation and varying it number within ±1σ in the log-likelihood fit. The uncertainty of
the number of combinatorial background is obtained from the fit of the missing mass distribution. The uncertainties
associated with the resonant backgrounds are estimated by varying the number of each background within ±1σ in
the fit, individually. The largest changes of the fitted parameters are assigned as the systematic uncertainties. The
number of resonant background is determined as

Nbkg = NJ/ψ ×ΠiBi × ε, (5)

where NJ/ψ is the total number of J/ψ events, Bi is the branching fraction of the ith decay mode, and ε is the
detection efficiency. The detection efficiency is determined by using the exclusive MC sample. The uncertainty of the
number of resonant background is determined via the error propagation formula,

σNbkg
= Nbkg ×

√√√√(
σNJ/ψ
NJ/ψ

)2

+
∑
i

(
σBi
Bi

)2

+
(σε
ε

)2

. (6)

The definition of 2D sideband region is shown in Fig. 2. The sideband region is defined as 0.016 < |Mpππ −MPDG
Ξ | <

0.038 GeV/c2 and 0.016 < |Mnπ0π −MPDG
Ξ | < 0.038 GeV/c2. The background yield in the signal region is estimated

by the normalized sideband events Nbkg,sideband = 0.25NA, where NA is the number of events in the sideband region.
The factor 0.25 is the area of the signal region to the sideband region. The uncertainties associated with non-resonant
background are estimated by comparing the changes of the fitted parameters with and without subtracting this
background.

To validate the fit procedure, 1000 pseudo-data-sets, in which each of them has the same statistics as data, are
generated with the production and decay asymmetry parameters derived from in the nominal measurement. For each
pseudo-data-set, the fit procedure is performed. The pull of the fit result of parameters is defined as

P (ω) =
ωpseudo − ωinput

σpseudo
, (7)

where ωinput stands for the input value of the parameters, ωpseudo and σpseudo are the fit result and its uncertainty of
the parameters for each pseudo-data-set. The pull distributions are fitted with Gaussian functions. The sum of the
center value of difference and its uncertainty is taken as the systematic uncertainties associated with the fit procedure,

σio = (|µpull + σµ|)× σstat., (8)

where µpull and σµ are the mean value and its statistical uncertainty of the pull distribution, respectively. The σstat.
is the statistical uncertainty.

[1] M. Ablikim et al. (BESIII collaboration), Nature 606, 64 (2022), arXiv:2105.11155 [hep-ex].
[2] O. Behnke, K. Kröninger, T. Schörner-Sadenius, and G. Schott, eds., Data analysis in high energy physics: A practical

guide to statistical methods (Wiley-VCH, Weinheim, Germany, 2013).

http://dx.doi.org/10.1038/s41586-022-04624-1
http://arxiv.org/abs/2105.11155
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TABLE II. The systematic uncertainties on the production and decay asymmetry parameters.

αJ/ψ ∆ΦJ/ψ αΞ− ϕΞ− αΞ̄ ϕΞ̄− α0 α+ α− ᾱ0

Ξ charged decay

Λ Decay Length +0.0087
−0.0000

+0.0000
−0.0156

+0.0020
−0.0000

+0.0007
−0.0007

+0.0000
−0.0012

+0.0000
−0.0091

+0.0064
−0.0000

+0.0008
−0.0008

+0.0019
−0.0019

+0.0001
−0.0001

|Mpπ −mΛ| +0.0009
−0.0000

+0.0009
−0.0012

+0.0000
−0.0003

+0.0005
−0.0002

+0.0002
−0.0001

+0.0002
−0.0008

+0.0000
−0.0004

+0.0016
−0.0000

+0.0000
−0.0012

+0.0000
−0.0012

Ξ Decay Length +0.0054
−0.0000

+0.0075
−0.0000

+0.0000
−0.0023

+0.0000
−0.0065

+0.0000
−0.0022

+0.0000
−0.0088

+0.0012
−0.0012

+0.0026
−0.0000

+0.0024
−0.0024

+0.0000
−0.0039

|Mpππ −mΞ| +0.0039
−0.0000

+0.0070
−0.0000

+0.0006
−0.0009

+0.0000
−0.0027

+0.0000
−0.0020

+0.0009
−0.0012

+0.0000
−0.0016

+0.0000
−0.0010

+0.0000
−0.0020

+0.0000
−0.0014

Ξ neutral decay

χ2
kmf

+0.0004
−0.0000

+0.0030
−0.0000

+0.0000
−0.0012

+0.0000
−0.0000

+0.0000
−0.0002

+0.0011
−0.0000

+0.0000
−0.0029

+0.0000
−0.0027

+0.0001
−0.0001

+0.0000
−0.0023

| cos θΞ| +0.0017
−0.0000

+0.0019
−0.0000

+0.0000
−0.0002

+0.0002
−0.0001

+0.0003
−0.0000

+0.0001
−0.0002

+0.0000
−0.0007

+0.0006
−0.0000

+0.0000
−0.0016

+0.0000
−0.0017

|Mn −mn| +0.0002
−0.0001

+0.0026
−0.0074

+0.0000
−0.0011

+0.0023
−0.0024

+0.0014
−0.0013

+0.0000
−0.0014

+0.0002
−0.0028

+0.0012
−0.0026

+0.0019
−0.0006

+0.0016
−0.0022

επ± 0.0046 0.0070 0.0004 0.0012 0.0004 0.0010 0.0014 0.0015 0.0016 0.0013

επ0 0.0045 0.0158 0.0016 0.0013 0.0015 0.0014 0.0028 0.0023 0.0027 0.0029

Fitting procedure I/O 0.0004 0.0011 0.0001 0.0008 0.0002 0.0006 0.0009 0.0003 0.0004 0.0003

Background

Combinatorial 0.0010 0.0033 0.00035 0.0010 0.0004 0.0012 0.0021 0.0014 0.0007 0.0015

Resonant 0.0001 0.0002 0.0000 0.0000 0.0000 0.0000 0.0001 0.0001 0.0001 0.0001

Non-resonant 0.0016 0.0040 0.0012 0.0022 0.0011 0.0001 0.0047 0.0016 0.0015 0.0045

Total +0.0129
−0.0066

+0.0210
−0.0250

+0.0029
−0.0036

+0.0042
−0.0081

+0.0025
−0.0040

+0.0028
−0.0130

+0.0089
−0.0077

+0.0049
−0.0053

+0.0050
−0.0055

+0.0060
−0.0080
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FIG. 2. The definition of the sideband in M(pπ−π−) versus M(n̄γγπ+) distribution. The red rectangle shows the signal region
and the blue rectangles show the sideband regions.
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