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With the data samples taken at center-of-mass energies from 2.00 to 3.08 GeV with the BESIII detector
at the BEPCII collider, a partial wave analysis on the eþe− → πþπ−π0 process is performed. The Born
cross sections for eþe− → πþπ−π0 and its intermediate processes eþe− → ρπ and ρð1450Þπ are measured
as functions of

ffiffiffi
s

p
. The results for eþe− → πþπ−π0 are consistent with previous results measured with the

initial state radiation method within one standard deviation, and improve the uncertainty by a factor of ten.
By fitting the line shapes of the Born cross sections for the eþe− → ρπ and eþe− → ρð1450Þπ, a structure
with mass M ¼ 2119� 11� 15 MeV=c2 and width Γ ¼ 69� 30� 5 MeV is observed with a signifi-
cance of 5.9σ, where the first uncertainties are statistical and the second ones are systematic. This structure
can be interpreted as an excited ω state.

DOI: 10.1103/PhysRevD.110.032005

I. INTRODUCTION

The anomalous magnetic moment of the muon aμ ≡
ðg − 2Þμ=2 plays a very important role to test with high
precision the Standard Model (SM) calculations and search
for new physics signatures [1]. Recent results lead to a
factor of two improvement in precision of the experimental
world average [2], which brings to a reevaluation of the 4.2
standard deviation from the SM predictions obtained by
combining results of the E989 and E821 Collaborations
[3,4]. The lattice QCD calculations [5] reduce the discrep-
ancy with the experimental measurement of the hadron
vacuum polarization (HVP) term aHVPμ . Further studies of
the processes included in the HVP contribute to reduce the
aHVPμ uncertainty. Among them, the contribution of the
eþe− → πþπ−π0 process at energies below 2 GeV is second
only to that of the eþe− → πþπ− channel. The widely used
generator for this process is Phokhara [6], based onBABAR’s
results [7,8]. A more precise study of the process
eþe− → πþπ−π0, based on amplitude analysis, is needed
to improve Phokhara thus the measurements of aHVPμ

below 2 GeV.
Previously, the process eþe− → πþπ−π0 was studied at

center-of-mass energies (
ffiffiffi
s

p
) from 0.6 to 2.0 GeV in direct

eþe− annihilations at SND [9–13] and CMD-2 [14,15], and
from threshold to 3.0 GeV by BABAR [7,8] and BESIII [16]
with the initial state radiation (ISR) technique. Among

these studies, only the SND experiment performed an
amplitude analysis to estimate the eþe− → ρπ and
ρð1450Þπ contributions at

ffiffiffi
s

p
from 1.15 to 2.0 GeV

[9–13]. Such studies are now extended within this work
in the energy region from 2.0 to 3.08 GeV with data
collected by BESIII. Throughout this paper, ρ denotes
ρð770Þ and ρπ incorporates ρ0π0, ρþπ− and ρ−πþ with
fractions that satisfy isospin conservation.
The measurement of Born cross sections for the eþe− →

πþπ−π0 process is also critical to search for potential
excited vector mesons. In eþe− collisions at energies below
2 GeV, the vector mesons ρ, ω, and ϕ, as well as their
excited states, are produced abundantly. However, aboveffiffiffi
s

p ¼ 2.0 GeV, some higher lying excited states are not
fully identified, and additional experimental measurements
are needed to reveal the natures of potential excited states
such as ωð2205Þ [17], ωð2290Þ [18], and ωð2330Þ [19],
since their measured widths are significantly different from
theoretical predictions. In the meantime, recent cross
section measurements of eþe− → ωπþπ− [20] and eþe− →
ωπ0π0 processes at BESIII [21] and eþe− → ωππ at
BABAR [22,23] did not improve the situation due to the
large uncertainty from continuum backgrounds. The struc-
ture observed with significance larger than 5σ in the
eþe− → ωππ cross section line shape was found to be
less significant in the line shape of intermediate processes,
which were extracted from an amplitude analysis quoted as
partial wave analysis (PWA) [24].
With the data samples collected with the BESIII detector

at nineteen center-of-mass energies from 2.00 to 3.08 GeV,
corresponding to a total integrated luminosity of 647 pb−1,
the Born cross sections of exclusive hadron channels have
been measured and excited meson states have been
searched for with the processes eþe− → η0ð958Þπþπ−
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[25], ηπþπ− [26], KþK− [27], ωπ0 [28], ωη [28],
KþK−π0π0 [29], ϕπþπ− [30], K0

SK
0
L [31], ϕη [32],

ϕη0ð958Þ [33], and ϕKþK− [34]. In this article, the Born
cross sections of the process eþe− → πþπ−π0 and its
intermediate processes (through ρπ and ρð1450Þπ) are
measured with the same data samples. The dynamic of
the process eþe− → πþπ−π0 are studied in this energy
region to improve the Phokhara generator.

II. DETECTOR AND DATA SAMPLE

The BESIII detector [35] records symmetric eþe−
collisions provided by the BEPCII storage ring [36], which
operates in the center-of-mass energy range from 2.0 to
4.95 GeV. The cylindrical core of the BESIII detector
covers 93% of the full solid angle and consists of a helium-
based multilayer drift chamber (MDC), a plastic scintillator
time-of-flight system (TOF), and a CsI(Tl) electromagnetic
calorimeter (EMC), which are all enclosed in a super-
conducting solenoidal magnet providing a 1.0 T magnetic
field. The solenoid is supported by an octagonal flux-return
yoke with resistive plate counter muon identification
modules interleaved with steel. The charged-particle
momentum resolution at 1 GeV=c is 0.5%, and the specific
ionization energy loss dE=dx resolution is 6% for electrons
from Bhabha scattering. The EMC measures photon
energies with a resolution of 2.5% (5%) at 1 GeV in the
barrel (end cap) region. The time resolution in the TOF
barrel region is 68 ps, while that in the end cap region
is 110 ps.
Simulated data samples produced with a GEANT4-based

[37] Monte Carlo (MC), which includes the geometric
description of the BESIII detector and the detector
response, are used to determine detection efficiencies
and to estimate backgrounds. The known decay modes
are modeled with EVTGEN [38,39] using branching frac-
tions taken from the Particle Data Group (PDG) [40]. Final-
state radiation from charged final-state particles is simu-
lated by the PHOTOS package [41], and the ISR is simulated
by the ConExc [42] generator using the measured cross
sections as input in an iterative procedure.
The signal MC samples of the eþe− → πþπ−π0 process

with π0 → γγ are generated using a phase space model and
weighted according to the PWA results from the data to
estimate the detection efficiency, together with its inter-
mediate processes eþe− → ρπ and ρð1450Þπ. To study the
potential background, the inclusive MC samples are gen-
erated using a hybrid generator [43], which includes had-
ronic, Bhabha scattering, dimuon, and diphoton processes.

III. EVENT SELECTION AND
BACKGROUND ANALYSIS

The candidate events are selected with two reconstructed
charged tracks and at least two reconstructed photons. The

charged tracks detected in the MDC are required to satisfy
j cos θj < 0.93, where θ is defined as the polar angle with
respect to the z-axis, which is the symmetry axis of the
MDC. The distance of closest approach to the interaction
point must be less than 10 cm along the z-axis and less than
1 cm in the transverse plane. The E=p ratio of the charged
track, defined as the ratio of the energy deposited in the
EMC to the momentum measured by the MDC, is required
to be less than 0.8 to suppress the background from Bhabha
events. Since the opening angle (θþ−) between the two
charged tracks in Bhabha and dimuon events is close to
180° in the center-of-mass frame, the condition θþ− < 160°
is required to suppress the remaining background from
Bhabha and dimuon events.
Photon candidates are identified using showers in the

EMC. The deposited energy of each shower must be larger
than 25 MeV in the barrel region (j cos θj < 0.80) and larger
than 50 MeV in the end cap region (0.86 < j cos θj < 0.92).
To exclude showers that originate from charged tracks, the
opening angle between the position of each shower in the
EMC and the closest extrapolated charged track must be
greater than 10°. To suppress electronic noise and showers
unrelated to the event, the difference between the EMC time
and the event start time is required to be within [0, 700] ns.
To further suppress background, a four-constraint (4C)

kinematic fit imposing energy-momentum conservation is
performed under the hypothesis eþe− → πþπ−γγ, and the
condition χ24C < 50 is required. For events with more than
two photon candidates, the combination with the smallest
χ24C is retained.
The two reconstructed photons are required to have a

helicity angle (θh) satisfying j cos θhj < 0.8 to suppress the
backgrounds associated with remaining photons, defined as
the angle between the momentum of the π0 in the
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FIG. 1. The γγ invariant-mass distribution at
ffiffiffi
s

p ¼ 2.1250 GeV.
The black dots with error bars represent data. The blue solid line
represents the total fit function. The red dashed line represents the
background.
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laboratory coordinate system and the momentum of the
photon in the π0 coordinate system.
The γγ invariant-mass distribution of eþe− → πþπ−π0

candidates is shown in Fig. 1; in this distribution, the π0

signal region is selected as jMγγ −MPDG
π0

j < 15 MeV=c2,
corresponding to about �3σ around the known π0 mass
[40]. The selected candidate events are used to perform the
PWA, while the events in the sideband region jMγγ −
MPDG

π0
j∈ ½30; 60� MeV=c2 are used to estimate the back-

ground contribution. No peaking background is observed in
the π0 signal region. The background levels of data used in
PWA are estimated by sidebands to be ∼1% across different
energy points. The number of events in the π0 signal region
and in the sideband region, together with the estimated
background level, are listed in Table I.
Figure 2 shows the Dalitz plots of eþe− → πþπ−π0

candidate events at
ffiffiffi
s

p ¼ 2.1250 GeV in data and as
predicted by the Phokhara generator. The model

implemented in the generator fails clearly to describe the
intermediate states produced in the process, thus it cannot
be employed in this work to determine the detection
efficiency.

IV. PARTIAL WAVE ANALYSIS

Using the GPUPWA framework [44], a PWA is per-
formed on the surviving candidate events to disentangle the
intermediate processes in eþe− → πþπ−π0. The construc-
tion of the decay amplitude follows the formalism
described in Ref. [24], where the decay amplitude of the
process J=ψ → πþπ−π0 is described with isospin conser-
vation explicitly. In this work, the J=ψ produced from eþe−
annihilation is replaced by the γ⋆. The Blatt-Weisskopf
barrier factor [24,45,46] is included in the PWA decay
amplitudes and the radius (R) of the centrifugal barrier is
used in the factor via Q0 ¼ ð0.197321=R½fm�Þ GeV=c. In
the nominal fit Q0 is set to 0.2708 GeV=c, corresponding
to a radius in the range provided by Ref. [45]. In the PWA,
the intermediate process through ρ, the G parity breaking
process through ω, and processes through their excited
states are considered according to JPC conservation. For
each ρπ intermediate process, three charge conjugation
channels ρþπ−, ρ−πþ, and ρ−π0 are included with anti-
symmetric index exchange, which leads to same total
contributions from them. The Gounaris-Sakurai model is
used for the ρ propagator, which takes the same form as
Ref. [47]. For the ρ excited states, theωmeson and its excited
states, the propagators are taken as energy-dependent Breit-
Wigner functions defined by

BWð ffiffiffi
s

p Þ ¼ 1ffiffiffi
s

p
2 −M2

R þ i
ffiffiffi
s

p
ΓRð

ffiffiffi
s

p Þ ; ð1Þ

where ΓRð
ffiffiffi
s

p Þ is the energy-dependent width parameterized
by

ΓRð
ffiffiffi
s

p Þ ¼ Γ0
R ·

M2
Rffiffiffi
s

p
2
·
�
Φð ffiffiffi

s
p Þ

ΦðMRÞ
�

2lþ1

; ð2Þ

whereMR and Γ0
R are the mass and width of the resonances.

The phase space factor Φð ffiffiffi
s

p Þ is taken as

Φð ffiffiffi
s

p Þ ¼
ffiffiffi
s

p
2 þm2

1 þm2
2 − 2

ffiffiffi
s

p
m1 − 2

ffiffiffi
s

p
m2 − 2m1m2

2
ffiffiffi
s

p ;

ð3Þ

where m1 and m2 are the mass of daughter particles.
By using the above formalism, the amplitude of the

process eþe− → πþπ−π0 can be determined as a function
of the four-vector momenta of the final-state particles. To
satisfy this formalism, a one-constraint (1C) kinematic fit
and a coordinate transformation are performed for selected
signal events in both data and MC sample. The 1C

FIG. 2. The Dalitz plots of eþe− → πþπ−π0 candidates in
(a) data and (b) Phokhara MC sample at

ffiffiffi
s

p ¼ 2.1250 GeV.

TABLE I. The number of events in signal (NS) and sideband
(NB) region, together with the estimated background level, where
the number of background events is normalized by a factor of
two.ffiffiffi
s

p
GeV NS NB NS=NBð%Þ

2.0000 936 10 1.07
2.0500 254 2 0.79
2.1000 972 8 0.82
2.1250 9408 76 0.81
2.1500 239 1 0.42
2.1750 868 4 0.46
2.2000 1032 5 0.48
2.2324 842 11 1.31
2.3094 1170 12 1.03
2.3864 949 10 1.05
2.3960 2824 36 1.27
2.6444 768 11 1.43
2.6464 753 13 1.73
2.9000 1335 30 2.25
2.9500 154 4 2.60
2.9810 198 2 1.01
3.0000 165 2 1.21
3.0200 151 6 3.97
3.0800 610 21 3.44
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kinematic fit requires the invariant-mass of γγ to be equal to
the π0 mass without χ2 requirement. Then, all four-vector
momenta of the final-state particles are transformed into the
rest frame of the πþπ−γγ final-state. These modifications
are only applied after event selection when four-vector
momenta of particles are used as input of PWA model. The
complex parameters Λi in Ref. [24] are free parameters,
which lead to the interference between different processes.
The mass and width of each resonance are fixed to
individual PDG values [40]. The magnitude and phase
of the complex parameter contribute as two degrees of
freedom to each intermediate process. By fixing the
magnitude and phase of the process eþe− → ρπ →
πþπ−π0 to 1 and 0, the relative magnitudes and phases

of other individual intermediate processes are determined
by performing an unbinned maximum likelihood fit using
MINUIT [48]. The likelihood function is

L ¼
YN
i

ωðξiÞϵðξiÞ
σMC

; ð4Þ

where ξi is the four-vector momenta of the final-state
particles; ωðξiÞ is the differential cross section; ϵðξiÞ is the
event selection efficiency, which only depends on four-
momenta; the normalization factor σMC is calculated from a
MC sample generated with the phase space model. The
background events from the sideband of the γγ invariant-
mass distribution are taken into the likelihood with a weight
of −0.5.
The fit procedure starts including ρ, ω and all their

excited states listed by PDG. The statistical significance of
each amplitude is evaluated by incorporating the changes in
likelihood and number of degrees of freedom with and
without the corresponding amplitude being included in the
fit. For ρ and excited ρ processes, their statistical signifi-
cances include three charge conjugation channels. The
components with statistical significance less than 5σ are
dropped and the fit is repeated until all the remaining
components are statistically significant. All previously
removed processes are then reintroduced individually to
confirm their non-significance.
The above strategy is performed individually on the data

samples at
ffiffiffi
s

p ¼ 2.1250, 2.3960, and2.9000GeV,where the
statistics is large enough (Table I). The components with
statistical significance larger than 5σ, i.e., the processes

TABLE II. The statistical significance of the tested processes
for three data samples. The first column represents the inter-
mediate process.ffiffiffi
s

p
(GeV) 2.1250 2.3960 2.9000

ρπ >50σ >50σ 27σ
ρð1450Þπ 18σ 10σ 13σ
ρð1700Þπ 6.5σ 6.4σ 6.6σ
ρ3ð1690Þπ 14σ 9.2σ 6.8σ
ρð1570Þπ 1.3σ 1.1σ 0.13σ
ωπ 31σ 11σ 9.7σ
ωð1420Þπ 2.8σ 0.21σ 1.8σ
ωð1650Þπ 3.5σ 0.29σ 0.53σ
ω3ð1670Þπ 3.4σ 1.6σ 0.56σ

TABLE III. Relative magnitudes and phases for each intermediate process at each energy point from the PWA fit. The magnitude and
phase of the amplitude for the process eþe− → ρπ is fixed to 1 and 0, respectively. The uncertainties are statistical.

Relative magnitudes Relative phases (rad)ffiffiffi
s

p
(GeV) ρð1450Þπ ωπ ρð1700Þπ ρ3ð1690Þπ ρð1450Þπ ωπ ρð1700Þπ ρ3ð1690Þπ

2.0000 1.29� 0.10 0.10� 0.02 0.86� 0.09 0.007� 0.0003 2.59� 0.05 1.35� 0.28 −0.53� 0.04 −2.91� 0.04
2.0500 0.91� 0.40 0.10� 0.02 0.61� 0.35 0.009� 0.0031 −3.02� 0.36 1.50� 0.34 −1.23� 0.86 2.71� 0.30
2.1000 0.72� 0.27 0.12� 0.02 0.25� 0.55 0.004� 0.0037 −2.98� 0.82 1.92� 0.17 −0.04� 2.30 −1.48� 0.52
2.1250 0.76� 0.05 0.10� 0.02 0.35� 0.02 0.004� 0.0005 −3.12� 0.14 1.82� 0.16 −0.31� 0.54 −1.67� 0.24
2.1500 1.14� 0.23 0.09� 0.03 0.35� 0.32 0.003� 0.0015 −2.90� 0.32 2.66� 0.56 0.42� 0.76 −1.70� 0.51
2.1750 0.99� 0.11 0.08� 0.02 0.17� 0.06 0.002� 0.0002 −2.76� 0.07 1.75� 0.39 0.73� 0.58 −2.02� 0.18
2.2000 1.01� 0.12 0.11� 0.01 0.42� 0.20 0.003� 0.0006 −3.02� 0.21 1.75� 0.15 0.33� 0.28 −1.66� 0.27
2.2324 0.95� 0.04 0.08� 0.00 0.57� 0.04 0.003� 0.0001 2.98� 0.03 1.71� 0.42 −0.09� 0.35 −1.72� 0.10
2.3094 0.92� 0.07 0.08� 0.03 0.39� 0.11 0.002� 0.0005 2.94� 0.09 1.74� 0.35 −0.80� 0.36 −1.69� 0.10
2.3864 0.75� 0.12 0.07� 0.01 0.58� 0.18 0.002� 0.0004 2.46� 0.35 1.46� 0.22 −0.46� 0.19 −1.53� 0.20
2.3960 0.99� 0.06 0.07� 0.01 0.51� 0.09 0.002� 0.0002 2.92� 0.13 1.61� 0.12 −0.07� 0.13 −1.26� 0.15
2.6444 1.12� 0.13 0.08� 0.01 0.45� 0.14 0.001� 0.0002 2.89� 0.23 1.55� 0.19 0.28� 0.27 −0.33� 0.44
2.6464 0.93� 0.13 0.09� 0.01 0.29� 0.12 0.001� 0.0002 2.86� 0.27 2.05� 0.19 0.37� 0.39 −0.21� 0.24
2.9000 1.07� 0.10 0.10� 0.01 0.51� 0.11 0.001� 0.0001 2.80� 0.26 1.60� 0.14 0.34� 0.30 −0.91� 0.19
2.9500 1.34� 0.29 0.15� 0.03 0.48� 0.21 0.001� 0.0004 −2.97� 0.37 2.05� 0.39 0.91� 0.68 −0.94� 0.33
2.9810 0.82� 0.23 0.10� 0.03 0.67� 0.21 0.001� 0.0003 2.86� 0.48 1.04� 0.52 0.69� 0.50 −1.28� 0.44
3.0000 0.89� 0.25 0.18� 0.03 0.47� 0.24 0.001� 0.0003 2.60� 0.64 2.94� 0.20 0.43� 0.73 −0.84� 0.67
3.0200 1.47� 0.56 0.13� 0.04 0.98� 0.63 0.002� 0.0005 2.58� 0.84 1.77� 0.43 0.23� 0.87 −1.18� 0.59
3.0800 1.75� 0.15 0.13� 0.02 1.00� 0.07 0.001� 0.0003 2.32� 0.26 1.70� 0.22 0.35� 0.22 −0.19� 0.22
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eþe− → ρπ, ωπ, ρð1450Þπ, ρð1700Þπ, and ρ3ð1690Þπ, are
the same for the three data samples. For the other sixteen data
samples, the statistical significance of the processeswould be
smaller due to small number of events. Therefore, these five
processes are included with their relative magnitudes and
phases determined by the fit at each energy point independ-
ently. Table II shows the statistical significance of inter-
mediate states produced at three center-of-mass energies.
Other processeswith small significance are cross-checkedby
scanning the mass and width values of the intermediate
resonances.Noneof them is found to be significant enough to
be included in the PWAmodel. The fit results at each energy
point, including the relative magnitudes and phases of each
intermediate process, are summarized in Table III.

The πþπ− invariant-mass distribution together with the
PWA fit projection is shown in Fig. 3. The contributions
from ρ, ω, and ρð1450Þ processes are the most significant,
while the ρð1700Þ and ρ3ð1690Þ processes are less signifi-
cant and contribute marginally to the signal yield. The
process from ρ has the largest fraction at each energy point.

V. BORN CROSS SECTION MEASUREMENT

The eþe− → πþπ−π0 signal yield is obtained by fitting
the γγ invariant-mass distribution with an unbinned maxi-
mum likelihood method. The background is described by a
first-order polynomial function, and the π0 signal is
described by the MC-simulated shape convolved with a
Gaussian function, which accounts for the resolution
difference between data and MC simulation. The fit result
at

ffiffiffi
s

p ¼ 2.1250 GeV is shown in Fig. 1.
The signal yields of the eþe− → ρπ → πþπ−π0 and

eþe− → ρð1450Þπ → πþπ−π0 channels are calculated by

Neþe−→ρπ ¼ Neþe−→πþπ−π0 · F ρπ; ð5Þ

and

Neþe−→ρð1450Þπ ¼ Neþe−→πþπ−π0 · F ρð1450Þπ; ð6Þ

where Neþe−→X represents the signal yield of the process
eþe− → X and the fractions of the intermediate processes
F are taken from the PWA. The signal yields incorporate
the contributions from charged and neutral channels, and
the interference between them.
The detection efficiencies for the eþe− → πþπ−π0 proc-

ess are estimated using the signal MC samples weighted to
the PWA results. The signal MC samples are also weighted
according to the differential cross section for intermediate
processes eþe− → ρπ and ρð1450Þπ to get their detection
efficiencies.
The Born cross sections of eþe− → πþπ−π0 are calcu-

lated by

σBðeþe− → πþπ−π0Þ ¼ Nsignal

L · ε · Bπ0→γγ · ð1þ δÞ ; ð7Þ

whereL, Nsignal, ε, and Bπ0→γγ are the integrated luminosity,
signal yield, detection efficiency, and the branching fraction
of π0 → γγ taken from the PDG [40], respectively. The
product of the ISR correction factor times the VP correction
factor is represented by (1þ δ). The branching fraction
Bρ→ππ ¼ 1 is quoted from the PDG to calculate the Born
cross sections of the process eþe− → ρπ. However, the
Bρð1450Þ→ππ is not available, therefore the Born cross sections
of the decay chain eþe− → ρð1450Þπ → πþπ−π0 are mea-
sured. The results of the process eþe− → πþπ−π0 represent
the total cross section of all possible intermediate and direct
processes.

(a)

(b)

(c)

FIG. 3. Invariant-mass distributions of (a) πþπ−, (b) π−π0 and
(c) πþπ0 at

ffiffiffi
s

p ¼ 2.3960 GeV. The black dots with error bars
represent data. The red solid line represents the PWA fit
projection. The colored lines with different dashed styles re-
present the contributions from different intermediate processes.
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The ISR and VP effects are incorporated by ConExc
[42], depending on the input cross section line shape. An
iterative procedure is performed, with comparison between
the input cross sections and the measured ones, until the
difference of (1þ δ) between the last two iterations is less
than 1%. This method is performed independently for each
process. The measured Born cross sections are summarized
in Table IV.

VI. SYSTEMATIC UNCERTAINTIES

Several sources of uncertainties arise from the PWA.
These include statistical uncertainties from the fit and
systematic uncertainties related to the PWA model. They
affect the result by influencing the fractions and the
efficiencies of the intermediate processes. The statistical
uncertainties are estimated by the standard deviation in
percentage of a thousand re-calculated fractions and effi-
ciencies derived from a thousand groups of randomly
generated fit parameters using correlated multivariable
Gaussian functions. The parameters and their covariance
matrix are taken from the PWA result. The systematic
uncertainty related to masses and widths of resonances is
estimated by shifting one of them at a time by one standard
deviation and performing the fit again. The larger changes
caused by different shifting directions are added in quad-
rature for all parameters to calculate the systematic uncer-
tainties. Similarly, the background level is changed by�50%
to estimate the related uncertainty. The energy dependent
Breit-Wigner functions and the Gounaris-Sakurai function
are replaced by energy independent Breit-Wigner functions

to estimate the uncertainty related to the propagator shape.
The hadron “scale” parameterQ0, which is used in the Blatt-
Weisskopf barrier factor, is varied between 0.2 and
0.33 GeV=c to estimate the associated uncertainty.
Aside of the PWA, additional sources of systematic

uncertainties are considered. The uncertainty associated to
the integrated luminosity is 1.0% [49]. The detection
efficiency uncertainty is 1.0% for each charged track
[27,50] and photon [50]. The uncertainty associated to
the π0 → γγ branching fraction is taken from the PDG. The
uncertainty related to the 4C kinematic fit is estimated by
the changes in result if helix parameters of the simulated
charged tracks are corrected to match the resolution in data
[51]. The systematic uncertainties related to the E=p ratio,
opening angle, and helicity angle requirements are esti-
mated by using a control sample of J=ψ → πþπ−π0 data.
The difference between the detection efficiencies of these
selections on data and MC are taken as the uncertainties.
The uncertainties for the signal yield and for the back-
ground shape are estimated by replacing them by a
Gaussian function and by a second-order polynomial
function, respectively, and estimating the difference in
yields. The uncertainty related to the fit range is estimated
by changing it by�10 MeV=c2. The uncertainty associated
to the (1þ δ) factor is obtained from the accuracy of the
radiation function, which is about 0.5% [52], and the
contribution from the cross section line shape, which is
estimated by resampling the parameters describing it using
correlated multivariable Gaussian functions. The standard
deviation of the recalculated results is taken as the
uncertainty. Adding in quadrature all the individual

TABLE IV. The measured Born cross sections of the process eþe− → πþπ−π0 and of its intermediate processes
eþe− → ρπ and eþe− → ρð1450Þπ → πþπ−π0. The results of the process eþe− → πþπ−π0 include all possible
intermediate and direct processes. The first uncertainties are statistical and the second ones are systematic.ffiffiffi
s

p
(GeV) σBðeþe− → πþπ−π0Þ (pb) σBðeþe− → ρπÞ (pb) σBðeþe− → ρð1450Þπ → πþπ−π0Þ (pb)

2.0000 425.5� 14.1� 17.7 419.3� 18.4� 16.2 107.1� 13.8� 6.5
2.0500 358.9� 24.2� 14.5 459.7� 72.2� 22.9 59.6� 39.2� 3.1
2.1000 363.8� 17.0� 15.7 403.8� 119.0� 17.7 32.9� 16.1� 2.1
2.1250 398.1� 4.2� 15.6 452.7� 7.2� 24.0 43.4� 5.7� 2.8
2.1500 379.8� 25.2� 15.3 447.2� 70.5� 19.7 99.4� 37.2� 5.0
2.1750 367.4� 12.5� 16.2 423.1� 21.5� 18.8 71.6� 17.6� 3.8
2.2000 331.0� 10.7� 14.5 345.8� 32.2� 15.7 60.7� 12.8� 3.9
2.2324 311.2� 11.0� 13.4 320.6� 13.9� 14.9 50.9� 3.4� 3.2
2.3094 243.8� 7.3� 9.6 250.9� 27.2� 12.3 38.7� 1.5� 2.1
2.3864 181.2� 6.0� 7.7 167.9� 15.0� 7.4 17.7� 4.9� 1.1
2.3960 179.6� 3.5� 7.7 165.7� 7.4� 7.7 31.5� 3.9� 1.5
2.6444 93.2� 3.5� 3.8 75.2� 5.7� 3.4 19.7� 4.2� 1.2
2.6464 91.1� 3.4� 3.6 74.5� 5.9� 3.8 13.5� 3.4� 0.8
2.9000 50.6� 1.5� 2.4 36.8� 2.2� 2.0 9.5� 1.8� 0.6
2.9500 39.5� 3.3� 1.7 30.1� 4.1� 1.3 12.6� 4.7� 0.8
2.9810 49.5� 3.6� 2.0 33.6� 4.2� 1.4 5.4� 2.2� 0.3
3.0000 42.6� 3.4� 1.7 31.8� 4.2� 1.4 5.9� 2.5� 0.3
3.0200 34.8� 2.9� 1.5 19.0� 3.8� 0.9 9.7� 5.4� 0.6
3.0800 20.8� 0.9� 0.9 8.9� 0.7� 0.4 6.6� 1.0� 0.4
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contributions yields the total systematic uncertainty, which
varies between 3% and 6% at different energies.

VII. LINE SHAPE FITTING
TO THE CROSS SECTION

Following the decay pattern eþe− → R1 → R2π → 3π,
where R1 and R2 represent possible mesons, the cross
sections of the processes through different R2 have been
separated by PWA. Below 2.0 GeV, R1 could be ωð1420Þ
andωð1650Þ. The possibleω excited state above 2.0 GeV is
studied with separated eþe− → R2π cross sections. The
measured Born cross sections for the eþe− → πþπ−π0

process, including all possible channels with πþπ−π0
final-state, are shown in Fig. 4, in agreement with the
previous measurements. The separated Born cross sections

for the eþe− → ρπ and eþe− → ρð1450Þπ → πþπ−π0

processes are shown in Fig. 5. The result for the eþe− →
ωπ0 process is not reported, since it has been previously
measured by BESIII with better uncertainties by using the
same data samples with the subsequent decay ω →
πþπ−π0 [28].
To study the possible structure observed in both of the

Born cross section line shapes, a simultaneous fit, assuming
the same resonance structures in theeþe− → ρπ andeþe− →
ρð1450Þπ → πþπ−π0 processes, is performed to the mea-
sured Born cross sections. The Born cross-section line shape
is described by the contributions from an excited ω� meson
and a continuum function as jfrðsÞeiϕr þ fcðsÞj2, where ϕr
is the relative phase between the resonance and continuum
amplitudes. The resonance contribution frðsÞ [53] is
defined as

FIG. 4. The Born cross-section distribution for the eþe− → πþπ−π0 process. The red dots with error bars represent the results obtained
in this work. The blue and cyan triangles, green squares, and purple diamonds with error bars represent the BABAR, SND and BESIII
results measured with the ISR method, respectively. The error bars incorporate both statistical and systematic uncertainties.

(a) (b)

FIG. 5. The Born cross-section distributions for the (a) eþe− → ρπ and (b) eþe− → ρð1450Þπ → πþπ−π0 processes. The red dots with
error bars represent data. The blue solid, green dashed, purple dot-dashed, and orange dashed lines represent the fit function, the
continuum amplitude and the resonance amplitude for the constructive and destructive interference cases, respectively. The blue shaded
bands indicate the one-sigma variance of the fit results. The error bars incorporate both statistical and systematic errors.
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frðsÞ ¼
Mrffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12πðℏcÞ2Γr

eeBrΓr

p
s −M2

r þ iMrΓr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φð ffiffiffi

s
p Þ

ΦðMrÞ

s
; ð8Þ

whereMr andΓr are themass and width of the structure near
2.20 GeV, respectively; ℏ is the reduced Planck’s constant; c
is the speed of light; Φ is the calculated phase space factor;
Γr
eeBr is the product of electric partial width and the

resonance branching fraction of the decay to corresponding
final state. The continuum amplitude fcðsÞ is parametrized
by a and b as

fcðsÞ ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Φð ffiffiffi

s
p Þ

p
ð ffiffiffi

s
p Þb : ð9Þ

The continuum part includes the contributions from
ωð1420Þ, ωð1650Þ, and other direct processes.
A χ2 − fit, incorporating the correlated and uncorrelated

uncertainties among different energy points, is performed.
The uncertainties related to luminosity, tracking efficiency,
photon detection efficiency, and branching fractions are
considered as correlated between different energy points.

The nominal fit result is shown in Fig. 5. The significance
of the resonance is estimated by comparing the χ2 values of
the fit with and without the resonance.
Multiple solutions were found that have the same χ2.

While mass and width of the resonance are the same, the
relative phase is different indicating constructive or destruc-
tive interference between resonance part and continuum
part. In addition, the product of electric partial width and
the resonance branching fraction (Γr

eeBr) is different. For
the eþe− → ρπ process, solutions have Γr

eeBrr→ρπ ¼ 1.5�
0.7 eV and 17� 12 eV for the constructive and destructive
interference cases, respectively. For the eþe−→ρð1450Þπ→
πþπ−π0 process, they are Γr

eeBrr→ρð1450Þπ→πþπ−π0 ¼ 0.3�
0.2 eV and 3� 2 eV.
To study the systematic uncertainties of the resonance

parameters, an alternative fit is carried out by adding theSND
measurement [12] to the BESIII data and the contributions
from ωð1420Þ and ωð1650Þ to our function, which have the
same form of firðsÞeiϕi

r . The alternative fit is shown in Fig. 6.
The goodness of the fit is limited by the data samples above
2.2 GeV. The SND data helps to constrain the continuum
shape from resonance below 2.0 GeV. The difference
between the nominal and the alternative fit results is taken
as the systematic uncertainty of the resonance parameters.
These fit results are summarized in Table V.

VIII. CONCLUSION

In summary, the Born cross sections of eþe− → πþπ−π0
are measured, which are consistent with previous measure-
ments within 1σ with improved precision. A structure
with mass M ¼ 2119� 11� 15 MeV=c2 and width
Γ ¼ 69� 30� 5 MeV is observed with a significance
larger than 5σ over the continuum-only hypothesis by fitting
the Born cross section line shapes for eþe− → ρπ and
eþe− → ρð1450Þπ, where the first uncertainties are statis-
tical and the second ones are systematic. According to G-
parity conservation in the strong interaction, this resonance

FIG. 6. Fit to the σBðeþe− → ρπÞ and σBðeþe− → ρð1450Þπ → πþπ−π0Þ distributions, merging the BESIII data (red circles with error
bars) together with the SND data (green squares with error bars). The blue solid line represent the fit function. The error bars incorporate
both statistical and systematic errors.

TABLE V. Fit results of the eþe− → ρπ and eþe− →
ρð1450Þπ → πþπ−π0 processes, where the uncertainties are
statistical only.

Nominal fit Alternative fit

Mass 2119� 11 MeV=c2 2134� 14 MeV=c2

Width 69� 30 MeV 74� 31 MeV
χ2 41.9 73.3
Number of free
parameters

10 18

Degrees of
freedom (ndf)

28 48

χ2=ndf 1.50 1.53
Significance 5.9σ 5.2σ
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decaying to ρπ should have a negative G-parity, as anω or ϕ
excited state. Since ϕ → πþπ−π0 is an Okubo-Zweig-Iizuka
(OZI) suppressed process, an ω excited state is a possible
candidate. Further experimental studies are needed to clarify
the situation. TheBorn cross sections and PWA results in this
work are of importance in the precision determination of the
HVP contribution toaμ in the near future, as they set the basis
for a more accurate description of the eþe− → πþπ−π0
process dynamics in MC generators like Phokhara.
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