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ZusammenfassungQuantenhromodynamik (QCD) ist die etablierte Theorie zur Beshreibung der starkenWehselwirkung zwishen den Konstituenten der hadronishen Materie. Die elementarenFreiheitsgrade in der QCD-Wirkung sind dabei Quarks und Gluonen. Die Existenz derQuarks wurde erstmals von Gell-Mann und Zweig in den 1960er Jahren postuliert. Indiesem Zusammenhang beshreibt der Begri� on�nement die Erfahrungstatsahe, dassfreie Quarks niht beobahtet werden.Bei der QCD handelt es sih um eine niht-Abel'she Eihtheorie bzgl. der Gruppe
SU(3) und der zugehörigen Farbladung. Das bedeutet, dass die QCD eine lokale Ei-hinvarianz unter SU(3)-Farbtransformationen aufweist. Insofern lässt sih on�nementauh so formulieren, dass nur Farbsingulett-Zustände beobahtbar sind. Ein wesent-lihes Merkmal der QCD ist die asymptotishe Freiheit, d. h. das Vershwinden derKopplungsstärke, αs, für wahsende Impulsüberträge bzw. Energieskalen,

αs(Q
2 → ∞) → 0 .In Umkehrung dieser Beziehung wähst die Kopplung für groÿe Abstände stark an, sodass eine perturbative Beshreibung auf Basis der ursprünglihen Freiheitsgrade zusam-menbriht, was letztlih Voraussetzung für das Auftreten von on�nement ist.Während gerade der störungstheoretishe Zugang bei sehr hohen Energien erfolgrei-he Tests der Theorie gegenüber Experimenten an Teilhenbeshleunigern erlaubt, sindweite Energiebereihe niht perturbativ zugänglih. Dies tri�t neben der Vorhersagedes Hadronspektrums insbesondere auf die Untersuhung des thermishen Übergangs,d. h. des Übergangs von der hadronishen Phase in ein stark wehselwirkendes Plasma,und der Materieeigenshaften oberhalb dieses Übergangs zu. Dieser Bereih des QCD-Phasendiagramms wird durh Shwerionenkollisionsexperimente an modernen Teilhen-beshleunigern (RHIC, LHC) untersuht. In den Shwerionenkollisionen entsteht Mate-rie sehr hoher Energiedihte, die dann in einen thermalisierten Zustand oberhalb desthermishen Übergangs mündet. Während bei tieferen Temperaturen die beobahtetenHadronen � Mesonen (wie z. B. Pionen und Kaonen) und Baryonen (z. B. Protonen undNeutronen) � die relevanten Freiheitsgrade bilden, ist dies oberhalb des Übergangs nihtmehr der Fall. Dort interagieren die ursprünglih in der Wirkung auftretenden Quarksund Gluonen als Teilhen in einem stark gekoppelten Plasma. Tatsählih hat sih ge-zeigt, dass dieses Quark-Gluon-Plasma (QGP) zumindest in der Nähe des thermishenÜbergangs durh ideale Hydrodynamik beshrieben werden kann. Das tatsählihe Auf-brehen der Beshreibung hin zu wirklih freien Teilhen wird erst bei sehr viel höherenTemperaturen als Folge der asymptotishen Freiheit erwartet.Durh die Einführung der Gitterregularisierung durh Wilson 1974 wurde eine Mög-lihkeit gesha�en, jenseits der Störungstheorie die QCD niht-perturbativ zu untersu-hen. Dazu werden die Minkowski-Raumzeit durh Wik-Rotation in eine Euklid'sheMetrik überführt und das kontinuierlihe Raumzeitvolumen durh ein vierdimensionaleshyperkubishes Gitter mit Gitterabstand a ersetzt. Diese Regularisierung der Theorieiii



Zusammenfassungmit einem Abshneiden der Impulse bei 1/a briht die Lorentz-Invarianz und führt zueiner komplizierten Behandlung in Störungstheorie. Der eigentlihe Grund, die Gitter-formulierung der QCD zu verwenden besteht vielmehr darin, dass für endlihes Vo-lumen numerishe Berehnungen unter Zuhilfenahme von leistungsfähigen Computernbzw. Groÿrehnern durhgeführt werden können. Der dabei typisherweise verwendetehybride Monte-Carlo Algorithmus erzeugt eine Markov-Kette von Eihfeldkon�guratio-nen, die gegen die entsprehende Gleihgewihtsverteilung konvergieren. Derart lassensih statistishe Mittelwerte für primäre Observablen, die als Funktion des Eihfeldesaufgefasst werden können, bestimmen.Auf diese Weise werden im Rahmen der Gitter-QCD, bzw. allgemeiner in Gittereih-theorie, Vakuumerwartungswerte und auh thermishe Gleihgewihtserwartungswerteberehnet. In thermishe Systemen wird über die Länge der (Euklid'shen) Zeitrihtungmit Nτ Gitterpunkten eine Temperatur eingestellt, d. h. T = 1/(aNτ ). Dabei sind dieentsprehenden Randbedingungen der Felder in Zeitrihtung zu beahten.Während die Diskretisierung der reinen Eihtheorie keine weiteren konzeptionellenProbleme aufweist, ist die Situation für Fermionen wesentlih komplizierter. Eine naiveDiskretisierung der fermionishen Ableitungsterme führt dazu, dass sih die Anzahlder Freiheitsgrade im Kontinuumslimes für jede Raumdimension verdoppelt. DiesemDopplerproblem wird durh vershiedene Methoden der Fermiondiskretisierung entgegengetreten, die jeweils andere Vor- und Nahteile besitzen.Gegenstand dieser Dissertation ist die Anwendung einer speziellen Variante gitterre-gularisierter Fermionen mit sogenanntem hiral verdrehtem Massenterm (twisted mass)für Studien der thermishen Eigenshaften der Quantenhromodynamik. Während dieseFermionen zur Berehnung von Vakuumeigenshaften der QCD bereits erfolgreih durhdie European Twisted Mass Collaboration (ETMC) eingesetzt worden sind, ist die erst-malige Anwendung auf physikalishe Fragestellungen bei endlihen Temperaturen indieser Arbeit enthalten. Neben konkreten physikalishen Problemen geht es also insbe-sondere darum, die spezi�shen Eigenshaften der twisted mass-Formulierung jenseitsdes Vakuums zu untersuhen und ein Simulationskonzept zu erstellen.Dabei liegt der Fokus im Wesentlihen auf der einfahsten Formulierung der twistedmass QCD (tmQCD), die ein massenentartetes leihtes Quarkdublett berüksihtigt.Dies ist der natürlihe Anfangspunkt für Untersuhungen mit twisted mass Fermionen,da diese Fermiondiskretisierung auf Basis solher �avour -Dubletts konstruiert wird. DieGrundlage für die Massenverdrehung bilden Gitterfermionen vom Wilson-Typ. DieserTypus vermeidet das Dopplerproblem, indem die hirale Symmetrie durh einen zusätz-lihen Term in der Wirkung explizit gebrohen wird. Dies führt neben einer additivenMassenrenormierung insbesondere dazu, dass Gitterartefakte bereits in einer Ordnungfrüher als bei anderen Fermionen auftauhen, d. h. in O(a). Derartige Probleme ha-ben andere Arten der Fermiondiskretisierung niht. Insbesondere staggered Fermionensind sehr oft für thermishe Studien verwendet worden. Allerdings ist die Gültigkeit derstaggered Fermionformulierung jenseits der Störungstheorie umstritten, so dass weitest-gehend anerkannt ist, dass die staggered-Ergebnisse durh Untersuhungen mit alterna-tiven Fermiontypen kontrolliert werden müssen.Die Modi�kation der Wilson'shen Fermionen durh den hiral verdrehten Massen-term erlaubt nun, zumindest die führende Ordnung der Diskretisierungsartefakte wiederzu O(a2) zu korrigieren, wenn man den unverdrehten Anteil der Quarkmasse zu Nulleinstellt. Diese spezielle Wahl, die letztlih zu einer Verdrehung um π/2 korrespondiert,iv



Zusammenfassungbezeihnet man übliherweise als maximale Verdrehung bzw. maximal twist. Maximalverdrehte Wilson-Fermionen bilden damit � neben den auh benutzten lover Fermio-nen � eine vielversprehende Wahl für die Anwendung auf thermishe Systeme, dietypisherweise stark durh Diskretisierunge�ekte beeinträhtigt sind.Diese Dissertation ist wie folgt strukturiert. Die bisherigen einleitenden Erläuterungenentsprehen den Kapiteln 1 bis 3, wobei dort natürlih in weit gröÿerem Maÿe auf dietheoretishen Grundlagen eingegangen wird. Dies shlieÿt insbesondere die Diskussionder laufenden Kopplung und hiraler Symmetrien in Kapitel 2 ein. Bei den Erläuterun-gen der Gitter-QCD wird insbesondere die tmQCD mit ihren besonderen Eigenshaftenbetrahtet. Neben der automatishen O(a)-Verbesserung bei maximalem twist umfasstdies auh die ETMC-Untersuhungen zu der niht-trivialen Vakuumstruktur im Raumder unrenormierten Parameter κ, β und µ0. κ = (2am0 + 8)−1 ist dabei der Hopping-parameter, β = 6/g2 die Gitterkopplung und µ0 der twisted mass-Parameter.In Kapitel 4 werden anshlieÿend einige generelle Eigenshaften der tmQCD bei niht-vershwindender Temperatur behandelt. Dies betri�t zum einen die zuvor genannte Pha-senraumstruktur. Bei endlihen Temperaturen kommt als neues Element der thermisheÜbergang hinzu. Tatsählih konnten wir basierend auf einer Vermutung von Creutz denthermishen Übergang als Flähe im Phasendiagramm ausmahen, die sih kegelartigum den kritishen Hoppingparameter windet und zu gröÿeren Temperaturen � sprih
β � immer gröÿer wird. Die entsprehenden Simulationen wurden vor dieser Dissertati-on begonnen. Allerdings mahen wir deutlih, welhe wesentlihen Aspekte tatsählihTeil dieser Arbeit sind. Alles in allem ist es wihtig anzumerken, dass die unphysika-lishen Phasen verstanden sind und für den eigentlih interessanten Kontinuumslimeskein bedeutendes Hindernis darstellen.Der zweite Zugang, der in Kapitel 4 verfolgt wird, besteht in störungstheoretishenBerehnungen des Druks. Hierbei extrahieren wir die Abhängigkeit von den führendenOrdnungen in a explizit für den freien Druk und �nden, dass sih die vershiedenenDiskretisierungen im a2-Skalierungsbereih niht stark untersheiden. Allerdings bleibtfestzuhalten, dass a2-Verhalten niht vor Nτ ∼ 10 beobahtet wird. Qualitativ gleiheShlussfolgerungen lassen sih auh aus der nähsten Ordnung, den Zweishleifendia-grammen, ziehen.Kapitel 5 enthält unsere Untersuhung des Nf = 2 thermishen Übergangs. Nf be-zeihnet hierbei die Anzahl der Quark-Arten bzw. �avours. Während sowohl für den
Nf = 3 hiralen Limes als auh für die reine Eihtheorie klar ist, dass der thermisheÜbergang ein ehter Phasenübergang erster Ordnung ist, bleibt die Situation für denthermishen Übergang im hiralen Limes zweier Quark-Arten unklar. Es gibt zwei mög-lihe Szenarien, die von Pisarski und Wilzek identi�ziert wurden. Das erste Szenariosieht einen Übergang zweiter Ordnung im hiralen Limes vor. Dieser würde in der drei-dimensionalen O(4)-Universalitätsklasse liegen. Die zweite Möglihkeit ist ein Übergangerster Ordnung gerade so wie in den zuvor genannten zwei anderen Grenzfällen. Ent-sheidend ist hier die Stärke der UA(1)-Anomalie, die stark genug durh thermisheE�ekte unterdrükt sein muss, damit es zu einem Übergang erster Ordnung kommenkann.Im ersten Teil von Kapitel 5 präsentieren wir unsere Simulationsläufe. Dabei handeltes sih um Läufe mit vershiedenen Werten der Gitterkopplung β bei konstanter Pion-masse und maximaler hiraler Verdrehung. Durh die Veränderung von β verändern wirüber den Gitterabstand letztlih die Temperatur T = 1/(aNτ ). Für die Analyse relevantv



Zusammenfassungsind vier Datensätze bei drei vershiedenen Pionmassen, 300MeV ≤ mπ ≤ 500MeV.Viel kleinere Massen, womöglih sogar die physikalishe Pionmasse, sind mit Fermio-nen vom Wilson-Typ derzeit niht zu erreihen. Die einzelnen Datensätze werden vonuns mit A12, B10, B12 und C12 benannt; die Zahl gibt die Anzahl der Gitterpunktein Zeitrihtung Nτ an, so dass bei physikalish konstanten Bedingungen gröÿere Nτ inden Kontinuumslimes führen. Die Pionmassen sind im Einzelnen 316(16)MeV (A12),398(20)MeV (B10, B12) und 469(24)MeV (C12). Die Ausdehnung des Gitters in dieräumlihen Rihtungen beträgt in allen Fällen L = aNσ mit Nσ = 32 Gitterpunkten.Für die mittlere Masse gibt es zwei Gitterabstände, so dass sih die Gröÿe der Dis-kretisierungse�ekte abshätzen lässt. Es zeigt sih, dass diese klein sind im Vergleih zuden Unsiherheiten, die durh Statistik und Skalensetzung auftreten.Um den Gitterabstand und die Pionmasse für unsere Simulationsläufe zu bestimmensowie um den kritishen Hoppingparameter als Bedingung für maximalen twist einzu-stellen, haben wir auf die Daten zurükgegri�en, die ETMC publiziert hat. Basierendauf den β-Werten von ETMC, β ∈ {3.8, 3.9, 4.05, 4.2}, können wir so die für uns inte-ressanten Gröÿen zuverlässig interpolieren.Die betrahteten Observablen sind das hirale Kondensat, die Plakette und der Polya-kov-loop (Wilson-Linie). Letzterer ist in der reinen Eihtheorie der Ordnungsparameterfür den Phasenübergang von on�nement zu deon�nement. Von weiterem besonderenInteresse ist das hirale Kondensat, das im Grenzfall masseloser Quarks den Ordnungs-parameter des hiralen Phasenübergangs darstellt.Die Kategorisierung der vershiedenen Möglihkeiten von Phasenübergängen zwei-ter Ordnung in Universalitätsklassen erfolgt nah Spinmodellen. Im hiralen Limes derzwei-�avour -Theorie könnte die dreidimensionale O(4)-Universalität vorliegen, wenn dieAnomalie genügend stark ist. Andererseits könnte es zum Phasenübergang erster Ord-nung kommen, der sih zu endlihen Quarkmassen erstreken würde. Dann müsste einEndpunkt zweiter Ordnung in der 3d-Ising Universalitätsklasse existieren. Da unsere Si-mulationen deutlihes Verhalten eines analytishen Überganges aufweisen, erwartet manfolglih für die Annäherung an den hiralen Limes entweder O(4)- oder Z(2)- (Ising)Verhalten, wobei der Z(2)-Punkt bei endliher Pionmasse zu �nden wäre.Diese Beobahtung der Universalitätsklasse maht sih zu Nutze, dass Skalenverhaltenshon in einem kritishen Bereih um den eigentlihen Übergangspunkt vorherrshendist. Die erste von uns angewandte Extrapolationsmethode basiert auf dem Verhaltender pseudokritishen Temperatur als Funktion der Pionmasse,
Tc(mπ) = Tc(0) +A(mπ)

2/(βδ) ,wobei β und δ die für die Universalitätsklasse harakteristishen kritishen Exponentensind. Ein Fit mit freien Exponenten erweist sih als niht aussagekräftig. Tatsählihsind die Exponenten zu nah bei einander, um die vershiedenen Szenarien zu trennen.Allerdings �nden wir aufgrund der Gröÿe der extrapolierten Temperatur im Vergleihzu anderen existierenden Untersuhungen eine leihte Präferenz für O(4)-Verhalten.Zu beahten ist, dass das Quadrat der Pionmasse als Argument die Quarkmasse er-setzt, die dem eigentlihen symmetriebrehenden äuÿeren Feld entspriht. Die verwen-dete Beziehung, m2
π ∼ mq, stellt allerdings nur die führende Ordnung in der sogenann-ten hiralen Störungstheorie dar, weshalb die Gültigkeit der obigen Formel für Massen

mπ & 500MeV niht erwartet werden kann. Dies begründet insbesondere unsere Wahlder oberen Grenze der betrahteten Pionmassen.vi



ZusammenfassungEine zweite Möglihkeit, Skalenverhalten zu untersuhen, ist die magnetishe Zu-standsgleihung,
〈

ψψ
〉

= h1/δf(x) ,mit der Skalenvariablen x = (β − βhiral)/h1/(δβ) , wobei der kritishe Exponent von derGitterkopplung im Zähler zu untersheiden ist. Die obige Gleihung setzt den Ordnungs-parameter, das hirale Kondensat, mit einer Skalenfunktion in Verbindung, die für O(4)bekannt ist. Das die Symmetrie explizit brehende äuÿere Feld ist hier wiederum durhdie Quarkmasse gegeben, die aber niht wie zuvor durh die Pionmasse ersetzt wird.Insgesamt erlaubt die magnetishe Zustandsgleihung die Betrahtung etwas gröÿererTemperaturbereihe und ist niht unmittelbar auf die Bestimmung der pseudokritishenTemperatur bei gegebener Pionmasse angewiesen.Wir stellen fest, dass wir die beiden leihteren Massen durh die magnetishe Zu-standsgleihung unter Zuhilfenahme führender Skalenverletzungen für O(4)-Verhaltenbeshreiben können. Aufgrund der Ähnlihkeit der Exponenten führt dies aber keines-wegs zu einem Ausshluss der anderen möglihen Szenarien. Jedoh können wir feststel-len, dass wir ein selbstkonsistentes Bild mit O(4)-Verhalten im hiralen Limes erhalten.Einen direkten Zugang, die Stärke der Anomalie zu untersuhen, bieten sogenann-te sreening-Massen. Diese shirmen Mediumanregungen mit entsprehenden Quanten-zahlen räumlih ab. Neben den Massen bietet es sih auh an, das Integral über dieKorrelatoren, aus denen die Massen bestimmt werden, zu betrahten, da hier ohne dieNotwendigkeit eines Fits weniger systematishe E�ekte auftreten können. Tatsählihzeigt sih, dass wir auf dieses Vorgehen angewiesen sind, da auf Basis der uns zur Verfü-gung stehenden Datenmenge die sreening-Massen selbst niht genau genug bestimmtwerden können. Wir verwenden die Korrelatoren, die den geladenen �avour -Multiplett-Teilhen entsprehen. Dies erleihtert die Auswertung, da keine unverbundenen Beiträgevorkommen, die sehr stark durh numerishes Raushen beeinträhtigt sind.Neben der Analyse auf Grundlage der in unseren o. g. Simulationen erzeugten Eih-feldkon�gurationen betrahten wir auÿerdem den freien Limes der Theorie. In diesemGrenzfall lassen sih Diskretisierungs- und Volumene�ekte untersuhen. Zumindest fürdiese Theorie ohne Wehselwirkungen �nden wir, dass Korrekturen durh den Gitter-abstand die Massen verringern, während Volumene�ekte zu einer Vergöÿerung führen.Die Aufspaltung der pseudoskalaren und skalaren sreening-Observablen ist ein Maÿfür die Anomalie, da es sih um Partner unter Transformationen der UA(1) handelt.Zum hiralen Limes hin beobahten wir sogar eine anwahsende Stärke der Anomalie,was wiederum auf das O(4)-Szenario hinweist, ohne dass letztgültige Shlüsse gezogenwerden könnten, da keine absolute Skala für die Anomaliestärke zur Verfügung steht.In Kapitel 6 diskutieren wir die Erweiterung auf den Fall Nf = 2 + 1 + 1, d. h. dieBerüksihtigung von dynamishen strange und harm Quarks. Dies ist von theoreti-sher Seite kein Problem, da sih ein massenaufspaltender Term in die tmQCD-Wirkungintegrieren lässt. Gerade das strange Quark hat eine Masse im Bereih der Übergang-stemperatur, so dass man generell einen starken Ein�uss vermuten kann. Wir betrahtenwiederum den freien Druk, für den wir die freie, in diesem Fall allerdings aufgespalte-ne Dispersionsrelation in Ordnungen des Gitterabstandes entwikeln. Die zusätzlihenGitterartefakte durh die Aufspaltung erweisen sih als sehr klein.Letztlih geben wir möglihe Parameterwerte für einen ersten Simulationslauf im
Nf = 2 + 1 + 1 Rahmen an. Aufgrund der Erfahrung für Nf = 2 und basierend aufvii



Zusammenfassungden Daten, die bereits von ETMC publiziert worden sind, ist die Wahl eines vielverspre-henden Bereihs möglih.Zusammenfassung und Ausblik geben wir in Kapitel 7. Diese Dissertation stellt dieerste Anwendung von gitterregularisierten Fermionen mit hiral verdrehtem Massen-term auf physikalishe Fragestellungen im Rahmen der thermishen QCD dar. UnsereUntersuhungen liefern erste Ergebnisse, die untermauern, dass die tmQCD einen viel-versprehenden Ansatz für diese Art physikalisher Probleme zur Verfügung stellt. Dar-über hinaus erlauben die hier vorgestellten Resultate die Vertiefung und Erweiterungder bisherigen Studien in zukünftigen Projekten.Angeführt sind noh einige Anhänge, in denen wir zusätzlihe Informationen zur ver-wendeten Notation (A) und Details für Rehnungen im Grenzfall der freien Theorie (C)sowie Simulationsdetails (B, D) sammeln.
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1. IntrodutionSine the rapid development of quantum �eld theories in the 1960's and 1970's and thedisovery of asymptoti freedom in 1973 [1, 2℄ quantum hromodynamis (QCD) hasbeen established as the theory of strong interation. The main soure of on�denefor the validity of QCD is the high energy regime in whih ollider experiments anbe ompared to perturbative alulations. The outome of these experiments an bedesribed to very high auray by QCD together with the eletroweak theory formingthe so-alled Standard Model of partile physis; for a olletion of those results seee. g. [3℄.For lower energies perturbation theory is not appliable due to the inreasing ou-pling strength. This prohibits, for instane, perturbative alulations of hadron masses.The oupling as a funtion of temperature is already too large for temperature salesthat are relevant to studies of thermal QCD systems. Moreover, perturbation theoryat �nite temperature beyond the leading orders is in general obstruted by infrareddivergenes. This phenomenon is known as the Linde problem [4℄. Thermodynamisof strongly interating matter is experimentally studied at the olliders RHIC 1 andLHC 2. The heavy ion ollisions at those olliders are meant to produe a very hot stateof matter in whih quarks and gluons are at least partially deon�ned, the so-alledquark-gluon plasma (QGP). Of ourse, sine the evolution of the universe is a historyof dereasing temperature, at some early stage the QCD transition from a QGP-likestate to the hadroni phase as we observe it in today's universe must have ourredand thus knowledge about that transition is important for osmology. A seond familyof experiments, espeially FAIR at GSI 3, addresses matter with higher density. Thisregime, too, is not aessible for perturbation theory. Model studies suggest a phasestruture similar to the one depited in �gure 1.1, whih is based on the review in [5℄.Lattie gauge theory was introdued in the 1970s and early 1980s as a tool that allowsto investigate QCD non-perturbatively by numerial means [6, 7, 8, 9℄. This appliesto both zero and non-vanishing temperature but is restrited to small baryon densityor equivalently small hemial potential. The latter is the more appropriate quantityin terms of the grand anonial partition funtion usually used in lattie QCD. Therestrition is due to the so far unsolved sign-problem, see e. g. [10℄. This thesis fouseson the �rst appliation of a partiular formulation of lattie fermions with a so-alledhirally twisted mass term to simulations addressing questions of �nite temperatureQCD. Twisted mass fermions overome some problems of ordinary (unimproved) Wilsonfermions and o�er a theoretially sound ontinuum limit. We demonstrate that twistedmass fermions are well appliable to study thermal problems.The physial objet of interest for this work is the thermal transition itself. Thetransition between the deon�ned and on�ned phase is, as explained above, under in-1See the RHIC website, www.bnl.gov/rhi .2See the LHC website, lh.web.ern.h/lh .3See the FAIR portrait on the GSI homepage, http://www.gsi.de/portrait/fair.html . 1
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Figure 1.1.: Conjetured phase diagram of QCD. The axis of vanishing hemial potential isaessible by non-perturbative lattie simulations. Most features of the phasestruture are expeted from model studies. This visualisation is based on thereview by Fukushima and Hatsuda [5℄.vestigation in modern ollider experiments. Its apparent entanglement with hiral sym-metry breaking poses further questions to theoretial researh. The thermal transitionhas been studied in lattie simulations utilising di�erent types of fermion disretisations,the most detailed studies relying on the staggered fermion formulation by Kogut andSusskind [11℄ as well as improved versions thereof. Exhaustive reviews an be found inthe proeedings of the annual Lattie onferenes, e. g. [12℄. Various attempts to go to�nite hemial potential based on di�erent tehniques have been made and are urrentlybeing pursued [10, 13℄. Whereas in priniple those methods are appliable to twistedmass fermions as well as to any other fermion disretisation, this thesis is only onernedwith vanishing hemial potential pioneering the use of twisted mass fermions at �nitetemperature.Partiularly important is to know the nature of the phase transition depending onthe quark mass. That is beause omputational ost varies with a negative exponentfor the quark mass and for a long time the point of physial quark masses has only beenaessible by extrapolations [14℄. For Wilson type fermions physial quark masses arestill beyond reah for pratial purposes whereas staggered fermions are a lot heaper interms of omputing time. However, the omputational advantage of staggered fermionsomes with an on-going dispute about their validity [15, 16℄.The urrent understanding of the nature of the phase transition in the plane spannedby the mass of up and down quarks mud � taken to be degenerate � and the strangequark mass ms is skethed in �gure 1.2 in the popular way. It has been demonstratedthat the transition at the physial point is really an analytial rossover [17, 18℄ thattakes plae in a temperature interval T ∼ 150 − 200MeV [19, 20, 21℄. On the otherhand, the temperature of the �rst order transition for in�nite quark masses, i. e. in pureSU(3) gauge theory, is about 280MeV [22℄. We give more details with fous on thetwo-�avour limit later when disussing our results in hapter 5.Twisted mass fermions have been used suessfully by the European Twisted Mass2
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Figure 1.2.: The nature of the phase transition in the mud − ms plane as it is often shownin reviews, see e. g. [12℄. The upper right orner orresponds to SU(3) puregauge theory with a �rst order deon�nement transition. The massless limit inthe lower left orner exhibits the �rst order transition due to hiral symmetrybreaking. The situation for the two �avour hiral limit, i. e. the upper left orner,is not ompletely lear. One possibility is shown in the plot with the seond ordertransition of the 3d O(4) universality lass that extends down to some triritialstrange quark mass. But also a �rst order transition with a Z(2) boundary as inthe two previously mentioned ases is not ruled out.Collaboration (ETMC) to alulate vauum properties of QCD suh as hadron masses ordeay onstants [23, 24℄. Appliation of these fermions to �nite temperature systems hasbeen pursued by the twisted mass �nite temperature (tmfT) ollaboration [25, 26, 27,28, 29, 30℄ as part of whih the work for this thesis has predominantly been performed.The properties of twisted mass fermions at �nite temperature and the physial resultsobtained and presented here an serve for further researh relying on this partiulartype of fermions.This thesis is strutured as follows. The next hapter ontains a presentation of Quan-tum Chromodynamis as a part of the Standard Model. This inludes the ontinuumation, hiral symmetries and the treatment in thermal �eld theory. We also give ashort overview about the relevant heavy ion ollision experiments.Chapter 3 is used to introdue the lattie disretisation of fermions and in partiularWilson type fermions with twisted mass term. The following hapter 4 ontinues the dis-ussion of twisted mass QCD by presenting our studies of the non-trivial phase struturein bare parameter spae [29℄ and of the perturbative properties of improvement [31℄.Chapter 5 is devoted to simulations with two �avours of mass degenerate quarks. Forthis setup the nature of the transition in the hiral limit is still an open question thatwe disuss in the light of our results. We assess the potential of possible approahes tosolve that question, viz. extrapolations of the pseudo-ritial temperature as a funtionof pion mass and omparison of the hiral ondensate to universal saling. Moreover,we investigate the splitting in the spetrum of sreening masses that gives indiretinformation on the nature of the transition by the strength of the axial anomaly. We3



1. Introdutionspend part of the hapter to disuss possible systemati errors in the determination ofsreening masses by looking at the in�nite temperature limit.In a short hapter 6, we onsider the extension of twisted mass QCD to strange andharm quarks in the so-alled Nf = 2+1+1 setup. Although so far no numerial simu-lations are available, we present some thoughts on possible strategies and the expetedsize of uto� e�ets. Finally, onlusions are drawn and perspetives for future researhare given in hapter 7.
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2. Quantum Chromodynamis in theContinuumThis hapter serves to present Quantum Chromodynamis (QCD) as a quantum �eldtheory in its ontinuum formulation. We begin in the following setion by introduingthe ation of QCD, being part of the Standard Model. The ruial onept of hiralsymmetry is then disussed in setion 2.2. Setion 2.3 ontains the treatment of ther-mal QCD systems and is used to give a short overview about the heavy ion olliderexperiments omplementing the theoretial study of hot nulear matter.For the basis of quantum �eld theory and the Standard Model, we refer to thetextbook by Peskin and Shroeder [32℄, additional inspiration has been taken from [33℄.Our presentation of thermal �eld theory is based on Kapusta's book [34℄.2.1. QCD and the Standard ModelThe Standard Model of elementary partile physis ombines the strong, weak andeletromagneti interations into the ommon framework of quantum �eld theory. Thefourth fundamental interation, gravity, stands apart beause a omparable quantisationhas not been aomplished up to the present.The key onept that renders quantum �eld theory interating is the priniple ofloal gauge invariane. The gauge groups are harateristi for the partiular type ofinteration, i. e. SU(3) for the strong interation and SUw(2)×UY (1) for the eletroweaksetor. The latter symmetry group is broken to the eletromagneti Uem(1) allowingthe W± and Z bosons to be massive. It is hoped that the outome of the urrentLHC experiments will shed light on the mehanism of this symmetry breaking, whihan be desribed by introduing the so-far unobserved Higgs partile into the theory,f. e. g. [35℄. In the following, we onentrate on QCD whih this thesis is onernedwith.An early stage in the development of QCD as theory of the strong interation wasthe identi�ation of quarks as onstituents of hadroni matter by Gell-Mann [36℄ andZweig [37℄ motivated by the lassi�ation of hadron multiplets that are at least ap-proximately mass degenerate. The dynamial desription of strong interation is thenobtained in terms of a Yang-Mills theory [38℄ with a gauge group SU(Nc) for three so-alled olour degrees of freedom, Nc = 3. Although Yang-Mills theories had been knownsine the 1950s, their true relevane only beame lear due to the disovery of asymp-toti freedom by Politzer [1℄, Gross and Wilzek [2℄. Asymptoti freedom desribes adereasing interation strength for large momentum transfer, i. e. on small length sales.Aordingly, interations beome stronger and stronger for large distanes. This prop-erty of the non-Abelian Yang-Mills theory allows for on�nement, i. e. the experimentalfat that quarks are never observed as free partiles. 5



2. Quantum Chromodynamis in the Continuum2.1.1. Ation of QCDWe begin the disussion of QCD by giving its ation funtional,
S[ψ,ψ,Aµ] =

∫ d4x ∑
f

ψf (x) (iγµDµ −mf )ψf (x)−
1

4
F aµν(x)F

a,µν(x)



 . (2.1)In more detail, we an identify the integrand to onsist of fermioni and pure gauge(Yang-Mills) Lagrangian densities,
LF =

∑

f

ψf (x) (iγµDµ −mf )ψf (x) , (2.2a)
LYM = −1

4
F aµν(x)F

a,µν(x) . (2.2b)Conentrating on the fermioni part �rst, we see that the quarks as elementary fermionsare expressed by the ontinuous spinor �elds ψf (x), one for eah quark �avour f . TheDira γ-matries at in spinor spae and have to ful�l
{γµ, γν} = 2gµν , (2.3)with the Minkowski metri gµν . Note that the right hand side is really proportionalto the unit matrix in spinor spae on whih also the Dira matries at. However, wefollow the ommon onvention and usually suppress the expliit appearane of suh unitmatries in our formulae.Interations are mediated by the gluons whih are desribed by means of the gauge�elds Aaµ(x), a = 1, . . . , N2

c − 1. The oupling appears in terms of the ovariant deriva-tive,
Dµ = ∂µ − igAaµT a . (2.4)The generators of SU(Nc), T a, form a Lie algebra with the proper ommutation rela-tions,
[T a, T b] = ifabcT c . (2.5)The seond part of the QCD ation � orresponding to the Yang-Mills Lagrangiandensity given in equation (2.2b) � aounts for the pure gauge dynamis. The �eldstrength F aµν an be de�ned by the ovariant derivative,

[Dµ,Dν ] = −igF aµνT a . (2.6)Sine the gauge group is non-Abelian, the Yang-Mills ation ontains three- and four-gluon self-interations. This is the essential di�erene between the Abelian QuantumEletrodynamis and the non-Abelian QCD.The spinor �elds transform in the fundamental representation of olour SU(3). Thegauge �elds, Aaµ, ensure loal gauge invariane through the ovariant derivative and haveto transform themselves in the adjoint representation of SU(3). Correspondingly, thein�nitesimal gauge transformations read
ψ(x) → (1 + iαa(x)T a)ψ(x) , (2.7a)
Aaµ(x) → Aaµ(x) +

1

g
∂µα

a(x) + fabcAbµ(x)α
c
µ(x) , (2.7b)6



2.1. QCD and the Standard Modelorresponding to a global transformation matrix exp (iαa(x)T a) ∈ SU(3).One the ation is given, the expetation value for some primary observable, K, anbe expressed as a path integral, i. e. as an integral that is de�ned on the spae of allpossible �eld on�gurations,
〈K〉 = 1

Z

∫

D[ψ,ψ,Aµ] K[ψ,ψ,Aµ] eiS[ψ,ψ,Aµ] , (2.8)with the normalisation given by
Z =

∫

D[ψ,ψ,Aµ] eiS[ψ,ψ,Aµ] . (2.9)For later purposes it is useful to note that the fermioni part of the ation an berewritten by means of a fermion kernel, the Dira operator, MF ,
SF [ψ,ψ,Aµ] =

∫ d4x ∑
f

ψf (x) (iγµDµ −mf )ψf (x)



 =: (ψ,MF [Aµ]ψ) . (2.10)Sine the fermioni path integral is quadrati in the �elds, it an be evaluated expliitly,rendering
∫

D[ψ,ψ] ei(ψ,MF [Aµ]ψ) = DetMF [Aµ] . (2.11)2.1.2. Running CouplingIt is possible to perform perturbative QCD alulations for a small oupling strength
αs = g2/(4π). However, one has to take into aount the running of the oupling whihis governed by the renormalisation group equation with respet to some renormalisationsale µR,

µ2R
ddµ2Rαs = β(αs) , (2.12)where we use the notation as in the review on QCD by the Partile Data Group [39℄. Inthis ontext, asymptoti freedom orresponds to a negative β-funtion. IfQ2 denotes thesale of momentum transfer in some proess of interest, then αs(µ2R ≈ Q2) determinesthe e�etive interation strength and the negative β-funtion leads to a stable �xedpoint for Q2 → ∞,

αs(Q
2 → ∞) = 0 . (2.13)In ase of QCD with Nc = 3 and Nf fermions, the β-funtion to leading order,

β(αs) = − α2
s

12π
(11Nc − 2Nf ) , (2.14)ensures asymptoti freedom as long as Nf < 17. Solving equation (2.12) expliitly toleading order,

αs =
1

1
6π (11Nc − 2Nf ) ln (µR/Λ)

, (2.15)the oupling approahes its asymptoti value logarithmially for large sales. On smallsales, the divergene for µR/Λ → 1 indiates that the leading order approximation7



2. Quantum Chromodynamis in the Continuumbeomes insu�ient. The integration onstant Λ introdues a typial sale into thetheory, for QCD ΛQCD ≈ 200MeV (see e. g. [32℄).In partiular, αs(M2
Z) ∼ 0.12 with a Z boson mass MZ ≈ 91GeV [39℄. This alreadyindiates that alulations of hadron masses and related quantities on muh lower salesfall in the non-perturbative regime of QCD with ouplings too large for an expansion in

αs to be valid and thus neessitating a non-perturbative approah as we pursue in thisthesis by means of lattie QCD.2.2. Chiral SymmetryIn this setion, we disuss the hiral symmetries of QCD. The notion of hiral symmetrywill be important for the later analyses in hapter 5. Our ompilation onentrateson well established properties of QCD, an extensive review that goes far beyond thesope of this introdution was given by Gasser and Leutwyler [40℄. Additionally, weontinue to use the book by Peskin and Shroeder [32℄ as the standard referene. Forthe following, we onsider the spinor �elds ψ to be vetors in �avour spae with Nf = 2or 3 omponents, i. e. we onentrate on the light quarks � up, down and strange �relevant in this ontext.Introduing left and right handed projetion operators,
PL =

1

2
(1− γ5) and PR =

1

2
(1 + γ5) , (2.16)we an rewrite the fermioni part of the QCD ation from equation (2.1) for ψL = PLψand ψR = PRψ, obtaining a separation of ψL and ψR for massless fermions,

SF [ψ,ψ,Aµ] =

∫ d4x (ψL(x)iγµDµψL(x) + ψR(x)iγµDµψR(x)
)

. (2.17)The massless ation possesses a global SUL(Nf )×SUR(Nf )×UL(1)×UR(1) symmetry.However, this symmetry is not ompletely realised by the QCD vauum as the orre-sponding order parameter, the hiral ondensate 〈ψψ〉, does not vanish. This breaksthe symmetry for separate left and right handed transformations of the fermion �elds.For the following disussion it is thus advantageous to identify the relevant subgroups,
SUL(Nf )×SUR(Nf )×UL(Nf )×UR(1) ∼= SUA(Nf )×SUV (Nf )×UA(1)×UV (1) , (2.18)where 〈ψψ〉 6= 0 indues spontaneous breaking of the subgroup SUA(Nf ). The orre-sponding symmetry breaking pattern reads

SUL(Nf )× SUR(Nf ) → SUV (Nf ) . (2.19)To disuss the symmetries and in partiular the speial situation of UA(1) in more8



2.2. Chiral Symmetrydetail, we begin by stating the related symmetry transformations.
SUA(Nf ) :

{

ψ → eiαjτ jγ5 ψ

ψ → ψ eiαjτ jγ5
, (2.20a)

SUV (Nf ) :

{

ψ → eiαjτ j ψ

ψ → ψ e−iαjτ j
, (2.20b)

UA(1) :

{

ψ → eiαγ5 ψ
ψ → ψ eiαγ5 , (2.20)

UV (1) :

{

ψ → eiα ψ
ψ → ψ e−iα . (2.20d)The matries τ j generate SU(Nf ).Expliit breaking of hiral symmetry due to �nite quark masses an be investigatedby means of the hiral urrents,

jµV = ψγµψ , (2.21a)
jµA = ψγµγ5ψ , (2.21b)
jµ,aV = ψγµτaψ , (2.21)
jµ,aA = ψγµγ5τ

aψ . (2.21d)From the lassial Dira equation, i∂µγµψ =Mψ , (2.22)where we now allow the mass, M , to be a matrix in �avour spae, we have
∂µj

µ
V = 0 , (2.23a)

∂µj
µ
A = 2iψMγ5ψ , (2.23b)

∂µj
µ,a
V = iψ [M, τa]ψ , (2.23)

∂µj
µ,a
A = iψ {M, τa} γ5ψ . (2.23d)As an be seen from (2.23a), UV (1) is always onserved whih orresponds to baryonnumber onservation. Although (2.23b) indiates UA(1) symmetry for vanishing quarkmasses, this is only true on the lassial level. The interating theory expliitly breaks

UA(1) by quantum orretions even in the hiral limit,
∂µj

µ
A = −g

2Nf

32π2
εαβµνF cαβF

c
αβ . (2.24)This is known as the Adler-Bell-Jakiw anomaly of QCD. This anomaly is expeted tobe restored at high temperatures [41℄ with possible impliations on the Nf = 2 hiraltransition that are disussed in hapter 5.Suh an anomaly does not exist for the �avour-multiplet axial urrent (2.23d) sinethe orresponding alulation is proportional to Tr τa = 0. In fat, SUA(Nf ) is sponta-neously broken by the non-vanishing hiral ondensate. The expliit symmetry breakingfor SUA(Nf ) sets in as soon as the quark mass is non-zero. This is di�erent from the9



2. Quantum Chromodynamis in the Continuumsituation for the vetor symmetry and its urrent, (2.23), whih is onserved even fornon-vanishing quark masses as long as the quark mass matrix is proportional to 1, i. e.as long as all onsidered �avours are mass degenerate.In nature neither ondition is realised. We have non-zero, non-degenerate quarkmasses, viz.
mu ≈ (1.7�3.3)MeV , (2.25a)
md ≈ (4.1�5.8)MeV , (2.25b)
ms ≈ (80�130)MeV (2.25)

≈ (22�30) · mu +md

2
, (2.25d)where we quote the numbers as given by the Partile Data Group [39℄ in the MS shemeat a renormalisation sale of 2GeV. One an still onsider the symmetries to be ap-proximately realised with the masses introduing relatively small orretions. This is inpartiular true for Nf = 2 with mu, md, md −mu ≪ ΛQCD. From this point of view,the three pions are the almost massless pseudo-Goldstone bosons for the spontaneouslybroken SUA(2) symmetry with

m2
π = B(mu +md) . (2.26)To a lesser auray this also holds for SUA(3) augmenting the set of pseudo-Goldstonebosons by the pseudo-salar mesons with strange valene quarks, K0, K0, K±, η. A-ordingly, we an expet the kaon mass to be determined via

m2
K = B(mu +ms) ; (2.27)also f. the disussion on hiral symmetry breaking in [42℄. Note that in later parts ofthis thesis we will always onsider the light up and down quarks to be mass degenerateso that it is not neessary to further distinguish their masses in the above formulae.The approximate SUV (2) and SUV (3) symmetries allow to lassify the hadrons a-ording to multiplets in the sense of Gell-Mann and Ne'eman. We show as an ex-ample the multiplet of pseudo-Goldstone bosons in �gure 2.1. The isospin triplet ofpions for SUV (2) is realised to a good auray, with mπ± = 139.57018(35)MeV and

mπ0 = 134.9766(6)MeV, whereas the di�erene to the other partiles in the enlarged
SUV (3) multiplet, with masses of the order of 500MeV, is muh larger. The experimen-tal values have been taken from [39℄.Finally, we mention that equations (2.26) and (2.27) an be understood in the ontextof a systemati approah. This is ahieved by means of a low energy e�etive theory,viz. hiral perturbation theory (χPT). For an extensive review, also inluding lattieregularisation, we refer to the letures by Sharpe [43℄. The e�etive theory is builtaording to the hiral symmetry of QCD utilising the �elds Σ(x) ∈ SU(Nf ) thattransform as

Σ → ULΣ(x)U
†
R , (2.28)where UL, UR ∈ SU(Nf ). Those �elds are related to the (pseudo-)Goldstone partiles,

Σ(x) = exp (2iπa(x)T a/f) , (2.29)10



2.3. Thermal Systems
I3

S

π0

η π+π−

K+K0

K− K
0Figure 2.1.: Pseudo-salar meson multiplet. The horizontal axis marks the third omponentof SU(2) isospin, I3, for the (u, d) quark doublet. Along the vertial axis, thestrangeness S of the partiles inreases. The partiular visualisation hosen hereis ommonly found in textbooks, see e. g. �gure 4.14a in [3℄.following the notation in [43℄ for a �eld with vauum expetation value 〈Σ〉 = 1. Theonstant f balanes dimensions and an eventually be assoiated with the pion deayonstant. To onstrut the Lagrangian density that determines the low energy e�etivetheory, one has now to onsider all terms that are allowed by the symmetries of QCDto a given order in the power ounting for derivatives and masses, ∂2 ∼M . To leadingorder one obtains

Lχ =
f2

4
Tr (∂µΣ∂µΣ†

)

− f2

4
Tr (χΣ† +Σχ†

)

, (2.30)with χ = 2B0M . Expanding the above Lagrangian density for the Goldstone �elds,equation (2.29), leads to the relations between quark and Goldstone masses, i. e. thepreviously mentioned equations (2.26) and (2.27).We rely on results obtained in χPT several times later on. This inludes in partiularthe disussion of the struture of bare parameter phase spae for twisted mass fermionsin setion 4.1 and the ruial determination of the pion mass from the simulation pa-rameters as explained in setion 5.3.1.2.3. Thermal SystemsSetion 2.3.1 ontains a summary of thermal �eld theory for QCD, based on [34℄, as faras we need it for this thesis. Connetions to experiment are then drawn in setion 2.3.2.2.3.1. Thermal Field TheoryTo desribe thermal systems in equilibrium, we start with the grand-anonial partitionfuntion,
Z = Tr e−β(H−µjNj) , (2.31)where µj are the hemial potentials for onserved partile numbers nj = 〈Nj〉. How-ever, for numerial simulations the inlusion of a non-zero hemial potential is a veryintriate task due to the so-alled sign problem of hybrid Monte-Carlo simulations. A11



2. Quantum Chromodynamis in the Continuumnumber of possible approahes to inlude at least small values of µ/T for the quark- orbaryon-hemial potential have been pursued, for reviews see [10, 13℄. Sine this thesisonentrates on the �rst appliation of twisted mass fermions to thermodynamis ofQCD, we will from now on work with zero hemial potential.It is neessary to onnet equation (2.31) to quantum �eld theories and in partiularto QCD. This relation is known from textbooks [34℄. The partition funtion is thenwritten as a path integral over all degrees of freedom,
Z =

∫

D[ψ,ψ,Aµ] e−SE[ψ,ψ,Aµ] . (2.32)The time diretion whih is meaningless to systems in equilibrium is traded for anadditional Eulidean dimension of �nite extent, β = 1/T , de�ning the temperature. TheEulidean ation SE an be obtained from its Minkowski ounterpart in equation (2.1)by means of a Wik rotation from real to imaginary time, i. e. τ = −it, where we identifythe Eulidean time τ to be the fourth omponent of a four dimensional Eulidean vetor
xE = (x1, x2, x3, x4), see appendix A.2. Finally, the Eulidean ation reads

SE =

∫ d3x 1/T
∫

0

dτ ∑
f

ψf (x) (γµDµ +mf )ψf (x) +
1

4
F aµν(x)F

a
µν(x)



 . (2.33)The �nite extent in time diretion leads to disrete energy levels determined by theso-alled Matsubara frequenies,
ωn =

{

2πnT (bosons)
(2n + 1)πT (fermions) , n ∈ Z . (2.34)Correspondingly, integrals in time diretion are turned into disrete Matsubara sums.The di�erene between bosons and fermions is introdued by the boundary onditionsfor the �elds in temporal diretion. Whereas bosoni �elds are periodi, fermions obeyantiperiodi boundary onditions, i. e.

ψ(x+ 1/T ê4) = −ψ(x) . (2.35)This di�erene is ultimately related to the di�erent statistis of the two types of partilesleading to Fermi-Dira and Bose-Einstein oupation numbers respetively.Given the path integral representation of the grand anonial partition funtion, thethermal expetation value for a primary observable, K, is obtained as
〈K〉 = 1

Z

∫

D[ψ,ψ,Aµ] K[ψ,ψ,Aµ]e−SE[ψ,ψ,Aµ] . (2.36)Moreover, basi thermodynami quantities an be alulated from the standard rela-tions. For instane, the pressure of a homogeneous system is related to the partitionfuntion by
p =

T

V
lnZ . (2.37)Note however, that in partiular for numerial alulations in lattie QCD the overallnormalisation of the partition funtion is not known. This poses no problem to expeta-tion values as in equation (2.36). But to alulate the pressure or similar thermodynami12



2.3. Thermal Systems
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Figure 2.2.: Time evolution of relativisti heavy ion ollisions (from [50℄). The heavy nulei anollide with di�erent entrality. Shown is the evolution of the ollision region. The�rst two stages refer to the early out-of-equilibrium situation before the Quark-Gluon Plasma is formed. With dereasing temperature the QGP undergoes atransition or rossover to the hadroni phase whih �nally freezes out.quantities, a detour via derivatives and subsequent integration has to be followed sinethose derivatives an then be expressed in terms of standard expetation values whihare aessible by the numerial simulations.For the perturbative treatment of thermal systems, the relevant sale for the runningoupling is set by the temperature [34, 44℄, µR ∼ T . Aording to equation (2.15) theoupling beomes temperature dependent, vanishing in the in�nite temperature limit.This is the reason to expet a free gas of quarks and gluons for very high temperatures.However, lose to the thermal transition the oupling is still large. Perturbative be-haviour is not expeted before temperatures many times larger than the transition tem-perature. Moreover, due to the Linde problem [4℄, a straightforward expansion into smallouplings is in general not possible to arbitrary orders. Therefore, perturbation theoryat �nite temperature needs more sophistiated tehniques to lead to results away fromasymptotially large temperatures suh as dimensional redution or hard thermal loopalulations. For reent perturbative alulations of the pressure, see e. g. [45, 46, 47℄.2.3.2. Heavy Ion Collisions and the Quark-Gluon-PlasmaHeavy ion ollisions studied at the large olliders, RHIC and LHC, provide experimentalinsight � among others � into the physis aessible to lattie QCD simulations atvanishing hemial potential. Here we ollet some information on heavy ion ollisions inorder to sketh the onnetion of these experiments and the related physis to this thesis.We base our olletion mainly on the reviews by Braun-Munzinger and Stahel [48℄ aswell as by Braun-Munzinger and Wambah [49℄.In ollisions of heavy ions, suh as gold or lead, the overlapping parts of the nuleireate some intermediate partoni matter of high energy density far from equilibrium.The physis of this stage is not very well understood but there are models suh as theolour glass ondensate that are apable to provide initial onditions for the subsequentevolution (see e. g. [50℄). For an illustration, see �gure 2.2. It is supposed that shortlyafter the ollision this matter reahes the (loally) equilibrated state of a quark-gluonplasma (QGP), i. e. a thermal system with quarks and gluons as relevant degrees offreedom. Note that this does not imply that the system an be desribed by a weaklyoupled theory. In fat, the opposite is true and in the QGP just above the transitionnon-perturbative e�ets must not be negleted. Lattie simulations � whih are at least13



2. Quantum Chromodynamis in the Continuumin their standard version restrited to thermal equilibrium � are apable to desribeproperties of this stage of evolution. The QGP formed in the ollision is rapidly ex-panding and the desription by hydrodynami evolution has been suessful, assumingan ideal �uid, i. e. vanishing visosity.The most prominent input of lattie QCD to the study of QGP so far has been theequation of state that is needed for a omplete hydrodynamial treatment. The di�-ulties that an arise for mapping lattie results to the experiment are illustrated byanother quantity, the transition temperature Tc. Lattie simulations allow to alulatethis temperature assoiated with the thermal transition or rossover. The latter aseis already ambiguous in itself sine a rossover temperature neessarily dependends onthe hosen observable. In any ase, experiments atually measure something di�erent,the so-alled freeze-out temperature Th. The freeze-out temperature an be deter-mined from partile multipliities by applying a statistial model that assumes hemialequilibrium has been reahed after entering the hadroni phase [51℄. Due to the loseagreement between the range of lattie values for Tc and experimental results on Th, atleast for small hemial potential where lattie QCD is most reliable, it has hene beenargued that Tc & Th should indeed be expeted for general reasons [52℄.Sine neither lattie QCD nor perturbative tehniques an be used to investigate thephase transition of QCD for smaller temperatures but larger hemial potential, thisregime an only be studied from models that have ommon symmetries with QCD orfrom some kind of generalisation suh as the limit of large Nc. For a olletion of results,we refer to the review by Fukushima and Hatsuda [5℄. Whereas for vanishing hemialpotential the thermal transition seems to ombine the deon�nement of quarks and therestoration of hiral symmetry, there ould be separate transitions at larger values ofthe hemial potential, possibly exhibiting di�erent orders of phase transitions. Forinstane, based on alulations at large Nc it has been speulated that the parting ofthe two transitions introdues a new, hirally restored but still on�ned phase into thephase diagram of QCD [53, 54℄.

14



3. Quantum Chromodynamis on theLattieIn this hapter we ollet the neessary piees to desribe thermal systems of QCD bymeans of numerial simulations in the lattie framework. The introdution of lattiegauge theory dates bak to the 1970s. The milestone work is redited to Wilson [6℄. Theappliation of numerial Monte-Carlo methods started some years later with the workof Creutz et al. [7, 8, 9℄. Today a number of textbooks on the topi are available [55,56, 57, 58℄. For a presentation of lattie QCD at �nite temperature, see [59℄.Conerning the quark ontent of our study, we restrit ourselves to the up and downquarks as dynamial ingredients of our simulations. Eventually, dynamial strangeas well as harm quarks should also be taken into aount. We disuss the possibleextension to four quark �avours in twisted mass QCD in hapter 6. In general, onean state that inluding quarks is numerially very expensive. Moreover, if one triedto onsider all quark �avours, one would run into trouble to aommodate the largerange of sales from a few MeV for the up and down quarks up to mt ∼ 170GeV onthe lattie. Therefore all lattie simulations so far are restrited to a relevant subsetof quark �avours, usually up, down and possibly strange assuming heavier �avours tobe dynamially irrelevant. Furthermore, for our two �avour ase we adopt the generalapproah to take the quark masses to be degenerate mu = md =: mud. This assumptionis justi�ed sine the sale of mass splitting is muh smaller than the one set by thetemperature.To illustrate the potential of lattie simulations, one an for instane refer to theagreement between lattie results and experimental values for the hadron spetrum inthe light quark setor, see e. g. [61℄ for a reent review. As an example, we show theresult by the Budapest-Marseille-Wuppertal ollaboration in �gure 3.1.
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3. Quantum Chromodynamis on the Lattie
Uµνµνµν(x)

Uµµµ(x)

ψψψ(x)

aaaFigure 3.2.: Sketh of the lattie framework. The ontinuous Eulidean spaetime is replaedby a hyperubi lattie (here represented in two dimensions). The fermion �elds
ψ(x) live on the lattie sites whereas the link variables Uµ(x) onnet one site toanother. The losed loop of links represents a plaquette.We introdue the lattie disretisation for the pure gauge theory in the following se-tion. The three setions that follow serve to disuss lattie fermions: Setion 3.2 isdevoted to general aspets of Wilson type fermions before we give a detailed overviewon twisted mass fermions in setion 3.3. In setion 3.4 we inlude a short summary ofalternative fermion disretisations. Afterwards, setion 3.5 is used to explain the realisa-tion of non-perturbative alulations in lattie QCD by means of omputer simulationsas well as the statistial analysis of the resulting numerial data.3.1. Lattie Gauge TheoryTo put QCD into the lattie framework, the rotation to Eulidean spaetime is manda-tory even for alulating vauum expetation values. Then the four-dimensional spae-time R

4 with Eulidean metri an be replaed by a hyperubi lattie Γ = aZ4 withlattie spaing a as skethed in �gure 3.2. Here we always onsider a lattie spaingwhih is the same for all four diretions.The lattie works as a momentum uto� 1/a that regulates the theory. The relationbetween oupling and lattie spaing is governed by the renormalisation group equation
a
dgda = −β(g) (3.1)where β(g) is the QCD β-funtion. Sine QCD is asymptotially free, we have thus a�xed point g∗(a = 0) = 0 that determines the ontinuum limit of the lattie theory.Sine the uto� imposes a minimal distane, loal gauge invariane an no longer bean in�nitesimal onept as in equation (2.4). Instead a �nite parallel transport betweenneighbouring lattie sites x and x + µ̂ has to be used (where µ̂ denotes the vetorof minimal length a along the µ-th diretion). The orresponding link variables aremembers of the fundamental representation of SU(Nc) and are onneted to the gauge�elds Aµ via

Uµ(x) = eiagTaAa
µ(x) . (3.2)The simplest gauge invariant quantity that an be built out of the link variables is thetrae of the plaquette. The plaquette itself is de�ned to be the produt of link variables16



3.1. Lattie Gauge Theoryalong one square of lattie sites, i. e.
Uµν(x) = Uµ(x)Uν(x+ µ̂)U †

µ(x+ ν̂)U †
ν (x) . (3.3)Therefore Uµν an be used to onstrut the Wilson gauge ation,

SG = βa4
∑

x

∑

µ<ν

(

1− 1

Nc
ReTr Uµν(x)) . (3.4)It is important to note that the path integral alulations for the determination ofexpetation values, suh as equation (2.8) for zero temperature or equation (2.36) forthermal systems, have now to be performed using the group measure DU with the linkvariables instead of the ontinuum form DAµ.Expanding all links in powers of the lattie spaing yields the ontinuum Yang-Millsation as leading order,

SG =
1

4
F aµνF

a
µν +O(a2) , (3.5)if the lattie gauge oupling is set to

β =
2Nc

g2
. (3.6)To avoid onfusion between the β-funtion, inverse temperature and the lattie ouplingwe use β only in its meaning of the gauge oupling for the rest of this work.In thermal systems, the temporal extent, aNτ , determines the temperature,

T =
1

aNτ
, (3.7)whih ultimately de�nes a relation between lattie spaing and number of sites in tem-poral diretion for a �xed physial situation. This is important as we adopt the ommonpoint of view for �nite temperature lattie QCD that the lattie spaing is set by Nτwhereas a hange in a, indued by a variation of the lattie oupling β, amounts to ahange of temperature. The ontinuum limit is then reahed as 1/Nτ → 0 for �xedtemperature.As for any other type of regularisation, it is possible though umbersome to performperturbative alulations with the lattie regulator. The expansion is performed forsmall ouplings, i. e. around the ontinuum limit so that the relevant degrees of freedomare one again the gauge �elds Aµ. However, the rude momentum uto� breaks Lorentzsymmetry and is by no means intended to provide a simple sheme for perturbative al-ulations. It espeially auses momenta to enter embedded into trigonometri funtionsso that one has to identify lattie momenta,

p̂ = 2 sin
(ap

2

) and p = sin (ap) , (3.8)whih an ompliate alulations severely. Note that we use dimensionless lattie mo-menta whih we �nd more onvenient for later alulations. Alternatively, they are oftendressed by an extra fator a−1 to have the mass dimension of ontinuum momentum.Besides the more ompliated momentum dependene, the expansion of the link vari-ables leads to verties with any number of gluon lines. Finally, the need to resubstitute17



3. Quantum Chromodynamis on the Lattiethe measure DU by DAµ introdues a non-trivial Jaobian that also adds new verties.An extensive review on perturbation theory on the lattie is available from Capitani [62℄where it is also lari�ed that perturbative lattie alulations are needed for at least tworeasons. The �rst one is the assessment of lattie artefats whih an be worked outexpliitly in perturbative alulations, see also setion 4.2. The seond one is the needto obtain mathing oe�ients between ontinuum renormalisations shemes suh asMS and the lattie sheme.We now disuss the possibility for improvement of the ontinuum approah. If lattieartefats are known exatly, one an try to remove them a priori. The gauge ation,equation (3.4), an be improved by adding higher dimension operators in the spirit of aSymanzik expansion [63℄, for details see [62℄. The simplest terms that an be added areonstruted from links along a retangle, i. e. a losed planar path of length six. Indeedat tree-level these are the only relevant leading order operators to be added and theorresponding ation an be expressed as
SG = βa4

∑

x



c0
∑

µ<ν

(

1− 1

Nc
ReTr Uµν(x))+ c1

∑

µ6=ν

(

1− 1

Nc
ReTr U1×2

µν

)



 . (3.9)One has to set c0 = 1− 8c1 in order to have the orret ontinuum limit. At tree-levelall O(a2) terms are removed if c1 = −1/12. The orresponding ation is alled tree-level Symanzik improved (tlSym) [64, 65℄. Relying on other arguments than tree-levelimprovement di�erent hoies for c1 have been onsidered. Based on renormalisationgroup arguments, the Iwasaki ation is obtained for c1 = −0.331 [66, 67℄.3.2. Wilson FermionsMuh more problemati than the treatment of the pure gauge setor is the disretisationof fermions. The ore of the problem is skethed straightforwardly if one attempts anaive disretised version of the ontinuum derivative, f. [62℄ for the following disussion,
∇µψ(x) =

1

2a
(ψ(x+ µ̂)− ψ(x− µ̂)) = ∂µψ(x) +O(a2) . (3.10)The above relation provides the orret ontinuum limit but leads to a massless propa-gator in momentum spae,
SF =

( i
a

∑

µ

γµ sin apµ

)−1

, (3.11)whih has zeroes at the origin and in the edges of the �rst Brillouin zone whih or-respond to 24 fermions instead of the one originally intended. These fermions ome inpairs of opposite hirality whih is due to the fat that the Dira equation, unlike thosefor salar or vetor partiles, is of �rst order. Therefore in eah diretion the resulting�rst order zero of the inverse propagator needs to be aompanied by another zero withopposite slope.The theoretial basis for understanding this so-alled doubler problem is given by theno-go theorem by Nielsen and Ninomiya [68, 69℄ whih an be summarised suh that it18



3.2. Wilson Fermionsis impossible to �nd a lattie version of the Dira matrix that is at the same time loal,has the orret ontinuum limit, is free of doublers and respets hiral symmetry. Thelast ondition an be expressed by the equation
{D, γ5} = 0 . (3.12)Therefore, in order to remove the doublers from dynamial simulations, one has toviolate one of the prerequisites of the theorem in one way or the other. The route takenby Wilson type fermions is to add an extra term to the fermion matrix,

−1

2
ar2ψ(x) = − r

2a

∑

µ

(ψ(x+ µ̂) + ψ(x− µ̂)− 2ψ(x)) , (3.13)the so-alled Wilson term. This operator is irrelevant in the ontinuum limit but givesan extra mass to the doublers whih is proportional to 2r/a so that they deouple fromthe physial ontent of the theory for a → 0. However, the Wilson term ats as aoupling dependent mass term so that hiral symmetry is expliitly broken for Wilsonfermions at �nite lattie spaing.The omplete Wilson lattie ation inluding ovariant derivatives reads
SF [U,ψ, ψ] =

∑

x

ψ(x) (1− κDW [U ])ψ(x) (3.14)with the Wilson derivative ating as
DW [U ]ψ(x) =

∑

µ

(

(r − γµ)Uµ(x)ψ(x+ µ̂) + (r + γµ)U
†
µ(x− µ̂)ψ(x − µ̂)

)

. (3.15)In the above formulae we have already used the �eld normalisation with hopping param-eter κ that is ommonly used for numerial simulations. It is onneted to the notationbased on the standard quark mass via
ψ →

√
2κa−3/2ψ , (3.16a)

κ =
1

2am0 + 8r
. (3.16b)Expliit hiral symmetry breaking for Wilson fermions has some inonvenient onse-quenes for pratial appliations. First of all, sine the Wilson term ats like a massthat depends on the gauge oupling there is an additive mass renormalisation so thatthe hiral theory is realised for some non-vanishing value mc(g

2) of the bare quark mass.Furthermore, via the Wilson term disretisation artefats that are linear in the lattiespaing are introdued. This ompliates the ontinuum approah onsiderably and isthe reason for the development of improved Wilson fermion formulations suh as themaximally twisted mass fermions, whih is disussed in the following setion, and loverimproved fermions.Clover improvement works by adding a ounterterm in the sense of Symanzik's ex-pansion to the fermion ation, the so-alled Sheikholeslami-Wohlert term [70℄,
SSW = cSW iaκ

4

∑

x

∑

µν

σµνFµν(x) , (3.17)19



3. Quantum Chromodynamis on the Lattiewhere σµν = i/2[γµ, γν ] and Fµν is the lover-leaf representation of the gluon �eldstrength,
Fµν(x) =

1

8iga2 ∑
µν=±

(

Uµν(x)− U †
µν(x)

)

. (3.18)In order to ahieve full improvement, i. e. remove all uto� e�ets of O(a), besidesthe ation eah operator has to be modi�ed by the appropriate higher order terms.Then, �nally it is neessary to adjust the parameters of the ation, m0, mc, g0, cSW asfuntions of the quark mass and the oupling. These relations have been worked outperturbatively [71, 72, 73, 74℄. The relations for the quark mass and bare oupling read
mR = Zm(g

2)(m0 −mc(g
2))(1 + bm(g

2)am) , (3.19a)
g2SW = g2(1 + bg(g

2)amq) . (3.19b)It must be noted that even the limit of a free theory needs a shift in the bare quarkmass in order to be improved, mR(g = 0) = m0(1 + bm(g = 0)am).The lover oe�ent needed to improve the theory is known in perturbation theory.In leading order it is cSW = 1+O(g2). However, more appropriate for atual simulationsis the non-perturbative determination by Jansen and Sommer [75℄. Reent studies ofthermal QCD with lover improved Wilson fermions an be found in [76, 77, 78, 79, 80℄.3.3. Twisted Mass FermionsThe modi�ation of Wilson type fermions by a hirally twisted mass term has beenintrodued about a deade ago [81, 82℄. Some years later Frezzotti and Rossi realisedthat the theory is automatially O(a)-improved if the original untwisted mass is set toits ritial value [83℄. Our presentation of twisted mass lattie fermions is based on thereview by Shindler [84℄.3.3.1. Twisted Mass FormulationThe entral key to the introdution of twisted mass fermions is the transformation
ψ = eiωγ5τ3/2χ and ψ = χeiωγ5τ3/2 (3.20)whih is a symmetry of the ontinuum ation if the mass term is reinterpreted appropri-ately. ψ, in the so-alled physial basis, and χ, in the twisted basis, are �avour doubletsand the third Pauli matrix τ3 ats in the aording �avour spae. It is then possible toreformulate the QCD ation as

SF =

∫ d4xχ(x) (γµDµ +m0 + iµ0γ5τ3)χ(x) . (3.21)The bare quark mass is related to the untwisted and twisted omponents,
µ0 = mq sinω , (3.22a)
m0 = mq cosω , (3.22b)
mq =

√

m2
0 + µ20 , (3.22)20



3.3. Twisted Mass Fermionswith the orresponding twist angle ω,
tanω =

µ0
m0

. (3.23)The twist angle obviously hanges under renormalisation as the untwisted and twistedmass omponents do not share the same renormalisation fator. The renormalised quarkmass is determined as
mR =

√

Z2
m(m0 −mc)2 + Z2

µµ
2
0 . (3.24)Only if the untwisted quark mass is set to its ritial value, the angle, ω = π/2, isindependent of renormalisation. This ase is alled maximal twist.Applying the Wilson disretisation to the ontinuum ation with twisted mass term,we obtain

SF [U,ψ, ψ] =
∑

x

χ(x)
(

1− κDW [U ] + 2iκaµ0γ5τ3)χ(x) . (3.25)A partiular feature of the twisted mass fermion matrix,
Mtm = 1− κDW [U ] + 2iκaµ0γ5τ3 , (3.26)that was important for the original motivation to introdue this modi�ation of Wilsonfermions is that the twisted mass parameter ats as a regulator proteting simulationsfrom zero modes. These zero modes have been a soure of onern in the untwisted the-ory [82℄. This property an be seen when evaluating the �avour determinant expliitly,Det�avourMtm =MWM

†
W + (aµ0)

2 , (3.27)where MW denotes the standard Wilson fermion matrix for one �avour.Inversion of equation (3.26) in momentum spae for a free �eld leads to the determi-nation of the propagator,
Stm(p) = a

−i∑ν γνpν +
1
2 p̂

2 + am0 − iaµ0γ5τ3
p2 +

(

1
2 p̂

2 + am0

)2
+ (aµ0)2

, (3.28)whih is important for the later analytial alulations in the free and weakly oupledlimits.3.3.2. Automati ImprovementSine the twist rotations (3.20) are no more a symmetry of the lattie ation due to theWilson term, the fermion disretisation provides di�erent regularisations depending onthe twist angle. That means in partiular that the uto� e�ets are funtions of the twist.It has been shown that the leading O(a) e�ets vanish in most relevant quantities if theation is tuned to maximal twist. More preisely, this statement applies to parity evenquantities as an be derived from the symmetries of the Symanzik expansion [84, 85℄.This feature is known as automati O(a)-improvement and is the ruial property forurrent appliations of twisted mass fermions.We now brie�y sketh the main idea for the proof of automati O(a) improvementfollowing the review by Shindler [84℄. The starting point is the Symanzik expansion forthe lattie ation,
Se� = S0 + aS1 + . . . , (3.29)21



3. Quantum Chromodynamis on the Lattiewhere S0 is the ontinuum ation. The higher order ontributions,
Sn =

∫ d4yLn , (3.30)are onstruted from all possible ounterterms. Espeially, we have in next-to-leadingorder
L1 =

5
∑

k=1

ckOk . (3.31)We do not give the expliit form of the operators Ok here but refer to [84℄ where theomplete set is given. The oe�ients ck have then to be tuned suh that ontinuumalulations with Se� reprodue the lattie theory up to the hosen order of a. A similarexpansion holds for any �eld observable,
φe� = φ0 + aφ1 + . . . . (3.32)With the above expansions, one an identify the possible disretisation e�ets to O(a)for an arbitrary expetation value,

〈φ(x1) . . . φ(xn)〉 =
1

Z

∫

D[ψ,ψ,Aµ] φ(x1) . . . φ(xn)e−S0 (1− aS1 + . . .)

= 〈φ0(x1) . . . φ0(xn)〉0
− a

∫ d4y 〈φ0(x1) . . . φ0(xn)L1(y)〉0 (3.33)
+ a

n
∑

k=1

〈φ0(x1) . . . φ1(xk) . . . φ0(xn)〉0 +O(a2) ,where ontat terms an be absorbed into a rede�nition of the �elds. For the proof ofautomati improvement one an utilise the following symmetry of the lattie ation,
R1

5 ×D × [µ→ −µ] , (3.34)where D multiplies all terms by (−1)dm aording to their mass dimension dm. R1
5transforms the �elds as

χ→ iγ5τ1χ , (3.35a)
χ→ χiγ5τ1 . (3.35b)This symmetry holds for the lattie ation even in the in�nite volume limit. Thereforeall terms on the right hand side of equation (3.33) have to respet the symmetry. Thisneessitates the absene of O(a) terms for any �eld φ that respets R1

5 sine then bothontributions to that order in equation (3.33) are odd under the above symmetry. Forthe �rst part, φ0(x1) . . . φ0(xn)L1(y), this is true beause of the operator insertions in
L1. The seond part, φ0(x1) . . . φ1(xk) . . . φ0(xn) is odd beause of the mass dimensionof φ1 that has to be di�erent by 1 from that of φ0 so that all terms in equation (3.32)possess the same symmetries. Introduing an untwisted quark mass to the lattie a-tion expliitly breaks the ruial symmetry (3.34) and therefore there is no automati22



3.3. Twisted Mass Fermionsimprovement exept for maximal twist. Note that aording to the above argumentsalso quantities with vanishing expetation value an have disretisation e�ets in O(a).A possible aveat is posed by pion poles, i. e. by uto� e�ets that are of O(a2k/m2h
π )with 2k ≥ h ≥ 1. These poles an be avoided by a suitable de�nition of maximal twist.For this reason ETMC have adopted the ondition of a vanishing PCAC (partiallyonserved axial urrent) quark mass [86℄,

mPCAC =

∑

x 〈∂4Aa4(x, t)P a(0)〉
2
∑

x 〈P a(x, t)P a(0)〉
, (3.36)where P a = ψγ5τ

a/2ψ, Aaµ = ψγµγ5τ
a/2ψ. From the numerial side a quenhed test of

a2-saling with this ondition has been presented in [87, 88, 89℄.On the level of free lattie fermions the improvement an be observed easily, forinstane, for the dispersion relation that is obtained from the pole of the propagator,
SF (p, p4 = iE),

E(p) =
√

p2 +m2
q − a

m3
q

2

cos(ω)
√

p2 +m2
q

+O(a2) . (3.37)The improvement for maximal twist, ω = π/2 is apparent. Note that for a theorywithout spontaneous breaking of hiral symmetry, like in the free limit, the linear uto�e�ets have to be proportional to the quark mass. This is not neessarily the ase inthe presene of spontaneous hiral symmetry breaking [85℄.Automati improvement also holds at �nite temperature. This is expeted sine therelevant symmetries do not mix spatial and temporal diretions so that the �nite timeextent whih haraterises simulations at �nite temperature does not interfere with theimprovement. A report of observed a2-saling at �nite temperature in the quenhedase has been given by our tmfT ollaborators [90℄. Our perturbative analysis of thepressure, disussed in setion 4.2, �nds improvement at maximal twist as well.Another possible drawbak of twisted mass fermions is the breaking of �avour sym-metry. Flavour singlet and doublet quantities suh as m0
π and m±

π may show largesplittings for �nite lattie spaing. Indeed in ase of the pion these large splittings havebeen observed [91℄. A theoretial analysis in the Symanzik expansion sheme allows toidentify the leading orders of uto� e�ets [92℄,
(

m0
π

)2
= m2

π + a2ζπ +O(a2mπ, a
4) , (3.38a)

(

m±
π

)2
= m2

π +O(a2m2
π, a

4) . (3.38b)The leading order of the splitting, ζπ, originates solely in the neutral setor and turnsout to be large. Important to note is that the large size of splitting uto� e�ets isrestrited to the pion mass and related quantities.3.3.3. Phase DiagramAs for all Wilson type fermions, twisted mass fermions an exhibit unphysial phasesin their bare parameter spae that is spanned by the hopping parameter, the lat-tie oupling and the twisted mass. Its vauum struture has been studied exten-sively [93, 94, 95, 96, 97, 98℄. From ordinary Wilson fermions it is known that there is23



3. Quantum Chromodynamis on the Lattie

Figure 3.3.: Phase diagram in (κ, β, µ0) parameter spae, from [96℄. The strong oupling re-gion, i. e. the region of small lattie oupling β, exhibits the Aoki phase in theplane of vanishing twisted mass parameter µ0. For weaker ouplings a surfae ofbulk transitions is enountered that ontains the line of ritial hopping parame-ter, κc(β) and extents to µ0 6= 0. The width of this surfae vanishes towards theontinuum limit.the so-alled Aoki phase of broken parity-�avour symmetry in the strong oupling re-gion [99, 100℄. For twisted mass fermions, that additionally have the µ0-axis in their bareparameters phase diagram, another unphysial phase appears for intermediate ouplingsthat shrinks towards the ontinuum limit. This phase is a surfae of �rst order transi-tions that inorporates the line of ritial hopping parameters κc(β). These �ndings aresummarised in the sketh in �gure 3.3.The theoretial explanation for these two phases an be worked out in the frameworkof hiral perturbation theory [101, 102℄ whih allows to investigate the vauum strutureof its e�etive Lagrangian by means of minimising the orresponding potential. Forthis purpose, the ontinuum Lagrangian given in equation (2.30) has, of ourse, to besupplemented by the leading uto� e�ets,
Lχ =

f2

4
Tr (∂µΣ∂µΣ†

)

− f2

4
Tr (χΣ† +Σχ†

)

− f2

4
Tr (ρΣ† +Σρ†

)

, (3.39)with χ = 2B0(m1 − iµτ3) and ρ = 2aW01, slightly adjusting the notation in [102℄. ρparametrises the uto� e�ets. Note that it enters the Lagrangian in the same way as thequark mass so that the leading uto� e�ets essentially lead to a shift in the bare quarkmass, f. also the disussion in [101℄. The potential that an be extrated from the aboveLagrangian an be expressed in terms of a unit four vetor, u = (u0, u1, u2, u3) [102℄,
V = −c1u0 + c2u

2
0 + c3u3 . (3.40)This vetor parametrises Σ,

Σ = u01+ iuaτa , (3.41)so that its omponents determine the vauum struture, in partiular,
u0 ∼

〈

ψψ
〉

, (3.42a)
u3 ∼

〈

ψγ5τ
3ψ
〉

. (3.42b)24



3.4. Alternative Fermion Disretisations
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Figure 3.4.: Possible phase transition senarios for Wilson fermions with twisted mass term.Left: Aoki phase. Right: Normal senario, also alled Sharpe-Singleton senario.(from [102℄)The oe�ients c1 = 2f2(B0mq +W0a) and c3 = 2f2B0µ0 are diretly related to thequark mass and uto� e�ets. However, the ruial observation is that the sign of
c2 is not determined from the Lagrangian. Therefore, the vauum struture an bequalitatively di�erent depending on that sign. The two possible senarios have beenmapped out in [102℄. The �rst possibility, c2 > 0, leads to the previously known Aokiphase of broken �avour symmetry, 〈ψγ5τ3ψ〉 6= 0, if the twisted mass vanishes. Theseond senario, c2 < 0, orresponds to the Sharpe-Singleton plane of bulk transitionsthat has been found for weaker ouplings numerially. This plane inorporates theritial untwisted quark mass and extends to non-vanishing twisted mass. It ends forsome ritial µc ∼ a2 and thus vanishes in the ontinuum limit. A sketh of the twosenarios is shown in �gure 3.4.3.4. Alternative Fermion DisretisationsAlthough this thesis deals with Wilson type fermions only, we inlude a short presen-tation of alternative formulations for the sake of omparability. The so-alled stag-gered fermions [11℄ and in partiular improved versions thereof are the seond majortype of fermions that is frequently used for numerial simulations, for modern expla-nations see e. g. [57, 62℄. Many results onerning QCD thermodynamis have beenobtained relying on staggered fermions, for example the predition of a rossover forthe thermal transition with physial quark masses [17℄. For reent work the Budapest-Wuppertal [19, 21, 103, 104℄ and HotQCD [20, 105, 106℄ ollaborations should be named.Staggered fermions are onstruted from the naive ation by means of a spinor trans-formation that untangles the four omponents of the spinor �elds ψ. This redues thenumber of doublers from 16 to 4. The remaining degrees of freedom are labeled by`tastes'.The major advantage of staggered fermions is that they have a residual hiral sym-metry at �nite lattie spaing that protets the mass from additive renormalisation.However, in order to have individual degrees of freedom, one still has to remove theremaining four-fold degeneray. This is usually done by adding a fourth root to thefermion determinant for staggered fermions, i. e.

∫

D[U ] Det (Mstagg[U ]) e−Sg[U ] −→
∫

D[U ] Det (Mstagg[U ])1/4 e−Sg[U ] , (3.43)25



3. Quantum Chromodynamis on the Lattiewhere Mstagg represents the staggered fermion matrix. In perturbation theory thisproedure works without problems sine order by order the number of �avours is justdivided by 4. But there is an on-going ontroversy on whether non-perturbative e�etsmight hamper the orret ontinuum limit [15, 16, 107℄. Rossi and Testa have provideda zero-dimensional example where the rooting proedure fails non-perturbatively [108℄.Furthermore, staggered fermions are not free of some partiular systemati e�ets thatneed to be ontrolled. Most prominently taste breaking has to be named, see e. g. [109℄for a report that also onsiders thermodynami quantities.A possibility to avoid fermion doublers at all and to maintain some kind of hiralsymmetry at the same time is to hange equation (3.12) to the Ginsparg-Wilson rela-tion [110℄,
γ5D +Dγ5 =

a

ρ
Dγ5D , (3.44)This allows for a rede�ned hiral symmetry that holds for �nite lattie spaing. Neu-berger provided a solution to the Ginsparg-Wilson equation with the so-alled overlapfermions [111, 112℄. The drawbak of this type of fermions is that they are omputa-tionally very expensive. The same is true for domainwall fermions whih also satisfy theGinsparg-Wilson relation but are onstruted in �ve spae time dimensions [113, 114℄.Sine hiral fermions are very expensive to simulate, there have been only few �nitetemperature studies so far [115, 116, 117℄.An alternative to the established fermion types that has beome popular reentlyavoids the doubler issue by hanging the lattie geometry. The �rst ation of this typegoes bak to Karsten and Wilzek [118, 119℄ but the urrent interest in those minimallydoubled fermions is due to a suggested ation by Creutz [120, 121℄ who proposed a fourdimensional generalisation of a graphene model. Lattie uto� e�ets at tree-level havebeen investigated early on and seem to be under ontrol [122, 123℄. However, the lakof symmetries leads to new relevant operators that have to be ontrolled by appropri-ate ounterterms [124℄. Progress on the way to a dynamial simulation with minimallydoubled fermions has been reported reently [125, 126℄. In absene of dynamial simu-lations there are, of ourse, no thermal QCD studies so far. We have alulated the freepressure for hiral fermions whih indiates that lattie artefats might be small, see �g-ure 3.5. However, the understanding of minimally doubled ations is still developing.Espeially the impliations of a non-hyperubi lattie symmetry need to be arefullyontrolled before these fermions an be applied to large sale simulations. Note thatusually the time diretion is in some way speial for these disretisation shemes withpossible non-trivial impliations for �nite temperature QCD where the Eulidean timeextent determines the temperature.3.5. Numerial SimulationsIn this setion we present the Hybrid Monte-Carlo algorithm that we have used for oursimulations and disuss important issues about the statistial analysis of the obtaineddata as well as soures for systemati errors.26



3.5. Numerial Simulations

-2

-1

 0

 1

 2

 3

 4

 0  0.01  0.02  0.03  0.04  0.05  0.06  0.07

p/
p S

B

1/Nτ
2

Creutz/Borici
Naive

Wilson

Figure 3.5.: Free pressure for massless fermions normalised to the ontinuum limit for naive,standard Wilson and Creutz fermions (the latter aording to [120℄ with param-eters B = 1 and C = 1/
√
2).3.5.1. Hybrid Monte-CarloWe now explain how atual simulations are performed, i. e. how an expetation value,

〈K〉 = 1

Z

∫

D[ψ,ψ,U ] K[ψ,ψ,U ]e−Sg[U ]−SF [ψ,ψ,U ]

=
1

Z

∫

D[U ] Det (MF [U ]) K̃[U ]e−Sg[U ] , (3.45)is alulated numerially. As indiated above, it is always possible to integrate outthe fermioni �elds analytially, f. equation (2.11). For �nite volume there is a high-dimensional integral left for numerial integration so that a representative subset ofon�guration spae has to be hosen in order to reah a result in �nite time. This isdone by means of the so-alled importane sampling, i. e. by applying an algorithm thatgenerates a set of gauge �elds {Un} with the orret probability measure so that for anyobservable the orret expetation value is obtained,
1

Nmeas Nmeas
∑

n=0

A[Un]
Nmeas→∞
−−−−−−−→ 〈A〉 . (3.46)The orresponding probability measure is given by the ation,

P [U ] = Det (MF [U ]) e−Sg[U ] , (3.47)and is realised by means of a moleular dynamis evolution ombined with a Metropolisaept/rejet step, the so-alled hybrid Monte-Carlo (HMC) algorithm [127℄. Sine aprobability measure has to be real, it is obvious that importane sampling only works27



3. Quantum Chromodynamis on the Lattiefor a real fermion determinant. That is the ause for the breakdown of HMC algorithmsat �nite hemial potential µ sine the determinant turns omplex,DetMF (µ) = (DetMF (−µ∗))∗ . (3.48)Our work is based on the algorithm desribed in [128℄. It is improved as omparedto the standard HMC, e. g. by the hoie of a multiple time sale integrator and theappliation of mass preonditioning. This means that in order to optimise the algorithmfor a partiular simulation one an adjust �ve parameters: the preonditioning mass, thestep numbers for three integrators and the trajetory length. After initial optimisationof the parameters we have kept them �xed for eah simulation at one pion mass so thatproperties of the algorithm, espeially the length of autoorrelations, an be interpretedas supplementary signals of physial ritiality.The implementation in a C ode is desribed in [129℄. This is the very ode we haveused for our simulations on the HLRN mahine in Berlin 1. Additionally, we haveperformed simulation on the APEnext at INFN in Rome 2. For the APE mahine, wehave an earlier version of the same program written spei�ally for APE omputers.3.5.2. Data AnalysisSine the on�gurations from a Monte-Carlo simulation are generated onseutively,eah one based on its predeessor, the generated data form a Markov hain. The sta-tistial analysis thus has to take into aount orrelations. The following summary isbased predominantly on [130℄ but see also [55, 131℄.For the following, we onsider the primary observable A whih an be expressed as afuntion of the gauge �eld on�gurations, identifying
Aj = A[Uj ] (3.49)for a given on�guration Uj . The estimator for the mean 〈A〉 is the average A,

A =
1

N

N
∑

j=1

Aj . (3.50)The orret estimate for the variane of A needs to take autoorrelations into aountwhih an be quanti�ed by the integrated autoorrelation time τint,
τint = 1

2Γ(0)

∞
∑

t=−∞

Γ(t) , (3.51)with the autoorrelation funtion
Γ(t) = 〈(Ai− < A >)(Ai+t− < A >)〉 . (3.52)The above de�nitions allow to express the variane of A,

σA =
2τint
N

Γ(0) . (3.53)1For more information, see https://www.hlrn.de/ .2For more information, see http://apegate.roma1.infn.it/APE/ .28



3.5. Numerial SimulationsThis an be interpreted so that the e�etive amount of data is redued by a fator of
2τint as ompared to the unorrelated ase. With our de�nition unorrelated data havean integrated autoorrelation time of 1/2.Suitable estimators for a set of N data points are

Γ̂(t) =
1

N − |t|

N−|t|
∑

i=1

(

Ai −A
) (

Ai+|t| −A
) (3.54)and

τ̂int = 1

2Γ̂(0)

M
∑

t=−M

Γ̂(t) . (3.55)The trunation M is needed sine for arbitrarily large t the noise dominates the expo-nentially weak signal. M must be adjusted in pratie by estimating a plateau behaviouras a funtion of this uto�. In our later data analysis, we will supplement our set ofobservables by the the integrated autoorrelation time to �nd pseudo-ritial points.This is beause τint de�nes a length sale of the system that should learly peak loseto ritial or pseudo-ritial points if all algorithmi parameters are kept onstant.In order to reliably alulate the variane of our data sets, we have hosen to applythe standard method of jakknife binning, i. e. one uses prebinned blok averages,
bk =

1

N −NB

∑

j /∈[kNB,(k+1)NB]

Aj , (3.56)that an be assumed to be free of orrelations,
σ2
A
=
NB − 1

NB

NB
∑

k=1

(bk − b)2 . (3.57)The number of bins NB needs to be large enough in order to reliably allow for aGaussian treatment based on the entral limit theorem. At the same time NB shouldbe small so that orrelations between the bins are really removed. The best value an beadjusted by searhing for a plateau of the error as a funtion of the bin size very similarto what we have mentioned above for the integrated autoorrelation time. Atually,one NB is �xed, one an use equation (3.53) in order to obtain τint. For an errorestimate for τint, we follow [131℄.We show an example in �gure 3.6. The plateau behaviour is identi�ed onsistently fora bin size of 325 orresponding to NB = 20. The remaining �utuations in that regionindiate the unertainty in the determination of the error and τint estimates. Of ourse,alternative approahes suh as Wolf's Γ-method [132℄ are onsistent with our hoie ofthe jakknife binning.Aside from the statistial errors, there are two major soures of systemati e�etsfor lattie simulations. The �rst one is given by the uto� e�ets. Results at severalvalues of the lattie spaing have to be extrapolated to the ontinuum limit relyingon the assumed funtional dependene of the quantity on the lattie spaing, usually
Alatt = Aont + a2c2 + . . .. Even then, it is important that the a2-saling region hasalready been reahed for the lattie spaings under onsideration, i. e. the uto� e�etsneed to be dominated by the leading a2 orretions to the ontinuum value. 29



3. Quantum Chromodynamis on the Lattie
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4. Properties of Twisted Mass QCD atFinite TemperatureIn this hapter we present results on properties of twisted mass fermions at �nite tem-perature that have been obtained in diret ontinuation of the diploma thesis [134℄ andhave been published in [29, 31℄. The �rst part, setion 4.1, presents the relevant on-tributions to [29℄ by this thesis, i. e. simulations sanning the spae of bare parametersof twisted mass QCD � µ0, β, κ � are ompared to theoretial expetations based onhiral perturbation theory in order to develop an understanding for the impliations ofthe non-trivial phase struture. The seond part, setion 4.2, summarises what we havefound out about uto� e�ets of twisted mass QCD at �nite temperature by means ofperturbative alulations of the pressure.4.1. Phase DiagramWe sketh the theoretial expetations for the properties of the (µ0, β, κ)-phase diagram(setion 4.1.1) before we onfront them with the outome of our Monte-Carlo simulationsin setion 4.1.2.4.1.1. Theoretial ExpetationsSine the ritial temperature depends on the quark mass, the thermal transition in-trodues a ritial line κt(β) into the (κ, β)-phase spae of standard Wilson fermions.Furthermore, beause there is also a thermal transition in pure gauge theory, i. e. at in�-nite quark mass, κt must eventually end for κ = 0 at some �nite βqu, f. the qualitativedisussion by Creutz [135℄. This phase struture has been found along with a persistingAoki phase in numerial investigations, f. [136, 137℄ and �gure 4.1.For the enlarged phase spae of twisted mass fermions, Creutz has given a preditionbased on ontinuum limit arguments [138℄. The ruial point is that the ontinuumtheory is invariant under twist rotations. Hene, there have to be losed lines in (m,µ)-spae where the thermal transition is situated, f. �gure 4.2, left. Creutz argued thatthis situation should also hold on the lattie when approahing the ontinuum limit upto some unknown distortions by lattie artefats. This implies that the thermal line
κt(β) for vanishing twist is part of a losed onial surfae that wraps around the zerotemperature hiral ritial line κc(β). For a �xed lattie oupling β a slie of this surfaehas to form a distorted ellipse. A sketh of this onjetured phase diagram is presentedin �gure 4.2, right.At tree-level, this onjeture onsequently leads to lines of onstant physis de�nedby

a2µ20 +
1

4

(

1

κ
− 1

κc

)2

= onst . (4.1)31



4. Properties of Twisted Mass QCD at Finite Temperature
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Figure 4.1.: Sketh of the Aoki phase and the �nite temperature transition κt(β) in (κ, β) spaefor standard Wilson fermions. κc(β) indiates the ritial hopping parameter fora massless theory.However, sine this is a tree-level predition, it is lear that distortions due to uto�e�ets might be large. Going further, one an use the orresponding formula derived innext-to-leading order hiral perturbation theory [139, 43℄,

m2
π± =M ′ +

16

f2

(

(2L68 − L45)(M
′)2 +M ′â cos(ω)(2W − W̃ ) + 2â2 cos2(ω)W ′

)

+
(M ′)2

2Λ2
χ

ln

(

M ′

ΛR

)

, (4.2)where M ′ =
√

µ̂2 + (m̂′)2, â = 2W0a and µ̂ = 2B0Zµµ0, m̂′ = 2B0Zm(m0 −mc). The
W 's and L's as well asB0 an in priniple all be �xed by �tting lattie hiral perturbationtheory to zero temperature simulation results. For our purposes we an take them fromliterature [43, 139, 140℄ where they are mostly known by order of magnitude,

W, W̃ ,W ′ ∼ 1/(4π)2 , (4.3a)
W0 ∼ Λ3

QCD , (4.3b)
aΛχ = 4πaf ≈ 0.068 , (4.3)
aΛR = 4πaf ≈ 0.065 , (4.3d)

2L68 − L45 ≈ −4 · 10−4 . (4.3e)All remaining quantities, needed for renormalisation, are known from ETMC [141℄. Oneall parameters are �xed, equation (4.2) onstitutes lines of onstant mass for given pionmass and lattie spaing.4.1.2. Comparison to SimulationsThe simulation results on whih we report in the following have been published in [29℄.The investigations in the weak oupling regime have been performed on the APEnextof INFN in Rome with a tree-level Symanzik improved gauge ation and a lattie size
163×8. As disussed in [29℄ for strong ouplings β . 3.0 the Aoki phase is found whereas32



4.1. Phase Diagram
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Figure 4.2.: Sketh of the thermal transition surfae. Left: Thermal transition surfae from arotation in the mass plane (from [138℄). Right: Shemati view of the onjeturedone. (from [29℄)for intermediate ouplings β ≈ 3.4 metastabilities are observed that are interpreted asremainders of the zero temperature surfae of unphysial bulk transitions, f. also thezero temperature situation depited in �gure 3.3. For β & 3.65 the phase struture isdominated by the thermal transition. We now disuss the last region in more detail asthis thesis' ontribution is foused there. It also is the region relevant for approahingphysial questions in the ontext of the thermal transition and the ontinuum limit.The analysis of the numerial data is based on the plaquette and real part of thePolyakov loop, their respetive suseptibilities and the pion norm. For details on theobservables, see setion 5.2. In spite of the quite reasonable statistis of typially O(15 k)the results remain somewhat noisy and qualitative. We interpret this as a signal of asoft rossover rather than a sharp transition. A further reason lies in the fat that forsimulations lose to the axis µ0 = 0 and κ > κc the spetrum of the Dira operatoris shifted in the negative real diretion, thus implying the ourrene of very smalleigenvalues [142℄.What we present here in detail is a set of sans in the hopping parameter κ arossits ritial value at �xed β = 3.75 where we have identi�ed a slie of the onjeturedone, i. e. while varying κ we �nd entrane to and exit from the deon�ned region insidethe one. This an be seen in �gure 4.3, left, where the real part of the Polyakov loopis shown for inreasing values of µ0. The rise and fall of the Polyakov loop indiatethe hange from on�nement to deon�nement and vie versa. Whereas the qualita-tive behaviour remains unhanged, the two transitions for κ < κc and κ > κc shouldapproah eah other for inreasing µ0. Finally, the ellipse's largest extent is reahedand the transition aordingly lost, whih an be seen in �gure 4.3, left for the largestmasses aµ0 = 0.025, 0.035.For the Polyakov loop and plaquette suseptibilities as well as from the mass depen-dene of the pion norm we expet peak signals for the thermal transition in κ-sans.Whenever those signals are adequate, we have obtained values for κt, see table B.1 inthe appendix. For signals from more than one observable, they are always mutuallyonsistent. Thus we have used the best signal in eah ase for a rather qualitative om-33
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5. Thermal Transition for Two QuarkFlavoursIn this hapter we present simulations with Nf = 2 maximally twisted mass fermionsand the orresponding analysis in searh for the thermal transition of QCD. We disussthe possible impat of our results on the knowledge of the transition in the two �avourhiral limit.As already noted in the introdution, it is well established that the QCD phase tran-sition for physial quark masses is really a ontinuous rossover [17℄. However, forsimulations of lattie QCD the nature of the transition for varying quark masses is ofpartiular importane sine a diret aess to the physial point is often not feasible.This is espeially true for Wilson type fermions. For our ase of a degenerate quarkdoublet and maximally twisted mass simulation, ETMC have not reahed pion massesbelow 280MeV [23℄. Moreover, knowledge about the phase transition in the two �avourhiral limit in�uenes the understanding of global properties of the phase diagram in anenlarged phase spae where additionally hemial potential is taken into aount [148℄.Despite all e�orts, the nature of the transition in the two �avour hiral limit is still aquestion whih has not been ompletely settled. Most investigations have onluded aseond order transition [105, 149, 150, 151, 152, 153℄ but there are also laims for a �rstorder senario [154, 155, 156℄. Aording to the predition by Pisarski and Wilzek [41℄one of the two senarios must be realised. Their argument relies on the strength of theaxial anomaly. If the anomaly remains strong enough lose to the thermal transition,the symmetry breaking pattern for hiral restoration in the two �avour hiral limitorresponds to the one at zero temperature disussed in setion 2.2,
SUL(2)× SUR(2) → SUV (2) , (5.1)whih would favour a seond order transition in the O(4) universality lass. However,it is also possible for the anomaly to be su�iently suppressed by thermal e�ets. Inthat ase, the additional UA(1) × UV (1) symmetry has to be taken into aount suhthat the breaking pattern turns out to be
UL(2)× UR(2) → UV (2) (5.2)implying a �rst order transition similar to the three �avour hiral and pure gauge limits.For further disussion see [157℄.Sine it is not possible to perform simulations for zero quark mass, whih is true evenfor staggered fermions that generally reah lighter masses than Wilson type fermions,the task for analyses based on lattie simulations is to �nd some way to extrapolatefrom relatively large pion masses in the rossover regime of thermal transitions to thehiral ritial point. This is � at least in priniple � possible sine any ritial pointhas some neighbourhood in whih universal saling behaviour is observable. One an41



5. Thermal Transition for Two Quark Flavourshope to aess this saling regime with the simulations and thus infer the universalitylass from omparison of saling laws.We start with a general disussion of universality in setion 5.1 before we introdueour observables, setion 5.2. This involves the hiral ondensate as the order parameterof hiral symmetry breaking as well as gauge observables, in partiular the Polyakovloop that indiates deon�nement.In setion 5.3 we present our simulation setup inluding the issues of sale setting andsignal extration. Setion 5.4 is devoted to extrating information about the hiral limitfrom our data by utilising saling properties of the order parameter. In setion 5.5, wetry to quantify the strength of the axial anomaly in the hiral limit. For this purposewe introdue sreening masses and the orresponding integrated orrelators as furtherobservables. We also inlude a disussion of some of the properties of sreening massesin the in�nite temperature limit. Finally, setion 5.6 ontains a summary and disussionfor our Nf = 2 maximally twisted mass simulations.The presentation of our simulation setup as well as the analysis and onsiderationsonerning the hiral limit aessed by saling properties an also be found in a reenttmfT preprint [158℄.5.1. Saling PropertiesClose to a seond order ritial point orrelation lengths diverge so that mirosopiproperties of the underlying theory beome unimportant and the dynamis are gov-erned solely by some global properties suh as symmetries and spatial dimension. Thisallows to lassify very di�erent physial systems aording to their universality lass.We refer to Fisher [159℄ for a general review on ritial phenomena. A more reentoverview inluding preise estimates for ritial exponents has been given by Pelissettoand Viari [160℄. For QCD universality is important as it allows to extrat some ofits properties from theories suh as spin models that an be treated more easily byanalytial or numerial methods.Saling behaviour is determined by ritial exponents. Important for the followinganalysis of Nf = 2 hiral QCD are in partiular those that govern the order parameter
M , i. e. β in the phase with broken symmetry and δ at ritial temperature,

M ∼ |τ |β , (5.3a)
M ∼ h1/δ . (5.3b)

τ = (T − Tc)/Tc ∼ β − βc is the redued temperature that an be related to the lattieoupling β as indiated and h is the external �eld whih introdues an expliit symmetrybreaking. In ase of QCD it an thus be identi�ed with the quark mass [151, 161℄. Notethat we now use β to name two di�erent quantities, i. e. the lattie oupling and theritial exponent. Sine both notations are well-established in the literature, we keepthem here. What is really meant is lear in eah ase from the ontext.A third exponent, γ, is important for possible future analysis based on �nite sizesaling, see e. g. [162℄, as it determines the divergene of the suseptibility χ = ∂M/∂h,
χ ∼ |τ |−γ . (5.3)42



5.1. Saling PropertiesUniversality β γ δ ν Referene3d Ising, Z(2) 0.3265(03) 1.2372(5) 4.789(02) 0.6301(04) [160℄3d O(4) 0.3836(46) 1.477(18) 4.851(22) 0.7479(90) [162℄Table 5.1.: Critial exponents for the two universality lasses of interest.For a �nite lattie volume the partition funtion is ompletely regular being a trae overall degrees of freedom and thus a �nite sum. Non-analytiities in the thermodynamiobservables an only be reovered in the in�nite volume limit. The approah to thislimit lose to ritial points is known and an be used to identify the nature of thetransition by means of �nite size saling. For the peak that is observed at �nite volume,one has
χmax ∼ Lγ/ν (5.4)for a seond order ritial point whereas the peak height for a rossover saturates to a�nite value. In ase of a �rst order transition the peak should grow linearly with thevolume, V = Ld. A list of ritial exponents for the universality lasses of interest isshown in table 5.1.The saling of the order parameter is enoded in a universal saling funtion, seee. g. [163℄,
M = h1/δf(x) , (5.5)with the saling variable
x =

τ

h1/(δβ)
. (5.6)An aurate numerial interpolation of the saling funtion is known for the relevantase of O(4) symmetry [164, 165℄. From this saling law it is possible to dedue thedependene of the pseudo-ritial temperature on the �eld h [161℄. To see this, onerealises that also the suseptibility an be expressed by a saling funtion,

χ =
∂M

∂h
= h1/δ−1

(

1

δ
f(x)− 1

δβ
xf ′(x)

)

=: g(x) . (5.7)The pseudo-ritial temperature is de�ned to be the peak of the suseptibility as afuntion of temperature. Therefore, we need to �nd a saling variable that satis�es
∂g(x)

∂τ
= g′(x)

1

h1/(δβ)
= 0 . (5.8)For general h, the above relation an only be ful�lled by a onstant value, i. e. x = B.Hene, using τ = β − βc,

β(h) = βc +Bh1/(δβ) . (5.9)With the proper sale setting and relying on the leading order of χPT, i. e. m2
π ∼ mq,the above relation an also be rewritten for the temperature Tc(mπ) in physial units,

Tc(mπ) = Tc(0) +Am2/(δβ)
π . (5.10)43
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mπFigure 5.1.: Illustration of possible senarios for the Nf = 2 hiral limit.5.2. ObservablesWe present the observables relevant for our study of the thermal transition beginningwith the hiral ondensate in ontinuation of the last setion. We then introdue thegauge observables, in partiular the Polyakov loop that is sensitive to deon�nement.5.2.1. Chiral CondensateThe most important observable for our analysis approahing the massless limit is thehiral ondensate,
〈

ψψ
〉

=
T
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∂ lnZ

∂mq
, (5.11)that is the order parameter for hiral symmetry. Thus it an be assoiated with themagnetisation M of a spin model of the same universality lass applying all the salingproperties presented in setion 5.1.If the anomaly is su�iently strong to break the UA(1) symmetry, the universalitylass aording to Pisarski and Wilzek is the three-dimensional O(4). Also in ase ofa �rst order transition some kind of e�etive saling behaviour an be expeted [166℄.More importantly, the �rst order senario inludes a seond order endpoint in the 3d-Ising (Z(2)) universality lass, f. �gure 5.1. In this ase, one should thus enountera situation that is dominated by Z(2)-saling for a ritial point at �nite quark masswhen approahing the hiral limit from the rossover regime. A subtlety in the latterase is that for the ritial point at �nite mass no exat hiral symmetry of the ationexists. Thus 〈ψψ〉 is no longer an exat order parameter and the quark mass annot beidenti�ed to be the symmetry breaking �eld. The indued unertainty might be smallas we ould think of it as a perturbation due the small quark mass just like in hiralperturbation theory. Sine our data are not aurate enough to ath suh e�ets, wedo not onsider them for the rest of this work. They must, however, be kept in mindfor future work with inreased auray.The appropriate quantity to loate the hiral phase transition is the hiral susepti-bility,

χσ =
∂
〈

ψψ
〉

∂mq
. (5.12)Evaluating the derivative with respet to the quark mass, one obtains two di�erent on-tributions to χσ, see e. g. [150℄. We neglet the piee that is proportional to 〈TrM−2

〉,where M is the fermion determinant, and onsider only the remaining part, whih is44
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σ2
ψψ

= V/T
(

〈

(ψψ)2
〉

−
〈

ψψ
〉2
)

. (5.13)This quantity shows a peak assoiated with the hiral transition. Moreover, it is ex-peted to dominate the signal of χσ, see e. g. [167℄.The pion norm,
|π|2 =

∑

x

〈

ψ(x)
1

2
γ5τ

+ψ(x)ψ(0)
1

2
γ5τ

−ψ(0)

〉

, (5.14)is interesting for twisted mass simulations beause its de�nition is independent of thetwist angle. It is onneted to the hiral ondensate via a Ward identity,
2mq|π|2 = −

〈

ψψ
〉

, (5.15)whih has been proven for twisted mass QCD by Frezzotti et al. [85℄.The ondensate that we have used for analysis has been alulated as 〈ψψ〉 by ourollaborators in Berlin from stohasti noisy estimators, f. [86℄, on all available on-�gurations. We have performed a double hek by omparing these results to the pionnorm. At least for the runs in Rome, B10 and C12 (see setion 5.3), the two alula-tions are ompletely independent of eah other. Most importantly, the ode in Romeperforms the alulation of the pion norm with point soures. In any ase, pion normand 〈ψψ〉 an be used to hek for onsisteny sine they desribe the same physialquantity based on di�erent operators. We show orresponding heks in �gure 5.2 and�gure 5.3.Note that we use the unrenormalised 〈ψψ〉 whih is related to the renormalised hi-ral ondensate by both multipliative and additive renormalisation [85℄. The additive45



5. Thermal Transition for Two Quark Flavours

 4e-05

 6e-05

 8e-05

 0.0001

 0.00012

 0.00014

 0.00016

 0.00018

 0.0002

 0.00022

 0.00024

 220  225  230  235  240  245  250  255

T (MeV)

σ2(|π|2), rescaled
σ2(ψψ)

Figure 5.3.: Chek with B12 data for the onsisteny between the varianes of 〈ψψ〉 and |π|2where the latter one has been resaled by a onstant fator.renormalisation is proportional to the mass and a�ets saling violations � if present �only quantitatively, f. [105℄. Therefore a saling analysis based on our 〈ψψ〉 is perfetlyadmissible if we keep Nτ �xed.5.2.2. Gauge ObservablesThe gauge observables that we onsider are the traed plaquette
P =

1

6NcNτN3
σ

ReTr ∑
x

∑

µ>ν

Uµ(x)Uν(x+ µ̂)U †
µ(x+ ν̂)U †

ν (x) (5.16)and the real part of the Polyakov loop, i. e. the real part of
L =

1

Nc

1

N3
σ

Tr ∑
x

Nτ−1
∏

x4=0

U4 (x, x4) . (5.17)Along with the above observables, we look at their suseptibilities,
χO = N3

σ

(

〈

O2
〉

− 〈O〉2
)

. (5.18)The Polyakov loop is of partiular interest sine it is the order parameter of the puregauge deon�nement transition. This transition is related to the breaking of entresymmetry [168℄. The transformation for this symmetry is given by
Uµ(x) → ei2π/3n1SU(Nc) Uµ(x) , n ∈ N , (5.19)where the fator multiplying the link is from the entre of SU(Nc), i. e. from

C(SU(Nc)) = {z ∈ SU(Nc) | ∀U ∈ SU(Nc) : zUz
−1 = U} . (5.20)46
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F0 is the neessary vauum subtration. In ase of perfet on�nement, a single quarkaquires an in�nite free energy suh that 〈|L|〉 = 0. Note that the expliit entresymmetry breaking for small quark masses is so severe for the volumes relevant to ourstudies that out of the three possible phases for L only the one on the real axis asditated by the quark mass persists. Therefore it is su�ient to use the real part of thePolyakov loop as the quantity signalling on�nement for our simulations.5.3. SimulationsOur dynamial Nf = 2 simulations of twisted mass fermions at maximal twist havebeen performed on latties with temporal extent Nτ = 10, 12 and spatial size Nσ = 32.The lattie spaings were in the range 0.06 − 0.08 fm. With pion masses between 300and 500MeV we have thus mπL ∼ 3 − 5. The gauge ation was tree-level Symanzikimproved and all neessary vauum information have been taken from ETMC [23℄.Our strategy is based on sans in β whih amount to a variation of temperature
T = (a(β)Nτ )

−1 for a pion mass that is determined solely by the twisted mass parameter
µ0. We have tested this strategy on smaller latties with Nτ = 8, Nσ = 16 and largermasses aµ0 = 0.025, 0.040 [90℄. These masses orrespond to pion masses of roughly800MeV � 1GeV. For aµ0 = 0.040 we show the Polyakov loop and its suseptibilityin �gure 5.4. The resulting pseudo-ritial point an be identi�ed very well from thepeak of χ(Re(L)) and gives a temperature in the range of the pure gauge transition,
Tc . 300MeV. 47
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aµ0 at the ouplings used by ETMC an be done using their χPT formulae. For a
β-san these points need to be interpolated. We have hosen the ansatz to use one ofthe existing values of aµ0(β) to �x the only free parameter in the one-loop relation,

aµ0(β) = C exp

(

− β

12β0

)

, (5.23)and determine the line aµ0(β) for the given pion mass from it. Sine our simulationsare always restrited to a relatively small range of lattie ouplings in the regime loseto Tc this approah works very well. Figure 5.6 shows a hek for mπ = 316MeV. Thestarting point is β = 3.9, the simulations are performed for 3.9 . β < 4.05.48



5.3. SimulationsRun N3
σ ×Nτ Range mπ (MeV)A12 323 × 12 3.900 ≤ β ≤ 4.015 316(16)B12 323 × 12 3.950 ≤ β ≤ 4.050 398(20)C12 323 × 12 4.010 ≤ β ≤ 4.090 469(24)B10 323 × 10 3.850 ≤ β ≤ 3.930 398(20)Table 5.2.: Naming sheme for our sans in β. See text for further explanations.
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5. Thermal Transition for Two Quark Flavours

Quantity Run Nτ βc Tc (MeV)
χ(Re(L)) A12 12 3.960(15) 225(7)
χ(P ) A12 12 3.959(15) 225(7)
τint(Re(L)) A12 12 3.965(30) 227(12)
τint(P ) A12 12 3.956(23) 224(9)
σ2
ψψ

A12 12 3.940(23) 218(9)
τint(ψψ) A12 12 3.960(15) 225(7)
χ(Re(L)) B10 10 3.893(13) 244(7)
χ(P ) B10 10 3.881(15) 239(9)
τint(Re(L)) B10 10 3.890(13) 243(8)
τint(P ) B10 10 3.881(05) 239(7)
σ2
ψψ

B10 10 3.880(05) 239(7)
χ(Re(L)) B12 12 4.021(13) 247(7)
χ(P ) B12 12 4.014(05) 244(5)
τint(Re(L)) B12 12 4.006(07) 241(5)
τint(P ) B12 12 4.015(08) 244(5)
σ2
ψψ

B12 12 4.015(05) 245(5)
τint(ψψ) B12 12 4.018(08) 246(5)
χ(Re(L)) C12 12 4.043(20) 255(9)
χ(P ) C12 12 4.027(20) 249(9)
τint(Re(L)) C12 12 4.031(30) 251(13)
τint(P ) C12 12 4.026(20) 249(9)
σ2
ψψ

C12 12 4.030(20) 250(9)Table 5.3.: List of all pseudo-ritial points from our data.
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5.4. Transition in the Chiral Limit
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βhiral(Nτ = 12) ≈ 3.63 . (5.24)This orresponds to Tc(mπ = 0) ≈ 138(54)MeV where the errors are due to the extrap-olation of the sale setting to very small values of β. In any ase, this value of Tc isonsistent with the one obtained from the previous �t. We use that estimate for βhiralto ompare our data with the magneti equation of state (5.5), where we follow previous54
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〈

ψψ
〉

= h1/δcf(dτ/h1/(δβ)) + atτh+ b1h+ . . . . (5.25)We have �tted our data by using either one or both violation terms. The data setC12 annot be aommodated by any of these possibilities, leading to large values of
χ2. On the other hand, �ts to A12+B12 are feasible in all ombinations, giving a βhiralonsistent with our previous determination. The �ts work with either orretion termalone, but when both are admitted at ≈ 0 within errors, see table 5.4. In �gure 5.12,we show a ombined �t to A12 and B12 �xing βhiral = 3.63 from our independentdetermination and at = 0 with χ2/dof = 0.52. The fat that these �ts are not able toinlude the C12 data indiates a mass whih is outside the regime where the leadingorretions, equation (5.25), are appliable. This is in agreement with �gure 5.11, wherealso the heaviest point annot be inluded in the saling desription. Furthermore,the relation for the pseudo-ritial oupling, β(h), has been derived using a doublederivative,

∂2χσ (x(h, τ)))

∂h∂τ
= 0 , (5.26)and thus from the leading orretions of equation (5.25) only the term proportional to atontributes to violations in β(h). As we expet a small at from our �ts, this observationstrengthens the on�dene that the two lighter masses are properly disribed by thesaling �t as shown in �gure 5.11, and that the point for the heaviest mass, C12, su�ersfrom higher order violations.Sine we are in a range of the saling variable τ/h1/(δβ) where the saling funtion israther �at, judgement on whether there are additional violations of the O(4) behaviouror not is di�ult. Repeating this exerise for the �rst order senario with endpoint does55
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ID data βhiral c d at b1 χ2/dof1 A12 3.53(13) 0.149(72) 0.354(45) 0 0 0.442 B12 3.38(19) 0.24(20) 0.38(14) 0 0 0.983 C12 4(18) 0.2(18.1) 0.5(12.2) 4e+84 A12+B12 3.29(2) 1(2) 1.0(1.3) 0 0 1.85 A12+B12 3.63(4) 0.37(62) 1.5(1.7) 0 1.2(2) 0.556 A12+B12 3.55(4) 0.8(1.6) 1.6(2.1) 1.2(3) 0 0.87 A12+B12 3.67(7) 0.4(1.3) 2(5) -0.79(99) 1.8(7) 0.528 A12+B12 3.63 0.6(1.3) 2.1(3.4) -0.3(5) 1.4(3) 0.529 A12+B12 3.63 0.4(4) 1.6(1.2) 0 1.19(2) 0.5210 A12+B12 3.63 0.7(1.7) 2(3) 1.97(4) 0 1.311 A12+B12+C12 3.63 0 5e+712 A12+B12+C12 3.63 5e+713 A12+B12+C12 5e+7Table 5.4.: Fits for the (violated) saling funtion cf(dx) + atτh

1−1/δ + b1h
1−1/δ. Numbersin bold fae have been �xed before �tting. The C12 data annot be brought intoagreement with the saling funtion. If the violating terms b1 and at are omitted,the saling violations seem to be absorbed by βhiral that beomes onsiderablysmaller (see �ts 1,2,4). We annot disentangle the terms b1 and at but the �ts 7and 8 where both parameters are free seem to suggest at ≈ 0.
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5.5. Strength of the Anomalynot give further insight as the ombinations of exponents are too lose. Therefore ourdata are fully onsistent with the O(4) senario, but do not rule out the possibility ofthe �rst order ase. This would require drastially smaller pion masses ombined with�nite size studies, as the hiral saling seems to be valid if mπ . 300 MeV.5.5. Strength of the AnomalyPisarski and Wilzek argued that the strength of the anomaly is driven by the instantondensity whih vanishes for in�nite temperature [41℄. Thus the temperature sale atwhih the axial symmetry is e�etively restored needs not to be the same as for thedeon�nement or hiral transition. This interonnetion between the nature of thetwo �avour hiral transition and the strength of the anomaly has been demonstratedin a model study [172℄. As an indiator for the strength of the anomaly, a reentwork [173℄ has alulated the parametri form of the splitting of pseudo-salar andsalar sreening masses at asymptotially large temperatures, ∆M/M ∼ (ΛQCD/T )b0 ,with b0 = (11Nc − 2NF )/3.In any ase, it is not known a priori whether the axial anomaly in the range of Tc ise�etively restored or not. Existing investigations [150, 174, 175℄ �nd a non-restorationof the axial symmetry near Tc. However, none of these studies has omplete ontrol ofsystemati e�ets.Sreening masses have been used as an observable for �nite temperature QCD fora long time [176℄. Our �ndings are in agreement with di�erent reent studies on thesubjet [177, 178, 179, 180, 181, 182℄ that usually fous on the behaviour in a largertemperature interval extending into the QGP phase. Here we look at the sreeningmasses and their splittings lose to Tc. We start by introduing the sreening massorrelators and orresponding quantum numbers. We then ontinue with a disussionof the properties of free sreening masses in setion 5.5.2 before we turn to the resultsfrom the β-san at large mass, mπ ≈ 1GeV. Finally, we present the results from oursimulations with lighter pion masses aiming to identify the strength of the anomalytowards the hiral limit in setion 5.5.4.5.5.1. Sreening CorrelatorsSreening masses are de�ned as the inverse length sale ontrolling the spatial dampingof orresponding medium exitations, i. e. they are determined from the asymptotibehaviour of suitable meson orrelators,
CΓ(z) ∼ e−Msrz , (5.27)for large enough spatial separation z. Beause of the periodiity of the lattie, thisexpression an be related to a hyperboli osine via

CΓ(z) ∼ e−Msrz + e−Msr(L−z) = 2e−MsrL/2 cosh (Msr(z − L/2)) . (5.28)From equation (5.27) one an de�ne an e�etive mass,
me�(z) = 1

a
log

(

C(z)

C(z + a)

)

, (5.29)57



5. Thermal Transition for Two Quark Flavourswith
me�(z → ∞) =Msr . (5.30)For lattie simulations at �nite volume, one also has to onsider the periodi boundaryonditions for the e�etive mass. Therefore, a suitable de�nition for a loal e�etivemass,

C(z + a)

C(z)
=

cosh (me�(z)(z + a− L/2))

cosh (me�(z)(z − L/2))
, (5.31)needs to be inverted numerially.We onsider �avour non-singlet orrelators in this work, i. e. all orrelators are of theform

CΓ(z) =
〈

ψ(x)Γτ−ψ(x)ψ(0)Γτ+ψ(0)
〉

=
〈

u(x)Γd(x)d(0)Γu(0)
〉

, (5.32)whih orrespond to the harged mesons formed by up and down valene quarks.The omputational advantage of �avour-multiplet orrelators is the absene of quark-disonneted ontributions. These disonneted piees render a numerial evaluationvery di�ult due to large statistial noise. For details of the orrelator alulation, werefer to [86℄. The orrelators an be related to the up-quark propagator Su alone ratherthan to both up and down propagator,
CΓ(z) = Tr (Su(0, x)Γγ5S†

u(0, x)γ5Γ
)

, (5.33)where we have made use of the relation Sd(x, y) = γ5S
†
u(y, x)γ5 as suggested in [86℄.The † refers to the spinor and olour omponents.The naming sheme for orrelators � together with the experimentally determinedvauum mass � is given in table 5.5 inluding �avour singlets. The salar and pseudo-salar quantities of the same �avour ontent are partners by means of axial U(1) trans-formations. Therefore, their non-degeneray signals the axial anomaly, i. e. the breakingof UA(1). name operator IG(JP [C]) mass (MeV)

π± γ5τ
± 1−(0−) 139.57018(35)

π0 γ5τ
3 1−(0−+) 134.9766(6)

η γ5 0+(0−+) 547.853(24)
σ, f0(600) 1 0+(0++) (400-1200)
(a0, a±) (τ3, τ±) 1−(0+) 980(20)
ρ± γjγ4τ

± 1+(1−−) 775.11(34)
b1 γjγ4γ5τ

± 1+(1+−) 1229.5(3.2)Table 5.5.: Naming sheme for meson states. The operators are to be understood in thephysial basis. The masses are the lightest masses in the orresponding hannels,taken from [39℄.Besides the sreening masses, extrated from asymptoti behaviour, also the orrela-tors themselves are indiative of the axial anomaly. In order to avoid systemati uner-tainties from the sreening mass �ts, it is thus advantageous to take the suseptibilities58



5.5. Strength of the Anomalyor integrated orrelators into aount as well,
χΓ =

∑

z 6=0

CΓ(z) , (5.34)where we neglet the ontribution at zero distane whih is dominated by ontat terms.5.5.2. Free Sreening MassesSreening masses from the free theory are expeted to be realised for asymptoti tem-peratures T → ∞. Besides providing a limiting value they an also be looked at to learnabout volume and uto� dependene.As for in�nite temperature there are no interations, sreening masses from all han-nels are expeted to be degenerate. This is illustrated by �gure 5.13, where free or-relators for the pseudo-salar and salar �avour non-singlet hannels are shown. Theyhave been alulated by a numerial inversion of the propagator with respet to the freegauge �eld, U = 1.
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5. Thermal Transition for Two Quark FlavoursFor free staggered fermions, the leading order uto� e�ets must be of O(1/N2
τ ).Aordingly, the sreening mass has the form

(Msr)stagg
T

= 2

√

π2 +
m2
q

T 2
− 1

3

2π4 +
m4

q

T 4 + 2π2
m2

q

T 2
√

π2 +
m2

q

T 2

1

N2
τ

+ . . . , (5.36)where mq is the free quark mass. Wilson fermions, on the other hand, su�er from O(a)e�ets that are introdued by a �nite mass. Taking into aount a possibly twisted masswith m2
q = µ20 +m2

0, the sreening mass is given by
(Msr)tm

T
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√
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(
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+

(
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)−1(
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12
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q
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+
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1
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+ . . . .Thus at maximal twist, i. e. m0 = 0, the quantity is O(a)-improved,
(Msr)mtm

T
= 2

√

π2 +
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q

T 2

−
(
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)−1(
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+
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+ . . . . (5.38)From the above formulae it an be seen that the leading disretisation artefats of allonsidered lattie formulations are negative, i. e. � at least in leading order and non-interating limit � the lattie sreening mass underestimates its ontinuum ounterpart.Contrary to that, perturbative ontinuum alulations [185, 186℄ indiate a positiveontribution introdued by interations.Another soure of deviation from the ontinuum interating value stems from the �nitevolume used in lattie simulations. To get an estimate for this e�et, we have obtainedvalues for the free sreening mass on latties of di�erent extent with a maximally twistedmass propagator using µ0/T = 0.006, see �gure 5.14. In this ase we have used thee�etive mass as de�ned in equation (5.29) at z = L/4 to determine the sreeningmass. Whereas we do not �nd promiment plateau behaviour for small latties, we �ndagreement between the e�etive masses from equation (5.29) and equation (5.31) atthe given position. From Florkowski and Friman [184℄ we know that the asymptotibehaviour of the massless meson orrelator at high temperatures is given by
C(z) ≃ 1

z2
e−2πTz (1 + 2πTz) . (5.39)This ensures the orret in�nite distane behaviour, i. e. me�(z → ∞) = 2πT . How-ever, for atual simulations, one has to deal with a �nite extent in z-diretion. If the60



5.5. Strength of the Anomaly
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τ , for fourvalues of the aspet ratio. The data have been obtained by numerial inversion ofthe free propagator, the solid lines onsider all uto� e�ets whereas the dashedlines only onsider the leading 1/N2

τ ontributions.sreening mass is obtained from the e�etive mass at a given distane, z = L/n, the dis-repany an be alulated, f. [177℄. For this purpose, one has to expand the di�erene
me�(L/n)− 2πT for a small inverse spatial extent �nding

Msr
T

=
Msr
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∣

∣

∣

∣

V→∞

+ n
Nτ

Nσ
(5.40)for massless quarks.In �gure 5.14 and 5.15 we show orresponding �ts to the free sreening masses. Fig-ure 5.14 shows the Nτ -dependene at �xed aspet ratio. For the lattie spaing depen-dene we use the omplete funtional form as impliitly de�ned by equation (5.35) inorder to take points at all lattie spaings into aount. The thinner dashed lines orre-spond to the formula up to O(1/N2

τ ). They seem to be an appropriate desription of thedata points for latties with Nτ & 6. This situation is somewhat better than for the freepressure, disussed in setion 4.2, where �ner latties are needed to ahieve a2-saling.The only free �t parameter left is the oe�ient of the ontribution linear in 1/Nσ , seeequation (5.40). Aording to the above onsiderations, this parameter should be equalto 4, we atually �t 4.362(22). For this �t we have inluded all points but the one at
Nτ = 4 with aspet ratio 2 that is learly out of the range of any approximation.The disrepany of approximately 9% between the expeted value and the �ttedone might be explained by �nite mass e�ets whih are not inluded in equation (5.40).However, modi�ations due to a �nite mass µ0/T ≪ π should be rather small. Therefore,it is more likely that we see higher orders of the double expansion in 1/Nτ and the aspetratio.Figure 5.15 shows the volume dependene at �xed lattie spaing Nτ = 4. As before,the point with an aspet ratio of 2 has been omitted from the �t. The remaining points61



5. Thermal Transition for Two Quark Flavours
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5.5. Strength of the Anomaly
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5. Thermal Transition for Two Quark Flavours
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5.5. Strength of the Anomaly
 0

 2

 4

 6

 8

 10

 12

 14

 16

 18

 200  210  220  230  240  250

M
sc

r/T

T (MeV)

pseudo scalar
scalar

 2.3

 2.4

 2.5

 2.6

 2.7

 2.8

 2.9

 3

 3.1

 3.2

 3.3

 220  225  230  235  240  245  250  255  260

M
ps sc

r/T

T (MeV)

Nτ=10
Nτ=12

Figure 5.19.: Sreening masses for di�erent runs. We have negleted the unertainty in Tfrom the sale setting for these plots. Left: Charged salar and pseudo-salarmasses for A12. Right: Charged pseudo-salar mass for B10 and B12.
 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 0  2  4  6  8  10

am
ef

f(z
/a

)

z/a

vector
axial vector

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 0  2  4  6  8  10

am
ef

f(z
/a

)

z/a

vector
axial vector

Figure 5.20.: Comparison of loal e�etive masses for the vetor and axial vetor hannels.Left: A12, β = 3.960. Right: B12, β = 4.000.systemati errors. For the following we onentrate on the salar and pseudo-salarmasses whih are important to quantify the axial anomaly. For the vetor and axialvetor hannels, we �nd degeneray lose to and above Tc, see �gure 5.20 for examplesat β-values lose to βc for A12 and B12.The splitting of the pseudo-salar and salar sreening masses from runs A12, B12 andC12 is shown in �gure 5.21, left. Not surprisingly, the results are very noisy. However,omparing to �gure 5.17 the splitting seems to be slightly enhaned for the smallermasses even though the lattie spaing is di�erent. In order to get more stable results,we onsider the integrated suseptibilities for the sreening orrelators as de�ned inequation (5.34). For those quantities no �ts are needed. Hene the main soure ofunertainty for the sreening masses is disarded. Consequently, the splitting of thesalar and pseudo-salar suseptibilities as shown in �gure 5.21, right, gives a muhmore oherent piture than the mass splitting does.For both the splitting of sreening masses and suseptibilities, we have determinedthe value in the transition region. For this purpose we have used the pseudo-ritialtemperatures related to σ2
ψψ

as olleted in table 5.3. In �gure 5.21, this is indiatedby the orrespondingly shaded areas. The result is shown in �gure 5.22. Whereas all65



5. Thermal Transition for Two Quark Flavours
 0

 2

 4

 6

 8

 10

 12

 14

 16

 200  210  220  230  240  250  260  270

(M
sc sc

r-
M

ps sc
r)

/T

T (MeV)

A12
B12
C12

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 1.3

 200  210  220  230  240  250  260  270

χ π
 -

 χ
a 0

T (MeV)

A12
B12
C12

Figure 5.21.: Strength of the anomaly as a funtion of temperature determined from the split-ting of sreening masses (left) and their suseptibilities (right) for runs A12, B12,C12.
 0

 2

 4

 6

 8

 10

 12

 14

 16

 300  350  400  450  500

(M
sc sc

r-
M

ps sc
r)

/T

mπ

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 300  350  400  450  500

χ π
-χ

a 0

mπ (MeV)Figure 5.22.: Strength of the anomaly as a funtion of pion mass determined from the splittingof sreening masses (left) and their suseptibilities (right).that an be read o� from the mass splittings is that they seem to be more or lessonsistent within error bars, the splitting from the suseptibilities exhibits an inreasetowards smaller pion masses. This is an important observation indiating that the axialanomaly might not be negligible in the hiral limit.Conentrating on the suseptibilities, we aompany our previous plots by the ratio
χπ/χa0 whih approahes 1 for vanishing anomaly. Figure 5.23, left, presents the ratiofor all of our runs. The data for B10 are more sattered than those for the runs at Nτ =
12. The onlusions for Nτ = 12 are the same as those from �gure 5.21. Furthermore,the lattie spaing dependene judged by runs B10 and B12 again appears to be smallompared to other unertainties. Note however, that an extrapolation to vanishinganomaly � i. e. unit ratio � in the ontinuum limit is not exluded as an be estimatedfrom �gure 5.23, right. Espeially, the B10 point has too large errors to pose a strongonstraint on the extrapolation.The remaining question is whether our numbers for the UA(1) splitting have to beonsidered large or small. There is no unique answer and di�erent studies have proposedone interpretation or the other, see e. g. [150℄ and [187℄ respetively. Chandrasekharanand Mehta have found in their model study that the anomaly has to be quite strong inorder to hange the nature of the transition from �rst to seond order [172℄, possibly66
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r0 from ETMC and QCDSF. In any ase, the orresponding hiral extrapolations leadto omparable results for the hiral ritial temperature within errors. Furthermore,the quality of signals for the pseudo-ritial point seems to be omparable between thelover study and our twisted mass simulations.We have shown a �rst appliation of studies based on universal saling for maximallytwisted mass fermions. Our results indiate that the saling window is not reahedbefore mπ . 300MeV. Therefore, in order to uniquely determine the nature of the two�avour hiral transition learly muh lighter pion masses are needed. Our data annot67



5. Thermal Transition for Two Quark Flavoursdisriminate the di�erent senarios for the transition in the hiral limit. However, we�nd that the saling desription with O(4) exponents auses less tension within ourdata than other assumptions. The orresponding extrapolation yields a hiral ritialtemperature Tc = 154(38)MeV.The apparent preferene for the seond order transition an also be found in our studyof sreening properties. The determination of sreening masses themselves has proven tobe very error-prone due to small data sets. But the splittings of the integrated orrelatorsmight indiate that the strength of the anomaly is not negligible, even inreasing towardsthe hiral limit.
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6. Inluding Strange and Charm QuarksIn this hapter, we disuss the inlusion of heavier quark �avours. Relevant for the QCDthermal transition is in partiular the strange quark with a mass that is omparable tothe transition temperature. But also e�ets in thermal QCD aused by the harm quarkhave been of some interest reently [188℄.For twisted mass QCD the extension by two more �avours at one is natural as thetheory is formulated in terms of �avour doublets. Simply adding a opy of the ationfor up and down quarks, equation (3.21), is not su�ient sine a degeneray of strangeand harm masses is not aeptable. However, the possibility to inlude a mass splittingfor the doublet partners has been known for some time [189℄.Based on the existing zero temperature work by ETMC [24, 190, 191℄ we are in theposition to set up simulation runs at �nite temperature with this so-alled Nf = 2+1+1twisted mass QCD. There are no dynamial simulations at �nite temperature to reporton yet. However, in the following setion, we ollet the ation and information availablefrom ETMC. In setion 6.2 we then disuss the perspetives for �nite temperaturesimulations by looking at the behaviour of the free pressure and giving a possible set ofparameters.6.1. Twisted Mass Ation with Four FlavoursIf we want to apply the ETMC results at zero temperature, the gauge ation has tobe Iwasaki improved. This hoie is motivated in order to minimise the size of theunphysial �rst order transition plane in bare parameter spae. The extent of this planeimposes a lower bound on the quark mass that an be used with the twisted mass ation.The fermion ation for the heavy doublet, χh, is given by
Sh =

∑

x

χh(x)
(

1− κhDW [U ] + 2iκhaµσγ5τ1 + 2κhµδτ
3
)

χh(x) , (6.1)where we employ the same notation as ETMC [24℄. The renormalised strange and quarkmasses are determined by the heavy twisted mass µσ and the splitting µδ,
(mstrange)R = Z−1

P (µσ − ZP /ZSµδ) , (6.2a)
(mharm)R = Z−1

P (µσ + ZP /ZSµδ) . (6.2b)Note that at tree-level µσ = (mstrange + mharm)/2 and µδ = (mharm − mstrange)/2.Cihy and Lushevskaya have investigated O(a)-improvement at tree-level [192℄ andfound everything in aordane with the theoretial expetation. However, they suspetthat uto� e�ets introdued by the large harm mass might be quite severe and dependruially on the hosen improvement ondition for the ritial hopping parameter.ETMC have �xed the heavy hopping parameter κh by the same ondition as the lightone, κl,
κh = κl = κc(β, µl) , (6.3)69



6. Inluding Strange and Charm Quarks

Figure 6.1.: Tuning of strange and harm quark mass. (from [24℄)i. e. both parameters are tuned to the same ritial value by means of the PCAC relation,equation (3.36). Unlike the two �avour ase, one has to take into aount the non-trivialdependene on the light quark mass µl.ETMC adjust strange and harm quark masses via the quantities 2m2
K −m2

PS and
mD. The D mesons are bound states of a harm quark and a light, up or down, partnerso that their mass is indiative for the harm quark mass. Aording to leading orderhiral perturbation theory, the ratio 2m2

K −m2
PS ∼ mstrange is sensitive to the strangequark mass, f. (2.26) and (2.27). Figure 6.1, whih has been taken from ETMC [24℄,illustrates this proedure. As an be seen from the �gure, the auray of the adjustmentdi�ers among their data sets where the one at β = 1.95 gives the best agreement for thewhole range of pion masses.Finally, the reported lattie spaings are [24, 191℄

a(β = 1.90) = 0.086 fm , (6.4a)
a(β = 1.95) = 0.078 fm , (6.4b)
a(β = 2.10) = 0.060 fm . (6.4)6.2. Four Flavours at Finite TemperatureIn order to get an idea of uto� e�ets for Nf = 2+1+1, one an repeat the alulationof the free pressure, see setion 4.2. We explain the adjustment of that alulationfor the mass non-degenerate ase in the following setion 6.2.1. A possible setup fornon-perturbative simulations is then proposed in setion 6.2.2.6.2.1. Cuto� E�ets for the Non-Interating PressureTo alulate the free pressure, we need to deal with the fermion determinant. However,sine the fermion matrix for the mass split doublet is no longer diagonal in �avour spaethe evaluation of lnZ = lnDetMF is more ompliated.The fermion matrix for the heavy doublet an be written as

Mh =MW + iaµσγ5τ1 + aµδτ
3 (6.5)using the parametrisation in whih the quark mass m0 appears rather than the hoppingparameter. MW is the standard Wilson part of the matrix. The fermion determinant70



6.2. Four Flavours at Finite Temperaturean then be expressed asDetMh = Det( MW + aµδ iaµσγ5iaµσγ5 MW − aµδ

)

, (6.6)where the right hand side expliitly shows the �avour struture. Evaluation of equa-tion (6.6) involves some non-trivial steps as explained by Frezzotti and Rossi [189℄.Following their solution, we an ompute the �avour determinant straightforwardly andrewrite the remaining part in spinor spae using the expliit form of the Wilson fermionmatrix in momentum spae,
MW −M †

W = 2ipµγµ , (6.7)so that one getsDetMh =
(

|MW |2 + (aµσ)
2 − (aµδ)

2
)Ns Det(1 + 2ipµγµaµδ

|MW |2 − (aµδ)2 + (aµσ)2

)

. (6.8)The latter part an be expanded in powers of aµδ usingDet (1 + 2aµδB) = eTr (log(1+2aµδB)) (6.9)with
B =

ipµγµ
|MW |2 − (aµδ)2 + (aµσ)2

. (6.10)Finally, the determinant an be expressed asDetMh =
(

|MW |2 + (aµσ)
2 − (aµδ)

2
)Ns

·
(

1 + 4a2µ2δ
p2

(|MW |2 + (aµσ)2 − (aµδ)2)
2

)Ns/2

. (6.11)The pressure for a mass non-degenerate doublet is aordingly given by
p =

1

2
NsNc

∫ d3p
(2π)3

1

Nτ

Nτ−1
∑

n=0

ln
(

(

|MW |2 + (aµσ)
2 − (aµδ)

2
)2

+ 4a2µ2δp
2
) (6.12)if the proper vauum subtration is taken into aount.This relation an be used to numerially integrate the free pressure to all orders ofthe lattie spaing or to perform the analytial expansion for small 1/Nτ in the senseof [143℄. The needed dispersion relation follows from the argument of the logarithm asthis is essentially the diagonalised inverse fermion matrix. As needed, two branhes anbe identi�ed, that orrespond to the strange and harm dispersion relation, respetively,

E± = E±
(0) + aE±

(1) + a2E±
(2) + . . . . (6.13)At maximal twist, to O(a0) and for p = 0, this is simply

E+
(0) = µσ + µδ = mharm , (6.14a)

E−
(0) = µσ − µδ = mstrange . (6.14b)71
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Figure 6.2.: Free pressure normalised to the ontinuum value for a twisted mass quark doubletwith di�erent mass splittings. Left: Light µσ/T = 0.00375. Right: Heavier
µσ/T = 0.75.For the following, we onentrate on maximal twist to simplify notation. The dispersionrelation to the �rst orders in the lattie spaing is then determined by
E±

(0) =
√

p2 + (µσ ± µδ)2 , (6.15a)
E±

(1) = 0 , (6.15b)
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. (6.15)The pressure for a mass split quark doublet at maximal twist, resulting from numerialintegration, is plotted together with the analytial O(1/N2
τ ) predition in �gure 6.2.A light average quark mass, µσ/T = 0.00375, is shown on the left, a heavier one,

µσ/T = 0.75, on the right. As an be seen, additional uto� e�ets due to the splittingare mostly negligible. Only in the heavier example and for the oarsest lattie, somedeviations an be identi�ed. This is in aord with the leading orretions for the O(a2)artefats from µδ with p = 0, whih are proportional to m2
qµδ. These orretions arevery small so that they are not visible for the analytial predition shown in �gure 6.2.6.2.2. Simulation SetupIt is now important to formulate sets of parameters for possible simulations with Nf =

2 + 1 + 1 maximally twisted mass fermions. Sine the ritial hopping parameter hasto be onsidered a funtion of both the oupling β and the light quark mass µl, aninterpolation for a san in β is a�eted by larger unertainties than in the two �avourase. For a �rst exploratory study it is thus preferable to work at one of the β valuesused by ETMC only and perform sans in µl. Choosing β = 1.95, the tuning to thephysial strange and harm masses is more aurate. One then has [24℄
aµσ = 0.170 and aµδ = 0.135 (6.16)72
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aµl mπ (MeV) κc0.00250 268(3) 0.1612420.00275 281(3) 0.1612410.00300 293(3) 0.1612410.00325 305(3) 0.1612400.00350 317(3) 0.1612490.00375 328(3) 0.1612390.00400 339(3) 0.1612390.00425 349(3) 0.161238Table 6.1.: Pion mass and ritial hopping parameter for several values of the light quark mass

µl as determined from our �ts to the ETMC data at β = 1.95 [24℄.with a = 0.07775(39) fm, where the lattie spaing is determined by ETMC from theombined data at β = 1.90 and 1.95.For suh a mass san, only interpolations for the pion mass and the ritial hoppingparameter as funtions of µl are needed. As is shown in �gure 6.3, linear interpolation issu�ient for the range of quark masses under onsideration. The �ts shown orrespondto linear funtions,
κc(µl, β = 1.95) = bκ −mκaµl , (6.17a)

(amπ)
2(µl, β = 1.95) = cπaµl , (6.17b)with bκ = 0.161247, mκ = −0.002 and cπ = 4.45(6).With the above information, it is possible to identify promising simulation points.Table 6.1 gives an overview of possible pion masses and ritial hopping parameters fora range of light quark masses. At the hosen value, β = 1.95, a lattie of size Nτ = 12orresponds to a temperature T = 212(1)MeV so that, judging from the Tc(mπ) for

Nf = 2, one might expet to �nd the thermal transition in the aessible range of pionmasses.Finally, we suggest Nσ = 32 or 36. With Nσ = 36, the aspet ratio would be 3 and
mπL & 3.8 so that �nite size artefats should be under ontrol. Given the neessaryomputing time, the proposed simulations ould be performed with the existing publitwisted mass ode [129℄. 73





7. Conlusions and ResearhPerspetivesThis thesis provides the �rst appliation of twisted mass lattie QCD to thermal systemsof strongly interating matter. We have worked out the properties of these lattiefermions at �nite temperature and demonstrated their appliability to thermal QCD byinvestigating the two-�avour thermal transition. Finally, we have also argued for theextension to the ase of Nf = 2 + 1 + 1.After a summary of known properties of QCD in the ontinuum we have introduedthe lattie framework spending partiular interest on twisted mass fermions and theirknown features. The most prominent reason to use twisted mass fermions is theirautomati O(a)-improvement at maximal twist. We have begun the presentation of ourresults with hapter 4 where we study properties of the lattie fermions with twistedmass at �nite temperature. The roots of that hapter's ontents date bak to the timebefore this thesis. However, ruial results and insights have been obtained as partof this work. On the one hand this onerns the non-trivial phase diagram of twistedmass fermions in bare parameter phase spae. The bulk transitions already presentin the vauum are aompanied by the thermal transition whih appears in form of aonial surfae that wraps around the hiral ritial line of hopping parameters. Wehave revealed this struture, whih had originally been motivated by Creutz, by meansof numerial simulations and omparison to hiral perturbation theory preditions forlines of onstant pion mass. On the other hand, we also disuss our investigations ofthe pressure in the weakly interating limit in hapter 4. The main ontribution by thiswork has been the analytial alulation of O(a) and O(a2) e�ets for the free pressureat a �nite mass. By omparison of these results to the numerially integrated lattiepressure it has beome lear that a2-saling is not present beforeNτ & 10. These �ndingsare supplemented by the O(g2) orretions obtained from numerial integration whihshow qualitatively omparable behaviour. Interesting to note is furthermore that thedi�erenes between the fermion disretisations to leading orders in the lattie spaingseem to be rather small.In hapter 5 we turn to the physis of the thermal transition for Nf = 2. We haveperformed simulations for three pion masses in the range 300MeV ≤ mπ ≤ 500MeV.The sale setting and tuning to maximal twist have been ahieved by interpolationof ETMC data. This proedure saves a vast amount of omputing time, of ourse.Signal extration from the di�erent observables � real part of the Polyakov loop, hiralondensate and plaquette � has proven to be rather di�ult. We attribute thesedi�ulties to the rossover nature of the transition in our mass range. However, beyondthe level of single observables, i. e. when omparing several signals at a time, we havestrong on�dene in the reliability of our (pseudo-)ritial temperatures. For futureprojets, our experiene with signals of Wilson type fermions strongly reommends tostudy several observables from the beginning and not to perform too large leaps at one75



7. Conlusions and Researh Perspetiveswhen hanging parameters suh as the pion mass or lattie spaing.Given our values for the pseudo-ritial temperature, we have tried to extrapolate tothe hiral limit based on the saling formula (5.10). An unambiguous disrimination ofthe nature of the hiral transition from the di�erene in the ritial exponents has notbeen possible. This is not too muh of a surprise sine this kind of analysis has proven tobe di�ult in earlier studies with di�erent types of lattie fermions as well. In the end,the ritial exponents are too lose in order to draw de�nite onlusions on a �rm ground.However, our data seem to prefer the O(4) senario if we ompare our temperatures toother results. We then get a hiral ritial temperature Tc = 154(38)MeV. The taskfor future work will be to derease the unertainty of that number. On the one hand,one needs to redue the soures of unertainty for the pseudo-ritial temperatures at�nite pion mass. Besides the determination of the ritial ouplings themselves thispartiularly requires an improved sale setting. This an be ahieved by dediated zero-temperature runs at the ritial ouplings so that the interpolation of ETMC input is nolonger needed. On the other hand one needs to inlude lighter pion masses into the studysine this leads to a stronger onstraint of the �ts. Indeed, by inspetion of �gure 5.10,
mπ ≈ 200MeV might be neessary to disriminate the di�erent senarios. For twistedmass fermions this pion mass seems to be very ambitious today. However, given theongoing inrease in omputing power, simulating pions at 200MeV is not ompletelyout of bounds.A omplementary approah to the hiral limit is opened by the magneti equation ofstate, (5.5), whih does not neessarily need a priori information of ritial points. Inpriniple, a �t to a number of free parameters, inluding the hiral ritial oupling, issu�ient. Our inspetion of this route has shown that we need to inlude leading ordersof saling violations. Aordingly, our masses are still to be onsidered large with respetto the regime of ritial saling. Conluding our study of the magneti equation of state,we �nd again onsisteny with the O(4) senario. Finally, one would like to judge fromthe quality of the �ts if the O(4) senario is truly realised and other possibilities areruled out. However, keeping in mind that one also has to onsider the Ising universalitylass with exponents that di�er by less than 20% from the O(4) exponents, a �nalstatement would need an unpreedented level of auray. Nevertheless, this kind ofsaling study has appealing features and might even be generalised so to onsider leadingorder oe�ients for the expansion in �nite hemial potential (see [193℄). In orderto improve this part of our work it is highly reommended to enlarge the range oftemperatures sanned for a �xed pion mass so that one maps out a larger setion ofthe saling funtion. Moreover, for approahing the ontinuum limit and assessinguto� e�ets one should eventually apply the saling study to the renormalised hiralondensate. Sine the neessary information might not be available from ETMC, thisalso introdues the need for dediated zero-temperature simulations as already suggestedbefore with respet to an improved sale setting.Our study of the strength of the anomaly has applied sreening observables, i. e. bothsreening masses and the orresponding suseptibilities. The bottom line of this studysupplements our previous �ndings. The anomaly seems to be important at the ritialpoint and thus the O(4) senario is favoured. Note however, that no measure for therelative strength of the anomaly is available. What we an say is that the anomalytowards the hiral limit even rises. Thus it is hard to think of it as being heavilysuppressed near Tc. Whether this trend of a rising anomaly sustains, should also be76



investigated with smaller pion masses further lattie spaings.Conluding our Nf = 2 sans, we stress that our pioneering study of thermal QCDwith twisted mass fermions has shown that this fermion formulation is indeed suitedfor this kind of investigations. The expliit breaking of hiral symmetry is, of ourse,a severe problem whih however omes with the advantage of a �rm theoretial under-standing of the ontinuum limit. This is very di�erent from staggered fermions whihhave been predominantly applied up to the present. We think that our physial re-sults are quite reasonable for the �rst appliation of a new type of fermions. We �nd ahiral ritial temperature in the expeted range and observe behaviour whih an beexplained by a seond order transition of the O(4) universality lass in the hiral limit.Very promising is also that uto� e�ets seem to be of an aeptable size, f. �gure 5.9,i. e. almost negligible for our urrent unertainties and still small for future work withpossibly redued error bars.Chapter 6 ontains our suggestion for the appliation of Nf = 2 + 1 + 1 maximallytwisted mass fermions to thermal QCD. This setup is ultimately required for addressingthe physial point. Our alulation of the free pressure indiates that additional uto�e�ets due to the mass splitting might be rather unimportant for simulations and thatthus the observed behaviour might be omparable to the Nf = 2 ase without furtherompliations.Overall, in this thesis we provide an extensive study of twisted mass fermions at �nitetemperature. Work on thermal lattie QCD with Wilson type fermions is very importantin order to solidate or revise the results obtained with staggered fermions. This is inpartiular true as more and more lattie results are used for omparison with heavy ionollisions and as an input to e. g. hydrodynamial desriptions of the QGP. The qualityof our results is omparable to urrent work using lover improved Wilson fermions andour experiene reported in this thesis will allow to ontinue and apply twisted massQCD to a number of physial questions at �nite temperature and eventually even �nitehemial potential.
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A. Notations and ConventionsA.1. Natural UnitsWe apply so-alled natural units throughout this thesis, i. e. we set
~ = c = kB = 1 , (A.1)where all physial quantities are given by some power of energy, usually in MeV, aord-ing to their mass dimension. This unit system an be related to the standard SI systemby introduing the orresponding values of the onstants as quoted e. g. in [39℄,

~ = 1.054 571 628(53) · 10−34 Js , (A.2a)
c = 299 792 458ms−1 , (A.2b)

kB = 1.380 6504(24) JK−1 . (A.2)The only exeption from natural units are lattie spaings whih are usually given in`fm'. Calulating forth and bak an be ahieved with [39℄
~c = 197.3269631(49)MeV fm . (A.3)A.2. Dira Matries and Eulidean SpaetimeThe expliit hoie of Dira γ-matries is not important for this thesis. However, we wantto stress the di�erene between the matries in Eulidean and Minkowski spaetime. InMinkowski spaetime, following [32℄, the metri is given by
(gµν) =









1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









(A.4)and the Dira matries ful�l
{γµ, γν} = 2gµν , (A.5)with {A,B} = AB +BA. Finally, γ5 is de�ned via
γ5 = iγ0γ1γ2γ3 . (A.6)Performing the Wik rotation τ = −it, we have the Eulidean four-dimensional vetor

xE = (x1, x2, x3, x4) from the Minkowski vetor xM = (x0, x1, x2, x3) so that
|xE |2 = (xE)µ(xE)µ = −|xM |2 = −(xM )µ(xM )µ . (A.7)79



A. Notations and ConventionsThe orresponding metri is simply
(δµν) =









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









(A.8)and we have
{γµ, γν} = 2δµν (A.9)for the Dira matries. The Eulidean γ5 is given by
γ5 = γ1γ2γ3γ4 . (A.10)
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B. Thermal Transitions in the BarePhase DiagramTable B.1 ollets the resulting thermal transitions, i. e. the loation in (κ, µ0)-spae,from Gaussian �ts to signals in our data along with the quantity that gives the bestsignal. For more details, see the published work [29℄.
β κt µt κc(T = 0) Observable3.75 0.1656(8) 0.005 0.1660 χ(P )3.75 0.1677(24) 0.005 |π|23.75 0.1657(5) 0.007 χ(P )3.75 0.1675(4) 0.007 χ (Re(L))3.75 0.16574(24) 0.008 |π|23.75 0.1658(4) 0.010 χ(P )3.775 0.1645(1) 0.005 χ(P )3.8 0.16361(4) 0.005 0.164111 |π|23.8 0.16621(5) 0.005 χ (Re(L))3.9 0.1597(3) 0.005 0.160856 χ (Re(L))3.95(10) 0.17 0.005 χ (Re(L))4.50(5) 0.0001 04.45(5) 0.05 04.43(5) 0.1 0Table B.1.: List of identi�ed thermal transitions, κt and � for the β-values disussed here� the observables from whih they are extrated. The values of κc at zero tem-perature from ETMC [91℄ have been added where they are known (as publishedin [29℄).
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C. Calulations in the Non-InteratingLimitC.1. Integrals for the Free PressureIn order to analytially evaluate the free pressure for lattie fermions from equation (4.4)in analogy to [143℄, arriving at equation (4.6), one has to solve the �nite sum overMatsubara modes ωn. This is done by means of ontour integration as depited in�gure C.1. For ini�nite Matsubara sums in the ontinuum a similar proedure is welldoumented in textbooks [34℄, for the �nite sum on the lattie we are not aware of anyearlier appliation but by Rothe and Kaste [194℄. By mapping the disrete sum to anintegral along the unit irle they provide an identity for meromorphi funtions g(z)that are bounded for |z| → ∞ and free of singularities for |z| = 1,
1

Nτ

Nτ/2−1
∑

n=−Nτ/2

g
(ei(ωn+iµ)) =

∑

z

res (1z g(z))eNτµzNτ + 1
, (C.1)where ωn = (2n+ 1)π/Nτ , µ ∈ R and Nτ even.With the method above, applied to the derivative of the pressure with respet to

ω = sinh(aE), one an get equation (4.6) for the pressure [143℄ and rewrite it fordimensionless integration variables, y = p/T ,
p

T 4
=

Nc

2π3

∫

R3

d3y ln
(

1 + e−ε(y,m/T )
)

, (C.2)where
ε(y,m/T ) = E(p,m)/T . (C.3)Note that the integration range for the spatial momenta has been extended from

[−π/2Nτ , π/2Nτ ] to R. This is allowed for alulations of the power series in 1/Nτsine any further orretions are exponentially suppressed ∼ e−πNτ . The advantage ofthe new integration range is that one an now substitute the Cartesian oordinates byspherial ones. This allows to solve the ourring integrals analytially if m = 0 orat least failiates the numerial integration drastially beause of a redution to onedimension.In order to expand equation (4.6) or equation (C.2) one needs to identify the ontri-butions of the lattie dispersion relation in powers of the lattie spaing,
E(p) = E(0) + aE(1) + a2E(2) + . . . . (C.4)83



C. Calulations in the Non-Interating Limit

Re ω
Im ω

−π π

µ
C

Figure C.1.: Contour integration for �nite Matsubara sum on the lattie. In this ase we haveonsidered the possibility of a non-vanishing value for the hemial potential µ.The dispersion relation is obtained from the zeroes of the inverse Eulidean propagator,
S−1
F (p, p4 = iE), so that for Wilson type fermions one gets
E(0) =

√

p2 +m2
q , (C.5a)

E(1) = −m0

2

m2
q

√

p2 +m2
q

, (C.5b)
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 .(C.5)Simpli�ations and improvement are apparent for maximal twist, i. e. for vanishinguntwisted quark mass omponent m0 = 0. For lover improved fermions mq has to bereplaed by the aordingly shifted quark mass to remove the O(a) terms, of ourse.The only term that breaks rotational invariane to this order of the lattie spaing isthe one proportional to ∑j p
4
j in E(2). All other terms are independent of the angles ofspherial oordinates.The expansion of E = E(0) + aE(1) + a2E(2) + . . . orresponds to an expansion of thedimensionless funtion

ε = ε(0) +
1

Nτ
ε(1) +

1

N2
τ

ε(2) + . . . (C.6)so that one gets the ontributions to the pressure as already stated in setion 4.2.1 order84



C.2. Free Lattie Sreening Massesby order from expanding the logarithm of equation (C.2),
p(a

0)(m)

T 4
=

2Nc

π2

∞
∫

0

dy y2 ln(1 + e−ε(0)(y,m/T )) , (C.7a)
p(a

1)(m)

T 4
= − 2Nc

π2Nτ

∞
∫

0

dy y2 ε(1)(y,m/T )

1 + eε(0)(y,m/T ) , (C.7b)
p(a

2)(m)

T 4
=

Nc

π2N2
τ

∞
∫

0

dy y2 ε2(1)(y,m/T )eε(0)(y,m/T )
(

1 + eε(0)(y,m/T ))2
− Nc

π2N2
τ

∞
∫

0

dy π
∫

0

dϑ y2 sin(ϑ)ε(2)(y, ϑ,m/T )
1 + eε(0)(y,m/T ) . (C.7)The improvement of the pressure is thus diretly linked to the improvement of thedispersion relation as the pressure ontribution linear in the lattie spaing vanishes ifthe linear ontribution to the dispersion relation is zero. The ϑ-dependene of ε(2) posesno problem sine

π
∫

0

dϑ sin(ϑ)f(y)
∑

j

y4j = 3

1
∫

−1

du f(y)u4y4 = 6

5
y4f(y) . (C.8)Thus all integrals an be solved by one-dimensional numerial integration. For vanishingmass, one �nds analyti solutions,

p(a
0)(0)

T 4
= Nc

7

2

π2

90
, (C.9a)

p(a
1)(0)

T 4
= 0 , (C.9b)

p(a
2)(0)

T 4
=

248

147

p(a
0)(0)

T 4
. (C.9)C.2. Free Lattie Sreening MassesThe purpose of this setion is to give reasoning for the determination of the free sreeningmass on the lattie from equation (5.35). For the sake of simpliity, we start withstaggered fermions and explain the neessary modi�ations for Wilson type fermions inthe end. The staggered fermion propagator is given by

S(p) = a
−i/p+ am0

p2 + a2m2
0

. (C.10)Of speial importane is the denominator
D(p) = p2 + a2m2

0 . (C.11)85



C. Calulations in the Non-Interating Limit
x−−x− 1i x

x+−x+ x−−x− 1i y

x+−x+

Figure C.2.: Integration ontours for the x− (left) and y− (right) integration. The poles of the
x-integration ±yx± lie on the dashed irles rotated from the indiated positionsby the phase fator y ∈ ∂D1(0).Two more shorthand notations that will be onvenient from now on are

A2(p⊥, p4) = p21 + p22 + sin2(ap4) + a2m2
0 , (C.12)

F̃ (q3, p3, p⊥, p4) = sin(ap3) sin(ap3 − aq3) +A2(p⊥, p4) , (C.13)where we will usually suppress the referene to p⊥ = (p1, p2) and p4. The sum overthe Matsubara modes whih we denote by ∑p4
will be left for evaluation till later.Hene, the following expression an be onstruted from the free propagator for thepseudo-salar orrelator,

Cπ±(z) =

8Nc

aNτ
a2
∑

p4

π/a
∫

−π/a

dq3
2π

eiq3z
∫BZ d3p

(2π)3

∑3
j=1 pj

(

p− q33̂
)

j
+ sin2(ap4) + a2m2

0

D(p)D(p − q33̂)
. (C.14)Now we an transform the variables as

x = eiaq3 , y = eiap3 (C.15)swithing to losed ontours of integration along ∂D1(0).As funtions of x and y we have
D(p+ q) → − 1

4x2y2
(x− yx−)(x+ yx−)(x− yx+)(x+ yx+) , (C.16)

D(p) → − 1

4y2
(y − x−)(y + x−)(y − x+)(y + x+) , (C.17)

F̃ (p, q) → F (x, y2) = A2 − 1

4

(

y2

x
− x− 1

x
+
x

y2

)

. (C.18)
x± are the positive roots as obtained from

x2± = 1 + 2A2 ± 2A
√

1 +A2 . (C.19)86



C.2. Free Lattie Sreening MassesIt is important to note that
x2− < 1 + 2A2 − 2A

√
A2 = 1 (C.20a)

|x2+| = |1 + 2A2 + 2A
√

1 +A2| > 1 (C.20b)sine A is stritly positive. Furthermore, x2− an be shown to be positive beauseassuming otherwise, we have
x2− < 0 ⇔1 + 2A2 − 2A

√

1 +A2 < 0

⇔ 1 + 2A2 <2A
√

1 +A2 (C.21)
⇒ 1 + 4A2 + 4A4 < 4A2 + 4A4

⇔ 1 < 0 � .Beause we really look at both roots, we are free to de�ne x− to be positive. Afterall thisgives a pole struture where x = ±yx− are within ∂D1(0) and have thus to be onsideredfor the sum of residues for the x-integration. Evaluating the x- and y-integrals, theorrelator an be expressed as
Cπ±(z) =

8Nc

aNτ

∑

p4

∫BZ d2p⊥
(2π)2

{

8F (x2−, x
2
−)(x−)

2z/a

(x− − x+)2(x− + x+)2

+
8F (−x2−, x2−)(x−)z/a(−x−)z/a

(x− − x+)2(x− + x+)2

} (C.22)where the term in the seond line vanishes beause F (−x2−, x2−) = 0. On the other hand
F (x2−, x

2
−) = 2A2, thus one �nally gets

Cπ±(z) =
8Nc

aNτ

∑

p4

∫BZ d2p⊥
(2π)2

(x−)
2z/a

1 +A2
. (C.23)The z-dependene an now be rewritten as

(x2−)
z/a = exp

(

z/a ln
(

x2−
))

= exp
(

−2 sinh−1(A)z/a
)

. (C.24)Therefore up to the p⊥-integration, there is an exponential deay for eah Matsubaramode. The p⊥-dependene of the exponent an be expressed in a power series so thatfor arbitrarily large z this dependene is exponentially suppressed and it is su�ientto look at p⊥ = 0. Furthermore, sine the Matsubara modes give ontributions to thebare quark mass as am0 + sin(ap4), the exponential deay is governed by the smallestpossible values p4 = ±πT only. Afterall, the �nal result is
Msr = 2 sinh−1 (A(p⊥ = 0, p4 = ±πT )) (C.25)whih is the same sreening mass as de�ned by equation (5.35) for staggered fermions.The di�erene for Wilson type fermions is that their denominator D really is a funtionof p/2 due to the Wilson term. Thus it an be written as

D(p− q) = 4(1 +M(p⊥, p4))
(

sin2(ap3/2− aq/2) +A2
W (p⊥, p4)

) (C.26)87



C. Calulations in the Non-Interating LimitwhereM(p⊥, p4) =
1
2 p̂

2
⊥+am0+2 sin2(ap4/2). The de�nition of AW for Wilson fermionshas to be

A2
W (p⊥, p4) =

p2⊥ +M2(p⊥, p4) + a2µ20 + sin2(ap4)

4(1 +M(p⊥, p4))
. (C.27)Using

x = eiaq3/2, y = eiap3/2 , (C.28)the same integration ontours and pole struture as before for staggered fermions areobtained when making use of the periodiity of the integrand, i. e. when employing
∫ π/a

−π/a
dq . . . = 1

2

∫ 2π/a

−2π/a
dq . . . . (C.29)The only remaining di�erene is a fator of 2 in the exponential z−dependene:

Cπ±(z) ∼ e2z/a lnx2− . (C.30)This is exatly the relation that is needed to reprodue the de�nition from equa-tion (5.35),
(aMsr)W = −2 ln

(

1 + 2A2
W − 2AW

√

1 +A2
W

)∣

∣

∣

∣

p⊥=0,p4=±πT

= 4 sinh−1(AW (p⊥ = 0, p4 = ±πT )) . (C.31)
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D. Simulation DetailsD.1. Interpolation of κcOur interpolation of κc is done by the Padé
κc(β) =

1 + a1β + a2β
2

b0 + b1β + b2β2
(D.1)with

a1 = −0.6657552988487317 , (D.2a)
a2 = 0.11369888737867674 , (D.2b)
b0 = 7.644906897056625 , (D.2)
b1 = −5.022518375934722 , (D.2d)
b2 = 0.8395272298528993 . (D.2e)The values of κc from ETMC are listed in table D.1.

β κc3.75 0.16603.8 0.1641113.9 0.1608564.05 0.1570104.2 0.154073Table D.1.: Values of κc(β) from ETMC [23℄, κc(β = 3.75) is known from personal ommuni-ation with K. Jansen.D.2. Monte-Carlo DataFigures D.1, D.2 and D.3 supplement �gure 5.7. Runs A12, B12 and C12�(β = 4.060)have been performed on the HLRN luster in Berlin, runs B10 and all other points ofC12 on the APEnext in Rome. The runs do not share the same algorithmi parameterssuh as trajetory length or number of integration steps in the leapfrog integrator. Inpartiular, the trajetory length was 1 on the HLRN luster and 0.5 on the APE. Thestatistis that the di�erent simulation points have reahed are summarised in table D.2.
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Figure D.1.: Satter plots for Im(L) vs. Re(L) (left) and histograms for Re(L) (right) fromrun B10. From top to bottom we show the aording plots for β = 3.850, 3.885and 3.940.
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D.2. Monte-Carlo Data
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Figure D.2.: Satter plots for Im(L) vs. Re(L) (left) and histograms for Re(L) (right) fromrun B12. From top to bottom we show the aording plots for β = 3.995, 4.015and 4.025.
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Figure D.3.: Satter plots for Im(L) vs. Re(L) (left) and histograms for Re(L) (right) fromrun C12. From top to bottom we show the aording plots for β = 4.020, 4.040and 4.070.
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D.3. Gaussian FitsA12
β stat3.9000 37473.9300 34473.9450 43393.9525 54613.9600 55163.9675 66123.9750 40053.9900 42964.0150 2060

B10
β stat3.8500 19003.8650 19503.8700 44003.8750 21003.8800 40583.8850 49003.8900 62893.8950 29503.9000 44733.9100 57503.9300 6550

B12
β stat3.9500 27833.9700 32683.9900 50893.9950 64864.0000 62984.0100 64034.0125 101394.0150 89504.0175 116734.0200 100034.0250 98784.0300 52454.0400 5350

C12
β stat4.0100 40404.0200 45204.0300 56404.0400 34804.0500 46404.0600 55234.0700 2790

Table D.2.: Statistis for gauge observables from our simulations. Note that trajetory lengthdi�ers between the runs.D.3. Gaussian FitsIn this setion, we ollet the �ts to Gaussians,
f(β) = A exp

(

−(β − βpeak)2
2σ2

)

, (D.3)for the ritial regions of our observables and show them together with the data. Notethat in the following tables we give the �tted peak position βpeak with the aordingerror. This determines the entral value for the ritial oupling βc. Our error estimatefor βc is then obtained from the total width of the identi�ed �t region in order to havea reliable value, see table 5.3. We also inlude some examplary plots in whih theunertainty assigned to βc is visualised by the range for the Gaussian funtion.D.3.1. Run A12Quantity βpeak A σ χ2/dof
χRe(L) 3.9604(31) 1.986(34) · 10−6 0.049(17) 0.524514
σ2(ψψ) 3.9400(96) 2.65(34) · 10−4 0.030(15) 0.208793

χP 3.9590(17) 6.71(63) · 10−8 0.0164(79) (three point �t)
τint(P ) 3.9562(193) 15.2(4.4) 0.036(45) 0.146516

τint(Re(L)) 3.9651(90) 4.6(1.2) 0.029(12) 0.083121
τint(ψψ) 3.9601(47) 2.43(62) 0.018(11) 0.148487
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βFigure D.5.: Signals of 〈ψψ〉 from run A12. Variane (left) and integrated autoorrelationtime (right).D.3.2. Run B10Quantity βpeak A σ χ2/dof
χRe(L) 3.8931(49) 2.432(58) · 10−6 0.037(14) 1.35185
σ2(ψψ) 3.8804(4) 4.54(496) · 10−4 0.0038(4) (three point �t)

χP 3.8807(34) 7.85(29) · 10−8 0.038(16) 0.978101
τint(P ) 3.8807(6) 33(19) 0.033(91) (three point �t)

τint(Re(L)) 3.8898(68) 9.9(1.8) 0.0158(54) 2.24444D.3.3. Run B12Quantity βpeak A σ χ2/dof
χRe(L) 4.02053(86) 2.115(34) · 10−6 0.050(25) 0.454302
σ2(ψψ) 4.0150(11) 1.36(17) · 10−4 0.0072(27) 0.0235771

χP 4.0140(13) 5.08(17) · 10−8 0.0125(41) 0.0464607
τint(P ) 4.0147(49) 7.2(2.1) 0.0089(66) 0.395145

τint(Re(L)) 4.0060(16) 9.3(4.2) 0.0056(27) 0.0772021
τint(ψψ) 4.0176(48) 7.7(1.4) 0.014(14) 0.814068
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D.3. Gaussian Fits
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βFigure D.7.: Signals of Re(L) from run B12. Suseptibility (left) and integrated autoorrela-tion time (right).D.3.4. Run C12Quantity βpeak A σ χ2/dof
χRe(L) 4.0432(60) 2.136(56) · 10−6 0.074(38) 0.110543
σ2(ψψ) 4.0298(11) 1.48(16) · 10−4 0.0164(16) 0.189259

χP 4.0268(42) 4.70(16) · 10−8 0.056(19) 0.49604
τint(P ) 4.0262(47) 12(5) 0.017(6) 0.212751

τint(Re(L)) 4.0312(110) 13(4) 0.028(12) 0.22671
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D. Simulation Details
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D.4. Results of Sreening Mass FitsD.4. Results of Sreening Mass FitsThe �t results are based on the loal e�etive mass, f. equation (5.31). Pseudo-salarand salar sreening masses refer to the harged �avour multiplet hannel. Determina-tion of the salar mass has not always been possible. The number of available orrelatorsfrom individual on�gurations is given in table D.3.A12
β #data3.9000 6533.9300 6783.9450 7383.9525 5303.9600 7443.9675 13163.9750 9253.9900 10174.0150 438

B10
β #data3.8500 3603.8650 3453.8700 5453.8750 3803.8800 5743.8850 6403.8900 7783.8950 4453.9000 5673.9100 7253.9300 805

B12
β #data3.9500 2613.9700 2993.9900 3494.0000 5764.0100 3914.0200 450

C12
β #data4.0100 4644.0200 5124.0300 6244.0500 5244.0600 1430

Table D.3.: Number of orrelators from individual on�guration available for the sreeningmass �ts.
D.4.1. Run A12Pseudo-salar sreening mass from A12

β aMsr χ2/dof Range3.9000 0.1667(16) 0.18 [10,15℄3.9300 0.1704(16) 0.80 [10,15℄3.9450 0.1662(35) 0.71 [10,15℄3.9525 0.1721(25) 1.09 [10,15℄3.9600 0.2067(24) 1.82 [10,15℄3.9675 0.1955(19) 0.11 [10,15℄3.9750 0.2015(21) 0.80 [10,15℄3.9900 0.1949(34) 1.50 [10,15℄4.0150 0.2448(40) 1.06 [10,15℄
Salar sreening mass from A12
β aMsr χ2/dof Range3.9000 0.52(17) 0.17 [8,11℄3.9300 0.87(51) 0.02 [8,9℄3.94503.9525 0.51(10) 0.04 [8,13℄3.9600 0.42(05) 1.08 [8,10℄3.9675 0.56(07) 0.41 [8,10℄3.9750 0.54(13) 0.21 [8,12℄3.99004.0150 0.44(03) 0.32 [8,13℄97



D. Simulation DetailsD.4.2. Run B10 Pseudo-salar sreening mass from B10
β aMsr χ2/dof Range3.8500 0.2360(24) 0.91 [8,15℄3.8650 0.2527(25) 2.07 [8,15℄3.8700 0.2456(26) 1.98 [10,15℄3.8750 0.2674(22) 0.85 [8,15℄3.8800 0.2386(26) 1.01 [10,15℄3.8850 0.2623(20) 2.49 [8,15℄3.8900 0.2831(18) 1.34 [8,15℄3.8950 0.2897(38) 0.75 [10,15℄3.9000 0.2944(21) 1.67 [10,15℄3.9100 0.2787(23) 2.61 [8,15℄3.9300 0.3197(35) 7.08 [10,15℄D.4.3. Run B12Pseudo-salar sreening mass from B12

β aMsr χ2/dof Range3.9500 0.2015(22) 0.63 [10,15℄3.9700 0.1997(22) 0.23 [8,15℄3.9900 0.2161(21) 0.97 [9,15℄4.0000 0.2085(22) 1.38 [8,15℄4.0100 0.2200(30) 2.14 [10,15℄4.0200 0.2199(21) 3.32 [8,15℄
Salar sreening mass from B12
β aMsr χ2/dof Range3.9500 0.32(5) 0.15 [10,15℄3.9700 0.32(4) 0.51 [8,15℄3.99004.00004.0100 0.34(2) 0.90 [10,15℄4.0200D.4.4. Run C12Pseudo-salar sreening mass from C12

β aMsr χ2/dof Range4.0100 0.2435(18) 4.03 [10,15℄4.0200 0.2093(19) 2.07 [9,15℄4.0300 0.2378(21) 0.98 [10,15℄4.0500 0.2742(30) 1.34 [10,15℄4.0600 0.2742(30) 5.36 [10,15℄
Salar sreening mass from C12
β aMsr χ2/dof Range4.0100 0.408(13) 0.28 [8,11℄4.02004.03004.0500 0.680(120) 0.13 [8,11℄4.0600 0.540(030) 0.52 [8,11℄
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