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In view of new high-precision experiments in atomic physics it seems necessary to reexamine nonlinear
theories of electrodynamics. The precise calculation of electronic and muonic atomic energies has been used
to determine the possible size of the upper limit £, to the electric field strength, which has been assumed
to be a parameter. This is opposed to Born’s idea of a purely electromagnetic origin of the electron’s mass

which determines E ,,. We find E ., >1.7X10%®° V/cm.

In recent years nonlinear electrodynamics has
not belonged to the mainstream of research be-
cause any effective work within this framework
was handicapped by mathematical and numerical
difficulties with nonlinear equations. As the non-
linear effects were expected to show up in experi-

ments only when high electric fields of the order
of 10'® V/cm are involved, it was argued that the
only possible experiments would be dominated by
quantum effects, so that nonlinear effects would
be invisible.! However, very recent y-spectro-
scopic experiments and calculations in atomic
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physics?™® have been carried out with an accuracy
of 0.005%. Within this accuracy it is possible to
check the validity of nonlinear electrodynamics to
the same extent. Nonlinear electrodynamic La-
grangians which lead to an upper limit of the elec-
tric field strength were first introducedby Born. '8
His special theory, as well as many other non-
linear electrodynamics, has the satisfactory prop-
erty that the electromagnetic self-energy of the
electron is finite and that the four-momentum of
the electron deduced from the energy-momentum
tensor is a Lorentz vector. ®

Here we are mainly interested in the problem of
electrostatic fields. Hence we will specialize to
this case only (B=0). Our investigations will deal
with a class of Hamiltonian densities ‘™, ¢

H(n):%?_)[(l+E(%D(j¢)>"_l]. (1)

The parameter n characterizes various theories.
For example, #=1 yields Maxwell’s theory, # =%
Born’s original theory, and n=0 the Infeld—Hoff-
mann theory.® These Hamiltonian densities reduce
to Maxwellian form whenever D?<< E2, Here D

is the electric displacement and is defined as
D=-8L/oE. E is the electric field strength and
L the Lagrangian density of the system. The lat-
ter is related to H in electrostatics via the equa-
tion

L=H-E.D. (2)
The principle of superposition for the electric
field strengths is no longer valid in nonlinear elec-
trodynamics. However, as the electric displace-
ment D obeys a linear Euler-~Lagrange equation

v. f5=47rp, &)

where p is a given charge distribution, and since
we can assume the superposition principle for
these charges, it follows that the principle of su-
perposition is also valid for the electric dis-
placement D. The interaction energy of a two-
particle system is then computed according to

v= [ d®x [HD,+D,) - HD,) - HD,)]. (4)

E,, which has not yet been specified, characterizes
an upper limit E_,, of the electric field strength,
which exists whenever < 0.5 in Eq. (1). Namely,
from E = 9H/9D we obtain

E=D.[1+D¥En)]. (5)
For a point charge [p(r) =e 6(r)] we have D = e¥ /43
and it follows straightforwardly that
(1 - 2p)t/2n
(2-2n)t

In our earlier calculations’ we have used E,(z=0.5)
=1.2x10%® V/cm, which has been calculated under

E, . =E,®) (6)

AND GREINER 7

the assumption that the total mass of the electron
is of electromagnetic origin, ! that is,

o8 ol -1
2_| 48, gim _2MTEg e\ _
m, ¢ _fd xH™ = 2 ), dr 1+74E§ 1. (7)

Now, in applying the nonlinear theories to muonic
atoms, one could consider the mass of the muon
to be also of entirely electromagnetic origin. This
would mean the Ema>® would be about (207)% times
larger., Clearly, such particle-dependent limiting
field strengths cannot be ruled out a priori, but
such theories are unesthetic. It seems much more
satisfactory to assume one universal limit to the
field strength which is independent of the particle
creating the field.® Indeed, we will show that there
is no necessity from present experiments to assume
that the value of E_,, is particle dependent, as men-
tioned above. The value of E_, , which is not con-
tradictory to the present accuracy of atomic ion-
ization energies, will also be in agreement with
muonic data.

Our calculations of transition energies of elec-
tronic and muonic atoms are carried out within the
framework of the Dirac equation. The electro-
static potential is generated by a Fermi-type nu-
clear charge distribution. For simplicity the Thom-
as—Fermi model of the atom is used to determine
the atomic charge distribution. This is good ap-
proximation for the inner shells which we are in-
vestigating here, where atomic shell effects play a
minor role. We can compare our values of elec-
tronic eigenenergies with the results of Fricke ef
al.® and Freedman ef al.*: In the case of a Fermi-
type nuclear charge distribution of Fm with a
half-density radius ¢=7.0 fm and a surface thick-
ness t=2.2 fm, the Dirac-Fock self-consistent
description® gives - 142. 929 keV for the 1s ion-
ization energy; our result for the eigenenergy is
- 142,920 keV. The difference of 9 eV is equiva-
lent to a change Ac~ 0.1 fm of the nuclear radius,
as pointed out by Fricke et al.® The experimental
value of Porter and Freedman® is — 141. 963(13)
keV. The remaining difference of ~ 1 keV is at-
tributed to several corrections. *°

The largest nonlinear effects can be expected
when the test particle, e.g., the electron or muon,
moves in the high electric field of the nucleus,
i.e., when the radial probability density has its
maximum at the edge of the nucleus. Such a situa-
tion is realized for, example, in the case of the -
muonic 1s eigenfunction in gPb. The disadvantage
of this case is the fact that the nuclear radius is
adjusted from the 2p-1s transitions, which may hide
the nonlinear electrodynamic effect. It can be
easily shown from Eq. (4) that the nonlinear inter-
action energy differs from the Coulomb potential
in first order by a term proportional to 7'5, the
proportionality constant being independent of the
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shape of the nuclear charge distribution: only results for »=0.5 theory, because the calcu-
Ze? Z3e4(1 —-n) 1 lations show that the Born~Infeld theory is indeed
Vir)~ = — =Voour+ Vaaae (8) representative for the whole class of theories de-

EZm)5 75

r>c 0

Thus wave functions lying well outside of the nu-
cleus, although less sensitive to nonlinear effects,
may give a more decisive test of the nonlinear elec-
trodynamics, since no unknown nuclear quantities
disturb the discussion. It is worthwhile to note
here that nonlinear potential effects of type (8) can
in a linear (Maxwell) theory always be simulated by
a nuclear halo effect, since the additional potential
of Eq. (8) corresponds to a “linear” charge dis-
tribution
1 Z%* 4(1-n) 1
Paaa= g A Ve ==ppey— 7

The effect of nonlinearities is illustrated in Fig.
1, where the deviations TEj,ye11 — TEp; Of the
transition energies of the Born-Infeld theory from
Maxwell electrodynamics are shown as a function
of the limiting field value E_,,. E_, is denoted in
units of Ez=1.2%10' V/cm as proposed by Born,
The left-hand curve shows the muonic 2pg;a-184,,
transition in aggpb. As expected, we observe here
the largest absolute influence of nonlinearities, but
it is also strongly dependent on the in principle un-
known nuclear size. The middle curve shows the
change of muonic 5gq,,-4f5,, transition in ?‘gng. We
have chosen this particular outer transition because
it has been measured very precisely by Dixit et al. 3
(see below). The curve on the right-hand side
shows the electronic 2p;;,-1s,,, transition in ;o Fm.
In Fig. 2 the same results are shown in relative
units; i.e., the deviation at E,,, has been divided
by its value at E_,,=1. It can be seen that the
2pg/2-184,2 electronic transition in ;5Fm is most
sensitive to nonlinearities apart from the muonic
2pg/9-181, transition in g,Pb which, however, is
uncertain due to large effects of the shape of nu-
clear charge distribution. We have quoted here

noted in Eq. (1).

In muonic-atom experiments disagreement be-
tween theory [including finite size effects and vac-
uum polarization up to order (Za)®] and experiment
has recently been reported for higher transitions
such as 5gq;5-4f3/, in 2%®Pb.*? 1t is suggestive
to try to explain these discrepancies by using non-
linear electrodynamics. It is important here that
the over-all good agreement achieved for the var-
ious inner transitions within Maxwell electro-
dynamics is not destroyed. Therefore, we fit at
first the 2p;,,-1s,,, transition as illustrated in
Fig. 3 for a given limiting field E,. The change of
transition energies of 2pg,-1s;,; in muonic 2%Ph
caused by nonlinear theories is shown as a func-

1OF TEuomer™ TE nontinear
TEMoxwe(l_ TE(qux:1)
O.SB
06
-~ 2p;,, -1s
e mlj()zrnc 82 Pb
/
oul| L7 2P '15‘12' . F
/'/ . Zlfectronm, 100 m
H 7 9Qy, ThTs
S " muén%\ic szb
0.2H
0] N1 .\\\h"ﬂ“ﬁ—,
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E max

FIG. 2. Same deviations as in Fig. 1 in relative units.
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equivalent nuclear radius R,. Different curves belong to
different values of limiting field.

tion of the nuclear radius and its change relative

to the “linear” radius in percent. Different curves
belong to different values of the limiting field. It
can be seen, for example, that for E_,, =140E;
(respectively, 33Ejy) the nonlinear field effects are
invisible in the 2p;,,-1s,,, transition, if the nu-
clear radius is renormalized simultaneously by 1%
(respectively, 10%). Because of the mentioned
long range of nonlinearities and its different » de-
pendence compared to finite size effects, there is
still a contribution to the inner electronic and most
other inner and outer muonic transition energies.
For example, using E,, =33E,; and simultaneously
a nuclear radius renormalized by 10%, one obtains
a contribution of about 30 eV to the electronic 2pg/,-
1s,, transition in ;,0Fm. In our opinjon this de-
viation lies within the theoretical uncertainty of the
present experiments 45 (observe, for example, that
in these references the values for self-energy
differ by 27 eV). An even higher absolute influence
of such calculations may be observed in the muonic
5g7/2-4f5/» transition in lead. As the 5g;,, and
4f;,, wave functions lie far outside the nucleus,

the finite size effects are very small (10 eV) and
are almost unchanged by 10% renormalization of

AND GREINER 7

the nuclear radius. From Fig. 1 we obtain a con-
tribution of 40 eV to the transition energy. This

is only one-third of the deviation which has been ob-
served by Dixit et al.® However, very recently simi-
lar experimental results were obtained by Walter
et al., ' whouse corrected values for the third-ordex
vacuum polarization and observe a discrepancy be-
tween theory and experiment of the order of 60

+ 25 eV for the muonic 5g4,,-4f7,, and 5gq,5-4f5/
transitions in "3tHg and 23{T1. We note that after a
contribution of 40 eV for nonlinear electrodynamics
has been included, it seems that agreement between
theory and experiment could be achieved. This is
also true for other experimental results given by
Dixit et al., ® after the theoretical values of the vacu
um polarization have been corrected as indicated by
Sundaresan et al. ' However, when these inner
(2p12~ 1s) and outer (5g,,,~ 4f5,,) transitions were
fitted to the nuclear radius R, and the limiting field
E ., no agreement within experimental errors was
found with other well-known inner transitions: For
example, the 2s,,,-2p3;, and 3ds/,-2p;,, transition
energies are then predicted too small by 38 and 31
keV, respectively. This big disagreement could
only be substantially reduced when E,,, was in-
creased to about E,,,~140Ez~ 1. 7x10% V/cm.

This value has thus to be considered as a lower
bound for E_,, compatible with the high-precision
experiments discussed here.

We mentioned before that nonlinear electro-
dynamics with renormalized nuclear charge radii
are equivalent to the usual Maxwell theory using
nuclear charge distributions with long tails [halo
effect—see Eq. (8)]. Such a halo effect cannot be
understood with nuclear wave functions, the tail
of which is determined by the binding energy of
the nucleons in the Fermi surface. The nonlin-
ear effects, however, can obviously also not simu-
late such a nuclear halo, because of their small-
ness (large E,,).

These lower bounds for the limiting electric field
give only small effects when superheavy nuclei
are considered; we find that the value of Z,. "'
is shifted by no more than two units. Finally, we
mention that the lower bound for E_,, obtained
here leads, of course, to no discrepancy for the
Lamb-shift experiments. Already the much larger
nonlinearities obtained with the smaller value E,,,
=33E5=4x10" V/cm lead to a correction to the
Lamb shift in hydrogen atom of only 0. 006 MHz,
which is less than experimental and theoretical un-
certainties.

We acknowledge interesting discussions and cor-
respondence with B. Milller, Dr. M.S. Freedman,
and Dr. B. Fricke.
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Using a recent method due to Reiss, the relativistic effect to multiphoton absorption in
hydrogenlike atoms in the presence of intense electromagnetic fields of long wavelength is
calculated. For an intensity parameter less than unity the corrections are found to be small
for any number of photons absorbed. However if the intensity parameter exceeds unity by a
considerable amount, corrections become significant.

I. INTRODUCTION

With the discovery of the laser!inthe lastdecade,
it has become possible to achieve photon beams
extremely monochromatic and having very high in-
tensity. With rapid technical development, the in-
tensity has been multiplied by several orders of
magnitude so that processes involving stimulated
emission or absorption of several photons from
hydrogenlike atoms can now be okL. :rved in the
laboratory. The essential nonlinear character of
the intensified interaction with matter leads to
serious difficulty in the application of the perturba-
tion theory. To avoid this, Reiss® developed an
approximation technique for the treatment of bound-
quantum systems in the presence of an intense
electromagnetic field of long wavelength, A treat-
ment of free-quantum systems in the presence of an
intense external electromagnetic field has been
given by Volkov and others.® Approximate calcula-
tions for the multiphoton ionization of hydrogen and
inert gas atoms have been made by Bebb and Gold, 4
while Zernik® has performed an exact calculation
for the double-photon ionization of the metastable
2S level of hydrogen. The exact method of Zernik
has been generalized for the absorption of any
number of photons by Gontier and Trahin, ® who
have also given numerical results. All these per-
turbation treatments suffer from the drawback that
their results are valid for fluxes less than 10%
photons/cm?sec, where ionization cross sections
for many-photon processes are generally very

much smaller than for single-photon process. The
approach of Reiss consists of applying a unitary
transformation to the semiclassical matter field
which approximately removes the electromagnetic
field from the problem. The accuracy of this tech-
nique increases with the number of phtons involved.
For long wavelength and interactions involving a
large number of photons, the transition amplitude
has a simple form similar to the first-order per-
turbation result. Explicit nonlinear effects appear
in the intensity-dependent deviation of the transition
probability from the power-law dependence of the
intensity. As an example of this method, Reiss
has calculated stimulated emission together with

a weak Raman photon from an excited state of the
hydrogen atom and has shown how the perturbation
approach breaks down in this case.” Most of these
applications of Reiss’s technique are confined to
nonrelativistic (NR) cases only. The smallness of
relativistic terms in the perturbation approach does
not necessarily imply the corresponding smallness
for photon intensity, >10%/cm?sec, especially as
higher-order processes contribute significantly to
the transition amplitude.

The purpose of this paper is to see how high in-
tensity magnifies relativistic effects. As an ex-
ample, bound-bound transitions in hydrogenlike
atoms are calculated. We have only considered
here the 1S - 2S transition owing to mulitphoton
absorption.

In Sec. II we have proved the commutator theo-
rem of Reiss for relativistic Hamiltonian and have



