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1. INTRODUCTION

Recursive preferences have become important in a large number of applications includ-
ing macroeconomic and finance theory, and, in particular, equilibrium asset pricing.
In the literature, the notion of stochastic differential utility has been accepted as the
continuous-time analog of recursive utility. This correspondence implicitly underlies
a large number of applications of stochastic differential utility. However, a rigorous
proof of this connection has not been given yet. This paper closes that gap: We
show that, in a general semimartingale framework and under standard assumptions on
the aggregator, stochastic differential utility is the continuous-time limit of recursive
utility.

It is well-known that the standard discounted expected utility paradigm restricts the
relationship between preferences for smoothing across time and across states. To
address this issue, the concept of discrete-time recursive utility was developed by Kreps
and Porteus (1978), Epstein and Zin (1989), Weil (1990), and others, making it possible
to disentangle risk aversion from the elasticity of intertemporal substitution. Stochastic
differential utility was introduced by Epstein (1987) in a deterministic setting and
by Duffie and Epstein (1992) in a stochastic setting as a continuous-time version
of recursive utility. Epstein (1987), Duffie and Epstein (1992) and the subsequent
literature define stochastic differential utility axiomatically in continuous time, but do
not establish a rigorous connection to discrete-time recursive utility. Heuristic links
to recursive utility are provided in Duffie and Epstein (1992), Svensson (1989) and
Skiadas (2008).

The limitations of discounted expected utility are particularly apparent in an impor-
tant area of research: the theory of equilibrium asset pricing. The implications of
expected utility are known to be incompatible with various stylized facts in empirical
findings; for instance, the excess return of stocks implied by expected utility is much
too high for realistic risk aversion parameters (this is the “equity premium puzzle” of
Mehra and Prescott (1985)). In the last 25 years, recursive preferences have therefore
become a key ingredient in the asset pricing literature; see, e.g., Duffie and Epstein
(1992b), Obstfeld (1994), Tallarini (2000), Bansal and Yaron (2004), Uhlig (2007),
Hansen, Heaton, and Li (2008), Guvenen (2009), Kaltenbrunner and Lochstoer (2010),
Gabaix (2012), Borovicka, Hansen, Hendricks, and Scheinkman (2011) and Wachter
(2011). These papers demonstrate that recursive preferences are a highly relevant
modeling tool which allows researchers to address various open questions in economics
and finance. Despite their empirical relevance, the literature lacks a rigorous result
relating discrete-time recursive utility to stochastic differential utility. Thus, so far
discrete-time and continuous-time models coexist (e.g., Bansal and Yaron (2004) is a
recent discrete-time model, while Wachter (2011) is set in continuous time).!

Our main result (Theorem 4.1) shows that, under general conditions, the Kreps-
Porteus recursive utilities associated to a sequence of approximating consumption plans
converge to the stochastic differential utility of the limiting consumption plan as the

IThis is in stark contrast to, for instance, the theory of option pricing: There are several results,
including, e.g., Cox, Ross, and Rubinstein (1979) and Duffie and Protter (1992), on the convergence
of option prices in discrete-time models to their continuous-time counterparts.
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grid size tends to zero. We also provide a rigorous justification of a classical formula,
first derived by Epstein (1987) in a deterministic setting, that is commonly used to ob-
tain a continuous-time aggregator from its discrete-time counterpart. Theorem 4.1 is
based on assumptions that may be violated in some specific applications. We therefore
also provide a convergence theorem that applies to bounded consumptions plans under
milder assumptions on the aggregator. In particular, we apply our convergence results
to the empirically important Epstein-Zin-Weil parametrization of recursive utility. Fi-
nally, we provide a general sufficient condition for recursive utility with a nonstandard
certainty equivalent to converge to stochastic differential utility.

The remainder of this paper is structured as follows: In Section 2 we fix the framework
for the paper’s analysis. Section 3 briefly reviews recursive and stochastic differential
utility. In Section 4 we present our main convergence result. Section 5 contains the
proof. Section 6 establishes a more general convergence result for bounded consump-
tion plans. In Section 7 we provide a basis for further research on convergence with
nonstandard certainty equivalents, and Section 8 concludes.

2. MATHEMATICAL SETTING

We work on a filtered probability space (2,2, §,P) whose filtration § = {St}te[o;p]
satisfies the “usual conditions” of right-continuity and P-completeness. We assume
that §y is P-trivial, and whenever M = {Mt}te[oj] is an (§,P)-martingale, we work
with a cadlag version of M.

Consumption Plans. Let C C R be an interval modeling the consumption space
(typically, C C [0,00)). We call a consumption rate process ¢ = {c;}sejo,7] feasible if
¢ is C-valued and §-progressively measurable with

(1) E [supycpolerl?] < .

We denote by A the class of feasible consumption plans. Moreover we fix a terminal
payoff X, given as a C-valued §r-measurable random variable with E[| X |?] < occ.

Approximating Sequences. We study an arbitrary but fixed sequence {7V} e
of partitions 7V = [t}', ... tN] of [0,T] where? 0 = )/ <tV < ... <tJ =T and
N C Nt Weset AN 2N —tN k=0,..., N —1 and assume that

AN & maxg—o,.. ,N—1 Aé\/ —0as N = oc.

A sequence {c"}nen of C-valued adapted processes is said to be an approximating
sequence for the feasible plan c if ¢ is right-continuous and piecewise constant on
7N for each N € N and?

(2) N = cae on[0,T] x Qas N — oo
subject to the integrability condition

(3) E SupNe]N,te[O,T}‘cz]SVF] < 0.

Note that (2) and (3) imply (1) for a suitable modification of c.

2To simplify notation, we assume that 7% has exactly N + 1 grid points.
310, T] x Q is endowed with the product measure dt @ P.



STOCHASTIC DIFFERENTIAL UTILITY AND RECURSIVE UTILITY 3

Ezamples of Approzimating Sequences. (a) If ¢ € A has paths with left and right limits
and ¢V is the discretization of ¢ along 7%, i.e.

o e fort e[ty ), k=0,...,N—1

then {c"}yen constitutes an approximating sequence.

(b) The approach in (a) applies in particular to piecewise-constant consumption plans.
For instance, ¢ may be represented by a continuous-time Markov chain. In this case,
¢V represents the canonical tree-type approximation of c.

(c) If {cN}nen is an approximating sequence for ¢, then {¢"}yen is also one where

&V is the space discretization of ¢V along ¢V, i.e.
e £ ) if ¢ € [z, zphq) for t € [0,T]
with a sequence {¢™} yew of partitions ¢V = [20, ..., 2¥] of the consumption space C

such that maxy—o . n_1 ]z,i\jrl — 2N = 0as N — cc.

(d) In combination with (a), case (c) covers binomial tree-type approximations to
Brownian models, given suitable integrability conditions.

Note that (b) and (d) correspond to the settings analyzed by Skiadas (2013).

3. RECURSIVE UTILITY AND STOCHASTIC DIFFERENTIAL UTILITY

To model preferences for intertemporal consumption in a stochastic setting, we are
generally interested in mappings of the form

v: A—=R, c—o(c)

such that ¢ is preferred to ¢ if and only if v(c) > v(¢/). If such a representation is
available, the functional v is referred to as a utility index. Clearly, if v and v are
utility indices and there exists a strictly increasing function ¢ such that v = ¢ o v,
then they describe the same preferences; in this case, v and v are said to be ordinally
equivalent.

3.1 RECURSIVE UTILITY

Recursive utility is a paradigm to construct utility indices in a discrete-time framework.
Following Kreps and Porteus (1978), its two main components are

(i) a discrete-time intertemporal aggregator W, i.e. a mapping
W: [0,T]xCxC—=C, (A cv)— WA, cv)
with W(0,¢,v) = v for all (¢,v) € C x C; and
(ii) a certainty equivalent m, i.e. a mapping
m: M(C) - C, pur— m(p)

such that m(d.) = ¢ for all ¢ € C, where M(C) denotes the space of all probability
distributions on C such that [ |v[*;(dv) < oo and 0. is the Dirac measure at c.
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The pair (W, m) is referred to as a (discrete-time) aggregator. The current utility
of consumption cA during a time interval of length A and a random payoff with
distribution p at the end of this interval is computed via the aggregation

(A e, p) — WA c,m(p)).

More precisely, given an aggregator (W, m) the recursive utility index of a feasible
consumption stream ¢V that is piecewise constant on 7 is given by

UN(CN) é %N

with the continuation value process V¥ = v }kzom ~n—1 defined recursively via?

(4) VthV:W<Ak, e m (Ltiv(vtfk]{l))), E=N-1...0 V¥=X

Here £,(Y") denotes the conditional distribution, given time-t information §;, of the
random variable Y. Thus at each time ¢ the agent aggregates current consumption

¢\ with the time-t}) certainty equivalent m(Lyy (VN )) of consumption starting in the
k E+1

next period.

The recursion (4) shows that W models intertemporal preferences, while m captures
risk preferences. In Sections 3 — 6 we assume that m can be represented in the form
characterized by Kreps and Porteus (1978):

) u™ (Jeu(w)u(dv)), e M(Q)

with © : C — R a strictly increasing continuous function of linear growth.> The
interpretation is that preferences between (atemporal) random payoffs Y and Z are
characterized by their expected utilities E[u(Y')] and E[u(Z)].

Normalization. The transformation v — @ £ u(v) leads to the aggregation
(A, e, ) = WA, e, mo (1)
corresponding to the aggregator (W, mg) where
W:[0,T]xCxV-=V, WAcv)2 u(W(A, c,u"'(v)))
and mg denotes the risk-neutral certainty equivalent on V £ u(C),

mo(p) £ fyop(dv), p € M(V).

The backward recursion (4) for VN = { }k 0, N V = u(V,N) now reads
k
(6) XQN_W<Ak, tN,Etg[‘Zng, k=N-1,...0 V¥=¢

and we set 0™ (cV, X) £ VN, Here E, denotes conditional expectation given §; and
¢ £ w(X). Importantly, the aggregator (W, m) describes (via (4)) the same preferences
as (W, mg) (via (6)): The corresponding utility indices are linked via o™ (¢V) = VN =
uw(V{V) = u(v™(c)) so they are ordinally equivalent.

“Existence of recursive utility is guaranteed in our setting by conditions (A1), (A2), (A3) and (A4)
below. We refer to Marinacci and Montrucchio (2010) for existence and uniqueness results under
more general conditions.

5The growth condition ensures that m is well-defined. If this is guaranteed by other means, the
condition can be relaxed; see also Section 6.
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Remark. The terminal payoff X is transformed to the terminal utility £ = u(X). Since
u is of linear growth, we also have E[|¢[%] < oo.

The above normalization procedure is feasible for every certainty equivalent of Kreps-
Porteus type (5). Therefore, in the following we directly work with a normalized
aggregator (W, mg) (or simply W, for short). Thus we study the discrete-time recursive
utility index given by

oV () £ VY for ¢ € A piecewise constant on 7

where VY = {V }s—0,...v satisfies the backward aggregation
k

N
(Rec) v = W(Aﬁ,ci{v,Etiv[Vtng, k=0, N-1 VX=¢
Here the terminal utility &, represented by an §Fr-measurable random variable with
E[|€]%] < oo, and the temporal aggregator W : [0,7] x C x R — R are given.®

Remark. 1If W is additive in the sense that W(A,¢,v) = aAu(c) + (1 — 0A)v, we
recover the classical special case of discounted expected utility:

(7) oV (V) = V¥ = E|ay) B ule) A + BYu(X)]
where £ = u(X) and Y & H?;é(l — 0AY) is the discrete time-t; discount factor.
3.2 STOCHASTIC DIFFERENTIAL UTILITY

Stochastic differential utility was introduced by Duffie and Epstein (1992) as a continuous-
time analog of recursive utility. Although they provide a heuristic connection to re-
cursive utility, Duffie and Epstein (1992) give a rigorous definition of stochastic differ-
ential utility in continuous time only: For a feasible consumption plan ¢ and a given
(continuous-time) aggregator f : C x R — R they define

v(c) £ Vy

where & is an §p-measurable random variable and the process V' = {V; }ico,17 is given
by the backward stochastic differential equation (BSDE)

(SDU) V, = E, Wf(cs, V,)ds + €|, t € [0,1]
or alternatively, in equivalent differential notation,

dV, = —f(ce, Vi)dt +dM,, Vp=¢
with M = {M,}ieo,r) an (3§, P)-martingale.”

Remark. Similarly as in the discrete-time case, if f takes the additive form f(c,v) =
au(c) — dv and & = u(X) we obtain standard expected utility with

v, = E, [a [Te % u(ey)ds + e Tu(X)|, t € [0,7).

6We assume that W (A, ¢, -) is defined on R. This is a technical requirement that can be relaxed,
see Section 6.
See Proposition A.2 in Appendix A for conditions on f that ensure existence and uniqueness.
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4. THE CONVERGENCE RESULT

Throughout Sections 4 and 5 we suppose that a normalized discrete-time aggregator
W and a terminal utility ¢ with E[|£]|?] < oo are given. For a feasible consumption
plan ¢ and an approximating sequence {c"}yen we study the sequence {V¥}yen of
recursive utility processes constructed via (Rec) and the process V given by (SDU).
When there is a risk of confusion, we denote V¥ by V¥(¢V) and V by V(e) to highlight
the dependencies on ¢V and ¢, respectively.

Conditions (A1), (A2), (A3), (A4). We impose the following regularity conditions
on the aggregator W: There is a function f: Cx R — R such that

(A1) WA c,v) =v+ f(c,v)A + (A, c,v)A
with |e(A, c,v)] < h(A)(1+ |c| + |v]), (A,c,v) €[0,T] x Cx R
(A2) |f(e,v) — f(c,w)| < Llv —w| for c € C, v,w € R
(A3) |f(c,0)]| < K(1+c]) force C
(A4) f(-,v) is continuous on C for v € R

where K, L > 0 are constants and h : [0,7] — [0,00) is a continuous increasing
function with ~(0) = 0. In Theorem 4.1 below we identify f as the continuous-
time aggregator corresponding to W. Condition (Al) is a regularity condition for
the discrete-time aggregator W; it essentially requires that W grows linearly in A at
A = 0. Note that (A1) is always satisfied for additive utility. (A1) implies in particular
that (0, ¢,v) = v and that f can be derived from W via

ow

(8) A ——(0,¢,v) = f(c,v) for all (¢,v) € Cx R.

Conditions (A2) and (A3) are Lipschitz and linear growth conditions for the aggregator
in (SDU) that are standard in the literature on BSDEs; see, e.g., Duffie and Epstein
(1992) and El Karoui, Peng, and Quenez (1997). Condition (A4) is natural if a well-
defined continuous-time limit is to be achieved.

Remark. Epstein (1987) and Duffie and Epstein (1992) specify the discrete-time ag-
gregator as a smooth function W : [0,7] x C x R — R such that W(0,¢c,v) = v and
define the continuous-time generator f via f(c v) £ 2X(0,¢,v)/2%(0,¢,v). In our

setting this definition coincides with (8) since (0 c,v) = 1.

.....

tmuatlon value process associated to the consumption plan cN € A on the time grid
7 via (Rec”). For the analysis of convergence we extend the definition of V¥ to the
whole time interval [0, 7] such that V¥ remains unaltered for ¢ € 7':

vy 2w (AY el EWVY ) for t e [ ) and k=0, N~ 1

We now state the main result of this paper: Recursive utility converges to stochastic
differential utility in the continuous-time limit.
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Theorem 4.1 (Convergence). Suppose that (A1), (A2), (A3) and (A4) hold and
consider a feasible consumption plan ¢ € A. Let {cN}new be an approzimating se-
quence and let the recursive utility process VN associated to ¢ be given by

(RecV) VN 2 W(Ak, tN,Et[vtgl]), e[tV ), k=0,... . N—1, VN=¢

Moreover, let V' denote the stochastic differential utility process of ¢ given by

(SDU) = B[ fle, Vi)ds + €], t€0,T]

where W and f are related via (8), i.e. f(c,v) = %—‘X(O,c, v). Then it follows that
Hsupte[O’T]H/;N — V}|H2 — 0 as N — oc.

In particular, the associated utility indices satisfy

M

o™ () = v(c) as N — oo.

5. PROOF OF THE CONVERGENCE THEOREM

We use the following extension of the definition of f:
A W(A c,v) —v

9) f:[0,T]xCxR—=R, f(Acv)2 A

With this notation, (A1) can be restated as
(A1) [F(A; ¢, 0) = fe,0)] S (A +Je| + [v]), (A, ¢,0) €[0,T] x CxR.
Conditions (A1), (A2) and (A3) imply that there is a constant K; > 0 with

(A3) lf (A c,v)| < Ki(1+ |c| + |v]) for (A,e,v) €[0,T] x Cx R.
Using (9) the recursion (Rec™) can be equivalently reformulated as
(10) VY LRY 4 AN (AN, b BV ) for t € [ )

where k =0,...,N —1 and V;%lzf

Outline of the Proof. Iterating (10) yields the representation®

SDUY) VY =B[N AN (AY e By VY 1) + €], te 1Y 1),
Our goal is to show that V¥ — V as N — oo, where

(SDU) Vi =By |J) fles Vi)ds + ).

Apparently (SDUY) mimics a Riemann sum approximation of (SDU). This moti-
vates the following strategy for the convergence proof: Starting from (SDUY) with
F(AY e By [V ). we replace

k+1

]> Step 1

Step 2
-3 f(CﬁWEt\/tN [Vtil\vi ])

f(Ak ; tN’]Et\/tN [VJJ\V[ -7 f( Cev s V;vtN)

and, starting from (SDU) with f(cs, Vi) we replace

Step4 Step3
LN tN’ tN €= J; tN7 tN €= j;g Cs, s

SsviL max{s,t}. Note that t vVt = t,]cV for every summand except possibly the first.
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In the second part of the proof, we “meet halfway” and show with a Gronwall-Bellman
argument that (SDUY) with f(cX, V.Y), i.e.
k k

VN = ]Et[ Q;lAﬁf(cjzv,%’thg) +£] +error, t € [t 1)
and (SDU) with f(c/\, Vi), Le.
k
V, = E, [ft?fsNds +§} + error, t € [}, t]4)

where fN £ f (e Vi) for s € [t t. 1), are close and the error terms are small. Step 1
is crucial since inkthis step we carry out the transition from the discrete-time aggregator
W to its continuous-time counterpart f via the linearization (A1). In Step 3 we switch
from the continuous-time plan ¢ to the approximating sequence {c" } yen. Steps 2 and
4 are intermediate steps. Finally, the Gronwall-Bellman argument establishes the key
link between the recursive utility processes V¥ and the stochastic differential utility

process V.

Remark. Our approach is related to stability results for BSDEs (such as, e.g., Antonelli
(1996) and Coquet, Mackevicius, and Mémin (1998)) and to the recent literature on
numerical approximations of BSDEs (see, e.g., Bouchard and Touzi (2004), Zhang
(2004) and Bouchard and Elie (2008), among many others). We refer to Bouchard, Elie,
and Touzi (2009) for an overview of this strand of research. This literature focuses on
settings with finite martingale multiplicity (e.g., Brownian or jump-diffusion models).
By contrast, in this paper we allow for a general semimartingale framework, so existing
results are not directly applicable to our convergence problem. In addition, even with
finite martingale multiplicity, recursive utility imposes a nonstandard discretization
scheme (see, e.g., (10)): It involves nested conditional expectations and possibly path-
dependent stochastic aggregators that depend explicitly on the time discretization.

Proof of Theorem 4.1. For reasons of readability, the first part of the proof is
subdivided into lemmas that correspond to Steps 1, 2, 3 and 4 above. Necessary a
priori estimates are deferred to Appendix A. Throughout this section, we consider a

fixed consumption plan ¢ € A and an approximating sequence {c"}yen and assume
that (A1), (A2), (A3) and (A4) are satisfied.

Step 1. By (SDUY) we have
1) Y =B[N AV (e B VY ) + €]+ B for t € 1 1)
where RVN = { R}, is given by

RPN 2B SN AV (AN e B VY ]) = £ By VY ) }]
for t € [t}¥,¢},). This error term can be estimated as follows:

Lemma 5.1. There is a constant K3 > 0 such that

Hsupte[O,T”Rtl’NH‘Z < th(AN) for all N > Ny(c, {CN}NE]N).
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Proof. For t € [t}Y,t]},) we have from (A1’) and the conditional triangle inequality

|R | < Et [Zg llAN‘f(Ak ) tN7 t\/ti\’ [V;gal]) - f(cﬁVaEtVtN[Viv 1])@
< HAME S5 (1 + |f] + [Bugy VY 1)AY]
< AAME S5 (L + I+ VA DAY

Applying Doob s L?-inequality to the (§,P)-martingale MY = {M} },cj0.r defined by
MN L2 B[S+ ]ctN\ + \Vtﬁ\vf JAN] for t € [0,T] it follows that

(12) Hsupte[o,TnR; 1, < AAY|[supreo MV, < 20(AY) M o
On the other hand, by Proposition A.1 and (27) in Appendix A we have
1M N2 < 32050 (L4 llegllz + VY ll2) A
<Y 2+ ||ctN||2+Kz[ + 1€l + llell3]) A
< (24 KoL+ €ll2 + Nlel3DT + 2050 X I3AF
< 2+ KoL+ [[€lla + [lell3DT + llells +1, N = No(e, {" }nen).

In combination with (12) this completes the proof. U

Step 2. By (11) we have
(13) VY =B S AY F(ee, Vi) €]+ BEY 4 RPN for ¢ € (1Y, 41)
where R*V = {Rf’N}te[oﬂ is given by
R 2B S AV (e B VA D) — (e Vi) }], £ € i),
Lemma 5.2. There is a constant K4 > 0 such that
Hsupte[O’T”Rf’NH‘z < K4AYN for all N > Ny(c, {CN}NG]N).
Proof. Condition (A2) implies
|R?’N’ < Et[ fCV:_llAfCV}f(Cin,EtWN[V;% ]) o f( tN’Vt\/tN)‘]
< LANEt [zg:_zl|EtvtN ] VtvtN ]
= LAVE |7 Ay, o By VD]
where ¢ € [¢],t}} ) and the identity uses (10). Moreover, (A3’) yields
RPN| < Ky LAVE, [N AN 1+ (el + By VY 1]
< KO LANE | S AN [+ ey + VY 1)

Now the desired estimate follows exactly as in the proof of Lemma 5.1. U
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For future reference, we rewrite (13) in integral form as’
(14) VY =B | [ SN s €|+ RV 4 RPN for e [ 4)
where fVt = {fsN’t}se[o 7] 1s given by

fsN’téf( tN7‘/1tvtN) for s € [t{cvﬂtl]c\crl)a k=0,...,N—-1

Step 3. By definition of V' we have
(15) Vi =B f s+ €|+ BN for t € i 1)
where fV = {fN},cjor is defined by
N2 f(e tN,vtN) for s € [ty ty ), k=0,...,N—1

and where RN = {R}"™},ci07 is given by

RPN 2| [T (e Vo) = [N }as], L€ (0,7
Lemma 5.3. We have

Hsupte[O’T]]Rf’N\HQ — 0 as N = oo.
Proof. For every t € [0,T] we have
RPN < MY 2By [ | (e, Vi) - [¥|as]

with an (§, P)-martingale M"Y = {M} }icjo 1) satisfying My = f0T|f(cs, V) — fN|ds.
Using Doob’s L2-inequality and Cauchy’s inequality we obtain

(16) HSUPte[O,T]|R§’N|”2 < Hsupte[O,T]|MtN|H2 < 2||M:]rv||2

= 2| | £lew Vi) = F¥Jas| < 2VT B[] flens V) — F ] g

By (2), the cadlag property of V, (A3) and (A4) we have fN — f(c.,V.) a.e. on
[0, 7] x €, so by (3), Proposition A.2, (A3’) and dominated convergence we obtain

E[fOT’f(cS,VS) —fSN|2ds] — 0as N — oo. 0

Remark. Lemma 5.3 is the only one of the error estimates established in this section
that does not specify an explicit convergence rate. This cannot be expected unless we
impose stricter assumptions (e.g., a Lipschitz condition) on the dependence of W on ¢
and on the regularity of ¢ with respect to time. In this case, the literature on numerical
solutions of BSDEs suggests that a convergence rate of VAN could be expected in a
jump-diffusion setting; see Zhang (2004), Bouchard and Elie (2008) or Bouchard, Elie,
and Touzi (2009) and the references therein.

Step 4. By (15) we have
(17) Vi = B[ JA (e Vods + [ fYds+e] + R+ REY
—E, [ﬁlesttds + 5} + RPN+ RPN for t € [t 1)

9The additional superindex ¢ indicates that f-* depends explicitly on t.
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where fNt = {fs‘N’t}Se[Q,T] is given by
fsN’t £ f(CiYwV}), s € [tiwatﬁﬁa fsNt £ fsjvy s € [thHaT]
and RN = {R"™},cp.1 is given by
RPN & [l F (e, Vi)ds + B[ [ {2 = f(e, Vi) Yas], ¢ e [0,7].
Lemma 5.4. There is a constant K5 > 0 such that
||supte[07T]|Rf’N|H2 < KA for all N € N.

Proof. By (A3’) we have
ftZ;V tN7V; )ds|, ﬁl+1{f tNJ/;)}dS

so the desired conclusion follows immediately. O

S QANKl |:1 + SupNE]N, SE[O,T}|C§[| + |‘/S|

Gronwall-Bellman Argument. We are now in a position to complete the proof of
Theorem 4.1. For every t € [0,7] we have

(14) VY =By [f S s+ €]+ RYY + RYY
(17) V, = E, [ffvfjvvtds - 5} + RPN+ RPN
where [ chosen such that t € [t]',¢],) and by Lemmas 5.1, 5.2, 5.3 and 5.4
[supseom | Re™ ||, = 0 as N — oo for i = 1,2,3,4.
Here fN* = {fN*} cior and Nt = {fN }sepo,r] are given by
fév’t = f(cth,VtN), s € [tz at1+1)a fsN’t = [(c tN’V ), s € [tév’t]kvﬂ)
P T, e W), P = P Vi), s € )

for kK =1+1,...,N — 1. Combining these results it follows that the process DV =
{DN}iciom given by DY £ VN —V; for ¢ € [0, T] satisfies

DY =E, [ ft?vrﬁv’tds} +RY for t € [t)", %))

where [|sup,co 7[R |[l2 = 0 as N — oo and 7™ = {rV'} i1y is defined by 7! =
JNE = fN L.

PN F YY) = PV, s € [ 8,

Nt = f(e tN,V ) —f(cizv,VtkN), s€ [ty th), k=1+1,...,N—1.
The Lipschitz condition (A2) implies that

P < LIDY, s € [, 4,) and | < LID |, s € [t t)
fork=1014+1,..., N — 1. Therefore,
IDY| < LE[AY DY+ S0 AV 10| + Ei(RY)

where RN £ sup,cjo 7y [R{¥]. If N is sufficiently large so that LAY < 3, we get

(18) DY < 20375 AVEIDX ) + 2B RY).
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Analogously it follows that |D£ZV| < 2Ly AéVEtévHDiYVH + 2Ex [RN] for k =1 +

j=k+1
1,..., N and therefore

(19) E.[|D/x]] < ZLij:kHAjV]EtHDng + 2R, [RN], k=1+1,...,N.

Applying the discrete Gronwall Lemma A.3 to (18) and (19) yields |DN| < 2F,[RN]e*L7T.
Since t € [0, 7] is arbitrary and ||RY ||y — 0 as N — oo, we get

||Supte[O,T]|DiV|||2 —0as N — oo

from Doob’s L2-inequality. This completes the proof of Theorem 4.1. U

6. CONVERGENCE WITHOUT (A1), (A2), (A3), (A4)

In this section we provide a convergence result for bounded consumption plans. It
applies to a wide class of aggregators that are relevant in applications but do not, in
general, satisfy the conditions of Section 4.

A General Class of Aggregators. The discrete-time temporal aggregator is speci-
fied in terms of a strictly increasing function g : C C [0,00) — R via

W (A, c,v) £ g (6Ag(c) + (1 — 0A)g(v))

where 6 € (0,1] models a subjective discount rate. With V £ u(C) the corresponding
normalized aggregator reads

(20) W: [0,T)xCxV =R, W(A,¢,v) £ uog ' (6Ag(c) + (1 = 5A)gou ' (v))

where u is the function inducing the certainty equivalent via (5). The functions ¢ :
C— Rand u: C— R are assumed to be of class C? with

21) g(0) 2 %(0) > 0 and w/(c) £ 24(c) > 0, ce C.

Note that (20) becomes additive for u = g, so discounted expected utility is a special
case. By (8) the associated continuous-time aggregator is

u (u™(v)) [ .

— |90 — 9w W) .

g (u'(v)) ( )

A direct application of Theorem 4.1 may not be possible if (A1), (A2), (A3) and (A4)
are not satisfied globally.'® In addition, W(A,¢, - ) and f(c, - ) may not be defined
on all of R. Below we present a suitable extension of Theorem 4.1 that applies in this
context.

(22) f: CxV-=R, flcv)=9

Ezample. The empirically relevant specification proposed by Epstein and Zin (1989)

and Weil (1989) is obtained by choosing C = (0,00), g(c) = l%(z)clfd’ and u(c) =

1%901_9. The parameters ¢ > 0 and ¢ > 0 model relative risk aversion and the

01y this case, the continuous-time limit is not necessarily well-defined. For instance, if u(c) =
g(c) = —c7? and the consumption plan (¢, &) is given by ¢, = T —t, t € [0,T] and £ = 0, then the
recursive utility indices satisfy (see (7))

oV (c, &) = —52§$55WA;§ < _fwﬁ_l@ — —00 as N — 0.
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inverse of the elasticity of intertemporal substitution. The corresponding normalized
aggregator is given by

1—0

WA, ¢0) = 715 [6Ac~2 + (1-58)[(1 - 0)e] 7]

with V = (0,00) if o < 1 and V = (—00,0) if ¢ > 1. The associated continuous-time

aggregator
1— ¢ 1-¢
Flew) = ozt ()]
([1 = o)==
coincides with the standard parametrization used by Duffie and Epstein (1992), Fisher

and Gilles (1998) and Wachter (2011), among others.

Convergence for Bounded Consumption Plans. Consider a consumption plan
c and an approximating sequence {c"} yen that take values in a closed and bounded
subinterval C;, € C and suppose that the terminal utility ¢ takes values in V, =
u(Cp).** By (21) the inverse functions g=! and u~! are of class C? on g(Cy) and u(Co),
respectively, and it follows from the inverse mapping theorem that W is of class C? on
[0,7] x Cy x Vy. Applying the mean value theorem twice yields

(A c,v) = fle,v) = GR(A c,v) — FX(0,c,v) = %(A",c, v)A’

where 0 < A” < A’ < A. Since W is of class C? it follows that %QA”{ is bounded on
[0, T] x Co x Vg, so the restriction Wy of W to [0,T] x Cy x V satisfies (Al). Similarly,

(A2) holds for Wy. Finally, (A3) and (A4) are obvious.

Notice that for the aggregation (Rec’) which determines VN = V¥(cN) only the
restriction W} is relevant. Indeed, one easily checks that ¢g='(§Ag(c) + (1 —0A)g(v)) €
Co whenever ¢, v € Cy and 6A < 1, so V'V takes values in V, for all but finitely many
N € IN. Hence we obtain

Theorem 6.1 (Convergence). Let W be given by (20) where g : C — R and
u: V — R are C? functions that satisfy (21) and suppose that & takes values in
a bounded closed subset of V. If ¢ € A is a consumption plan and {c™}nen is an
approximating sequence that take values in bounded closed subintervals of C, then

HSUPte[o,TﬂVtN - V{t|||2 — 0 and in particular o™ (V) — v(c) as N — oc.

Here o and v denote, respectively, the recursive utility index on 7 and the stochas-
tic differential utility index with aggregator f given by (22), and VN and V are the
associated continuation value processes.

Proof. Choose a closed interval Cy C C such that ¢ and ¢V take values in Cy for N € IN
and ¢ takes values in Vo = u(Cy). Let W denote the restriction of W to [0, T]x Cy x Vo;
by the preceding discussion W satisfies (A1), (A2), (A3) and (A4) on [0, 7] x Co x V.
Now select an extension Wy of Wy to [0,7] x C x R in such a way that (A1), (A2),
(A3) and (A4) hold for Wy on [0,T] x C x R. Now we can apply Theorem 4.1 with
the aggregator Wy. As observed above, the process V¥ = V¥ (cV) takes values in V,
for all but finitely many N € IN and, in particular, does not depend on the choice of
the extension Wy; since ||[VY — V;|| — 0 as N — oo it follows that V = V/(c) cannot
depend on the choice of W either. The claim now follows from Theorem 4.1. O

HThis is consistent: The corresponding monetary payoff X = u~1(€) is Co-valued.
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Remark. For Epstein-Zin-Weil utility, Theorem 6.1 requires consumption to be bounded
from below by a positive constant. This may not be satisfied in specific applications
as it interferes with the homotheticity of the Epstein-Zin aggregator.

7. BEYOND KREPS-PORTEUS CERTAINTY EQUIVALENTS

Recently certainty equivalents outside the Kreps-Porteus specification have become
important in the modeling of ambiguity, source-dependent risk aversion, and further
behavioral aspects of decisions under risk. In this section we provide a basis for re-
search on recursive utility with nonstandard risk preferences: We establish a sufficient
criterion for a general certainty equivalent to lead to stochastic differential utility in
the continuous-time limit.

Normalization. Consider a consumption plan ¢ € A, an approximating sequence
{cV} vew and the associated backward recursion (4) that defines recursive utility,

‘/;g:W(Ak’ﬁv’th<‘/t§’il)>7k:07"'7N_17 VZX:X

Here {m};cjo,7] is a family of abstract time-¢ certainty equivalents (not necessarily of
Kreps-Porteus type). As in Section 3 the normalization v — o = u(v) with u strictly
increasing leads to the ordinally equivalent representation

(23> ‘/;N_W<Ak7 tN’th(szg )),k:O,...,N—l, VN—g

thrl tn

where ¢ £ u(X), the normalized time-¢ certainty equivalent m, is given by
(24) (1) 2 u(m (u™(V)))
and W(A,¢,7) £ uo W (A, c,u ' (v)).

While, in general, it may not be possible to achieve an exact normalization as in
Section 3 for the Kreps-Porteus case, motivated by the analysis in Skiadas (2013) we
consider the case when an approximate normalization is available:

with a probability measure Q and a “small” error R;. In the following we establish a

general convergence criterion based on an approximation of this form.

Theorem 7.1 (Convergence with Approximate Normalization). Consider a
normalized aggregator W = W as in (23) that satisfies (A1), (A2), (A3), (A4). Let Q
be an equivalent probability measure such that {cN}yew is also an approzimating se-
quence for c with respect to Q and EQ[|¢|?] < oo. If the normalized certainty equivalents

(24) satisfy

(25) mtg(mgl):E?N[x@ngR,{% fork=0,...,N—1

where SN HR lig — 0 as N — oo, then we have o™ (V) — v(c) as N — oo where
v(c) =V and V denotes the stochastic differential utility process

[j; (cs, Vi ds+£] t €[0,T) with f(c,v) = 9% (0,c,v).
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Proof. By (25) we can rewrite the recursion (23) as

VN

N =B AN F(AY, e my (VA ) + VY +RY| k=0, N =1
and similarly as in Section 5 iterating this leads to
VA =B (SIS AN F(AY e mp (VY ) + €+ DG RY
Now Theorem 4.1 implies man:O,...,NH/tN — Vtzkv| — 0 in L?(Q) as N — oo where
k

TN A Q N—1AN Q (/N i
‘/;ZN ﬁEth |: k=l Ak f(Ak ) tN’]EtN[‘/tiV_,_l]) +€i| ’ [ = 07"'7N'
Thus it suffices to show that
maxk:o,,,,,NH‘QizX - ‘ZQJXHL@ — 0 as N — oo.

To verify this note that, by (Al’) and (A2), |f(A,c,v) — f(A,c,w)|] < Ljv —w| +
2Rh(A)[1 + |e] + |v] + |wl], so by (25) and the conditional triangle inequality

VA VN <ER [ SSAYLVY - VY 1] B (S5 A At DRy |
+ EL [2h(AN S AY (el + VA 1+ IV D] 1=0..N.

N . . .
We have supyen maxg—o,. n ||CtkN||2’Q < 00 since {c }NG]N is an approximating se-

quence under Q. As in Proposition A.1 we can use (A3’) to establish the a priori
estimate supyep man:O,...,NHVt%HLQ < 00. By the first part of the proof, we have
k

SUDP yen MaXk—0, N H‘Z%HQQ < oo and thus it follows that
k
. N .
VN = Villle < S5 AVLIVE = Vi lho+ 1+ AVL) S IR o + KA(AY)
with a constant K > 0. Now the Gronwall Lemma A.3 yields the result. U

Ezample: Drift Uncertainty. Suppose W is a (P, §)-Wiener process and {u;(s)}sepr)
is a family of progressively measurable processes for each t € [0,7] and i = 1,...,d.
For t,t + A € [0,T] define the drift-adjusted probability Qf,, o on Fiia by

dQ’é,rPA A t+A
2 oxp { [ pi(s)AW () — 1 i(s)ds

and assume the normalized time-¢ certainty equivalent is given by

my(V) = (Bl A[V] s i =1,...,d) for V € Fusa.

Here E},, » denotes Q] ,, r-conditional expectation given §;, and for each ¢t € [0,T]
the random function ®; : RY — R is §;-measurable, satisfies ®;(z,...,z) = z for all
r € R and there is a constant L > 0 such that

|Dy(x) — Pu(y)| < Llx —y| for z,y € RY.

Examples include the robust specification ®;(z) = min(z) and the second-order ex-

pectation ®,(z) = 3% | aia’ with adapted probability weights o/ = {ai},epo-

In this setting, if there are a progressive process p’ = {u°(t) }epo,r] and a continuous
increasing function h : [0,7] — [0, 00) with ~(0) = 0 such that

(26) lpi(s) — ()| < h(s —t)Vs—tfors>tandi=1,...,d
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then condition (25) in Theorem 7.1 is satisfied with Q defined via

% — exp { [y 1 ()W (5) = 3 [ 1°(s) s }

provided the integrability condition sup ey maxg—o, N HV;]]\V[ ||l2.0 < oo holds. A proof
k
is provided in Appendix B.

8. CONCLUSION

Summary. The convergence results of this paper rigorously establish stochastic differ-
ential utility as the continuous-time limit of Kreps-Porteus recursive utility. Thus they
close an important gap in the literature and justify the use of stochastic differential
utility in continuous-time models in macroeconomics and finance.

Directions for Future Research. The extension of our analysis to the case of
an infinite time horizon is an interesting subject for further study. It would also be
interesting to establish a more general convergence result for the special case of Epstein-
Zin-Weil utility that also covers unbounded consumption rate processes, based on the
analysis of Schroder and Skiadas (1999). In a Brownian setting, one can further
extend the analysis of this paper to the notion of generalized stochastic differential
utility analyzed by Lazrak (2004).

In Section 7 we have provided a basis for the analysis of preferences with nonstandard
certainty equivalents. These results can be extended and generalized, in particular to
specifications when an approximate normalization is not available. Finally, we expect
our results to be relevant for the numerical evaluation of stochastic differential utility.
A detailed analysis of these challenging aspects is left for future research.

APPENDIX A. A PRIORI ESTIMATES AND GRONWALL INEQUALITY

Throughout this appendix, let ¢ € A be a consumption plan with an associated ap-
proximating sequence {c" } yen, let E[|€]?] < co and let the aggregator W satisfy (A1),
(A2), (A3) and (A4). By (2), (3) and dominated convergence we have

e — ¢ll3 = 0 and in particular |5 = S350 AN e |5 — [lefl3 as N = oo
where ||c[|2 £ E[fOT c?dt]. Hence there exists Ny(c, {c" }yen) € IN such that
(27) > rco A llev I3 < 1+ flell3 for all N > No(e, {e"}vew).
The following L2-bounds are used in the proof of Theorem 4.1.

Proposition A.1 (A Priori Estimate for Recursive Utility). For every approz-
imating sequence {cN}new of ¢ € A there is a constant Ko > 0 such that

|supseoz Vi ()|, < Ko [1+ [[€ll2 + llell3] for all N > No(e, {c"}ven).
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Proof. Consider (10) and use the conditional triangle inequality and (A3’) to get
VY < BV [+ AVEIFAY. 4 BVY D]
SEVN 1+ AVKGE L+ |efe| + [E VY I]
S E [+ KAV |+ KA1+ e ])] for t € [t 14).
Iterating this estimate and using the fact that 1 4+ x < e” for x € R we find
(28) VN <EJILS 1+ Kad)e+ SIS TS 1+ KA KAy (1+ [y )]
< MY 2R [T + KT AN (14 )|, e Y 6)
where the process MY = {M} };cp.7) is an (§,P)-martingale with
Ml < Mg + KreM TN AN (14 ey )
< T elly + KreR TSI AN (2 + [l )
< el + Ere (2T + lell3 + 1), N > No(e, {¢" }ven).
Here we have used (27) and the fact that < 1+ 22 for all z € R. Since
Isupeeo Vi lll, < llsuprepn M7, < 2007 Iz
by (28) and Doob’s L2-inequality, this completes the proof. O

Proposition A.2 (A Priori Estimate for SDU). For every ¢ € A there exists a
unique cadlag process V- = V(c) = {Vi(c) }ep,r) with Elsup,e.r [Vi(c)[’] < oo such
that (SDU) is satisfied. Moreover, there is a constant K} > 0 such that

[supsero | Va(e)l|[, < K3[1+1I€ll2 + llell2] for every c € A.
Proof. By (A2) and (A3) the function f satisfies a Lipschitz and linear growth condi-

tion. Hence the claim follows from well-known results on BSDEs; see, e.g., Duffie and
Epstein (1992) or Antonelli (1993). O

Lemma A.3 (Discrete Gronwall Inequality). Let {dy}r—o. . N satisfy
dp <e+ 30 0ud; fork=0,... N

where {ay br=o,..n 1S a sequence of non-negative numbers and € > 0. Then

.....

di < el1Y i (1 + @) < ceXime1% for allk =0,..., N,

Proof. Set z, £ ¢ + Z ajz;, k= N,...,0. By induction

j=k+1
(29) vp=el[ (1 +a), k=0,...,N.
Indeed, this is clear for k = N; if (29) holds for j =k +1,..., N, then
Ty =€+ Zj‘vzk+1ajxj =+ Z;'V:kJrlangﬁijJrl(l + o)
= e[1+ 20 [T, (14 ea) =TT (14 o) ] = e Ty (1 + ).
Another induction argument yields dy < z for k=0,..., N. O



18 STOCHASTIC DIFFERENTIAL UTILITY AND RECURSIVE UTILITY

APPENDIX B. PROOF OF (25) FOR DRIFT AMBIGUITY

We assume without loss that p° = 0. By definition of Q;,, » we have Ej, \[V] =

E2[V] + EQ[ZZHAV] with Z], A £ dQé@A — 1. The Lipschitz property of ®; yields

m, (V) — E2[V]| = |2 (EP[V] + EP[Z], aV] : i=1,....d) — EZ[V]
< Lmax;_y, JEP[Z}, A|V]] for V € Frsa

-----

and therefore we obtain

||R ||1@—]EQ[|th( ) E?N[V m < Lmax;—; dEQ[ sztzv | N H

lpp ' — 7 T e k+1 k+1

By Cauchy’s inequality it follows that
(30) SIS IRN e < I S5 maxies_all Ziy I

.....

where L' £ L supy ey maxg—,.. v ||V ||l2,0- With 7 £ 24} we have from (26)
k

12l = B[ (exp{ [ i(s)a () — 32 uis) Pds} ~ 1) ]
— B exp{ [/ ()W (s) = 4[4 |i(s) Pds + [ |ui(s) Pds}] — 1

< B exp{ [} (5)AW (s) — & [ (s) s + Sh(a)?A%}] —1

— eah(A)?A7 _ < h(A)2A2 for sufficiently small A > 0.

Hence the assertion follows from (30) and the estimate

o max,_y 4|2 vy Nl < SV RANAN < h(AMT = 0as N = co. O
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