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0. Introduction

During the last century since its mathematically correct formulation by Heisenberg, Dirac, Born, Schrödinger,
von Neumann and others in the late 1920’s , quantum mechanics has branched out into almost every
aspect of 20th century physics and into many other disciplines, such as quantum chemistry, quantum
electronics, quantum optics, and quantum information science. However, despite the great success of
quantum mechanics in explaining the eUects of nature in a mathematical rigorous way, there are still
many open issues remaining that have not yet been well understood theoretically. These issues are
commonly intractable because the physical eUects can not be described by a simpliVed theory such as
mean-Veld or perturbation theory or the size of the system becomes too large for the Hamiltonian to be
treated exactly by classical computers. A seminal paper by Richard Feynman [47], argued that a classical
computer will always experience an exponential slowdown when it is applied to a quantum mechanical
problem and proposed, as an alternative to circumvent this limitation, the concept of a universal quan-
tum simulator. Nowadays, experimentalists have already developed a poor man’s version of Feynman’s
universal quantum simulator, which can be referred to as purpose-based quantum simulators [129]. The
basic idea of this approach is to engineer the Hamiltonian of the quantum system of interest in a highly
controllable environment and to obtain all the desired quantities by simply measuring its properties.
A prominent example for a realization of a quantum simulator is that of ultracold atoms, which consti-
tute remarkably Wexible playgrounds for solid state and quantum many-body physics with an impressive
degree of control combined with high-Vdelity measurements [15, 30, 112, 26, 48]. Among the fascinating
experimental achievements of cold gases, is the realization of an atomic Bose-Einstein condensate (BEC)
[36, 5], the observation of vortices and superWuidity in a rotating fermionic gas [202] and the observation
Anderson localization in a disordered BEC [12, 153]. Adding optical lattices to ultracold atom simula-
tions, experimentalists have been able to realize interacting lattice models for both fermionic and bosonic
atoms with a high tunability of the microscopic parameters [15, 60, 14], such as the interparticle inter-
action strength and the hopping amplitudes of the lattice. With these experiments, many eUects known
only from solid state physics have been explored in the context of optical lattices, such as the fermionic
and bosonic Mott-insulator transition [60, 98, 159] or fermionic non-equilibrium transport [73, 160]. On
the other hand, many classes of systems, well known from condensed matter physics, have not yet been
addressed within cold-atom experiments. This is mainly because there exist certain diXculties with their
realization, which the experimentalists have to overcome, such as very low entropies required of the
emergence of magnetic order or the absence of charge for neutral atoms, which makes it very diXcult
to simulate orbital magnetism. Nowadays, one direction of optical lattice experiments is to implement
artiVcial gauge Velds for neutral atoms, which mimic both the presence of an external magnetic Veld for
charged particles, i.e. orbital magnetism, represented by Abelian gauge Velds, and intrinsic eUects such as
Rashba- or Dresselhaus-type spin-orbit coupling, represented by non-Abelian gauge Velds. While there
are many interesting physical regimes to address in systems with artiVcial gauge Velds, one major goal of
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cold-atom experiments is to realize topological phases of matter, such as quantum Hall or quantum spin
Hall insulators.

The general interest in topological insulators began in 1980, when an unexpected quantization of the Hall
conductance for a sample in a strong magnetic Veld at very low temperatures was discovered by von
Klitzing et al. [104], today known as the quantum Hall eUect. The quantum Hall eUect could be explained
theoretically and concisely by Laughlin only one year later [115] and in 1982 Halperin [77] demonstrated
the existence of the famous edge states, which are gapless states at the edge of a quantum Hall sample,
energetically connecting diUerent bulk bands, and responsible for the quantized Hall conductance. In
the same year, an inWuential paper by Thouless et al. was published [182], relating the quantization of
the Hall conductance to the topology of the inVnite system and therefore proving its extreme robustness
against external perturbations. This work was the starting point for the classiVcation of phases of matter
by topological invariants. In the following years, there was a persistent interest in topological phases of
matter leading, for instance, to the formulation of the bulk-boundary correspondence and in 1988, to the
introduction of Haldane’s model, which is a theoretical model describing spinless electrons on the honey-
comb lattice, which exhibits an intrinsic quantum Hall eUect without the need for an external magnetic
Veld [76].
In 2005, Kane and Mele [101] predicted the existence of a so-called quantum spin Hall eUect, by consid-
ering a time-reversal symmetric combination of two Haldane models for spinful fermions – a model that
closely resembles graphene with a strong intrinsic spin-orbit coupling. This model, today known as the
Kane-Mele model, does not show a quantized Hall conductance since spin-up and spin-down electrons
travel in opposite directions, such that the topological invariant for this model is zero. On the other hand,
the spin Hall conductivity is strictly quantized and Kane and Mele argued that there must be an addi-
tional topological invariant, which characterizes this so-called quantum spin Hall eUect. This topological
invariant was determined by Kane and Mele later that year [100] to be a Z2 invariant, taking only the
two values ν = 0, 1, in contrast to the quantum Hall eUect, which is characterized by a Z invariant.
Experimentally, the quantum spin Hall eUect is very diXcult to observe in graphene, since the spin-orbit
coupling is usually very weak. Instead Bernevig et al. [9] predicted the quantum spin Hall eUect would
appear in mercury telluride quantum wells as that compound has an unusually strong spin-orbit cou-
pling. Only one year later, in 2007, the quantum spin Hall eUect was observed experimentally by König
et al. [110] in the proposed quantum wells. However, in two dimensions there has not been any other
experiment performed that has observed Z2 topological insulators in any material.

At this point, optical lattice experiments with artiVcial gauge Velds provide the perfect playground for in-
vestigating topological insulators. Recently there has been made much progress in implementing artiVcial
Abelian [96, 140, 167, 170, 54, 97] and non-Abelian gauge Velds [34, 125, 56, 120], such that the next group
that experimentally realizes a quantum spin Hall insulator could come from the cold-atom community.
In particular, we would like to mention Ian Spielman’s experiments at NIST, where experimentalists are
attempting to synthesize a quantum spin Hall insulator with ultracold 6Li on a atom chip [57]. The con-
trolled observation of the extraordinary phenomenology of topological insulators would shed new light
on quantum many-body theory. There are still many open issues in the context of interacting topological
insulators, which could be clariVed by optical lattice experiments and can up to now not be addressed by
other solid state experiments because of the accessible parameter regime for these is strongly limited. For
instance there have been contradictory results published on the interacting phase diagram of graphene,
where some Monte-Carlo calculations predict the presence of a spin-liquid phase for intermediate inter-
actions [130, 197] while others show the absence of this phase for any interaction strength [168], such
that experimental evidence is required for a deVnite answer of this problem. Further questions to address
are the robustness of topologically protected edge states against inter-particle interactions and disorder
[42, 21], the robustness of the Z2 classiVcation in general [89] or the transition from chiral to helical edge
states in the presence of spin-orbit interaction [56].

In this thesis, we theoretically investigate geometry, disorder, detection methods and interactions in ex-
plicit realizations of topological insulators in optical lattices. The eUect of the optical lattice geometry,
induced by the smooth trapping potentials inherent to cold-atom experiments is a major diUerence be-
tween optical lattices and solid state systems. We investigate the topological invariants of these systems
and show that they do not depend on the trapping geometry of the system. We show that sharp bound-
aries are not required to realize quantum Hall or quantum spin Hall physics in optical lattices and, on the
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contrary, that edge states which belong to a smooth conVnement exhibit additional interesting proper-
ties, such as spatially resolved splitting and merging of bulk bands and the emergence of robust auxiliary
states in bulk gaps to preserve the topological quantum numbers. In addition, we numerically validate
that these states are robust against disorder and analyze possible detection methods, with a focus on
Bragg spectroscopy, to demonstrate that the edge states can be detected and that Bragg spectroscopy can
reveal how topological edge states are connected to the diUerent bulk bands. Furthermore, we consider a
spinful and time-reversal invariant version of the Hofstadter problem which can be realized in cold atom
experiments. Using a combination of real-space dynamical mean-Veld theory and analytical techniques,
we discuss the eUect of on-site interactions and determine the corresponding phase diagram. In particular,
we investigate the semi-metal to antiferromagnetic insulator transition and the stability of diUerent topo-
logical insulator phases in the presence of strong interactions. We also determine the spectral function
of the interacting system which allows us to study the edge states of the strongly correlated topological
phases.
This thesis is structured as follows:

• In the Vrst section, we give a general introduction to the Hubbard model and introduce real-space
dynamical mean-Veld theory as the numerical model to address the physics of interacting lattice
models with artiVcial gauge Velds.

• In the second section, Monte-Carlo methods are introduced on a very general level with a focus on
quantum Monte-Carlo methods, namely diagrammatic Monte-Carlo algorithms.

• For the real-space dynamical mean-Veld theory, an impurity solver is required, which solves a zero-
dimensional interacting impurity problem, described by a non-interacting Green’s function which
is non-local in time. In this thesis we focus on continuous-time quantum Monte-Carlo impurity
solvers, which are explained in great detail in the third chapter.

• In the fourth chapter, we give an overview of improvements and extension to the original formula-
tion of the continuous-time Monte-Carlo solvers, which we implemented to treat systems including
Abelian and non-Abelian gauge Velds.

• The Vfth chapter gives a brief overview over optical lattice experiments and the experimental im-
plementation of artiVcial gauge Velds.

• To discuss the realization of Z topological insulators, such as the quantum Hall eUect, we begin
the 6th chapter with a brief introduction of the quantum Hall eUect, topological invariants and
edge states. Then we discuss the realization of topological phases in cold-atom experiments by
implementing the optical lattice version of the famous Hofstadter model [87].

• In the 7th chapter, we introduce Z2 topological insulators, such as the quantum spin Hall eUect
and investigate the eUect of interactions on the topological phase and the edge states as well as the
interaction driven phase transition from a semi-metal to a magnetically ordered insulator. Subse-
quently, we discuss how non-Abelian gauge Velds inWuence the magnetic order in the insulating
phase.

• In the last chapter, we provide some conclusions and an outlook of this thesis.
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1. The Fermi-Hubbard Model and the DMFT
Approximation

In this chapter, we will introduce the paradigmatic Hubbard model, describing interacting Fermions on a
lattice and the computational method to analyze its properties, which is the Dynamical Mean-Field The-
ory (DMFT) as well as its real-space extention, the real-space Dynamical Mean-Field Theory (RDMFT).
Dynamical Mean-Field Theory (DMFT) is a method well suited to analyze the local correlations of strongly
interacting Fermions in homogenous lattice systems in large dimensions (i.e. d ≥ 3), and has been suc-
cesfully used to describe the interaction driven Metal-insulator transition and to calculate dynamical
quantities of the Hubbard model. Our interest lies in the analysis of inhomogenous lattice systems, where
the inhomogeneity is caused by artiVcial gauge Velds and/or an additional external trapping potential. We
therefore make use of the extended real space version of DMFT, which also is described in the following
sections.

1.1 The Fermi Hubbard Model
The fermionic Hubbard model (more commonly referred to as the Hubbard model) is a theoretical model,
describing spinful lattice Fermions, typically in the lowest band approximation, that are interacting with
each other only locally [91, 93, 92]. This model, with its extensions to more general lattice structures or
interactions [187, 18, 134], is one of the most important theoretical models in condensed matter physics,
being able to describe the interaction driven metal-Mott insulator transition at half-Vlling [136, 53], super-
conductivity in the case of attractive interactions [109, 33], inter- and intra-band magnetism [180, 178, 49]
and many more eUects, known from solid state experiments.
In this section, we shortly review single-particle physics in a periodic lattice potential, then introduce in-
teractions between particles and, Vnally, express the corresponding many-particle Hamiltonian in second
quantization. At the end of the section, we give a brief overview of the physical properties of the Hubbard
model that are most relevant to the work in this thesis.
Non-interacting particles in a periodic lattice potential V (x), of which we consider only square or cubic
lattices, are described by the Vrst-quantized Hamiltonian

H0 =
p2

2m
+ V (x). (1.1)

Due to Bloch’s theorem, the eigenfunctions of this Hamiltonian can be cathegorized by two quantum
numbers, namely the band index α, with α ∈ N, and the quasi-momentum k, with kx,y,z ∈ {π(2l−L)

Lax,y,z
},
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where ax,y,z are the lattice constants in the corresponding directions, L is the number of lattice sites and
l = 1, ..., L is an integer label. The eigenfunctions of Hamiltonian (1.1) are called Bloch functions ψαk(x)
and have the periodicity

ψαk(x + R) = eikRψαk(x), (1.2)

where R is a lattice vector and fulVll the eigenvalue equation

H0ψα,k(x) = εα(k)ψα,k(x). (1.3)

The values εα(k) for Vxed α, as a function of k constitute the dispersion of the band α. In many cases,
there exists a band gap ∆α,β between the bands, i.e.

∆α,β := min
k,k′
|εα(k)− εβ(k′)| > 0, (1.4)

for α 6= β. In suXciently deep lattices, the gap between the Vrst and second band is much larger than the
bandwidth Γ of the Vrst band,

Γ = max
k,k′
|ε1(k)− ε1(k′)|. (1.5)

If this is the case and additionally all other relevant energy scales (the typical interaction strength and
the temperature kBT ) are also smaller than the Vrst band gap, it is perfectly reasonable to describe low
energy physics in a lowest band approximation. The Hamiltonian (1.1) is then reduced to

H0 =
∑
α,k

|α,k〉εα(k)〈α,k| ≈
∑
k

|k〉ε(k)〈k|, (1.6)

where |α,k〉 are the Bloch states and we suppress the index α = 1 in the last step, considering only the
lowest band in the Hamiltonian.
From a given set of Bloch states {|α,k〉} it is possible, via unitary transformation, to construct a new set
of basis states. Well known in this context are the so-called Wannier states, which are obtained from the
Bloch states by a Fourier transformation

|α, i〉 =
1

L

∑
k

e−ikRi |α,k〉, (1.7)

where Ri is the lattice coordinate of site i. The Wannier states are found to be a very good basis for
expressing a general Hamiltonian H = H0 + H ′ as soon as H ′ contains only local or short ranging
operators, since the Wannier states combine both localization of the wave function 〈x|α, i〉 = wi(x) on
the lattice site i and the separation into diUerent bands α, being well separated by a band gap ∆. Again,
we focus only on the lowest band and reexpress the Hamiltonian in the Wannier basis, which leads to

H0 =
∑
k

ε(k)|k〉〈k| =
∑
i,j,k

eik(Ri−Rj)ε(k)

L2
|i〉〈j| =

∑
ij

tij |i〉〈j|. (1.8)

The matrix elements tij are called hopping matrix elements or hopping parameters and describe the
transfer rate from state |j〉 to state |i〉 in a lattice.
Generally, if one is interested in the interplay between a non-local part H0 and a local (and often many-
particle) partH ′ in a HamiltonianH = H0 +H ′ and not in the exact band structure of realistic materials,
it is reasonable to make a further approximation, called the tight-binding approximation. In the tight-
binding approximation, the hopping parameters are considered to be non-zero only for nearest neigh-
bours i, j in the lattice. This becomes exact in the limit of very deep, isotropic lattices (sometimes called
the atomic limit) and is a reasonable approximation if the lattice is not too shallow, in which case the
lowest band approximation would no longer hold true. Within the tight-binding limit, the Hamiltonian
H0 then Vnally reads

H0 =
∑
〈i,j〉

tij |i〉〈j|, (1.9)

where 〈i, j〉 indicates that the sum runs only over nearest neighbours i, j. Throughout this thesis, we
will always make use of the tight-binding approximation, Vrst because we are mainly interested in the
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competing eUects of local interactions and non-local dispersion and, second, because the periodic lattice
structures, which are experimentally created in optical lattice experiments, are described perfectly by this
approximation (see chapter optical lattices).
Next, we consider the representation of interactions in a lattice system. In general, n-particle interactions
can be described by a sum of n-particle operators Ôn. Here, we only consider two-particle interactions, as
higher numbers of particles cannot be present on a single lattice site. Usually, the interaction operators are
diagonal in real-space, described by an interaction potential U(x1,x2), between two particles, located at
the coordinates x1 and x2. As most interaction only depend on the distance x1−x2 of the corresponding
particles, U(x1,x2) = U(x1−x2), which makes the interactions translationally invariant. In theWannier
representation, the interaction operator H ′ is then given by

H ′ =
∑
ijlm

Uijlm|ij〉〈lm|, with Uijlm =

∫
dx1dx2U(x1 − x2)w∗i (x1)w∗j (x2)wl(x1)wm(x2), (1.10)

where |ij〉 is an anti-symmetric two fermion state, i.e. |ij〉 = 1/
√

2(|i〉|j〉 − |j〉|i〉). So far, we have
not included the Fermion’s spin in this formalism, which was not necessary since we do not consider
interaction operators that change the spin. However, the spin is crucial for the Hubbard model, since it
has been formulated Vrst for interacting electrons in solid state systems. When adding a fermionic spin
σ =↑, ↓ pointing either in positive or negative z-direction the interaction operator reads

H ′ =
1

2

∑
ijlmσσ′

Uijlm|iσjσ′〉〈lσmσ′|, (1.11)

where we exploited the fact that the spin is unchanged by the interactions.
Many-particle physics can be conveniently expressed in the framework of second quantization, where the
states in (1.9) and (1.11) are represented by fermionic creation and annihilation operators c†iσ, cjσ′ . These
operators fulVll fermionic anticommutation relations

{c†α, cα′} = c†αcα′ + cα′c
†
α = δα,α′ (1.12)

and any anti-symmetrized fermionic N -particle state |ΨN 〉 is expressed as

|ΨN 〉 = |α1...αN 〉 =

N∏
i=1

c†αi |0〉. (1.13)

Within the second quantization formalism, the Hamiltonian H = H0 + H ′, which is a combination of
the lattice Hamiltonian H0 and the interaction operator H ′, takes on the form

H =
∑
ijσ

tijc
†
iσcjσ +

1

2

∑
ijlmσσ′

Uijlmc
†
iσ′c
†
jσcmσclσ′ . (1.14)

The interaction matrix elements Uijlm describe the energy associated with a scattering process of two
particles in the quantum states l,m, scattering into the states i, j. Very often, only s-wave scattering
processes, which are the lowest order scattering processes, are considered, such that the matrix elements
contributing to H up to leading order are those with i = j = l = m. In solid state systems, this
approximation is usually justiVed by the large screening of the Coulomb interaction, which makes the
resulting interaction short ranged. In contrast, in optical lattice experiments, no screening eUect is present
but the small energy of the system implies that p-wave scattering (and all higher orders) is unaUected by
the interaction strength and can therefore be neglected. With the reduction of the interaction to s-wave
processes, the Vnal well known Hubbard Hamiltonian is

H =
∑
ijσ

tijc
†
iσcjσ +

1

2

∑
iσσ′

Uiiiic
†
iσ′c
†
iσciσciσ′ =

∑
ijσ

tijc
†
iσcjσ +

∑
i

Uni↑ni↓, (1.15)

where niσ = c†iσciσ is the local number operator for spin σ.
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To brieWy illustrate the rich physics described by the Hubbard model, we examine the half-Vlled case for
zero temperature in three dimensions. In general, the Hubbard model, as it is described by (1.15), has
charge and spin degrees of freedom, which determine the possible physical phases of the system. For
weak interactions, the system is in a metallic phase, or Fermi liquid, which is well described by non-
interacting fermionic quasiparticles with an eUective mass m∗(k) = (∇2

kε(k)). At a critical interaction,
the charge degrees of freedom are frozen out and the system becomes strictly insulating, the called a
Mott insulator. The density of states at the Fermi energy vanishes and two separated Hubbard bands are
formed, one of which is completely occupied, and the other completely empty. For stronger interactions,
the system possesses only spin degrees of freedom.
For very strong interactions, the Hamiltonian (1.15) can be expanded in orders of t/U , which results in
the antiferromagnetic Heisenberg model

HAF =
4t2

U

∑
〈i,j〉

SiSj +O
(
t3

U2

)
, (1.16)

favoring antiferromagnetic ordering. In the limit of inVnite interactions U/t → ∞ the ground state
of the Hubbard model is the Néel state, which is the ground state of the AF-Heisenberg model. The
excitation spectrum of the Hubbard model can be divided into charge and spin excitations. For all regimes
of t/U the spin excitations are gapless and the low energy excitations are described in a spin-wave theory
framework. In contrast, the charge excitations have a completely diUerent structure on both sides of the
critical Mott point. In the metallic phase, the charge excitations are gapless and the low energy physics
is well described by non-interacting particles, whereas in the Mott insulating phase, the excitations are
gapped and the excitational structure consists of particle- hole excitations.
With this short overview, we Vnish this section and come to the derivation of the Dynamical Mean-Field
Theory, the computational method to investigate the properties of interacting lattice models, such as the
Hubbard model. The Hubbard model itself will be investigated further and in more detail in the following
chapters of this thesis in the context of topological phases, caused by the addition of gauge Velds to the
single-particle Hamiltonian (1.9), see chapter 6.

1.2 Dynamical Mean-Field Theory
In this section, we describe Dynamical Mean-Field Theory (DMFT) and present a derivation of the DMFT
self-consistency equations based on the cavity method. DMFT is a powerful method, previously used ex-
tensively to analyze the Hubbard model (i.e. to determine phase diagrams or to calculate dynamical quan-
tities) in large dimensions d ≥ 3. The main idea of the DMFT approximation can be formulated within
very few words, although the theoretical justiVcation of this approximation and the derivation of the
self-consistency equations is very non-trivial. Within DMFT, the self-energy of the lattice is considered
to be local, in other words the quasi-momentum dependence of the self-energy is neglected completely,

Σ(k, ω) −→ Σ(ω). (1.17)

As usual in Mean-Field theories, this projects the physical quantities (in our case the single-particle
Green’s functions) onto a subspace of smaller complexity and henceforth makes these easier to deter-
mine. The challenge of this approximation is now to Vnd the best self-energy of the form (1.17), which is
done by applying the self-consistency equations later derived in this section.
It was Vrst proven by Metzner and Vollhardt [133], that the self-energy becomes local in the limit of in-
Vnite dimensions, i.e. that the DMFT approximation is exact in inVnite dimensions. Subsequently, much
progress was achieved by establishing the DMFT approximation and justifying this approximation in V-
nite, but large, dimensions. One of the Vrst achievements of the DMFT approach was then the analysis
of the interaction driven Metal-Mott insulator transition in the Hubbard model and the determination of
the exact phase diagram.
To illustrate the steps towards the derivation of the DMFT self-consistency condition, we start with writ-
ing down the action of the Hubbard model. For theoretical calculations, we choose to use a functional
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integral formulation in terms of Grassmann variables as it is taught in most theoretical lectures on many-
body physics. Here, we denote Grassmann variables by c†α and cα, which is the same notation as we
use for fermionic creation and annihilation operators. However, in contrast to operators, the Grassmann
variables c†α and cα are diUerent and completely independent variables. Using the same symbols for both
Grassmann variables and operators has been well established in the scientiVc literature and it should al-
ways be clear from context, which picture we are working in (i.e. operators or Grassmann Velds).
In the functional integral representation, the partition function is given by the expression

Z =

∫ ∏
i,σ

D[c†iσ, ciσ] e−S , (1.18)

where the grand-canonical action of the Hubbard model takes on the form

S =

∫ β

0

dτdτ ′
∑
i,j,σ

c†iσ(τ)(G0)−1
ij,σ(τ − τ ′)cjσ(τ ′) + U

∫ β

0

dτ
∑
i

ni↑(τ)ni↓(τ). (1.19)

Here, G0
ij,σ(τ) is the non-interacting Green’s function, as deVned in the literature, the lattice sites are

labeled with i, j, respectively, and σ is the spin, σ =↑, ↓, which is good quantum number for the model
considered here.
Due to the local self-energy, in the following derivation, we will see that it is suXcient to determine the
local interacting Green’s functions Gij,σ(τ) to uniquely identify the matrix elements of the self-energy.
These Green’s functions are determined by the the expression

Giiσ(τ) =
1

Z

∫ ∏
j,σ

D[c†jσ, cjσ] ciσ(τ)c†iσ e
−S . (1.20)

To simplify this expression, we realize, that the integration over all degrees of freedom, except that of
(i, σ) can be done before inserting the creation and annihilation operators in this expression. We deVne
the eUective action for the determination of the local Green’s functions by

1

ZeU,i
e−SeU,i =

1

Z

∫ ∏
j 6=i,σ′

D[c†jσ, cjσ]e−S , (1.21)

such that the Green’s function integral reads

Giiσ(τ) =
1

ZeU,i

∫ ∏
σ′

D[c†iσ′ , ciσ′ ] ciσ(τ)c†iσ e
−SeU,i . (1.22)

Note that the eUective action SeU,iσ only contains Grassmann variables c†iσ and ciσ and therefore, if the
eUective action is known, the determination of the local Green’s functions reduces to a zero-dimensional
problem (as it is for instance given by the Anderson impurity model). Due to this, we want to Vnd an
approximate expression (again exact in inVnite dimensions) for the eUective action.
We decompose the total system into the local part, i.e. the lattice site i (setting i = 0 without loss of
generality) and the cavity system, which is the whole lattice but without site i and perform the same
decomposition to the action of the system (1.19). This splits the action into a local action S0, the cavity
action S(0) and the coupling of the local part to the cavity ∆S, where we have deVned

S0 =

∫ β

0

dτ S0(τ) =

∫ β

0

dτ
∑
σ

c†0σ(τ)(∂τ − µ)c0σ(τ) + Un0↑(τ)n0↓(τ) (1.23)

and

∆S =

∫ β

0

dτ ∆S(τ) = −
∫ β

0

dτ
∑
jσ

tj0c
†
jσ(τ)c0σ(τ) + t0jc

†
0σ(τ)cjσ(τ). (1.24)

With this separation of terms, we can rewrite expression (1.21) such that

e−SeU =
ZeU

Z
e−S0

∫ ∏
σ

D[c†iσ, ciσ]e−∆Se−S
(0)

=
ZeU Z

(0)

Z
e−S0〈e−∆S〉(0), (1.25)
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where we have suppressed the index i, and introduced the partition function of the cavity Z(0) and the

expectation value 〈O〉(0) of an operator O with respect to the cavity. Realizing that ZeU Z
(0)

Z is simply
a normalization factor, which contains no operators, we have found an exact expression for the local
eUective action by the combination of (1.21) and (1.25), which reads

SeU = S0 − ln 〈e−∆S〉(0). (1.26)

The Vrst part of the eUective action (the local action S0) contains terms that are of quadratic and quartic
order in the Grassmann variables, while the second part (the averaged exponential) contains Grassmann
variables to arbitrary large order, which is obvious when we expand this expression into a power series.
The logarithm in (1.26) is very helpful to bring the second part of the equation into a more convenient
form using the linked cluster theorem. The linked cluster theorem states the following, supposed we have
an action S and a perturbation Spert with

Z =

∫ ∏
i,σ

D[c†iσ, ciσ] e−S−Spert , Z0 =

∫ ∏
i,σ

D[c†iσ, ciσ] e−S

=⇒ ln
Z

Z0
=
∑(

all connected diagrams of a
perturbation expansion in Spert

)
(1.27)

Now, we can apply this theorem to the expectation value in Eq. (1.26) to Vnally obtain an explicit expres-
sion for the the eUective action SeU. To understand the result, we perform an expansion of

e−∆S =

∞∑
n=0

∫ n∏
l=1

dτl ∆S(τl) (1.28)

and take into account, that in the expectation value of Eq. (1.26) only even terms of this expansion can
survive, since ∆S is linear in cavity operators c†iσ , ciσ

1. Because we do not consider Vnite pairing Velds in
this derivation, the number of Grassmann variables c†0σ must also be equal to the number of variables c0σ
and we only have to consider the respective terms in the expansion (1.28)2. After these considerations, we
may take a look at the Vrst non-vanishing and non-trivial summand in (1.28), which is the non-vanishing
part of the second order contribution (the zeroth order is trivially the unity operator and the expectation
value of the Vrst order term vanishes completely), given by

∆S2 =
1

2

∫ β

0

dτ1dτ2
∑
σ

c†0σ(τ1)

∑
ij

ti0t0jciσ(τ1)c†jσ(τ2)

 c0σ(τ2). (1.29)

Looking at Eq. (1.29), we immediately realize, that the missing part of the eUective action consists of a
sum of connected Green’s functions G(0)

C with respect to the cavity action. We can now exactly rewrite
the eUective action, which takes the form

SeU = S0 +

∞∑
n=1

∫
dτ1...dτndτ

′
1...dτ

′
nc
†
0σ(τ1)...c†0σ(τn)M(n)

C (τ1...τ
′
n)c0σ(τ ′n)...c0σ(τ ′1), (1.30)

whereM(n)
C (...) is the sum over all connected Green’s functions G(0)

C,i1,...in,j1,jn
(...) of order n, weighted

with the corresponding hopping parameters ti1,0, ....tin,0, t0,j1 , ...t0,jn , i.e.

M(n)
C (τ1...τ

′
n) =

∑
i1,...jn

G
(0)
C,i1,...in,j1,...,jn

(τ1...τ
′
n)

n∏
l=1

til,0t0,jl . (1.31)

Here, the number of diUerent non-zero hopping amplitudes ti,0, t0,j is proportional to the dimension d
and one should note, that the connected Green’s functions from the previous expression can be related

1Note that for fermionic systems (even with superWuid pairing) expectation values of an odd number of creation and annihilation
operators are always zero.

2This derivation can be straightforwardly extended to include superWuid pairing of fermions but we do not show this here to
avoid confusion.
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to the full cavity Green’s functions by a hierarchy of equations, e.g. the two point connected Green’s
functions are identical to the full Green’s functions and for the four point Green’s function, one may use
the relation

GC,i1,i2,j1,j2(τ1, τ2, τ
′
1τ
′
2) = Gi1,i2,j1,j2(τ1, τ2, τ

′
1τ
′
2) (1.32)

−Gi1,j1(τ1, τ
′
1)Gi2,j2(τ2, τ

′
2)−Gi1,i2(τ1, τ2)Gj1,j2(τ ′1, τ

′
2)−Gi1,j2(τ1, τ

′
2)Gi2,j1(τ2, τ

′
1).

So far, we have derived an exact expression for the eUective action of an arbitrary lattice site, here denoted
as site 0. The eUective action in Eq. (1.30) contains only local operators, they must be considered to inVnite
order and are additionally coupled to very non-trivial matrix elements (those of the matrixM). From this
expression we aim now to obtain a useful approximation for the eUective action by making use of the
large dimension of the system. This expression shall again be exact in the limit of inVnite dimensions.
From now on, we strictly follow the authors of [53] and explain their steps for the approximation.
If we want to describe non-trivial physics in inVnite dimensions, it is necessary to keep the average kinetic
energy per particle Vnite (to be more precise, on the order of the interaction U , otherwise interactions
can be treated as an arbitrary small perturbation, resulting in a perfect Fermi liquid). This is achieved by
rescaling the hopping parameters ti,j with the dimension. We will now derive the proper scaling scheme
to obtain a non-trivial physics in the limit of inVnite dimensions as it was Vrst explained by Metzner and
Vollhardt in 1989 [133].
The kinetic energy per particle εkin of a d-dimensional fermionic many-particle system at zero-temperature
can be expressed as

εkin =

∫
dερd(ε)fεF (ε)ε, (1.33)

where we have introduced the density of states of a d-dimensional system

ρd(ε) =
∑
α

δ(ε− εα), (1.34)

withα, εα labeling the eigenstates, the eigenenergies of the system, respectively, and the zero-temperature
Fermi-distribution function

fεF (ε) = Θ(εF − ε), (1.35)

such that ∫
dερd(ε)fεF (ε) = n (1.36)

is the particle number per lattice site. When the eigenstates of the system are separable with respect to
each dimension, one can express kinetic energy per particles ε, which is distributed according to ρd(ε), as
the sum of independent variables

ε =

d∑
l=1

εl,

where every single variable εl is distributed independently according to the one-dimensional density of
states ρ1(ε). Using the central limit theorem, for the case of the dimension approaching inVnity (d→∞),
this leads to a distribution function of

ρd(ε)
d→∞

=
1√
πdσ

e
− (ε−ε̃)2√

dσ , (1.37)

where ε̃ = 0 is the average and σ = 2t is the variance of the one-dimensional density of states. Equation
(1.37) shows that the only scaling that preserves the energy from being either inVnite or zero in the limit
d → ∞ is to scale the hopping t according to t̃ = Ct/

√
d, with a dimension independent constant C ,

which we choose C = 1. For any other choice of the scaling, the density of states would describe a model
with an inVnite kinetic energy, i.e. a purely metallic system, or with zero kinetic energy, i.e. a system in
the atomic limit.
The dimension dependent scaling of the hopping parameters introduced above, i.e. t → t/

√
d, will also
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lead to a speciVc scaling behavior of the Green’s functions Gijσ(ω) with the dimension d. The Green’s
functions are deVned as the matrix elements of the resolvent operator

Gijσ(ω) = 〈iσ|Rω|jσ〉 = 〈iσ| 1

ω −H
|jσ〉 =

1

ω
〈iσ|

∞∑
n=0

(
H

ω

)n
|jσ〉, (1.38)

whereas we used the deVnition of the Neumann series in the last equality3. For oU-diagonal matrix
elements |i− j| = l 6= 0 of the Green’s functions, the lowest order non-zero matrix elements in equation
(1.38) are those with n = l, which are at least proportional to tl and therefore scale as d−l/2. This means,
in the limit of large dimensions, the single-particle Green’s functions will scale as

Gijσ ∝ d−
1
2 ||Ri−Rj ||. (1.39)

This result is quite important, not only because it will be used further on to analyzed the connected
Green’s functions in (1.31) but also because it leads to the fact that in inVnite dimensions, the self-energy
becomes a purely local quantity, which is the essence of the DMFT approximation.
Within diagrammatic perturbation theory in the local interaction U , the self-energy is deVned as the sum
over all connected, one-particle irreducible diagrams. With the scaling in Eq. (1.39), all contributions
to the self-energy that contain non-local Green’s functions will vanish in inVnite dimensions and the
self-energy becomes a purely local quantity

Σijσ(ω) = δijΣiiσ(ω), (1.40)

as we stated in the beginning of this chapter4.
Before we proceed in rescaling the eUective action of Eq. (1.30), we have to consider the scaling of the
connected Green’s functions G(0)

C,i1,...jn
. As pointed out in [53], these scale as

G
(0)
C,i1,...jn

∝
n∏
l=1

√
d
−|i1−il| ×

√
d
−|i1−jl|

. (1.41)

With this, the sum in (1.30) can be further analyzed. For a given order n, in this sum there will always
contribute dm summands withm distinct indices, 1 ≤ m ≤ 2n. If two indices of (1.41) are distinct, their
distance is at least two lattice sites, which leads to a scaling for the Green’s functions of G(0)

C,i1,...jn
∝

dm−1, if m indices are distinct. The total scaling of the nth order contribution is given by d−n from the
2n rescaled hopping amplitudes, multiplied with dm× d1−m = d coming from the Green’s functions and
therefore in total amounts to ∝ d1−n. In the limit of inVnite dimensions d→∞, the only non-vanishing
term in the sum of Eq. (1.30) is the Vrst order term. With this approximation, the eUective action Vnally
reads

SeU = S0 +

∫
dτdτ ′

∑
ijσ

c†0σ(τ)ti0tj0G
(0)
ijσ(τ − τ ′)c0σ(τ ′) (1.42)

and by deVning the hybridization function Γσ as

Γσ(τ) =
∑
ij

t0itj0G
(0)
ijσ(τ), (1.43)

the eUective action is given by

SeU = −
∫
dτdτ ′

∑
σ

c†0σ(τ) (δ(τ − τ ′)(−∂τ + µ)− Γσ(τ − τ ′)) c0σ(τ ′) + U

∫
dτ n↑(τ)n↓(τ). (1.44)

In this eUective action, the hybridization function Γσ describes the Vrst order coupling term of a single
lattice site to an interacting lattice problem, where the respective lattice site has been removed, of an

3The states |iσ〉 denote Wannier states at lattice site i for spin σ and we omitted the convergence factor +i0+ in the resolvent
operator.

4At this point, one should be aware that this is only true for local interactions or iterations that are of density density type but
not for non-local exchange interactions
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expansion in the dimension d of the system, whereas all higher order terms scale at least as O(d−1).
We now introduce one further quantity, the so-called Weiss function G0, which compactiVes the notation
of the eUective action. We deVne

G−1
0σ (τ) = δ(τ)(−∂τ + µ)− Γσ(τ), (1.45)

and insert this into the eUective action

SeU = −
∫
dτdτ ′

∑
σ

c†0σ(τ)G−1
0σ (τ − τ ′)c0σ(τ ′) + U

∫
dτ n↑(τ)n↓(τ). (1.46)

With this last equation, the eUective action derived in this section describes a zero dimensional spinful
and interacting system, where the Weiss function has taken over the part of the non-interacting Green’s
function of this system and the interaction is described by the Hubbard U . From now on, we will call this
zero dimensional system the impurity system or simply the impurity. Importantly, one should not be
confused by the Weiss function, since it is the non-interacting Green’s function of the impurity system,
but it is not the local projection of the non-interacting lattice Green’s function. As mentioned before,
the hybridization function describes the coupling of the impurity system to an interacting lattice problem
and therefore this information is also contained in the Weiss function.
Within the derivation of the eUective impurity model, we can identify two important quantities, that
coincide for both the lattice and the impurity problem. As we mentioned at the beginning, the reason for
deriving an eUective action of the above form (1.46) is that we wanted to Vnd a very compact expression
for the local interacting Green’s functions of the lattice problem as given by (1.20) and (1.22). Looking at
these two equations, we can immediately see, that within the DMFT approximation the interacting lattice
Green’s function Giiσ(τ) exactly coincides with the interacting Green’s function G0σ(τ) of the impurity
problem. Later, we will demonstrate that the local lattice self-energy is also identical to the self-energy of
the impurity problem, which completes the DMFT self-consistency equations.
In the last part, we have introduced the DMFT approximation, which resulted in the insight that the
self-energy of a lattice problem with local interactions (as it is the case for the Hubbard model) becomes
purely local in inVnite dimensions and that the non-local contributions scale at least as O(d−1) and also
that the eUective action, suXcient to describe all local correlations, takes on the form of a zero dimensional
interacting problem, called the impurity. As we will see in the following parts, this is already suXcient
to, without any further approximations, construct a fully self-consistent theory to approximately describe
the interacting lattice problem in large dimensions, becoming exact in the limit of inVnite dimensions.
The physical systems investigated in the later parts of this thesis do not have the translational symmetry
of an inVnite lattice and therefore always require a real space analysis of a Vnite system, which was
done by using RDMFT, the real space extension of DMFT. To derive the self-consistency equations used
in RDMFT is is suXcient to start with all the relations that we have derived so far and therefore the
reader may directly jump to the RDMFT section now. However, for completeness, we will also derive the
DMFT equations which have been extensively used to investigate a homogeneous lattice system in the
thermodynamic limit. This will be done in the residual part of this section but is, as mentioned before,
neither necessary to understand the RDMFT equation nor the physics that are presented later in this
thesis.
To derive the full set of DMFT equations for translational invariant systems, we precisely follow the steps
illustrated in [?]. We start with switching from imaginary-time to Matsubara frequency representation,
where

f(τ) =

∞∑
n=−∞

f(iωn)e−iωnτ and f(iωn) =

∫ β

0

dτf(τ)eiωτ (1.47)

is the transformation between these two representations for an arbitrary function f and ωn = (2n +
1)π/β are the fermionic Matsubara frequencies. In this representation the hybridization function is given
by

Γσ(iωn) =
∑
ij

t0itj0G
(0)
ijσ(iωn) =

∑
ij

t0itj0

(
Gijσ(iωn)− Gi0σ(iωn)G0jσ(iωn)

G00σ(iωn)

)
, (1.48)
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where the last equality can be proven for any lattice, with one lattice site removed, and can for instance
be derived by performing an expansion of the Green’s functions in the hopping parameters t, as men-
tioned in [53]. To evaluate the sum in Eq. (1.48) we express the Green’s functions in quasi-momentum
representation

Gijσ(iωn) =
1

L

∑
k

eik(Ri−Rj)Gkσ(iωn) =
1

L

∑
k

eik(Ri−Rj)
1

iωn + µ− Σσ(iωn)− εk
, (1.49)

where we already used the k independence of the self-energy Σkσ(iωn) = Σσ(iωn). The dispersion εk
is nothing else but the Fourier transformation of the hopping parameters

εk =
∑
i

t0ie
−ikRi , (1.50)

which leads, when combined with (1.48), to

Γσ(iωn) = I2 −
I2
1

I0
, (1.51)

where we introduced the diUerent sums for convenience

I0 =
1

L

∑
k

1

ξ − εk
, (1.52)

I1 =
1

L

∑
k

εk
ξ − εk

=
1

L

∑
k

(
εk − ξ
ξ − εk

+
ξ

ξ − εk

)
= −1 + ξI0, (1.53)

I2 =
1

L

∑
k

ε2k
ξ − εk

=
1

L

∑
k

(
εk(εk − ξ)
ξ − εk

+
ξεk
ξ − εk

)
= −0 + ξI1. (1.54)

In these equations, we have used the shortened notation ξ ≡ iωn + µ − Σ(iωn) and made use of the
trivial identities

1

L

∑
k

= 1 and
∑
k

εk = 0. (1.55)

Now, with a little bit of algebra, we can rewrite the hybridization function so that it is only in terms of I0,
which is simply the interacting impurity Green’s function G0σ(iω). We obtain

Γσ(iωn) = iωn + µ− Σσ(iωn)−G−1
0σ (iωn), (1.56)

which, after identifying theWeiss function in Matsubara representation as G−1
0σ (iωn) = iωn+µ−Γσ(iωn)

Vnally reads
G−1

0σ (iωn) = G−1
0σ (iωn)− Σσ(iωn). (1.57)

The last equation is nothing but the Dyson equation for the impurity problem, which means that not
only the interacting local lattice Green’s function is identical to the impurity Green’s function but also
the local lattice self-energy is identical to the impurity self-energy. This is a remarkable result, especially
as no further approximations were necessary in the derivation of these identities. This last identity (1.57)
completes the set of four DMFT equations required for the translational invariant lattice. To conclude this
section, we shortly review these four equations and explain the DMFT self-consistency procedure. We
started by deriving a local eUective action, which becomes exact in inVnite dimensions and reads

SeU = −
∫
dτdτ ′

∑
σ

c†0σ(τ)G−1
0σ (τ − τ ′)c0σ(τ ′) + U

∫
dτ n↑(τ)n↓(τ) (1.58)

and can be used to determine the local correlation functions such as the local interacting Green’s func-
tion Giiσ(iωn). During this derivation, we argued that the self-energy becomes purely local in inVnite
dimensions, which was rigorously proven by Vollhardt and Metzner [133], i.e.

Σkσ(iωn) = Σσ(iωn), (1.59)
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which leads to the simpliVed lattice Dyson equation

G00σ =
1

L

∑
k

1

iωn + µ− Σσ(iωn)− εk
. (1.60)

The last important equation is the identiVcation of the impurity self-energy with the local lattice self-
energy, which is best expressed through the impurity Dyson equation

G−1
0σ (iωn) = G−1

00σ + Σσ(iωn). (1.61)

If the equations (1.60) and (1.61) are fulVlled simultaneously by a Green’s function G and self-energy Σ,
which result from the impurity action (1.58), a self-consistent solution of the DFMT equations is found and
G,Σ are approximate solutions for the interacting lattice problem, which become particular good in large
dimensions, i.e. d ≥ 3. A typical DMFT calculation will start with a guess of the hybridization functions
Γσ(iωn) and implement a solver for the non-trivial problem of calculating the impurity Green’s function
from (1.58). Then iterating the four DMFT equations (1.58), (1.59), (1.60), (1.61) will allow convergence to
the self-consistent solution.

1.3 Real-space Dynamical Mean-Field Theory
In the previous section, we introduced the DMFT approximation for a certain class of interacting lat-
tice systems and, in the second part of the section completed the set of required DMFT equations for a
homogenous lattice (1.61) by identifying the local lattice self-energy with the impurity self-energy. In
this section, we will introduce the real-space extension of DMFT, called real-space dynamical mean-Veld
theory (RDMFT), which can describe inhomogenous lattice systems of Vnite size, caused for instance by
a trapping potential, and will also later be used to analyze systems of inVnite size with a larger unit cell
than a single lattice site. Recently, RDMFT has been succesfully applied to both, disordered systems, ana-
lyzing the competing phases of metal, Mott-insulator and Anderson-insulators [163, 164, 40, 135], as well
as Vnite systems, which were subjected to a conVning potential in real-space [147, 166, 59, 84]. The sys-
tems that we investigate are described by the Fermi Hubbard model with an inhomogenous distribution
of on-site energies εi and non-uniform hopping parameters tij , i. e. the Hamiltonian

H = −
∑
ijσ

(
tijc
†
jσciσ + h.c.

)
−
∑
iσ

(µ− εi)niσ + U
∑
i

ni↑ni↓. (1.62)

This Hamiltonian was previously used to describe disordered systems [39, 179, 1, 163], where the {εi}
were distributed randomly, or trapped, Vnite systems as they appear naturally in cold atom experiments.
In the following chapters, we will investigate this Hamiltonian with {εi} representing a trapping poten-
tial in the shape of a hard-wall conVnement. This will be done to resolve the so-called edge states of the
system, which are not present in unconVned systems, described by the Hubbard model for the homoge-
nous case.
One can also justify the use of RDMFT instead of DMFT from a physical point of view. DMFT was
formulated for a homogenous system, therefore whenever thermodynamic phases appear that break the
translational symmetry of the lattice, the formulation of DMFT in the previous section will not be able
to resolve those, simply because it is restricted to homogenous systems. In the cases where translational
symmetry is not completely broken but instead the unit cell of the system is just enlarged to two lattice
sites (as for instance for an antiferromagnetically ordered phase), it is possible to simply use the original
DMFT equations with a modiVed self-consistency condition. However, if the system is in a lattice symme-
try broken phase with hugely enlarged unit cell or even without any translational symmetry remaining
(as for instance in an Anderson insulating phase), it is necessary to Vnd a theoretical approach that is able
to resolve this eUects in real-space, which is the case for the RDMFT approximation.
To derive the RDMFT equations, we start with introducing the Dyson equation for a lattice system in
real-space. The non-interacting Green’s function in a real-space formulation is determined by the equa-
tion

(Ĝ0
σ)−1(iωn) = (µ+ iωn) 1̂− T̂ − V̂ , (1.63)
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where 1̂ is the unity operator, T̂ is the hopping operator, i.e. 〈i|T̂ |j〉 = −tij 5, and V̂ is the operator with
the on-site energies of the corresponding lattice sites, 〈i|V̂ |j〉 = δijεi. With this equation, we directly
come to the Dyson equation in real-space, which reads

Ĝ−1
σ (iωn) = (Ĝ0

σ)−1(iωn)− Σ̂σ(iωn) = (µ+ iωn) 1̂− T̂ − V̂ − Σ̂σ(iωn), (1.64)

with the self-energy operator 〈i|Σ̂σ(iωn)|j〉 = Σijσ(iωn). In this equation, we have made use of the
fact that, up to now, spin is a good quantum number, since the Hamiltonian (1.62) contains no terms that
change the spin of a particle. When we later analyze systems where a single particle’s spin is not longer
conserved, it is straight forward to extend (1.64) to include these terms and similarly for the derivation of
the RDMFT equations.
Now, as in the DMFT section, we want to derive an eUective action S(i)

eU , which is able to determine the
local Green’s function on lattice site i, via

Giiσ(τ) =
1

Z
(i)
eU

∫ ∏
σ′

D[c†iσ′ , ciσ′ ]ciσ(τ)c†iσe
−S(i)

eU . (1.65)

Fortunately, the derivation of the eUective action and also of the equations (1.48) and (1.40) in the DMFT
section have relied only on the fact that the Hamiltonian was formulated on a lattice but not on the
translational symmetry of the lattice Hamiltonian itself (this fact just was exploited in the derivation of
the last DMFT equation (1.57)). Therefore, we can already deVne the eUective action S(i)

eU as

S
(i)
eU = −

∫
dτdτ ′

∑
σ

c†iσ(τ)G−1
iσ (τ − τ ′)ciσ(τ ′) + U

∫
dτ ni↑(τ)ni↓(τ), (1.66)

where the Weiss function G−1
iσ is deVned as

G−1
iσ (τ) = δ(τ)(−∂τ + µ− εi)− Γiσ(τ). (1.67)

The hybridization function Γiσ(iωn) in Matsubara representation is determined, as in the previous sec-
tion, by

Γiσ(iωn) =
∑
lm

t0ltm0G
(0)
lmσ(iωn) =

∑
lm

t0ltm0

(
Glmσ(iωn)− Gliσ(iωn)Gimσ(iωn)

Giiσ(iωn)

)
. (1.68)

The self-energy Σijσ(iωn) is again purely local Σijσ(iωn) = δijΣiiσ(iωn) but, in contrast to the previous
section, may vary from lattice site to lattice site and, due to this, possess an additional dependence on i.
The missing step to a closed self-consistency loop, as in the homogenous case, is to relate the impurity
self-energy Σ

(imp)
σ (iωn) = G−1

iσ (iωn)−G−1
iiσ(iω) to the lattice self-energy Σiσ(iωn). Now, we deVne

ξ̂σ(iωn) = (iωn + µ) 1̂− V̂ − ˆΣσ(iωn) (1.69)

as the diagonal (in real-space) part of Eq. (1.64), such that

Ĝ−1
σ (iωn) = ξ̂σ(iωn)− T̂ . (1.70)

For the next few lines, we drop the spin index and Matsubara frequency argument since all operators are
diagonal with respect to these and this simpliVes the calculation. Rewriting (1.68) then leads to

ΓiGii =
∑
lm

t0ltm0(GlmGii −GliGim), (1.71)

which we express in matrix notation, exploiting the fact that T̂ = ξ̂ − Ĝ−1,

ΓiGii = Gii〈i|T̂ ĜT̂ |i〉 − 〈i|T̂ Ĝ|i〉〈i|ĜT̂ |i〉
= Gii〈i|(ξ̂ − Ĝ−1)ĜT̂ |i〉 − 〈i|(ξ̂ − Ĝ−1)Ĝ|i〉〈i|Ĝ(ξ̂ − Ĝ−1)|i〉

= Gii〈i|ξ̂Ĝ(ξ̂ − Ĝ−1)|i〉 −
(
〈i|ξ̂Ĝ|i〉 − 1

)(
〈i|Ĝξ̂|i〉 − 1

)
= G2

iiξ
2
i −Giiξi − (G2

iiξ
2
i − 2Giiξi + 1)

= Giiξi − 1. (1.72)
5Here, to be precise, |j〉 labels a single particle state, describing a particle in the Wannier state |wj〉.
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This equation can be rearranged and, after reintroducing spin and Matsubara frequency, relates the hy-
bridization function of the impurity to the lattice self-energy and Green’s function. Explicitly, we Vnd

Giiσ(iωn) =
1

iωn + µ− εi − Γiσ(iωn)− Σiσ(iωn)
, (1.73)

which relates the diagonal parts of lattice Green’s function Giiσ and lattice self-energy Σiiσ to the Weiss
functions Giσ(iωn) = iωn + µ− εi − Γiσ(iωn) via

G−1
iiσ(iωn) = G−1

iσ (iωn)− Σiσ(iωn). (1.74)

With this last equation, we again found a set of closed equations which describe an ihomogenous inter-
acting lattice system in the limit of large dimensions. The short interpretation of RDMFT is as follows,
the equations (1.74) and (1.66) describe a set of L independent, interacting impurities, corresponding to L
lattice sites, which are then related to each other by the lattice Dyson equation (1.64) and the approxima-
tion of a purely but spatial dependent local self-energy.
At last, we now summarize the numerical procedure to obtain a self-consistent solution of the above
equations. Given a set of parameters {µ, εi, tij , U}, one follows the iterative scheme:

• Start from a set of initial hybridization functions {Γiσ(iωn)} to obtain the set of eUective actions
{S(i)

eU }, one for each impurity.

• For every eUective action S(i)
eU , calculate the interacting Green’s function Giiσ(iωn) by solving the

impurity problem (see chapter AIM).

• Obtain the local self-energies, by applying the impurity Dyson equation (1.74) at each site and
subsequently insert these into the lattice Dyson equation (1.64).

• Invert the lattice Dyson equation to obtain new local Green’s functions Giiσ(iωn).

• Finally, determine a new set of hybridization functions Γiσ(iωn) by applying using Eq.(1.73) and
start again with the Vrst point.

This procedure then is repeated until convergence of the hybridization functions (or self-energies) is
reached. During the iteration, the computationally demanding steps are the inversion of the lattice Dyson
equation, scaling with O(L3), where L is the number of lattice sites and to calculate the local Green’s
functions as the solutions of the impurity problem. If a good spectral resolution of the Green’s functions
is required, solving the impurity problem using approximation schemes (which are already quite com-
putationally demanding) is not suXcient and we have to use exact methods, as for instance Numerical
Renormalization group or Quantum Monte-Carlo methods, see chapter AIM.
In the following chapters, we will extensively use RDMFT to obtain the self-energies, as well as the
spectral functions of interacting Fermions subjected to artiVcial gauge Velds, that turn the hopping pa-
rameters complex and spatially dependent and investigate both the inVnitely extended as well as Vnite,
trapped systems. Originally, RDMFT was introduced to solve the disordered lattice problem with inter-
actions, as done by Dobrosavljevic et al. [40, 135], as well as by Semmler et al. [163, 164, ?], to improve
the understanding of Anderson localization with interactions compared to simpliVed, eUective theories.
More recently, it has been succesfully used in the context of trapped lattice systems, since the actual
experiments with ultracold atoms in optical lattices naturally bring along a trapping potential, strongly
inWuencing the small systems at hand [147, 166, 59, 84].
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2. Monte-Carlo Methods in a Nutshell

Monte-Carlo is a generic name for a huge class of computational methods, which are widely used not only
in natural sciences but also extensively in other Velds like for instance economy. Because of this and, of
course, due to its great success in simulating computationally diXcult dynamical processes, Monte-Carlo
methods are the most well-known computational methods in modern times.
Although Monte-Carlo methods in general are well-known, few are intimate with the concept and work-
ing principle behind the method. This might be caused by the fact that today’s Monte-Carlo methods are
strongly optimized to capture the hardest problems with the least computational eUort and may not be
understandable for non-specialists. However, as we will see in the following sections, the idea of Monte-
Carlo methods (referred to as MC) is very simple and the straight-forward implementation of a Quantum
Monte-Carlo (QMC) algorithm (without care for maximizing performance) is not too diXcult.

2.1 Monte-Carlo Method Integration
As an introduction to MC, we start with the idea of Monte-Carlo integration. Suppose one simply wants
to numerically compute the integral

In(f) =

∫
Ω

dxnf(x) (2.1)

of the function f : Ω → R, with Ω ⊂ Rn being a n-dimensional area. Using the standard Simson
quadrature procedure the numerical error ∆ε scales with the number of points N , on which the function

is explicitly evaluated, with the order of O
(
N−

4
n

)
. In contrast, if one picks the N points {xi ∈ Ω|i =

1, ..., N} randomly but uniformly distributed and then evaluates the sum

J(f,N) =
1

N

N∑
i=1

f(xi) = 〈f〉u , (2.2)

where 〈f〉u indicates sampling of f with respect to a uniform distribution, the error is always only of
statistical nature and therefore

|J(f,N)− In(f)| = O
(
N−

1
2

)
(2.3)

is completely independent of n. This procedure is called statistical sampling of the function f and will
converge to the desired integral simply because of the law of large numbers. The scaling of the statistical
error is explained in detail in section 2.1.1, however for the moment take (2.3) as a given property of the
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method. What can we deduce from this simple example?
From the above equations, we see that, from a scaling point of view, performing statistical sampling of
f gives a much better error than Simpson quadrature of f , as soon as the dimensionality of the problem
n is larger than 8. However, concluding from this result that statistical sampling is always better than
Simpson quadrature would be a dangerous fallacy since the scaling of the error does not tell anything of
the error itself. All we know is that for N suXciently large, the error of both methods is given by

∆Simpson(N) = ∆0,SimpsonN
−n4 and ∆Sampling(N) = ∆0,SamplingN

− 1
2 , (2.4)

with the two unknown prefactors ∆0,Simpson and ∆0,Sampling. Although the scaling of the statistical sampling is
very favorable, one expects ∆0,Simpson << ∆0,Sampling because the structure of f enters the Simpson quadra-
ture but not the statistical sampling procedure. Hence a very large number N of points may be needed
in statistical sampling for reasonable accuracy and this number might be much larger than that is needed
for a suXciently small error within Simpson quadrature and therefore statistical sampling is not a priori
superior to Simpson.
Although ∆0,Sampling is unknown, we can seek to improve it without changing the scaling of the error, by
using importance sampling rather than statistical sampling, which takes the structure of f into account
for the sampling process. To understand the concept of importance sampling, we illustrate it by a simple
example. Suppose the function f is non-zero only on a small part of Ω, then the statistical sampling
procedure will pick many points x ∈ Ω with f(x) = 0 and therefore will waste lots of steps by choosing
zeros. The best method here would be to only pick those points x with f(x) 6= 0, again randomly but
with certain probabilities, which are suitable for the function f . The idea of importance sampling is then
to focus the sampling procedure on regions in Ω, where f shows its main features and with this procedure
decrease the prefactor of the error ∆0,Sampling. Formally, we can express this idea by rewriting the integral
(2.1) into

In(f) =

∫
dxnf(x) =

∫
dxnp(x)

f(x)

p(x)
, (2.5)

which is formally exact. If p(x) is a probability density, i.e. p(x) ≤ 0, ∀x ∈ Ω and
∫

Ω
dxnp(x) = 1, we

can modulate the sampling procedure by picking N points xi ∈ Ω with the probability p(xi)dx and then
compute the sum

J(f,N) =
1

N

N∑
i=1

f(xi)

p(xi)
=

〈
f

p

〉
p

, (2.6)

where 〈F 〉p indicates the sampling of F with respect to the probability density p. The scaling of the error
of the sampling methods will not be inWuenced by this change of the method since it results from the
sampling of independent stochastic variables which is the case for both statistical sampling and impor-
tance sampling. On the other hand, one now expects a much smaller prefactor of the error than for the
bare statistical sampling. The challenge of the importance sampling is now to chose the best probability
density p since it should both mimic the important details of f to lower the prefactor in the error but, of
course, it must also be easy to handle in a computational simulation. For instance one could chose

p(x) = f(x)

(∫
dxnf(x)

)−1

, (2.7)

which would mimic f(x) perfectly, but in order to Vnd this density p, one must have already solved the
full problem already.
We now generalize the idea of importance sampling to a larger class of integrals. For this, we consider
the functions w, f : Ω → R, having identical support (i.e. they are non-zero on the same closed subset
Ω̃ ⊂ Ω, which we refer to in the following as Ω), where Ω is now an abstract set, for instance composed
of continuous and also discrete, bounded and also unbounded variables that we call conVgurations C ∈ Ω.
As an example, relevant to the calculations in this thesis, this set could be given as {(n, s, τ1, ..., τn)|n ∈
N0, s = ±1, τi ∈ [0, β]}, which is a mixture of all the above mentioned cases. For this set, we can deVne
a measure (in the strict mathematical sense) µC , which usually coincides with the generalized Lebesgue
measure (however in some cases one has to use the Haar measure), such that integrals like∫

Ω

dµC wC (2.8)
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are well deVned and the limit theorems from Lebesgue measure theory apply1. The explicit measure
will never be important throughout this thesis and we will shorten the integral expression by setting
dC ≡ dµC . For the above example of our conVguration space Ω, we can write down the integral as∫

Ω

dC =

∞∑
n=0

∑
s=±1

n∏
l=1

∫ β

0

dτl. (2.9)

Now, the integrals that we are interested are of the form

I(w, f) =

∫
Ω
dCfC∫

Ω
dCwC

=

∫
Ω
dCwCgC∫

Ω
dCwC

, (2.10)

where we have deVned2 gC = fC
wC

. The mapping wC is called the weight function, such that the value of
wC for a certain conVguration C is the respective conVguration’s weight. Assuming wC ≥ 0, ∀C, we can
deVne the probability of a conVguration pC through

pC =
wC∫

Ω
dC wC

. (2.11)

The integral I(w, f) can then be solved by importance sampling of g with respect to p, where g is a
function of (f, w) and p is a function of w, as deVned above, i.e. the sum

J(w, f,N) =
1

N

N∑
i=1

gCi =: 〈f〉MC
w (2.12)

converges to the integral in the limit of N → ∞. In (2.12), we have introduced a new notation. The
expression 〈f〉MC

w , is shorthand for the sampling of the function f with respect to theweight function w,
as we have introduced it in the above formalism.
The generalization introduced in the latter paragraph does, on the Vrst view, not seem to simplify the
problem of integration of f and even more it is unclear if one can call this importance sampling. The
weight function w at this point is arbitrary and a bad choice of w will make the sampling process even
worse compared to statistical sampling. However, problems of the form (2.10) are standard problems that
appear in statistical physics and the weights wC are the weights of certain physical conVgurations C. In
other words wC indicates if a certain conVguration plays an important role in the integral or not. There-
fore, with the regard on following applications on physical problems, we call also call this importance
sampling.
Now, there exist two possibilities:

• If the integral
∫
dC wC is known (or can be computed exactly), then one can directly calculate the

probabilities pC and start with the importance sampling of f (this will never be the case in this
thesis).

• The integral
∫
dC wC can not be computed exactly (small errors may already strongly inWuence

the sampling of f ), so one needs to use further tools from stochastics and introduce Markov-Chain
Monte-Carlo sampling, as we show in the following chapter.

In this section, we have introduced statistical and importance sampling, which are both direct sampling
methods, to evaluate complicated integrals in arbitrary dimensional spaces. We have argued that sam-
pling procedures have a better scaling behavior with the number of step points for large dimensions than
Simpson quadrature (and also all other numerical integration procedures). In the next section, we will
introduce a little bit of statistical data analysis, to understand the error of the sampling procedure, which
is of statistical nature. In the next chapter, we will then introduce Markov-Chain Monte-Carlo (MCMC),
which can be applied to a more general set of problems, where the integral over the weight functions does
not have to be computed.

1Our intention here is not to fully cover the mathematical subtleties of stochastic analysis but to introduce a mathematical exact
formulation of the problem such that a rigorous mathematical treatment can be applied without any obstacles.

2This is well-deVned since both functions have the same support.
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2.1.1 Statistical Data Analysis for Direct Sampling Procedures
In the previous section, we have introduce direct sampling procedures as a tool to numerically compute
complicated integrals on arbitrary dimensional spaces. In this small section, we will brieWy discuss the
error estimation within sampling procedures, which are of statistical nature and therefore not only nu-
merically but also fundamentally diUerent from errors that come from analytical approximations. Again,
we formulate the problem in a general space, denoted by Ω with conVgurations C ∈ Ω. On this space, we
consider a probability density p : Ω→ R+, with values pC and the normalization∫

Ω

dC pC = 1. (2.13)

Additionally, we consider a mapping (which we will assume is a function) f : Ω→ Rwithout any further
features. The mean and variance of f with respect to the probability density p are deVned as

〈f〉p =

∫
Ω

dC pCfC , (mean), (2.14)

Var(f) = 〈(f − 〈f〉p)2〉 =

∫
Ω

dC pC(fC − 〈f〉p)2 = 〈f2〉p − 〈f〉2p, (variance). (2.15)

From now on we will skip the index p and the integration space Ω. As a direct consequence of these
deVnitions, we can derive the fundamental relations for mean and variance

〈af + b〉 = a〈f〉+ b and Var(af + b) = a2 Var(f), (2.16)

for any real parameters a, b.
An important concept in the context of stochastics and Monte-Carlo methods is the concept of indepen-
dent random variables. In our case, f is a random variable, which we can shortly deVne as: f takes values
ξ ∈ R with probability p(ξ) 3. Consider now another random variable g which is a mapping g : Ω′ → R,
where Ω′ may diUer from Ω. The elements C′ ∈ Ω′ are also called conVgurations and have a certain
probability density p′C′ . Then, g and f are called independent random variables if and only if

P (f = ξ, g = χ) = P (f = ξ) · P (g = χ) = p(ξ) · p′(χ), (2.17)

where P (f = ξ, g = χ) is the probability that f takes the value ξ and at the same time g takes the
value χ. In other words, for a certain realization of conVgurations, if we know the value of g, we have
absolutely no information on the value of f and the other way round.
For independent variables f, g, the variance of their sum Var(f + g) is simply the sum of their variances
Var(f )+Var(g), since

Var(f+g) = 〈(f+g)2〉−〈(f+g)〉2 = 〈(f2+2fg+g2)〉−〈f〉2−2〈f〉〈g〉−〈g〉2 = 〈f2〉−〈f〉2+〈g2〉−〈g〉2.
(2.18)

In the second step, we made use of the fact that the expectation value is linear in its components and in
the third step, we identiVed 〈fg〉 with 〈f〉〈g〉, which is the case for independent variables.
We now deVne the random variable FN which is the sum

FN =
1

N

N∑
i=1

fi (2.19)

of N pairwise independent random variables fi, but with the same probability density. To bring this into
our picture from the previous section, there now exist N identical copies Ωi with possible conVgurations
Ci and the fi are functions fi : Ωi → R, whereas the conVgurations Ci, Cj are completely independent
for i 6= j. On the other hand, if (by chance) Ci = Cj for any realization, then fi,Ci = fj,Cj . This directly
leads to the two following, very important results

〈FN 〉 =
1

N
〈
N∑
i=1

fi〉 =

∑N
i=1〈fi〉
N

= 〈fi〉, (2.20)

3Please note that f has not necessarily to be injective for this deVnition. There will always exist a well-deVned subspace Ωξ ⊂ Ω
with f(Ωξ) = {ξ}. Then we deVne p(ξ) =

∫
Ωξ
dC pC .
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Var(FN ) = Var(
1

N

N∑
i=1

fi) =
1

N2

N∑
i=1

Var(fi) =
Var(fi)
N

. (2.21)

Here, we made use of the fact that the fi are independent and identically distributed. On the right side of
the two equations it is therefore not important which of the N fi is inserted in the mean or variance.
The random variable FN has favorable properties, its expectation value is independent of N and equals
the expectation values 〈fi〉, where the fi are by deVnition identical copies of f and therefore the expec-
tation value of FN is the desired integral of f over the complete space Ω, with probability density p.
On the other hand, the variance of FN decreases with 1/N , which make FN sharply peaked around its
expectation value, in contrast to f itself, which may be of arbitrary structure. The question is now, how
to realize FN . Fortunately, this question has already been answered if one takes a look at the deVnition
of J(f,N) in the previous section (2.6). As one directly realizes, J(f,N) is identical to FN and a given
realization of J(f,N) is therefore nothing else but a given realization of FN .
In the last paragraph, we have derived that the variance of J(f,N), as we were using it in the previous
chapter, is simply given by

Var(J(f,N)) =
Var(f)

N
. (2.22)

Now, we have to understand how this is related to the error of J(f,N) at the end of a numerical simula-
tion and how this error has to be understood. For this, we take a look at Chebyshev’s inequality, for an
arbitrary random variable x with probability density p

Var(x) =

∫
Ω

(x− 〈x〉)2p(x) dx ≥
∫
|x−〈x〉|≥ε

(x− 〈x〉)2p(x) dx ≥ ε2
∫
|x−〈x〉|≥ε

p(x) dx. (2.23)

In this equation, the last integral is nothing but the probability p(|x − 〈x〉| ≥ ε). Since this result is
general, we can do the same for J(f,N) to Vnd{

probability that
|J(f,N)− 〈f〉| > ε

}
> 1− Var(f)

N
. (2.24)

In contrast to non-statistical methods, where the error results from approximations and can be made in
principle arbitrary small, the error here is of probabilistic nature and can, by coincidence, be arbitrarily
large for a particular realization of random variables, this is just very unlikely. The nice result of (2.24)
is that one is even able to tune the probabilities by hand, just by changing the number of steps N in the
sampling procedure. Nevertheless, it has to be pointed out that the error that we are talking about is a
probabilistic one and therefore always must be handled with care. For instance, relying results on a single
simulation, although deviations from a small region around the expectation value may be very unlikely,
is absolutely dangerous and gives absolutely no control of the error or the result.
One may ask now, so what is the error of direct sampling procedure? As mentioned above, since we are
dealing with probabilities there is no direct answer to this question. However, it is established that one
can take the standard deviation of the sampling procedure σ(J(f,N)) which is the square root of the
variance

σ(J(f,N)) =
√

Var(J(f,N)) =
σ(f)√
N

(2.25)

as a measure for the error in terms of probabilities. With a probability of around 68% the result of a
numerical sampling will be in the interval [〈f〉 − σ, 〈f〉 + σ] and with a probability of around 95% the
result will be in the interval [〈f〉 − 2σ, 〈f〉 + 2σ], which is a result from the central limit theorem, that
we will not derive in this thesis but is explained in many books on stochastics and is also known from
the basic experimental courses on data analysis. Therefore the error (or what we conveniently call the
error) is proportional to σ(f)√

N
, which shows us the scaling with N , as we have used it in the previous

section and also explains the advantage of importance sampling. The factor σ(f) strongly depends on the
probability distribution with which the sampling is performed and changing this distribution may change
the standard deviation σ by many orders of magnitude 4.

4An important factor at this point is the size and geometry of Ω. For instance, if Ω is very large, i.e.
∫
Ω dC >> 1 the change of

σ will be signiVcant.
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In this section, we have derived an expression for the statistical error in a direct sampling process, as
previously introduced, which can only be expressed in terms of probabilities. The most convenient and
established "error" is the standard deviation σ which can be made arbitrarily small by increasing the
number of points N and is a measure of the expected deviation from the mean value of a sampling
process. We also have shown, by Chebyshev’s inequality, that in the limit of inVnite stepsN , the sampling
recovers exactly the desired integral over f , which to compute was the aim of the current chapter.

2.2 Markov-Chain Monte-Carlo
The direct sampling procedures presented in the last chapter are very easy to understand both from a
demonstrative point of view but also from the mathematical side, as one may remember the only nec-
essary ingredients were the weak law of large numbers, the central limit theorem and the Chebyshev
inequality. The latter was proven in (2.23) while the weak law of large numbers and the central limit the-
orem are the common theorems from stochastics that every physics student is aware of since his or her
undergraduate lectures on data analysis. However, to understand non-direct sampling processes, a little
more of stochastics is necessary, which is presented on a minimal level in the next section. Subsequently,
we will be able to understand Markov-Chain Monte Carlo processes and the necessary conditions for a
successful implementation of these powerful sampling procedures.

2.2.1 Markov-Chains

In this section, we will give a brief introduction to Markov-Chains and the possibility to determine an
unknown and complex probability distribution from a running Markov-Chain. For that, in the contrast to
the previous section, we will restrict ourselves to a conVguration space Ω which is countable (although it
may be inVnite). This is not a serious restriction, since if Ω was consisting of a subset of continuous vari-
ables, we just take a Vne grid on this subset such that we end up with a countable number of grid-points
to be considered, such that resulting set is countable. Since we can make the grid arbitrarily small, we
can Vnd a choice of the grid which does not aUect the integrals that we are interested in, i.e. those given
by (2.10).
In the following, Ω is countable and X := (Xn)n∈N is a stochastic process in the space of conVgu-
rations Ω, i.e. ∀n , Xn takes values Cn ∈ Ω, whereas the probability P (Xn = Cn) = P (Xn =
Cn|(X0, ...Xn−1) = (C0, ..., Cn−1)) of this event also depends on the values that Xi, i = 0, ...n − 1
has taken in Ω.

DeVnition 2.1 (Markov-Chain)
X = (Xn)n∈N is called Markov-Chain, if the Markov-condition is fulVlled, i.e.

P (Xn = Cn|(X0, ..., Xn−1) = (C0, ..., Cn−1)) = P (Xn = Cn|Xn−1 = Cn−1)

for all n ≥ 1 and C0, ..., Cn ∈ Ω with P ((X0, ..., Xn−1) = (C0, ..., Cn−1)) > 0.

In other words, the stochastic process X = (Xn)n∈N in every step n only depends on the previous step
n− 1 and does not directly depend on the steps before.

DeVnition 2.2 A Markov-Chain X = (Xn)n∈N is called homogeneous, if

P (Xn+1 = C|Xn = C̃) = P (X1 = C|X0 = C̃) ∀n ≥ 1, C, C̃ ∈ Ω.

The transition matrix P = (pCC̃)CC̃∈Ω is the ||Ω|| × ||Ω||-matrix of the transition probabilities

pCC̃ = P (X1 = C|X0 = C̃).
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I.e. a Markov-Chain is homogeneous, if the transition probabilities are the same for every step n and do
not change as X proceeds.

Remark (Properties of the transition matrix)
The transition matrix from the above deVnition is a stochastic matrix, i.e. has the properties

• pCC̃ ≥ 0 ∀ C, C̃ ∈ Ω

•
∑
C∈Ω pCC̃ = 1 ∀ C̃ ∈ Ω.

The entries are therefore non-negative (since they represent probabilities) and the sum over a complete
row equals 1 since in every step n Xn takes a value in Ω, no matter which value it took in the previous
step.

With these deVnitions, it is very simple to Vnd a formal expression for the probability distribution of Xn

for a certain n ∈ N. Suppose the probability distribution for the variable Xn−1, i.e. P (Xn−1 = C) =:

µ
(n−1)
C , is known for all C ∈ Ω. Then it is straight forward to compute

µ
(n)

C̃ = P (Xn = C̃) =
∑
C∈Ω

P (Xn = C̃|Xn−1 = C)P (Xn−1 = C) = pC̃Cµ
(n−1)
C = (pµ(n−1))C̃ . (2.26)

Iterative application of (2.26) results in the formal expression for the probability distribution µ(n)
C , which

reads
µ

(n)
C = (pµ(n−1))C = (pnµ(0))C , (2.27)

where pn is the nth power of the transition matrix p and µ(0) is the initial probability distribution of X0,
which is deVned independently of the Markov-Chain.
With these deVnitions and the properties (2.26), (2.27), we have already found the most general properties
of Markov-Chains. From now on, we will only consider homogeneous Markov-Chains and introduce two
further fundamental concepts in the framework of Markov-Chains, namely irreducibility and stationarity,
which will be fundamental for the successful implementation of Markov-Chain sampling.

DeVnition 2.3 (Irreducibility)

• Let C, C̃ ∈ Ω be conVgurations. The conVguration C̃ ∈ Ω can be reached from C ∈ Ω, if

∃n ∈ N0, such that (pn)CC̃ > 0.

This is denoted by C → C̃.

• C and C̃, with C, C̃ ∈ Ω are said to be communicating, if C → C̃ and C̃ → C. This is denoted by C ↔ C̃.

• A homogeneous Markov-Chain is called irreducible, if C ↔ C̃, ∀C, C̃ ∈ Ω, in other words, if all
conVgurations C, C̃ ∈ Ω are communicating.

The last deVnition is very important for our purpose and therefore we will formulate irreducibility once
more in a descriptive deVnition, which is completely equivalent to Def. (2.3).

DeVnition 2.4 (Irreducibility 2)
A homogeneous Marko-Chain is called irreducible, if for any conVguration C ∈ Ω any other conVguration
C̃ ∈ Ω can be reached with probability larger than zero in a Vnite number of steps.
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In a physics context, the last deVnition is commonly and mistakenly, referred to as ergodicity, which is
however not the same as irreducibility. Although in the context of a Markov-Chain sampling they are
usually fulVlled at the same time, ergodicity is strictly a requirement on the stationary distribution of a
Markov-Chain, while irreducibility is a property of the transition probabilities of a Markov-Chain, as we
see from Def. (2.3).
In addition to irreducibility, an important concept that we will now introduce is the concept of a stationary
distribution.

DeVnition 2.5 (Stationary distribution)
A probability distribution π on Ω is called stationary distribution with respect to p (the homogeneous
Markov-Chain), if

π(C) =
∑
C̃∈Ω

π(C̃)pCC̃ . (2.28)

As we see from (2.28), a stationary distribution, once reached, will never be changed in the subsequent
steps of the Markov-Chain, i.e.

∃n ∈ N, with µn = π ⇒ µm+n = π, ∀m ∈ N.

DeVnition 2.6 (Reversibility)
Let π be a probability distribution on Ω. A Markov-Chain is called reversible with respect to π, if

π(C)pCC̃ = π(C̃)pC̃C , ∀C, C̃ ∈ Ω. (2.29)

If a Markov-Chain is reversible with respect to π, then π is a stationary distribution of this Markov-Chain,
as we see from summing over both side of the above equality

π(C) =
∑
C̃∈Ω

π(C)pCC̃ =
∑
C̃∈Ω

π(C̃)pC̃C ,

where in the Vrst equality we have used the properties of a transition matrix p as explained in re-
mark (2.2.1). In order to obtain the fundamental result of this section, the Markov-Chain convergence
theorem, we need one last deVnition.

DeVnition 2.7 (Aperiodicity)
A conVguration C ∈ Ω is called aperiodic, if and only if

∃n ∈ N, such that ∀m ∈ N, (pm+n)CC > 0.

A Markov-Chain is called aperiodic if all conVgurations are aperiodic with respect to its transition matrix p.

Until now, we have only introduced concepts from the theory of Markov-Chains and one may ask, what
we gain from those. The answer will be given by the following two theorems, that will not be proven in
this thesis as their proofs require the understanding of many additional concepts of stochastic processes
and stochastic analysis that we do not want to introduce at this point. Instead, we refer the interested
reader to mathematical books on stochastic processes, such as [75, 41].

Theorem 2.2.1 (Uniqueness of the stationary distribution)
An irreducible Markov-Chain has at most one stationary distribution. If a stationary distribution is found, it
is unique.
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Theorem 2.2.2 (Markov-Chain convergence theorem)
Let (Xn)n∈N be an irreducible, aperiodic Markov-Chain, with a stationary distribution π. We deVnemC(N) ∈
N as the number of times the Markov-Chain has passed the conVguration C ∈ Ω afterN steps in total. Then,
we Vnd

lim
N→∞

mC(N)

N
= π(C). (2.30)

This result is independent of the starting distribution µ(0).

The Markov-Chain convergence theorem is a fundamental theorem of stochastic analysis and the corner-
stone for all advanced Monte-Carlo methods that are not based on direct sampling. To understand this
we shortly review the concepts we have introduced so far. In section 2.1, we posed the quantity we wish
to Vnd, which was given by the integral

I(w, f) =

∫
Ω
dC fC∫

Ω
dC wC

=

∫
Ω

dC π(C)gC , (2.31)

where gC = fC/wC and we have replaced pC = wC/
∫
dC′wC′ by π(C). We expect that we have no

chance to compute the probabilities π(C) suXciently exact without a gigantic eUort in programming and
computer power, so we ask what can we do to obtain the correct probabilities? The Markov-Chain con-
vergence theorem tells the answer: build a Markov-Chain, which is as simple as possible but fulVlls the
requirements of the theorem and which has the probability distribution π(C) as its stationary distribution.
Then after running this Markov-Chain for a suXciently large number of steps, we will obtain the proba-
bility distribution within arbitrary small error. That is exactly what we are going to do in the following
section.

2.2.2 The Metropolis algorithm

The aim of this section is to set up a Markov-chain, which is able, through a very simple sample pro-
cedure, to determine the probability distribution π(C). The probabilities are formally determined by the
expression

π(C) =
wC∫

Ω
dC′ wC′

, (2.32)

where we have access to wC for any conVguration C ∈ Ω but because of its complexity, can not compute
the integral in the denominator.
A Markov-Chain is determined by its starting distribution µ(0), which was unimportant for the conver-
gence theorem and its transition matrix p. To successfully obtain the probability distribution π after a
Markov-Chain sampling, we have to ensure that π is the stationary distribution with respect to p, and
that the Markov-Chain (and therefore p) is irreducible and aperiodic. Aperiodicity can usually be fulVlled
easily by setting up a Markov-Chain, which has the property pCC > 0, i.e. a non-zero probability to stay
in a certain conVguration. This already ensures aperiodicity of p as one realizes immediately from its
deVnition (2.7).
To ensure that the Markov-Chain has the correct stationary distribution, we use the Metropolis proce-
dure, invented by N. Metropolis et al in their famous 1953 paper [132]. This algorithm uses the fact that
a reversible (see Def. (2.6)) Markov-Chain with respect to the probability distribution π, has the same
probability distribution as its unique stationary distribution. Since the probabilities are formally known
to us, we insert them into (2.29) to get

wC∫
Ω
dC′ wC′

pCC̃ =
wC̃∫

Ω
dC′ wC′

pC̃C (2.33)

or by bringing both transition probabilities on the same side of the equation, we end up with

pC̃C
pCC̃

=
wC
wC̃

(Detailed Balance). (2.34)
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This last equation is the celebrated detailed balance condition, which is the simplest but also most pow-
erful procedure to obtain correct transition probabilities pC̃C , with the stationary distribution πC =
wC/

∫
Ω
dC′ wC′ . Although the space Ω may be very huge, the detailed balance condition can be ful-

Vlled very simply because it connects only the two states C and C̃, making no additional restriction on
the residual transition probabilities or conVgurations.
To set up the Metropolis procedure (remember that we have to implement this as a numerical procedure),
we use the idea of acceptance-rejection sampling. The transition probabilities are decomposed in a prod-
uct of two probabilities, namely the proposal and acceptance probability, i.e. pCC̃ = pacc

CC̃p
prop

CC̃ . The proposal
probabilities can be assigned arbitrary with the only restriction that they must behave as probabilities, i.e.

0 ≤ pprop

CC̃ ≤ 1 and
∑
C∈Ω

pprop

CC̃ = 1, ∀C, C̃ ∈ Ω. (2.35)

To illustrate the concept of proposal and acceptance probabilities, suppose we are at a certain step of the
Markov-Chain in the conVguration C̃, that we now propose a new conVguration C for the next step and
the probability of this proposal is given by the proposal probability pprop

CC̃ . As an example, let us consider
an inVnitely extended grid, with every grid-point having 4 neighboring grid-points and the grid-points
represent possible conVgurations. In a particular step of the Markov-Chain, we sit on a certain grid-point,
which we call C̃. For the next step of the Markov-Chain, we have to propose a possible conVguration C,
which we do by allowing only the neighboring grid-points to be reached in a single step of the Markov-
Chain but all with the same probability 1/4. I.e. we simply pick any neighboring point of C̃ and call this
the conVguration C. This proposal has nothing to do with the actual probabilities of the conVgurations, it
may even be that some of these neighboring grid-points C have the actual probability π(C) = 0 but this
is irrelevant in the proposal of these conVgurations.
After the proposal of a new conVguration for the next step, this conVguration can be accepted, with
probability pacc

CC̃ or can be rejected with probability 1− pacc

CC̃ . If it is accepted, C becomes the conVguration

for the next step in the Markov-Chain. On the other hand, if it is rejected, the old conVguration C̃ stays
as the conVguration for the next step in the Markov-Chain.
To bring these proposal and acceptance probabilities into the detailed balance equation, we just rewrite
(2.34) with these newly introduced probabilities, which then reads

pacc

C̃Cp
prop

C̃C
pacc

CC̃p
prop

CC̃
=
wC
wC̃
⇔

pacc

C̃C
pacc

CC̃
=
wCp

prop

CC̃
wC̃p

prop

C̃C
. (2.36)

The right side of the right equation is Vxed from ”outside”, both by the weights wC , wC̃ , which are de-
termined by the problem itself, and by the proposal probabilities pprop

C̃C , p
prop

CC̃ , that we have introduced (and
consider for the moment, to be arbitrary).
The Metropolis procedure (or Metropolis algorithm) now proposes the following:

• Suppose the Markov-Chain is in the nth step in conVguration C̃, now pick a new conVguration C
from the set of allowed conVgurations (this set of course depends on C̃) with probability pprop

CC̃ .

• This conVguration is accepted with the Metropolis probability

pacc

CC̃ = min

{
1,
wCp

prop

CC̃
wC̃p

prop

C̃C

}
. (2.37)

• The conVguration C is either accepted, then it is the conVguration of the (n+ 1)th step or rejected,
then the old conVguration C̃ stays and also becomes the conVguration of the (n+ 1)th step.

Using this algorithm, we have already ensured, that πC = wC/
∫
dC′wC′ is the stationary distribution of

this Markov-Chain. At this point, it is important to realize that the stationary distribution of the Markov-
Chain does, in no way, depend on how complicated (or simple) we chose for the proposal probabilities
pprop. As soon as the acceptance probabilities are chosen according to equation (2.37), the stationary
distribution of the Markov-Chain stays invariant under the change of the proposal probabilities. This



2.2. Markov-Chain Monte-Carlo 29

important fact gives us the freedom to chose the proposal probabilities such that the last condition of
the Markov-Chain convergence theorem is fulVlled, which is the irreducibility condition, as deVned in
Def. (2.3). The irreducibility condition, can on a formal level, be fulVlled by choosing a Markov-Chain
that makes π ergodic, which is deVned as

DeVnition 2.8 (Ergodicity)
A stationary distribution π of a Markov-Chain is called ergodic, if its support lies in an irreducible component
of the Markov-Chain. The support of a probability distribution π is supp(π) := {C ∈ Ω|π(C) > 0}.

It is clear, if we had chosen a Markov-Chain such that π is ergodic, then the above choice of the acceptance
probabilities would make the Markov-Chain irreducible. In physics, irreducibility is often meant to be
equivalent to ergodicity and since we understand that in the context of the Metropolis algorithm both
are equivalent, we will from now on always talk about ergodicity. As mentioned before, there is no
general recipe to ensure ergodicity in an arbitrary Markov-Chain and therefore this has to be done ad
hoc, depending on the distribution π one is interested in. In general, ensuring ergodicity is the most
diXcult part in setting up a Markov-Chain sampling method because, on the one hand there is no recipe
how to actually do that and on the other hand, ergodicity in a mathematical sense is often not suXcient.
To illustrate that, we use the following example. Suppose conVguration space Ω consists of two distinct
irreducible subspaces, i.e. Ω = Ω1 ∪ Ω2 with Ω1 ∩ Ω2 = ∅ and there exists only a single conVguration
C ∈ Ω1 from which it is possible to reach Ω2 during a Markov process. This setup will be ergodic in
a mathematical sense, since it will be possible to reach any conVguration from any other one in a Vnite
number of steps. In a numerical simulation, if Ω1 is very large, it will never happen with Vnite probability,
that a Markov-Chain starting in Ω1 will ever reach a conVguration in Ω2 and therefore the numerical
simulation will with Vnite probability give incredibly wrong results. Of course, this example is an extreme
case and no one, familiar with MCMCmethods, will set up such a Markov-Chain. It simply illustrates that
although a Markov-Chain might look ergodic, it might turn out to be not ergodic ”enough” for a numerical
simulation. One understands the concept even more clearly, when realizing that the conVguration space
Ω might be so complex that it is impossible to overview it and the only predictions that one can make are
local ones, i.e. on small subsets of Ω which may not even be connected in some manner. Mostly, the only
way to verify that a Metropolis algorithm is working, is to perform numerical simulations and test if it is
working correctly by benchmarking the results with other analytical and computational methods, which
however might only be possible for some limiting cases, where are methods are applicable5.
Suppose nowwe have implemented the Metropolis algorithm correctly and have ensured ergodicity. Then
the Markov-Chain convergence theorem applies and in a very long Metropolis sampling procedure, we
will be able to determine the probability distribution π. But how does this help us to compute the integral

I(f, w) =

∫
Ω
dC fc∫

Ω
dC wc

=

∫
Ω

dC π(C)gC (2.38)

required in this simulation? Of course, it would be possible to apply a direct sampling procedure now,
since π is known. But this would be ineXcient since we would have to perform a sampling procedure
twice and we also would have to store the values of π for every conVguration C in Ω. Also it would be
necessary to determine π for every single conVguration C in the Markov-Chain sampling which would
take a tremendous amount of computation time.
The idea is to use the Markov-Chain convergence theorem, as we will see. We start with setting up a
Markov-Chain as it is described by the Metropolis algorithm. Then we let this Markov- Chain evolve
during a numerical sampling procedure but, instead of counting the number of times mC(N) every con-
Vguration C ∈ Ω has been reached during the sampling, we simply add up the values gC . For every step
n in the Markov-Chain, we know the conVguration of this step C, therefore we can compute gC = fC/wC
and just add this to a variable which we call J (n)(w, f). This means that in every step only two variables
have to be determined, Vrst J (n)(w, f) = J (n−1)(w, f) + gC and second the step number n (which is just
a running integer). After n steps of the Markov-Chain J (n)(w, f) can be expressed as

J (n)(w, f) =
∑
C∈Ω

mC(n)gC . (2.39)

5As for instance exact diagonalization is only applicable to Vnite systems but not in the thermodynamic limit, whereas a huge
class of Monte-Carlo methods is applicable to both Vnite and inVnite systems



30 2. Monte-Carlo Methods in a Nutshell

In the limit of n→∞, we can therefore apply the Markov-Chain convergence theorem, which causes the
fraction

lim
n→∞

J (n)(w, f)

n
= lim
n→∞

∑
C∈Ω

mC(n)

n
gC =

∫
dC π(C)gC = I(w, f) (2.40)

to converge to the desired integral I(w, f). For a Vnite number of steps n < ∞, we have found an
approximate solution for the integral I(w, f) by applying Markov-Chain sampling. The error, however, is
again purely statistical in nature and we again can apply error analysis tools, known from stochastics. The
main diUerence here, is that in contrast to direct sampling, the individual steps of the sampling procedure
are not independent from each other as it is the case for direct sampling processes. The conVguration
C of a certain step n in the Markov-Chain strongly depends on the conVguration C̃ of the previous step
n−1 and for this reason can not be independent. This means that the error estimation formulas, obtained
for the direct sampling have to be modiVed to cover Markov-Chains. As a conclusion of this section, we
present some remarks.

Remarks:

• In the Markov-Chain sampling, all that has to be calculated explicitly are the weights wC and the
functions fC for certain conVgurations C which are passed by the Markov-Chain (the conVgura-
tion space Ω contains much more points than actually will be passed during a simulation). The
computation and subsequent accumulation of gC shall in the following be called a Monte-Carlo
measurement.

• The most diXcult part in a Markov-Chain sampling is, as mentioned above, the determination of
the proposal probabilities and the possible conVgurations for the current step to take. This has to be
done very carefully and it has to be veriVed afterwards via simulation if the resulting Markov-Chain
is irreducible.

• Often it is computationally demanding to determine the functions fC (much more than wC), which
depends on the physical problem that has to be solved. Since the subsequent steps in the Markov-
Chain sampling depend very strongly on each other, not much information is gained by adding
gC in every step and it is often useful to have certain intervals during the sampling process where
nothing is summed up and the Markov-Chain just evolves.

• Although the starting conVguration of the Markov-Chain µ(0) was not important for the Markov-
Chain convergence theorem, it is clear that it will have an impact on the convergence speed of a
Markov-Chain and also on the values of gC at the very beginning of the sampling process. It is
therefore often useful to wait a signiVcant number of steps before starting to accumulate gC . This
is often called equilibration of the Markov-Chain.

• The formalism that we used here does not distinguish between classical and quantum mechanical
conVgurations C. In fact, the only diUerence between classical and quantum Monte-Carlo (QMC)
is the fundamental diUerence in the conVguration space but nothing will change in the sampling
procedure, as we will see in the next chapter.

• Metropolis sampling is one realization of Markov-Chain sampling, however it is the most well-
known and powerful realization. The Metropolis sampling is the basis for all kinds of Monte-
Carlo processes, which are mostly either direct implementations of the Metropolis algorithm or
extensions with the same basic idea. All the Monte-Carlo processes that are used during this thesis
are based on Metropolis sampling, the speciVc choice of conVguration space and the corresponding
proposal probabilities is what makes them unique and why they are not simply called Metropolis
or Markov-Chain Monte-Carlo.

2.2.3 Statistical Data Analysis for Markov-Chain Sampling Procedures

In the direct sampling procedures, every measurement (i.e. every randomly determined value of gC) was
independent from all other measurements, since the bare probabilities were used for the sampling. This
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was used in equation (2.18) to express the variance of the sum of the variables in terms of the variance of
one single variable. For the Markov-Chain sampling, this is impossible, since the single measurements are
not independent from each other. This can again be best understood by the example of a Markov-Chain
on a grid. Suppose for every grid-point C, a diUerent value gC will be accumulated during the sampling.
In a single step of the Markov-Chain, we can move from a certain grid-point to one of its neighbors. This
means the measurement of the (n+ 1)th step depends on the nth step because it can only be made on a
neighbor of the nth conVguration. Therefore, a lot of steps m are necessary in the Markov-Chain, until
a conVguration C at step n + m is independent of the conVguration C̃ at step n. This number of steps
is usually unknown and in a complicated sampling may also strongly depend on the conVgurations and
vary throughout the sampling procedure, which usually will make it impossible to estimate the number
of intermediate, not measured stepsm until the next measurement will be independent from the previous
one. For the Markov-Chain sampling therefore one has to use slightly more advanced error analysis tools
than for the direct sampling, which we will discuss now.
Again, the statistical error of the accumulated variable FN is expressed through its variance Var(FN ),
where we use the same notation as in the previous data analysis section. FN is the value accumulated
through a Markov-Chain sampling with N measurements during the sample, i.e.

FN =
1

N

N∑
i=1

fi, (2.41)

where the fi are the individual measurements. Of course, a single sampling procedure to obtain one
value FN takes a lot of time and computer power and therefore repeating this procedure to get a precise
variance of FN is not an option. One has to Vnd error analysis tools, which can be applied on a single
run and still give the precise variance of FN . To do this, we again express the variance of FN through the
single measurements

Var(FN ) = 〈F 2
N 〉 − 〈FN 〉2 =

1

N2

(
〈(

N∑
i=1

fi)
2〉 − 〈

N∑
i=1

fi〉2
)
. (2.42)

The expectation value 〈...〉 is linear in its individual arguments and the fi are all equally distributed, i.e.
〈fi〉 = 〈fj〉 ≡ 〈f〉 and Var(fi) =Var(fj) ≡Var(f) for all 1 ≤ i, j ≤ N . The diUerence to the previous
data analysis section is that 〈fifj〉 6= 〈fi〉〈fj〉 since they are not independent. This leads to

Var(FN ) =
1

N2

 N∑
i,j=1

〈fifj〉 − 〈fi〉〈fj〉

 =
1

N2

N Var(f) +
∑
i 6=j

〈fifj〉 − 〈fi〉〈fj〉


=

Var(f)

N

(
1 +

∑
i6=j(〈fifj〉 − 〈f〉2)

N Var(f)

)
=

Var(f)

N
(1 + 2τA), (2.43)

where we have deVned the auto-correlation time τA as

τA =

∑
i 6=j(〈fifj〉 − 〈f〉2)

2N Var(f)
. (2.44)

The auto-correlation time contains N(N − 1) summands, where it is impossible to make any statement
on their behavior during a certain sampling procedure. The best result for the auto-correlation time is
that of independent variables, when τA = 0 vanishes, on the other hand, for variables which are not
independent, there is no argument that prevents τA from scaling as τA = O(N). The latter would be
the worst case scenario, because then the total variance Var(FN ) would be constant and the Markov-
Chain sampling would not converge to a Vxed value6. From the Markov-Chain convergence theorem, we
know that a Markov-Chain that is set-up properly (i.e. fulVlling the conditions of (2.2.2)) will converge
to a stationary distribution in the limit of inVnite steps. From that we directly conclude, that a proper

6It is obvious that a Markov-Chain, which is converging to a stationary distribution is not allowed to have Vxed non-zero
variance in the limit of inVnite steps.
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Markov-Chain will have an auto-correlation time τA which does not scale with the number of steps N
(at least less than linear order). In a ”good” sampling process, for suXciently large N , τA will no longer
depend on N and the total standard deviation will again scale as σ(FN ) = O(N−1/2). We can also
formulate the previous argument from another perspective. As we have seen, a Vnite auto-correlation
time results from non-independent variables fi, fj . If we suXciently increase the number of intermediate
sampling stepsm between two subsequent measurements, these variables will become independent again
and the auto-correlation time vanishes but the number of measurements scales linearly with N , the total
number of steps in the sampling. If m is lowered now, the variables are no longer independent and τA
becomes Vnite but the number of measurements still scales linearly withN , which means the variance in
total may be larger but it is not allowed to depend onN . The only case, when τA scales withN is the case
when it is impossible to bring τA to zero by the increase of m. In this case the measurements will never
become independent, no matter how many intermediate steps lie between two measurements, which can
only be the case when the Markov-Chain does not converge.
With the introduction of the auto-correlation time, we have found a powerful tool to analyze possible
Markov-Chain sampling processes. Suppose we could determine the auto-correlation time τA in a certain
sampling process. Then we have a direct measure for the Markov-Chain we have constructed: either τA
remains Vnite in the limit of inVnite steps (i.e. is independent ofN forN suXciently large), such that the
Markov-Chain converges to a stationary distribution, or τA becomes inVnite in this limit, and the Markov-
Chain clearly does not converge. The latter means we have made a mistake in the implementation and did
not properly ensure ergodicity. If the auto-correlation time is Vnite, we obtain the error of the sampling
process in terms of the standard deviation

σ(FN ) = σ(f)

√
1 + 2τA
N

. (2.45)

Although the auto-correlation time is a very powerful quantity, we only beneVt from its introduction, if
it is possible to determine τA during a certain sampling procedure. Finding ways to determine τA during
a sampling process is therefore the aim of the remainder of this chapter.

Binning Analysis
The most common procedure to obtain the auto-correlation time is to perform binning analysis. Starting
with the original set of measurements f (0)

i , with i = 1, ..., N , we iteratively obtain a ”binned” set of
measurements by averaging over two consecutive entries:

f
(l)
i =

1

2

(
f

(l−1)
2i−1 + f

(l−1)
2i

)
, with i = 1, ..., Nl ≡

N

2l
. (2.46)

These bin averages f (l)
i are less correlated than the original measurements, since they belong to two

distinct (imaginary) measurements with an increased number of intermediate steps m(l) = 2l ∗ m(0),
wherem(0) is the number of intermediate steps in the original sampling process. On the other hand, the
mean value of the binned averages is always the mean of the original measurements

∑
i f

(0)
i . We can

estimate the error of the binned variables, using the variance formula for independent variables, which
we know to be incorrect but, however, converges to the correct error in the limit where the bins become
independent of each other. Using (2.45) with τA = 0, we obtain

σ(F
(l)
N ) ≈

√
Var(f (l)

i )

Nl
=

2l

N

√√√√ Nl∑
i=1

(
f

(l)
i − 〈f (l)〉

)2

. (2.47)

Suppose after l steps of applying the binning, the f (l)
i had been independent from each other. Then in

the next step of the binning the variables f (l+1)
i would be also independent from each other and the two

factors of 2 appearing in σ(F
(l+1)
N ) would cancel each other resulting in σ(F

(l+1)
N ) = σ(F

(l)
N ). On the

other hand, if the f (l)
i had not been independent from each other, σ(F

(l)
N ) from Eq. (2.47) would be the

wrong expression for the standard deviation, i.e. would underestimate the exact expression. Since in the
next binning step, the variables will become ”more” independent, (2.47) will be a more realistic expression,
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which means that σ(F
(l)
N ) will grow with increasing l until it saturates at the point l, where the f (l)

i are
completely independent. Therefore the error estimate from (2.47) converges to the correct error estimate

σ(FN ) = lim
l←∞

σ(F
(l)
N ). (2.48)

Since in a realistic sampling procedure, the number of available steps have to be Vnite, one can adjust the
number of total steps of the sampling according to the convergence of σ(F

(l)
N ), i.e. until

|σ(F
(l)
N )− σ(F

(l+1)
N )| = ε, (2.49)

where ε is the allowed residual deviation that has to be determined from outside. This binning analysis
gives a reliable recipe for estimating errors and autocorrelation times. After convergence against σ(FN )
is achieved, the auto-correlation time τA can be obtained by rearranging (2.43) via

τA =
1

2

( σ(FN )

σ(F
(0)
N )

)2

− 1

 . (2.50)

The number of steps in the sampling procedure must be chosen at least thus large, that this convergence is
achieved, otherwise no error estimation is possible and although one can just use the simple assumption
of independent variables and obtain the corresponding error, the correction coming from the fact that the
variables are not independent may be several order of magnitude larger than this error obtained from this
estimation. This is for instance illustrated in [4] We conclude this section with some remarks.

Remarks:

• The auto-correlation time is a very important tool, as we have seen in the previous section, to
give an estimate on the errors of results from a Markov-Chain sampling procedure. However, the
name auto-correlation time may be misleading, at least from our point of view. Commonly, τA
is said to give the number m of intermediate steps necessary to ensure the independence of the
measured variables. As we have seen, this number would actually be given by 2l, where l is the
number of binning steps until convergence is observed. This number is usually much larger than
the auto-correlation time, which is also what we observed from our Monte-Carlo simulations.

• There exist several important error estimation procedures for Monte-Carlo methods which we are
not going to explain since binning was suXcient for our case. One method to mention is the
Jackknife analysis, explained in [188]. The aim of this method is not to Vnd the auto-correlation
time but instead to give a reliable error estimation for variables that are functions of Monte-Carlo
results and therefore need to be analyzed with respect to error propagation and cross-correlations
in the case of multiple variables.

• Same implementations of Markov-Chain sampling will have diUerent auto-correlation times and it
may happen that an algorithm validated with one set of parameters will become non-ergodic when
certain parameters are changed. This is for instance the case for spin-systems, when a symmetry
broken phase occurs for a given set of parameters. Therefore it is very important to be careful
with the analysis for these systems and it may happen that for a given physical system, diUerent
algorithms have to be used in diUerent parameter regimes.

2.3 Diagrammatic Monte-Carlo Methods
In this section, a certain class of Monte-Carlo methods is introduced, namely the so-called Diagrammatic
Monte-Carlo Methods (DiagMC), which sample Feynman diagrams of a perturbation expansion of the to-
tal HamiltonianH = H0 +V to obtain the interacting Green’s functions of a quantum-mechanical prob-
lem. We will start with a short overview on classical Monte-Carlo methods and the diUerence to quantum
Monte-Carlo (QMC) methods, then introduce the idea of DiagMC with the formalism used throughout
this thesis and Vnish with a brief outlook on the famous sign problem arising in QMC applications.
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2.3.1 From Classical to Quantum Monte-Carlo

As mentioned already in the previous sections, in general there is no fundamental diUerence between
classical and quantum Monte-Carlo methods, for both cases, after Vnding the most suitable conVguration
space, the Metropolis algorithm is applied as introduced before. The main diUerence is the choice of the
conVguration space, which is, of course, diUerent for classical and quantum mechanical problems (the
keyword for QMC is ”world lines”). This diUerence can be understood very easily by the following exam-
ple. Consider a system consisting of N interacting particles in a harmonic oscillator. We now Vrst look
at a classical system and then switch to the quantum analogue.
For a classical problem, the system is described by a classical Hamiltonian functionH({x1, ..., xN , p1, ..., pN}),
which is a function of the individual coordinates and momenta of the particles. The Hamiltonian for N
particles in a harmonic oscillator, which are interacting by a two-particle potential U(xi, xj) is given by

H({x1, ..., xN , p1, ..., pN}) =

N∑
i=1

p2
i

2m
+

1

2
mω2x2

i +
1

2

∑
i,j

U(xi, xj), (2.51)

where the N classical momenta pi, i = 1, ..., N and the N classical coordinates xi, i = 1, ..., N are in-
dependent variables. To now determine the average of a given observable O(x1, ...xN , p1, ..., pN ) which
might be a function of all momenta and coordinates (or some subset of those), we have to determine the
integral

〈O〉 =
1

Z

∫
dNxdNp O(x1, ...xN , p1, ..., pN ) e−βH({x1,...,xN ,p1,...,pN}), (2.52)

where the partition function Z is deVned by the integral

Z =

∫
dNxdNp e−βH(x1,...,xN ,p1,...,pN ) (2.53)

and β = 1
kBT

is the inverse temperature. The complicated integral from (2.52) can be determined
by Markov-Chain Monte-Carlo. A set of possible conVgurations C and weights wC is directly visi-
ble from the form of (2.52). The possible conVgurations are the momenta and coordinates, i.e. C =
(x1, ...xN , p1, ...pN ) and the possible weights are then given by

wC = e−βHC = e−βH(x1,...,xN ,p1,...,pN ), (2.54)

which leads to the observables

gC = O(C) = O(x1, ..., xN , p1, ..., pN ). (2.55)

With these deVnitions, we have found everything necessary for a successful Markov-Chain Monte-Carlo
sampling (remember section 2.2.2) except the proposal probabilities which for instance could be dis-
tributed uniformly (which would be a bad distribution but we are not interested in the best choice for
this example). With our knowledge on Markov-Chain Monte-Carlo from the last section, it is clear that
with these simple choices, we have already created a Monte-Carlo method for determining averaged ob-
servables for a classical interacting many-body problem.
What changes when switching to a quantum-mechanical many-body problem in the same setup, i.e. in-
teracting quantum particles (but for simplicity with classical statistics) in a harmonic oscillator? In the
Hamiltonian all the variables x1, ...xN , p1, ..., pN are replaced by operators, which can not simply be ex-
pressed by numbers, especially not at the same time because p and x are not commuting. To obtain an
integral expression for an operator average 〈O〉, which is also a function of momentum and coordinate
operators now, one has to switch to a functional integral representation, i.e.

〈O(x1, τ1, ..., xN , τN )〉 =
1

ZQM

∫
dNxdNp O(x1, τ1, ..., xN , τN )e−SeU , (2.56)

with

SeU =

∫ β

0

dτ

N∑
i=1

m

2

(
∂xi(τ)

∂τ

)2

+
m

2
ω2xi(τ) +

1

2

∑
i,j

U(xi(τ), xj(τ)). (2.57)
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The partition function ZQM is deVned equivalently as

ZQM =

∫
dNxdNp e−SeU . (2.58)

In order to Vnd an integral expression for an observable average in the quantum case, it was necessary
to switch to functional integral representation, from which another degree of freedom arises, namely the
(imaginary) time τ . Therefore possible conVgurations for the quantum-mechanical problem would be the
"classical" conVgurations Cclass = (x1, ..., xN , p1, ..., pN ), where we call 1/m∂xi

∂τ = pi together with the
time τ , i.e. CQM = (Cclass, τ).
For a quantummechanical problem, the time is an additional variable in conVguration space, whereas this
is not the case for a classical problem. Therefore one can either think of totally diUerent conVgurations
(as we will do in the following chapters) for a quantum mechanical problem or one can imagine sampling
so-called world lines instead of classical points in conVguration space. These ”world-lines” are nothing
else but the classical variables as a function of τ on a interval τ ∈ [0, β].
Although we have totally neglected the statistics of the particles in this formalism (we have used classi-
cal, distinguishable particles), the main diUerence from QMC to classical MC is clear from this example,
namely the (imaginary) time τ as an essential part of conVguration space for QMC algorithms. In the
following chapters of this thesis, we will not use world-line sampling and our conVgurations will be very
diUerent from any classical conVgurations, however, we wanted to illustrate the main diUerence between
QMC and classical MC algorithms, which is not a diUerent sampling method but rather a diUerent con-
Vguration space Ω.

2.3.2 General Formalism of Diagrammatic Monte-Carlo Methods

For a quantum-mechanical many-body problem, there exist several possibilities to obtain physical quan-
tities, beginning by thermodynamic properties determined by the partition function, static operator av-
erages, such as the density distribution, or dynamic quantities, such as the dynamical structure factor or
correlation functions. The most desirable quantities one would determine are the n-body Green’s func-
tions of the system, from which every other static or dynamic observable can be determined. One way
to determine the Green’s functions of a quantum system, is to use diagrammatic Monte-Carlo methods,
which can be formulated in both equilibrium and non-equilibrium frameworks. In this section, we will
give a brief introduction to the idea of DiagMC methods and the formulation of those with enough de-
tail to describe the later implementation of the continuous time impurity solvers. DiagMC methods are
diversely used throughout the scientiVc community and our aim is not to describe them in great detail
or review the most recent developments. However, we would like to emphasize that DiagMC methods,
paired with very advanced resummation techniques, have recently regained a great interest in condensed
matter physics and are on the way (together with large-size cluster DMFT methods) to solve exactly the-
oretical models such as, for instance, the Hubbard model at half-Vlling (see for instance [111, 149, 146]).
The aim of DiagMC methods is to determine the Green’s functions Gαα′(τ) of a system described by a
Hamiltonian H = H0 + V , where H0 can be solved exactly (analytically or numerically) and V is an
operator that can not easily be diagonalized simultaneously with H0. The Green’s function Gαα′(τ) is
then determined by

Gαα′(τ) =
1

Z
Tr
(
T e−βHcα(τ)c†α′(0)

)
, (2.59)

where the partition function is
Z = Tr

(
e−βH

)
(2.60)

and the time-ordering operator T orders fermionic operators according to their imaginary time, i.e.

T A(τ)B(τ ′) = θ(τ − τ ′)A(τ)B(τ ′)− θ(τ ′ − τ)B(τ ′)A(τ) (2.61)

for some arbitrary, fermionic operators A,B. In the Heisenberg representation, time-dependence of
operators means time-dependence with respect to the total Hamiltonian H , in other words

A(τ) = eτHAe−τH . (2.62)
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Equation (2.59) is usually not directly evaluable, since H0 and V are not simultaneously diagonalizable.
Therefore one has to Vnd another expression for the Green’s functions. The exponential in (2.59) can be
reexpressed using the identities

e−βH = e−βH0eβH0e−βH = e−βH0S(β), (2.63)

with the deVnition of
S(τ) = eτH0e−τH . (2.64)

The operator S can be determined by analyzing the Cauchy problem

∂τS(τ) = eτH0(H0 −H)e−βH = −eτH0V e−τH0S(τ) ≡ −V (τ)S(τ), S(0) = 1, (2.65)

which is formally solved by integration

S(β) = 1−
∫ β

0

dτ V (τ)S(τ). (2.66)

In equations (2.65) and (2.66), the time-dependence of V (τ) is no longer with respect to H but to H0,
this is commonly referred to as the Dirac representation. In the following, we will no longer use the
Heisenberg representation. The action of the time-ordering operator T on other operators is the same in
both representations. Iteration of the above equation (2.66) then leads to the Neumann series

S(β) = 1+

∞∑
n=1

(−1)n
∫ β

0

dτ1

∫ τ1

0

dτ2...

∫ τn−1

0

dτnV (τ1)...V (τn), (2.67)

where it is important to keep the ordering of the operators V (τ) as in the above equation (τi ≥ τi+m
with m ∈ N). If one of the operators is in the incorrect order, for instance if τi+1 ≥ τi, this belongs to
the evolution in negative time direction β → 0 and can be corrected by an additional minus sign. It is
therefore useful to also apply the time-ordering operator in this context and rewrite

S(β) = 1+ T
∞∑
n=1

(−1)n
∫ β

0

dτ1

∫ τ1

0

dτ2...

∫ τn−1

0

dτnV (τ1)...V (τn), (2.68)

such that artiVcial time-ordering is no longer necessary since the time-ordering operator introduces mi-
nus signs whenever they are necessary (i.e. when operators are ordered incorrectly). With the time-
ordering operator present in (2.68) it is also no longer necessary to keep the bounds of the integration as
in (2.68), and instead all of the limits for the integrals become 0 to β with the inclusion of the combinato-
rial factor n! that corrects for overcounting. The result is the Dyson series

S(β) = 1+ T
∞∑
n=1

(−1)n

n!

∫ β

0

dτ1

∫ β

0

dτ2...

∫ β

0

dτnV (τ1)...V (τn) = T e−
∫ β
0
dτ V (τ). (2.69)

The last equality is a formal reexpression of the Dyson series, but it must be emphasized that this is only
shorthand for the whole series since it is impossible to express the exponential without using the inVnite
Dyson series (the exceptions are only the trivial cases when V and H0 are simultaneously diagonalized).
With this reformulation, the Green’s function can be expressed as the solution of the following problem:

Gαα′(τ) =
Tr
(
e−βH0 T e−

∫ β
0
dτ ′V (τ ′) c†α(τ)cα′(0)

)
Tr
(
e−βH0 T e−

∫ β
0
dτ ′V (τ ′)

) =

〈
T e−

∫ β
0
dτ ′V (τ ′) c†α(τ)cα′(0)

〉
0〈

T e−
∫ β
0
dτ ′V (τ ′)

〉
0

, (2.70)

where
〈...〉0 = Tr

(
e−βH0 ...

)
denotes the average with respect to H0. Equation (2.70) is already of very similar form as (2.31) , which
was the starting point for the Metropolis algorithm and took the form

GMC =

∫
Ω
dC wCgC∫

Ω
dC wC

. (2.71)
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We must now Vnd a possible set of conVgurations and weights to implement a Monte-Carlo sampling
computing the Green’s functions. A possible way to do this is to express the partition function through
the inVnite Dyson series again. This leads to

Z =
〈
T e−

∫ β
0
dτV (τ)

〉
0

=

∞∑
n=0

(−1)n

n!

∫ β

0

dτ1...

∫ β

0

dτn

〈
T

n∏
l=1

V (τl)

〉
0

≡
∫

Ω

dC wC , (2.72)

where we have identiVed the conVgurations C and the respective weights wC according to

C = (n, τ1, ..., τn), and dCwC =
(−1)n

n!

〈
T

n∏
l=1

V (τl)dτl

〉
0

. (2.73)

The factor 〈
n∏
l=1

V (τl)

〉
0

in the deVnition of the weights above will usually be very diXcult to determine and looking from a
diagrammatic point of view, one immediately realizes that this expectation value is already the sum
over all Feynman diagrams for a given perturbation order n. Therefore it is also possible, starting from
the deVnition of the conVgurations and weights (2.73) to construct new conVgurations and weights by
decomposition or resummation of old weights. For instance, suppose V is of quartic order in fermionic
operators, then for a given perturbation order n, there exist 2n! labeled Feynman diagrams. A possible
choice for conVgurations and weights then could be

C = (n, k, τ1, ..., τn), and dCwC =
(−1)n

n!
(nth order diagram #k)

n∏
l=1

dτl, (2.74)

where 1 ≤ k ≤ 2n! labels the individual Feynman diagrams at perturbation order n. The last example
can be seen as the starting point for any diagrammatic Monte-Carlo method. Commonly, it is not the bare
labeled diagrams that are sampled but instead resummation techniques are applied, for instance it is pos-
sible to resum all diagrams of a given structure, ending up with either bold-lined diagrams7 or diagrams
with renormalized interactions. As already mentioned, the possible realizations for diagrammatic Monte-
Carlo methods is very diverse and for our purpose it is not necessary to go into further details. We will
always use conVgurations and weights as deVned in (2.73). As pointed out above, this can be understood
as a diagrammatic Monte-Carlo method, where the resummation is done such that all diagrams of a given
perturbation order are contained in the weight wC .
The last missing ingredient for the implementation of the Metropolis algorithm (except the proposal
probabilities which have again to be designed for every problem individually) are the gC ’s. We write the
Green’s functions as

Gαα′(τ) =

∫
Ω
dC wCgC,αα′(τ)∫

Ω
dC wC

, (2.75)

from which it is clear that for C = (n, τ1, ...τn)

gC,αα′(τ) =

(−1)n

n!

〈
T c†α(τ)cα′(0)

∏n
l=1 V (τl)dτl

〉
0

(−1)n

n! 〈T
∏n
l=1 V (τl)dτl〉0

=

〈
T c†α(τ)cα′(0)

∏n
l=1 V (τl)

〉
0

〈T
∏n
l=1 V (τl)〉0

. (2.76)

The numerical value of gC,αα′(τ) can be obtained on two distinct ways, either via a direct calculation,
as we will do it in the later chapters or again by using diagrammatics. For the latter, one simply has
to remember that wc includes all diagrams resulting from nth order perturbation theory and therefore
gC,αα′(τ) contains all (n+ 1)th order diagrams from a diagrammatic expression of the Green’s function
Gαα′(τ) (connected and disconnected). With the deVnition of the gC ’s, the weights wC and the conVgu-
rations C, we have done the preface for the implementation of the continuous-time quantumMonte-Carlo
solvers that we explain in the following sections. We conclude this section with a brief introduction of
the sign problem, which usually arises in quantum Monte-Carlo processes.

7In our example this would mean that in the sampling process, the interacting Green’s functions are already included instead of
the non-interacting ones.
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2.3.3 The Sign Problem in Monte-Carlo Processes
From the deVnition of possible weights in the previous section, i.e. wC being diagrams. It becomes clear
that some of the wC may become negative when dealing with fermions, since fermionic diagrams are not
strictly positive in contrast to the bosonic case. Therefore π(C) is negative, which excludes it from being
a probability and no Markov-Chain can be created by using the weights. It is possible to circumvent
this problem by realizing that wC = |wC |sign(wC) and rewriting the expression for the Green’s function
sampling as

Gαα(τ) =

∫
Ω
dCwCgC,αα′(τ)∫

Ω
dCwC

=

∫
Ω
dC|wC |sign(wC)gC,αα′(τ)∫

Ω
dC|wC |

∫
Ω
dC|wC |∫

Ω
dC|wC |sign(wC)

=
G̃αα(τ)

〈sign〉
, (2.77)

where we have deVned the positive weighted Green’s function

G̃αα(τ) ≡
∫

Ω
dC|wC |sign(wC)gC,αα′(τ)∫

Ω
dC|wC |

(2.78)

and the average sign

〈sign〉 ≡
∫

Ω
dC|wC |sign(wC)∫

Ω
dC|wC |

. (2.79)

Both the average sign and the positive weighted Green’s function can be determined in a single sampling
procedure according to the positive weights |wC | without any approximation. At Vrst glance, this might
solve the problem of negative weights wC completely and avoiding negative weights in Monte-Carlo
would never be an issue. However, the important fact that makes Monte-Carlo superior to many other
methods is that the Monte-Carlo error is under control. Now suppose the sampling error ∆̃(N) of G̃αα(τ)
was obtained in a Monte-Carlo simulation with N subsequent MC measurements. This error can be
expressed as

∆̃(N) =
∆̃0√
N
, (2.80)

where the prefactor ∆̃0 is unimportant for the moment. Now, the error ∆(N) of the Green’s function
resulting from the same Monte-Carlo sampling would, according to (2.77), be given by

∆(N) =
∆̃(N)

〈sign〉
=

∆̃0√
〈sign〉2N

. (2.81)

This error is the error belonging to a direct Monte-Carlo sampling of the Green’s function with a reduced
number of steps Ñ = 〈sign〉2N . To obtain an error comparable to N Monte-Carlo steps in systems
with positive weights, one has to perform an increased number of N

〈sign〉2 steps in a system that shows

also negative weights (i.e. when 〈sign〉 < 1). This means, although negative signs are handled by (2.77)
without restrictions on a formal level, it may be that the number of necessary Monte-Carlo steps to obtain
an acceptable error is increasing up to an intractable number, which makes Monte-Carlo simulations very
ineXcient or even impossible. To understand how severe this increase of necessary Monte-Carlo steps
can become for fermionic systems, we take a short look at the average sign (2.79) for a DiagMC sampling
as introduced in the previous section. Then

〈sign〉 =

∫
Ω
dCwC∫

Ω
dC|wC |

=
Z

ZB
= e−βV (fF−fB), (2.82)

where ZB is the partition function of a corresponding (Vctive) bosonic system, β is the inverse temper-
ature and V is the volume of the system and fF , fB are the free energies per volume of the fermionic,
bosonic system, respectively. From (2.82), it is clear that the average sign of a system decreased exponen-
tially with the system size and the inverse temperature. This fact means that simple, straightforwardly
implemented quantum simulations of larger fermionic systems at suXciently deep temperatures become
impossible and is the limiting problem for exact quantum simulations of interacting fermion systems on
the basis of Monte-Carlo processes. Very often, this is referred to as the sign problem of QMC methods.
However, recently developed DiagMC methods (also called bold-line diagrammatic Monte-Carlo meth-
ods, BoldDiagMC) have found a perfect way to make use of the sign problem [149, 150]. Although the
idea is rather simple, the implementation therefore is, however, very demanding:
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• Imagine the conVguration space Ω consisting of the bare diagrams, as in the example from the
previous section.

• Now, construct new conVgurations C̃i = {Ci1, ...Cin} consisting of several old conVgurations, such
that wC̃i =

∑n
l=1 wCil → 0 for most of the new conVgurations C̃i.

• Perform a Monte-Carlo sampling with the few residual, non-zero weights wC̃i , where the sign
problem is much less severe, resulting from the eUectively decreased system size.

On the Vrst view, this procedure seems very artiVcial. However, it turns out that this kind of Monte-
Carlo sampling can be achieved by applying resummation techniques, already known from diagrammatic
treatments of condensed matter systems and that these methods are indeed quite powerful.
With this brief introduction of the sign problem, we conclude the more general part on Monte-Carlo
and diagrammatic Monte-Carlo methods and come to the derivation of the so-called continuous-time
quantum Monte-Carlo methods, which will be used to solve the Anderson impurity model from section
(3.1).
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3. The Anderson Impurity Model and
Continuous-Time Monte-Carlo Methods

In this chapter, we will introduce the Anderson Impurity model (AIM), a famous theoretical model describ-
ing two interacting fermionic particles coupled to a non-interacting bath. The AIM was Vrst introduce
to describe the Kondo-eUect in solid state systems and its great importance was even increased after one
realized that the same model is strongly connected to the DMFT approximation, as we will see in the
following sections. To successfully apply the DMFT equations, it is essential in every iteration to calcu-
late the correlation functions of an AIM and use these in the iterative DMFT procedure. Therefore, we
are interested in theoretical (computational) methods to determine those correlation functions. In this
chapter, we will discuss two such methods. First, the exact diagonalization of a quantum system with
only few degrees of freedom and, second, Continuous-Time Quantum Monte-Carlo (CT-QMC) methods
which are able to determine exact correlation functions for arbitrary bath sizes without any additional
computational cost. This last point is very important, since, as we will see, reducing the bath to a Vnite
number of quantum states decreases the spectral resolution of the DMFT approximation dramatically.

3.1 The Anderson Impurity Model
Our interest in the Anderson Impurity model (sometimes also called single impurity Anderson model,
SIAM) results from the fact that we have to determine the corresponding correlation functions in order
to use them during the DMFT iterations. Depending on the physics that are investigated (i.e. repulsive
interactions, attractive interactions, superWuidity or spin orbit coupling), the Hamiltonian of the AIM that
we are considering slightly changes but the general structure will always stay the same.
The AIM is a theoretical model describing two interacting fermionic particles (which we will label with
spin indices σ =↑, ↓), both coupled to a non-interacting bath. It is usually expressed through the Hamil-
tonian

HAIM = Hloc +Hhyb +Hbath, (3.1)

consisting of the local Hamiltonian

Hloc = −
∑
σ

µσnσ + Un↑n↓, (3.2)

the Hamiltonian of the non-interacting bath, with the bath operators creation and annihilation operators
d†σα and dσα,

Hbath =
∑
σ,α

εσ,αd
†
σαdσα (3.3)
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and the hybridization with the bath

Hhyb =
∑
σ,α

Vσ,αc
†
σdσα + h.c.. (3.4)

The bath energies εσ,α are real parameters, while the hybridization parameters Vσ,α may be complex. The
chemical potential µσ is allowed to be diUerent for the diUerent components σ =↑, ↓ in order to describe
population imbalance.
As for the lattice problem, we would like to Vnd an eUective action SeU, which only contains the two
components σ =↑, ↓ such that all states α have been integrated out, so that the interacting Green’s
functions of the last two components can be written as

Gσ(τ) =
1

ZeU

∫ ∏
σ′

D[c†σ′ , cσ′ ]cσ(τ)c†σe
−SeU . (3.5)

In contrast to the previous chapter, the expression of these Green’s functions via an eUective action can
be formulated by an exact transformation and the exact eUective action can be determined analytically
from the parameters {Vσ,α, εσ,α}. To prove this, we start with the complete action the AIM, SAIM,

SAIM = Sloc + Shyb + Sbath, (3.6)

where we again have separated this into a local part, the pure bath and the hybridization between local
part and bath

Sloc =

∫
dτ
∑
σ

c†σ(τ) (∂τ − µσ) cσ(τ) + U

∫
dτn↑(τ)n↓(τ), (3.7)

Sbath =

∫
dτ
∑
σ,α

d†σα(τ) (∂τ + εσ,α) dσα(τ) (3.8)

and

Sbath =

∫
dτ
∑
σ,α

Vσ,αc
†
σ(τ)dσα(τ) + h.c.. (3.9)

To diagonalize this expression in the time domain (i.e. to get rid of the derivative ∂τ ) and simplify the
following steps, we switch to Matsubara frequency representation, where the single parts of the action
read

Sloc =

∞∑
n=−∞

∑
σ

c†σ(iωn) (iωn − µσ) cσ(iωn) + U
∑

n,n′,n′′

c†↑(iωn)c†↓(iω
′
n)c↓(iω

′′
n)c↑(iωn + iω′n − iω′′),

(3.10)

Sbath =

∞∑
n=−∞

∑
σ,α

d†σα(iωn) (iωn + εσ,α) dσα(iωn), (3.11)

Sbath =

∞∑
n=−∞

∑
σ,α

Vσ,αc
†
σ(iωn)dσα(iωn) + h.c.. (3.12)

To integrate out the d†σα, dσα degrees of freedom, we make use of the integration law for Grassmann
variables, which states∫

D[ξ∗, ξ]e−
∑
λµ ξ

∗
λMλµξµ+

∑
λ(η̄λξλ+ξ∗ληλ) = (detM) e

∑
λµ η̄λ(M−1)λµηµ . (3.13)

By deVning the indices λ ≡ (σ, α, iωn), the matrixMσ,α,iωn = iωn − εσ,α and the Grassmann variables
ησ,α,iωn = V ∗σαcσ(iωn), we can integrate out the bath degrees of freedom and Vnd∫ ∏

α,σ

D[d†ασ, dασ]e−SAIM =

( ∏
σ,α,n

(iωn + εσ,α)

)
e
−S0+

∑
σ,α,n c

†
σ(iωn)

(
|Vσα|2
iω+εσ,α

)
cσ(iωn)

. (3.14)
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The prefactor of this expression results from the determinant in (3.13) but doesn’t play any role (except
when one is interested in the thermodynamics of the AIM) since it can be absorbed into ZeU in (3.5). In
the last step, we will Vnd the hybridization function of the AIM

Γσ(iωn) =
∑
α

|Vσα|2

iωn + εσα
, (3.15)

with which we can again deVne a Weiss function Gσ by

G−1
σ (iωn) = iωn − µσ − Γσ(iωn) = iωn − µσ −

∑
α

|Vσα|2

iωn + εσα
. (3.16)

Here, the Weiss function has no further index than σ since it is not yet associated with any lattice site
of the system as it was the case in the previous chapter. Inserting the Weiss function into the eUective
action leads to

SeU =

∫
dτdτ ′

∑
σ

c†σ(τ)G−1
σ (τ − τ ′)cτ ′ + U

∫
dτn↑(τ)n↓(τ), (3.17)

which looks identical to the eUective impurity action of the DMFT equations (1.58).
We have found two representations of the AIM eUective action, from which we can obtain the correlation
functions with respect to the c†σ, cσ degrees of freedom. First, the action deVned by (3.6), which is local
in time but has additional degrees of freedom of the bath that we are not interested in, and second, the
eUective action deVned by (3.17), which has no additional degrees of freedom but is non-local in time
due to the non-local hybridization functions Γσ(τ). In the following sections, we will work with both
representations, depending on the computational method that we are interested in. However, one should
note that the eUective action coming from the DMFT equation (i.e. that which we wish to solve) has
the representation (3.17) and can therefore only be fully captured by (3.6) if the bath is inVnitely large1.
The residual (but nevertheless main part) of this chapter, we will derive computational methods to solve
the AIM model or, more precisely, calculating the correlation functions, which appears rather simple
but still demands for very advanced methods to be solved exactly. This diXculty simply arises from the
non-locality in time of the hybridization function and must not be circumvented by any approximation
(otherwise DMFT would simplify to a static Mean-Field theory).

3.1.1 Exact Diagonalization
Exact Diagonalization (ED) is a very simple, yet often used approximation to solve the AIM presented in
the previous section. As we have seen, one representation of the AIM is that of an interacting, two level
system, coupling to an inVnite bath. If the bath was Vnite (which we take as about 4 − 6 bath orbitals),
one possibility to solve the AIM would be to numerically implement the Hamiltonian as a matrix (in a
given complete basis of states) and diagonalize it numerically. Here, the size of the matrix (the number of
states) scales exponentially with the number of orbitals, which makes ED impossible for larger systems.
On the other hand, DMFT produces a Weiss function G, from which all the parameters {Vσα, εσα} would
have to be determined. This would also be an impossible task for a large system2 and therefore it is only
possible to use ED as an approximate method, where the approximation itself comes from the restriction
to a Vnite bath. When restricting oneself to a Vnite system, the explicit numbers for the bath energies and
hybridization parameters are obtained from a least squares Vt to the DMFTWeiss function and subsequent
diagonalization of the resulting matrix. In this thesis, ED is never used as an impurity solver for DMFT
iterations and therefore, we will not go further into the details of this method. However, we used ED to
benchmark the Monte-Carlo methods described in the following sections and numerically implemented
during the work on this thesis. For this benchmarking, we reverse the problem by choosing some arbitrary
parameters {Vσα, εσα}, and then determining the Weiss function G (which in this direction is exactly
possible by (3.16)) and comparing Monte-Carlo and ED results. In this case, no approximation is made
and both results are exact and should be equivalent an so we are able to verify the Monte-Carlo algorithm.

1The Weiss function is a bounded function on a Vnite interval, i.e. τ ∈ [−β, β], which means it belongs to a separable but
inVnite dimensional space, which can only be fully reproduced by taking into account an inVnite number of bath orbitals.

2Neither the space of Green’s functions nor the basis functions |V |
2

ε−iω posses a mathematical structure that allows for a systematic
determination of the parameters {Vσα, εσα}.
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3.2 Continuous-Time Auxiliary Field Quantum Monte-Carlo Al-
gorithm

In this section, we derive the continuous-time auxiliary Veld quantum Monte-Carlo algorithm (CT-AUX),
as an impurity solver for the Anderson impurity model, based on Monte-Carlo sampling and an auxiliary
Veld decomposition of the interaction part of the AIM. Continuous-time solvers, based on an auxiliary
Veld method were Vrst developed by Rombouts et al. [154, 155] in 1998 for small Hubbard lattices. Monte-
Carlo solvers on the Basis of a Trotter decomposition, the so-called Hirsch-Fye algorithms [86], have been
used much earlier to treat a small number of magnetic impurities in metals. The formulation of CT-AUX
that we present in this section has been developed by Emanuel Gull et al. in 2008 [65] and is presented
in detail in [65, 67, 70]. We will mainly follow the original derivation, i.e. [65], while we present some of
the calculations in more detail. In particular, we present an exact derivation of the weight formulas based
on functional integration, whereas the derivation in the original publications is based on approximative
formulas, developed for the Hirsch-Fye algorithm. The resulting weight formulas are, however, identical.
The CT-AUX impurity solvers have been used also in cluster DMFT approximations [190, 111], where a
cluster of multiple sites N = 4, 8, 32, ... has been used as the ”impurity”. In this approaches, the self-
energy becomes momentum-dependent and the results become exact with increasing cluster size. The
CT-AUX algorithm is perfectly suited for cluster problems, because a cluster implementation is straight-
forward, as we will see at the end of this section. However, our intention is to use CT-AUX as an impurity
solver for the RDMFT approximation, for which it is useful because it is an exact method to solve the
impurity problem and it can be extended to a more general class of systems, including spin-orbit coupling
or superWuid pairing, as we will see in the succeeding chapters.

3.2.1 ConVgurations, Weights and Measurement Factors

In this part, we will identify the conVgurations C for the CT-AUX algorithm and derive analytic formulas
for the weights wC and measurement factors gC by applying functional integration and matrix algebra
tools to the AIM. The aim of the CT-AUX impurity solver is to compute the Green’s functions of the AIM,
described by the Hamiltonian (3.1)

H = −
∑
σ

µσnσ + Un↑n↓ +
∑
σ,α

εσ,αd
†
σαdσα +

∑
σ,α

Vσ,αc
†
σdσα + h.c., (3.18)

with the creation and annihilation operators for the bath states d†σα, dσα and the impurity states c†σ, cσ ,
with σ =↑, ↓. The corresponding functional integral representation of the AIM, with the bath degrees of
freedom integrated out, is determined by the eUective action (3.6), (3.17)

SeU =

∫
dτdτ ′

∑
σ

c†σ(τ)G−1
σ (τ − τ ′)cτ ′ + U

∫
dτn↑(τ)n↓(τ). (3.19)

We will start the formulation of the CT-AUX algorithm in operator representation and later switch to
functional integral representation, which leads to more general results and allows for an exact calculation
of the weights wC .
Following the derivation presented in section (2.3.2), we decompose the Hamiltonian H into an exactly
solvable partH0 and the additional part V , i.e. H = H0 +V . The speciVc choice of V determines the CT-
QMC method one has to use to solve the AIM. The idea of the CT-AUX solver is to chose V such that −V
has a positive spectrum. If this is the case, the weights wC will become positive for any conVguration C
as can be seen from (2.73) and there will be no sign problem occurring during the MC sampling process3.
The simplest choice of V will be

V = U

(
n↑n↓ −

n↑ + n↓
2

)
− K

β
, (3.20)

3To be precise, when the operator V is chosen such that it possesses a positive spectrum, it is possible to Vnd a Hubbard-
Stratonovich transformation, such that all weights are positive [154].
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where the role of the positive parameterK will become clear soon. The choice of V in (3.20) results from
the fact that the operator part is zero for zero or double occupancy of the impurity and takes the value
−U/2 for a singly occupied impurity. The resulting Hamiltonian

H0 = H − V (3.21)

is quadratic in fermionic operators and leads to solvable Gaussian integrals in a functional integral for-
mulation. To further proceed, we apply a discrete Hubbard-Stratonovich transformation to V , which can
be found for any bounded operator with a Vnite number of diUerent eigenvalues (see for instance [142])
and was in the context of CT-QMC solver Vrst introduced by Rombouts [155]

− V = −U
(
n↑n↓ −

n↑ + n↓
2

)
+
K

β
=
K

β

∑
s=±1

eγs(n↑−n↓), (3.22)

where the positive parameter γ is deVned by

cosh(γ) = 1 +
Uβ

2K
⇔ γ = ln

1 +
Uβ

2K
+

√(
1 +

Uβ

2K

)2

− 1

 . (3.23)

Figure 3.1: Schematic illustration of
the discrete Hubbard-Stratonovich
transformation. The four point ver-
tex on the left side is replaced by
the sum of vertices on the right.

Equality in (3.22) can be checked by letting the left and right side of
the equation act on the basis states B = {|0〉, | ↑〉, | ↓〉, | ↑↓〉} of the
impurity, which are the eigenstates of the left and right operators
with the same corresponding eigenvalues, which proves identity
since B is a complete basis.

To further simplify the resulting expression for the weight factors,
we perform a transformation according to

eγsσnσ = eγsσcσσ
†
+cσc

†
σ = eγsσ − (eγsσ − 1) cσc

†
σ. (3.24)

In this equation, we have introduced the spin variable σ to be used
as a number. Whenever σ takes the place of a variable, it is identi-
Ved as σ ≡ +1 for ↑ and σ = −1 for ↓. The reason for bringing the

creation operators in front of the annihilation operators, is to bring them into correct order for a switch to
functional integral representation, where at equal times c†σ is considered to at inVnitesimal smaller time
than cσ . We can now again rewrite the operator −V as

− V =
K

β

∑
s=±1

eγs(n↑−n↓) =
K

β

∑
s=±1

∏
σ=↑,↓

[
eγsσ − (eγsσ − 1) cσc

†
σ

]
. (3.25)

In the DiagMC section, using a perturbation expansion in V , the weights wC were found to be

dCwC =
1

n!

〈
T

n∏
l=1

−V (τl)dτl

〉
, (3.26)

where n was the current perturbation order and part of the conVguration C = (n, τ1, ..., τn). One has
to keep in mind, that for this expression the expectation value including the time ordering operator T
means that all permutations of the n distinct times τi, i = 1, ...n must be averaged and multiplied with
the corresponding sign (−1 or +1 depending on the ordering). In our version of the algorithm, we will
only pick one realization of these permutations, which will be the time ordered one. Therefore, the factor
n! in the denominator can be dropped and by using (3.25), the weights become

dCwC =

〈
n∏
l=1

∑
sl=±1

∏
σ=↑,↓

[
eγslσ − (eγslσ − 1) cσ(τl)c

†
σ(τl)

]〉
0

(
Kdτ

β

)n
, (3.27)
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where we have, for convenience, skipped the index l for the inVnitesimal times dτl.
We can realize two facts, leading to a further simpliVcation of the above expression. First, for every time
τl, l = 1, ..., n, there exists a corresponding classical spin sl = ±1 over which is summed in (3.27). To
remove the sum over the classical spins from the weights, we enlarge the conVguration C to be [C =
(n, τ1, s1, ..., τn, sn)] which means the summation over the classical spins becomes part of the sampling
process and has no longer to be performed to obtain the weight factors wC . Second, when looking at the
Hamiltonian H0, we see it can be decomposed into a sum of three commuting operators, namely

H0 =
K

β
+
∑
σ

Hσ
0 , (3.28)

where Hσ
0 contains only quadratic operators with index σ and therefore commutes with H−σ0 . The

weights are therefore a product of the individual weights of the spin components σ =↑, ↓, leading to

dCwC =
∏
σ=↑,↓

〈
n∏
l=1

[
eγslσ − (eγslσ − 1) cσ(τl)c

†
σ(τl)

]〉σ
0

e−K
(
Kdτ

β

)n
, (3.29)

with the factor e−K coming from the Vrst term in (3.28) and 〈...〉σ0 denoting the average with respect to
Hσ

0 .
Now, we switch to functional integral representation to compute the operator averages in the weight
factors4. With this, the average in (3.29) transforms to

〈
n∏
l=1

[
eγslσ − (eγslσ − 1) cσ(τl)c

†
σ(τl)

]〉σ
0

=

∫
D[c†σ, cσ]e−S

σ
0eU

n∏
l=1

[
eγslσ − (eγslσ − 1) cσ(τl)c

†
σ(τl)

]
,

(3.30)
where the non-interacting, eUective action for spin σ reads

Sσ0eU =

∫ β

0

dτdτ ′c†σ(τ)
(
(Gσ)−1(τ − τ ′)

)
cσ(τ ′), (3.31)

and the non-interacting impurity Green’s function is

(Gσ)−1(τ) = δτ(∂τ − µσ +
U

2
)− Γσ(τ). (3.32)

It is important to note that, the factor U/2 has been added here, which is valid only for the CT-AUX
algorithm and is usually not present in the deVnition of the non-interacting impurity Green’s function.
This factor comes from the subtraction of U/2nσ in the deVnition of V in (3.22). The interacting Green’s
functions obtained by the sampling procedure again will coincide with the original impurity Green’s
functions.
We will now switch to a more general notation to compute the weight factors for the most general case,
e.g. also directly applicable to generalized Grassmann variables like in Nambu notation or to cluster
formulations, as we will see later. To do so, we introduce the matrices S,A,B with their elements

Sij = (G−1)i,j(τi − τj), Aij = δije
γsiσi , Bij = δij(1− eγsiσi), (3.33)

4It would also be possible to obtain expression for the weight factors by applying Wick’s theorem or using approximate formulas
as in [65] or all other literature. However, using functional integrals is simply the most convenient way for us to deal with many-
particle problems
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where the indices i, j have to be understood as general indices, labeling for instance times, spins, lattice
sites and so forth, and the Kronecker delta not only makes A and B diagonal but also shall be zero for
unoccupied quantum states and times5. Then the integral to be computed is the Grassmann integral

I =

∫
D[ζ∗, ζ]e−ζ

∗
i Sijζj

∏
l

(All −AllBllζlζ∗l )

= (
∏
l

All)

∫
D[ζ∗, ζ]e−ζ

∗
i Sijζj

∏
l

(1 + ζ∗l Bllζl) = (
∏
l

All)

∫
D[ζ∗, ζ]e−ζ

∗
i Sijζjeζ

∗
l Bllζl

= det(A)

∫
D[ζ∗, ζ]e−ζ

∗
i (Sij−Bij)ζj = det(A) det(S −B)

= det(A) det(1−BS−1) det(S) (3.34)

The inVnite matrix BS−1 consists of exactly n non-zero rows, where n is the perturbation order, leading
to 1 − BS−1 being mainly diagonal with the exception of the n completely Vlled rows. Now we inter-
change the columns of 1 − BS−1 such that these n columns are the Vrst n of the resulting matrix and
the resulting determinant has to multiplied by (−1)m, wherem is the number of necessary permutations
perform this interchange of columns. To get rid of this factor, we perform the same number of permu-
tations to the rows of the resulting matrix, such that the prefactor becomes unity. The resulting matrix
from these two operations is of the following structure

M =

(
1̃− B̃S̃−1 T

0 1

)
, (3.35)

where B̃S̃−1 is the restriction of BS−1 to rows l and columns l′ such that B has non-zero elements Bll
and Bl′l′ , resulting from the interchanges of rows and columns and 1̃ is the n by n unity matrix. T is a
non-zero matrix for which we do not care and 1 is the inVnite dimensional unity matrix. Therefore, the
desired determinant

det(1−BS−1) = (−1)2m det(M) = det(1̃− B̃S̃−1) det1 = det(1̃− B̃S̃−1) (3.36)

is identical to the determinant of the n× n matrix 1̃− B̃S̃−1 and we Vnd

I = det(S) det(Ã− ÃB̃S̃−1). (3.37)

The determinant of the inVnite dimensional matrix S is just a constant and is independent of the el-
ements of A and B and therefore the same for all weight factors. Its physical meaning is that of the
non-interacting partition function Z0.
With the result from this short detour, we can come back to the calculation of the average in (3.30), which
we can easily identify as∫

D[c†σ, cσ]e−S
σ
0eU

n∏
l=1

[
eγslσ − (eγslσ − 1) cσ(τl)c

†
σ(τl)

]
= Z0σ det(N−1

σ ({si, τi})), (3.38)

with the inverse conVguration matrix

N−1
σ ({si, τi}) = Ã− ÃB̃S̃−1 = eΓσ − (eΓσ − 1)G0σ (3.39)

consisting of the diagonal matrix

(eΓσ )lm = (Ã)lm = δlme
γslσ (3.40)

and the reduced Green’s function

(G0σ)lm = (S̃−1)lm = Gσ(τl − τm). (3.41)

5This means that for perturbation order n, only n diagonal elements of A and B are non-zero and the inVnite residual elements
are all equal to zero.
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Finally, the weights wC for a conVguration C = (n, τ1, s1, ..., τn, sn) can be written down as

dCwC = e−K
(
Kdτ

β

)2∏
σ

Z0σ det(N−1
σ ({si, τi})). (3.42)

The weights are deVned in terms of a inverse matrix N−1 merely by convention. For the weights a
determinant has to be computed and the determinant ofN−1 is the inverse determinant ofN . In contrast,
for the measurements, we will need the matrix N and not N−1 and therefore will always compute and
store the matrix N instead of N−1.
The next step in our derivation of the CT-AUX algorithm will be the computation of the measurement
factors gC , which we will again perform in functional integral representation. According to (2.76), the
measurement factors are obtained by the integrals

gC,αα′(τ) =

〈
T c†α(τ)cα′(0)

∏n
l=1 V (τl)

〉
0

〈T
∏n
l=1 V (τl)〉0

. (3.43)

Since the AIM is diagonal in the spins σ, we can again separately determine spin up and spin down,
while the interchanging term will be zero. This leads to the measurement factors in functional integral
representation

gC,σ(τ) =

∫
D[c†σ, cσ]e−S

σ
0eUcσ(τ)c†σ(0)

∏n
l=1

[
eγslσ − (eγslσ − 1) cσ(τl)c

†
σ(τl)

]∫
D[c†σ, cσ]e−S

σ
0eU
∏n
l=1

[
eγslσ − (eγslσ − 1) cσ(τl)c

†
σ(τl)

] . (3.44)

We now switch again to a simpliVed expression using the matrices S,A,B deVned above. Equation (3.44)
corresponds to the integral

J =

∫
D[ζ∗, ζ]e−ζ

∗
i Sijζj

∏
l(All −AllBllζlζ∗l )ζxζ

∗
y∫

D[ζ∗, ζ]e−ζ
∗
i Sijζj

∏
l(All −AllBllζlζ∗l )

=
1

det(S) det(Ã− ÃB̃S̃−1)
det(Ã)

∫
D[ζ∗, ζ]e−ζ

∗
i (Sij−Bij)ζjζxζ

∗
y

= (S −B)−1
x,y, (3.45)

where we performed the same transformations as in (3.34) and simple integration rules for Gaussian
integrals of Grassmann variables. The aim is now to relate the matrix element in (3.45) to an expression
that we can deal with. Therefore, we start rearranging the matrix (S − B) using the fact that S as well
as (1−BS−1) are invertible6, while B is not. We Vnd

(S −B)−1 = S−1(1−BS−1)−1 = S−1 + S−1
[
(1−BS−1)−1 − 1

]
= S−1 + S−1(1−BS−1)−1

[
1− (1−BS−1)

]
= S−1 + S−1(1−BS−1)−1BS−1, (3.46)

which can be further simpliVed by looking at the structure of (1 − BS−1) and B. From the previous
calculations we know, when working in the permuted basis, that

(1−BS−1) =

(
1̃− B̃S̃−1 T

0 1

)
and B =

(
B̃ 0
0 0

)
(3.47)

and therefore the matrix product

(1−BS−1)−1B =

(
(1̃− B̃S̃−1)−1 X

0 1

)(
B̃ 0
0 0

)
=

(
(1̃− B̃S̃−1)−1B̃ 0

0 0

)
(3.48)

6The matrix S is invertible since its inverse is the Green’s function, and the matrix (1 − BS−1) is invertible as long as the
weights are larger than zero, while conVgurations with zero weight are simply not considered.
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Figure 3.2: Illustration of the four distinct diagrams forming the weight factor wC for a conVguration
C = (n = 2, s1 =↑, τ1, s2 =↓, τ2) consisting of a classical up- and down-spin. Since the interaction is
only of density-density type, there are only (n!)2 = 4 instead of (2n)! = 24 diagrams contributing to wC .

vanishes completely on the subspace where no conVgurations have been inserted. On the subspace with
non-zero matrix elements of B, B and also A are invertible and we can insert the matrix Ã into this
equation, leading to

(1−BS−1)−1B =

(
(Ã− ÃB̃S̃−1)−1ÃB̃ 0

0 0

)
=

(
Nσ({si, τi})(eΓσ − 1) 0

0 0

)
. (3.49)

This can be translated back to the conVguration measurements gC directly, leading to

gCσ(τx− τy) = (S−B)−1
x,y = Gσ(τx− τy) +Gσ(τx− τi)

[
Nσ({si, τi})(eΓσ − 1)

]
i,j
Gσ(τj − τy). (3.50)

With this, we have derived the formulas for the weightswC and the measurement factors gC and found the
proper conVgurations C = (n, s1, τ1, ..., sn, τn), which are the necessary ingredients for a Markov-Chain
sampling. The only required informations are the non-interacting Green’s functions Gσ of the impurity
and the computation of the parameters eγ and e−γ at the beginning of the sampling process.

3.2.2 The Sampling Procedure

For the sampling procedure, the proposal probabilities have to be found such that ergodicity (see chapter
Markov-Chains) of the Markov-Chain is guaranteed. Since the conVgurations C = (n, s1, τ1, ..., sn, τn)
consist of the perturbation order n and n tuples (τi, si) ∈ [0, β]×{−1, 1} one possible choice of changing
a conVguration C = (n, s1, τ1, ..., sn, τn) would be to either increase the perturbation order by one to
n + 1 by inserting a randomly chosen tuple (τn+1, sn+1) or to decrease the perturbation order by one
to n − 1 by removing a existing tuple (τi, si), i = 1, ...n. These will, in fact, be the updates that we
chose for the Metropolis algorithm. The probabilities will be called the removal probability for decreasing
the perturbation order n + 1 → n and the insertion probability for the increase of the perturbation
order n → n + 1. The corresponding probabilities are decomposed into a proposal probability and an
acceptance probability, i.e. p(n → n ± 1) = pacc(n → n ± 1)pprop(n → n ± 1). For an insertion of a
tuple (τ, s), a random time is picked from the interval [0, β] with uniform probability distribution the
corresponding probability is p1 = dτ

β
7. The spin s is independently and uniformly chosen from the set

{−1, 1}with probability p2 = 1/2. The proposal probability for inserting a tuple (τ, s) therefore becomes
pprop(n→ n+1) = p1p2 = dτ

2β and is independent of n. On the other hand, when removing a tuple (τi, si)

from the conVguration C = (n+ 1, ...), this tuple must be chosen to be part of the existing n+ 1. This is
again chosen uniformly, leading to pprop(n+1→ n) = 1

n+1 . This choice of proposal probabilities, allowing

7Practically, it is impossible to chose τ in a continuous interval for instance because every random number generator only retains
discrete values and dτ has to be understood as the width of the single intervals from which τ is chosen.
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for insertion and removal of pairs (s, τ) seems to fulVll ergodicity, since any conVguration C = (n, ...) can
be reached from any other conVguration C′ = (n′, ...) in n+ n′ steps with Vnite probability by removing
all n′ tuples and inserting n distinct ones (of course, many other possible ways exist to reach C from C′).
With the weight factors from the previous section (3.42)

dCwC = e−K
(
Kdτ

β

)n∏
σ

Z0σ det(N−1
σ (C)), (3.51)

the acceptance probabilities can be obtained via the detailed balance condition (2.34)

pacc(n→ n+ 1)

pacc(n+ 1→ n)
=

2β

(n+ 1)dτ

wn+1

wn
, (3.52)

leading to the ratio
pacc(n→ n+ 1)

pacc(n+ 1→ n)
=

K

n+ 1

∏
σ

det(N−1
σ (n+ 1))

det(N−1
σ (n))

, (3.53)

where we have used a shorthand notation and replaced C, C′ by n, n + 1, respectively. The acceptance

Figure 3.3: Schematic picture of four possible subsequent steps in the Markov-Chain of a CT-AUX sam-
pling. a) starts with two distinct auxiliary spins at distinct times, in the next move, the spin-up vertex
is removed (b) and another spin-down vertex is inserted (c). In the following step, a spin-up vertex is
inserted again but at a distinct time (d).

probabilities are then determined according to the Metropolis formula (2.37) as

pacc(n→ n+ 1) = min

{
1,

K

n+ 1

∏
σ

det(N−1
σ (n+ 1))

det(N−1
σ (n))

}
, (3.54)

pacc(n+ 1→ n) = min

{
1,
n+ 1

K

∏
σ

det(N−1
σ (n))

det(N−1
σ (n+ 1))

}
. (3.55)

The updates introduced above have been found to ensure ergodicity for all the parameter regimes, the
CT-AUX algorithm has been applied to [67]. However, it may useful to implement also other possi-
ble moves of the Markov- Chain, which can reduce the auto-correlation time and may be much faster
that the proposed insertion and removal updates. For instance one possible move is to Wip an ex-
isting spin variable, i.e. going from conVguration C = (n, s1, τ1, ..., si, τi, ..., sn, τn) to conVguration
C = (n, s1, τ1, ...,−si, τi, ..., sn, τn).

Because of the symmetry of the Hamiltonian in the classical spins, these moves should always have an
suXciently large probability and therefore be accepted (and required) very often, which reduces the auto-
correlation time signiVcantly. The other advantage of these moves is that they are much faster performed
than an insertion or removal of a tuple (s, τ). However, the disadvantage is that they only contribute
minimally to the ergodicity, since the subspace that is reachable with spin-Wipping updates is very small
compared to the complete conVguration space. There also exist other possible Markov-Chain moves for
this problem, however the most important are the insertion and removal updates that have been discussed
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in this part. At the end, one can never be completely sure that ergodicity is ensured with these updates
for the whole parameter regime of the AIM and therefore the sampling process has always to be reviewed
when starting to investigate a new physical regime with Monte-Carlo solvers.

Steps of the Sampling Process
The individual steps of the sampling process are illustrated in the CT-AUX Wow diagram in Fig. 3.4.

Figure 3.4: Monte-Carlo Wow diagram for the CT-AUX algorithm.

• Initialization: At the beginning of the sampling process one possible conVguration must be deter-
mined (from outside) as the starting conVguration to initialize the sampling procedure.

• For the current conVguration C a possible update has to be chosen, either the insertion or the
removal of a tuple (τ, s). Where both have the same probability to not inWuence the detailed
balance formulas above.

• A new conVguration must be proposed, either with a tuple (τ, s) less or more, depending on the
previous step.

• The acceptance probability for this new conVguration is determine according to the Metropolis
probabilities ((3.54) and (3.55)).

• Either the new conVguration is accepted, then the old conVguration will be replaced or the new
conVguration is rejected, then the old conVguration stays unchanged and the new conVguration is
discarded.

• A measurement of the observables, i.e. the gC ’s, is performed (these may be many observables).

• The whole procedure except the initialization is repeated.



52 3. The Anderson Impurity Model and Continuous-Time Monte-Carlo Methods

Of course, this just the most simple example for a running CT-AUX algorithm. In between, there may be
implemented additional updates, such as the spin-Wip updates discussed above. Another important point,
already discussed in chapter 2 is whether it makes sense to measure the observables in every single step
or if the gain in accuracy is much worse than the loss in computation speed. Therefore, Fig. 3.4 illustrates
the basic principle of the CT-AUX sampling and a realistic sampling would look quite diUerent, although
the basic principle remains unchanged.
In the previous two sections, we have derived all the necessary formulas and the basic Monte-Carlo
algorithm to determine the interacting Green’s functions of the AIM as it was described above. We will
extend these formulas a cluster of impurities, which are coupled to each other, and impurities which are
no longer diagonal in the spin index, either caused by spin-mixing processes or superWuid pairing and
show explicit calculations for these systems in the following chapter. In this chapter, before we come to
the derivation of a distinct Monte-Carlo solver, we will derive eXcient matrix manipulation formulas for
the CT-AUX solver, which speed up the calculations of the matrices Nσ and the weights wC incredibly.

3.2.3 Fast Matrix Manipulations

The formulas for the weights and measurements in the previous section strongly depended on the ma-
trices Nσ, N−1

σ respectively. In this section, we will derive formulas how to determine the ratio of the
weights for a removal or an insertion n → (n ± 1) for the case that the matrices N (n)

σ are known and
show how to determine the new matrices N (n±1)

σ after a move has been accepted. The structure of the
n× n matrix N (n)

σ is determined by equation (3.39), stating

(N (n)
σ )−1

ij = δije
γsiσ − (eγsiσ − 1)G0σ(τi − τj). (3.56)

For the acceptance probability for insertion of the tuple (s, τ), the ratio

R =
det(N

(n+1)
σ )−1

det(N
(n)
σ )−1

(3.57)

is required. The updated matrix (N
(n+1)
σ )−1 can then be written as

(N (n+1)
σ )−1 =

(
(N

(n)
σ )−1 Q
R S

)
, (3.58)

where the n× 1 vector Q, the 1× n vector R and the scalar S are deVned as

Ql = −(eγslσ − 1)G0σ(τl − τ), (3.59)

Rl = −(eγsσ − 1)G0σ(τ − τl), (3.60)

with 1 ≤ l ≤ n and
S = eγsσ − (eγsσ − 1)G0σ(0+). (3.61)

The ratio (3.57) can be rewritten as

R = det

(
N

(n)
σ 0
0 1

)
det

(
(N

(n)
σ )−1 Q
R S

)
= det

(
1 N

(n)
σ Q

R S

)
= S −RN (n)

σ Q. (3.62)

For the acceptance probability of an insertion, the matrices N (n)
σ are required and the vectors R,Q as

well as the scalar S have to be determined. Then the probability is given by the vector matrix product of
(3.62). If the insertion is accepted, the matrixN (n+1)

σ must be computed. Similar to (N
(n+1)
σ )−1, we write

N (n+1)
σ =

(
P̃ Q̃

R̃ S̃

)
(3.63)
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and compute the matrix product

1 = N (n+1)(N (n+1))−1 =

(
P̃ Q̃

R̃ S̃

)(
(N (n))−1 Q

R S

)
=

(
(N (n))−1P̃ +QR̃(3) (N (n))−1Q̃+ S̃Q(1)

RP̃ + R̃S(4) RQ̃+ SS̃(2)

)
. (3.64)

Formula 3.64 contains four diUerent equations, stating

(1) (N (n))−1Q̃+ S̃Q = 0 ⇔ Q̃ = −N (n)QS̃, (3.65)

(2) RQ̃+ SS̃ = 1 ⇔ S̃(S −RN (n)Q) = 1 ⇔ S̃ =
1

S −RN (n)Q
, (3.66)

(3) (N (n))−1P̃ +QR̃ = 1 ⇔ P̃ = N (n)(1−QR̃), (3.67)

(4) RP̃ + R̃S = 0 ⇔ RN (n)(1−QR̃) + R̃Q = 0 ⇔ R̃ = −RN (n)S̃. (3.68)

Combining these equations, leads to the desired equations which, step by step, determine the matrix
N (n+1):

S̃ = (S −RN (n)Q)−1, (3.69)

Q̃ = −N (n)QS̃, (3.70)

R̃ = −S̃RN (n), (3.71)

P̃ = N (n) + Q̃S̃−1R̃. (3.72)

For a removal, the steps to determine the weights and the updated matrix are even simpler. Suppose the
removal of the lth tuple (sl, τl) has been proposed. Without loss of any information, the matrix N (n+1)

can be rearranged such that the lth and (n+ 1)th component interchange position. Then the ratio of the
determinants is simply determined by

R = S −RN (n)Q = S̃−1. (3.73)

And the updated matrix N (n) is determined by rearranging (3.73) to

N (n) = P̃ − Q̃S̃−1R̃, (3.74)

where Q̃, R̃ are simply the column, row vectors corresponding to the index l.
The weight ratios and update formulas never require the inversion of a matrix or the computation of a
determinant, only matrix vector multiplications and therefore the whole procedure scales with n2 the
perturbation order squared, which makes this algorithm very eXcient. As we have previously seen in
the measurement factors there is also only required a matrix vector multiplication with the matrix N (n)

and the non-interacting Green’s functions. This simplicity in the computation of all required ingredients
for the sampling and measurement procedure conVrms the choice of the proposal probabilities from
the previous section. With this rather technical aspect of the eXcient computation of weight ratios
and updates, we Vnish this introductory section on the CT-AUX algorithm. For further developments,
technical details and eXciency analysis, we refer to the literature, i.e. [70, 65, 69, 64, 67].

3.2.4 Benchmarking and Performance Analysis

When implementing a new numerical method, one has to ensure both that the algorithm achieves correct
results, i.e. by comparing the results to other numerical methods8, and that the algorithm has good
performance, i.e. is accurate and fast enough for the desired application. To analyze the Vrst point,
we compared the results of the CT-AUX algorithm for the interacting Green’s functions of an Anderson
impurity model with Vnite bath size S = 6 to the exact results obtained from diagonalization of the
Hamiltonian. A set of results, together with a Monte-Carlo error analysis is shown in Fig. 3.5, where
a good agreement between MC and ED results can be found. Note that CT-AUX is an exact method
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Figure 3.5: Comparison of Green’s functions for the AIM with three bath states for every spin σ for diUer-
ent interaction strengths U at β = 1. The black dashed lines are the Monte-Carlo results, obtained with
the CT-AUX algorithm and the red lines are the exact results from diagonalization of the Hamiltonian. The
error bars are obtained from a converged binning analysis. For interactions U = 0, 1, 3, the calculation
used 106 Monte-Carlo steps, for U = 10 we used 107 sampling steps. Left: Bath energies εσ = (1,−1, 1),
hybridization parameters Vσ = (1,−1, 1). Right: Bath energies εσ = (3, 2, 1), hybridization parameters
Vσ = (1, 2, 3).

and the error can be made arbitrary small by increasing the number of Monte-Carlo iterations. Another
important point is the speed of the algorithm or in other words, the necessary time to obtain acceptable
results from numerical calculations. This has been done by E. Gull et al. [65] for both the CT-AUX and
CT-HYB impurity solvers [70] by analyzing the size of the matrices Nσ during the CT-AUX samplings
(andMσ for CT-HYB). The majority of time during the sampling is spent on the manipulations of these
matrices, which means the speed of the algorithmmainly depends on how fast these manipulations can be
performed and therefore on the size of these matrices. The growth of the matrix size is shown in Fig. 3.6
for CT-AUX, CT-HYB and Hirsch-Fye algorithms, where the latter is not explained in this thesis. However,
from our simulations we do not fully agree with their conclusion, since it is not obvious that small matrix
sizes are desirable. It is clear that the size can be directly connected to the speed of the algorithm, on
the other hand, small matrices mean strong Wuctuations in the measurements and therefore much more
sampling steps are required to obtain the same accuracy than for larger matrices, where the Wuctuations
are much smaller. Therefore a compromise has to be found between small matrix sizes with fast updates
and larger matrices but more accurate measurements. The average perturbation order 〈n〉 (which is the
average size of the matrices) can be inWuenced by the parameterK , introduced to the CT-AUX algorithm
at the beginning, by the formula [67, 70]

〈n〉 = K − βU〈n↑n↓ − (n↑ + n↓)/2〉, (3.75)

which means it can be adjusted by a proper choice of K . For small U < 5β we chose K = 5 and
otherwise K = 1, which seemed to be a better choice than keeping 〈n〉 and therefore the matrices as
small as possible. Further and much more detailed analysis can for instance be found in [69, 67, 70].

3.3 Continuous-TimeHybridization ExpansionQuantumMonte-
Carlo Algorithm

In this section, the continuous-time hybridization expansion algorithm (CT-HYB) is derived. This algo-
rithm is in some sense complementary to the previously introduced CT-AUX, since it is not an expansion
in the interaction as for the latter, but an expansion in the hybridization function. This algorithm was

8This may be only possible in some limiting cases, when other methods, such as for instance exact diagonalization, can be
applied.
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Figure 3.6: Average perturbation order of the CT-AUX algorithm (blue line, here denoted as CT-INT) as a
function of (left) βt, where the ratio U/t = 4 is kept Vxed and (right) as a function of U/t when βt = 30
is kept Vxed. The value t enters the AIM through the hybridization function Γ(τ), which corresponds to
a 3-dimensional Hubbard Hamiltonian with hopping t. The matrix size increases almost linearly with the
factor βU , which can also be obtained from (3.75). Figure from [70].

developed as impurity solver for the AIM [189, 191] to treat parameter regimes with large interactions
much more eXcient than it is done for the CT-AUX solver [192]. It is also perfectly suited for extended
impurity model, consisting of multiple orbitals not coupled via the hybridization function but via the in-
teraction, as it was done in [191, 193]. As for the CT-AUX solver, we will stick to the basic formulation of
the conVgurations, weights and observables and derive the general sampling procedure and leave exten-
sions and improvements of this solver to the next chapter.

3.3.1 ConVgurations, Weights and Observables

To Vnd the conVgurations and weights, we follow an opposite way as for the CT-AUX solver, namely,
we start with a functional integral formulation of the AIM and switch back to operator notation after an
expansion of the eUective action exponential in the hybridization function. The eUective action of the
AIM reads (3.6)

SeU =

∫
dτ

[∑
σ

c†σ(τ)(∂τ − µσ)cσ(τ) + Un↑(τ)n↓(τ)

]
−
∫
dτdτ ′

∑
σ

c†σ(τ)Γσ(τ − τ ′)cσ(τ ′)

= S0 −
∫
dτdτ ′

∑
σ

c†σ(τ)Γσ(τ − τ ′)cσ(τ ′) (3.76)

where the Vrst part (i.e. S0) is local in time, i.e. has a direct operator correspondence. The second part,
the hybridization, is non-local in time since it results from the integration over the inVnite bath. The
idea is now, to expand the partition function in terms of the hybridization function Γ. In the expansion,
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we denote nσ as the perturbation order of spin σ and n = n↑ + n↓ as the total perturbation order. The
partition function in the functional integral representation is given by the integral

Z =

∫
D[c†, c ]e−SeU

=

∫
D[c†, c ]e−S0

 ∏
σ=↑↓

∞∑
nσ=0

1

nσ!

nσ∏
lσ=1

∫
dτ

c†σ
l dτ

cσ
l c†σ(τ

c†σ
l )Γσ(τ

c†σ
l − τ

cσ
l )cσ(τ

cσ
l )


=

∞∑
nσ=0

1

n↑!n↓!

 nσ∏
σ=↑↓,lσ=1

∫
dτ

c†σ
l dτ

cσ
l Γσ(τ

c†σ
l − τ

cσ
l )


×

∫
D[c†, c ]e−S0

nσ∏
σ=↑↓,lσ=1

c†σ(τ
c†σ
l )cσ(τ

cσ
l ). (3.77)

The functional integral on the right side of this equation has a direct operator correspondence and we
can rewrite the integral as an time-ordered operator average 〈...〉0 with respect to the Hamiltonian

H0 = −
∑
σ

µσnσ + Un↑n↓, (3.78)

resulting in the expression

Z =

∞∑
nσ=0

1

n↑!n↓!

 nσ∏
σ=↑↓,lσ=1

∫
dτ

c†σ
l dτ

cσ
l Γσ(τ

c†σ
l − τ

cσ
l )

〈T nσ∏
σ=↑↓,lσ=1

c†σ(τ
c†σ
l )cσ(τ

cσ
l )

〉
0

=

∞∑
nσ=0

1

(n↑!n↓!)2

 nσ∏
σ=↑↓,lσ=1

∫
dτ

c†σ
l dτ

cσ
l det

(
M−1
σ ({τ c

†
σ

l , τ
cσ
l })

)
×

〈
T

nσ∏
σ=↑↓,lσ=1

c†σ(τ
c†σ
l )cσ(τ

cσ
l )

〉
0

. (3.79)

In the last step, the matrixM−1
σ ({τ c

†
σ

l , τ
cσ
l }) has been introduced, which contains the elements(

M−1
σ ({τ c

†
σ

l , τ
cσ
l })

)
ij

= Γσ(τ
c†σ
i − τ

cσ
j ), (3.80)

which leads to nσ! products instead of a single one and enforces the additional factor 1/(nσ!) in equation
(3.79). Note that the sign of the determinant exactly cancels with the sign that results from the time-
ordering operator and so there is no sign problem. The integrals and the two sums over the perturbation
order for spin-up and spin-down operators in (3.79) are supposed to be sampled by the Monte-Carlo pro-

cess, which identiVes the conVgurations C = (n↑, n↓, {(τ
c†σ
l , τ

cσ
lσ

)|lσ = 1, ..., nσ, σ =↑↓}, consisting of

the perturbation orders n↑, n↓ for spin up, spin down and the 2nσ times (τ
c†σ
l , τ

cσ
lσ

) for the respective cre-
ation and annihilation operators. In the Monte-Carlo procedure, the creation operators will be integrated
in a time-ordered form, as well as the annihilation operators but the ordering of creation operators with
respect to annihilation operators will not be performed. This cancels exactly the factors 1/(nσ)2 from
equation (3.79) above and leads to the formula for the weights

dC wC =
∏
σ

(dτ)2nσ det
(
M−1
σ ({τ c

†
σ

l , τ
cσ
l })

)〈 nσ∏
σ=↑↓,lσ=1

c†σ(τ
c†σ
l )cσ(τ

cσ
l )

〉
0

. (3.81)

The next step is then to Vnd an analytic expression for the trace〈
nσ∏

σ=↑↓,lσ=1

c†σ(τ
c†σ
l )cσ(τ

cσ
l )

〉
0

=
∑

n↑,n↓=0,1

〈n↑, n↓|e−βH0

 nσ∏
σ=↑↓,lσ=1

c†σ(τ
c†σ
l )cσ(τ

cσ
l )

 |n↑, n↓〉,
(3.82)
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which is rather easy, since for any conVguration C, only of the four summands in the trace will be non-
zero. As mentioned above, the creation operators stay time-ordered with respect to annihilation operators
and therefore in the product in (3.82) either all operators for a given spin component are ordered as

cσ(τ
cσ
nσ )c†σ(τ

c†σ
nσ ), ..., cσ(τ

cσ
1 )c†σ(τ

c†σ
1 ) or as c†σ(τ

c†σ
nσ )cσ(τ

cσ
nσ ), ..., c†σ(τ

c†σ
1 )cσ(τ

cσ
1 ), where the latter introduces

a factor of (−1) because of the changed ordering. A trace of the Vrst product in the space of spin σ, i.e.
nσ = {0, 1}, will have only one non-zero contribution, namely from the state |nσ = 1〉, whereas in the
second product the non-vanishing contribution results from the state |nσ = 0〉, which clearly illustrates
for the statement above that only a single state |n↑, n↓〉 contributes to the trace (3.82). The conVgurations
C are best understood in terms of a segment picture of the impurity, which we now introduce.

The non-zero trace-factor for the product cσ(τ
cσ
nσ )c†σ(τ

c†σ
nσ ), ..., cσ(τ

cσ
2 )c†σ(τ

c†σ
2 )cσ(τ

cσ
1 )c†σ(τ

c†σ
1 ) belongs to

the state |nσ = 0〉, i.e. at time τ = 0 the impurity is unoccupied. Then at time τ = τ
c†σ
1 a spin-σ

particle is inserted and stays in the impurity until it is removed at τ = τ
cσ
1 and the impurity is empty

again until at τ c
†
σ

2 a particle is inserted again and so on. These time intervals when the impurity is
occupied by a spin up or spin down particle are called segments and uniquely deVne the conVgurations
C. When the trace factor belongs to the occupied state |nσ = 1〉, we can interpret the respective product

c†σ(τ
c†σ
nσ )cσ(τ

cσ
nσ ), ..., c†σ(τ

c†σ
1 )cσ(τ

cσ
1 ) as starting with an occupied impurity, i.e. with an occupied interval

[0, τ
cσ
1 ], and also end with an occupied impurity, i.e. with the interval [τ

c†σ
nσ , β]. Combining these two

intervals, the result is a single interval [τ
c†σ
nσ , τ

cσ
1 ], which belongs to a segment that winds around and

crosses the interval boundaries from β to zero. For such segments, an additional factor (−1) has to be
introduced, as explained above, because of exchanged ordering.
In the segment picture, the trace-factor can be determined in terms of segment properties and is given by

Figure 3.7: Illustration of a conVguration C in the segment picture. There are two pairs of annihilation
and creation operators for spin up and three pairs of annihilation and creation operators for spin down
occupying the impurity for diUerent times. The Vlled squares stand for annihilation operators, whereas
the empty squares denote creation operators. Colored lines depict a Vlled impurity. The prefactors for the
trace of this conVguration would be (−1) since for the down spins one segment crosses the β, 0 line. The
occupation time τ occ

σ for spin σ would be the total length of all lines with the corresponding color and the
double occupation time τ double is the total width of the violet blocks, which indicate the time spans when
the impurity is doubly occupied.〈

nσ∏
σ=↑↓,lσ=1

c†σ(τ
c†σ
l )cσ(τ

cσ
l )

〉
0

= (−1)
∑
σ sσeµ

∑
σ τ

occ
σ −Uτ

double

, (3.83)

where sσ is the number of segments for spin σ, which cross the 0, β boundary (sσ = 0, 1), τ occ
σ is the total

length of all segments for spin σ and τ double is the total overlap of the occupied segments of the diUerent
spins or in other words the total time in which the impurity is doubly occupied. One should note that
for the case when nσ = 0, i.e. at zero perturbation order we must also distinguish between a completely
Vlled or a completely empty impurity in order to always have a single contribution from the trace above
as for all higher perturbation orders. This can be done by decomposing the corresponding Monte-Carlo
conVguration C into two distinct conVguration, i.e. a “Vlled” impurity and an “empty” impurity. A typical
conVguration is illustrated in Fig. 3.7, explaining the trace-factor’s ingredients.
Up to now, the conVgurations C and their corresponding weights wC have been identiVed. The conVg-
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Figure 3.8: Subset of diagrams contributing to the weight wC of a conVguration C = (n↑ = 2, n↓ =
3), ...). In front of every diagram, there is the corresponding prefactor (−1)s+d which comes from the
determinant (d) and from the trace factor (s) and can be determined by counting the number nR of
hybridization lines that are reversed in time, i.e. s+ d = nR.

urations C = (n↑, n↓,S↑1 , ...,S↑n↑ ,S
↓
1 , ...,S↓n↓) contain the perturbation order nσ for spin σ and the nσ

distinct segments Sσi = (τ
c†σ
i , τ

cσ
i ) for both spin components. The corresponding weight is then deter-

mined by

dC wC = (−1)
∑
σ sσeµ

∑
σ τ

occ
σ −Uτ

double ∏
σ

(dτ)2nσ det
(
M−1
σ ({τ c

†
σ

l , τ
cσ
l })

)
. (3.84)

Note that the prefactor (−1)sσ in this expression does not cause an explicit sign problem, since it cancels
with the sign of the determinant det(Mσ)−1, which is positive when no segment crosses β, 0 and becomes
negative otherwise. The last point results from the fact that

Γσ(τ) > 0 for τ > 0, and Γσ(−τ) = −Γσ(β − τ), (3.85)

which is clear by deVnition of Γ in (3.15).
After the weights and conVgurations are found, the next step is to determine the observables gC , which
we will not do directly but instead in a more subtle way. An arbitrary Green’s function g(τ) can, by using
the identity g(τ) = −g(β + τ), be re-expressed as

g(τ) =

∫
dτ ′dτ ′′∆(τ ′ − τ ′′ − τ)g(τ ′ − τ ′′), (3.86)

where we have introduced the delta-function

β∆(τ ′ − τ ′′ − τ) =
δ(τ ′ − τ ′′ − τ), for τ ′ > τ ′′

−δ(β + τ ′ − τ ′′ − τ), for τ ′ < τ ′′

}
. (3.87)

The Green’s function for spin σ̄ is then determined by

Gσ̄(τ) =

∫
dτ ′dτ ′′∆(τ ′ − τ ′′ − τ)Gσ̄(τ ′ − τ ′′)

=
1

Z

∫
dτ ′dτ ′′∆(τ ′ − τ ′′ − τ)〈T cσ̄(τ ′)c†σ̄(τ ′′)〉, (3.88)

which, remembering the eUective action in (3.76), can be formulated as

Gσ̄(τ) =
1

Z

∫
dτ ′dτ ′′∆(τ ′ − τ ′′ − τ)

∂Z

∂Γσ̄(τ ′′ − τ ′)
. (3.89)
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With the deVnition of gC , it is immediately clear from this expression, that

gσ̄C(τ) =

∫
dτ ′dτ ′′∆(τ ′ − τ ′′ − τ)

1

wC

∂wC
∂Γσ̄(τ ′′ − τ ′)

=

∫
dτ ′dτ ′′∆(τ ′ − τ ′′ − τ) det(Mσ̄({τ c

†
σ̄

l , τ
cσ̄
l }))

∂ det(M−1
σ̄ ({τ c

†
σ̄

l , τ
cσ̄
l })

∂Γσ̄(τ ′′ − τ ′).
(3.90)

Combining the rules for functional diUerentiation, i.e.

∂Γσ(τi − τl)
∂Γσ̄(τ ′′ − τ ′′)

= δ(τi − τl − τ ′′ + τ ′)δσσ̄, (3.91)

and matrix inversion

Mij =
det(M̃−1)(ji)

det(M−1)
=

1

det(M−1)

∂ det(M−1)

∂(M−1)ji
, (3.92)

where we used the cofactors (M̃−1)(ji) for the matrix inversion, which has a possible representation as
the derivative of the determinant with respect to the corresponding matrix element (M−1)ji, we Vnally
obtain the formula for the observables:

gσ̄C(τ) = ∆(τ
cσ̄
i − τ

c†σ̄
j − τ)(Mσ̄({τ c

†
σ̄

l , τ
cσ̄
l }))ji. (3.93)

The delta-function in this formula must either be measured on a Vne grid in τ -space, i.e. on a discretized
time interval [0, β] or, as we will do, the observables have to be performed in another representation
which is much more suitable for continuous, smooth functions (see chapter ...). The average occupation
〈nσ〉 for the σ-component and the average double occupancy 〈n↑n↓〉 are other observables, which can be
directly measured in the Monte-Carlo sampling, which becomes clear when taking the derivatives

β〈nσ〉 =
1

Z

∂Z

∂µσ
and β〈n↑n↓〉 = − 1

Z

∂Z

∂U
. (3.94)

As above, this leads to the observables

nσC =
1

βwC

∂wC
∂µσ

=
τ occ
σ

β
and (n↑n↓)C = − 1

βwC

∂wC
∂U

=
τ double

β
, (3.95)

which can be accumulated without any eUort during the Monte-Carlo sampling and are determined more
accurately than the Green’s functions since they are static variables.
With all the necessary ingredients, namely the conVgurations, the weights and the observables, we can
skip and jump to the next section and set up the Markov-Chain and determine the acceptance probabilities
for the sampling process.

3.3.2 The Sampling Procedure

In the previous section, we introduced the conVgurations C in the segment representation, where the

segments denote pairs of creation and annihilation operators
(
c†σ(τ

c†σ
l ), cσ(τ

cσ
l )
)
, which occupy the σ-

state of the impurity in the time interval [τ
c†σ
l , τ

cσ
l ]. Subsequently, we expressed the Monte-Carlo weights

and observables in terms of these segments.
In this section, we will decide the allowed moves of the Markov-Chain sampling process, which we choose
to be the insertion and removal of segments and the insertion and removal of anti-segments, all together
suXcient to obtain ergodicity 9. We start with the discussion of the insertion and removal of segments as
possible updates. According to the Metropolis procedure, the transition probabilities pCC̃ for moving from
conVguration C̃ to conVguration C is decomposed into a product pCC̃ = pprop

CC̃p
acc

CC̃ of a proposal probability
pprop

CC̃ and an acceptance probability pacc

CC̃ , whereas the proposal probability will be deVned by the possible
moves of the Markov-Chain and the acceptance probabilities are then determined by the Metropolis rule
(ref Metropolis).
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Figure 3.9: Illustration of four subsequent possible steps in the Markov-Chain sampling. First, in a), the
chain starts with a conVguration C consisting of two segments for spin-up and three segments for spin-
down. In the next step of the Markov-Chain, b), a speciVc spin-down segment is removed. In step c), an
anti-segment for the spin-up component is removed, leading to the merging of the two present segments
into a single one, and Vnally, in d), a distinct spin-up segment is inserted again.

Suppose the current conVguration C consists of nσ segments, occupying the σ-state of the impurity.
Then with probability p = 0.5 we pick a spin-component σ = {↑, ↓} to update. Possible updates are
either to insert a new segment into a free time interval or to remove one of the nσ existing segments
from the impurity. For the insertion, which will be chosen with probability p = 0.5, a time τ c

†
σ has to be

selected at which the creation operator c†σ(τ c
†
σ ) shall be inserted into the impurity. This time is chosen

from the interval [0, β] with uniform distributed probability, i.e. p = dτ
β . After the time τ c

†
σ has been

determined, the algorithm has to check if the impurity is empty or occupied at this time. If the impurity
is occupied, this move is rejected and the sampling then proceeds with the next step, otherwise when the
impurity is empty, the length lmax of the empty time interval from time τ c

†
σ to the starting time of the next

segment is determined. The annihilation operator cσ(τ cσ ) is then inserted at a uniformly chosen time τ cσ

in the interval [τ c
†
σ , τ c

†
σ + lmax], i.e. with probability p = dτ

lmax
. The proposal probability for the insertion of

this segment is then determined by the product of the two probabilities pprop(nσ → nσ + 1) = dτ2

βlmax
. On

the other hand, for nσ + 1 segments occupying the impurity, the probability to uniformly pick a certain
segment to remove is simply pprop(nσ + 1→ nσ) = 1

nσ+1 . With this, the detailed balance condition states

pacc(nσ → nσ + 1)

pacc(nσ + 1→ nσ)
=

pprop(nσ + 1→ nσ)

pprop(nσ → nσ + 1)

wnσ+1

wnσ

=
(nσ + 1)

βlmax

eµσδτ
occ
σ −Uδτ

double

∣∣∣∣det(M−1
σ (nσ + 1))

det(M−1
σ (nσ))

∣∣∣∣ , (3.96)

where in the last step, the formula for the weights (3.84) was inserted and we introduced the quantities
δτ occ
σ and δτ double which are the change in the occupation time and double occupation time between the

two conVgurations. Note that we took the absolute value of the determinant ratio since we have shown
previously that the prefactors (−1)s coming from the determinants cancel with the prefactors from the
trace-factor, see (3.81). The Metropolis condition Vxes these probabilities to

pacc(nσ → nσ + 1) = min
{

1,
(nσ + 1)

βlmax

eµσδτ
occ
σ −Uδτ

double

∣∣∣∣det(M−1
σ (nσ + 1))

det(M−1
σ (nσ))

∣∣∣∣} , (3.97)

pacc(nσ + 1→ nσ) = min
{

1,
βlmax

(nσ + 1)
e−µσδτ

occ
σ +Uδτ double

∣∣∣∣ det(M−1
σ (nσ))

det(M−1
σ (nσ + 1))

∣∣∣∣} . (3.98)

By including updates that insert and remove segments, ergodicity has been obtained on a formal level
since any conVguration C = (n↑, n↓, ...) can be reached from any other conVguration C̃ = (ñ↑, ñ↓, ...)

9Please note that the insertion and removal of segments alone is not suXcient to obtain ergodicity, i.e. the insertion and removal
of antisegments is required for the Markov chain and not a tool that simply improves the sampling procedure.
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in N = n↑ + n↓ + ñ↑ + ñ↓ steps. However, it turns out that the insertion and removal of segments
does not guarantee ergodicity in Vnite sampling processes. This fact can also be conjectured from the fact
that a completely empty impurity and a completely Vlled impurity are not treated on equal footing with
these kind of updates as it is very unlikely to insert a segment spanning the whole time interval [0, β].
This can be adjusted by considering a complementary set of updates, namely the insertion and removal
of so-called anti-segments. While a segment is nothing but a time interval (τ c

†
σ , τ cσ ) for which the

impurity is occupied, an anti-segment is just a contrary time interval (τ cσ , τ c
†
σ ) for which the impurity is

unoccupied. To express this in the segment picture, the insertion of an anti-segment (τ̃ cσ , τ̃ c
†
σ ) is nothing

but the splitting of a single segment (τ c
†
σ , τ cσ ) into two distinct segments (τ c

†
σ , τ̃ cσ ) (τ̃ c

†
σ , τ cσ ), while

the removal of an anti-segment (τ̃ cσ , τ̃ c
†
σ ) is the recombination of two subsequent segments into a single

one. The update probabilities are then determined by the formulas (3.97) and (3.98) since the anti-segment
moves follow completely the same procedure as the segment moves and the weights are identical10. As
for the CT-AUX solver, further updates can also be implemented in the CT-HYB solver, which lead to a
decrease of the auto-correlation times but are not required for ergodicity. A set of such updates would
be the possibility to not only insert and remove (anti-) segments but also to allow for shifting segments
in time or to shift only the starting- or end point of a segment in time. These updates are implemented
straight-forwardly by using the detailed balance condition and are not derived here. However, in some
situations a complete exchange of the segments for the two diUerent components is required, especially
when the system is approaching magnetically ordered phases [67].

Steps of the Sampling Process
The Monte-Carlo Wow diagram for the CT-HYB solver is very similar to the diagram for the CT-AUX
solver, Fig. 3.4. The steps are as follows:

1. Initialization: At the beginning of the sampling process one possible conVguration must be prede-
termined as the starting conVguration to initialize the sampling procedure.

2. For the current conVguration C a possible update has to be chosen, either the insertion/removal of
a segment (τ c

†
σ , τ cσ ) or insertion/removal of an anti-segment (τ cσ , τ c

†
σ ). Where all four of those

possibilities have the same probability to not inWuence the detailed balance formulas above.

3. A new conVguration must be proposed, either with one segment (τ c
†
σ , τ cσ ) less or more (or one

anti-segment less or more), depending on the previous step.

4. The acceptance probability for this new conVguration is determined according to the Metropolis
probabilities (3.97) and (3.98).

5. Either the new conVguration is accepted and the old conVguration replaced, or the new conVgura-
tion is rejected, and the old conVguration stays unchanged (i.e. the new conVguration is discarded).

6. A measurement of the observables, i.e. the gC ’s, is performed (these may be many observables).

7. Go back to step 2, until the speciVed number of iterations has been achieved.

Finally, after deriving the conVgurations, weights and observables in the previous chapter and setting up
the sampling procedure, we will also compare the CT-HYB solver with exact diagonalization to check
whether it is working correctly or not. In Fig. 3.10, we show a comparison between ED and CT-HYB
Green’s functions for two distinct hybridization functions, determined by the bath energies εσ and hy-
bridization parameters Vσ , which are chosen to be the same for both spin components. Together with
these results, the performance of the CT-HYB algorithm can be discussed in the same way as the CT-AUX
solver from Fig. 3.6, which shows the average perturbation order in dependence of βt and βU . Since CT-
HYB is an expansion in the hybridization, it does not scale with U but rather with the factor βt, which is

10In fact they are only identical after a rearrangement of the matrix M has been performed, since, in contrast to the segment
insertion/removal, for the anti-segment insertion/removal the inserted/removed columns do not belong to the same segments.
Although this is a trivial modiVcation of the matrixM after the insertion/removal of an anti-segment it must not be forgotten or
neglected since it totally changes the measurements.
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Figure 3.10: Comparison of the interacting Green’s function g(τ) = Gσ(τ) of an AIM with Vnite number
of bath orbitals S = 3 obtained from a CT-HYB algorithm and the exact results from diagonalization
of the Hamiltonian. The accuracy does not depend on the interaction parameter U , since CT-HYB is
an expansion in the hybridization. The Green’s functions have been obtained for (left) bath energies
εσ = (1,−1, 1) and hybridization parameters Vσ = (1,−1, 1) and (right) bath energies εσ = (3, 2, 1)
and hybridization parameters Vσ = (1, 2, 3). Although a very small number of sampling steps, N = 106,
was used, the agreement is already very good and can be improved by taking the usual number of steps
N = 108, which turned out to be optimal for most simulations that we performed.

the Hubbard hopping parameter and indirectly proportional to the hybridization.
In this chapter, we have found the basic formalism for the continuous-time Monte-Carlo impurity solvers
CT-HYB and CT-AUX, for which we will discuss several extensions and improvements in the following
chapter and which we will use later in combination with RDMFT to investigate the properties of fermionic
lattice models with artiVcial gauge Velds.



4. Extensions and Improvements to the
CT-QMC Methods

The continuous-time Monte-Carlo impurity solvers introduced in the previous chapter, namely the CT-
AUX and the CT-HYB solver, were so far only discussed for the case of a single impurity and with spin
a good quantum number, i.e. without terms that mix the spins, as they would occur for systems which
show superWuid ordering or spin-changing hopping parameters. In this chapter, we will discuss both, the
extension of the CT-AUX and the CT-HYB solvers to systems with superWuid pairing and spin-changing
hopping processes. Wewill also extend the CT-AUX solver to cluster impurities, containing more than just
a single lattice site. Additionally, improvements of the measurements in the CT-HYB solver are discussed,
which allow for a direct measurement of the self-energy [74] and which perform the measurements in a
diUerent basis compared to the previous chapter, i.e. the measurements will be performed in a polynomial
basis instead of the discretized imaginary-time interval [16].

4.1 CT-AUX on a L-site Cluster
So far, the impurities that have been considered to be solved by the CT-AUX algorithm only consisted of
two quantum states, i.e. spin-up and spin-down, which were interacting with each other and both coupled
to a non-interacting bath1. Now, we will introduce an additional degree of freedom to the system, which
can be seen as a spatial one. The Hamiltonian of the extended system is given by

H =
∑
i,jσ

tijc
†
iσcjσ + h.c. +

∑
i

Uni↑ni↓ − µ(ni↑ + ni↓) +
∑
iσ

c†iσV̂iσ + h.c. +H bath
iσ , (4.1)

where the operators V̂iσ and H bath
iσ are deVned as

V̂iσ =
∑
k

V
(iσ)
k diσk, V

(iσ)
k ∈ C (4.2)

and
H bath
iσ =

∑
k

εiσk d
†
iσkdiσk, εiσk ∈ R (4.3)

and the index i = 1, ..., L labels the L additional quantum states. For the case of L = 1, this clearly
reduces to the AIM discussed in the previous section. For L > 1, the Hamiltonian (4.1) describes a system

1In a functional integral representation, the bath is equivalent to a hybridization Γ, which is non-local in time.
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of L impurities i = 1, ..., L, which are coupled to a non-interacting bathH bath
i↑ +H bath

i↓ via the hybridization

operators V̂iσ . Additionally the impurities are coupled to each other via the ”hopping” tij which is left
arbitrary for the case of this derivation.
Similar to section 3.2, the Hamiltonian is decomposed as

H = H0 +
∑
i

Wi, (4.4)

where the operatorsWi are chosen as

Wi = U

(
ni↑ni↓ −

ni↑ + ni↓
2

)
− K

β
, (4.5)

thereby implicitly deVning H0 as

H0 = H −
∑
i

Wi, (4.6)

which leads to H0 being quadratic in the fermionic operators c†iσ, d
†
iσk. From the commutation relation

[Wi,Wj ] = 0, ∀i, j (4.7)

one directly infers the important result

[H,Wj ] = [H0,Wj ] , ∀j. (4.8)

Next, we would like to express the partition function in terms of time-ordered operators Si(β), following
the procedure in section 2.3.2. Rewriting the exponential of the Hamiltonian (4.1) as

e−βH = e−β(H−Wi)eβ(H−Wi)e−βH = e−β(H−Wi)Si(β) (4.9)

deVnes the operator
Si(τ) = eτ(H−Wi)e−τH , (4.10)

which solves the Cauchy problem according to

∂τSi(τ) = eτ(H−Wi)(H−Wi−H)e−τH = −eτ(H−Wi)Wie
−τ(H−Wi)Si(τ) = −Wi(τ)Si(τ), S(0) = 1.

(4.11)
Because of (4.8),Wi(τ) simpliVes to

Wi(τ) = eτ(H−Wi)Wie
−τ(H−Wi) = eτH0Wie

−τH0 (4.12)

and the formal solution of (4.11) is given by (compare (2.65), (2.66) and (2.69))

Si(β) = T e−
∫ β
0
dτ Wi(τ). (4.13)

The residual exponential in equation (4.9) can now be rewritten again, leading to

e−β(H−Wi) = e−β(H−Wi−Wj)eβ(H−Wi−Wj)e−β(H−Wi) = e−β(H−Wi−Wj)Sj(β), (4.14)

with
Sj(τ) = eβ(H−Wi−Wj)e−β(H−Wi) (4.15)

being determined by the Cauchy problem

∂τSj(τ) = eτ(H−Wi−Wj)(H −Wj −Wi −H +Wi)e
τ(H−Wi) = −Wj(τ)Sj(τ), Sj(0) = 1. (4.16)

Again, because of (4.8),

Wj(τ) = eτ(H−Wi−Wj)Wje
−τ(H−Wi−Wj) = eτH0Wje

−τH0 , (4.17)
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which leads to the formal solution of (4.16) being

Sj(β) = T e−
∫ β
0
dτ Wj(τ). (4.18)

This solution is independent of whether the same step has been performed forWi before or not, since in
the time-dependence ofWj(τ) only the quadratic HamiltonianH0 is present. After performing the above
steps L times for all diUerent states i = 1, ..., L, the partition function can be expressed as

Z = 〈e−βH〉 = 〈e−βH0

L∏
i=1

Si(β)〉, (4.19)

with Si(β) deVned by (4.13). To deal with Si(β) during a Monte-Carlo simulation, we rewrite it in terms
of the well-known Neumann series (2.67)

Si(β) =

∞∑
ni=0

(−1)n
∫ β

0

dτ i1

∫ τ i1

0

dτ i2...

∫ τ ini−1

0

dτ inWi(τ
i
1)...Wi(τ

i
ni). (4.20)

This can also be done for the time-ordered product in equation (4.19), leading to

L∏
i=1

Si(β) =

L∏
i=1

[ ∞∑
ni=0

(−1)ni
∫ β

0

dτ i1

∫ τ i1

0

dτ i2...

∫ τ ini−1

0

dτ iniWi(τ
i
1)...Wi(τ

i
ni)

]

=

∞∑
n=0

∑
L{ni}=n

(−1)n
∫ β

0

dτ1

∫ τ1

0

dτ2...

∫ τn−1

0

dτn

L∏
i=1

(
Wi(τ

#)
)ni

, (4.21)

where we introduced
∑
L{ni}=n, which is the sum over all possible realizations of the set {ni} such that∑

i ni = n and the placeholders τ#, which are the imaginary times that have to be determined by the
order in which the operators are introduced in the Monte-Carlo procedure2.
For any Wi in (2.68), the discrete Hubbard-Stratonovich transformation (3.22) can be performed, intro-
ducing n additional classical spins sl = ±1, l = 1, ...n, as in section 3.2. The only diUerence between here
and the corresponding expression for the single-site impurity (Eq. (3.26) and following) is the additional
index i. For that reason, all the computations from the previous sections can be performed analogously
by replacing the tuples (τl, sl) by the triples (τl, sl, xl), where xl = 1, ..., L labels the additional quantum
state i. This leads to a change of the conVgurations from C = (n, τ1, s1, ..., τn, sn) in the previous section
to C = (n, τ1, s1, x1, ..., τn, sn, xn), which leaves the results obtained in the functional integral formalism
completely unchanged.
The weights wC of the conVgurations C = (n, τ1, s1, x1, ..., τn, sn, xn) are determined by the formula

wC = e−LK
(
Kdτ

β

)n∏
σZ0σ det

(
N−1
σ ({τl, sl, xl})

)
(4.22)

with the matrix
N−1
σ ({τl, sl, xl}) = eΓσ − (eΓσ − 1)G0σ (4.23)

consisting of the diagonal matrix (
eΓσ
)
lm

= δlme
γslσ (4.24)

and the Green’s function
(G0σ)lm = Gσxlxm(τl − τm). (4.25)

As one realizes from (4.22) and (4.25), the only diUerence for the cluster problem compared to the single
site impurity is that the Green’s functions have an additional dependence on the indices xl, xm. The
Green’s functions are determined by

G−1
σxlxm

(τ) =

{
δ(τ)(∂τ − µσ + U/2)− Γσxl(τ) for xl = xm

δ(τ)txlxm for xl 6= xm

}
. (4.26)

2In the last equality of (4.21), it seems that a factor 1/L! is missing because we switched from a sum in which only the L
individual parts i = 1, ..., L are time ordered with respect to each other to a fully time ordered representation. We did not account
for this term, since in the Monte-Carlo procedure there will be always an implicit ordering between distinguishable states i, j with
i = j such that (4.21) with respect to the MC procedure is the correct expression for the product on the left of (4.21)
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As for the weights wC , the measurement formulas stay formally unaUected and read

gCσxlxm(τ) = Gσxlxm(τ) + Gσxlxi(τ − τi)
[
Nσ({τj , sj , xj})(eΓσ − 1)

]
i,j
Gσxjxm(τj), (4.27)

where gCσxlxm(τ) is the interacting Green’s function belonging to conVguration C, as in the previous
section.
With this, the measurement and weight formulas are determined and one can directly start with the sam-
pling procedure. The sampling is equivalent to the sampling procedure of the single site CT-AUX method,
based on insertion and removal of auxiliary spins si. The only diUerence for the cluster problem is that
a new conVguration contains the triple (τi, si, xi), whereas xi has to be chosen from the set {1, ..., L}.
Performing this according to a uniform distribution, i.e. with probability 1/L, there occurs an additional
factor 1/L in the proposal probabilities, which leads to a modiVcation of the probability ratio of equation
(3.53), which has to be multiplied by a factor L. These minor changes are already suXcient to solve cluster
impurity problems with the CT-AUX method. However, there is one important diUerence between the
single site and the cluster problem, namely the weights wC can become negative in the cluster problem,
while they were always positive for the single site problem. As pointed out in section 2.3.3, the average
sign decreases with the size of the system, which leads to a sign problem, that increases with the clus-
ter size. This restricts the cluster version of CT-AUX intermediate cluster size and interaction strengths,
which is also pointed out in [68, 67]. The cluster version of the CT-AUX method introduced above in com-
bination with cluster formulations of DMFT have been used successfully to analyze momentum selective
phase transitions in two-dimensional systems, such as the momentum selective Mott-transition [68, 64]
and the pseudogap transition for attractive interactions [121, 122]. For these investigations, the parame-
ters tij were chosen such that they reproduce a certain dispersion relation in discretized momentum space
instead of mimicking the real-space hopping from lattice site to lattice site. This leads to the possibility
of addressing several regions in momentum space that are expected to be sensitive to the speciVc phase
of the system. The cluster formulation of CT-AUX was not used to investigate physical systems in the
context of this thesis, however, since its formulation and implementation is straightforward after it has
been done for single-site CT-AUX, we brieWy introduced this method in this section.

4.2 Spin-Mixing Formulation of CT-AUX
For the Anderson impurity model as considered up to now, the spin σ has been a good quantum number
since the interactions did not change the spin and both spin components coupled to a distinct set of bath
states. It is easy to imagine that this does not cover the full range of possible physics for a single-site
impurity model. Consider for instance a realization of the Hubbard model which has additional hopping
terms, including a possible spin Wip of a particle hopping from lattice site i to the neighboring lattice
site j. This would lead to a system without having spin as a good quantum number. As we saw in the
previous chapter, the action of the AIM can be considered as the local eUective action of a lattice problem,
where all lattice site but one have been integrated out. Therefore it is immediately clear that for such a
model the corresponding AIM would have to contain couplings of the impurity states to bath states with
opposite spin as well. In this section, we will derive the corresponding impurity solver for such systems.
The Hamiltonian we are considering has the form

H = −
∑
σ

µσnσ + Un↑n↓ +
∑
σ

c†σ(V̂σ + Ŵσ̄) + h.c. +
∑
σ

H bath
σ , (4.28)

where we have introduced the non-hermitian operators V̂σ and Ŵσ̄ , which are deVned as

V̂σ =
∑
k

V σk dσk (4.29)

and
Ŵσ̄ =

∑
k

W σ̄
k dσ̄k (4.30)
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and the bath Hamiltonian H bath = H bath
↓ +H bath

↑ , with

H bath
σ =

∑
k

εσkd
†
σkdσk. (4.31)

The normal hybridization operator V̂σ introduces a coupling of the spin σ to the bath states (σ,k) via
the hybridization parameters V σk ∈ C, whereas the anomalous hybridization operator Ŵσ̄ introduces
a coupling of the spin σ to the bath states with opposite spin (σ̄,k) via the anomalous hybridization
parametersW σ̄

k ∈ C.
Switching to a functional integral representation and integrating out the bath degrees of freedom, the
eUective impurity action corresponding to the Hamiltonian (4.28) is given by

SeU =

∫
dτdτ ′

(
c†↑(τ), c†↓(τ)

)
Ĝ−1(τ − τ ′)

(
c↑(τ

′)

c↓(τ
′)

)
+ U

∫
dτ n↑(τ)n↓(τ), (4.32)

where the matrix of Green’s functions is deVned as

Ĝ−1(τ) = δ(τ)

(
∂τ − µ↑ 0

0 ∂τ − µ↓

)
+

(
Γ↑↑(τ) Γ↑↓(τ)
Γ↓↑(τ) Γ↓↓(τ)

)
. (4.33)

The hybridization functions are obtained according to the description in section 3.1, equation (3.13), i.e.

Γσσ(iωn) =
∑
k

|V σk |2 + |W σ̄
k |2

iωn − εσk
(4.34)

and

Γσσ̄(iωn) =
∑
k

V σk (Wσ
k )∗

iωn − εσk
+
W σ̄

k (V σ̄k )∗

iωn − εσ̄k
, (4.35)

fulVlling the relation (Γσσ̄(iωn))∗ = Γσ̄σ(−iωn).
As in the derivation of the CT-AUX algorithm, we decompose the Hamiltonian (4.28) into an exactly
solvable part H0 and the residual part V , i.e. H = H0 + V . The choice of the operator V and the
subsequent transformations are completely equivalent as described in detail in the CT-AUX section 3.2.1,
i.e. equations (3.20)-(3.25), such that the weights are obtained via

dCwC =
1

n!

〈
T

n∏
l=1

−V (τl)dτl

〉
0

(4.36)

and the conVgurations C stay unchanged, namely are given as C = (n, τ1, s1, ...τn, sn) with the pertur-
bation order n and the n tuples (τi, si), i = 1, ..., n.
The explicit calculation of this expectation value can be performed according to our derivation of the
weight formulas in the CT-AUX section. However, instead of showing the detailed calculation with slight
modiVcations again, we can derive the weight formulas in a diagrammatic picture. The weight factor
as given by (4.36) is the n-th order term of a perturbation expansion in the interaction and therefore it
is clear how to express this term in a diagrammatic picture, as we have shown in Fig. 3.2 for a speciVc
conVguration of the standard CT-AUX. The single addition that must be made to this picture, is that the
anomalous propagators G↑↓(τ) are non-zero and therefore must be considered in the diagrammatic pic-
ture.

Fig. 4.1 shows additional diagrams compared to the non-spin-mixing CT-AUX method, contributing to
the weight factor (4.36). The weights for a given conVgurations C = (n, τ1, s1, ..., τn, sn) are obtained via

dCwC = e−K
(
Kdτ

β

)2

Z0 det(N−1({si, τi})), (4.37)

where Z0 is the non-interacting partition function, which is no longer simply the product of spin-up and
spin-down partition function, and the 2n× 2n matrix N−1({si, τi}) is deVned by

N−1({si, τi}) = eΓ − (eΓ − 1)Ĝ0, (4.38)
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Figure 4.1: Illustration of 12 of the (2n)! = 24 distinct diagrams contributing to the weight factor wC at
perturbation order n = 2 with Vnite anomalous Green’s functions Gσσ̄(τ). The spin conserving normal
Green’s functions are depicted with straight lines while the spin mixing anomalous Green’s functions
are drawn as dotted lines. The four diagrams in the violet region are those four diagrams which do not
involve spin-mixing terms and therefore are the only ones that would contribute for the standard CT-AUX
algorithm. In the green region, are the four diagrams that consist of spin-mixing terms only. The four
diagrams on the right side consist of both spin-mixing and spin-conserving terms, which is also the case
for the 12 remaining diagrams which we have not drawn here.

with the n× n distinct, 2× 2 dimensional blocks

(eΓ)lm = δlm

(
eγsl 0

0 e−γsl

)
(4.39)

and

(Ĝ0)lm =

(
G↑↑(τl − τm) G↑↓(τl − τm)
G↓↑(τl − τm) G↓↓(τl − τm)

)
. (4.40)

One immediately realizes that for G↓↑(τl−τm) = G↑↓(τl−τm) = 0 the determinant factorizes to a product
of determinants for the distinct spin components only and therefore to the well-known expression from
the CT-AUX without spin-mixing terms.
In the notation of the 2 × 2 blocks, as used above, the Monte-Carlo observables can be expressed in
an equivalent manner to the measurement formulas in terms of the matrix N and the non-interacting
Green’s functions, leading to

gC(τ) = Ĝ(τ) + Ĝ(τ − τi)
[
N({si, τi})(eΓ − 1)

]
i,j
Ĝ(τj), (4.41)

where the
[
N({si, τi})(eΓ − 1)

]
i,j

refers to the 2×2 dimensional sub-block i, j of the matrixN({si, τi})(eΓ−
1) and gC(τ) is the block of interacting Green’s functions

gC(τ) =

(
g↑↑C(τ) g↑↓C(τ)
g↓↑C(τ) g↓↓C(τ)

)
(4.42)

corresponding to the conVguration C. Again, these formulas simplify to the CT-AUX measurement for-
mulas for systems without spin-mixing, as soon as the anomalous Green’s functions Gσσ̄ are equal to
zero.
After obtaining the weight and measurement formulas, the sampling procedure is totally equivalent to
section 3.2.2 except that the weights and measurements have to be determined according to (4.37), (4.41),
respectively. Fig. 4.2 shows a comparison of interacting Green’s functions obtained via the extended
CT-AUX method with Green’s functions obtained from exact diagonalization of Hamiltonian of the cor-
responding Anderson impurity model, i.e. (4.28).
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Figure 4.2: Interacting Green’s functions G↑↑ and G↑↓ obtained from Monte-Carlo sampling (dashed
lines) and exact diagonalization (red lines) of an Anderson impurity model, with Vxed Vlling but diUerent
interaction strengths βU . For strong interactions one can identify small deviations of the MC result from
the exact result because all Vgures have been obtained with 106 sampling steps, which is clearly too few
for strong interactions βU = 50.

4.3 SuperWuid Formulation of CT-AUX
To properly describe systems with attractive interactions, i.e. with an interaction Hamiltonian

H ′ = −Un↑n↓, (4.43)

one has to allow for superWuid pairing, i.e. the anomalous Green’s functions

∆(τ) = 〈c†↑(τ)c†↓〉 (4.44)

can become Vnite. To allow for a this, the Anderson impurity model must contain terms which don’t
conserve of particle number. The AIM we consider for this problem is given by the Hamiltonian

H = −
∑
σ

µσnσ − Un↑n↓ +
∑
σ

c†σV̂σ + h.c. +H bath, (4.45)

where the hybridization operator V̂σ is deVned as usual

V̂σ =
∑
k

V σk dσk (4.46)

and the bath Hamiltonian contains the symmetry breaking terms

H bath =
∑
k

(
d†↑k, d↓k

)(
ε↑k ∆k

∆∗k −ε↓k

)(
d↑k
d†↓k

)
. (4.47)

Integrating out the bath degrees of freedom, this leads to an eUective impurity action

SeU =

∫
dτdτ ′

(
c†↑(τ), c↓(τ)

)
Ĝ−1(τ − τ ′)

(
c↑(τ

′)

c†↓(τ
′)

)
− U

∫
dτ n↑(τ)n↓(τ), (4.48)

with the matrix of Green’s functions

Ĝ−1(τ) = δ(τ)

(
∂τ − µ↑ 0

0 ∂τ + µ↓

)
+

(
Γ↑↑(τ) ∆0(τ)
∆∗0(τ) −Γ↓↓(−τ)

)
. (4.49)

The hybridization functions can be obtained from the parameters of the impurity model according to the
formula (3.13), leading to

Γσσ(iω) =
∑
k

|V σk |2(iωn + σ̄εσ̄)

(iωn − ε↓)(iωn + ε↑)− |∆k|2
(4.50)
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and

∆0(iω) =
∑
k

|V σk |2∆k

(iωn − ε↓)(iωn + ε↑)− |∆k|2
. (4.51)

In order to determine the conVgurations, weights and observables for the sampling procedure, we perform
a particle-hole transformation for the spin-down component of the system, i.e. deVning new operators

c̃†↓ = c↓

c̃↓ = c†↓

}
⇒ {c̃↓, c̃

†
↓} = {c↓, c

†
↓} = 1 (4.52)

ñ↓ = 1− n↓. (4.53)

These fermionic operators can now be inserted into the eUective action, leading to

SeU =

∫
dτdτ ′

(
c†↑(τ), c̃†↓(τ)

)
G̃−1(τ − τ ′)

(
c↑(τ

′)

c̃↓(τ
′)

)
+ U

∫
dτ n↑(τ)ñ↓(τ), (4.54)

which is the eUective action for a spin-mixing system with repulsive interactions and non-interacting
Green’s functions, which are determined via

G̃−1(τ) =

(
δ(τ)(∂τ − µ↑ − U) + Γ↑↑(τ) ∆0(τ)

∆∗0(τ) δ(τ)(∂τ + µ↓)− Γ↓↓(−τ)

)
. (4.55)

With these representation, the conVgurations, weights and observables can be directly obtained from
the previous section about the spin-mixing CT-AUX method. The sampling procedure remains the same
as for the original CT-AUX without any oU-diagonal terms in the hybridization. The superWuid CT-
AUX method has been used by Koga et al. [105, 106] to investigate the Hubbard model with attractive
interactions, but they used a slightly diUerent scheme by directly calculating the weights in an operator
picture and applying formulas from the Hirsch-Fye [86] impurity solver in the continuum limit. This
changes the weights and measurement formulas compared to the ones obtained above but leaves the
sampling procedure unchanged.

4.4 Spin-Mixing Formulation of CT-HYB
In this section, we derive the spin-mixing version of the hybridization expansion solver, CT-HYB, which
can, for instance, be used in combination with DMFT to investigate the Hubbard model with spin-mixing
hopping terms and strong interactions. This solver can be discussed very brieWy after the work from the
previous sections, i.e. the very detailed discussion of the CT-HYB solver in Sec. 3.3 and the derivation of
the spin-mixing CT-AUX solver. The Anderson impurity model of consideration is the same as introduced
in the CT-AUX section, i.e. in equation (4.28), leading to the eUective action

SeU =

∫
dτ(c†↑(τ), c†↓(τ))

(
∂τ − µ↑ 0

0 ∂τ − µ↓

)(
c↑(τ)

c↓(τ)

)
+

∫
dτUn↑(τ)n↓(τ)

−
∫
dτdτ ′(c†↑(τ), c†↓(τ))

(
Γ↑↑(τ − τ ′) Γ↑↓(τ − τ ′)
Γ↓↑(τ − τ ′) Γ↓↓(τ − τ ′)

)(
c↑(τ

′)

c↓(τ
′)

)

= S0 −
∫
dτdτ ′(c†↑(τ), c†↓(τ))

(
Γ↑↑(τ − τ ′) Γ↑↓(τ − τ ′)
Γ↓↑(τ − τ ′) Γ↓↓(τ − τ ′)

)(
c↑(τ

′)

c↓(τ
′)

)
, (4.56)

thereby deVning the action S0, which is local in time and does not mix diUerent spins. The corresponding
Hamiltonian

H0 = −
∑
σ

µσnσ + Un↑n↓ (4.57)
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is diagonal in the local Fock space. The CT-HYB algorithm is based on an expansion of the exponential
of the eUective action (4.56) in terms of the hybridization functions. Since the Hamiltonian (4.57) is diag-
onal in the particle number of the impurity, time evolution generated by this Hamiltonian will leave the
occupation of the impurity invariant. Therefore, the segment picture of the original CT-HYB algorithm is
also a good choice for the conVgurations of the spin-mixing algorithm. An expansion in the hybridization
will now, due to the oU-diagonal terms in the hybridization, generate terms which, for a certain spin σ,
contain more creation operators than annihilation operators. However, these terms will give zero con-
tribution to the weights, since H0 is diagonal in the particle number and the trace can be expressed in
the particle number basis. Following the steps of the CT-HYB derivation, i.e. equations (3.79)-(3.84), it
becomes immediately clear that the weights in the segment picture can be found to be

dC wC = (−1)
∑
σ sσeµ

∑
σ τ

occ
σ −Uτ

double

(dτ)2(n↑+n↓) det
(
M−1({τ c

†
σ

l , τ
cσ
l })

)
, (4.58)

where the factor
(−1)

∑
σ sσeµ

∑
σ τ

occ
σ −Uτ

double

(4.59)

is the local trace and completely equivalent to the original CT-HYB method. In diUerence to the original
CT-HYB, the determinant of M−1 can not be separated into a product of determinants containing the
two distinct spins only. The meaning of the determinant is to sum up all distinct diagrams that can be
drawn in the segment representation, where hybridization lines connect the starting and ending points
of the segments in the impurity for given conVguration, as explained in Fig. 3.8. The number of possible
diagrams has now been enlarged from n↑!n↓! in the original method to (n↑+n↓)! in the spin-mixing for-
mulation of the hybridization expansion. Fig. 4.3 illustrates a set of diagrams contributing to the weight
factor when spin-mixing is included.

Figure 4.3: Illustration of 9 of the (n↑ + n↓)! = 120 distinct diagrams contributing to the weight factor
wC at perturbation order n↑ = 2 and n↓ = 3 with Vnite anomalous hybridization functions Γσσ̄(τ).
The spin conserving (normal) hybridization functions are depicted with dotted black lines while the spin
mixing anomalous hybridization functions are drawn as dotted green lines. Filled squares indicate anni-
hilation operators for spin-up (red), spin-down (blue), respectively, while empty squares indicate creation
operators. The four diagrams in the violet region are those diagrams which do not involve spin-mixing
terms and therefore are the only ones of the shown set of diagrams that would contribute for the stan-
dard CT-HYB solver. All of the 120 diagrams for this conVguration are covered by the determinant of the
(n↑ + n↓)× (n↑ + n↓) matrixM−1, as deVned in (4.60)-(4.62).

A formal derivation as in section 3.3, shows that the (n↑+n↓)× (n↑+n↓) matrixM−1 can be expressed
as

M−1({τ c
†
σ

l , τ
cσ
l }) =

 M−1
↑ ({τ

c†↑
l , τ

c↑
l }) F↑↓({τ

c†↑
l , τ

c↓
l })

F↓↑({τ
c†↓
l , τ

c↑
l }) M−1

↓ ({τ
c†↓
l , τ

c↓
l })

 , (4.60)
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consisting of the diUerent blocksM−1
↑ , F↑↓, F↓↑ andM

−1
↓ . WhereM−1

σ is a nσ × nσ matrix, deVned via(
M−1
σ ({τ c

†
σ

l , τ
cσ
l })

)
ij

= Γσσ(τ
c†σ
i − τ

cσ
j ), (4.61)

and Fσσ̄ is a nσ × nσ̄ matrix, with the elements(
Fσσ̄({τ c

†
σ

l , τ
cσ̄
l })

)
ij

= Γσσ̄(τ
c†σ
i − τ

cσ̄
j ). (4.62)

In addition to the change in the weight factors wC , the observables must also be computed according to
modiVed formulas as soon as spin mixing processes are considered. Completely analogous to the deriva-
tion of the measurement formulas in the original CT-HYB algorithm, we can determine the measurement
formulas for the spin mixing case. By deVning

∆(τ ′ − τ ′′ − τ) =

{
1
β δ(τ

′ − τ ′′ − τ), for τ ′ > τ ′′

− 1
β δ(β + τ ′ − τ ′′ − τ), for τ ′ < τ ′′

(4.63)

as in the CT-HYB section and the inverse matrix ofM−1 as consisting of the blocks

M =

(
M̃↑ F̃↑↓
F̃↓↑ M̃↓

)
, (4.64)

where M̃σ is the upper-left, lower-right nσ × nσ block and F̃σσ̄ is the upper-right, lower-left nσ × nσ̄
block of the matrixM , which is stored during the sampling3. The observables for the diagonal part of the
interacting Green’s functions is then obtained via

gσσC(τ) =
∑
ij

∆(τ
cσ
i − τ

c†σ
j − τ)

(
M̃σ

)
ij
, (4.65)

while the oU-diagonal parts are determined via

gσσ̄C(τ) =
∑
ij

∆(τ
cσ̄
i − τ

c†σ
j − τ)

(
F̃σ̄σ

)
ij
, (4.66)

where the order of σ and σ̄ is very important in the last equality. After determining the observables and
weights for the spin-mixing system, the sampling process stays unaUected, and is described in section
3.3.2. We can also consider the superWuid formulation of the CT-HYB algorithm, which can be obtained,
as for CT-AUX, by applying the particle-hole transformation to the spin-down operators. This is straight-
forward to calculate and is therefore not mentioned explicitly within this thesis. Another important
extension of CT-HYB is to consider multi-orbital impurities and also to include interactions not only of
density-density type but also exchange interactions. This has been done by Werner et al. [191], for in-
stance to apply DMFT to the Kondo lattice or to multiple band models [114, 23]. On the other hand it is
also possible to Vnd a cluster formulation of the CT-HYB solver, as explained by Haule et al. [82, 83] and
used to investigate strongly interacting superWuid systems. However, the extensions to CT-AUX and CT-
HYB introduced in this and the previous chapters have been proven to be suXcient for our investigations
of topological phases in the modiVed Hofstadter model.

4.5 Improvements for CT-HYB
In this last section of this chapter, we will introduce some improvements for the measurement process
for the hybridization expansion impurity solver, namely the orthogonal polynomial representation of
the observables, as introduced in [16], and a direct measurement of the self-energy within the CT-HYB
algorithm, Vrst discussed in [74]. These improvements will be discussed only for the original CT-HYB
algorithm, as derived in section 3.3, – the generalization to the spin-mixing case is straight-forward.

3 One should note that M̃σ is, of course, not simply the inverse ofMσ but instead has to be obtained by inversion of the whole
matrixM , as it are the same for F̃ .
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4.5.1 Observables in the Legendre Polynomials Basis

The observables gC(τ) in the CT-HYB algorithm have been shown to be proportional to a δ-function in
imaginary time, i.e. have to be obtained during a sampling procedure according to (3.93)

gσC(τ) =
∑
ij

∆(τ
cσ
i − τ

c†σ
j − τ)(Mσ({τ c

†
σ

l , τ
cσ
l }))ji, (4.67)

with the generalized δ-function

β∆(τ ′ − τ ′′ − τ) =

{
δ(τ ′ − τ ′′ − τ), for τ ′ > τ ′′

−δ(β + τ ′ − τ ′′ − τ), for τ ′ < τ ′′
. (4.68)

To compute the observables numerically, one has to implement a discretized imaginary time interval on
a Vne grid and deVne the δ-function on this grid. This procedure is very problematic, since the grid
size has a huge inWuence on the measurements. As one can easy imagine, a grid that is too coarse has
a very bad resolution for the Green’s functions, whereas a Vne grid is very sensitive to errors coming
from a Vnite number of Monte-Carlo steps, e.g. a grid point maybe is hit too many or too few times
during the simulation. Another reason that the measurement formula (4.67) is unattractive is that the
statistical errors, which are unavoidable in a MC simulation, may lead to spiky Green’s functions, which
are hard to handle in a combination of CT-HYB and DMFT. Therefore, it is much more convenient not to
measure the Green’s functions directly, but instead to measure the coeXcients of the Green’s functions in
a polynomial representation. This was Vrst suggested by Boehnke et al. [16] and will be brieWy reviewed
in the following part of this section.
The Legendre polynomials {Ll(x)| l ∈ N0} form a complete set of orthogonal functions on the interval
x ∈ [−1, 1], fulVlling the relations for orthogonality∫ 1

−1

dxLl(x)Lm(x) = δlm
2

2l + 1
(4.69)

and completeness
∞∑
l=0

Ll(x)Ll(x′) = δ(x− x′). (4.70)

As seen from (4.69), the Legendre polynomials are chosen to be normalized to 2
2l+1 instead of unity. This

simpliVes the numerical procedure, as the Legendre polynomials can be shown to fulVll the recursive
relation

(l + 1)Ll+1(x) = (2l + 1)xLl(x)− lLl−1(x) (4.71)

L0(x) = 1, L1(x) = x, (4.72)

which can directly be used to compute the value of Ll(x0) for x0 ∈ [−1, 1] for all coeXcients 0 ≤ l Lmax

recursively 4. The Green’s function Gσ(τ) can be expressed as

Gσ(τ) =

∞∑
l=0

gσ,l Ll(x(τ)), (4.73)

with the argument x(τ) = 2τ/β − 1 and the coeXcients gσ,l ∈ R. The coeXcients are obtained by
applying the orthogonality relation (4.69) in combination with (4.73), leading to

gσ,l =
2l + 1

β

∫ β

0

dτ Ll(x(τ))Gσ(τ). (4.74)

Therefore, knowing the Green’s function Gσ(τ) on the interval [0, β] is equivalent to knowing all the
coeXcients gσ,l for l ∈ N0. However, in a numerical simulation, one is forced to truncate this series

4Note that computing the polynomials on a Vne grid at the beginning of a simulation and then interpolating the values for x0

in every single step is computationally not faster than to apply the recursive relations (4.71), (4.72) for every step.
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to a Vnite number of these coeXcients. This is not a serious problem, since it is easy to prove that the
coeXcients gσ,l scale as

gσ,l = O
(

1√
l

)
(4.75)

for the case when Gσ(τ) is a smooth function5. This means that the coeXcients can be restricted to
0 ≤ l ≤ Lmax, where Lmax has to be chosen suXciently large (we use Lmax = 40). In a Monte-Carlo
simulation, the observable of interest has been switched now from the imaginary time Green’s function
Gσ(τ), which had to be measured on a discretized time grid without any clear estimations for the grid
size, and the size of the individual grid points to the coeXcients gσ,l, which are discretized by deVnition,
with the clear scaling behavior of (4.75). The Green’s functions are determined by the equation

Gσ(τ) =

∑
C wC gσC(τ)∑
C wC

, (4.76)

where
∑
C is the sum over all conVgurations C as explained in section 2.3.2. Applying (4.74) to equation

(4.76) directly leads to

gσ,l =

∑
C wC gσ,lC∑
C wC

, (4.77)

with the conVgurations coeXcients gσ,lC , determined via

gσ,lC =
2l + 1

β

∫ β

0

dτ Ll(x(τ))gσC(τ)

=
2l + 1

β

∑
ij

(Mσ({τ c
†
σ

l , τ
cσ
l }))ji

∫ β

0

dτ ∆(τ
cσ
i − τ

c†σ
j − τ) Ll(x(τ))

=
∑
ij

(Mσ({τ c
†
σ

l , τ
cσ
l }))ji L̃l(x(τ

cσ
i − τ

c†σ
j )). (4.78)

Here, we deVned the modiVed Legendre polynomials

L̃l(x(τ)) =

{
Ll(x(τ)) for τ > 0

−Ll(x(τ + β)) for τ < 0
. (4.79)

The measurement of the Legendre polynomial coeXcients gσ,lC is numerically very simple to implement
and doesn’t require much more computation time compared to the measurement of the Green’s functions
on a grid. However, by using a polynomial representation one always obtains smooth Green’s functions
and the information that is lost by placing a Vnite cut-oU Lmax can be much better estimated than for the
case of a discretized time interval in the original formulation of CT-HYB. Except for the benchmarking
calculations of section 3.3, all calculations using CT-HYB have been performed with measurements in
the polynomial representation, where the gain in accuracy compared to the original formulation is huge
compared to eUort of its implementation. For a more detailed discussion about the polynomial represen-
tation, also involving higher order correlation functions and measurements in the Matsubara frequency
representation, we refer the reader to [16].

4.5.2 Direct Self-Energy Measurement for the CT-HYB Algorithm

In section 1.3, we saw that for the DMFT procedure both the interacting impurity Green’s function
Gσ(iωn) as well as the impurity self-energy Σσ(iωn) are required. While the interacting Green’s func-
tions are obtained directly via solving the impurity problem, the self-energy has to be determined via the
Dyson equation

Σσ(iωn) = G−1
σ (iωn)−G−1

σ (iωn). (4.80)

5In [16], a scaling of O(1/l) was found, which results from their distinct deVnition of the coeXcients gσ,l. However, for our
deVnition of the coeXcients, i.e. equation (4.74), the correct scaling is instead (4.75).
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The problem with this equation in the context of a numerical Monte-Carlo simulation is that Gσ(iωn)
can only be determined within statistical error. It is a well-known problem that these small errors, when
inverting the Green’s function and subtracting the non-interacting Green’s function, can lead to large
errors in the self-energy and can oscillate with iteration number of the DMFT process, especially in
the intermediate frequency region. To overcome this problem, one would prefer to measure the self-
energy directly during a Monte-Carlo simulation. However, this is not possible, at least not without
an unfeasibly large eUort. Fortunately, the quantity Fσ(τ) := (GσΣσ)(τ)/U can be measured directly
without much eUort, which reduces the problem of Vnding the self-energy to a simple division Σσ(iωn) =
UFσ(iωn)/Gσ(iωn), in which the errors in both functions do not cause larger problems. In the context of
the hybridization expansion solver, this procedure was Vrst suggested by Hafermann et al. [74], however,
it is a well-known feature that has been Vrst introduced by Bulla et al. [22] in the context of Numerical
Renormalization Group (NRG).
The derivation of the corresponding measurement formulas is rather easy, the only requirement is the
equation of motion for the interacting Green’s function, which in the context of the AIM reads,∫

dτ ′G−1
σ (τ − τ ′)Gσ(τ ′ − τ ′′) = δ(τ − τ ′′) + U

∫
dτ ′δ(τ − τ ′)

〈
T cσ(τ ′)c†σ(τ ′′)nσ̄(τ ′′)

〉
︸ ︷︷ ︸

F (τ−τ ′′)

. (4.81)

Transforming (4.81) to Matsubara frequency representation leads to

G−1
σ (iωn)Gσ(iωn) = 1 + UFσ(iωn), (4.82)

from which we can identify UFσ(iωn) = Σσ(iωn)Gσ(iωn), by comparison to the Dyson equation.
Therefore, in the sampling procedure, we should also accumulate the additional observable

Fσ(τ − τ ′) =
〈
T cσ(τ)c†σ(τ ′)nσ̄(τ ′)

〉
. (4.83)

In the segment picture of the CT-HYB algorithm, this observable is almost trivial to sample, once the
interacting Green’s functions are also measured. Suppose in the Monte-Carlo sampling, the conVguration
of the present step is C. If in this conVguration, the impurity is not occupied with a spin σ̄ for the time
τ ′, then nσ̄(τ ′) = 0 and conVguration C does not contribute to Fσ(τ − τ ′). On the other hand, if for
the conVguration C the spin σ̄ is present in the impurity, nσ̄(τ ′) = 1 and this conVguration has the same
contribution to Fσ(τ − τ ′) as it would have to Gσ(τ − τ ′), as one can see from (4.83). This result allows
us to determine the observables fσC(τ), such that

Fσ(τ) =

∑
C wC fσC(τ)∑
C wC

, (4.84)

which can just be done by implementing the indicator mentioned above (σ̄ is occupied, unoccupied) in
the observables for the Green’s functions. The observables fσC(τ) are then deVned as

fσC(τ) =
∑
ij

∆(τ
cσ
i − τ

c†σ
j − τ)(Mσ({τ c

†
σ

l , τ
cσ
l }))ji︸ ︷︷ ︸

gσC(τ)

× Iσ̄(τ
c†σ
j ), (4.85)

with the indicator function

Iσ̄(τ
c†σ
j ) =

0 if σ̄ is unoccupied at time τ c
†
σ
j

1 if σ̄ is occupied at time τ c
†
σ
j

. (4.86)

The accumulation of the observables fσC(τ) makes no extra computational eUort when at the same time
the interacting Green’s functions are measured, since the result from this measurement is simply mul-
tiplied by zero or unity. On the other hand, the self-energies obtained from the division Σσ(iωn) =
Fσ(iωn)Gσ(iωn) are much more accurate and much smoother than the ones obtained via the Dyson
equation (4.80) and therefore the more direct measurement of the self-energies is much more preferable.
For further comments on improved measurement schemes for the CT-HYB algorithm, we refer the reader
to [74], where improved measurements for the vertex function are also discussed in further detail. How-
ever, for our purpose the derivation of the simplest of these improved measurement schemes is suXcient
since we have not investigated more sophisticated observables than the single-particle correlation func-
tions.
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5. Ultracold Atoms in Optical Lattices

The discoveries of modern many-body cooling techniques such as laser cooling and evaporative cooling
have lead to the achievement of Bose-Einstein condensation (BEC) [6, 5, 17] and the realization of Fermi
degeneracy [184, 162, 37] with ultracold, dilute bosonic and fermionic gases, from which a wealth of
research was performed. Recently, however one of the main focuses in the Veld of atomic and molec-
ular physics has switched from non-interacting, single-particle physics to the exploration of correlated,
many-body physics, where statistics and interactions are the dominant physical eUects [15]. The Vrst
step towards realizing a quantum simulator as proposed by R. Feynman was achieved. In his seminal
publication [47], Feynman discussed that a classical computer, however implemented, will experience an
exponential slowdown when simulating systems that are inherently quantum mechanical in nature. He
proposed to use an universal quantum simulator instead, which would not face this problem at all. Nowa-
days, cold atom experiments represent a keystone for the realization of a universal quantum simulator in
two distinct ways. On one hand, they are deeply involved in setting up a so-called quantum computer, or
quantum Turing machine, as proposed by D. Deutsch [38], which could simulate quantum physics with-
out the problems of exponential slowing down by making use of the so-called “quantum parallelism”. On
the other hand, ultracold atom experiments are very clean realizations of model Hamiltonians, where the
parameters of the underlying model can be tuned with very high precision. Therefore, simulating model
Hamiltonians, such as those from condensed matter physics, with ultracold atoms and exploring these
quantum systems in experiment is another, more direct, realization of a universal quantum simulator as
proposed by R. Feynman. The latter idea has been realized by loading ultracold atoms into optically cre-
ated crystal lattices and thereby perfectly simulating the bosonic [95, 60] and fermionic Hubbard model
[107]. Together with the tunability of the inter-particle interactions due to Feshbach resonances, a large
number of theoretical models from condensed matter physics and many-body theory have been realized,
including for instance one-dimensional hard-core bosons in the Tonks-Girardeau regime [103], bosons in
the lowest Landau level [19] and with dipolar interactions [61], fermionic vortex lattices [202] and many
more. Recently, artiVcial gauge Velds have been successfully implemented in optical lattice experiments
[123, 124, 2, 177], simulating strong magnetic Velds with Wux quanta at the order of the particle density.
This has paved the way for simulating topological non-trivial phases, such as the quantum Hall (QH)
[104, 63, 80], the quantum spin Hall (QSH) [10, 101, 110] and the fractional quantum Hall eUect [185, 116]
in cold atom experiments. This development is very promising towards gaining a deeper insight in the
open issue of the interplay of strong correlations and topology of the system. A great advantage of cold
atom experiments with artiVcial gauge Velds is the perfect realization of theoretical models, e.g. the Hofs-
tadter Hamiltonian [87], which describes particles on a square lattice subjected to a strong magnetic Veld.
Therefore, simulating these models with cold atom experiments allows for a detailed comparison of theo-
retical predictions and experimental observations. In this chapter, we brieWy discuss the realization of the
Hubbard model for ultracold fermionic and bosonic atoms in optical lattices and possible measurement
techniques, such as time-of-Wight measurements and Bragg spectroscopy.



78 5. Ultracold Atoms in Optical Lattices

5.1 Optical Lattice Potentials
Neutral atoms in an oscillating electric Veld will experience an energy shift due to the AC Stark eUect.
This second order eUect describes how the electric Veld induces an oscillating dipole moment in the atoms,
which in turn interacts with the electric Veld and therefore causing the above mentioned energy shift.
The induced electric dipole moment d(t) of an atom in an oscillating electromagnetic Veld is described
by

d(t) = α(ω)E(t), (5.1)

where α(ω) is the polarizability of the atom, which is a function of the frequency ω of the electric Veld
E(t). The resulting conservative potential is determined via [62]

Vdip = −1

2
Re〈d ·E〉t = −1

2
Re(α(ω))〈E2〉t, (5.2)

where the time average 〈...〉t leads to a static dipole potential in the limit of stationary atoms (which
is reasonable when the time-scale for the center-of-mass motion of the atom is much slower than the
oscillating frequency of the electric Veld). The polarizability of the atom is commonly discussed in an
(eUective) two level system, subjected to a classical electromagnetic Veld. In this model, the excited state
has an energy diUerence ω0 with respect to the ground state and a Vnite decay rate Γe, which leads to the
polarizability being a complex number. Due to this, the conservative part of the potential is determined
by the real part of α, as in (5.2). In terms of the eUective two level system, the potential (5.2) can be
expressed as [62]

Vdip =
~ΩRδ

δ2 + Γ2
e/4

I(x). (5.3)

Here, ΩR is the Rabi frequency associated with the eUective model, δ = ω − ω0 is the detuning of the
electric Veld with respect to the energy diUerence of the two level system and I(x) is the time averaged
intensity of the electric Veld. Depending on the sign of δ, the potential can be chosen to be attractive or
repulsive by varying the frequency of the electric Veld1. Commonly, the diUerent detunings are denoted
as red for δ < 0, i.e. for Vdip < 0 being attractive, and blue for δ > 0, i.e. for Vdip < 0 being a repulsive
potential.
To create an optical lattice potential in a certain direction (which we denote as the x-direction), two
counterpropagating laser beams with identical frequency and intensity are spatially overlayed. For equal
polarization vectors, this results in

E2(r, t) = 4E0 cos2(ωt) cos2(kxx), (5.4)

with the electric Veld strength E0 and wave vector kx. Time-averaging of the cos(ωt) leads to a factor
1/2, such that the lattice potential in x-direction is described by

Vdip(r) = s ER cos2(kxx) = s ER cos2(πx/ax), (5.5)

where we introduced the dimensionless lattice strength s, the recoil energy2 ER = ~2π2/2ma2
x and the

lattice constant in x-direction ax, which determines the length of the unit cell of the lattice. To construct
a two- or three-dimensional lattice potential, additional pairs of counterpropagating laser beams can be
added in the y- and or z-direction, leading to an optical lattice potential

Vdip(r) = sx cos2(πx/ax) + sy cos2(πy/ay) + sz cos2(πz/az), (5.6)

where we allow for diUerent strengths si and lattice constants ai for the diUerent directions.
In the previous discussion of the optical lattice potential, the laser beams which create the lattice potential
in the x-direction have been considered to be inVnitely extended in the y- and z-direction. However, these
laser beams typically have a Gaussian shaped intensity proVle in the plane orthogonal to the propagation
direction. Since the potential (5.2) is proportional to the laser intensity, it has also a Gaussian shape.

1However, the detuning also inWuences the imaginary part of α, which induces a dissipative part of the potential and scales as
δ−2. To maximize the life-time of the physical systems in experiments, the detuning has to be chosen such that the dissipative
eUects can be neglected for suXciently long time-scales.

2In the following, ER will be set to unity.
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Therefore, the systems that can be simulated using ultracold atoms in combination with optical lattices
are Vnite systems, that are too small to be considered as being in the thermodynamic limit. Depending on
the sign of the lattice potential, the Vnite laser beams lead to an additional conVning (red detuned lasers)
potential or to a repulsion of the atoms from the center (blue detuned lasers)3. In any case, the simulated
systems are conVned to a Vnite region in space, typically modeled with an additional harmonic potential,
leading to

Vdip(r) =

3∑
i=1

si cos2(πxi/axi) +

3∑
i=1

Vix
2
i = Vlatt(r) + Vtrap(r), (5.7)

where Vlatt is the bare lattice potential and Vtrap the trapping potential, which is the leading order term
of the Gaussian potential4. For many physical eUects, this trapping potential must be included for both
theoretical and experimental investigations and we will discuss its eUect on topological insulating systems
in Sec. 6.3.
For the content of this thesis, it is also relevant that in optical lattice experiments lattice models with
dimensions lower than three can be simulated, as it is for instance necessary to investigate the integer
quantum Hall eUect. This is done by applying a two-dimensional lattice potential and conVning the
system in the residual direction, for instance by a dipole trap. If the energy gap between the excited
states and the ground state in the trap is much larger than the temperature of the system, it is eUectively
conVned to two dimensions, since excitations in the third direction are very unlikely to occur. Another
possibility to create two-dimensional systems is to use a three-dimensional lattice as described by (5.5)
but to increase the strengths of the lattice potential in one direction such that tunneling in this direction
is severely reduced. The resulting setup is then an array of two-dimensional layers, where each layer
represents a two-dimensional optical lattice. Both methods have been successfully used to experimentally
explore the physics in two-dimensional lattice systems [14].

5.2 Interactions and Feshbach Resonances
The interest in optical lattice experiments with ultracold atoms results not only from the high tunability
of the lattice potential to which the particles are exposed to but also from the ability to precisely tune the
inter-particle interactions, allowing for the experimental simulation of many-body eUects, such as col-
lective excitations or spontaneous ordering in the many-particle system. The (two-particle) interactions
between neutral atoms result from the short-ranged van der Waals force, which shows a characteristic
1/r6 decay for suXciently large distances r between two particles. Commonly, in the limit of dilute gases
and very low temperatures, the interactions between particles are described within the framework of
scattering theory. For suXciently low energies and densities, an expansion of the two-particle scattering
process in terms of partial waves reveals that when the energy scales involved in the scattering process
are suXciently low, only s-wave scattering dominates. In this case all higher order contributions are neg-
ligible and the interaction is suXciently well described by the s-wave scattering length as [55, 15]. The
s-wave state is spatially symmetric, which implies that two bosonic particles of the same internal quan-
tum state can interact with each other, while for fermions only two particles in distinct internal quantum
states can interact because of the symmetric, anti-symmetric two-particle wave functions, respectively.
The s-wave scattering length can theoretically be obtained by taking the limit

a2 = lim
k→0

σtot

4π
, (5.8)

where σtot is the total elastic cross section and k is the diUerence in momentum of the two particles [113].
However, since the exact interaction potential between two atoms is likely unknown and very hard to
determine, it is much more convenient to measure the scattering length directly in experiments. The
interaction potential can be modeled by an arbitrary pseudo potential, which is required to reproduce the
correct scattering length in the low energy limit. Commonly, the pseudo potential is chosen as [55]

V (r− r′) =
2πas
m

δ(r− r′), (5.9)

3In this case, additional trapping potentials are needed, as for instance optical dipole traps.
4By overlaying diUerent laser beams, more complicated trapping potentials are possible, however, the harmonic potential is the

common approximation for deep lattices.
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with the reduced mass of the particlesm.
An important tool to experimentally tune the strength of the inter-particle interactions independently of
other experimental parameters is the use of Feshbach resonances. By making use of Feshbach resonances,
it is possible to adjust the scattering length to very large values compared to the inter-atomic distance or
to change the sign of as, thereby making the particles attracting each other, by applying an additional
magnetic Veld. The occurrence of Feshbach resonances is due to the fact that the scattering particles are
atoms and therefore have many internal degrees of freedom allowing for inelastic scattering processes.

Figure 5.1: Scattering length between two hyperVne states of 6Li as a function of the external magnetic
VeldB. The Feshbach resonance is located atB0 = 834G and the width of the resonance is approximately
∆B = 300G. The oU-resonant scattering length as0 = −1405aB (aB is the Bohr radius) is exceptionally
large for this conVguration. Figure from Ref. [15].

In a two-atom scattering process, whenever the energy associated with an elastic scattering process (re-
ferred to as open channel) approaches the energy of a bound state (referred to as closed channel), the
two atoms can temporarily form a bound state, which signiVcantly inWuences the scattering properties.
For the theoretical treatment of these eUect, a single-channel analysis, i.e. considering elastic scattering
processes only, is not suXcient and one has to consider a multi-channel scattering problem [176]. For the
multi-channel problem, the resulting scattering length depends on the energies of the diUerent channels
[181, 183, 137], which in turn can be tuned by an external magnetic Veld B. The resulting scattering
length can approximately be described by the formula

as(B) = as0

(
1− ∆B

B −B0

)
, (5.10)

where the eUective parameters ∆B and B0 are being considered as the width of the resonance and the
Veld strength at resonance, respectively [137], and have to be determined in experiment, as well as the
oU-resonant scattering length as0. In Fig. 5.1 magnetic Veld dependence of the scattering length is shown
for the case of 6Li.

5.3 Hubbard Parameters for Optical Lattices
We have discussed the single-particle potential set up by the lasers, i.e. described by equation (5.7),
and the eUective interaction potential (5.9). However, many-body physics is commonly expressed in the
second quantization framework, therefore we now brieWy discuss the second quantized Hamiltonian of
the interacting system, which is the Hubbard Hamiltonian, discussed in section 1.1, and also the Bose-
Hubbard Hamiltonian, describing interacting fermions or bosons, respectively. Equation (5.7) expresses
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the single-particle potential of the system in terms of a trapping potential Vtrap and a periodic lattice
potential Vlat, the latter being deVned as

Vlat(r) =

3∑
i=1

si cos2(πxi/axi), (5.11)

in units of the recoil energy ER. In the regime of suXciently deep lattices, i.e. s & 5 the lattice potential
is the dominant potential for determining the physics in the center of the trap, i.e. for suXciently small
particle numbers in the system. Because of this, the Hamiltonian of the system is conveniently expressed
either in terms of Bloch states |α,k〉, which are the eigenstates of the Hamiltonian

Hlat =
p2

2m
+ Vlat (5.12)

and labeled with the band index α ∈ N and the quasi-momentum ki ∈ [−π/ai, π/ai], or in terms of
Wannier states |α, l〉, which are obtained from the Bloch states via Fourier transformation

|α, l〉 =
1√
L

∑
k

eikRl |αk〉 (5.13)

and for appropriate choice of phase factors are maximally localized around lattice site l5. The eigenvalue
equation for the lattice Hamiltonian then reads

Hlat|α,k〉 = εα(k)|α,k〉, (5.14)

where εα(k) is a smooth function in terms of the quasi-momentum k, but is well separated in energy for
diUerent band indices, i.e. features band gaps

∆α,α′ ≡ min |εα(k)− εα′(k)| > 0

for α 6= α′. This makes the set of Wannier states a good basis, since although they mix all possible quasi-
momenta, they respect the separation of the system into distinct bands. Now, including the spin σ as a
label for the particles internal degree of freedom, the single-particle Hamiltonian

H =
p2

2m
+ Vlat + Vtrap (5.15)

can be expressed in the basis of Wannier states |α, l, σ〉 according to

H = −
∑

α,l,m,σ

|α, l, σ〉tαl,m〈α,m, σ|+
∑

α,α′,l,m,σ

|α, l, σ〉V α,α
′

l,m 〈α
′,m, σ|, (5.16)

with the matrix elements of the lattice Hamiltonian

tαl,m = −〈α, l, σ|
(

p2

2m
+ Vlat

)
|α,m, σ〉 = −

∑
k

eik(Rl−Rm)εα(k), (5.17)

which respect the separation of the system into distinct bands6, and the matrix elements of the trapping
potential

V α,α
′

l,m = 〈α, l, σ|Vtrap|α′,m, σ〉, (5.18)

which are not diagonal with respect to the band index α. Here, the laser potentials that we are con-
sidering do not make a distinction for the diUerent internal states of the particles and therefore there is
no additional dependence on σ in the matrix elements of the Hamiltonian7. When the band gap ∆1,α′

5Maximally localized in this context means that the Wannier states |α, l〉 are the most localized states in the subspace of Vxed
band index α.

6The minus sign in (5.17) is convention, leading to the matrix elements being positive.
7There exist experiments which make use of optical potentials, which distinguish between the diUerent hyperVne states of the

atoms and therefore would have additional dependence on σ in the matrix elements of the Hamiltonian. A corresponding model is
discussed in Sec. 5.4.
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between the Vrst band (α = 1) and all higher bands α′ > 1 is much larger than the typical interaction
energy and the temperature of the system and the trapping potential is very Wat8, it is suXcient to express
the resulting low energy physics in a lowest band approximation, i.e. neglecting all contributions from
α > 1. This approximation relies on the fact that the energetically well separated quantum states in
the higher bands are only sparsely populated, thereby having no inWuence on the physics of the system,
which is dominated by the hugely populated states in the Vrst band9, therefore we only consider quan-
tum states from the lowest band and drop the index α further on. The Wannier states |l, σ〉 are localized
around lattice site l and decay exponentially with the distance, which leads to the matrix elements tl,m
and Vl,m in equation (5.16) also decaying exponentially in the distance |l − m|. For the case of optical
lattice potentials this decay is so strong, that taking only nearest neighbor matrix elements, i.e. those with
|l − m| = 1 into account, is a perfectly reasonable approximation [95]. For the matrix elements of the
trapping potential (5.18), it is suXcient to only consider the local matrix elements, where l = m, since the
non-local matrix elements decay even faster than for the hopping matrix elements, caused by the lack of
a "non-local" operator like the momentum operator in (5.17). Combining all the discussed simpliVcations
and approximations and subsequently switching to the language of second quantization, the Hamiltonian
of the system without interactions reads

H = −
∑
〈l,m〉,σ

tl,mc
†
lσcmσ +

∑
l,σ

Vl,lc
†
lσclσ, (5.19)

where the creation and annihilation operators c†lσ, clσ create or annihilate a particle with spin σ at lattice
site l and 〈l,m〉 means that only the sum over nearest neighbors l,m is evaluated.
The non-interacting Hamiltonian (5.19) is the same for both bosonic and fermionic particles in an optical
lattice. The nature of the particles only enters the Hamiltonian in form of the diUerent commutation
relations of the creation and annihilation operators, i.e. the fermionic operators anti-commute

{clσ, c
†
mσ′} = clσc

†
mσ′ + c†mσ′clσ = δlmδσσ′ , (5.20)

whereas the bosonic operators commute

[clσ, c
†
mσ′ ] = clσc

†
mσ′ − c

†
mσ′clσ = δlmδσσ′ . (5.21)

As we saw in the previous section, bosonic atoms with the same internal quantum state can interact via
s-wave scattering, while for fermions only atoms with diUerent internal quantum states can interact with
each other via s-wave scattering. Therefore the simplest interacting bosonic systems are those having
no internal degrees of freedom, while for fermions the simplest systems are those which are described
by atom with two possible internal quantum states, which can be seen as the spin of the particle σ =↑↓.
For the bosonic system (without internal degrees of freedom), the interacting part of the Hamiltonian is
described as

HInt =
1

2

∑
l,m,s,t

Ulmstc
†
l c
†
mctcs, (5.22)

whereas for fermions, it reads

HInt =
1

2

∑
l,m,s,t,σσ′

Ulmstc
†
lσ′c
†
mσctσcsσ′ , (5.23)

with the matrix elements

Ulmst =
2πas
m

∫
w∗l (r)w∗m(r)ws(r)wt(r)dr, (5.24)

according to (5.9) the same for bosonic and fermionic particles. For suXciently deep lattices, the Wannier
functions wl(r) = 〈r|l〉 at site l again have almost no overlap with their neighboring sites, such that it

8All of which is fulVlled in optical lattice experiments [15].
9For a discussion of the inWuence of second order processes on the matrix elements in a lowest band approximation see for

instance [13, 127]
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is reasonable to only take into account the purely local parts of the interaction, i.e. the matrix elements
with l = m = s = t. Then the interacting Hamiltonian reads

HInt =
U

2

∑
l

nl(nl − 1) (5.25)

for bosonic particles and
HInt = U

∑
l

nl↑nl↓, (5.26)

for fermionic particles. The Hubbard interaction parameter U is then deVned according to

U =
2πas
m

∫
|wl(r)|4dr. (5.27)

Adding the interactions to the single-particle Hamiltonian (5.19), we obtain the inhomogeneous Bose-
Hubbard model

H = −
∑
〈l,m〉

tl,mc
†
l cm +

∑
l

Vl,lc
†
l cl +

U

2

∑
l

nl(nl − 1) (5.28)

for a system of interacting single-component Bosons and the inhomogeneous Fermi-Hubbard model

H = −
∑
〈l,m〉,σ

tl,mc
†
lσcmσ +

∑
lσ

Vl,lc
†
lσclσ + U

∑
l

nl↑nl↓ (5.29)

for a system of interacting two-component Fermions in optical lattices. Indeed, despite the approxima-
tions made to obtain (5.28) and (5.29), optical lattices Vlled with one species of interacting bosons have
been shown to be a near perfect realization of the Bose-Hubbard model [95, 60], i.e. of (5.28). Similarly
the same statement holds for a two-species system of interacting fermions and (5.29), as shown in theory
and experiment, for instance in [90, 159, 88].

5.4 ArtiVcial Gauge Fields for Neutral Atoms in Optical Lattices
Ultracold Atoms in Optical Lattices can be seen as perfect experimental realizations of theoretical models
from condensed matter physics, such as the fermionic or bosonic Hubbard model, as we have seen in
the last chapter. This was proven by many experiments, which resolved for instance the Fermi-surface
of non-interacting Fermions [45, 107], the metallic and Mott-insulating phase of interacting Fermions
[98, 159] and the superWuid-Mott insulator transition for interacting Bosons [60]. An important class of
theoretical models are those, which explain the emergence of topologically non-trivial phases, such as
the quantum Hall eUect or the quantum spin Hall eUect, which we will discuss in the following chapter.
Such models are for instance the Hofstadter model [87], the Kane-Mele model [99] or the Bernevig-
Hughes-Zhang model [9]. All of them have in common, that the hopping parameters corresponding to
the kinetic energy in these models show complex phases, corresponding to a non-trivial gauge potential.
The gauge potential results either from external magnetic Velds, which leads to a spatially dependent but
Abelian gauge potential or from intrinsic spin-orbit coupling, for instance of Rashba type, which leads to
homogeneous but non-Abelian gauge potentials.
The experimental simulation of these theoretical models with cold atoms is rather complicated, as, on
one hand, the atoms themselves are neutrally charged such that an external magnetic Veld does not aUect
the hopping of the particles at all and, on the other hand, the atoms do not show any kind of natural
spin-orbit coupling, such that for both eUects, the gauge potential has to be introduced to the atoms
artiVcially [96, 143, 54, 34]. This leads to the topic of artiVcial gauge Velds for neutral atoms, which
has gained much interest because of the promising possibility to investigate topological phases in cold
atom experiments where, in contrast to condensed matter, all experimental relevant parameters can be
controlled from the experimentalist. Since the realization of artiVcial gauge Velds has come into focus of
theorists and experimentalists, a plethora of publications has proposed how to implement several kinds of
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gauge potentials in cold atom experiments [123, 124, 119, 28, 57, 96, 143, 54, 34], reaching from the creation
of artiVcial eUective magnetic Velds, to optical Wux lattices and even time-reversal invariant non-Abelian
gauge Velds. Here, we will focus on a proposal by Goldman et al. [57], which focuses on the realization
of a combination of Abelian and non-Abelian artiVcial gauge Veld for a two-component fermionic system
on an atom chip. The model proposed in this letter is the model that the theoretical investigations in
the following chapters will be focused on. The proposed setup uses a combination of Raman-assisted
tunneling and an alternating Zeeman lattice, which we will explain in the following.

5.4.1 Raman Transitions in the Λ-system

Consider an atomic system consisting of three internal states, two low energy states {|g1〉, |g2〉} with
energies ω1, ω2 lying close to each other and a high energy excited state |e〉 with a much larger energy
ωe, where the two low energy states are coupled to the excited state via two far oU-resonant laser beams.
The frequency of the Vrst laser is denoted as ωL1 = ωe − ω1 + δ1, where δ1 is the detuning from the
transition frequency, while the frequency of the second laser can be written as ωL2 = ωe − ω2 + δ2, with
the second detuning δ2.
It is more convenient to switch to a rotating frame [25], which simpliVes the view on the situation

Figure 5.2: Illustration of the Λ-system in an energy level diagram. The two low energy states |g1〉, |g2〉
are separated by an energy diUerence δ and the excited state |e〉 is separated from both states by the
energies ∆± δ/2.

introduced above. In a rotating frame, the two low energy states are separated by an energy diUerence
δ = δ2 − δ1 and the excited state is separated from the states |g1〉, |g2〉 by the energies ∆ ± δ/2, where
∆ = δ2 + δ1, see Fig. 5.2. After performing a rotating wave approximation (see for instance [151]), an
eUective, Rabi-type model is obtained, which is described by the Hamiltonian

HRabi =
1

2

 −δ 0 Ω∗a
0 δ Ω∗b

Ωa Ωb 2∆

 , (5.30)

where Ωi, i = a, b is the corresponding Rabi-frequency Ωi = |Ωi|eiφi with the spatially dependent phase
φi = kir. In the following, we consider |∆| >> |δ|, |Ωi|, i.e. very large detuning of the lasers. Then,
starting with a state |ψ〉 without any population of the excited state, the excited state will stay almost
completely unpopulated during the time evolution. Exploiting this fact, an eUective model for the low
energy states only can be derived. Assuming a state

|ψ(t)〉 =

 α(t)
β(t)
γ(t)

 , (5.31)
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the Schrödinger time-evolution of this state is determined according to

i∂t

 α(t)
β(t)
γ(t)

 = HRabi

 α(t)
β(t)
γ(t)

 =
1

2

 −δα(t) + Ω∗aγ(t)
δβ(t) + Ω∗bγ(t)

2∆γ(t) + Ωaα(t) + Ωbβ(t)

 . (5.32)

For stationary γ(t), i.e. ∂tγ = 0, the third row of (5.32) requires

γ(t) = −Ωa
2∆

α(t)− Ωb
2∆

β(t), (5.33)

which allows us to replace γ(t) by α and β10. Replacing γ by (5.33) in equation (5.32) leads to an eUective
time-evolution for the α and β coeXcients.

i∂t

(
α(t)
β(t)

)
= H̃Rabi

(
α(t)
β(t)

)
, (5.34)

with the simpliVed Rabi Hamiltonian

H̃Rabi = −1

2

(
δ + |Ωa|2

2∆ Ω∗R
ΩR −δ + |Ωb|2

2∆

)
, (5.35)

where the Rabi frequencies ΩR are deVned as

ΩR =
ΩaΩ∗b
2∆

= |ΩR|ei(ka−kb)r, (5.36)

leading to the Hamiltonian in (5.35) being spatially dependent. Typically, the laser beams which drive
the transitions from the low energy states to the excited states have to be chosen to account for the
internal structure of the atoms, e.g. for diUerent angular momenta of diUerent interal states, which was
not discussed here. A set of laser beams realizing the Hamiltonian (5.35) for a set of two distinct internal
states |g1〉, |g2〉 of an atom is called a Raman setup, or a set of Raman lasers. The transitions are called
Raman transitions.

5.4.2 Zeeman Lattice plus Raman Beams

The system we consider consists of atoms with two diUerent hyperVne states |g1〉, |g2〉11, which are con-
Vned to two dimensions (see section 5.1). In the x-direction, two laser beams are creating a lattice with
lattice potential

Vx(x) = sx cos2(πx/ax), (5.37)

which acts equally on both hyperVne states. In the y-direction, a Zeeman lattice is build by implementing
stripes of constant magnetic Veld along the x-direction but with alternating sign in the y-direction [57].
The both hyperVne states, due to their distinct internal spin, feel a lattice potential in the y-direction.
In contrast to the lattice in x-direction, the lattice in the y-direction is state dependent, i.e. |g1〉 feels a
maximum in the potential at the place where |g2〉 feels a minimum and vice versa. Additionally, there
is a total energy shift B between the two hyperVne states. In the proposal of [57], the Zeeman lattice
is created on an atom chip by current carrying wires, oriented in the x-direction, such that the current
travels in the opposite direction in two neighboring wires. Approximating the Zeeman lattice by a cos-
function, which is suXcient for the tight-binding approximation, then leads to the lattice potential

V (x, y) = Vx(x)1 + Vy(y)σz +Bσz, (5.38)

10It is evident that the choice of γ in (5.33) is itself time dependent and therefore not self-consistent with the assumption [25, 94].
However, the approximation is well established since it leads to results in good agreement with exact solutions. For a detailed
analysis, see [20]

11There must be more than two internal states for these atoms, however, we consider all others to be essentially unpopulated.
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where σz is the Pauli z-matrix, acting on the subspace of the two hyperVne states and

Vy(y) = sy cos2(πy/ay) (5.39)

is the potential for the Vrst hyperVne state. To create a square lattice in the end, we chose ay = 2ax = 2a.
The Hamiltonian for the Zeeman lattice conVguration then reads

H0 =
p2

2m
1 + Vx(x)1 + Vy(y)σz +Bσz. (5.40)

In the x-direction, a particle can hop from one lattice site to the next lattice site without changing the
internal state and therefore the system is described by a tight-binding model in the x-direction. On the
other hand, hopping from one lattice site to a neighboring site in the y-direction requires the change of
the particle’s hyperVne state because of the alternating potential in this direction. Without changing the
hyperVne state, the particle can only hop to the next nearest neighbor, which is strongly suppressed due
to a small spatial overlap and therefore, without additional potentials that change the hyperVne states of
the particles, no hopping in y-direction takes place.
To allow for tunneling in the y-direction, additional operators are required, which change the internal
state of the particles. Equation (5.35) exactly describes such an operator, which is the operator describing
two Raman beams acting on the system. Adding these two Raman beams, leads to the total Hamiltonian
of the system

H =
p2

2m
1 + Vx(x)1 + Vy(y)σz +Bσz + H̃Rabi (5.41)

which contains diagonal and oU-diagonal terms in the hyperVne states. The corresponding tight-binding
Hamiltonian in second quantization can now be expressed as

H =
∑

〈i,j〉,σ,σ′
tσσ
′

ij c†iσcjσ′ , (5.42)

where i, j label the lattice sites of the two-dimensional system and the sum is running only over pairs of
nearest neighbors. The index σ = g1, g2 labels the two hyperVne states. For hopping in the x-direction,
only the hopping amplitudes between equal hyperVne states are non-zeros, while for the y-direction only
hopping amplitudes between distinct hyperVne states are non-zero, due to the Raman coupling.
As shown in (5.36), the oU-diagonal terms in the Hamiltonian (5.42) carry a position dependent phase
factor ei(ka−kb)·r, which can be adjusted by changing the wave-vectors of the Raman beams ka,b. To
realize phase factors which break time-reversal symmetry, i.e. realize quantum Hall physics, one can
realize the Landau gauge by adjusting the phase factor such that they depend on the x-coordinate only.
Then the hopping matrix elements in the x-direction would obtained by the common formula

txij =

∫
w(r)H11w(r + axex)dr = tx, (5.43)

with H11 being the Vrst matrix element of the Hamiltonian (5.41) and ex the unit vector in x-direction.
Therefore, the hopping elements in the x-direction can be chosen purely real and are uniform.
On the other hand, the hopping matrix elements in the y-direction are deVned according to

tyij =

∫
w(r)H12w(r + ay/2ey)dr =

|ΩR|
2

∫
w(r)ei(ka−kb)xw(r + ay/2ey), (5.44)

where we have already exploited that the Raman beams are chosen such that the phase factor only de-
pends on the x-coordinate. Solving the equations above leads to the hopping matrix elements for the
y-direction being

tyij = ty ei2παxi (5.45)

with uniform magnitude and spatial dependent phase ei2παxi , where α = (ka − kb)ay/2π = (ka −
kb)a/4π. The absolute value of the hopping amplitude in x- and y- direction can be tuned independently,
allowing the realization of the desired case of ty = tx ≡ t by adjusting the experimental parameters.
On the other, the ”Wux” parameter α can be adjusted the same way, allowing for the special cases, where
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α = p/q with p, q ∈ N and therefore realizing the celebrated Hofstadter model with cold atoms12. The
two-component system introduced here can eUectively be seen as a single-component system, since, due
to the fact that the two hyperVne states feel an opposite potential in the y-direction, a given column in
the x-direction will only be populated by a single hyperVne state. In other words, every even column will
be occupied with atoms in the hyperVne state |g1〉, while every odd column will be populated only with
atoms in the hyperVne state |g2〉, such that the double occupancy of every lattice site is zero, due to the
Pauli principle. This leads to the fact that the system can be treated as an eUective single particle system
of atoms in just a single internal state, which we call |g〉.

5.5 Time-Reversal Invariant Topological Insulators with Cold Atoms
In the previous section, we introduced a possible realization of artiVcial Abelian gauge Velds for ultracold
atoms in optical lattices. In this section, we discuss very brieWy how this system can be generalized to
two-component systems, including non-Abelian gauge Velds. The Hamiltonian, which is to be realized,
is the time-reversal invariant generalization of the Hofstadter model with two component fermions, in
second quantization stating

H = −t
∑
x,y

c†x+1,ye
i2πγσxcx,y + c†x,y+1e

i2πασzxcx,y + h.c.. (5.46)

Here, we introduced the vector notation of the creation operators on a lattice site at coordinates (x, y),
c†x,y = (c†x,y,↑, c

†
x,y,↓) and the real parameter γ which tunes the non-Abelian phase, proportional to the

Pauli matrix σx, which mixes the spin. The spatial dependent phase ei2πασzx has opposite sign for both
components, which leaves the Hamiltonian time-reversal symmetric and therefore allows for quantum
spin Hall physics. After introducing the Hofstadter model in the last section, the experimental realization
of its time-reversal invariant generalization (5.46) is, in principle, straight forward.

Figure 5.3: Illustration of the Raman assisted tunneling in the y-direction of the lattice. The Raman beams
couple either the states |g1〉 and |g2〉 or the states |e1〉 and |e2〉. The lattices for both components are
alternating, such that tunneling only happens due to the Raman beams, which imprint a phase to the
particle according to (5.36). Figure from Ref. [57].

The Vrst step is to experimentally realize a copy of the Hofstadter system with a set of new hyperVne
states |e1〉, |e2〉, coupled by two distinct Raman beams in the same lattice as the original system. Then the

12For a discussion of the Hofstadter model and how the spatially dependent phases eUect the single-particle physics of the system,
we refer to the next chapter. The aim of this chapter was simply to explain one experimental realization of artiVcial gauge Velds in
optical lattice experiments on a very basic level.
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Wuxes α, α′ of the two systems can be tuned independently, and one can realize the special case α = −α′.
If these two systems are uncoupled but located in the same lattice, the Hamiltonian (5.46) is realized for
the special choice of γ = 0. To tune the parameter γ to values larger than zero, it is suXcient to also allow
for Raman assisted tunneling in the x-direction by choosing an appropriate phase of the Rabi frequencies
(5.36) for the corresponding transitions. An illustration of the system with γ = 0 is depicted in Fig. 5.3,
taken from Ref. [57], also showing realistic experimental parameters.
The experimental schemes to achieve artiVcial gauge Velds in optical lattices presented in this chapter
have been introduced on a very basic level, without going into any details of the current experimental
issues, that emerge when trying to realize these gauge Velds within optical lattices. For more details about
the experimental realization of certain classes of gauge Velds and the path towards the realization of more
general systems, we refer the reader to [123, 124, 125, 120, 2, 177].



6. Z-Topological Insulators in Optical
Lattices

Z-topological insulators are known as bulk insulating systems, which can be classiVed in terms of a Z
quantum number ν. For ν = 0 these systems are topologically equivalent to an ordinary insulator and
therefore topologically trivial. On the other hand for ν 6= 0 these systems are topologically equivalent to
a quantum Hall system with the corresponding topological quantum number. All realizations of Z topo-
logical insulators can be discussed in terms of the corresponding quantum Hall system. In this chapter,
we will introduce the quantum Hall eUect on a very general level, without focusing on a speciVc Hamil-
tonian, and discuss the Chern topological invariant and the bulk-boundary correspondence. After that,
we introduce the Hofstadter model, which is a lattice model in tight-binding approximation that is able
to show quantum Hall phases. The main part of this chapter will then be the discussion of the realization
of Z topological phases with ultracold atoms, which is published as an article [21].

6.1 The Quantum Hall EUect
In the Quantum Hall eUect, the transverse Hall conductivity of a two-dimensional electronic system
subjected to high magnetic Velds is found to be quantized according to σxy = Ne2/h, where N is a
topological invariant integer, which is called the total Chern number of the occupied bands [182, 104, 141].
Since its Vrst experimental detection [104], the quantum Hall eUect has been established as the textbook
example of a topological non-trivial insulator, i.e. an insulator that is, from a topological point of view,
not equivalent to the vacuum state which would be the case for an ordinary band insulator [78]. In this
section, we will discuss the quantum Hall eUect from a topological point of view by brieWy reviewing the
TKNN invariant [182] and Berry phase [11], and also discuss the emergence of gapless boundary states,
so-called edge states, at interfaces where the topology of the system changes.

6.1.1 TKNN Invariant and Berry Phase for the QHE

The diUerence between an ordinary insulator (ordinary refers to the conductivity tensor being identical to
zero) and a quantum Hall state in terms of topology has been explained by Thouless et al. [182] (TKNN)
in a seminal paper from 1982, which we will shortly review here. The essential result of the TKNN paper
is that the transverse Hall conductance σxy for a bulk insulating system can be expressed as

σxy = N
e2

h
, (6.1)
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whereN ∈ N is an integer, the so-called total Chern number of the occupied bands, which is a topological
invariant.
In linear response theory, the transverse Hall conductivity σxy of a fermionic lattice system is described
by the Kubo formula1

σxy =
i~
V

∑
n>0

〈ψn|jx|ψ0〉〈ψ0|jy|ψn〉
(En − E0)2

− 〈ψ0|jx|ψn〉〈ψn|jy|ψ0〉
(En − E0)2

, (6.2)

where |ψn〉, |ψ0〉 label the many-particle excited states and ground state, En, E0 are the corresponding
eigenenergies of the lattice Hamiltonian and jα, α = x, y is the current operator for the α-direction, see
for instance [32]. TKNN expressed the Hall conductivity in terms of the eigenstates of the system, which
are the Bloch states |uα(k)〉with band index α and quasi-momentum k ∈ B, where B is the Vrst Brillouin
zone. The expression they found for the Hall conductivity (in a more convenient formulation) states

σxy =
e2

2πh

∑
εα<εF

∫
B
dki

(
〈∂kxuα(k)|∂kyuα(k)〉 − 〈∂kyuα(k)|∂kxuα(k)〉

)
, (6.3)

where the integral runs over the complete Brillouin zone and the sum covers the occupied bands. The
quantization of the Hall conductivity then comes from the fact that the integrand is the so-called Berry
curvature, which is an anti-symmetric second rank tensor or, in other words, a 2n-form (with n = 1)
over a two-dimensional space M (which we leave unspeciVed). According to the Chern-Gauss-Bonnet
theorem [31], the integral over the complete Brillouin zone in (6.3) returns the value

σxy =
e2

2πh

∑
εα<εF

2πχ(Mα) (6.4)

where χ(Mα) is the Euler characteristic of the subset Mα, which is the αth magnetic Brillouin zone of
the system, embedded in the Vrst total Brillouin zone. Since the Euler characteristic is always an integer,
i.e. χ(Mα) = nα ∈ N0, the Hall conductivity Vnally reads

σxy =
e2

h
N, with N =

∑
α

nα. (6.5)

The TKNN paper has two essential results, Vrst the Hall conductivity is proven to be strictly quantized
as soon as the Fermi energy of the system is located in a bulk gap and as long as linear response theory
is applicable and, second, the mathematical reason for the quantization of the Hall conductance is deeply
related to the topology of the of the Bloch functions |uα(k)〉 and therefore of the Hamiltonian that de-
scribes the physical system. The topological properties of an underlying system have to be understood
as global properties, which can not be easily changed by small perturbations of the system (in contrast to
geometrical properties, which are deVned locally) and therefore the quantization of the Hall conductance
is very robust against external perturbations which cannot change the topology [182].
The Berry curvature

Fα(k) = i
(
〈∂kxuα(k)|∂kyuα(k)〉 − 〈∂kyuα(k)|∂kxuα(k)〉

)
(6.6)

in Eq. (6.4) is closely related to another very important physical quantity, namely the Berry phase (or
geometric phase) γα [11], which is deVned as the closed path integral over the Vrst Brillouin zone

γα =

∮
Aα(k)dk =

∮
i〈uα(k)|∇k|uα(k)〉dk. (6.7)

As one directly sees,
∇×Aα(k) = i∇× 〈uα(k)|∇k|uα(k)〉dk = Fα(k) (6.8)

and therefore, by applying Stoke’s theorem

γα =

∮
Aα(k)dk =

∫
B
∇×Aα(k)dk =

∫
B
Fα(k)dk. (6.9)

1Here we restrict ourselves to the real part of the zero frequency conductivity, i.e. σxy ≡ Re(σxy(ω = 0)).
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This, according to (6.3), relates the Berry phase γα directly to the Hall conductance σxy . The Berry
phase allows for a physically more appealing explanation of the quantized Hall conductance, as we will
sketch shortly. Suppose there are no degeneracies along a closed loop in the Brillouin zone, such that the
Bloch functions |uα(k)〉 accumulate a well deVned phase eiφ when the quasi-momentum k is transported
adiabatically along this closed loop in the Brillouin zone. The accumulated phase is then identical to the
Berry phase, i.e. φ = γα, and must be an integer multiple of 2π such that the states are left unchanged
after the adiabatic evolution along a closed path [182]. In the TKNN paper, the quantization of the Hall
conductance was explained by using Berry’s phase rather than the Chern-Gauss-Bonnet theorem. While
using the latter leads to a more rigorous proof [141] of the quantization, it also requires much more
mathematical background on the theory of Vber bundles on complex valued manifolds.
The TKNN invariant (6.5) nicely describes the quantization of the Hall conductance σxy in cases when
the Fermi energy is located in a bulk gap of the inVnite system. However, it requires a well deVned
Brillouin zone, which only exists for translationally invariant, inVnitely sized systems. For the theoretical
description of Vnite system the so-called edge states play an essential role, which are states that are
energetically located in the bulk gap of the inVnite system and spatially localized along the boundary of
the Vnite system, thereby carrying the Hall current along this boundary. In the next section we will focus
on Vnite systems and discuss the emergence of these edge states and their relevance for the QHE and
topological insulators in general.

6.1.2 Topological Edge States and the Bulk Boundary Correspondence

In the previous section, we identiVed the quantumHall eUect as a topological feature of an inVnite system.
To drive a quantum Hall system, or more general, a topological non-trivial system, into a topologically
trivial system, the topology of the system must be changed. In general, changing the topology is possible
by allowing bulk bands, which were formerly well separated by a bulk gap such that the Chern number
of both bands was well deVned, touch each other at certain points in the Brillouin zone. When two bands
touch each other, the Chern number, i.e. the topology, of the individual bands is no longer well deVned.
Further deformation of the system will lead to splitting of the bands, such that the Chern number is well
deVned again but may have changed during the process of deformation.
Now imagine a Vnite topologically non-trivial system. The boundary of the system can be seen as an
interface between a topologically non-trivial system to a topologically trivial system, namely the vacuum.
Somewhere on the way from the center to the boundary of the system, the energy gap has to vanish, since
this is required for changing the topological invariant from a Vnite integer to zero. Therefore, there will
exist low energy states, which are bound to the region where the energy gap vanishes. From a topological
point of view, these low energy states must also be very robust against external perturbations since, as
with the Chern number of the inVnite system, they exist due to purely topological arguments. As Vrst
shown by Halperin [77], these low energy states are located close to the boundary of the system, decaying
exponentially into the bulk and are therefore referred to as (topological) edge states. Moreover, the edge
states are chiral, which means they propagate in one direction only along a given edge of the system,
and therefore are responsible for the strictly quantized Hall conductance in Vnite systems. The chirality
of the edge states is also the reason for their robustness against external perturbations or interactions,
as backscattering processes can only occur when two or more states are counterpropagating. Without
backscattering, hybridization or localization of the states is impossible.
Since the introduction of edge states by Halperin [77] and the introduction of the TKNN invariant for the
bulk system [182], many publications have proven that the Hall conductance obtained from the inVnite
system via TKNN coincides with the one obtained from the analysis of the edge states in Vnite system,
which is known as the bulk-boundary correspondence [79, 71, 44].
We will now derive a very simple expression for the quantized Hall conductance in terms of edge states.
For this purpose, we imagine a two-dimensional lattice system on a cylindrical geometry, which consists
ofMy lattice sites and lattice spacing ay in the y-direction andMx lattice sites and lattice spacing ax in
the x-direction. While the system shall be translationally invariant in the y-direction, it is conVned in the
x-direction2. The conVning potential shall not be speciVed, the only restriction we make for this potential
is that it still allows for a clear distinction between bulk bands and bulk gaps, while the latter may now

2This is realized by periodic boundary conditions in the y-direction and choosing the Landau gauge for the vector potentialA.
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contain gapless edge states which connect the diUerent bulk bands of the system and are located close to
the boundary of the system, i.e. states from diUerent boundaries have no real space overlap. Because the
system is translationally invariant in the y-direction, the quasi-momentum ky remains a good quantum
number, such that the eigenstates and eigenenergies of the system can be labeled as |ψα(ky)〉, εα(ky),
respectively, where α is an additional label but not a band index. Fig. 6.1 shows the integrated spectral
density

ρ(ky, ω) =
∑
α

〈ψα(ky)| 1

ω −H + i0+
|ψα(ky)〉 (6.10)

of possible systems, where one can clearly distinguish between bulk band regions and bulk gap regions,
which are now traversed by gapless edge states. The particles in the system are considered to be electrons,

Figure 6.1: Schematic illustration of the band structure of a Vnite system for diUerent topological invari-
ants N = 0, 1, 2 (from left to right). The red region indicates a completely Vlled band, while the green
region indicates a empty band in between the two bands, there is a bulk gap, Vlled with single edge modes,
which are located at the left (red) and right (blue) boundary of the system. The Fermi energy is located in
the bulk gap, such that the system Vnds itself in a normal insulator for N = 0, in quantum Hall state for
N = 1 and in a quantum Hall state with increased Hall conductance forN = 2. The topological invariant
N is obtained according to Eq. (6.18).

with the elementary charge q = −e and a Fermi energy located in a bulk gap. Now, a voltage Vx is applied
in the x-direction, which is suXciently small, such that the energy EV = |eVx| << Γ is much smaller
than the bulk gap. This voltage leads to a linearly shifted chemical potential along the x-direction, i.e.

µ(x) = εF − eVx
x

Mx
, (6.11)

such that the diUerence in the chemical potential between the left and the right boundary of the system
is ∆µ = eVx. Since the bulk of the system is gapped, the change in the chemical potential does not
inWuence the bulk at all. On the other hand, there are gapless states at the edges of the system, which
will change their occupation according to the changed chemical potential. Therefore, since the chemical
potential is larger at the left edge, there will be more states populated on the left edge than on the right
edge, leading to an asymmetry in the current on both sides and therefore to a net current density jy in
the whole system. This current density is determined by

jy =
Iy

Myay
= − e

Myay

∑
α′

vα′(ky) = − e

~Myay

∑
α′

∂εα′(ky)

∂ky
, (6.12)

where Iy is the total current in the y-direction, vα(ky) = ∂kyεα(ky)/~ is the velocity associated with the
state |ψα(ky)〉 and the sum runs over all states α′ that are occupied on the left side but unoccupied on
the right side of the system. In the limit of a weak perturbation, this can be simpliVed to

jy = − e

~Myay

∂εF (ky)

∂ky
∆n, (6.13)

where εF (ky) is the energy of the edge states at the Fermi surface and ∆n is the number of additionally
occupied states. The chemical potential on the left boundary of the system has changed by ∆µ = eVx, due
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to the applied voltage. The number of additionally occupied states in the energy interval [εF , εF + eVx]
shall now be expressed in terms of the voltage. Therefore, we rewrite the change in the chemical potential
in terms of the k-space volume ∆ky that is available due to the energy change

eVx = ∆µ =

∣∣∣∣∂εF (ky)

∂ky

∣∣∣∣∆ky. (6.14)

In the last equation, the absolute value of the derivative of the dispersion is taken because both the k-space
volume and the energy shift are deVned as being positive. The number of states in this k-space volume is
straight-forward to determine. In a lattice ofMy sites, with lattice spacing ay , the quasi-momentum ky is
distributed overMy equally distributed values in the interval [−π/ay, π/ay] and therefore

∆ky =
2π∆n

Myay
. (6.15)

Combining equations (6.13)-(6.15) leads to the Hall current

jy = − e2

2π~
∂εF (ky)

∂ky

(∣∣∣∣∂εF (ky)

∂ky

∣∣∣∣)−1

Vx = −e
2

h
sgn

(
∂εF (ky)

∂ky

)
Vx (6.16)

and therefore to the Hall conductance

σxy =
jy
Vx

= −e
2

h
sgn

(
∂εF (ky)

∂ky

)
(6.17)

which is evidently quantized in terms of e2/h. This derivation for the Hall conductance was performed
for the case where a single edge state is present on the left edge of the system. For the case of multiple
edge modes, this derivation can easily be extended to represent the contribution of every single edge
mode to the Hall conductance as long as they are well separated in k-space. Therefore, the combined Hall
conductance for an arbitrary number of edge states is given by the sum

σxy = −e
2

h

∑
α

sgn
(
∂εα(ky)

∂ky

)
, (6.18)

where α labels the edge modes crossing the Fermi edge and εα(ky) is the dispersion of the α-mode at the
Fermi edge.
The derivation of Eq. (6.18) presented in this thesis is very simple and does not directly rely on any
topological arguments, however, the presence of edge states, which is required for a non-zero value of
σxy , is a result of the topology of the system, as argued above. However, the integer

ν =
∑
α

sgn
(
∂εα(ky)

∂ky

)
(6.19)

can also be interpreted in terms of topology, as pointed out by Hatsugai [79]. In his analysis, he found
that (6.19) is the winding number of the edge states on a Riemann surface, which is obtained by analyt-
ically continuing the energy onto the complex plane. Additionally, Hatsugai showed that this number is
identical to the total Chern number of the occupied bands and therefore proved the bulk-boundary cor-
respondence. Whereas Eq. (6.18) is independent of the conVning potential, the formulas for the Hall con-
ductance in [79] are derived only for the case of open boundaries but without a trapping potential. While
we present a generalized formulation of the Hall conductance for Vnite systems (6.18), which is formally
equivalent to the one obtained in [79] for the open system, no proof exists for the bulk-boundary corre-
spondence to hold for arbitrary conVning potentials. For a certain conVning potential, the bulk-boundary
correspondence has then to be validated individually by either numerical or analytical calculations (see
section 6.3 for the case of potentials relevant in optical lattice experiments).
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6.2 The Hofstadter Model
So far, the discussion of the quantum Hall eUect was based on topological arguments and the existence
of a band structure and did not rely on the explicit form of the underlying Hamiltonian. In this section,
we will discuss the famous Hofstadter model, which was introduced by Douglas Hofstadter in 1976 [87].
In the context of the quantum Hall eUect, two theoretical models have been of great importance, the
two-dimensional electron gas (2DEG) subjected to a perpendicular magnetic Veld and the Hofstadter
model, which in its initial formulation describes spinless fermions in a two-dimensional lattice potential
with an perpendicular external magnetic Veld in the tight-binding approximation. The Vrst-quantized
Hamiltonian for this system reads

H =
(p− e

cA)2

2m
+ V (x, y), (6.20)

where A is the vector potential determining the magnetic Veld according to B = ∇×A and V (x, y) is
the two-dimensional lattice potential in the x-y-plane. In the following, we choose the Landau gauge, i.e.
A = Bxex such that B = Bez is perpendicular to the plane. According to the original formulation by
Peierls [144], the second-quantized Hamiltonian in the tight-binding approximation is given by

H = −t
∑
〈i,j〉

eiφijc†i cj , (6.21)

where c†j creates a particle in the Wannier state j, which is deVned as the Fourier transform of the Bloch
eigenstates of Hamiltonian (6.20) but without a magnetic Veld. The so-called Peierls’ phases φij have to
be chosen such that a particle hopping on a closed path along the unit cell governs the phase

Φ = φ12 + φ23 + φ34 + φ41 = Baxay, (6.22)

for an illustration see Fig. 6.2 A common choice of the phases, which is often also referred to as the
Landau gauge, is

φij =

{
2παxi for hopping in the y-direction

0 for hopping in the x-direction
, (6.23)

where the parameter α = Baxay/2π is referred to as the Wux through the unit cell.

Figure 6.2: A particle hopping around a unit cell of the Wuxless system, enclosed by the lattice sites 1− 4,
accumulates the phase Φ = 2πα according to Eq. (6.22). Modifying the phases πij does not inWuence the
physics described by the Hofstadter model as long as Φ stays invariant under these modiVcations, which
results from the gauge-freedom of the vector potential.

For α being rational, i.e. α = p/q with p, q ∈ N, the unit cell of the system is enlarged an consists of
q unit cells of the Wuxless system (the system without magnetic Veld obviously has α = 0), which leads
to a splitting of the lowest band into q so-called magnetic bands of the system and the Brillouin zone to
be B = [−π/axq, π/axq] × [−π/ay, π/ay]. For the case of odd q, these bands are well separated by an
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energy gap, while for the case of even q the two bands at zero energy are touching each other at q points
in the Brillouin zone, leading to so-called Dirac points in the spectrum with a linear dispersion close to
these points, however, the residual q − 2 bands are again well separated from each other and from the
zero energy bands by non-zero band gaps. For non-rational Wux α the spectrum shows a fractal structure,
as pointed out in [87]. The spectrum of the Hofstadter model as a function of the Wux α is known as the
Hofstadter butterWy and shown in Fig. 6.3.
In the context of the quantum Hall eUect, the Hofstadter model with rational Wux is particular interesting

Figure 6.3: Energy spectrum of the Hofstadter model in terms of the Wux parameter α (6.23), which is
referred to as the Hofstadter butterWy. One clearly identiVes the separation of the eigenenergies into q
bands for the case when α = p/q with p, q, coprime and the fractal structure for the case when α is
irrational. Figure taken from [87] with slight modiVcation of the axis labels.

because it always shows a quantum Hall phase as soon as the chemical potential is placed in the band gap
between two distinct magnetic bands.
The Hofstadter model is particular interesting for cold atom experiments, since it is the simplest model on
a cubic lattice that realizes topological phases, in this case the quantum Hall eUect. In the next section, we
analyze the properties of Hofstadter models describing neutral particles in optical lattice potentials sub-
jected to artiVcial gauge Velds, which mimic a magnetic Veld for charged particles as described in section
5.4. As we will show, it is possible to realize quantum Hall physics in optical lattices by experimentally
realizing the optical lattice version of the Hofstadter Hamiltonian.

6.3 EUects of Smooth Boundaries on Topological Edge Modes in
Optical Lattices

M. Buchhold, D. Cocks, and W. Hofstetter
Phys. Rev. A 85, 063614 (2012)

The following section discusses the eUects of smooth boundaries of the edge states of a topological non-
trivial system, which can be implemented with cold atom experiments. This paper was written in collab-
oration with Daniel Cocks and Walter Hofstetter and was published in Physical Review A with the title
“EUects of Smooth Boundaries on Topological Edge Modes in Optical Lattices”.
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Since the experimental realization of synthetic gauge Velds for neutral atoms, the simulation of topolog-
ically non-trivial phases of matter with ultracold atoms has become a major focus of cold atom experi-
ments. However, several obvious diUerences exist between cold atom and solid state systems, for instance
the small size of the atomic cloud and the smooth conVning potential. In this chapter we show that sharp
boundaries are not required to realize quantum Hall or quantum spin Hall physics in optical lattices and,
on the contrary, that edge states which belong to a smooth conVnement exhibit additional interesting
properties, such as spatially resolved splitting and merging of bulk bands and the emergence of robust
auxiliary states in bulk gaps to preserve the topological quantum numbers. In addition, we numerically
validate that these states are robust against disorder. Finally, we analyze possible detection methods, with
a focus on Bragg spectroscopy, to demonstrate that the edge states can be detected and that Bragg spec-
troscopy can reveal how topological edge states are connected to the diUerent bulk bands.
Ultracold atoms in optical lattices provide a unique experimental setup for studying properties of solid
state systems in a very clean and well controlled fashion [15, 29]. Particularly interesting in this context
is the experimental implementation of artiVcial gauge Velds for neutral atoms, as discussed in section 5.4
and in [15, 123, 124, 119, 28], simulating for instance time-reversal symmetry breaking magnetic Velds
[96, 140, 167, 170, 54, 97] or a coupling of the atom’s internal spin degree to its angular momentum
[34, 125, 56, 120]. The realization of these eUects will open a path for precise simulations of a large class
of topologically non-trivial systems such as quantum Hall (QH) or quantum spin Hall (QSH) phases3. Cre-
ating topological states of matter with cold atoms is particularly attractive because of the precise control
of physical parameters such as the hopping amplitude and interaction strength, allowing the possibility
to observe strongly interacting topological phases in lattice experiments. However the implementation
of artiVcial gauge Velds for neutral atoms is only one experimental challenge in simulating topological
phases in optical lattices [156, 143, 2, 177]. Experiments must overcome the diXculties provided by the V-
nite size of the lattice and the soft boundary of the system, caused by a trapping potential that is smoothly
varying in space. Finite size leads to a Vnite overlap of spatially separated counterpropagating edge states
and therefore to possible backscattering processes, decreasing the robustness of the edge states against
external perturbations [173, 172]. While this is not a very serious restriction for optical lattice potentials,
which are relatively pure, the eUects of the soft boundary of the optical lattice system may signiVcantly
change the properties of the edge states characterizing topological insulators in Vnite systems. Whereas
recent publications identify the soft boundaries as an unwanted restriction or propose how to avoid them
by implementing artiVcial sharp boundaries to their system [57], we demonstrate in this chapter that soft
boundaries will lead to interesting additional features, either not present or at least not visible in systems
with sharp boundaries. For this purpose, we investigate diUerent trap shapes and geometries, which are
realizable in optical lattices and discuss their speciVc inWuence on the cold atom system.

This chapter is organized in the following way. First, in Sec. 6.3.1, we present the theoretical model
under consideration, a QH Hamiltonian in the tight-binding approximation for spin polarized fermions
conVned in an additional trapping potential. In Sec. 6.3.2, we present our results for the stripe geometry,
discussing in detail the properties of the edge states in systems with a hard wall boundary, a harmonic
trap and a quartic trapping potential. In Sec. 6.3.3, we study the shape of the edge states in a completely
trapped system and investigate the suitability of several detection methods as tools to probe the system
experimentally, including Bragg spectroscopy.

6.3.1 The Hofstadter Model for Cold Atoms
The model we consider is similar to the ones proposed in [96, 54], experimentally realizing time-reversal
symmetry breaking topological insulators with ultracold atomic gases. This model describes a two-
dimensional (2D) system of spin-polarized fermionic atoms subjected to a square optical lattice, experi-
encing an artiVcial Abelian gauge Veld A that induces an artiVcial uniform magnetic Veld perpendicular
to the lattice, B = Bez, which is similar to the celebrated Hofstadter Hamiltonian [87] on the lattice, see
previous section. In our system, the gauge Veld A enters the Vrst-quantized Hamiltonian of the system
in form of the minimal coupling p→ p− e

cA, which leads to the Hamiltonian:

H = (p− e

c
A)2/2m+W (x) + V (x). (6.24)

3For a brief introduction into the QSH eUect, see the next chapter
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Hamiltonian (6.24) contains the optical lattice potential W and a spatially dependent scalar potential V
which allows for the inhomogeneity of the lattice, caused by the Vnite width of the laser beams creating
the lattice or additional external potentials such as a harmonic trap or an artiVcial hard wall boundary.
For the moment we leave the detailed shape of V arbitrary, and only assume that the non-local matrix
elements of V are negligible (i.e. 〈l|V |m〉 = δl,m〈l|V |l〉, where 〈l| is the Wannier state at lattice site
l), which is reasonable in our case since the potential is either varying slowly compared to the lattice
spacing a, or is a step function. The second quantized form of Hamiltonian (6.24) in the tight binding
approximation then reads

H = −t
∑
l,m

c†l e
i2πφl,mcm +

∑
l

Vlc
†
l cl . (6.25)

The operator c†l here denotes the fermionic creation operator at lattice site l, with its respective annihi-
lation operator cl . The Vrst term is the well known nearest neighbor (NN) hopping with amplitude t,
and is complex due to the Peierls phases 2πφl,m that are a result of the gauge Veld, see Sec. 6.2. The sec-
ond term corresponds to the inhomogeneity V with the local matrix elements Vl ≡ 〈l|V |l〉. The phases
φl,m = 1

2π

∫m
l

A·dl are not uniquely deVned by the magnetic Veld and depend on the gauge chosen. Here,
we choose the common Landau gauge A = (0, Bx, 0), which leads to φl,m = α ·xl(δyl,ym+1−δyl,ym−1),
where xl and yl are the coordinates of lattice site l with lattice spacing a = 1 and α = Φ

Φ0
represents the

Wux per plaquette in units of the magnetic Wux quantum, Φ0 = h/e, see Eq. (6.23). Setting e = ~ = 1,
we obtain α = B

2π for the square lattice. Throughout the rest of this chapter we choose the hopping t as
the natural energy unit of our system. In the following sections we will restrict our analysis to the case
where α = 1/6 or α = 2/5 respectively. Our results for these two cases can easily be generalized to other
cases where α = p/q, with p, q ∈ N, and where topological edge states are predicted [80].

The experimental realization of a similar model was proposed in [57], where the authors consider a
spinful fermionic system subjected to an artiVcial gauge Veld that simulates a magnetic Veld of the form
B = Bσez, where σ = ±1 is the spin quantum number. This model preserves time-reversal invariance
and therefore allows for the realization of QSH phases in optical lattices. Because of the time-reversal
symmetry, our analysis also applies to this model when spin remains a good quantum number, and we
will mention the corresponding QSH phases throughout the text. A brief introduction to QSH physics
can be found in the succeeding chapter. So far, we have not accounted for a Zeeman splitting due to an
external magnetic Veld, a spin-orbit coupling or a staggering potential, all realizable in optical lattices
[57], see section 5.5. The physics caused by these additional eUects are indeed very interesting and
leaving them out may seem quite restrictive, but the results we discuss in this chapter are quite general
and require only that the states are topological and do not rely on the detailed nature of the edge states.

6.3.2 Edge States in Cylindrical Geometries

The deVning property of topological insulators in a semi-inVnite system is the emergence of gapless edge
states which are localized at one edge and robust against perturbations of the system, e.g. potential or
magnetic disorder. Furthermore, the presence of these states is the origin of the currents measured in QH
[104, 63, 80] and QSH samples [10, 101, 110] which are well known to be strictly quantized when Sz is a
good quantum number. Topological phases are typically distinguished by the transport properties of the
edge states, speciVcally by the quantized charge (or mass for neutral atoms) that is transported at a single
edge [108, 78]. One method of determining the topological quantum number for a given system is there-
fore to calculate the energy spectrum on a cylindrical geometry and to evaluate the transport properties
of the edge states directly, as described in Sec. 6.1.2. Alternatively, one may determine the topologi-
cal quantum numbers from the dispersion relation of Vlled bands [71] or the corresponding eigenstates
[79, 182, 78] in the corresponding inVnite system.

In this section we will focus on a cylindrical geometry and determine the spectral functions of the system
of interest via exact diagonalization of the Hamiltonian for a Vnite system of size 100× 100. We discuss
the properties of the edge states of the system by analyzing the integrated spectral function in quasi-
momentum space and real space for several kinds of boundaries and show the robustness of the edge
states against perturbations by switching on a disordered potential.
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Figure 6.4: Integrated spectral function for a system described by (6.25) with Wux α = 1/6 and stripe
geometry with 100 × 100 lattice sites. The stripe geometry is inVnitely extended in the y-direction and
as long as translational invariance is not broken along this direction, the Hamiltonian can be expressed
in terms of ky and x. In this case, a 100 × 100 lattice corresponds to 100 lattice sites in the x-direction
and ky being chosen on a 100 points grid in the interval [−π/a, π/a]. Three experimentally relevant
conVnements of the form V (x) = V0(x/L)δ are shown: a) hard wall, δ →∞, b) quartic conVnement, δ =
4 and c) harmonic conVnement, δ = 2. The spectra in the upper row, ρL(ky, ω), show the ky-dependence
along the periodic direction, integrated over the left half of the conVnement direction, see text, and the
real space spectra of the lower row, ρ̃(x, ω), show the x-dependence along the conVnement direction. To
the right of the Vgure are the transport coeXcients, calculated using (6.26) with the Fermi edge set to the
corresponding dotted line. For hard wall and quartic conVnement there is an appreciable number of bulk
bands and the edge states are clearly distinguishable, whereas within harmonic conVnement we consider
almost all of the states to be edge states. In each case we indicate left edge states in red (gray), while
the remaining bulk states are shown in black, corresponding to the left half of the cylinder in real space,
see lower plots. Two possible approaches exist for designation of edge and bulk states in softly conVned
systems. As seen in the upper row, energy regions with well deVned topological quantum numbers
can be identiVed in the spectrum. The corresponding states can be designated as part of the edge, and
the remaining ones as the bulk. Alternatively, we can deVne the edge as the point at which no states
have energies within the range of energies covered by states at the center of the trap. We use the latter
designation, although there is little diUerence between the two methods.

6.3.2.1 IdentiVcation of Topological Invariants

Topological phases can be characterized either by analyzing the band structure properties of the inVnite
system, or in terms of the transport properties of the system in a conVned geometry. While the Vrst ap-
proach is insensitive to the speciVc shape of the conVning potential, the latter may in principle strongly
depend on these details. In this section we discuss the properties of edge states at an inVnite wall bound-
ary, realized by open boundary conditions at the edges of the cylinder, henceforth referred to as stripe
geometry. For this kind of boundary the topological quantum number of the inVnite system is equivalent
to the transport coeXcient ν of the Vnite system, a relation known as the bulk-boundary correspondence
[79, 71]. The coeXcient ν counts the diUerence in number of forwards-moving and backwards-moving
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states at the Fermi edge, which represents the net transport for low-energy excitations and hence the
quantized edge current IE [80] and (6.18). Explicitly we have 4

νm =
∑
αm

sign(∂kyεαm(ky)), (6.26)

where αm labels the states at the Fermi edge with energy εαm(ky) = εF and m = L,R for the left
and right edge, respectively. Eq. (6.26) can be obtained by applying the well-known Laughlin argument
to a cylindrical geometry and subsequently following the procedure described in [79] or by following
the our derivation in the previous chapter (6.18), whereas the latter has the advantage that no speciVc
shape of the conVning potential has to be assumed. For the gauge A = (0, Bx, 0), the single particle
Hamiltonian (6.24) obeys the symmetry H(x,p) = H(−x,−p), which leads to νL = −νR. Throughout
this thesis we will only consider the Hall transport coeXcient for the left edge ν ≡ νL, which is identical
to the topological Z quantum number of the inVnite system and determines the Hall conductance σxy =
−νe2/h, see Eq. (6.18). The topological Z2 quantum number ν2, which indicates QSH phases in the
corresponding spin-1/2 system [57] can then be obtained, if Sz is a good quantum number, by [196, 198]

ν2 = |ν| mod 2. (6.27)

If ν2 = 1 the system will exhibit a QSH phase. In this section we make an explicit distinction between an
“edge state” and an “edge mode”. An edge state always refer to an eigenstate of the Hamiltonian that is
localized to one edge, whereas an edge mode refers to a series of edge states that are smoothly connected
in momentum-space. Although this distinction is not necessary for hard-wall systems, it is required for
soft boundary systems.

6.3.2.2 Cylindrical Geometry with Open Boundary Conditions

We Vrst consider a system described by (6.25) with a step potential V that is zero for |x| ≤ Lx/2 and
inVnite elsewhere, with Lx suXciently large, providing a hard-wall boundary at the edges of the cylinder.
Since the quasi-momentum in the y-direction is a well-deVned quantum number and we are interested
in transport coeXcients for this direction, it is convenient to represent the spectrum of the system in
terms of the integrated spectral density ρL(ky, ω) ≡

∫ 0

−L/2 dxρ(x, x, ky, ω), where the spectral function
is deVned as

ρ(x, x′, ky, ω) = −2Im〈x, ky|
1

ω −H + i0+
|x′, ky〉, (6.28)

Figure 6.5: Integrated spectral function ρL(ky, ω) for a system described by (6.25) with Wux α = 2/5 and
hard-wall (left) and quartic (right) conVnement. Edge states are shown in red (gray), while bulk states are
shown in black.

We integrate only over the left half of the system in real space, so as to separate the left from the right
edge states 5. In Fig. 6.4a), upper, the integrated spectral density ρL(ky, ω) is shown for α = 1/6. One can

4Please note that the stripe geometry has the discrete translational invariance of an inVnite lattice in y-direction and therefore
the quasi-momentum ky is a well deVned quantum number.

5The integrated spectral function for the full system can be obtained from ρ(ky , ω) = ρL(ky , ω)+ρR(ky , ω), where ρR(ky , ω)
is the integrated spectral function for the right half of the system, which fulVlls ρR(ky , ω) = ρL(−ky , ω).
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Figure 6.6: False color diagram of the integrated spectral density ρL(ky, ω) for a system described by
(6.25) with Wux α = 1/6, stripe geometry, and a conVning potential, V (x) = V0(x/L)δ . Bulk bands
are indicated in black and edge modes as colored curves, also marked as (a), (b), (c), (d). There exist
several true crossings and avoided crossings in the spectra which combine to preserve the topological
invariants for any conVnement exponent δ. Auxiliary states of the corresponding edge modes are shown
with dashed curves. The auxiliary states do not inWuence the topological phases of the system, since they
always come in pairs with opposing velocities.

identify the bulk states which are grouped into six thick bands and the edges states, which close the gaps
between the bands. To determine the transport coeXcients and possible topological phases, we place the
Fermi edge in a bulk gap and apply (6.26) to the dispersion of the edge states.

There are several phases visible in this system. If the Fermi edge lies within a bulk band, the system is
in a trivial metallic phase. If the Fermi edge lies between the third and fourth band, there are a set of
Dirac points with a linear dispersion and the phase is a semi-metal. In the bulk gaps, which lie between
the other bands, the edge modes place the system in a quantum Hall phase with ν = −1 and −2 for the
Vrst and second bulk gap, respectively, and inverted for the third, fourth bulk gap. In shorthand, we can
specify the phases between the bands by gap1/6 = {−1,−2,D, 2, 1}, where D represents Dirac points. In
the analogous spin-1/2 system, ν = ±1 indicates a QSH phase whereas ν = ±2 corresponds to a normal
insulator, due to lack of topological protection. In addition we also investigate the case where α = 2/5,
see Fig. 6.5 for which we Vnd gap2/5 = {2,−1, 1,−2}. Note that there are no Dirac points for α = 2/5.
The diUerences between gap1/6 and gap2/5 appear as diUerent real space behaviors within soft conVning
potentials that are not visible within a hard-wall conVnement, as we demonstrate in the next section.

6.3.2.3 Cylinder with Soft Boundaries

With soft boundaries, it becomes relevant to look at the spectra of the system in real space along the x
axis, ρ̃(x, ω) =

∫
dky ρ(x, x, ky, ω), as well as the partially integrated spectra in quasi-momentum space

along the ky axis, ρL(ky, ω). The quasi-momentum spectra allows us to extract transport coeXcients
and discuss the dispersion of the edge modes. On the other hand, the real space spectrum exhibits some
unusual features for diUerent trapping conditions. We consider a lattice of size 100 × 100 and trapping
geometries of the form V (x) = V0(x/L)δ where V0 = 10t and L = 50a is chosen such that V (x =
50a) = V (x = −50a) = 10t which is larger than the energy spanned by the inVnite system ∼ 8t.
Three particular values of δ are relevant to experiment: δ → ∞ which reproduces hard-wall boundary
conditions, δ = 4 for quartic conVnement and δ = 2 for harmonic conVnement. In most optical lattice
experiments, the conVning potential is a result of the Gaussian envelope of the Vnite beam width of the
lasers and in the center of the trap we may approximate this conVnement by its leading order harmonic
term. However, it is has been suggested [72] that one can remove the harmonic term by superimposing
an anti-trapping Gaussian beam of diUerent detuning to the trapping beam, which then promotes the
quartic term to the leading order approximation of the trapping potential, i.e. V (x) ∝ x4. This scheme
was realized in optical lattice experiments to improve quantum phase diUusion experiments [195, 194].
We investigate these trapping geometries below in further detail.
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1. General features and preservation of topological invariants

In Fig. 6.4, we show a comparison between ρL(ky, ω) and ρ̃(x, ω) for α = 1/6 and hard wall, quartic
and harmonic conVnements that are relevant to experiment. One can see that the potential does not
gap the system, and edge modes continue to connect the bands. The transport coeXcients of the soft
boundary systems, indicated to the right of Fig. 6.4, are insensitive to the trapping potential. In other
words, there exist energy ranges in which we can identify a transport coeXcient, which is identical for
all conVnements we consider.

Comparing the ky-dependent soft-boundary spectra of the upper row in Fig. 6.4, we make two observa-
tions: 1) we can readily identify highly degenerate regions of bulk bands in the hard-wall and quartic
conVnements, and 2) we Vnd that the dispersion of edge modes that are present within quartic conVne-
ment do not change noticeably when changing the conVnement to the harmonic trap. In contrast, the rest
of the spectrum is signiVcantly modiVed, such that the ratio of bulk to edge states is very small. To deVne
such a bulk region in the soft boundary system, we assume the edge begins at a distance from the trap
center where none of the states at this point overlap in energy with any of the states in the very center
of the trap (i.e. at x = 0).

Analogously, we can clearly identify a bulk region from the x-dependent spectra in the bottom row
of Fig. 6.4 for the quartic trap, but not in the case of the harmonic trap. From this we conclude that
the quartic trap is likely the best trapping potential for observing eUects of both the bulk system and
topological edge states in an experimental setup, if it is not feasible to artiVcially implement hard wall
boundaries as proposed, for example, in [57]. Furthermore, we observe no overlap between states of
diUerent edges, which has been proposed to destroy edge states via couplings between the edges [173].
This again shows that the edge states are topologically protected and robust against external changes in
the potential.

In Fig. 6.5, we also show a comparison of ρL(ky, ω) for the case where α = 2/5 between a hard wall (left
column) and a quartic conVned system (right column). We again calculate the transport coeXcients of
both systems and list these next to the plots to show that these also coincide for all trapping potentials.

To better understand the details of the rather complicated spectra of the quartic trap, we choose to follow
the edge modes of the hard-wall conVnement by smoothly varying the trapping exponent δ. We show
plots for δ = 60, 16, 8 and α = 1/6 in Fig. 6.6, where we have artiVcially colored the spectra to indicate
each edge mode. δ = 60 represents a very steep trap, and is almost identical to the hard-wall case: with
the color designation, one sees that the blue and yellow edge states are only present in the 2nd and 3rd
bulk gaps, respectively, whereas the red (marked as (a)) and green edge states (b) span two bulk gaps. As
the conVnement is made softer, we see that an edge mode may cross the BZ more than once, and that
the energy range of the edge states changes, e.g. with δ = 8 the red state (a) now extends into the 3rd
bulk gap. However, whenever this occurs, the state forms an avoided crossing at some higher energy
with a diUerent edge state and is forced downwards in energy, a process which preserves the value of the
topological invariants. We represent this in the false color diagram by a dotted line for parts of the edge
states that are non-topological, i.e. not connecting diUerent bulk bands. For δ = 16, 8, we can consistently
see this occurring in the most energetic edge mode (colored green, (b)), which extends above the highest
bulk band, and forms an avoided crossing with the non-topological edge state created by the eUect of the
trapping on the highest bulk band.

Note that, due to the trapping potential, several edge states that belong to the same edge mode may exist
for one value of energy.

2. Merging and splitting of edge states

When the number of edge modes changes, as the Fermi edge crosses a bulk band in the hard-wall bound-
ary system, either an edge mode must be created, or an edge mode must merge into either the bulk band
itself or with another edge mode. In the soft-boundary system we can see some very non-trivial behavior
that shows the complexity of these processes.

We Vrst focus on the real space spectra of the α = 2/5 Wux system under quartic conVnement, see Fig. 6.7.
In the lowest gap, we see that two diUerent edge modes, which evolve between the Vrst and second bulk
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band, merge into a single edge mode, which evolves between the second and third bulk band. In the
hard wall system, this mode is localized to a single site in the x-direction and can only be observed in
quasi-momentum space. In the quartic trap, the edge states leaving the Vrst bulk band follow the shape
of the quartic potential and one may expect the same for the states leaving the second bulk band. As one
sees in Fig. 6.7, this is not the case. The states leaving the second bulk band immediately start to merge
with the edge states from the Vrst bulk band and the result is only a single mode at each edge, evolving
between the second and third bulk band. Although it is not possible to determine topological invariants
from real-space spectra, we can link this merging behavior to the ky-space spectra of Fig. 6.5 and see that
it leads to the correct topological quantum number ν = −1. The same eUect is again observable between
the fourth and Vfth bulk band. Interestingly, the merging of these modes does not take place via a simple
overlap of the states, but a gap in real space with negligible spectral weight exists between the states
originating from the bands and the newly-formed edge mode.

In the α = 1/6 Wux system, we also see the opposite eUect: the splitting of a single bulk band, to connect
edge modes of diUerent bands which are energetically well separated. In Fig. 6.4, the integrated spectral
density ρ̃(x, ω) shows that the modes leaving the second and Vfth bulk bands each split into two curves,
where a single eigenstate has large amplitudes on two spatially separated lattice sites. We interpret this
splitting as a process that facilitates the connection between diUerent bands which we observe in Fig. 6.6.
For example, the outer part of the mode leaving the second bulk band can be seen to merge at higher
energies with the mode that is a product of the third and fourth bands. This connection between the
bands is analogous to the avoided crossings that we observe in the ky-dependent spectra in Fig. 6.6.
This very non-trivial behavior of modes within the outer region of the system, combined with transport
coeXcients which are identical to the topological quantum numbers, given by the transport coeXcients
of the inVnite system, indicates that the soft edge states are of topological origin. To further verify this,
we address in section 6.3.2.4 the robustness of these states against perturbations in terms of a disordered
background potential.

3. Relation of Edge States and Bulk Bands

When we look more closely at the dispersion of the edge modes, we can see an interesting connection to
the bulk bands of the system. We focus on the quasi-momentum spectra for the case α = 1/6 shown in
Fig. 6.6 for increasing conVnement exponent δ.

The dispersion of an edge mode leaving a given bulk band can be described on two diUerent quasi-
momentum scales. For a small range of ky , the dispersion mimics that of its associated bulk band, and
this behavior becomes more prominent for smaller δ. This can be seen for the lowest edge modes, colored
red (a) and blue (b), e.g. the red (a) mode has a locally Wat dispersion, mirroring the Watness of the lowest
band. However, when avoided crossings have occurred, such as for the yellow (c) and green (d) edge
modes, the dispersion of an edge mode cannot simply be described by one band alone and corresponds to
a mixture of bands.

On the other hand, considering the Brillouin zone as a whole, the edge modes become more Wat in mo-
mentum space, the smoother the conVning potential is in real space. This Wattening is a direct result
of the number of accessible sites at the edge. The number of lattice sites, nedge, that are available
for an edge state between e.g. the Vrst and the second bulk band, is the number of sites i that fulVll
ε1 − ε0 / V (xi) / ε2 − ε0, where ε1 (ε2) are the maximum (minimum) energies of the Vrst and second
bulk band, respectively, and ε0 is the minimum energy of the Vrst bulk band [172]. In the hard wall
system, nedge = 1 but becomes larger the smoother the conVning potential becomes in real space. An
interesting result for the α = 1/6 Wux per plaquette, is that the Watter the potential becomes, the Wat-
ter the lowest gap edge modes become, with a corresponding increase of the eUective mass of system’s
excitations:

m∗ ≡
(
∂2

∂k2
y

ε(ky)

)−1

→∞. (6.29)

This is generally true for soft conVnements, as pointed out in [172], but the edge state structure in the
case α = 1/6 allows this feature even for relatively steep potentials.
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Figure 6.7: Integrated spectral density ρ̃(x, ω) for a system described by Eq. 6.25 on a 100 × 100 lattice
with quartic conVnement V . In the left Vgure, the Wux is chosen to be α = 2/5, while in the right Vgure
α = 1/6. In the left Vgure, the edge states leaving the second bulk band immediately merge with the edge
states of the Vrst bulk band to form a state spatially localized between the bulk bands with the correct
transport coeXcient. In the right Vgure, the states leaving the second bulk band split up, i.e. they localize
to more than one point in space. The inner part of these states merges with the edge states of the third
band at higher energies. Similar behavior is observed for the 3rd, 4th and 5th band. As pointed out in the
text, this non-trivial behavior is an indication of the topological origin of the edge states.

6.3.2.4 Robustness of Soft Edge States in Stripe Geometries

One of the most important properties of topological edge states is their robustness against even large per-
turbations, which leads to clearly detectable quantized Hall conductance in impure experimental setups.
In optical lattice experiments which are, by construction, very clean realizations of condensed matter
Hamiltonians, perturbations such as disorder are usually not an issue. However, since disordered poten-
tials can be implemented in a controlled manner [12, 46, 157], it is of interest to thoroughly investigate
how robust the edge states are against these kinds of perturbation. Here, we address this question for
soft boundaries. The general argument, which illustrates the robustness of edge states in condensed mat-
ter systems, is the lack of possible backscattering processes [78]. Counter-propagating edge states are
localized on opposite edges of the system and are very well separated spatially. Therefore, in huge con-
densed matter systems, these states have vanishing spatial overlap and backscattering from impurities
is completely suppressed. In contrast, in Vnite systems diUerent edge states from opposite edges will
have a Vnite overlap in real space, which theoretically allows for backscattering processes, and therefore
disorder may lead to the opening of a gap in the spectrum. However, as we will see from our numerical
results, even in very small systems (≈ 60 lattice sites in x-direction) this eUect is not observable.

To verify the robustness of the soft edge states numerically, we perturb the system described by Eq. 6.25
by adding a disordered background potential

Vdisorder =
∑
l

∆lc
†
l cl , (6.30)

where ∆l is distributed randomly, either by a binary distribution, ∆l ∈ {0,∆max},∀l, or by a uniform
distribution, ∆l ∈ [0,∆max],∀l 6. For all realizations, we found that the edge states stay robust and
still connect the diUerent bulk band regions without opening a gap up to disorder strengths of about
∆max ≈ 0.5t for binary disorder and even larger strengths for uniform disorder.

For example, in Fig. 6.8 the integrated partial spectral density ρL(ky, ω) is shown for a 120 × 60 lattice
system with uniformly distributed ∆l and ∆max = 0.5t. There is clearly no gap in the spectrum and

6In the presence of a disordered background potential, translational invariance in the y-direction is broken and therefore, to
mimic a semi-inVnite system, we diagonalize the Hamiltonian of the system on aLx×Ly lattice with periodic boundary conditions
in the y-direction (i.e. ψ(x, y) = ψ(x, y + Ly), where ψ(x, y) is the single-particle wave function).
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Figure 6.8: Integrated partial spectral density ρL(kx, ω) of a system described by Eq. 6.25 on a 120 × 60
lattice with α = 1/6. Right: with an additional binary disordered potential, given by Eq. 6.30 and
∆max = 0.5t. Left: with the disordered potential being set to zero. The robust edge states are still clearly
pronounced and gapless, while the former bulk bands are smeared out and show a mobility gap (not
shown here but obtainable from the Anderson-localized bulk eigenstates).

although quasi-momentum is no longer a good quantum number, the edge states in momentum space
are very sharply centered around a particular value of ky and remain delocalized in the y-direction as
they were for the system without disorder 7. In contrast, some of the bulk states now consist of many
quasi-momentum components (not shown in our Vgure) and therefore become localized to a region much
smaller than the system size, which can be termed Anderson localization.

We have also addressed larger systems with larger boundary regions. These systems contain more and
more edge states in a given bulk gap, which may possibly lead to diUerent backscattering processes
between edge states located at the same edge and therefore open gaps in the spectrum after disorder is
introduced. To exclude these possibilities, we studied system sizes of up to 60× 240 lattice sites without
Vnding any indication of gaps in the spectrum or localization of the edge states up to disorder strengths
of ∆max = 0.5t.

6.3.3 Detection Methods

So far we focused on a semi-inVnite system with stripe geometry. However, realistic systems in optical
lattice experiments are conVned to a Vnite region in all dimensions by the Vnite beam width of the lasers.
In this section, we determine the spatial wave functions of a 2D system trapped in both the x- and y-
directions and discuss possible detection methods of the resulting edge states.

6.3.3.1 Eigenstates of the Completely Trapped System

We determine the eigenstates of a system with a conVning potential V that varies in the x- and y-
directions

V (x, y) = V0

[( x
L

)δ
+
( y
L

)δ]
. (6.31)

The parameter δ determines the shape of the trap and the possible eigenstates. For δ → ∞ the system
is again conVned by hard walls in both directions, while for δ = 4 and δ = 2 the system is in a quartic
and harmonic conVnement, respectively. For harmonic conVnement, we expect the eigenstates that are
extended over various lattice sites to be circularly symmetric, whereas in the quartic case the potential is
no longer circularly symmetric and the states take on a shape that is sometimes referred to as a squircle

7At this point, one has to keep in mind that we are investigating the properties of a Vnite system, which has per construction
only localized eigenstates. Localization or delocalization therefore means conVnement to few lattice sites or an extension over
various sites and must be understood from the context.
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Figure 6.9: Wave function |Ψ(x, y)|2 as a function of the lattice spacing a of diUerent eigenstates of the
system within complete quartic conVnement. The real space spectral density shown to the left is a cross
section of the complete system: ρ(x, y = 0, ω). Three particular eigenstates have been shown, and their
energies indicated by arrows to the spectral density. The wave functions belong to a) a bulk region and
b) and c) to a pair of edge states splitting up after leaving the second bulk band.

[128]. For this analysis we again will restrict ourselves to a system with 100 × 100 lattice sites and a
trapping potential with a minimum value of V0 = 10t along each edge of the lattice. We again focus on
α = 1/6.

In Fig. 6.9, we clearly see the diUerent real space distribution of edge states compared to bulk states. The
bulk states are delocalized over a region of about 30 × 30 lattice sites, while the edge states for a given
energy follow the isolines of the quartic potential, and are strongly conVned to these regions. Comparing
Vgures b) and c) for the completely trapped system one can see the splitting of the edge states leaving the
second bulk band as the two states have a weak overlap with one another. The shape of the edge states in
the quartic conVnement looks similar to that which one would expect in the hard wall system (like those
explicitly shown in [57]) and diUers only at the very corners of the system. We therefore expect similar
single particle excitations for the quartic conVnement as for the hard wall conVnement when probing the
edge states in experiment.

The situation slightly changes when looking at the harmonically conVned system. There, the conVning
potential is circularly symmetric and one may expect that the eigenstates reWect this symmetry. The wave
functions of the harmonically conVned system are shown in Fig. 6.10. As already seen from the spectral
density plotted in Fig. 6.4, the former bulk region is tightly conVned to very few lattice sites in the center
of the trap, which makes it diXcult to deVne a bulk region in the harmonic trap. On the other hand,
the edge states chosen reWect the radial symmetry of the trapping potential and again are localized along
the isolines of the trapping potential. This already indicates that for the harmonic conVnement we expect
very diUerent excitation dynamics than for the quartic and hard wall conVnement, where signiVcant parts
of the eigenstates are quasi-one-dimensional.

For harmonic conVnement, one can solve the continuum model analytically in the absence of the lattice
[131, 27] and the resulting wave functions are quite similar to those from the lattice calculation. The
major diUerence in the continuum case is that no edge states from diUerent bulk bands merge, since the
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Figure 6.10: As in Vgure 6.9 but with complete harmonic conVnement. The three states are shown from
a) a bulk region and b) and c) edge states of states belonging to diUerent bulk bands. Spatial coordinates
in units of the lattice spacing a.

hall conductivity always increases by one when passing a bulk band and the diUerent bulk bands are not
connected. Additionally, angular momentum is only a good quantum number in the continuum case.

6.3.3.2 Bragg Spectroscopy

An important question concerning topological non-trivial phases in ultracold atoms is whether the edge
states are detectable with existing experimental tools. Due to the lack of stationary transport in optical
lattice experiments, it is not feasible to directly measure the Hall conductance, and one has to consider
alternative approaches [172, 158]. Several possibilities for detecting edge states or topological quantum
numbers in optical lattice experiments have been proposed. Some require careful experimental implemen-
tation such as Bragg [126, 58] or Raman spectroscopy [35] and others take advantage of easily accessible
observables like time-of-Wight (ToF) patterns or density proVles. Density proVle measurements were pro-
posed by Umucalilar et al. [186] to directly separate the bulk and edge densities between diUerent bands.
However, as already pointed out in [172], these proVles do not show the required structure, as can be
seen in Fig. 6.4 (lower): the bulk bands all occupy approximately the same real space extent. Hence, this
method is not applicable to topological systems in general. Alternatively, ToF measurements have been
proposed by Zhao et al. [200] to exhibit minima and maxima that depend on the topological number of
the system. While this is true for the speciVc cases they were investigating and also for our system in
the case of α = 1/6, we found that it is not valid in the case of α = 2/5 and therefore cannot be reliably
used as a detection method in experiment. In contrast, Alba et al. [3] propose using ToF measurements
as a method to identify skyrmions, by focusing on topological properties of pseudo-spin vectors within
the Hamiltonian on the Bloch sphere. However, this method focuses on bulk properties rather than the
edge modes that we consider here.

We choose to focus instead on Bragg spectroscopy, which probes the dynamical structure factor S(q, ω)
of the underlying system. Bragg scattering of topological insulators in optical lattices has been previously
considered for the case of the quantum anomalous Hall eUect [126]. However, no inhomogeneity of the
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lattice was considered. Recently, Goldman et al. [58] have investigated Bragg spectroscopy theoretically,
considering shaped lasers to probe angular momentum states within circularly symmetric traps. While
this is a novel implementation to enhance the detection of edge states, we demonstrate that one is able
to observe edge states using a simple linear Bragg coupling which, due to technical limitations, may
be the only option available to a particular experiment. Furthermore one can observe diUerences in
Bragg spectroscopy between the various bands that we show is not due to chirality considerations. We
do not propose an explicit experimental setup and simply assume that one can measure the dynamical
structure factor directly. One such proposal to measure this precisely in an optical lattice is the so called
"shelving method" [58]. When performing Bragg spectroscopy, the system is illuminated by two laser
beams, described by wave vectors p1,p2 and frequencies ω1 = p1c, ω2 = p2c, respectively, and the
diUerences in these quantities, q = p1 − p2 and ω = ω1 − ω2, allows for transitions between diUerent
eigenstates of the original system. The Hamiltonian describing the interaction of the system with the
laser beams is then given by

HBragg =
Γ

2

∫
d2p

(
e−iωtΨ†(q + p)Ψ(p) + h.c.

)
, (6.32)

where Ψ†(p) is a Veld operator, creating a particle with real momentum p and Γ is the coupling strength
of the lasers [171, 175, 174]. The dynamical structure factor in linear response theory for an inVnite
homogeneous system is directly connected to the density-density correlation function χq,q(ω)

S(q, ω) = − 1

π
Imχq,q(ω) (6.33)

via the Wuctuation dissipation theorem [142]. For our case, we have to evaluate S(q, ω) for the inhomo-
geneous system, where the quasi-momentum is no longer a good quantum number. Within the linear
response approximation, and accounting for the Vnite size of the system and Vnite time of the measure-
ment process, we Vnd:

S(q, ω) = |Γ|2∆
∑
µ,λ

nλ(1− nµ)|Aλ,µ(q)|2

(ω − ωµ + ωλ)2 + ∆2
. (6.34)

Here, λ, µ label the single-particle eigenstates of the system, nν and ων are the occupation number and
energy, respectively, of the state ν. We introduce a Lorentzian broadening factor ∆, to allow evaluation
in a system of Vnite size. The scattering amplitude Aλ,µ(q) is the probability of a particle in state µ to
scatter into the state λ by gaining momentum q and is given by the integral

Aλ,µ(q) =

∫
d3re−iqrψ∗µ(r)ψλ(r). (6.35)

After determining the single particle eigenstates of the system, we can directly calculate the dynamical
structure factor. Because we are focusing on the detection of edge states, we investigate a system with
a Fermi energy located in a bulk gap at εF = −2t (see Fig. 6.4), where an edge state is located. There
are now four general scattering processes possible, edge→edge, edge→bulk, bulk→edge and bulk→bulk.
Edge→edge scattering is clearly distinguishable by analyzing the dynamical structure factor. Given a
frequency ω, the set of possible momentum transfers allowed to another edge state is very limited be-
cause the edge states are well localized in momentum space. For the case of edge→bulk scattering, many
diUerent momenta are accessible and therefore we see a signal regardless of the value of q. This means
for a Vxed momentum transfer q, S(q, ω) as a function of ω consists of a δ-peak approximately around
ω = qvF

8 and a smeared out region, where the bulk bands are located. This can be seen in Fig. 6.11
(left), where the Vrst peak indicates edge→edge scattering and the second and third peaks correspond to
edge→bulk and bulk→bulk scattering. On the other hand, for a Vxed frequency ω, the response in mo-
mentum space describing edge→edge scattering looks quite diUerent from that obtained from edge→bulk
scattering, as one can see from Fig. 6.11 a) and b), respectively. For the quartic conVnement, the edge states
form squircles in real space (Fig. 6.9), which means that low energy excitations are most favorable in x- or
y-direction, resulting in the square-like structure of S(q, ω) in Fig. 6.11, which is approximately described

8In this case we used the Fermi velocity vF ≡ ∂ky εF (ky) of the edge states of the cylindrical geometry, where ky is a good
quantum number, to approximate the frequency ω, which is reasonable when looking at Fig. 6.9.
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Figure 6.11: Dynamical structure factor for a system with quartic conVnement and Fermi energy in the
Vrst bulk gap (εF = −2t). Left: S(q, ω) for Vxed momentum q as a function of ω. The Vrst peak belongs to
edge→edge scattering and its position is sensitive to q and can be written, for small ω, as ωq = vF,edgeq.
The second and third peak belong to edge→bulk scattering from edge states into the third and fourth
bulk bands, located around ε = 0 and to bulk→bulk scattering from the Vrst to second bulk bands, where
the frequency is independent of q. No signal appears of scattering from edge states to the second bulk
band, located at ω = 0.5t, indicating a disconnection between these states, i.e. these states have vanishing
matrix elements of the Bragg operator. Right: S(q, ω) for Vxed frequency as a function of momentum
transfer q for a) edge→edge scattering at ω = 0.2t, b) bulk→bulk scattering processes at ω = 1.5t.

by {qallowed} = {(qx, qy) | max{|qx|, |qy|} ≈ q0 = vF /ω}. In contrast, the dynamical structure factor of
bulk→bulk scattering from the Vrst to the second band is smeared out and depends on the Fermi surface
of the occupied level at εF and the Fermi surface of the unoccupied band ε̃F = εF + ω. The allowed
momenta are approximately described by {qallowed} = {(qx, qy) | |qx| + |qy| ≈ ε̃F /ṽF } and form a rough
square which is rotated by ϕ = π/4 compared to the edge→edge scattering. Note that as a result of the
structure of Aµ,λ(q), where a minimal spatial overlap of the two spatial wave functions is needed for ob-
taining a Vnite scattering amplitude, high frequency edge→edge scattering is exponentially suppressed
because the presence of the trap causes energetically separated edge states to be localized to diUerent
distances from the center of the trap. This does not occur in the equivalent hard-wall system.

For the harmonically conVned system, S(q, ω) as a function of ω for Vxed q is qualitatively the same as in
the quartic system. In contrast, S(q, ω) as a function of q for Vxed ω for edge→edge scattering looks quite
diUerent than for quartic conVnement. As seen in Fig. 6.10, the edge states have a circular symmetry and
therefore no momentum transfer direction is preferred, which leads to the set of allowed states forming a

circle {qallowed} = {(qx, qy) |
√
q2
x + q2

y ≈ ω/vF }, shown in Fig. 6.12.

An important discovery of our calculations is that there is an obvious absence of spectral weight at
frequencies where we expect signals of edge→bulk scattering. To highlight this, we calculate an artiVcial
Bragg response where we allow only initial states in the energy range −2.5t < ε < −2t for transitions
to states of higher energy. This means any signal due to possible bulk→edge or bulk→bulk transitions
is suppressed. The spectra shown in Fig. 6.13 demonstrate edge→edge signal for the Vrst bulk gap,
edge→bulk signal to the third and fourth bulk bands, but conspicuously absent signal for the edge→2nd
bulk band transitions, which would be expected for Bragg frequencies 0.5 < ω < 1.5. This implies that
the Vrst edge and second edge/bulk are disconnected, i.e. have a vanishing matrix element of the Bragg
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Figure 6.12: S(q, ω) for a Vxed frequency ω = 0.2t as a function of momentum transfer q, for a Fermi
energy εF = −2t. Left: S(q, ω) for the quartic conVned system. The system shows a strong response
when one component of q = (qx, qy) has an absolute value |qx,y| = q0 = ω/vF because excitations along
the x-axis, y-axis are most favorable (see Fig. 6.9). Right: S(q, ω) for the harmonically conVned system.
Here, the response is close to circularly symmetric in q-space, reWecting the shape of the eigenstates. No
particular direction is anymore favorable, as long as the absolute value of |q| = q0 is Vxed.

Figure 6.13: Dynamical structure factor S(q, ω) for Vxed momentum q as a function of frequency, for
a Fermi energy εF = −2t, as seen in Fig. 6.11 but with artiVcially suppressed bulk→bulk scattering
processes. The Vrst peak belongs to edge to edge scattering processes and is sensitive to the momentum
transfer q with approximate frequency ωq = vF,edgeq. The broadened peaks around ω = 1.5t belong to
edge→bulk scattering to the third and fourth bulk bands. It is clearly visible that there is no scattering
from the edge states to the second bulk band, which is located at ω = 0.5t.

operator. It is possible to predict this behavior from the dispersion of the edge states (see Fig. 6.6), as one
can see that the lowest edge mode, colored in red, passes unimpeded through the second bulk band, and
never displays an avoided crossing with the blue edge mode of the second band or the second band itself,
while it always merges with the 3rd or 4th band (with which we Vnd non-vanishing matrix elements
of the Bragg operator). For higher energies, and strong conVnements, we see the opposite behavior of
avoided crossings between red (a) edge modes and yellow (c) edge modes, indicating that one can expect
a Vnite Bragg response from transitions between these states. Note that the lack of edge→bulk scattering
is not a result of the soft-boundaries inhibiting real-space overlap. We have performed equivalent hard-
wall boundary calculations where real-space overlap is guaranteed but we again observe an absence of
signal for disconnected edge→bulk transitions. Note also, that we do not expect to observe a clear signal
for large frequency edge→edge transitions regardless of the type of trap, as there is larger range of states



110 6. Z-Topological Insulators in Optical Lattices

beneath the Fermi-edge that can be accessed with the Bragg laser. Hence, many diUerent values of ky will
contribute, leading to a blurred signal.

In this section, we analyzed the properties of 2D topological edge states in softly conVned systems with
a conVnement in one direction of the form V (x) = V0(x/L)δ . By varying the conVning potential from a
hard-wall to a quartic or harmonic potential, we showed that the topological properties of the edge states
in speciVc bulk gaps do not depend on the steepness of the conVning potential, while a conVnement
sharper than harmonic is required to achieve an appreciable bulk region of the lattice. We suggest that
quartic conVnement is suitable to observe both edge state and bulk properties, which may be realized
by superimposing attractive and repulsive Gaussian beams. Furthermore, we observed the emergence of
robust auxiliary edge states, which provide additional structure to edge modes but do not inWuence the
topological quantum numbers. The main feature of these auxiliary states is that they connect edge states
which are spatially separated to bulk bands of the system. This provides a mechanism to preserve topo-
logical invariance, as soon as the edge states and bulk bands become spatially separated. In these cases
the band-structure exhibits a series of avoided crossings that act to preserve the topological invariant. An
analysis of the spectral density of softly conVned systems in real space revealed the splitting and merging
of edge states from diUerent bulk bands, which is also indicative of their topological nature.

We also determined the wave functions of eigenstates in a completely trapped system and showed how
these depend on the conVning potential. With these, we calculated the dynamical structure factor which
can, for instance, be measured by Bragg spectroscopy. We found that the dynamical structure factor can
reveal the edge and bulk states of the system and their overlap.

In summary, we demonstrated that topological properties in ultracold atomic systems with artiVcial gauge
Velds are not sensitive to the trapping potentials available in optical lattice experiments and that the edge
states of these systems can be clearly detected via Bragg spectroscopy. We believe that soft boundaries
provide more detailed insight into the behavior of edge states, which cannot be observed in hard-wall
systems, and are therefore worth investigation in their own right.



7. Z2-Topological Insulators with Interacting
Ultracold Fermions

7.1 Time-Reversal Invariant Topological Insulators
In the previous chapter, we have discussed quantum Hall systems as prototypes for a Z topological classi-
Vcation. The topological invariant corresponding to these systems is the Z number C , which is the Chern
number of the occupied bulk bands. It can equivalently be obtained from to the bulk-boundary correspon-
dence of the edge states in a Vnite system. This topological invariant determines the Hall conductance
σxy . By applying the time-reversal operator T to a Hamiltonian with a magnetic Veld, one eUectively
changes the sign of the magnetic Veld. This also changes the sign of the Hall conductance, i.e. the sign
of the topological invariant is changed. This means that systems, which are time-reversal invariant, can
only have a Z topological quantum number of zero, i.e. are topologically trivial [78]. However, Kane and
Mele in their seminal paper [101] have found a diUerent class of topologically non-trivial insulators for
the case when time-reversal symmetry is unbroken, but the non-trivial topology is caused by spin-orbit
interactions. Crucial for this new Z2 classiVcation is the presence of two electronic Wavors, which we call
spin-up and spin-down. While the quantum Hall eUect could be explained by a single fermionic Wavor,
this is not possible for a Z2 topological phase. The key idea is, that time-reversal symmetry is broken
for each spin alone, but not for the combination of both spins. For spin-1/2 particles, the T operator is
antiunitary, i.e. T 2 = −1, since a rotation of the spin-state | ↑〉 around the angle φ = 2π recovers the
state −| ↑〉. This directly leads to Kramer’s theorem, which states that all eigenstates of a time-reversal
invariant Hamiltonian H are at least two fold degenerate. Kramer’s theorem can be proven by contra-
diction: Suppose |Ψ〉 is a non-degenerate eigenstate of the time-reversal invariant Hamiltonian H , then
T |Ψ〉 must also be an eigenstate corresponding to the same eigenenergy. Since |Ψ〉 is non-degenerate,
T |Ψ〉 = eiϕ|Ψ〉 for some complex phase factor eiϕ. This would mean T 2|Ψ〉 = |eiϕ|2|Ψ〉 = |Ψ〉, which
is not allowed because 1 6= −1. Therefore no non-degenerate states exist in a time-reversally invariant
system [78].
The TKNN invariant for a T invariant system is always C = 0, but there must be an additional topologi-
cal invariant for theses systems, since one can distinguish at least two fundamentally diUerent classes of
time-reversal invariant Hamiltonians, as we see in the following. We can understand this in a very simple
picture by looking at a quantum Hall system: consider a quantum Hall system with non-zero topological
quantum number. The spectrum of this system has edge states traversing the bulk gap, with opposite
velocities on opposite edges. The T operator maps −k→ k, such that

T HT =

∫
B
dk T |k〉h(k)〈k|T =

∫
B
dk | − k〉h(k)〈−k| 6= H, (7.1)

where h(k) is the subblock ofH corresponding to the quasi-momentum k and the integral runs over the
Vrst Brillouin zone B. Since H describes a topologically non-trivial system, there must exist at least one
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pair of subblocks h(k) and h(−k), such that h(k) 6= h(−k). In contrast to the spinless system, for the
spinful system the T operator maps (−σ,−k) → (σ,k). Consider now a system, which is described by
the Hamiltonian

H = H↑ +H↓ =

∫
B

(| ↑,k〉h(k)〈↑,k|+ | ↓,k〉h(−k)〈↓,k|) dk. (7.2)

Applying the T operator to this Hamiltonian then leads to

T HT =

∫
B

(T | ↑,k〉h(k)〈↑,k|T + T | ↓,k〉h(−k)〈↓,k|T ) dk = H, (7.3)

such that the system is trivial with respect to the Z classiVcation. We realize two important consequences
from equations (7.2) and (7.3). First, the system described by the HamiltonianH is time-reversally invari-
ant, which means that the Hamiltonian possibly relies only on intrinsic eUects of the system, but not
on external perturbations, such as magnetic Velds in the quantum Hall eUect. Second, although the Hall
conductance of this system is always zero for Vlled bands, the spin Hall conductance σSxy ∝ σ↑xy − σ↓xy
is strictly quantized and therefore there must exist another topological quantum number, which indicates
this quantization but is diUerent from the Z quantum number for the QH eUect.
The fact that this new classiVcation is Z2 rather than Z, i.e. that there are only two possible topological
classes of time-reversal invariant Hamiltonians was rigorously proven by Kane and Mele [101, 100]. Here,
we will focus on an explanation involving edge states and Kramer’s theorem. Consider a HamiltonianH ,
which is time-reversally invariant and describes a Vnite system. Either this Hamiltonian has no edge states
in the spectrum, thenH is topologically trivial. Alternatively, there are edge states in the spectrum, such
thatH is possibly topologically non-trivial. Again we only focus on the left edge of the system and apply
Kramer’s theorem, which tells us that for any state |x,k〉 in the spectrum, there exists an energetically
degenerate state |x′,−k〉. This can be seen, since T maps |x,k〉 → |x′,−k〉, where x is a combination of
the residual quantum number characterizing the eigenstates of H and may be changed by application of
T . Therefore, it is suXcient to analyze the spectrum on the left edge of the system and for the right half
of the Vrst Brillouin zone ky ∈ [0, π/a]. If there is one edge state present in this part of the spectrum, it
must be robust against perturbations that respect time-reversal symmetry and therefore respect Kramer’s
theorem. If there are two edge states present in this part of the spectrum, an external perturbation (in
form of disorder or interactions) can easily lead to a hybridization of these states and to the formation
of a gap in the spectrum, which would make the system topologically trivial. The hybridization of edge
states is always possible when there is an even number of edge states present in this part of the spectrum,
while for an odd number of states there is always one edge state protected by Kramer’s theorem. From
this argument, we can deduce that there indeed exist only two distinct topological classiVcations for time-
reversally invariant systems: namely topologically trivial (ν = 0) and topologically non-trivial (ν = 1),
whereas all topologically non-trivial systems are equivalent. The topological quantum number can then
be deVned in terms of edge states located at a single edge of the system. For a given Fermi energy EF ,
one simply has to count the number Ñ of edge states in the interval ky ∈ [0, π/a] which cross the Fermi
energy, such that

ν = Ñmod2, (7.4)

is the topological invariant for this system. In some literature, it is sometimes conventional to consider
ky ∈ [−π/a, π/a], such that

ν = Nmod4 (7.5)

is the correct formula that determines the topological invariant, where N is the number of edge states
crossing EF in the mentioned interval.
The topological invariant for time-reversal invariant systems can also be determined from the eigenstates
of the inVnite system, where no edge states are present in the spectrum [100, 50, 52, 51]. This approach is
completely equivalent to the counting of edge states, since there exists a bulk-boundary correspondence
for Z2 topological insulators as well1 [44]. In two dimensions, the Z2 topological insulator is known as a
quantum spin Hall insulator2, which was originally predicted to exist in graphene and in two dimensional

1The argumentation is the same as for the QH system. When there exists an interface at which the system changes its topology,
there must be states which close the bulk gap located at this interface.

2Although theoretically possible, quantum spin Hall insulators do generally not have a quantized spin Hall conductivity [101].
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semiconductor system with a uniform strain gradient. However, the quantum spin Hall insulator so far
has only been experimentally observed in HgCdTe quantum well structures [110, 9]. In the following
section, we will discuss a certain model system for quantum spin Hall insulators, that can be engineered
in cold-atom experiments [57], and investigate the eUect of Hubbard interaction on this system.

7.2 Time-Reversal Invariant Hofstadter-HubbardModel with Ul-
tracold Fermions

D. Cocks, P. P. Orth, S. Rachel, M. Buchhold, K. Le Hur, and W. Hofstetter
arXiv:1204.4171, preprint

The following section discusses the eUect of interactions on a Z2 topological insulator, namely the time-
reversal invariant Hofstadter model with Rashba spin-orbit coupling, which can be implemented in cold
atom experiments [57]. This paper was written in collaboration with Daniel Cocks, Peter Orth, Stephan
Rachel, Karyn Le Hur and Walter Hofstetter and is available as a preprint with the title “Time-Reversal
Invariant Hofstadter-Hubbard Model with Ultracold Fermions”. My contribution to this work was the
implementation of the spin-mixing CT-AUX solver for the RDMFT procedure and the performance of
certain numerical calculations.

Ultracold quantum gases trapped in optical lattice potentials provide insight into strongly correlated con-
densed matter systems. Examples are the Mott-superWuid transition, the dynamics of the Hubbard model
after a quench of parameters and simulation of quantum magnetism [7, 160, 165]. The precise experi-
mental control over almost all system parameters, including the particle-particle interaction strength, is
remarkable. Simulating more traditional electronic condensed matter systems is, however, complicated
by the fact that cold atoms are charge neutral, such that the presence of a static magnetic Veld does not
lead to a Lorentz force, i.e. to the emergence of orbital magnetism, for these atoms. An experimental
breakthrough was thus the engineering of so-called “artiVcial” gauge-Velds, which give rise to eUective
magnetic or electric Velds for the neutral particles [34, 96, 124, 2, 97, 28], exemplary described in Sec. 5.4.
Remarkably, they may even be generalized to simulate spin-orbit coupling or coupling to non-Abelian
Velds [143, 125, 177, 81, 24]. The eUective electro-magnetic Velds and couplings can be large, i.e. the Wux
per plaquette is of the same order as the density per lattice site, which allows for the realization of the
quantum spin Hall eUect (QSH) in a completely new experimental context [57, 54, 78].

The underlying idea of realizing time-reversal invariant two-dimensional (2D) topological phases with
cold atoms is as simple as it is fundamental. Consider the (integer) quantum Hall eUect (QHE) on a 2D
square lattice where an external magnetic Veld along the z-direction breaks time-reversal and transla-
tional symmetry. This system is described by the Hofstadter Hamiltonian (6.21), which we described in
the previous chapter. The single particle spectrum for arbitrary magnetic Veld strength – having the
shape of a butterWy, see Fig. 6.3 – was Vrst computed by Douglas Hofstadter [87] and is commonly re-
ferred to as the Hofstadter butterWy. If the Wux per plaquette is a rational number α = p/q, in units of the
Dirac Wux quantum Φ0 = h/e, the system remains translational invariant with an enlarged unit cell that
contains q lattice sites, instead of a single one for the Wuxless system. The spectrum consists of q bulk
bands and in all bulk gaps one Vnds a Vnite Chern number C and, correspondingly, at least |C| chiral
edge modes at a single edge of the system3. Interestingly, for even values of q, the system is a semi-metal
at half-Vlling and exhibits q Dirac cones. Fig. 7.1 displays the spectrum for the Hofstadter Hamiltonian in
the Vrst magnetic Brillouin zone for the case α = 1/2, clearly showing the q = 2 Dirac cones where the
bands touch.

To restore time-reversal symmetry, we can imagine applying a magnetic Veld in the z-direction that only
couples to the up-spins and a second Veld of the same strength, but opposite direction, that only couples
to the down-spins. We thus end up with a spinful and time-reversally (TR) invariant version of the

3A more detailed discussion can be found in chapter 6, here we just brieWy review the essential results.
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Figure 7.1: Single-particle spectrum of the Hofstadter Hamiltonian (7.6) for α = 1/2, γ = 0 in the Vrst
magnetic Brillouin zone k ∈ [−π, π]× [−pi/q, π/q] with q = 2. At zero energy, the two magnetic bands
are touching each other via Dirac cones, making the system a semi-metal for a Fermi energy εF = 0. The
quasi-momenta are shown in units kG = (π, π/2).

fundamental Hofstadter problem. Remarkably, such a scenario is feasible using cold-atoms in artiVcial
gauge Velds [57, 54]. Thus, the semi-metallic Dirac dispersion for even q becomes a generalization of
graphene with a tunable number of Dirac cones. Energy gaps which were crossed by a single chiral edge
mode in the QHE setup, are now traversed by a helical Kramer’s pair of edge states, corresponding to a Z2

topological insulator phase, as discussed in Sec.7.1. Note that one can use the same Gedankenexperiment
to construct the Kane-Mele model [101] from two time-reversed copies of Haldane’s honeycomb model
[76]. The Kane-Mele model with additional Hubbard interaction has recently been intensively studied
[169, 89, 152, 197, 117, 201], in contrast to the Hofstadter problem, for which the eUect of interactions has
up to now not been considered.

In this section, we study the eUect of interactions in the time-reversal invariant Hofstadter-Hubbard model
using real-space dynamical mean-Veld theory (RDMFT, see chapter 1). We explain our numerical results
using analytical arguments obtained from perturbation theory and renormalization group approaches.
We consider interaction eUects on both (semi-)metallic and gapped topological phases. Although Z2

topological insulators are known to be robust against disorder [138, 161, 148], rigorous and general results
on the fate of topological insulators in the presence of Coulomb or Hubbard interactions are limited [198,
118, 71]. Some three-dimensional materials of the iridate family are possible candidates for systems where
strong spin-orbit coupling and Coulomb interactions compete [145, 102]. In two spatial dimensions,
however, topological insulator phases have so far only been found in HgTe/CdTe quantum wells [9, 110],
where Coulomb interactions seem to be negligible.

7.2.1 Hofstadter-Hubbard Model

The non-interacting part of the Hamiltonian consists of two independent copies of the Hofstadter model
(6.21), where the two distinct fermionic Wavors (which we refer to as spins) feel an opposite eUective
magnetic Veld, i.e. a VeldB = Bσzez , where ez is the unit vector in z-direction and σz is the Pauli matrix.
These distinct copies are then coupled by a Rashba-type spin-orbit coupling in the x-direction, which
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gives the possibility to Wip the spin of a particle that propagates in the x-direction. This Hamiltonian can
be realized in cold-atom experiments (see Sec. 5.5) and states

H0 = −t
∑
x,y

c†x+1,ye
i2πγσxcx,y + c†x,y+1e

i2πασzxcx,y + h.c.. (7.6)

Here, c†x,y = (c†↑,x,y, c
†
↓,x,y) at lattice site (x, y), σx, σz are Pauli matrices and γ ∈ [0, 0.25], α = p/q

are the spin-orbit coupling strength, the magnetic Wux per unit cell in units of the Dirac Wux quanta,
respectively. In the following, we express all energies in units of t ≡ 1. The realization of the non-
interacting Hamiltonian (7.6) in cold-atom experiments, was proposed by Goldman et al. [57], where also
the realizable topological phases of this model have been analyzed in terms of edge states for α = 1/6.
According to the Z2 classiVcation of TR-invariant systems, one Vnds non-topological (semi-) metallic and
normal insulator phases and topological non-trivial QSH phases, depending on the parameter γ and the
Fermi energy of the system.

Figure 7.2: Magnetizationm = n↑ − n↓ in the Néel state is plotted versus interaction strength U . Shown
are lines corresponding to the values α = 1/2 (blue), 1/4 (red), 1/6 (magenta), 1/8 (black), and 1/10
(green). Inset: Fermi velocity 2πvF (red symbols) for diUerent α = 1/q is shown versus q. Also Uc (blue
symbols) obtained within RDMFT versus q is shown. The magenta line is a Vt of vF to ∝ 1/q and the
cyan line of Uc to ∝ 1/q2. Please note that the inset only holds for α = 1/q with even q and the Vt is not
to be understood as an interpolation for arbitrary q.

To include the eUect of interactions, we add a Hubbard-type local interaction to the non-interacting
Hamiltonian (7.6), such that the total Hamiltonian reads

H = H0 + U
∑
x,y

n↑,x,yn↓,x,y, (7.7)

where the on-site interaction strength U > 0 can be tuned experimentally using Feshbach resonances
and by adjusting the lattice depth.
We Vrst consider the Hubbard-Hofstadter problem for general α = p/q at half-Vlling. For q odd the
system is metallic with a nested Fermi surface, and antiferromagnetic Néel order occurs for inVnitesimally
small interaction U = 0+ as for the ordinary square lattice4. For q even the situation is very diUerent
because the system is a semi-metal (SM) at half-Vlling. The non-interacting band structure exhibits q Dirac
cones (with a multiplicity of 2 due to the spin), which are separated by momentum 2π/q in momentum
space5. The α = 1/2 case is thus very similar to graphene (but note that the coordination number for the
square lattice is z = 4 rather than z = 3 for the case of graphene). For smaller α on the other hand, the

4This is in contrast to three dimensions, where a critical interaction strength Uc > 0 is required for antiferromagnetic ordering.
5The lattice constant a of the square lattice is set to unity a ≡ 1.
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system embodies a generalization of graphene with a tunable number of valleys.
We investigate the SM-insulator transition for various α = 1/q (q even) within RDMFT. In Fig. 7.2,
the magnetization is shown as a function of interaction strength U . The insulating phase for U > Uc
is antiferromagnetically (AF) ordered with a magnetization pointing in the z-direction and an ordering
wave-vector Q = (π, π), which is the common Néel vector. We Vnd that the critical value of Uc to
enter the insulating and magnetically ordered phases decreases with increasing q. This is expected from
the increasing scattering that can take place between the cones. At Uc we also observe a simultaneous
opening of a single particle gap. Within our approach we thus Vnd no sign of an intermediate non-
magnetic gapped phase, which would indicate a possible spin-liquid phase [130, 8]. To understand the
behavior of Uc(q), we make use of Herbut’s argument [85] (see Sec. 7.3). Herbut considered graphene
and studied the SM-insulator transition within a large-N approach, and found that Uc depends on 2N , the
number of Dirac cones (N refers to the spin degeneracy), and the Fermi velocity vF as Uc ∝ vF /2N . As
shown in detail in Sec. 7.3, we are able to match our results with Herbut’s analysis by replacing the Fermi
velocities and 2N = qN , where q is again the number of Dirac cones in the single-particle spectrum. In
fact, from the band structure at U = 0, we Vnd vF ∝ 1/q. Consequently, setting N = 2 for spin-1/2
particles, Uc should exhibit a 1/q2 behavior, which agrees very well with the RDMFT data, shown in
the inset of Fig. 7.2. We further note that α = 3/8, which exhibits a diUerent vF than α = 1/8, is in
agreement with our Vndings.

7.2.2 Tunable Magnetic Order

In this part, we consider the eUect of Vnite γ in the Hamiltonian (7.6), i.e. the presence of Rashba-type
spin-orbit coupling that breaks the axial spin symmetry, on the interaction induced magnetic ordering.
Finite γ does change the type of magnetic order in general. To demonstrate this, we consider Vxed U = 5
at α = 1/6 and calculate the magnetization pattern for γ = 0.125 and γ = 0.25 in Fig. 7.3 obtained
within RDMFT. We obtain similar results for other values of α and γ. For γ = 0.125, the magnetization
lies in the Sy − Sz plane and the spatially dependent magnetization reads

m(r) = stot (0,− cos
πx

3
cosπy, sin

πx

3
cosπy), (7.8)

where stot is the modulus of the magnetization and is a function of the interaction strength U and the
spatial coordinate r. For γ = 0.25, the magnetic order is given by

m(r) = stot (0, 0, cosπy). (7.9)

Tuning the parameter γ, we thus pass from Néel order (γ = 0) to spiral order (γ = 0.125, shown in Fig. 7.3
and Eq. (7.8)) to collinear order (γ = 0.25, shown in Fig. 7.3 and Eq. (7.9)), thereby crossing two magnetic
quantum phase transitions. Finally, we note that the modulus of the magnetization stot is staggered for
the intermediate value of U shown in Fig. 7.3. The staggering decreases for larger values of U , reducing
its spatial dependence in the limit U −→∞.
We can qualitatively understand this type of magnetic order by rigorously deriving a quantum spin

Hamiltonian for even stronger interactions when charge Wuctuations freeze out completely at half-Vlling.
For the derivation, we consider a Hubbard model with a Vnite number of N lattice sites at half-Vlling,
which reads

H = HU +Ht = U

N∑
i=1

n↑,in↓,i − t
∑
〈i,j〉

c†ie
iϕ̂ijcj , (7.10)

where the phase ϕ̂ij is a lattice site dependent 2× 2 matrix, according to Eq. (7.6). In the strong coupling
limit, i.e. U >> t, the hopping Hamiltonian Ht is considered as the perturbation and the ground state
of the unperturbed system is the 2N times degenerate6. To obtain a low-energy eUective Hamiltonian,
we apply a unitary transformation to the Hamiltonian (7.10), which is known as the SchrieUer-WolU
transformation. Consider therefore the hermitian operator S, such that

H̃ = e−iSHeiS (7.11)
6The ground state at half-Vlling consists of N singly occupied sites, where two spin degrees of freedom are possible at every

lattice site.
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Figure 7.3: Real space magnetization proVle m(r) in Sy − Sz plane for α = 1/6, U = 5 and γ = 0.125
(a) and γ = 0.25, respectively. The spiral order in (a) and collinear order in (b) can be explained by
the eUective spin model (7.22). The color scheme indicates the modulus of the magnetization, which is
staggered for intermediate U .

is a unitary transformation of the original Hamiltonian. Expanding this transformation up to second
order in the operator S leads to

H̃ = H + i [H,S]− 1

2
[[H,S] , S] +O(S3). (7.12)

Choosing the operator S such that
i[HU , S] = −Ht (7.13)

results for the Hamiltonian in

H̃ = HU +
i

2
[Ht, S] +O(S3). (7.14)

By making use of (7.13), the matrix elements of the operator S can be expressed in the eigenbasis of HU ,
which we call B, leading to

〈m|S|n〉 = i
〈m|Ht|n〉
Em − En

, (7.15)

where |m〉, |n〉 ∈ B and Em, En are the eigenenergies of HU for the corresponding eigenstates. The
diagonal elements of S can be chosen equal to zero, since Ht has vanishing diagonal elements in the
eigenbasis of HU . The matrix representation of S can be exploited, leading to

HtS =
∑
m,n

Ht|m〉〈m|S|n〉〈n| = i
∑
m,n

Ht|m〉
〈m|Ht|n〉
Em − En

〈n|. (7.16)

After inserting (7.16) and its hermitian conjugate, the Hamiltonian (7.14) transforms to

H̃ = HU −
1

2

∑
m,n

(
Ht|m〉

〈m|Ht|n〉
Em − En

〈n|+ |n〉 〈n|Ht|m〉
Em − En

〈m|Ht

)
. (7.17)

Projecting the Hamiltonian (7.17) to the manifold of degenerate ground states, where the low energy
physics takes place, leads to the states |n〉 belonging to the ground state manifold, with En = 0. On the
other hand, the application ofHt always takes states out of the ground state manifold, such that |m〉must
always be an excited eigenstate with eigenenergy Em = U . We can therefore drop both sums in (7.17)
and write

H̃ = HU −
1

U
PH2

t P, (7.18)

where P is the projector onto the ground state manifold. Since the Vrst operator on the right of Eq. (7.18)
is equal to zero in the ground state manifold, only contributions from the second operator have to be
taken into account. The only non-zero contributions to the Hamiltonian can be expressed as

H̃ = − t
2

U

∑
〈i,j〉

c†ie
iϕ̂ijcjc

†
je
iϕ̂jici . (7.19)
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This operator can now be transformed into a sum of spin-1/2 operators, resulting in a Heisenberg-type
model and recovering the antiferromagnetic Heisenberg Hamiltonian for eiϕ̂ij = 1. For the Hamiltonian
(7.6), the matrix elements for coupling in the x-direction and y-direction have to be treated separately.
The coupling in the y-direction is described by the matrices eiϕ̂ij = ei2πxiσz , such that for a speciVc
summand of (7.19)

c†ie
iϕ̂ijcjc

†
je
iϕ̂jici = c†ie

i2παxiσz

(
(1− n↑,j) c↑,jc

†
↓,j

c↓,jc
†
↑,j (1− n↓,j)

)
e−i2παxiσzci

= c†ie
i2παxiσz

(
−Sjz −Sj−
−Sj+ Sjz

)
e−i2παxiσzci

= c†i

(
−Sjz −Sj−ei4παxi

−Sj+e−i4παxi Sjz

)
ci

= −2SjzS
i
z − cos(4παxi)

(
Sj+S

i
− + Sj−S

i
+

)
− i sin(4παxi)

(
Sj+S

i
− − S

j
−S

i
+

)
, (7.20)

where we have deVned the spin operators

Siz =
n↑,i − n↓,i

2
, Si+ = Six + iSiy = c†↑,ic↓,i. (7.21)

For the coupling in the x-direction, we Vnd a similar expression, which in combination with (7.20) leads
to the Heisenberg-type eUective spin Hamiltonian

H̃ = J
∑
x,y

{
Sx,yx Sx+1,y

x + cos(4πγ)
[
Sx,yy Sx+1,y

y + Sx,yz Sx+1,y
z

]
+ sin(4πγ)

[
Sx,yz Sx+1,y

y − Sx,yy Sx+1,y
z

]}
+ J

∑
x,y

{
Sx,yz Sx,y+1

z + cos(4παx)
[
Sx,yx Sx,y+1

x + Sx,yy Sx,y+1
y

]
+ sin(4παx)

[
Sx,yy Sx,y+1

x − Sx,yx Sx,y+1
y

]}
, (7.22)

where we have introduced the coupling constant J ≡ 4t2/U .
The Vrst part of Eq. (7.22) describes a spin exchange in x-direction. For γ = n

2 with n ∈ Z, we obtain a
simple antiferromagnetic Heisenberg term. Other values of γ, however, break the SU(2) symmetry and
cause anisotropy of XXZ-type with Sx as the anisotropy direction in spin space. For γ 6= n

4 , there is an
additional Dzyaloshinskii-Moriya (DM) interaction term in the YZ-plane [43, 139], which is responsible
for the spiral spin order in Fig. 7.3(a). Spin exchange in the y-direction is periodic with an extended unit
cell in the x-direction depending on the Wux α = p/q: for odd q the unit cell contains q lattice sites, but
for even q it only contains q/2 lattice sites, reWecting second order perturbation theory. For instance,
one Vnds for the π-Wux lattice (α = 1/2) an ordinary Heisenberg exchange term. For other values of α,
the XY-term exhibits a modulation of its amplitude depending on α, while the Z-term always favors AF
Ising order. This rich magnetic order predicted by the spin Hamiltonian is in agreement with our RDMFT
Vndings.

7.2.3 Topological Phases in the Hofstadter-Hubbard Model

In this section, we study the eUects of interactions on systems that have a bulk gap, but possible gapless
edge excitations, i.e. the eUect of interactions on the Z2 classiVcation. For U = 0, we distinguish the
normal (NI) and topological (TI) insulating phases by calculating the Z2 invariant ν using Hatsugai’s
method [52].

For U > 0, we identify the phases by computing the spectral function in a cylindrical geometry using
RDMFT and counting the number of gapless helical edge states crossing the bulk gap. The TI phase
exhibits an odd number of helical Kramer’s pairs per edge while the NI phase has an even number,
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Figure 7.4: EF -λ-phase diagram for α = 1/6 at γ = U = 0. We Vnd insulating phases for Vllings
nF = l/6, with l ∈ {0, 1, 2, 4, 5, 6} and (semi-)metallic phases otherwise. The insulating phases are
either normal (NI) or quantum spin Hall (QSH) insulators. The staggering potential induces a phase
transition from NI to QSH for l = 2, 4 and also from semi-metal to NI at half-Vlling l = 3.

including zero. Edge states are also crucial for detecting topological phases in cold-atom experiments,
and we numerically study how robust they are with respect to interactions. In the following, we focus on
Vxed α = 1/6, which qualitatively captures all phenomena that occur in this system for general α = p/q.
We also consider an additional term in the Hamiltonian, that is available in cold-atom setups [57, 54]: a
staggering of the optical lattice potential along the x-direction

Hλ = λ
∑
j

(−1)
x
c†jcj , (7.23)

which is added to the Hofstadter-Hubbard Hamiltonian (7.7).
In the axial symmetric case of γ = 0, there exist TI phases only away from half-Vlling, since the system
is a (semi-)metal for nF = 1 (and not too large λ,U ). This is shown in Fig. 7.4, and is expected as the
spinless Hofstadter problem at α = 1/6 exhibits a QHE with Chern number C = ±2 if εF lies within
the two energy gaps closest to zero and a QHE with C = ±1 for εF in the other gaps7 (see Fig. 7.5). The
Chern number corresponds to the number of chiral edge modes in an open geometry. In the time-reversal
invariant system at hand, we thus Vnd an according number of helical Kramer’s pairs within the gaps.
For a Vlling of nF = 1/6, 5/6 the system is thus a TI. We observe this topological phase to be stable
even for large interactions up to U = 10. A NI-TI phase transition can be induced in the other gap for
nF = 2/6, 4/6 by applying a suXciently large staggered lattice potential λ ≤ 1 (see Fig. 7.4). Fixing
nF = 2/6, we now turn on interactions, and observe that this phase is quite stable as shown in Fig. 7.6.
Eventually, large enough interactions reverse the eUect of the staggering potential and drive the system
into the NI phase. Note that a static Hartree-like approximation (red dashed line) yields comparable re-
sults for small U but overestimates the eUect of staggering for larger values of U .
A topological phase at half-Vlling occurs only if we break the axial symmetry in the system by con-

sidering γ > 0. We present both the non-interacting λ-γ phase diagram8, shown in Fig. 7.7(a), and the
interacting λ− U phase diagram for diUerent values of γ, which is shown in Fig. 7.7(b). Both semi-metal
and QSH phases are robust up to interaction strengths of order U ≈ 3 − 5, at which point larger inter-
actions drive the system into a magnetically ordered state. A qualitative understanding of the interacting
phase diagram follows from the observation that interactions mainly reverse the eUect of staggering.
Prominently, we observe an interaction-driven NI to QSH transition for γ = 0.25 and λ ≥ 1.5, and a
metal-QSH transition for 0.22 ≤ γ < 0.25 and λ ≥ 1. Using RDMFT for a cylinder geometry, we are able
to directly observe the behavior of the edge states in the interacting system. Gapless edge states are key
ingredients to diUerent detection schemes of topological phases in cold-atom systems [173, 172, 200, 3].
Since topological (QSH) phases are uniquely characterized by their helical edge states [196], a probe of

7The plus, minus sign for the Chern number C here refers to spin-up, spin-down fermions, which feel opposite magnetic Velds
and therefore the bulk gaps belong a Chern number with opposite sign.

8The non-interacting λ-γ phase diagram has also been obtained in [57], however, they have made a small mistake in their
calculations, such that their result diUers from the one that is presented here.
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Figure 7.5: Spectrum of the spin-up fermions for the case α = 1/6, showing QH phases for the Vrst and
second bulk gap with Chern numbers C = −1,−2, respectively. The corresponding topological phase for
a system described by the time-reversal invariant Hofstadter-Hubbard model has the topological invariant
ν = C mod 2 = 1, 0, i.e. a QSH phase for the Vrst bulk gap and a NI phase in the second bulk gap.

Figure 7.6: Left: U -λ-phase diagram at nF = 2/6 and γ = 0 obtained within RDMFT, the red line
indicates the phase boundary obtained by a Hartree-Fock-type static mean-Veld theory, which coincides
with RDMFT for small interactions. Interactions reverse the staggering induced phase transition from a
NI to a TI. This can be understood within a simple mean-Veld picture, as the interactions prefer a uniform
density distribution, while the staggering prefers a staggered density distribution. Right: Mean-Veld
picture of compensation of the staggering potential by interactions.

these states is the most direct measurement [57, 58, 21]. In Fig. 7.8, we give an example of the spectral
function A(ky, ω) for the interaction driven NI-QSH transition at γ = 0.25, λ = 1.5. For U = 0.5, we
Vnd no gapless edge modes that connect the two bulk bands, which correspond to the NI. On the other
hand, at U = 2, we clearly Vnd a single pair of helical edge modes traversing the bulk gap, which corre-
sponds to the QSH phase.
In this section, we investigated the Hofstadter-Hubbard model using RDMFT complemented by analytical
arguments. We quantitatively determined the interacting phase diagram including two additional terms
relevant in cold-atom experiments, a lattice staggering and Rashba-type spin-orbit coupling. Interactions
drive various phase transitions. Similar to graphene, we Vnd that a semi-metal at half-Vlling turns into
a magnetic insulator at a critical Vnite interaction strength. Rashba-type spin-orbit interactions lead to
tunable magnetic order with collinear and spiral phases. We explicitly demonstrate the stability of the
topological phases with respect to interactions, and verify the existence of robust helical edge states in
the strongly correlated TI phase, which is crucial for experimental detection schemes.

7.3 Herbut’s Argument
In Fig. 7.2 in Sec. 7.2.1, we presented numerical RDMFT results for the critical on-site interaction strength
Uc as a function of 1/q, which marks a zero temperature quantum phase transition between a semi-
metallic phase and a magnetically ordered phase. The system develops a single-particle gap inside the
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Figure 7.7: (a) λ-γ-phase diagram at half-Vlling nF = 1/2 and U = 0. (b) U -λ-phase diagram at EF = 0
for various values of γ and inverse temperature β = 20. Remarkably, interactions can drive a phase
transition from NI to QSH and also from QSH to semi-metal. Lower interactions, where no magnetic
ordering occurs, the main eUect of the interactions is to reverse the eUect of the staggering potential.

Figure 7.8: The spectral functionA(ky, ω) of the interacting system clearly distinguishes between (a) a NI
phase with no edge states traversing the bulk gap at U = 0.5 and (b) a QSH phase at U = 2 with a single
pair of edge modes (per edge) connecting the two bulk bands. Both plots are for α = 1/6, γ = 0.25 and
λ = 1.5.

magnetic phase. The magnetic order is antiferromagnetic and of Néel type.
In this section, we brieWy sketch the slight modiVcation of Herbut’s argument [85] such that it applies to
the Hofstadter-Hubbard model. In his letter, Herbut considers the low energy Veld theory of graphene in
the presence of general Coulomb interactions, but also in the limit where only an on-site interaction U
is present. SpeciVcally, graphene exhibits four Dirac cones at low energies, a factor of two from the two
valleys ±K(1, 1/

√
3) and another factor of two originating from the fermionic Wavors, i.e. the electronic

spin. In his renormalization group analysis, Herbut extends the electronic spin from two toNs Wavors and
determines the β-function of the Hubbard interaction up to leading order in a large-Ns expansion. The
sign of the β-function indicates the stability of the system, which changes for the case when β becomes
zero. When starting with a low energy theory that explicitly contains Dirac cones in the spectrum, the
β-function therefore indicates the stability of the semi-metal phase towards interactions and, as soon as
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β vanishes, the system undergoes a phase transition. From our numerical calculations, we know this is
the SM-AF transition. In the notation of [85], the β-function reads9

βa = −g̃a − Cag̃2
a +O(

1

Ns
), (7.24)

where g̃a = ga
2
Ns

and

ga = − U

8πṽF t
, (7.25)

with hopping amplitude t and dimensionless Fermi velocity ṽF = vF /at. In Herbut’s notation, a is the
short distance cutoU of the theory, which is formulated in the continuum and chosen such that vF =
ṽFat ≡ 1. However, in our notation, a is the lattice spacing, which is always set a = 1, as well as the
hopping t, such that vF = ṽF 6= 1. The constant in the β-function reads Ca = 2Nv , where Nv is the
number of diUerent valleys. For graphene, one Vnds thatNv = 2 but in the spinful Hofstadter system one
rather Vnds that Nv = q and so depends on the magnetic Wux per unit cell α = p/q. The critical value of
the interaction Uc is obtained from the condition that the β-function changes sign, which yields

0 = βa = −(g̃a)c − Ca(g̃a)2
c ⇔ (ga)c = − 2

CaNs
= − 1

2q
, (7.26)

where we have inserted the physical value of Ns = 2, in our Hofstadter model. In terms of the micro-
scopic parameters this reads (

U

t

)
c

=
8πṽF

2q
=

4πvF
q

. (7.27)

The Fermi velocity vF (q) is exactly known from the non-interacting band structure of the Hofstadter
model, and we Vnd that it scales as vF (q) ∼ 1/q for α = 1/q in the considered range 2 ≤ q ≤ 10 (see
inset Fig. 7.2). As a result, we predict that (

U

t

)
c

∼ 1

q2
(7.28)

which agrees very well with the RDMFT results, as we show in the inset of Fig. 7.2.

9In Herbut’s continuum quantum Veld theory, the lattice spacing a is set as a cutoU for the Fourier transformation, leading to a
discretized momentum space, which is why the renormalized coupling ga has an index a.



8. Conclusion

In this thesis, we have investigated the eUect of interactions and the trapping geometry of optical lat-
tice experiments on topological phases in two dimensions, namely the time-reversal symmetry breaking
quantum Hall phase, which is categorized by a Z topological invariant and the time-reversal symmetric
quantum spin Hall eUect, categorized by a Z2 invariant. For this purpose, we used a combination of
numerical and analytical methods with a focus on the well-established real-space dynamical mean-Veld
theory (RDMFT) in combination with highly accurate continuous-time Monte-Carlo (CT-QMC) impurity
solvers. We implemented the continuous-time auxiliary Veld (CT-AUX) algorithm in its original form,
developed by Emanuel Gull et al. [66], which relies on an expansion of the impurity action in the interac-
tion, as well as the continuous-time hybridization expansion (CT-HYB) algorithm, developed by Philipp
Werner et al. [189]. For the CT-HYB algorithm, we implemented several improvements to the standard
solver. These include performing the Monte-Carlo measurements in a orthogonal polynomial basis and
using improved estimators for the self-energy, as proposed by Hartmut Hafermann et al. [74, 16]. To take
into account for Rashba-type spin-orbit coupling and non-zero magnetic Wux through the system, the
CT-QMC algorithms as well as the RDMFT procedure have successfully been extended to the case when
the Green’s function is not diagonal in spin-space, such that all local diagrams, involving both normal
and anomalous Green’s functions, are incorporated exactly.
We investigated the Hofstadter-Hubbard model, a theoretical model which has been proposed for cold-
atom experiments [57] that covers both interaction eUects and topological non-trivial phases, using
RDMFT complemented by analytical arguments. We quantitatively determined the interacting and non-
interacting phase diagram of this model numerically and found that, similar to graphene, a semi-metal
at half-Vlling turns into a magnetic insulator at a Vnite critical interaction strength, while the metal-
insulator transition occurs for an arbitrary small interaction U = 0+. Adding a Rashba-type spin-orbit
coupling leads to tunable magnetic order with collinear and spiral phases, which could qualitatively be
understood by deriving an extended Heisenberg model from the Hofstadter-Hubbard model in the limit
of large interactions U →∞. Furthermore, we investigated the eUects of interactions on the topology of
the Hofstadter-Hubbard model and found that strong interactions can not only destroy some topological
phases but also that interactions can, remarkably, drive a transition from a topologically trivial phase into
a topological non-trivial phase, which has up to now not been considered in the literature for moderate
local interactions. Thereby we veriVed that helical edge states, indicating non-trivial topological phases
in Vnite systems, are very robust, even in the strongly correlated regime. This last result is crucial for
cold-atom experiments, since a large class of proposed detection schemes for topological phases in ultra-
cold atoms relies on the detection of edge states in these systems.
Further essential questions concerning the realization of topological phases in optical lattice experiments
addressed in this thesis are how topological phases can be detected in optical lattice experiments and how
the geometry of an optical lattice experiment, i.e. the smooth conVning potential, can aUect its topology.
We analyzed the properties of edge states in two-dimensional softly conVned systems with a conVnement
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of the form V (x) = V0(x/L)δ and showed that the topological properties of the edge states in speciVc
bulk gaps do not depend on the steepness of the conVning potential. We observed the emergence of
robust auxiliary states, which connect edge states to spatially separated bulk bands, thereby preserving
the topological invariance of the system. As a possible detection method for topological edge states, we
investigated Bragg spectroscopy of ultracold atoms and found that the dynamical structure factor can
reveal the edge and bulk states of the system and their speciVc overlap.
With these results, we further veriVed that the realization of topological phases within ultracold atom
experiments is particular interesting, since these phases allow for a huge number of interesting physi-
cal eUects. On the other hand, we validated that optical lattice experiments, while possessing a further
geometry due to the smooth trapping potential, are perfectly suited for the investigation of topological
phases and that this geometry even can reveal new insights into the Veld of topological insulators, which
are undetectable in systems with sharp interfaces between topologically distinct regions.

Although we have discussed many interesting physical eUects in optical lattice systems with artiVcial
gauge Velds, there are many questions to investigate in the future. With the extension of RDMFT+CT-
QMC to system with spin-orbit coupling and non-zero magnetic Wux, we have developed a powerful tool
to quantitatively investigate systems like the Hofstadter-Hubbard model. For instance, it is unclear what
happens to a system where the Fermi energy is non-zero and away from a bulk gap, say the lowest mag-
netic band is half-Vlled. From the structure of the magnetic bands, one could expect a similar eUect to
block spin magnetism, which has been observed in multi-orbital systems, i.e. the formation of antifer-
romagnetic order on plaquettes larger than the unit cell. On the other hand, the Hubbard interaction
induces a strong mixing of the distinct magnetic bands, which favors ferromagnetic ordering.
A further question is what happens to the topological edge states of a system at the phase transition to the
antiferromagnetic phase. While for some transitions edge states could be observed in the spectrum even
in the antiferromagnetic phase, the system is no longer time-reversal symmetric in the magnetic phase,
such that these states are no longer protected by time-reversal invariance and could therefore be topo-
logically trivial. A similar phenomenon has very recently been observed for the Bernevig-Hughes-Zhang
model, where the correlations in the magnetic phase were shown to even stabilize non-trivial topology
[199].
Another possibility for future investigations is to extend the RDMFT algorithm to lattice structures, other
than the square lattice to Vnd indications for a possible spin-liquid phase. The spin-liquid has been pro-
posed to exist [130], or to not exist [168] as a strongly correlated phase on the honeycomb lattice. While
we did not Vnd any indications of a spin-liquid in our calculations, an analysis of diUerent lattice geome-
tries could possibly clarify for which geometries the spin-liquid phase can be expected. Therefore, the
numerical procedure that we implemented for this thesis are very powerful and promise to be able to
address some of the huge number of open questions in the context of topological phases and the imple-
mentation of topological systems within cold-atom experiments.
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