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1 Introduction

Motivation In the qualitative analysis of solutions of partial differential equations, many in-
teresting questions are related to the shape of solutions. In particular, the symmetries of a given
solution are of interest. One of the first more general results in this direction was given in 1979
by Gidas, Ni and Nirenberg [47, Theorem 1]: Let B C RN be a ball of radius R > 0 centered in
0 and let u € C*(B) be a strictly positive solution of

{ —Au= f(u) inB;

1.1
u=0 on 0B, (a-h

where f is continuously differentiable. Then u is radially symmetric and strictly decreasing in
the radial direction. The main tool in proving this symmetry and monotonicity result is the
moving plane method. This method, which goes back to Alexandrov’s work on constant mean
curvature surfaces in 1962 (see [[1]), was introduced in 1971 by Serrin (see [65]]) in the context
of partial differential equations to analyze an overdetermined problem.

The situation is more complicated in the case of parabolic equations of the type

{a,u:Aquf(t,u) in (0,00) x B; (1.2)

u=20 on (0,00) X dB,

where f : (0,00) X [0,00) — R is continuously differentiable w.r.t. u and continuous in ¢. It is
clear that (I.2) may have positive solutions without any spatial symmetries at finite times # > 0.
Thus symmetry in finite time cannot be expected. Therefore, to analyze the asymptotic shape
of a given solution u, it is natural to study its @-limit set

o(u) :={z€C(B) : I(tx)ren C [0,00), ty — oo for k — oo, such that ]}im ||u(ty,-) — z]|]. = 0}.
—>00

Global boundedness and equicontinuity of a solution ensure that @(u) is nonempty. Here we
will use that for a global (in time) solution u the functions u(7 +-,-), T > 1 are equicontinuous
on [0,1] X B, i.e.

lim sup lu(t,x) —u(f,%)| = 0. (1.3)
h—0 >1
x,%€B, t,je[t,T+1],
|x—%|,|t—F|<h

If f does not depend on 7, then (I.2) admits a Lyapunov functional, and thus it is easy to see that
all elements of @(u) are solutions of . Hence, as a consequence of the above-mentioned
result in [47], global bounded and equicontinuous solutions of (I.2)) are asymptotically symmet-
ric. However, if f depends on ¢, then in general th_}rg u(t,-) does not exist and even if there are

convergent subsequences, their limits will in general not solve an elliptic equation of type (I.1)).
Under the assumption that u is a global bounded classical nonnegative solution of (I.2), which
satisfies and that there is at least one strictly positive element in @(u), Pola¢ik proves in
[56] that all elements in @(u) are radially symmetric and strictly decreasing in the radial direc-
tion. This is a special case of a more general result for parabolic equations of second order. For
a general survey and further details we refer to [57].
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Reaction-diffusion equations like (I.2)) have a broad relevance to many fields as they describe
the large scale behavior of an observed object. However, from a small scale observation in com-
parison to the large scale, there are situations in which diffusion does not describe appropriately
the behavior of the observed object. On small scale, a diffusion process describes more or less
a random movement in any direction where this movement happens in a continuous way. But
there are examples where this spreading occurs in a non-continuous way. One of these examples
comes from biology: In 2006, Brockmann, Hufnagel and Geisel [15] studied the spreading of
diseases. They constructed a model for the travel behavior of money in the United States and
related it to the transmission of a disease. Interestingly this is not described by a continuous
diffusion (or local diffusion) but rather by a process with jumps. As a result, the process is not
localized since the observed object — in this case money — is able to move in a short time very far
from its origin. The spreading thus occurs in a discontinuous way. We will call this spreading a
nonlocal diffusion (or discontinuous diffusion).

From the stochastic point of view nonlocal diffusions can be described by a certain class of
Markov processes called Hunt processes which is a broader class of processes than the class of
diffusion processes. By the Markov property it is possible to use the transition probability of the
process to describe a semigroup which acts on bounded measurable functions (see [3, Chapter
3]). In case of Hunt processes, these semigroups enable us to define a bilinear form that is asso-
ciated to the process and for nonlocal diffusion processes this leads to nonlocal bilinear forms
(see e.g. [44, 45])).

Presentation of the main results The focus of the present work will be on equations related
to purely nonlocal bilinear forms in divergence form. To be precise, we will consider bilinear
forms such as

I ) = [ [ @) =uls)) ) = v(3))I (5 ) dxdy, (14)

RN RN

where J : R¥\ {0} — R is a measurable function with the following properties:

(A1) J is even, nonnegative, and it satisfies

[io)dy=cand [ min1,yPH0) dy <.
RN RN

We will call J a kernel function. From the stochastic point of view, J is related to the intensity
of the jumps of the associated process (see [44, i45]). Corresponding to such a bilinear form
there is an operator / which is given in the following way: Let u € C2(R"), then for x € RV we
have

IM(X)ZPV-/(M(X)—u(y))J(X—y)dy:zgig% / (u(x) —u(y))(x=y)dy.  (L5)
RN

|x—y|>¢

Note that the value of Iu in a point x € RY depends on all values of « in RY. Thus a boundary
value problem related to / is not well-posed under classical Dirichlet boundary conditions. To
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set up a well-defined problem nonlocal Dirichlet boundary conditions are used, i.e. we consider
for Q c RN, N > 1 open:

Iu= f(x,u) inQ;
flow) ingh w6
u=20 on R™\ Q,
and similarly for the time dependent problem
du+Tu= f(t,x,u) in (0,00) x Q; wn
u=0 on [0,00) x (R¥\ Q). .

In the special case where J(z) = cys|z| V2%, with ey = s(1 —5)4 7 V2T (s +N/2) (2 —s)
for some s € (0, 1) this operator is the so called fractional Laplacian (—A)*. This operator
appears in particular in the model of Brockmann et al. [15] with s ~ 0.6. Aside from biology,
other models using the fractional Laplacian appear in some competing systems (see e.g. [73,74]
and the references therein) or in the study of porous media (see e.g. [31] and the references
therein). Moreover, nonlocal diffusions also appear in quantum physics (see e.g. [54} [77]] and
the references therein) and in finance (see e.g. [3,|69]] and the references therein). For other
applications, see also [24,[75] and the references therein.

The aim of this work is to study symmetry properties of solutions of equations of type and
(I.7). Here we use a weak notion of solution (see Definition [2.8]and [6.T| below). At first glance
the nonlocal structure leads to additional difficulties since the equation cannot be localized
anymore. In particular, when using the moving plane method we will not be able to deal with
the usual notion of supersolutions. This is due to the fact that the difference between the solution
and its reflection about a hyperplane is antisymmetric. If u is antisymmetric about a hyperplane
T the values of u of both sides of the hyperplane will contribute to the value of /u and cannot
be ignored. We will thus prove various versions of maximum principles for antisymmetric
supersolutions of linear equations. Moreover, we will extend a recent result from Felsinger and
KaBmann [40] to the antisymmetric case, i.e. we prove a weak parabolic Harnack inequality
for antisymmetric supersolutions of linear nonlocal problems, where the kernel functions J of
the operator is comparable in some sense to the kernel function of the fractional Laplacian (see
assumption (A2) below).

These tools enable us to apply the moving plane method in the nonlocal setting with bilinear
forms and — under suitable monotonicity and symmetry assumptions on J, f and Q — extend
classical symmetry results to the nonlocal case. To state our main results, we need to introduce
further assumptions on the kernel function J, the underlying open set Q and the nonlinearity f.

(A2) Thereiss € (0,1) and ¢ > 1 such that

VB <) <cyVF forallye RV,

(A3) J is strictly monotone in |x;| in the sense that for all 5,7 € R with |s| < |¢| we have

essinf (J(s,2)—J(1,2)) >0  forallr>0.
ZeBY~1(0)
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We will assume in addition that Q fulfills

(A4) Q C R is an open bounded set which is Steiner symmetric in x1, i.e. for every x € Q and
s € [—1,1] we have (sx1,x2,...,xy) € Q.

(A5) For every A > 0, the set Q) := {x € Q : x; > A} has at most finitely many connected
components.

The nonlinearity is a function f : [0,0) X Q x R — R, which satisfies

(A6) f is continuous. Moreover, for every K > 0 there is L = L(K) > 0 such that

sup ‘f(ta-xau) —f(l‘,x,v)| < L’M—V| for u,v € [_KaK]
x€Q, >0

(A7) f is symmetric in x; and monotone in |x;|, i.e. for every ¢ € [0,00), u € R, x € Q and
s € [—1,1] we have f(t,sx1,x2,...,xn,u) > f(t,x,u).

Our first result is devoted to the time-dependent problem (1.7)).

Theorem 1.1. Let (Al)—(A4), (A6), (A7) be satisfied, and let u be a nonnegative global solution
of (I.7) satisfying the following conditions:

(A8) There is ¢, € R such that ||u(t)||1~ < ¢, for every t > 0.

(A9) The functions u(t+-,-), T > 1 are equicontinuous on [0,1] X Q, i.e. u satisfies with
Q in place of B.

Suppose in addition that (AS5) holds or that z # 0 for every z € ®(u).

Then u is asymptotically symmetric in xy, i.e. for all z € ®(u) we have z(—x1,x') = z(x1,x’) for
all (x;,x') € Q.

Moreover, for every z € ®(u) we have the following alternative: Either 7 =0 on Q, or z is
strictly decreasing in |x| and therefore strictly positive in €.

Theorem[I.]is a special case of Theorem [I0.1|below. Moreover, in Section [§|we will discuss a
specific example where Theorem [I.T] applies.

In the case where f does not depend on ¢, Theorem [[.T] immediately yields the corresponding
symmetry and monotonicity property for equilibrium solutions. In fact, we can derive these
properties for solutions of (I.6) under much weaker assumptions, as our second main result
shows.

Theorem 1.2. (see Theorem below) Let (Al), (A3), (A4) be satisfied, and assume that the
nonlinearity f has the following properties.

(A10) f: QxR =R, (x,u) — f(x,u) is a Carathéodory function such that for every K > 0
there is L = L(K) > 0 with

sup | f(x,u) — f(x,v)| < Llu—v| foru,v € [-K,K].
xeQ
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(Al1) f asin (A10) is symmetric in x| and monotone in |xi|, i.e. for every u € R, x € Q and

s € [—1,1] we have f(sx1,x2,...,xn,u) > f(x,u).

Then every nonnegative bounded solution u of @) with 7 (u,u) < oo is symmetric in Xi.
Moreover, either u=0inRY, or

es%inf u>0 for every compact set K C Q.

Moreover, in the latter case, u is strictly decreasing in |xy|, i.e. for every A € <0,sup x1> and
xXeEQ
every compact set K C {x € Q : x; > A} we have

essinf [u(2/l —x1,x) —u(x;,x')| >0.
(x1,x)eK
This result has already been published in [S0, Theorem 1.1]. We point out two key differences
which distinguish the above Theorems from their classical counterparts in the local case. First,
we do not need the underlying set Q to be connected, which is obviously a necessary require-
ment in the local case. Second, we do not need to assume the strict positivity of a solution; this
property follows a posteriori if the solution is nontrivial. Such a conclusion is also not avail-
able in the local case. In particular, as shown by Poldcik and Terracini 58], there exist planar
Steiner symmetric smooth domains €2 and symmetric nonlinearities such that the corresponding
Dirichlet problem of the type on  admits nontrivial nonnegative solutions with interior
ZEr0s.
It is still an open question, whether a solution of is continuous under these assumptions on
J, this is why we need to use essential infima in Theorem [I.2] If we assume J to be also radial,
then the continuity follows from recent results by KaBmann and Mimica (see [53])).
Finally, in Section (10| below, we will also give symmetry results for globally bounded time-
periodic positive solutions of for the case Q = RV,

Let us compare the above Theorems with related results in the literature. The following works

consider positive solutions for problems of type in the case I = (—A)*. One of the first

symmetry results was given by Birkner, Lopez-Mimbela and Wakolbinger in [9] in a ball using

a stochastic setting and assumdditionally that f is independent of x and monotone in u.
1.6

Chen, Li and Ou [27]] analyze (1.6) with the fractional Laplacian in RY and with f(u) = UND
via the inverse operator of the fractional Laplacian. They apply the moving plane method for
a related integral equation and show that such solutions have to be radially symmetric up to
translation. In [28] they generalize this application to equations of type (1.6)), where Q is a ball
but with a more general right-hand side than in [9]. Their symmetry result relies strongly on
the explicit representation of the Green function for (—A)* in the ball. Felmer, Quaas and Tan
apply the moving plane method in [37] to prove radial symmetry for classical positive solutions
of in RY under some growth conditions on f in u# and in [38] the authors consider classical
positive solutions of , where Q is either a ball in RN or Q = RY. Barrios, Montoro and
Sciunzi [5] prove symmetry results where the nonlinearity f(-,u) is allowed to have a singularity
in O of order 2s.
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The observation that the statements are also true if one only assumes the solution to be bounded
and nonnegative was first made in [49) Corollary 1.2].

Up to now, the only asymptotic symmetry result for equations of type in the literature is
contained in [49]], where we prove Theorem [I.1|in the special case / = (—A)*. As mentioned
before, the proofs of Theorems|1.1|and rely on different versions of maximum principles
and Harnack inequalities, in particular variants dealing with antisymmetric functions which en-
ter in stationary or time-dependent variants of a moving plane type method inspired in particular
by Polac¢ik [56]. To a large extent, the proof of Theorem [I.1| follows the approach we have al-
ready developed in [49]. However, one step of the proof in [49] requires a subsolution estimate
obtained by identifying (—A)* as a Dirichlet-to-Neumann map via the extension considered in
[22]. Such an identification is not available in the general case. We present here an alternative
method which is based only on the nonlocal structure of the bilinear form. The proof of Theo-
rem [1.2] as presented in Section ] below and also in [50], only uses weak and strong forms of
maximum principles and does not require a Harnack type inequality.

We emphasize that in this work we only use properties of the bilinear form associated to the
kernel function as stated in (I.4). We do not need Green functions or an extension problem for
our analysis.

In [65], Serrin considered the overdetermined problem

—Au=1 1inQ;
u=0 ondQ; (1.8)
dpu=c ondQ,

where ¢ € R, Q C RY is a bounded domain with C> boundary and 7 : dQ — S! is the outer
normal unit vector field on dQ. By a variant of the moving plane method which relies on the
Hopf boundary point lemma and a corner point lemma, he proved that this problem only admits
a solution if Q is a ball. In [36], we derive the following fractional version of Serrin’s result.

Theorem 1.3. (see Theorembelow) Lets € (0,1) and Q C RN, N > 1 be an open bounded
set such that dQ is C* and assume that there is a solution u € C*(R") of

(=A’u=1 inQ, u=0 onRV\Q
If there is a negative real number c such that

lim —4X0=IM0)) _ e € 00,

t—0 s

then Q is a ball.

We point out that here, as in Theorems [I.1] and [I.2] above, Q does not need to be connected a
priori. In [30] Theoremnis proven for the special case N =2 and s = % While the approach
in [30] relies on the extension in [22]], our approach to the overdetermined fractional problem
is based purely on the corresponding nonlocal bilinear form and the availability of explicit
comparison functions given by Dyda in [33]. In particular, we derive fractional counterparts
both of the Hopf lemma and of Serrin’s corner point lemma (see [36] or Subsection [5.1).
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Related problems We note that there are nonlocal operators / which are not given by a bilin-
ear form of the type . Two main examples are the operator (—A)*(), where s : RV — (0,1)
is a Lipschitz function (see e.g. [7} 6]) or the operator (—A|p)* for a bounded Lipschitz set
D C RV (see e.g. [19, 25]), where (—A|p)* denotes the spectral theoretic s-th power of the
Dirichlet Laplacian on D. To the authors’ knowledge the question of similar symmetry results
as above for equations involving (—A)S(‘) remains open. In [25] the authors prove a symmetry
result for equations involving (—A|p)* for the stationary problem in the case where Q is a ball.

Qutline This work is organized in the following way. After this introduction we give some
basic notations used in this report. In Section[2] we introduce the class of nonlocal operators that
are of interest to us and define suitable spaces on which we analyze them. Several basic results
for these spaces and some basic properties of these nonlocal operators are given. Section [3]is
devoted to different variants of maximum principles and we also state some applications of these
variants. Using the results of the previous sections we prove Theorem[I.2]and a generalization
in Section 4l As an example we consider the fractional Laplacian in Section [5} As part of
the analysis for the fractional Laplacian, we prove the fractional Hopf Lemma and use it to
investigate an overdetermined problem which involves the fractional Laplacian. There we give
the proof to Theorem|[I.3] We also discuss operators which are related to the fractional Laplacian
and show that they have a similar regularizing effect. In Section [6] we introduce a nonlocal
evolutionary problem and prove a weak time dependent maximum principle. Moreover, we
develop an L?-theory for the nonlocal Cauchy problem with initial data in L?>. The purpose of
Section[/|is to state the weak time dependent Harnack inequality as proven in [40]] for the time
dependent problem and show that it implies interior Holder regularity if the right-hand side is
bounded. We also discuss the @-limit set for global (in time) solutions. Using results of the
previous sections we present in Section [§]a setting such that the nonlinear evolutionary problem
is locally solvable in the space of continuous functions. We also discuss the existence of global
(in time) solutions. In Section [9] we prove the main results on time dependent antisymmetric
supersolutions. These results constitute the main ingredients to apply the moving plane method
in the time dependent case. Section[I0]is dedicated to state and prove our main symmetry results
for the time dependent case. In particular, the results presented in this section imply Theorem

L1
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1.1 Notation

The following notation is used. For any x € RY we put |x| = x|, = /Y~ |xi|?. It D,U C RY
are subsets, the notation D CC U means that D is compact and contained in the interior of U.

Moreover, we set
dist(D,U) :=inf(|x—y| : x€ D,y U},

so this notation does not stand for the usual Hausdorff distance. If D = {x} is a singleton, we
simply write dist(x,U) in place of dist({x},U).
For U C RN and r > 0 the set

B,(U):=B,n(U) :={x R : dist(x,U) < r}

is an open neighborhood of U. In particular, for x € RN and r > 0 we set B,(x) = B,({x}). We
denote the Euclidean unit sphere by S! := dB;(0) and

/2

on =[B1(0)] = BYO) = a5
2

will denote the volume of the N-dimensional unit ball. Here and throughout this work r —
[(r):= [;°t""le™" dt denotes the Gamma function on (0, o).

For any subset M C RY we denote by 1, : RV — R the characteristic function of M and by
diam(M) the diameter of M. If M is measurable, then |M| denotes the Lebesgue measure of
M. Moreover, we let inrad(M) denote the supremum of all » > 0 such that every connected
component of M contains a ball B,(x) with xo € M. This notation — taken from [56] — differs
slightly from the usual one but is very convenient in our setting.

If T CR, QC RN are subsets and u : T x Q — R, (¢,x) — u(t,x) is a function, we frequently
write u(t) in place of u(t,") : Q — R fort € T. If M C RN resp. M C R¥*! is a subset and
w:M — R is a function we set w™ = max{w,0} resp. w~ = —min{w,0} as the positive and
negative part of w, respectively.

If M is measurable and w € L' (M), we put

1 1 .
WL = ’M|/w(x) dx, WL = M/w(t,x) dtdx, respectively,
M M

to denote the mean of w over M.
Finally, when we call an interval 7 C R a time interval, we always assume that it consists of
more than one point.

Occasionally we will state main assumptions on sets or functions which we will need through-
out this work. For the readers convenience these are also listed in order of appearance in the
appendix starting on p. [I}
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2 A general class of nonlocal operators

We will study the following nonlocal and semilinear Dirichlet problem in an open set Q C RV:

Iu= f(x,u) inQ;
(P) {u:O on RM\ Q.

Here [ is a nonlocal linear operator and the nonlinearity f : Q x R — R is a Carathéodory
functio We will add further assumptions on this nonlinearity as we need them.

Problem (P) has been studied extensively with I = (—A)*, the fractional Laplacian of order
s € (0,1). In this case special properties of the fractional Laplacian have been used to study
existence, regularity and symmetry of solutions to (P). In particular, some approaches rely on
available Green function representions associated with (—A)* (see e.g. [[11} 12} 9} [13] 28] [27]
or Section , whereas other techniques are based on a representation of (—A)* as a Dirichlet-
to-Neumann map (see e.g [22, [18} 143]). These useful features of the fractional Laplacian are
closely linked to its isotropy and its scaling laws. However, in the modeling of anisotropic
diffusion phenomena and of processes which do not exhibit similar properties, it is necessary
to study more general nonlocal operators /. In this spirit general classes of nonlocal operators
have been considered e.g. in [4} 140, 41 166,152,150, 53 [16, 20} 23]].

In the present work we consider (P) for a class of nonlocal operators / which includes the
fractional Laplacian but also more general operators which may be anisotropic and may have
varying order. More precisely, the class of operators / we study is related to nonnegative nonlo-
cal bilinear forms of the type

S ) =3 [ [ ) a0 (rx) ~v)) (x.y) ddy @

RN RV
Here J : RY x RV \ {(x,x) : x € RV} — [0,0) is a measurable (kernel) function which fulfills
the following conditions:
D Jxy)=J(yx) forx,yeRY x#y.

A1), sup [ min{1,}x—y|*}J(x,y) dy < os.
XERNRN

(J1), There is a measurable function j : RN — [0,0) with |{j > 0}| > 0,
Jj(@) = j(=2), € R¥\ {0} and J (x,y) > j(x—y) for x,y € RY, x # .

(J1); The function j in (J1). satisfies additionally / J(y) dy = oo.
RN

1f:Q xR — R is a Carathéodory function if x — f(x,-) is continuous, u — f(-,u) is measurable and for each
compact set K C R we have that x — sup{|f(x,u)| : u € K} is Lebesgue integrable on Q
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Special attention will be given to functions J which satisfy
J1). J depends only on the difference x —y.

If J satisfies (J1), we usually write J(x —y) instead of J(x,y), so in this case we assume that J is
a function RV \ {0} — R. Since we will analyze problem (P) with the moving plane method we
will have to deal with equations with kernel functions of the form J(x,y) = J(x —y) —J(x — ¥),
where j is the reflection of y at some hyperplane. Later on we will show that this function can
be associated to a kernel function J” which satisfies in particular (J1). but not (J1),.

In the remainder of this section, we assume in most cases that J satisfies (J1), i.e. (J1),-(J1),.
If we say J satisfies (J1)4i7, we mean that J : RV \ {0} — [0, ) satisfies (J1),-(J1), where we
write J(x —y) instead of J(x,y). We will frequently need one of the following assumptions on
the lower bound j of J given by (J1),:

(J+)r, The function j in (J1), satisfies ess%n)f j >0 w.r.t. some rg > 0.
700

(J+) The function j in (J1), satisfies ess(il;f j>O0forallr>0.
B,(0

Remark 2.1. Note that (J),, implies that for all r € (0, o] the following holds: For all M C RY
with [M| > 0 and diam M < 5 we have

inf [ J(x,y)dy> inf Jjx—y)dy>D0. (2.2)
XGBL(M) XEBr (M)
LA 2 M

Before we start stating some basic properties on the quadratic form _¢# let as mention some
examples which satisfy (J1)4;7r and which are different from the fractional Laplacian. Note that
the bilinear form associated to the fractional Laplacian is given by a function which corresponds
up to a constant to Jy(y) = [y| V", s € (0,1),y € RV\ {0}.

Example 2.2. Let a, 3 € (0,2), ¢ > 1 and consider a measurable map & : (0,00) — (0,00) such
that

pN

— < k(p) <ep™ % forp <1 and  k(p)<cp™ P forp>1.

Suppose moreover that k is strictly decreasing on (0,c0), and let | - |; denote an arbitrary norm
on RV Then the function

J:RV\{0} =R,  J(z) =k(|z]s)

satisfies (J1)y4i7r and (J;). The class defined here also includes operators of order varying be-
tween 0 and & € (0,2). In particular, zero order operators are admissible. Moreover, the choice
of non-euclidean norms | - |; leads to anisotropic operators. In particular, for 1 < p < oo, the
norm

N
1
wle =l = (X d?)'? forxe RV (2.3)
i=1
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has the required properties. For r > 0 the measurable map J'(z) = J(z)15,(0)(z) fulfills (J1)g;rf
and (J), but not (J;.). The corresponding bilinear form then models short range nonlocal
interactions.

For an open set Q C R", we consider the space
27(Q) := {u: RY — R measurable : //(u(x) —u(y))*J(x,y) dxdy < oo

RN RN
andu=00onRY\Q}. (2.4)

Then the quadratic form ¢ is well-defined on 2’ (Q) by li In the following, we identify
L?(Q) with the space of functions u € L*>(RV) with u = 0 on RV \ Q, and we define

Ay(Q):= inf /(2”’“) > 0. (2.5)
7 ue?’(Q) HMHLZ(Q)

The following Poincaré-Friedrichs type inequality has been derived in [41, Lemma 2.7].

Proposition 2.3. Let Q C RY be an open bounded set and assume J satisfies (J1)a, (J1)p and
(J1).. Then we have Ay ;(Q) > 0, which implies that 2’ (Q) C L*(Q) and

S (uu) > A1y (Q)ulf2q) >0 forallue 27(Q)\{0}. (2.6)

In particular ¢ is a scalar product on 2’ (Q).

The following is a special case of [41, Lemma 2.3], we include the proof for the readers conve-
nience.

Proposition 2.4. Let Q C RY be an open bounded set and assume that J satisfies (J1)a, (J1)p
and that Ay ;(Q) > 0. Then 2’ (Q) is a Hilbert space with the scalar product 7 .

Proof. Let (u,), C 2’ (Q) be a Cauchy sequence. Since (2.6) is satisfied and L?(Q) is complete,
we have that u, — u € L?(Q) for a function u € L?(Q). Hence there exists a subsequence such
that u,, — u a.e. in Q as k — oo. By Fatou’s Lemma, we therefore have that

F(u,u) <liminf 7 (uy, ,up, ) < sup 7 (uy, ) < oo,
koo keN

so that u € 27 (Q). Applying Fatou’s Lemma again, we find that

I (p, — uyuy, —u) < lijrginf/(unk — Uy Uy — Uy;) < SUP F (i — U, Uy, —1ty;)  for k € N,
°° Jj>k

Since (u,), is a Cauchy sequence with respect to the scalar product ¢, it thus follows that

]}im uy, = u and therefore also lim u, = u in %’ (Q). This shows the completeness of 27(Q).
—%00 n—yoo
O

Proposition 2.5. Assume that J satisfies (J1)4, (J1)p. Then the following holds:
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(i) € (RY) € 7/ (RY).

(ii) Assume additionally (J1), and let v € €*(RN). Then the principle value integral

x):=PV. / (v(x) =v()) (x—y)dy = lim (v(x) =v))J(x=y)dy (2.7

=yl >e
exists for every x € RN. Moreover, there is K = K(N,J) > 0 such that Iv € L*(RN) witlf]
12V]| =y < KlVlic2 ey

and for every bounded open set Q C RN and every u € 2’ (Q) we have

I (u,v) = /u(x) [IV](x)dx.

RN
Proof. (i) Letu € €2 (RV), and let K > 0, R > 2 be such that supp(u) C Bg_»(0),
lu(x)| <K and |u(x)—u(y)| < K|x—y| forx,y e RN, x # y.

Then, as a consequence of (J1), and (J1),

/ / ) —u(y))2J(x,y) dxdy +2 / / J(x,y) dydx

Bg(0) RN¥\Bg(0)
< K2 / / lx —y|2J (x,y) dxdy + 2K / / J(x,y) dydx
Bg(0) Bg(0) Br—2(0) RN\Bg(0)
§2K2|BR(0)|<sup / Ix —y[>J (x,y) dy+ sup / J(x,y) dy
xeRN xERN
Bog(0) RNM\B; (0

and thus u € 2/ (RV).
(i) Since v € €2(R") we have

2v(x) —v(x+2) =v(x—2)| < [V]lc2my) |z|? for all x,z € RY. (2.8)

Put A(x,y) := (v(x) — v(y))J (x —y) for x,y € RY, x # y. For every x € RY, &€ > 0 we then have,
since J is even by (J1),,

| nendy= [ b v+l @di= [ b -l d:
e<|y—x| <]z e<[z]

:% / 2v(x) — v(x+2) —v(x— 2| (2) dz.

<]

ZHere we use for v € C2(RN): IVllc2mvy = sup X [0%v(x)]
xeRV |a|<2
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By (J1), @ and Lebesgue’s theorem we thus conclude the existence of the limit

e—0
e<[y—x|

lim h(x,y)dy = % /[2v(x) —v(x+2z) —v(x—2)]J(z)dz.
RN

Moreover we have for x € RY and € € (0,1)

Il
| endy <2l [ Iz / ()

[y—x|>¢ RN\B1(0)
<2y, / min{1,[z[2}J(z) dz, 2.9)
RN

where the right hand side is finite by (J1),. In particular, [Iv](x) is well-defined by (2.7),
and |[Iv](x)| < K|[v]lc2gy for x € RY with K := 2 fpy min{1, 2>} (z) dz. In particular, Iv €
L>(RN). Next let Q@ C R" be open and bounded and u € 2’ (Q), so that also u € L?(Q). Then
we have, by (2.9) and Lebesgue’s Theorem,

I (u,v) = ! lim (u(x) —u(y))h(x,y)dxdy

2 e=0
—yl=>e
—IIII(I)/ / h(x,y dydx—/ (x )[hrr(l) / h(x,y)dy]dx:/u(x)[lv](x)dx.
£—
ly—x|>€ [y—x|>€ RN
The proof is finished. O

Corollary 2.6. Let Q C RN be an open bounded set and assume (J1). Then J is a closed
quadratic form with dense form domain 9’(Q) in L*(Q). Consequently, ¢ is the quadratic
form of a unique self-adjoint operator I in L*(Q) with domain dom(I) C 27 (Q). Moreover, if
(J1)aifs is satisfied, then €2 (Q) is contained in dom(I), and for every v € €2(Q) the function
Iv € L*(Q) is a.e. given by .

Proof. Since €21 (Q) C L2(Q) is dense, 27 (Q) is a dense subset of L2(Q) by Proposition
ll) Moreover, the quadratic form _¢ is closed in L*(Q) as a consequence of and
Lemma . Hence ¢ is the quadratic form of a unique self-adjoint operator / in LZ(Q)
(see e.g. [59, Theorem VIIL15, pp. 278]). Moreover, for every v € €2(Q), u € 2’ (Q) we

have | 7 (u,v)| < [[Iv[|z=(q)||ul;>(q) by Proposition 2. 11) Consequently, v is contained in the
domain of I and satisﬁes / (u, v) S u(x)[Iv](x) dx for every u € %’ (Q). From Proposi-
tion [2.5[(ii) it then follows that Iv is a.e. given by (2.7). O
Remark 2.7.

(i) We note that for a general kernel function J we do not have a simple representation of the
operator / associated to _#Z .
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(ii) Strictly speaking Corollary[2.6]only gives the existence of a unique self-adjoint operator /
in the case where Q is an open bounded set, but in any case we will also use the existence
of I in unbounded sets. If Q C R" is an arbitrary open set, then the existence of I as stated

1/2
in Corollaryfollows with the Norm <||uHiQ(Q) + 7 (u, u)) foru e 27 (Q)NLA(Q).
One may study solutions u of (P) in strong sense, requiring that u is contained in the domain of

the operator /. However, it is more natural to consider the weaker notion of solutions given by
the quadratic form _# itself. We define for Q@ C R" open:

Definition 2.8. We call a function u € 27 (Q) a solution of (P) in Q if the integral
Jof (x,u(x))@(x) dx exists for all ¢ € 27(Q) with compact support in RV and

I (u,0)= /f(x, u(x))e(x) dx for all ¢ € 27(Q) with compact support in R".
Q

By Riesz representation theorem we immediately get

Corollary 2.9. Let Q C RN be an open bounded set and assume J satisfies (J1)q, (J1)p, and
that Ay ;(Q) > 0. Then for every g € L*(Q) there is a unique u € 2’ (Q) with

I (u, @) = /g(x)q)(x) dx forall € 7’ (Q).

Q
Next we wish to extend the definition of _# (v, ¢) to more general pairs of functions (v, @).

Definition 2.10. Let U’ C R" be an open set. We define #”(U’) as the space of all functions
veL*(RN) + L= (RY )EI such that

p(wU') = //(v(x) —v(y))2J(x,y) dxdy < oo. (2.10)

uu

Note that 2/ (R¥)NL*(RY) c ¥/ (U’) for any measurable subset U’ C R", and thus 2’ (U) C
¥/ (U'") for any open bounded set U C R by Proposition if J satisfies (J1), — (J1)..

Lemma 2.11. Assume that J satisfies (J1)a, (J1)p. Let U' C RN be an open set and v, €
¥/ (U'"). Moreover, suppose that ¢ =0 on RN\ U for some bounded subset U CC U'. Then

[ [0 =v0)ll0() — @) () dxdy < e, @1

RN RV
and thus

F09)=5 [ [0 v 00) 90 (x.3) dndy
RN RN
is well-defined.

3Here use for L>(RV) + L*(RY) the norm ||z := inf{[[vill2myy + [V2llp=myy + v=vi+va, v €
L*(RY), vy € L*(RV)}.
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Proof. Since J satisfies (J1),, we have K := sup [ J(x,y)dy < o where we fix r :=
xeRN RN\B,(x)

min {1,dist(U, RN\ U")} > 0. Since supp@ C U we have ¢ € L*(R") and thus we have for
vE ¥/ (U') given by v = v| + vy, with v; € L*(RV) and v, € L= (RV)

| [ @ =v0)ll00) - @01 (e dxdy
RN RN
= [ [ M0 —v0llee) — oGy dxdy+2 [ [ 1) =yl (x.y) dyd

Uy U RN\U/

<3 (w0 +p0.UN) +2 [ [ (nE)|+ o)D) dyd
U RN\U'

Fanll [ [ 101 Gy) dyds
URN\U’

1
<2V 4p@ V) + [ [ (n0P IR +200(P) ) dvds
U RN\U’
1
+4KHV2”L°°(RN)‘U’§H(le%Z(RN)
1 1
< 5 (P(V, U’) +P(‘P7U’)) +2K (”V] ||12‘2(RN) + ||(P||12‘2(RN) +2Hv2||L°°(RN)’U|2 H(pH%Z(RN)) < oo,

O
Corollary 2.12. Assume that J satisfies (J1)a, (J1)p, let U' C RN be an open set, and let u €
V(U"). If there is U CC U’ such that u =0 on RN\ U, then u € 9’ (U').
Proof. This follows immediately from Lemma [2.11] O
Lemma 2.13. Assume J satisfies (J1)4, (J1)p. If U’ CRY is open and v € ¥’ (U'), then v* €
V(') and p(v=,U") < p(v,U").
Proof. We have vt € L>(RV)+L™(RY) since v € L2(RY) +L=(RY). Moreover, v (x)v~(x) =0
for x € RN and thus

pUU") = (v U +p(U) =2 [ [ () =" () () =¥ (3)J(.y) ddy

uu
=P+, U)+p( U 42 [ [ (v ()49 () (9 x.y) dixdy
u'u
> p(*.U') (v U').
The claim follows. O

Lemma 2.14. Let U' C RN be an open set and assume (J1),, (J1),. Then for any open set
UccU, ¢ecC ' (U),0< @< 1thereisC=CU',U,,J)> 0 such that

plou,U) < C <p(u,U’) + ||u|\L2(U,)) forallue v’ (U NLA(U).
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Proof. Denote by L the Lipschitz constant of ¢. Since U CC U’ there is € > 0 such that
B:(U) C U'. Due to (J1), and (J1),, we may fix

k:= sup |x —y|2J (x,y) dxdy + sup J(x,y) dy+  sup /J(x,y) dy < oo.
xeBg(U)BS(U) XEUU’\BE(U) x€U'\B(U)

Then following the proof idea of [32, Lemma 5.3] we have

plou0) < [ [(@u(x) = p(x)u(y) + p(x)uly) ~ 9(u(x))*J (x.y) dxdy

<2p(u,U')+2 / / (9(x) — () u(y)J(x.y) dxdy

+2 / /(p 2]xy)dxdy+2/ / o()u(y)*J(x,y) dxdy

U'\Be(U) Be( Be(U) U"\Be(U)
szp<u,U’>+2L2 / uv [ e yPaxy) dudy
Be(U) Be(U)
+2 / )Z/J(x,y) dxdy—l—2/u(y)2 / J(x,y) dxdy
U'\Be(U U Y U\Be(U)

<2p (.U >+2k<L2+2>||u\|Lz<U/).
O

Remark 2.15. Let Q C R" be an open set. Then by a combination of Corollarynand Lemma
2.14|we have Qu € 27(Q) for any u € ¥ (Q)NL*(Q) and ¢ € €2 (Q) with 0 < ¢ < 1.

Definition 2.16. Let Q C RY be an open set, and let f € L?*(Q) + L™(Q)

1. We call function u € L*(RV) +L=(RV) a supersolution of the equation
Iu=f in Q (2.12)

if u € ¥/ (U’) for some open subset U’ C RY with Q C U’ and dist(Q, RN\ U’) > 0 and
if

(u, @) / f(x)o(x) dx forall ¢ € 2’ (Q), ¢ > 0 with compact support in R".
2. We call function u € L*>(RN) + L=(RN) a supersolution of the problem

Iu=f(x) inQ  u=0 onRV\Q (2.13)
if u is a supersolution of (2.12)) and u > 0 on RV \ Q.
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3. We call u a subsolution of 2.12)) resp. (2.13) if —u is a supersolution of (2.12), (2.13),

respectively.

In the following section, we will need lower bounds for A; ;(Q) in the case where |Q| is small.
For this we set

Ay y(r):=inf{A; ;(Q) : Q C U open, |Q|=r} for r > 0.
Lemma 2.17. Assume J satisfies (J1). Then
Al,J(")—>°° as r—0.
Proof. Let j be given by (J1)., i.e. we have J(x,y) > j(x—y) for all x,y € RV, x # y. We set
jorm Z€RN{0}  j()>ch and = {ze RY\{0} : j() <)

for ¢ € [0,00]. We also consider the decreasing rearrangement d : (0,00) — [0, 0] of j given by
d(r) =sup{c >0 : |jc| > r}. We first note that

lay| =7 for every r > 0 (2.14)

Indeed, this is obvious if d(r) = 0, since jo = RN\ {0}. If d(r) > 0, we have |j.| > r for
every ¢ < d(r) by definition, whereas | j.| < oo for every ¢ > 0 as a consequence of the fact that

j €LY (RN\B{(0)) by (J1),. Consequently, since Jay= N Je» wehave || = 1nf |]C| >
c<d(r)
Next we claim that

Ay y(r / j(z for r > 0. (2.15)

Indeed, let > 0 and Q C RN be measurable with |Q| = r. For u € 2’ () we have

(u,u) 2// v))2J(x,y) dxdy
RNRN
1
= /<u<x>fu<y>> v ) dudy + / ) [ ity dya
QQ RM\Q
z}g{f)( / j(y)dy)||uriz<g> 2.16)
RM\Q,

with Q, :=x+ Q. Let d :=d(r). Since |jz| > r =|Q| by (2.14), we have |j; \ Qx| > |Qs \ ju4l
and thus, for every x € Q,

/ J(y)dy= / dy+/ y)dy— / j(y) dy

RN\QX RN\]:{ ]d\g x\jd

> [t dy+ (lia\ @l =12 \dal)d > [ () dy
J !



Symmetry via maximum principles for nonlocal nonlinear boundary value problems 10

Combining this with (2.16), we obtain (2.15), as claimed. By (J1),, the decreasing rearrange-
ment of j satisfies d(r) — o0 as r — 0 and

/j(y)dy—>oo asr— 0.
jd(r)

Together with (2.15)), this shows the claim. O

3 Maximum principles for nonlocal operators

Let _Z be the quadratic form as in given by a function J which fulfills (J1) or (J1)4;y.
Furthermore let I be the operator associated to the quadratic form _#. Finally for an open set
Q C RN we consider 2”(Q) as defined in (2.4), #7(Q) as defined in Definition and a
supersolution as defined in Definition [2.16]

We will need the following results

Lemma 3.1. Let J satisfy (J1)4, (J1)p. Let U' C RN be an open set, and let v € ¥/ (U') be a
function such that v >0 on RN\ U for some open bounded set U CC U'. Thenv~ € 9’ (U) and

Fv v )<=Fv) 3.1

Proof. By Lemma|2.13|we have v~ € ¥/ (U’). Moreover, Lemma-lmphes | Z(v,v )| < oo
and since v~ = 0 on RV \ U, it thus follows that v— € 2’ (U) by Corollary- 2.12] To show (3
we first note that

Vv +vp =vh =0 on RY

and therefore

() =y~ O)P 4+ ) = v () =y~ ()] = = (v v )+ v (v ()
for x,y € RV, Thus, due to the fact that v- =0 on RV \ U, we find that

S+ £ ) = [ (e o)+ 00 )Ty dyax < 0,

RN RN

Hence (3.1) is true. O
For the next result we will need another definition.

Definition 3.2. Let U C R" be an open set, and let J satisfy (J1). We let 27 (U) denote the
space of all functions f € 2/(U) such that there exists a constant C = C(f) > 0 with

F(f,p) < C/ lo(x)|dx for all ¢ € 27 (U) with compact support in R".
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Moreover, for f € 27 (U) we put
f oz i=int{k =0 7 (£,9) <k [ lo(x)|dx
U

for all ¢ € 27 (U) with compact support in RV }

Remark 3.3. We emphasize that for U C R" open we have that || - | s ) is a semi norm and
for f € 22(U) we have

L (f0) <|fllazan el w) for all ¢ € 9’ (U) with compact support in RY.

If, in addition, J satisfies (J1)4iff, then 62(U) C 22(U) as a consequence of Proposition
and there is K = K(N,J) > 0 such that

1l 2wy < Klfllcoay  forall f € G2(U).
In the following Lemma, we will need assumptions (J) resp. (J), (see p. [2)).
Lemma 3.4.

(i) Let J satisfy (J1), (J4), and let k > 0. Moreover, let U C RN be an open bounded set,
xo €U and f € 22(U). Finally let M CC RN\ {xo} be measurable with |M| > 0, and let
0 < r < g min{dist(xo, M), dist(xo, RN \U}. Then there is a > 0 such that w = f +aly is

a subsolution of
Iw=—k in By, (xp), 3.2)

ie.
I (w,0) < —k / o(x) dx for all € 2’ (B, (xo)) with ¢ > 0.
Bar(x0)
(ii) Let J satisfy (J1), (J),, for some ry >0, and let k > 0. Moreover, let U C RN be an open
bounded set, xo € U and f € PL(U). Finally let M CC B, j>(xo) \ {x0} be measurable

with [M| >0, and let 0 < r < %min{ro,dist(xo,M),dist(xo,RN \U}. Then there is a > 0
such that w = f +aly is a subsolution of (3.2).

Proof. We only prove (ii); the proof of (i) is similar but simpler. Fix », M and f as stated and
let w = f+aly. Put Uy := By.(xo) and U} := B3,(xo). Note that the function w satisfies

w=0 onRY\ (UyUM), w=a onM.

We claim that w € 77 (U}). Since U is bounded we have f € 22(U) C 2’ (U) C L*(U) and
thus f € ¥/ (U]), whereas 1)y € ¥/ (UY) since M is bounded and dist(M, U}) > 0.
Next, let ¢ € 27 (Uy), ¢ > 0. Since Uy C U and f € 22 (U) by assumption, we have

S0 < oz [ o) d (33)
Uo
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with C = C(f) > 0 independent of ¢. Thus we have

S (05.9) = 7 (£.0)+a 7 (11.0) < |floww) [ 900) dx—a [ o(x) [(x.y) dyax
U Uy

M
< Wloswy—aint [ey)dy) o) dr<c, [plx)ar
0M Uy Uy

with
Cur=Ifll o) ~ainf [ jtx=y) ay,
M

where (J1), was used in the latter inequality. Since J satisfies (J..),, and Ug,M CC B, /2(x0)
we have
inf | j(x—y)d 0.
Jnf jx—y)dy>
M

Thus we may fix a > 0 sufficiently large such that C, < —k. Hence
I (5.9) <~k [ plx)dx
Uo
as claimed. O

Proposition 3.5 (Weak maximum principle). Let Q C RN be an open bounded set and assume
that J satisfies (J1)q, (J1), and Ay j(Q) > 0. Let ¢, g € L*(Q) with ||c™ || =(q) < A1,7(). Then
every supersolution u of lu = c¢(x)u+ g in Q, u =0 on RN \ Q satisfies

g~ Il
u |2 < '
™ [l A1s(Q) = [l z=(0)

In particular, if g > 0 a.e. in Q, then u >0 a.e. in R,
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Proof. By Lemma we have thatu~ € 27(Q) and ¢ (u=,u”) < —_# (u,u™). Consequently,

A (@ gy < 7 () < = # () < = [ e (x) dx— [ glou () d
Q Q
< [l P drt [ g @ () da
Q Q

< yyc+“Lw(Q)||”7‘|i2(Q)+Hg7”L2(Q)””7HL2(Q)-

Since ||| =(q) < A1,7(€2) by assumption, we conclude

g~ Il
u |2 < '
™ [l A1s(Q) = [l z=(0)

O]

Remark 3.6. We note that a combination of Proposition and Lemma gives rise to
a small volume maximum principle if J satisfies the assumptions of Lemma see also
Proposition [0.10|below.

Lemma 3.7. Let Q C RY be an open bounded set and assume that J satisfies (J1)q, (J1), and
A1 (Q) > 0. Moreover, let f: QxR — R, (x,u) — f(x,u) be a Carathéodory function such
that there is some A € (0,A; ;(Q)) with

fu)—f(x,i) <A(u—i)  forallx € Qandu,i € R
Then there is at most one solution u € 9’ (Q) of Iu = f(x,u) in Q withu =0 on RN\ Q.

Proof. Let u; be another solution with u; =0 on RV \ Q. Then w := u —u; € 2”(Q) solves
Iw=c(x)win Q, w=0in RY\ Q with

SO u(x)) = f (o, u1 (x)) o
CELOC(Q), C(x): u(x)—ul(x) f ( )7& 1( )7
0 if u(x) = uy (x),

By assumption, we have ||c"[|;~q) < A < A1;(L), and thus Proposition yields +w >0in
RM. Thus u; = u a.e. in RV,

Lemma 3.8. Let Q C RY be an open bounded set and denote ry := diam(Q). Assume J satisfies
(J1), (J+)2r,. Furthermore let g € L*(Q) and let u € 2’ (Q) be the unique solution of [u = g in
Q, u=0in R\ Q given by Corollary Then there is a constant C = C(N,J,Q) > 0 such
that

[ul| =) < Cllgll=(e)-
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Proof. Denote
Ci := inf / Jj(x—y) dy.

xX€Q

Bro (Q)\Bro/Z(Q)
Then by (J )2, we have C; > 0. Moreover, for ¢ € 27(Q), ¢ > 0 we have

C
(g B2 (Q / /(P J(x,y dXdy>C1/(P ) dx > ”gyi/(P(X)g(x) dx.
L=(2)

RN \Br /2

Thus f: RY — R, f(x) = IHS’HL“’ )15, (@ )(x) is a supersolution of /f = gin Q, f =0 on
RV \ Q. Hence by Proposition 3.5/ we have

u< f=C'gl-@ inQ

A similar argument with —f in place of f gives u > —Cl_1 gllz=(q) in Q. Thus the statement
follows with C = C; . O

Proposition 3.9 (Strong maximum principle (Variant 1)). Assume that J satisfies (J1), (J5).
Moreover, let Q C RN be an open set and assume that €>(Q) C 22(Q). Furthermore, let
c € L*(Q), and let u be a supersolution of Iu = c(x)u in Q such that u > 0 a.e. in RN. Then
eitheru=0a.e. inRY, or

es%inf u>0 for every compact subset K C Q.

Proof. We assume that u # 0 in R, For given xo € Q, it then suffices to show that es?m)f u>0
B, (xo

for r > 0 sufficiently small. Since u # 0 in R" there exists a bounded set M C RY of positive
measure with xo € M and such that

0 :=essinfu > 0. (3.4)
M

By Lemma we may fix 0 < r < Idist(xo, M U(RY\ Q)) such that A ;(Ba,(x0)) > llellz=(q)
Fix a function f € €(Q) such that 0 < f < 1 and

1, for|x—xo|<r,
fx) 1—{

0, for|x—xo| >2r
Let Uy := By+(x0) and U} := B3,(x9). By Lemma there exists a > 0 such that the function
weUY),  wln) = f(x) +alu(x)

satisfies

I 00.0) < =lellimqoy [ 9@ < [ c(omxp) dx (5

Up Uy
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for ¢ € 97 (Up), ¢ > 0. Note that the function w satisfies
w=0 onRY\ (UyUM), w=a onM, (3.6)

We now consider the function v := u — fw E 77 (U{), which by (3.4) and 1D 6) satisfies v > 0
on RY\ Uy. Hence, by assumption and (3.5), ¥ is a supersolution of the problem

Iv=c(x)V in Uy, =0 onRN\ U (3.7)
Since ||c|| =(vy) < A1.7(Vo), Propositionimplies that v > 0 a.e. in Uy, so that u > %w = g >0
a.e. in B,(xp). This ends the proof. O

We note that in Proposition [3.9] we did not assume Q to be connected using (J). We may
weaken assumption (J;.) on J by assuming connectedness of Q and thus get the strong maximum
principle for domains:

Proposition 3.10 (Strong maximum principle (Variant 2)). Assume that J satisfies (J1), (J+ )y,
for some ry > 0. Moreover, let Q be any domain in RN and assume that €*(Q) C Z.(Q).

Furthermore let ¢ € L (Q) and let u be a supersolution of Iu = ¢(x)u in Q such that u > 0 a.e.
in RV,
Then either u =0 a.e. in B, /»(Q), or

esiinf u>0 for every compact subset K C Q.

Proof. Let W denote the set of points y € Q such that ess(il;f u > 0 for r > 0 sufficiently small.
B.(y

Note that we have from (J.),,
/ Jj(y)dy >0 for all r € (0,ro].
RV\B,(0)
Moreover, A ;(B,(z)) > 0 for any z € RY and r € (0, ry]. Furthermore, we have A; ;(B,(z)) — =
for r — 0 by Lemma[2.17] We claim the following:
If xp € Q is such that u £ 0 in B%o (x0), then xo € W. (3.8)

To prove this, let xp € Q be such that u # 0 in B 0 (x0). Then there exists a bounded set M C
Bry (x0) of positive measure with xo & M and such that

0 :=infu>0 3.9
M

By Lemma we may fix 0 < r < ; min{r, dist(xo, MU (RV\ Q))} such that A ;(Bo,(xo)) >
el =(q) and U := B3(x0) C Q. Put Uy := By, (xo) and, since Uy C Q, let f € 67 (Uo) C Z2(Uo)
be given as in the proof of Proposition Then for a > 0 we have w = f +aly € ¥/ (Uy),
where by Lemma [3.4) we may choose a large such that we have

S 060) < el [ oW dx < [ eclomx)o() dv. (3.10

Uo Uo
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Since w satisfies
w=0 onRY\ (UyUM), w=a onM, (3.11)

we may proceed precisely as in the proof of Propositionto prove that u > g >0 ae. in
B, (xo) for a > 0 sufficiently large, so that xo € W. Hence (3.8) is true.

From it immediately follows that W is both open and closed in Q. Moreover, if u Z 0 on
{x e RV : dist(x,Q) < 2}, then W is nonempty and therefore W = Q by the connectedness of
Q. This ends the proof. O

Remark 3.11. We emphasize that in Proposition |3.9|and Proposition [3.10| we do not need € to
be bounded. In particular these results hold for Q = R".

Lemma 3.12. Let ro > p > 0 and xo € RN be given and assume J satisfies (J1), (J+ )2r, and
that €2 (Bp(x0)) C ZL(Bp(x0)). Then there is & > 0 such that for all § € (0, &) the following
is true: The unique solution us € 2’ (B, (xo)) of

{1“6 185, (00) =~ O 1B, (x0)\Bypja(xo) i1 Bp(x0) 512

us =0 on RN\ By (xo)
satisfies es%infug > 0 for all K CC Bp(xo).

Proof. In the following we put B, := B,(x) for any r > 0. By Corollary 2.9], for any § > 0
there is a unique solution us € 2’(B,) of (3.12), and us € L*(R") by Lemman Fix f €
62(Bpj2) C ZL(Bp), 0 < f <1 such thatf_ 1 on By 4. Then with Cp = || f|[zs(5,) +1 we
have

J(f,0) < Cf/(p(x) dx forevery ¢ € 2’(Bp), ¢ > 0.

By

Moreover, we have for any ¢ € 27(B, \ Bs,3), ¢ > 0:

——/f /(p J(x,y) dy dx < — / oy /nydxdy

By o Bp\Bsp g By \Bsp /8 Bya
<—71nf /nyd / o(y)d
yeBp
Bp/s Bp\Bsp g

By assumption (J )2,, and Remark 2.1} we have

= — inf 1
I 2nyg}gp/]xy ) dx >0, (3.13)

Bys

Next, let ¢ € 27 (B,,), ¢ >0 and fix y € CKCZ(B3P/4) with 0 < y < 1and y =1 on Bs, 3. Note
that by Lemma and Remark it follows that o, (1 — y)¢ € 2’ (B,) and thus

J0) =2 ve)+ 7 (f,(1-v)o)
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< [ wwemdx— [ (1-y0)e0) [ ey drdy

B3p /s Bp\Bsp g Bpja
<¢; [ owar-20& [ (1-w()ew) dy
Bip/4 Bp\Bsp s
<Cy / @(x) dx—2Cs& / ¢(y) dy
Bp /s Bp\B3p /4

Thus f is a subsolution of
If =Cs(1g,,, —281p,\5,,) nBp, f=0 onRY\B,. (3.14)
Consequently, for any 8 € (0, &, the function i = ug — Cif f is a supersolution of
li=0 inB,, =0 onR"Y\B,.

Thus Proposition [3.3] gives

1
us > —f>0 ae. inB,. (3.15)
Cr
In particular,
1
essmfu5 > —>0. (3.16)
Bpa Cy

It remains to show that for any & € (0, 6] and K CC By \ B /3 we have

esskinfug > 0. (3.17)

Fix ri,r» € R with 31—’6) <r < % < ry < p and denote M := B,, \ B,, and U := B, \ B3p/16-
Let g € 62(U) with0< g<1land g=1in M. Fix C, = Igll2ss,)+ 1. Then Z(g,¢) <

Cgl{(p(x) dx for all € 27(U), ¢ > 0. Next consider w = %g—i— %lep/s € 7/ (U). Note that
we have us > w in RV \ U by (3.15). Moreover, for ¢ € 27 (U), ¢ > 0 we have

F(w,0) = */ 80 / / J(x,y) dx dy

U Bps

< (8- 260>/ =—6o/<p

U

Thus v =us —w € #7(U) is a supersolution of [v =0in U, v=0in RV \ U. Proposition
gives v > 0 a.e. in U and thus ug > > % 8= 50 a.e. in M. Combining this with (3.16]) we have

1
essrlznf us > min { Cf go } (3.18)

Hence (3.17) holds since r, were chosen arbitrarily, and the proof is finished. O
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Remark 3.13. The proof given above allows to derive more information on possible choices of
8 and on estimates for us in Lemma We will need this information in Section [9] below.
For this fix & € C2([0,%0)) with & =10n[0,3],£ =0o0n[l,»0)and 0 <& < 1inR. Letxo € RY
and for r > 0 denote &, : RN — [0,0), &,(x) = E(]x — x0|/r). Let ry > p > 0 be given and
assume J satisfies (J1), (J )2, and that 6%(B, (x0)) C Z2(Bp(x0)). Then the following is true:

(i) The constant &y in Lemma can be chosen as

1

= inf / J(x,y) dx >0,
220 el b )T

By s(x0)

)

since f:= &, 5 € 62(Bp2(x0)) is a suitable choice in the proof (see (3.13)).
(i) For any & € (0, &) the solution ug of (3.12) satisfies

essinf us > min ! , %
By a(x0) L+(18p 2ll 228, 1+ 160 — E3p/1all 22(8,)

This follows from tb by choosing g = &, — & /14 € €2 (Bp(x0) \ By 3(x0))-
(iii)) We have

-1

sl <max{8,1} | inf [ -y dy

XEBp(x0)
Bop (x0)\B3p 2(x0)

for any & € (0,8) by Lemma[3.§]

Next we will extend the result of Proposition [3.5[to equations of the form
Tu=c(x)u in RV, (3.19)

Proposition 3.14. Assume that J satisfies (J1), (J )y, and let ¢ € Ly (RN) with ¢ < 0.

loc

Then every supersolution u of (3.19) with lﬁlinf u(x) > 0 satisfies either u=0 a.e. in RV, or
X|—ro0

es%inf u>0 for every compact subset K C RY.

Proof. We only need to show that we have u > 0 in R" since then an application of Proposi-

tion [3.10| finishes the proof. Since we have 1\11}1 infu(x) > 0 there is for every € > 0 a radius
x| —o0

R > 0 such that ug (x) := u(x) + € > 0 on RV \ Bg(0). Note that ug € #”(R") for any € > 0 and
we have for ¢ € 27(Bg(0)), ¢ >0

S lue.0)= F.9)> [ cuxowdr> [ cwue(x)ow d

Bg(0) Bg(0)
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since ¢ < 0. It follows that for every € > 0 we have that u, is a supersolution of Jus = c(x)u,
in Br(0), u =0 on RY\ Bg(0). Since ¢™ =0 < Ay ;(Bg(0)) for all R > 0 Proposition 3.5/ gives
ug > 01in Bg(0). Sending € — 0 we reach u > 0 as required. O

Lemma 3.15. Assume that J satisfies (J1), (J5 ), Moreover, let f € C' (RN x R) with 9, f (x,u) <
0 for every x € RN, u € R. Then there is at most one solution u € 2 (RV) N Ly (RY) of
Tu= f(x,u) in RN with ‘l‘im u(x)=0.

X|—ro0

Proof. Let u; be another solution with ‘l‘im uy(x) =0. Thenw:=u—u; € 2/ (RN)nL; (RY)
X|—>00
solves Iw = ¢(x)w in Q, lim w(x) = 0 with

| oo

1
c(x) = / Of (01 (x) — 1 (101 (x) — u(x))) dr.
0

By assumption we have ¢ < 0 and ¢ € L (R"). Thus Proposition yields +w > 0 in RV,

loc
Thus u; = u a.e. in RV. ]
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4 Symmetry results for a general class of nonlocal problems

This section is devoted to prove our first main symmetry result. To state this result, we re-
call the following geometric assumptions on J and the set 2 which were already stated in the
introduction. Note that we consider only kernel functions which satisfy (J1)4; ¢ in this part.

(D1) Q C R is an open bounded set which is Steiner symmetric in x1, i.e. for every x € Q and
s € [—1,1] we have (sx1,x2,...,x5) € Q.

(J2) The function J satisfies (J1), and is strictly monotone in |x;|, in the sense that for all
s,t € R with |s| < |¢| we have

essinf (J(s,2)—J(t,)) >0  forallr>0.
ZeBY=1(0)

Note that (J2) in particular implies that J is positive on R \ {0}, i.e. (J2) implies (J.). The
following is one of our main symmetry results (see also [S0]).

Theorem 4.1. Let Q C RN satisfy (DI1), let J satisfy (J1 Jairy and (J2), and assume that the
nonlinearity f has the following properties.

(F) f: QxR =R, (x,u) = f(x,u) is a Carathéodory function such that for every K > 0
there exists L = L(K) > 0 with

sup|f(x,u) — f(x,v)| < Llu—v| foru,ve|[-K,K]|.
xeQ

(Fsymm) f is symmetric in x| and monotone in |x|, i.e. for everyu € R, x € Q and s € [—1,1] we
have f(sx1,%2,...,xn,u) > f(x,u).

Then every nonnegative solution u € L=(Q) N 2’ (Q) of (P) (see p. is symmetric in xi.
Moreover; either u=0 in RN, or u is strictly decreasing in |x1| in the sense given in Theorem

and therefore satisfies

es%inf u>0 for every compact set K C Q. 4.1)

As a direct consequence of Theorem 4.1 we have the following.

Corollary 4.2. Let J(z) = k(|z|), where k is as in Remark[2.2] 1 < p < eoand |- |, is given in
2-3).

(i) Let @ C RN be Steiner symmetric inxi, ..., xy, i.e. foreveryx€ Q, j=1,....Nands € [0,2]
we have x —sxje; € fﬂ Moreover, let f fulfill (F) and be symmetric and monotone in xy,. .., xn,
ie foreveryuc R xe€Q, j=1,...,Nands € [0,2] we have f(x —sxjej,u) > f(x,u). Then
every nonnegative solution u € L=(Q) N 2’ (Q) of (P) is symmetric in xi,...,xy. Moreover,
either u =0 in RN, or u is strictly decreasing in |x1|,...,|xy| and therefore satisfies .

4Here ej € R¥ denotes the j-th unit vector for j =1,...,N.
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(i) If p=2, Q@ C RY is a ball centered in O and f fulfills (F), (Fsymm) and is radial in x i.e.
f(x,u) = f(|x|e1,u) for x € Q, then every nonnegative solution u € L=(Q) N 2’ (Q) of (P) is
radially symmetric. Moreover; either u =0 in RY, or u is strictly decreasing in |x| and therefore

satisfies (4.1).

Note that we do not assume € to be connected in Theorem The positivity property (4.1))
can be seen as a consequence of the long range nonlocal interaction enforced by (J2). Note that
(J2) is not satisfied for kernels of the form

2= J(2) =1p,0)zl " withs€(0,1), 7> 0. 4.2)

It is therefore natural to ask whether a result similar to Theorem also holds for kernels of
the type (@.2) which vanish outside a compact set and therefore model short range nonlocal
interaction. We have the following result in this case for a.e. positive solutions of (P) in Q.

Theorem 4.3. Let Q C RY satisfy (D1), and let J satisfy (J1 )y 7 and

(J2)" For all 7 € RN7!, 5.t € R with |s| < |t| we have J(s,Z') > J(t,Z). Moreover, there is
ro > 0 such that

essinf (J(s,2)—J(1,2)) >0  foralls,t € Rwith|s| < |t| <ro.
ZeBN7H(0)

Furthermore, assume that the nonlinearity f satisfies (F) and (Fyynm). Then every a.e. positive
solution u € L*(Q) N 27 (Q) of (P) is symmetric in x| and strictly decreasing in |xi| on Q.
Consequently, it satisfies (4.1)).

Note that the kernel class given by (4.2) satisfies (J1)4;ss and (J2)".

Remark 4.4. Suppose that J(z) = k(|z|2), where k is as in Remark and let u € L*(Q) N
2’ (Q) be a solution of (P) such that the function x — f(x,u(x)) is bounded in Q. Then it
follows from [53] Theorem 2] that a solution satisfies u € C(Q). In the general case where J
merely satisfies (J1)g;7/, it is open if solutions u € L*(Q) N 27 (Q) of (P) are continuous.

The proofs of Theorem [4.1|and {f.3|can be found in Subsectiond.2] We will need some prelim-
inary results for these proofs so that we can apply the moving plane method.

Remark 4.5. Suppose that (J2) is satisfied. Then, for every fixed 7 € R", the function ¢

J(t,7) is strictly decreasing in |¢| and therefore coincides a.e. on R with the function 7 —

J(t,7') := lim J(s,7'). Hence J and the function J differ only on a set of measure zero in R".
S—1T

Replacing J by J if necessary, we may therefore deduce from (J2) the symmetry property
J(—=1,7)=J(t,7)  foreveryZ e RV reR. 4.3)

This will be used in the following subsections.
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4.1 A linear problem via a reflection

In the following, we consider a fixed open affine half space H C RY, and we let 0 : RN — RV
denote the reflection at dH. For the sake of brevity, we sometimes write ¥ in place of Q(x) for
x € RN, A function v: RN — RV is called antisymmetric (with respect to Q) if v(¥) = —v(x)
for x € RV, As before, we consider an even measurable map J : RV \ {0} — [0,0) satisfying
(JDgirr. We also assume the following symmetry and monotonicity assumptions on J:
Jx—y)=J(x—y) fora.e. x,y e R¥, x £ y; 4.4)
J(x—y) >J(x—7) forae. x,y € H,x #y. (4.5)

Remark 4.6. If (J1)4;77, (J2) and (4.3) are satisfied and
H={xecR":x;>1} or H={xeR" :x; < -1}

for some A € R, then (4.4) and (4.5) hold. In this case, J even satisfies the following strict
variant of (4.3): Denote Hj, := {x € H : dist(x,dH) > b} for b > 0 then we have for all rp >0

essinf  (J(x—y)—J(x—y)) >0 for all b > 0. (4.6)
x,yEH,
[x—y|<min{b,ro}

We will need this property in Proposition below.

Lemma 4.7. Let J satisfy (J1)qify, and . Moreover; let U' C RN be an open set with
Q") =U', and let v € ¥’/ (U') be an antisymmetric function such that there is k > 0 with
v> —k on H\U for some open bounded set U C HNU' with dist(U, RN\ U’) > 0. Then the
function w := 1y (v+K)~ is contained in 2’ (U) and satisfies

/(W’ W) < —/(V, W) 4.7)
Proof. Since v is antisymmetric we have by (4.4), the symmetry of U’ and (4.5)

/ / y)2J(x—y) dxdy

UNHU'NH
+ f / () =v() P —y) dxdy+2 [ [ (000 v (e ) ddy
U'\HU'\H U\HU'NH
-2 [ / PRI =3) + (60 +v(0) (- 9)| dxdy
U'NHU'NH
> [ [ [0 =020 =)+ @) =)+ () +0)P e =5)] ddy
UNHU'NH
> [ [ [0 =v0)20-3) + 22— 9)| dxdy
UNHU'NH
— [ [ (v) = 1v() P e -y) ddy = p(1awU') @)

uu
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Since p(1yv,U’) = p(1yv + k,U’) we have 1yv+k € #/(U’). And thus, since v > —x in
H\U and k¥ > 0, we have (1zv+ k)~ = ly(v+ «)~. Hence by Lemma we vI(U).
Since w =0 in RV \ U and dist(U,RY \ U’) > 0, the right hand side of is well defined and
finite by Lemma[2.T1] To show we first note that with ¥ = v+ x we have

wvw=[157 "+ Igm x?] 17~ =0 on RY
and therefore

) = w02+ (@) = v()] () = w()] = = (w(@) w(y) + 7))+ w() () + 7))

for x,y € RV. Using this identity in the following together with the antisymmetry of v, the
symmetry properties of J and the fact that w = 0 on RV \ H, we find that

f(wvw)"i_f(vvw) = j(wvw)+/(ﬁvw)

~ [ [ @)+ 7)) y) dya (49)
H RN
-/ / 70+ TP (v —y) dydx
H R
= [ [ W@ 00 3) + () + 1) x5y
H H
== [ [ W@l 00 3) + (=33) + 260 ()] dyd
H H
< - //w y)(J(x—y)—J(x—y))+2xJ(x—y)]dydx < 0, (4.10)
H H

where in the last step we used J(x —y) > J(x—y) > 0 for x,y € H. Hence (4.7) is true, and in
particular we have _Z (w,w) < 0. Since w =0 on RV \ U, it thus follows that w € 2’ (U). O

In order to implement the moving plane method, we have to deal with antisymmetric superso-
lutions of a class of linear problems. The following notion is slightly more general than the one
introduced in [50, Definition 3.3].

Definition 4.8. Let U C H be an open bounded set and let ¢ € L*(U). We call an antisymmetric
function v : RY — RN an antisymmetric supersolution of the problem

Iv=c(x)v inU, v=0 onH\U (4.11)

if v ¥/ (U’) for some open bounded set U’ C RN with Q(U’') =U"and U C U’,v>0on H\U
and

I (v 0)> / cx)v(x)p(x)dx  forallp € 2’ (U), ¢ >0. (4.12)
U
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Remark 4.9. Assume (J1)4;¢ and , and let Q C RY be an open bounded set such that
Q(QNH) C Q. Furthermore, let f: Q x R — R be a Carathéodory function satisfying (F) and
such that

f(x,1)> f(x, 1) forevery 1€ R,x € HNQ. (4.13)

If u € 2’ (Q) is a nonnegative solution of (P), then v := uo Q — u is an antisymmetric superso-
lution of (4.11) with U := QN H and ¢ € L*(U) defined by

Sleu®) ~fleul)
c(x) = v(x) @ #0

0 if v(x) =0.

Indeed, since u € 27 (Q), we have v € 2/ (RN) N L*(RN) and thus v € #/(U’) for any open set
U’ c RN, Moreover, v>0on H \ U since u is nonnegative and u = 0 on H \ U. Furthermore, if
© € 2’ (U), then o Q — ¢ € 2’ (Q) by the symmetry properties of J and since Q(U) C Q. If,
in addition, ¢ > 0, then we have, using ,

J0.9) = S woQ—u.0) = (1,990~ ¢) = [ flxulx)[p(Q0) - p(0)]dx
Q
= [ rtxu)o(@@)dx— [Fixu(x)plx)dx
o) v

= [ U u() — fx.ux)p(x)dx = [ e(xpix)o()dv.
U

U
Here (4.13)) was used in the last step. The boundedness of ¢ follows from (F).

We now establish a weak maximum principle for antisymmetric supersolutions of (.1T].

Proposition 4.10. Assume that J satisfies (J1)qify, and ([4.5), and let U C H be an open
bounded set. Let ¢ € L*(U) with ||c* || =) < A14(U), where Ay j(U) is given in .
Then every antisymmetric supersolution v of (@.11)) in U satisfies v> 0 a.e. in H.

Proof. By Lemmawe have that w := 1yv~ € 2/(U) and _# (w,w) < —_# (v,w). Conse-
quently,

AWy < 7 (0w) < = 7 () < = [ elpom(s) dr= [ e(ow?(x) d

U U
<M =@y Wl 2 y-

Since ||c* || =y < A1,7(U) by assumption, we conclude that [|w||;2(y = 0 and hence v > 0 a.e.
inH. O

A combination of Proposition[4.10|with Lemma[2.17]immediately gives rise to an “antisymmet-
ric” small volume maximum principle which generalizes the available variants for the fractional
Laplacian, see [36, Proposition 3.3 and Corollary 3.4] and [64, Lemma 5.1]. We omit the de-
tails since Proposition (4.10|is sufficient for our purposes. Next, we prove a strong maximum
principle for antisymmetric supersolutions which requires the strict inequality (4.6).
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Proposition 4.11. Assume that J satisfies (J1)airs, [{4) and ([@.6). Moreover, let U C H be
an open bounded set and ¢ € L*(U). Furthermore, let v be an antisymmetric supersolution of
(m such that v > 0 a.e. in H. Then either v=0 a.e. in RY, or

es%inf v>0 for every compact subset K C U.

Proof. We assume that v # 0 in RY. For given xo € U, it then suffices to show that es%in)f v>0
B, (xo

for r > 0 sufficiently small. Since v # 0 in RN and v is antisymmetric with v > 0 in H, there
exists a bounded set M C H of positive measure with xo & M and such that

0 :=infv > 0. (4.14)
M

By Lemma | we may fix 0 < r < dist(xo, [RV\ U]UM) such that Ay ;(Ba,(xo)) > el =)
Next, we fix a function f € €2 (RV) such that 0 < f < 1 on R" and

Fl) = 1, for|x—xo| <r,
. 0, for|x—xo| >2r.
Moreover, we define
wiRY SR, w) = f() — £ +allu(x) - (D)),

where a > 0 will be fixed later. We also put Uy := Ba(xo) and U}, := B3,(x9) UQ(B3,(xp)). Note
that the function w is antisymmetric and satisfies

w=0 onH)\ (UyUM), w=a onM. (4.15)

We claim that w € #/(Uj). Indeed, by Proposition 2.5(i) we have f— foQ € 2/(RV)n
L*(RY) ¢ 77(U§), whereas 1y — 1o € ¥ (Uf) since dist(M U Q(M),U;) > 0 and M is
bounded. Next, let ¢ € 2/(Uy), ¢ > 0. By Proposition ii) we have with C = || f]| 52 (1)

o) =C [ o) ax (4.16)
Uo
Since
fEex) = 1u(x)(x) = Louy(x)@(x) =0 for every x € RV,
we have
S (w,0)= @)= 7 (fo0,0)+al f (u,0)— 7 (1owm) @)
<C/(p dx—I—//(p f)J(x—y) dydx
Uo Q(Uy)

fa//(p xydydx//(p xydydx]

Up Q(M
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xely

(C+Sup J(x—y)dy /(p ) dx— a/(p / —y)—J(x—y)] dydx
0(Uy)

< Ca/(p(x) dx
Up

with

Cy,:=C+ sup J(x—y)dy—ainf/(](x—y)—](x—)?))dyER

x€lp x€Uo
0(Uo)
Since Uy C H, (4.6) implies that
inf [(J(x—y)—=J(x,y)) dy>0

xely
M

Consequently, we may fix a > O sufficiently large such that C, < —|[c||=(g,). Since 0 <w <1
in Uy, we then have

S (0.0) < =lele-(ay / p(x)dx < [ cxw(x)o(x) dv. @17

Up

We now consider the function v :=v — w 6 ¥/ (U]), which by (4.14) and (4.15) satisfies 7 > 0
on H\ Up. Hence, by assumption and (4.17), ¥ is an antisymmetric supersolutlon of the problem

Iv=c(x)V in Uy, v=0 onH\U (4.18)

Since ||c||z=(vy) < A1.7(Uo), Proposition implies that ¥ > 0 a.e. in Up, so that v > %w =
g > 0 a.e. in B,(xp). This ends the proof. O

Remark 4.12. We note that Proposition 4.11]could also be proved by applying Proposition [3.9]
to an associated problem related to the difference kernel (x,y) — J(x —y) —J(x —y). However,
we believe that the above proof is more direct and intuitive. In contrast, in the context of time
dependent problems, we will be forced to study associated problems related to the difference
kernel, see Section [9] below.

Next we derive a variant of Proposition which only relies on the following local strict
monotonicity condition:

There exists ryp > 0 such that essigf (J(x—y)—J(x—y))>0forallb>0, (4.19)
x,ye
|x7y\§}min,fb,r0}

where H, = {x € H : dist(x,H) > b} for b > 0 as above.

Proposition 4.13. Assume that J satisfies (J1)ais, (#.4), {.5) and @.19). Moreover, let U C H

be a subdomain and ¢ € L (U). Furthermore, let v be an antisymmetric supersolution of
such thatv > 0 a.e. in H.
Then either v =0 a.e. in a neighborhood of U, or

es%inf v>0 for every compact subset K C U.
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We stress that, in contrast to Proposition [4.11] we require connectedness of U here.

Proof. Let W denote the set of points y € U such that ess(ir)lf v > 0 for r > 0 sufficiently small,
B, (y

and let o > 0 be as in (4.19). We claim the following.

If xo € U is such that v # 0 in B%o (x0), then xg € W. (4.20)

To prove this, let xo € U be such that v # 0 in B 0 (x0). Then there exists a bounded set M C
HNBxy (xo) of positive measure with xo & M and such that

0 :=infyv >0 4.21)
M

By Lemma we may fix 0 < r < y min{ro, dist(xo, [RY \U]UM)} such that Ay ; (B2, (x9)) >
[¢]| 2=y~ Next, we put Up := Ba,(xo) and Uy := Bs,(x0) U Q(B3,(xo)). Moreover, we define the
functions f € €2(RY) and w € ¥ (U), depending on a > 0, as in the proof of Proposition
As noted there, w is antisymmetric and satisfies

w=0 onH)\ (UyUM), w=a onM. (4.22)

As in the proof of Proposition4.11] we also see that

I (w,0) gCa/(p(x)dx forall ¢ € 2(Up), 9 >0
Uo

with
Ca:=Iflgzwy+sup [ Ja—y)dy—ainf [(J(x—y)=J(x~7))dy

xely xelUyp
0(Uo) M

Since Uy C HNB 10 (x0) and M C HNB 10 (x0), li and the continuity of the function x —
Jyy(J(x—y) —J(x—7)) dy on Uy imply that

inf [(J(x—y)—=J(x,7)) dy>0

x€Uy
M

in B,(xp) for a > 0 sufficiently large, so that xo € W. Hence (4.20) is true.

From it immediately follows that W is both open and closed in U. Moreover, if v # 0 in
{x € H : dist(x,U) < 3}, then W is nonempty and therefore W = U by the connectedness of
U. This ends the proof. O

Hence we may proceed precisely as in the proof of Proposition to prove that v > g >0ae.

4.2 The moving plane argument
Proof of Theorem 4.1]

We assume that J : RV \ {0} — [0, ) satisfies (J1)4i7r and (J2), Q C R satisfies (D1) and the
nonlinearity f satisfies (F) and (Fyyum). Moreover, we let u € L(Q) N 27 (Q) be a nonnegative
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solution of (P). For A € R, we consider the open affine half space

H, =
Tl eRY i x <A} ifA <O,

{heRsz>A} if A >0;

Moreover, we let Q; : RV — RY denote the reflection at dHj, i.e. Q;(x) = (24 —x;,x’). By
Remark [4.5] we may assume without loss of generality that (4.3) holds. As noted in Remark 4.6
J therefore satisfies the symmetry and monotonicity conditions (.4) and (.6) with H replaced

by H), for A € R. Let £ := supx;. Setting Q) := H); NQ for A € R, we note that 0 (Q;, ) C Q for
xXEQ
all L € (—¢,¢) and Qp(Q) = Q as a consequence of assumption (D1). Then for all A € (—¢,¢),

Remark4.9|implies that v :=uoQ; —u € 2/ (RV)NL*(R") is an antisymmetric supersolution
of the problem

IV:C;L()C)V in Ql’ v=0 onH;L\Q,l (4.23)
with
f(-xau(Ql (X))) —f(x,u(x)) .
c; €L”(Q)) givenby ¢y (x)= v (x) 7 () 70
07 1) (X) =0.

Note that, as a consequence of (F) and since u € L*(Q), we have

o= sup |[cal|z=(0;) < oo
Ae(—£,0)

We now consider the statement

(S2) es%inf v, >0 for every compact subset K C Q.

Assuming that u # 0 from now on, we will show (Sy) for all A € (0,¢). Since |Q;| — 0 as
A — ¢, Lemma(2.17|implies that there exists € € (0,¢) such that A; ;(Q)) > c. forall A € [g,¢).
Applying Proposition [#.10] we thus find that

vy >0 ae.inH, forall A€ [g/). (4.24)

We now show

Claim 1: If vy, > 0 a.e. in Hy, for some A € (0,£), then (S,) holds.

To prove this, by Proposition it suffices to show that v; # 0 in RV, If, arguing by contra-
diction, vy =0 in RY, then dH) is a symmetry hyperplane of u. Since A € (0,¢) and u =0 in
RV \ Q, we then have u = 0 in the nonempty set Q_,. ;. Setting A’ = —¢+ A, we thus infer that
vy = 0in Q. Consequently, vy, = 0 in RY by Proposition Thus u has the two different
parallel symmetry hyperplanes dH; and dHj,. Since u vanishes outside a bounded set, this
implies that # = 0, which is a contradiction. Thus Claim 1 is proved.

Next we show

Claim 2: If (S,,) holds for some A € (0,£), then there is 8 € (0,A) such that (S,) holds for all
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ue(A—0,A).

To prove this, suppose that (S, ) holds for some A € (0,¢). Using Lemma we fix s €
(0,9, ) such that Ay ;(s) > c., which implies that A; j(U) > c. for all open sets U C RY with
|U| <'s. Since Q is bounded, we may also fix 8y > 0 such that

1\ Qyp5] <5/2 forall u > 0.

By Lusin’s Theorem, there exists a compact subset K C Q such that |Q\ K| < s/4 and such that
the restriction u|x is continuous. For u > 0, we now consider the compact set

Ky :=Q,.5NKNQu(K) C KNQy

and the open set U, := Q,, \ K;. Note that
s
Ul < 190\ Quay| + 190 \K| + |2\ Qu(K) < 5 +2|Q\K| <5 forp>0.  (425)

As a consequence, for 0 < u < A we have |K,| > [Qu]| —s > |Q4|—s > 0 and thus K, # @.
Property (S ) and the continuity of u|gx imply that nll(in v, > 0. Thus, again by the continuity of
A

u|k, there exists 8 € (0,min{A, & }) such that

nll(invﬂ>0 forall u € [A —8,A].
u
Consequently, for p € (A —§,4), the function v, is an antisymmetric supersolution of the
problem
Iv=cu(x)v inUy, v=0 onH,\Uy,

whereas Ay ;(Uy) > c. by (#.25) and the choice of s. Hence vy, > 0 in Hy by Proposition4.10]
and thus (S, ) holds by Claim 1. This proves Claim 2.

To finish the proof, we consider
Ao :=inf{A € (0,£) : (Sy) holds forall A € (A,£)} € [0,£).

We then have v), > 0 in H),. Hence Claim 1 and Claim 2 imply that Ao = 0. Since the procedure
can be repeated in the same way starting from —/¢, we find that vy = 0. Hence the function u has
the asserted symmetry and monotonicity properties.

It remains to show {@.1). So let K C Q be compact. Replacing K by K U Qy(K) if necessary,
we may assume that K is symmetric with respect to Q. Let K’ := {x € K : x; < 0}. Since for
A > 0 sufficiently small Q; (K’) is a compact subset of Q,, the property (S ) and the symmetry
of u then imply that

essinfu = essinfu > essinfv; > 0,
K K 0;(K')

as claimed in (@.1).
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Proof of Theorem

Throughout the remainder of this section, we assume that J : RV \ {0} — [0,) is even and
satisfies (J1)g;7r and (J2)’, Q C RY satisfies (D1) and the nonlinearity f satisfies (F) and (Fyym)-
Moreover, we let u € L*(Q) N 2’ (Q) denote an a.e. positive solution of (P). For A € R, we
let Hy, Oy, Q,, c; and v, be defined as in Section 4.2 and again we put £ := supx;. As a

xXe
consequence of (J1)4;rs and (J2)’, we may assume that J satisfies (#.4) (@.5) and (.19) with H
replaced by Hj, for A € R (the argument of Remark [4.6]still applies). As in Section[4.2} we then
consider the statement

(S2) es%inf vy >0 for every compact subset K C Q.

We wish to show (S;) for all A € (0,£). As in the previous proof, we find € € (0,¢) such that
vy >0 ae.inH, forall A€ [g,/). (4.26)

We now show

Claim 1: Ifv), > 0 a.e. in H)_for some A € (0,), then (S, ) holds.

To prove this, we argue by contradiction. If (S, ) does not hold, then, by Proposition 4.13] there
exists a connected component Q' of Q; and a neighborhood N of ' such that v; =0 in N.
However, since A € (0,/), the set N := Q; (N \ Q) NQ has positive measure and vj =0 in N by
the antisymmetry of v;. However, v = —u on N, so u = 0 a.e. on N, contrary to the assumption
that # > 0 a.e. in Q. Thus Claim 1 is proved.

Precisely as in the proof of Theorem .1| we may now show

Claim 2: If (S,,) holds for some A € (0,(), then there is & € (0,A) such that (S) holds for all
ue(A—9,A).

Moreover, based on (4.26)), Claim 1 and Claim 2, we may now finish the proof of Theorem [.3]
precisely as in the end of the proof of Theorem[4.1]
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S The fractional Laplacian

In this section we focus on the bilinear form corresponding to the fractional Laplacian. Fix
s € (0,1) and Jy(y) := cns|y| V7% for yRY, y # 0, where

7N/24sr(% +S)

eNsi=s(l—s)m T2—s)"

Then for an open set Q C RV define

HF(Q) = {uec *(RY) : Z(u,u) <o andu=0onR"\Q},

= | [ ey

]RN RN

where we put

We note that for @ C RY bounded we have that J#(Q) coincides with 2(Q) (for more
information on the space J¢;(Q) and other fractional function spaces we refer to [48, [32]).
The next Lemma contains some well known properties of the bilinear form _¢;. We include a
proof for the readers convenience (see e.g. [32}49]).

Lemma 5.1. Let s € (0,1), N € N and J; be defined as above. Then the following assertions
hold.

(i) For any A C RN measurable and any x € RN we have

_2s
Ksa 1= /Js(x_Y)dyZKN7s|A‘ N,

where Ky s 1= cn ¢ 2Ya)ll,ﬂs/ N In particular, for Q C RN open and bounded we have (cf.

Proposition|2.3|and Lemma
Ss(w) > Ky |Q N ullfaqy  for all u € A (Q).

(ii) Let H be a halfspace, then

4T(5 +5)

JET (=) [dist(x,dH)] %

Ks.H ‘= / Js(X—)’) dy =
RV\H

(iii) Let H be a halfspace and define Js(x,y) := Jg(x —y) — Jy(x — §), where x — X is the
reflection about the hyperplane dH, then

J(x,y) > (1=5"N2=%)J(x,y)  forx,y € H with |x—y| < min{dist(x, 0H),dist(y, 0H)}.
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Proof. To see (i) and following the proof of Lemma [2.17]note that
/ Js(x—y)dy> / Js(y) dy,
RV\A RN\B, (0)

where p is choosen such that |B, (0)| = |A], i.e. p = |A|N@y". The last integral then gives

oo

) N N E L
/ J5() dychoN/r—l—2A dr — 2isf\’p—zs - Yo LN A
RN\B, (0) b

To proof (ii) we will use polar coordinates.

CN.s / /
/ P y|N+25 // 01+ Py ay,

RN\H x| RN~

= CN,s(N— 1)(1)]\],1 // / S drdy1
x; 0

e (N =D)E T T2+ 7
- 2r(Tl) (N/2+ ) i 2/y12 d

Cenym T T(1)245) 5 4T(1/245)
T TOTWN/2+s)s 0 T JRT(—s)

Finally to see (iii), let d > 0 and x,y € H with |x —y| < d < min{dist(x,dH),dist(y,dH)}. Then
lx —3|? > |x — y|* +4d? and therefore

dist(x,0H) ™%

=yl =y 1
3P S P +aE =5

which implies that

— N+23
JS(x7y)’x_y’N+zs — 1_ <‘x y‘2> > 1_5—N/2—S
CN.s e —y? -

as claimed. OJ

Let s € (0,1). The fractional Laplacian (—A)* is usually defined via the Fourier transform .%:
For u € C2(RYN), we set

(=AYu(x) = F (|- [*F () (x) = ~_1PV/ o |N+2Y ) ay

with ¢y = [pn 1‘5% d&, where the last equality follows from [32, Proposition 3.3]. The

following identity is well known to experts, but it is hard to find a simple and direct proof in the
literature. The proof we give here is similar to but somewhat simpler than the proof given in
[39}16] which rely on properties of (modified) Bessel functions.
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Lemma 5.2. For any s € (0,1), N € N we have ¢y, = # Consequently (cf. Proposition

2-3(ii)),

(—A PV/ Ws(x—y)dy  foranyuc C*(RN).

Proof. Lets € (0,1). We will start by calculating the constant ¢y s in the case N = 1. Thus we
have to show

[1—cos(x) ,  VaAT(—s)/ _,
/de_ 4 (s +1) (=) (5.1)

Note that the left-hand side can can be transformed, using properties of trigonometric functions
and a substitution, to

p— " 1 2
/1 cos(x d _2/251n (x/2) dx:4175/sm (1) gt

‘x‘l-i-ls xl+2s t1+2s
- 0

Furthermore using the identities (see e.g. [61, Chapter 2, pp.35+pp.41])

T ~ T(x)I(z+1/2)

F(I—Z)Zm and TI'(2z) = 2Wm g

also the right-hand side can be transformed into

VAT(—s) _ 4V _VE
45 T(s+1)  sin(zs)sT(s)T(s+1/2)  sin(ms)2sT(2s)
_ I'(s)C(1—s) _ B(s,1—3s)
I'2s+1) r2s+1)’

where B is for z, w > 0 the Beta-function, which fulfills the following identities (see 61, Chapter
5 pp.61+ eq.(1) on pp.62])

oo

1
kvl L'(w)['(z)
w— 1 z 1 — —
B(w,?7) —O/I dt = O/(k G dk = w12 =B(z,w). (5.2)

With these transformations of the left- and right-hand side of [5.1]it is thus enough to prove

(e} . 2
_, [sin“(?)
(25 + 1)4! / o dt=B(s,1 ).
0

This equation holds since we are able to interchange the order of integration, i.e. we have via
substitution and partial integration

oo

. 2 oo oo . 2 oo oo

s [SIT(0) s [ ks [ SIDT(2) gl [k [ S0

rEs+ =[S ar—at [ete [ S50 arak—a> [ e 1+zs ) ap ak
0 0 0 0 0
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oo

H/p*1 ZY/e sin(kp) dk dp = 41~ / / % sin?(k) dk dp
0 0

0

oo

LY . .
Note that we have [e” 7 sin?(k) dk is the Laplace transform & of sin?® at %, i.e. we have (see

0
e.g. [34, 4.7 (3), p. 150])

[ 2 203
Sll’l — :/6 /’S :1 . :4p2—|-1'
) 5(‘”?)
Thus
wsm _ cw2p1*25 7o
r(2 14“/ s d:/ dt =B(s,1—3s).
(25 + J st J 1P /7 (s,1—5)

We will now turn on the proof for general N > 2. By a transformation we have

1 —cos(xy) k; N2
/|x|N+2sde2/ 1 —cos(x1)) / (x%+‘x/’%) s dx’ dx,

RN -

(I —cos(xy) /rN*2 (x% + r2) —sN/2 dr dx;

oo

rim
] (7“&2“ Vst
0 ' 0 (241"
_2ptvor (”1cos x1) T(N—1)/2)T(s+1/2)
TT(N=1)/2) 0/ T ( L(3+s) >
_aV2r(1—s)

s4sr(2+s) N

where we used equation (5.1)) and the fact that (5.2)) gives

° -2 1 (N-1 _T(N—-1)/2)TC (s+1/2)
) <y2+1)”N/2dy_23< 2 ’SH/z)_ 2T (5 +5)

5.1 Boundary regularity and Hopf’s Lemma

In the following denote §(x) = 8q(x) := dist(x, RV \ Q) for any Q C RY. For the fractional
Laplacian the optimal regularity result is given in [62, Theorem 1.1 + Theorem 1.2]:
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Theorem 5.3 ([62]], Theorem 1.1 + Theorem 1.2). Let s € (0,1) and let Q@ C RN be an open
bounded set with Lipschitz boundary, which fulfills an exterior ball conditiorﬂ Then for every
g € L= (Q) the unique solution u of

(—A)’u=g inQ, 5.3)
u=20 on RV\ Q, '

satisfies u € C*(Q).
If, in addition, 9 is of class C!, then there is a € (0,min{s, 1 —s}) such that

u/8* € CU(Q).

We note that the boundary behavior of the fractional Laplacian is different to (—A). A variant
of Hopf’s Lemma is shown in [9, Lemma 4.3]. There the authors show that if « is a continuous
supersolution of (—A)*u = 0 in some open ball B C RY such that u =0 on RY\ B, then the outer
normal derivative of u satisfies

Opu(x;) = —oo.

In the following we will prove a variant of Hopf’s Lemma which is related to the following kind
of outer normal derivative of order s for s € (0,1):

Definition 5.4. Let Q C R" open with dQ of class C' and let i) : dQ — S' denote the outer

normal unit vector field on dQ. Then for u € C*(Q) and x € dQ we call

(By). u(x) i= lim D= =1),

t—0+ 1S

the outer normal derivative of order s of u in x.

Example 5.5. Let R > 0 and xo € RY and put B := Bg(xo). The unique solution y € 5 (B)
of (~A)*u=1in B, yg =0 on RV \ Bis given by

va(x) = Wy (R =[x —x0)")" forx e RY with v, = 4-1(3)
N N F(N%zs)l—‘(l—}-s)?
see e.g. 10} Corollary 4], [12} pp. 319 eq. (5.4)] or [33]]. For z € dB we have, with n(z) = li:ig‘ ,
. (RR=(R-1)*) . 2Rt — 12\’
(9n); ¥8(2) =~ S = s lim < t > = —W.s(2R)".

Proposition 5.6 (Fractional Hopf lemma).
Let B C RY be a ball with radius R and co > 0. Furthermore, let ¢ € L™(B) with ||c™ || =) <
co. Let u be a supersolution of (—A)*u = c(x)u in B with u > 0 in RN. Moreover let K CC

>Q fulfills an exterior ball condition, if for every x € dQ there exits a ball B C (RV\ Q) such that JBNIQ = {x}.
E.g. every convex set Q satisfies an exterior ball condition; if © is bounded and d€ is of class C> then  fulfills an
exterior ball condition where the radius of the balls can be chosen uniformly.
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RN\ B be a set of positive measure and suppose that esiinf u > 0. Then there is a constant
d=d(N,s,co,R,K, dist(K,B),es%infu) > 0 such that

u(x) > ddog(x) fora.e x€B.
In particular, if u € C(B) and u(xy) = 0 for some xo € dB, then we have

—t
_liminf M <0,
=0t s
where 1 (xo) € S is the outer unit normal of B at xo.

Proof. Consider the (barrier) function w = g +alg € #”s(B), where B C RY is such that
B CC B and dist(K,B) > 0, and yg € J#(B) is the solution of (—A)*u =1 in B, u=0 on
RN\ B as in Example|5.5|and

1 R2s
a:=| sup |x—yNH <"M)> 1.
x€B, yeK CN7S|K’YN,SR §

Then for ¢ € J’(B), ¢ > 0 we have
' CN,s
Ailn9)= [ o) ds—a [ o) [ S dvar
B B K

< —coto R [ 9(x) dx < [ cwix)p(x) dx
B

B

since w = yp > 0in B and ||l//BHLm RN) = W, sR*. Denote € := essmfu Thenv:=u—Etwisa

supersolution of (—A)*v = ¢(x)v in B, v=0 on R\ B. Thus we have by Proposition [3.

£ eV R°
u>—-w2> s
a

Op a.e. in B.

In particular, if u € C(B) and u(xo) = 0 for some xo € dB, we have

g0 =00 e v — ()
t—0+ s at—ot s

<0.

O

Next, we prove a variant of Proposition [5.6]for antisymmetric supersolutions (see [36, Proposi-
tion 3.3]).

Proposition 5.7 (Antisymmetric fractional Hopf lemma). Let H C RN and consider a ball
B CC H of radius R > 0. Furthermore, let co > 0 and ¢ € L*(B) with ||c¢™ || ;=5 < co. Let u be
an antisymmetric supersolution of

(=A)’u=c(x)u inB (5.4)
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such that u > 0 on H. Moreover, let K C H be a set of positive measure such that K CC H\E
and suppose that esskinf u>0.

Then there is a constant d = d(N, s,co, R, K, dist(K, B), dist(B, RY \H),es%infu) > 0 such that
u(x) > ddog(x) fora.e x€B.
In particular, if u € C(B) and u(xo) = 0 for some xo € By, then we have

~liminf X0 =1M(x0))
=0+ s

<0.

Proof. For a > 0, consider the barrier

w(x) == Wp(x) + ot lg (x) — Yo(p)(x) — algk)(x),

where Q : RY — RN, x — & is the reflection at dH. Let ¢ € 7 (B), ¢ > 0 be arbitrary. Then
we have

Fs(w,0) = /(p ) dx — acNS/(p /| |N+25dydx

x)
+aCN3// |xy|N+2sdde+aCNq/(p mdydx
B Q(K) O(K)

1 1
S/(p(x) dx—ochvs/(p(x)/<‘x_yN+2S - x_)-)’N+2s> dy dx
B B K

1
+en s Yv.sR> / ¢ (x) / =y dy dx

B QO(B)
< Ca/(p(x) dx
B

where

Co =11
o +CNSYN3§C:I; q) /’x y]N”S

1 1
—ainf _
O‘;QBCN‘/ <‘x_y‘1v+zs ‘x_)—)‘N-‘rZs) dy
K

Since dist(B, RV \ H) > 0 it follows that sup [ ¢(x) [
x€EBB 0o(B)

m >0forxe BCH,yec H, wemay choose o sufficiently large such that Co, = —co v, SR,
With this choice of & we have that w is a subsolution of (—A)*w = ¢(x)w in B. Let € := es%inf u,

1 : 1
[P dy < 0. Since moreover s~
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then v = u — £w is an antisymmetric supersolution of (—A)*v = c(x)v in B withv >0 on H \ B.
By Proposition i.10] we have

E € R
u>—w> s Op a.e. in B.
(04 (04
In particular, if u € C(B) and u(xo) = 0 for some xo € dB, we have

limipg A0 —m)) & Ws(xo —1n(x0))
t—0+ s o 1—0+ s

<0.

O]

Next, we establish a fractional variant of Serrin’s corner boundary point lemma (see [[65, Lemma
1]). More precisely, we have the following (see [36, Lemma 4.4]):

Lemma 5.8 (Fractional corner point lemma).

Let D C RN, N > 2 be an open bounded set with C*> boundary such that the origin 0 € dD.
Assume furthermore that the hyperplane {x; = 0} is orthogonal to dD at 0, that D is symmetric
about {x; = 0} and that the inner unit normal —n(0) coincides with the second coordinate
vector ey. Let D* := DN {x; <0}. Let c € L*(D*), and let w be an antisymmetric supersolution
of (—A)*w = c(x)w in D* such that w > 0 in {x; < 0} and essinfw > 0 on every compact subset
of D*. Then letting = (—1,1,0...,0), there exists C,ty > 0 such that

w(tf) > Ct'™ Y e (0,19).
Proof. Let R > 0 small so that B := Bg(Re;) C D and dBg(Re;) N'D = {0}. Put
K = Br(Res) N {x) < 0}

Define B?> = Bg(4Rn) and B' = Bg(4R7}), where ] = e, +e; and 7] = e; — e;. From now on
we will consider R small such that B! UB? cC D.
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As before we use
s
vp(x) = (R = [x—Re2)")
and for a > 0 (to be chosen later), we consider the (barrier) function
h(x) = —x1[Wr(x) +a(lp (x) + 15 (x))].

Note that (x) = —h(%) and & € C'*(B). Using [33, Theorem 1 + Table 3, pp.549], together
with a scaling and translation,

[(—A) (x1WR(x))] = |Cn.sR ' x1| < Cy |y | Vx ek, (5.5)

where here and in the following C;,C,, ... denote positive constants (possibly depending on R,
N, s but not on a). Now we put for x € K:

I(x) := (=A)*h(x) with A(y) := =y (11 (y) + 12 (y))  fory e RY

Then for x € K we have

y1 1 1 -I—l 2 N N
_PV/ ’)l; y’N+2_§‘B ( ) dy:/yl (!x—y! N 25_’x_y’ N 25) dy
1

N2
_/ (!x—y!> o iy
x— y\N+2‘ x— 7
N+2s
_/ x—y|? 2 dy
|x — y\N“S x —y[2 +4x1y1 '

Observe that by construction,

R<|x—y| <7TR forallx € K and y € B'.

Using this together with the facts that y; < —3R for y € B! and that the map 7+ 1 — (Hid)k is
strictly monotone decreasing in 7 for all d,k > 0, we therefore get

N+2s
o 49R? 2
1(x) g/ylleyl Nz <1 <49Rz+4xly1> )dy

BI
49R? B
<—3R7R*N*2S/ - —= d
- ( ) ( (49R2—|—4x1y1) ) Y
Bl

dxiy [(49R2) N\ T

X1Y1
- _C 1—(1— d for all x € K.

2/( < 1—|—4x1y1/(49R2)> >y orafxe

B!
Since N > 2 and thus (l—t) <1—tfort€(0 1), we get

4y1/(49R?)

I(x) < —

dy < —Cslx1| forall x € K,




Symmetry via maximum principles for nonlocal nonlinear boundary value problems 40

where we have used again the fact that |y;| > 3R and |x;| < 5R for y € B!, x € K. Combining
this with (5.5)), we get

(=A)*h(x) — c(x)h(x) < (C1 + |lews]|=p) — aC3)|x1| = (Cs4 —aCs)|x;| forallx € K.

Hence we can choose a so that (—A)*h — c¢(x)h < 0 in K. Since by assumption we also have
w > ¢h in B! for some € > 0, we get w—¢&h > 0 in {x; < 0} \ K. We then deduce from
Proposition that w > eh in D*. Now since for ¢ > 0 small we have

h(t) = "7 (2R — 41?),

the proof follows immediately because 17} € D* for t > 0 small. O

5.1.1 An overdetermined problem involving the fractional Laplacian

This part is devoted to an overdetermined problem involving the fractional Laplacian. For s =1
the results go back to Serrin in 1971 [65]. We will extend this to the case of s € (0,1). This part
follows closely [36]. We note that recently also the overdetermined problem for the fractional
Laplacian in exterior sets has been studied in a similar way (see [[70]). We refer also to the
following very recent studies on constant nonlocal mean curvature in [[17, 29].

Theorem 5.9. Let Q C RN, N > 2, be an open bounded set such that dQ is C? and let u €
() be the unique solution of

(-A\’u=1 inQ  u=0 onRV\Q

If there is ¢ € R with
(Og),u=c ondQ,

then Q is a ball.

Remark 5.10. We note that by Theorem|5.3{we have u € C°(R") since dQ is C?, thus (dp), u is
well-defined on dQ. In addition, a solution u € J7;’(Q) to (—A)*u = 1 in Q is strictly positive
in Q by Proposition and since dQ is C2, Proposition implies that a solution u as above
may only exist if ¢ < 0.

Proof of Theorem[5.9} Let e € S! be fixed and consider Tj := {x € RV : x-e =21} as a hy-
perplane in R, which we will move by continuously varying A. Since Q is bounded, denote

l::nggx-e, so that Ty NQ = 0 for A > I. Denote H := {x € RY : x-e > A} and define
xe

Q; :=QNH,. Let Q; : RN — RV be the reflection about T} as described before and denote
Q) 1= 0;(Qy), i.e. the reflection of Q; about T} . Since dQ is C* we have for A < [ but close
to/ that Q) C Q. Nextletn :0Q — S ! be the outer normal unit vector field of Q and put

Ao :=inf{A €R : Q, C Q forall g > A, and n(x) > 0 for all x € IQNH, }. (5.6)

We note that we have Q/AO C Q\ H,, and one of the following is true (see [42] Section 5.2]):

Case 1: There is a point By € 89097&\ T).

. . 5.7
Case 2: Ty, is orthogonal to dQ at some point Py € dQNTj. 5.7)
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This is because dQ is C> and Q is bounded.
For simplicity, we put T = Ty and H = H),. Our aim is to prove that in Case 1 or 2, Q must be
symmetric with respect to the plane 7" and convex in direction e.

To prove that in both cases above we obtain symmetry, we let Q be the reflection about T as
described before. Then define ¥ := Q(x) and consider the function

v(x) == u(x) —u(x) forxecRV.
Since U = Qﬁo C Q we have that v satisfies
(=A)*v=0inU

and
v>0 on H'\ U,
V(%) = —v(x) forallx € RV,
Here H' := RV \ H. Thus we have that v is an antisymmetric supersolution of (—A)*v =0 on U

with v > 0 on H' by Proposition Proposition 4.11)) then implies v =0 on RY or v > 0 in
U. In the following, we argue by contradiction and assume that v > 0 in U.

We then first consider Case 1, i.e. we assume that there is some point Py € dQNU \ T.

Note that we have Py € dQ N JU due to the choice of Ay, and we have v(Py) = 0 since u(Py) =
0 = u(R). Since moreover v > 0 in U, Proposition [5.7| gives that (dy), v(Py) < 0, where 1 is
the common outer normal of JU and dQ at Py. But since (dy), u(Py) = ¢ = (dy) , u(Py) we must
have (dy),v(Py) = 0 which is a contradiction.

Next we consider Case 2, i.e. we assume that 7 is orthogonal to dQ at a point Py € T N JQ. Up
to translation and rotations, we may assume that Py = 0, ¢ = ey, e; is the interior normal of dQ
at 0, and V28 (0) is diagonal. Without loss of generality, we may also assume that A9 = 0. We
then claim that

v(tf) = o(t'™*)  ast—0, (5.8)

where 7 = (—1,1,0,...,0). Indeed, thanks to Theorem , we can write for x € Q:
u(x) = 8" (x)w(x),

where y € C%4(Q) for some a € (0,1) (recall that § = &g is the distance function to dQ). It is
clear from our hypothesis that
y(x)=—c VYxe€odQ. (5.9

(
Put ii(x) = u(X) = u(—x1,x2,...,xy), 6(x) = §(%) and ¥(x) = y(X). By continuity, we have
y(tn) =—c+o(l)=y(n), ast—0.
Then we have

v(tf) = u(ef)) — a(eq) = [8°(ef) — 8°(t77))(c +0(1)), ast— 0. (5.10)
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By Taylor expansion, we have

o(r) =6(0)+Vo(0)- (1) + %V25(0)[(tﬁ)] (t7) +o(t?), ast—0

and
5(11’,) =6(0) —i—VS(O) (1) + %VZS(O)[(H'])] (1) +0(t2), ast — 0.

Moreover, since e; = V§(0) is the normal direction, dy,8(0) = O for all i # 2. Therefore
V§(0)-7=V6(0)-f=er-7 =1.
Since V23(0) is diagonal we have
V28(0)[A]- 71 = V28(0)[A] -7 = V28(0) e2] - €2+ V28(0) e1] - e1.
By a Taylor expansion of a — @* at a = 1 it follows that

85(tm) = (1 + %VZS(O) [A]- (1) +o(r)), ast—0

and

5n) =1+ %VZS(O) [A]-(tR) +o(t)), ast— 0.

We then conclude that )
o'(tn) —o6°(tn) = o(t”s), ast — 0.

This together with (5.10) proves (5.8).
Since [5.8] contradicts Lemma [5.8] we then conclude that also in Case 2 we have v = 0, as

claimed.

In conclusion, we have proved that for all e € S there is a hyperplane T¢ perpendicular to e and
such that Q is symmetric with respect to 7¢ and convex in direction e. In particular, considering
hyperplanes T corresponding to the coordinate vectors e;, we have that Q is symmetric with
respect to 7% for i = 1,...,N and convex in all coordinate directions. Consequently, € is also
symmetric with respect to reflection at the unique intersection point zg of 7¢',... TV, i.e. we
have z9 +x € Q if and only if zo —x € Q. It is then easy to see that zg € T° for all e € S', and
this implies that Q is a ball centered at zg. O

We now turn to some variants of Theorem [5.9

Theorem 5.11. Let Q C RN, N > 2, be an open, bounded set with C? boundary. Furthermore,
let f: R — R be locally Lipschitz and assume that there is a solution u € C*(RN) N (Q) of

(=A’u=f(u) inQ;
{ u=0 on RV \ Q; G0

which is nonnegative and nontrivial in Q. If there is ¢ € R such that (dy) u = c on <, then Q
is a ball and u > 0 in Q.
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Remark 5.12. We note that Theorem [5.9] is a special case of Theorem However, in
Theorem [5.11] we do not have a priori that the solution  must be positive. Thus the argument
which leads to the cases 1 and 2 in the proof of Theorem [5.11]has to be slightly different.

Proof. Let e € S! and consider A as defined in (5.6) and U := Q’20 C Q as before. We define

V7, (%) := u(x) — u(x) for all x € R, where we use the notation as in the proof of Theorem
i.e. X¥:= 0, (x) and Q; is the reflection about 7' = T} . Then v, is an antisymmetric solution of

(=A)'vy, = cr(x)vy, inU,

where

if u(x) # u(x);

0, ifu(x)=u(x).
Let Ly be the Lipschitz constant of f for the interval [0, ||ul| ;= gw)]. Then we have |[c|| =) < L.
Here, we cannot directly apply the maximum principle to get vy, > 0 in H' as in the previous
section because Ly might be large. However, by using the moving plane method, we can prove
that
vy, =0 on H'; (5.12)

To see this, we note that for A € (Ao,/) but close to I we have Ly < A1 ;,(Q}) so that u(x) —
u(Q;y .(x)) > 0in Q) by Proposition Now by Proposition[4.11]

(52)  va(x):=u(x)—u(Qy(x)) >0 forallx € Q)
as u is nontrivial. We let
A :=inf{A > Ay : (S,) holds forall A > u}.

Our aim is to prove that A = Ag. Assume by contradiction that A > Ao. Then by continuity and
Proposition we have that (S ) holds. Since A > Ao, there is by continuity € > 0 such that
Q7 _ C Q. Choose an open set K C Q5 such that {v <0} NQ; _C K and we may assume
that |K| is small by making € possibly smaller. Proposition and Proposition then can
be applied to K giving v;_, > 0 in K (as before) and thus S5 _, holds in contradiction to the
choice of 1. Thus A = Ay. Hence is proved. We have now that v is an antisymmetric
supersolution of (—A)*v = c¢(x)v on U with vy, > 0 in H'. Arguing now as in the proof of
Theorem we obtain vy =0 on RN. Since e was chosen arbitrarily we conclude as in the
proof of Theorem [5.9|that supp(u) is a ball.

To finish the prove, we need to show Q = supp(«). Assume by contradiction that supp(u) #
Q. Then there is a ball B CC Q\ supp(u), such that u = 0 in B. Consider the hyperplane T
separating B and supp(u) — this is possible since B and supp(u) are balls. It is clear that u = 0 on
the halfspace H with boundary T containing B. Let ¢ € S' be perpendicular to T and contained
in H. Now by moving the planes 7, as above w.r.t. this e, we get, for every A € (A,1)

u(x) > u(Qy(x)) >0 forallxec Q) , .

This, in particular, implies that u > 0 in QN H}, which is impossible. We then conclude that Q
must be a ball. O
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Theorem 5.13. Let c € R and Q C R be a bounded open set. Let f: R — R be locally Lipschitz

and assume that there is a function u € C(Q), which is nonnegative and nontrivial in Q and
satisfies
(=A’u=f(u) inQ;

u=0 on R\ Q; (5.13)
(On)u=c on Q.

Then Q = (a,b) for some a,b € R, a < b and u >0 in Q.

Proof. Assume that © has at least two different connected components (d@,b) and (a,b) with
a < b < d < b. Note that as in the case N > 2 we can move points from the right up to Ay =
(@+b)/2, so that v(x) := u(x) — u(x) solves

(—=AY'v> —cp(x)v in (a, )

and v(x) > 0 for x < Ay by arguing as in the proof of Theorem Note that only interior
touching can occur. Hence by Hopf’s Lemma we obtain v = 0 on R, but this gives u = 0 on
R\ (d,b). Next moving from the left up to Ay = (a@+ b)/2 implies, as previously, u = 0 in
(a,b). Therefore u = 0 in R leading to a contradiction. The positivity of « finally follows as in
Theorem [5.11] by the monotonicity which is a byproduct of the moving plane method. O
5.2 Some additional estimates for nonlocal operators of order s € (0, 1)

In this section we add some estimates and a generalization of Proposition [5.6|to a more general
class of nonlocal operators of order s € (0,1). We fix s € (0,1) and introduce the following
assumptions for a measurable function J satisfying (J1), and (J1):

(JLy) There is ryp > 0 and ¢ > 0 such that

J(x,y) > clx—y| TV for a.e. x,y € RN with x # y and |x — y| < rg.

(JU,) There is rp > 0 and ¢ > 0 such that

|7N72s

J(x,y) <clx—y for a.e. x,y € RY with x # y and |x — y| < rg.

(J5) There is rg,k > 0 such that the map RY x RV \ {(x,x) : x e RV} = R, (x,y) > J(x,y) —
k|x —y|7™™=2% is bounded in {(x,y) € RN x RN : |x —y| < ro}.
Lemma 5.14.
(i) If J satisfies (JLy), then 27 (Q) C S5 (Q) for every open bounded set Q C RV,

(ii) If J satisfies (JUy), then 2’ (Q) D H#F(Q) for every open bounded set Q C RN,
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Proof. To see (i), let u € 27 (Q), then u € L*(Q), since Q is bounded, and thus

c CN.s (u(x) —u(y))?
\ 9 S 9 - T N9 d 3
Al < g+ G [ R d ()
[x=y[>ro
c c 1 —N—2s
< )+ 20" Pl < (- +2A0(Q)7 5N o) S ) <o

To see (ii), first of all note that by (J1), there is K > 0 such that

sup J(x,y) dy <K.

x€ERN
[x=y|>ro

Next let u € H#F(Q), then u € L*(Q), since Q is bounded, and thus

/(u,u)SCN (u,u) +f / y))2 I (x,y) d(x,y)
? |x y[>ro
() + [ / Sy)dydvt [ Ul i) ) dixy)
RN [x—y|>ro [x=y|>ro
c K ) 5
: <cNY A1J(Q)> /S(M’MHKR[L[ o

c K K2
= (Cm " A1, (Q) * Al,J,T(Q)) Sls).
O

Remark 5.15. Note that if (JL,) and (JUj) are satisfied then we have 27(Q) = #(Q) for
every bounded open set Q. Moreover, if J satisfies (JL) for some ro > 0, then (J1); and (J.),,
are satisfied.

Obviously, (JLy) and (JUy) are satisfied if and only if there is rg > 0, 0 < ¢; < ¢p < oo such that

crilx—y| ™V < J(x,y) < ealx—y| TN fora.e. x,y € RY with 0 < |x—y| < ro. (5.14)

Finally, we note that (J;) implies the existence of some ry > 0 such that (5.14) holds for some
c1, ¢ >0, 1i.e., (Jy) implies (JL;) and (JUj).

Lemma 5.16. Let Q C RY be an open bounded set and assume J satisfies (J1 )airr and (Js).
Then for any u € 5 (Q) NL”(Q) we have Iu € L*(Q) if and only if (—A)*u € L*(Q).

Proof. Note that since J fulfills (J;), there is k,r,C > 0 such that for a.e. x € R and a..
y € B,,(x) we have
kCNJ
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Thus for a.e. x € Q we have

k(=AY u(o) ~1u()| <C [ Jutx) = uly)| dy

By, ()
kCN7S
b ) ) ) ]
RN\Bro ()
key SNoyr 2
< 2|ul| () | CNrY 0y + / J(y) dy—i‘% < oo
BB, (0
O

With this we immediately get

Corollary 5.17. Let Q C RN be an open bounded set with Lipschitz boundary. Moreover, let
g € L*(Q). Furthermore assume (J1)airs, (J5) and (J 1 )rgiam(q)- If Q fulfills an exterior ball
condition, then every solution u of

(5.15)

Iu=g in Q,
u=20 on RN\ Q,

fulfills u € C5(Q).
If additional dQ is of class C', then there is a € (0,min{s, (1 —s)}) such that

u/o* € C*(Q),
where § := dist(x, RV \ Q).

Proof. Since g € L*(€2) and since (4 )xgiam(0) 1S satisfied, we have u € L™(Q) by Lemma 3.8]
Thus by Lemma [5.16] (—A)*u = g in Q for some § € L™(Q). Thus with Theorem 5.3 the proof
is finished. O

Definition 5.18. Let M C RY an open bounded set such that dM is of class C2, and let J satisfy
for some (J1)zirf, (Js) and (J4). In the following, we let Wy ; € (M) denote the unique
solution of I'%¥Wy;; = 1in M, ¥y ; =0 on RN \ M given by Corollary

Remark 5.19. If M and J are as in Definition|S.18], then Corollary|5.17|gives that Wy, ; € C*(M).
Moreover, by Proposition and Proposition we have Wy, ; > 0 in M. Hence there is a
constant C > 0 such that

0 < Wy s(x) <C(dist(x, RN\ M))"  forxeM.

Lemma 5.20. If J fulfills (J1)airs, (J5) and (J+), then for all xo € RN and p > 0 the function
VB, (x).J € Ao (Bp(x0)) satisfies

Ci(p—lx=x0])" < Wp,(xp) s (x) S Ca(p —[x—x0])°  forx € Bp(xo)

with constants C1,Cy > 0 depending only on N,J and p.
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Proof. Since J satisfies (J1)y;zs, it suffices to consider xo = 0. Recall that the unique solution
v € A5 (Bp(0)) of

(—AYy=1 in B, (xo), yv=0 on RV\ B, (0),
is given by Y
i) = s | (07 - ba—aP) |
Due to Lemma[5.16] there is C > 0 such that
Iy <C+(-A)’y=C+1 in By (xo).

Thus we have by the weak maximum principle given in Proposition 3.5}

1 .
lI’Bp(O),J > mw a.c. 1n Bp (X()).

The upper bound then follows from Corollary O

By exactly the same argument as in the proof of Proposition [5.6] based on the comparison
function yp ; in place of yp and Lemma5.19] we now get the following.

Corollary 5.21. Let B C RYN be a ball with radius R. Furthermore, let co > 0, ¢ € L*(B)
with ||c™ || =8y < co and assume J satisfies (J1)qify, (J5) and (J.). Let u be a supersolution of
Iu = c(x)u in B with u > 0 on RN. Moreover, assume there is K CC RN \ B with |K| > 0 and
es%inf u > 0. Then there is a constant d = d(N,s,co,R, K, dist(K,B),es%infu) > 0 such that

u(x) > ddg(x) fora.e x€B.
In particular, if u € C(B) and u(xo) = 0 for some xo € B, then we have
(%0 — 11 (x0))

.. u
— liminf
t—0+ s

<0,

where 1(xq) € S' is the outer unit normal of B at xo.

Remark 5.22. Let M C R" an open bounded set such that dM is of class C2, and let J satisfy for
some (J1)girr, (Js) and (J+). A combination of Remark[5.19|with Corollary [5.21] gives constants
d,C > 0 such that

d (dist(x, RN\ M))" < Wy (x) < C(dist(x, RV \M))"  forxe M.

Finally we discuss the existence of a bounded first eigenfunction of the operator I in L?(Q).
Combining [67, Proposition 4] and [63, Theorem 1.1] we have that this is true if I = (—A)*,
s € (0,1). As already mentioned in [67], the proof provided in [67, Proposition 4] carries over
to the situation of more general kernels of possibly varying order.
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Theorem 5.23. Let Q C RYN be a bounded domain with Lipschitz boundary. Assume that J
satisfies (J1), (JLy) and that €2(Q) C D2 (Q). Then

A]_J(Q) = min /(th’u) >0
’ ue 7’ (Q) ||MHL2(Q)

and there exists a normalized first eigenfunction @ € 9’ (Q) N L™(Q) of the associated self-
adjoint operator I given in Corollary[2.6|which satisfies

I(p] :AlJ(Q)(pl, in Q.,'
0 =0 on RN\ Q; (5.16)
o120 = 1.

Moreover, @ is unique up to sign and can be chosen such that

es%inf >0 forall K CC Q; (5.17)

Furthermore, for any A > 0 there is a constant C = C(N,J,Q,A) > 0 such that any solution
vE 27(Q) of
Iv=Av inQ (5.18)

fulfills
Vllz=(@) < ClIvllz2(q)- (5.19)

Proof. Due to (JLy) we have A ;(Q) > 0 by Proposition Let (uy)nen C 27 (Q) be a mini-

mizing sequence of u — _# (u,u) subject to the constraint [|uy|;2(q) = 1 for all n € N. Since

Sl =5 [ [ =u)2a053) dxdy 2 5 [ [ ()| = )2 5,9) sy
RN RN RN RN
= _Z(|u],|u]) for all u € 7”(Q),

we may assume u, > 0 for all n € N. Note that by Lemma and [32, Theorem 7.1] we have
P’ (Q) — HF(Q) S LH(Q).

Since sup _# (un,uy) < oo, there is a subsequence (i, )x such that u,, — @y in L*(Q) as k — .
neN
As in the proof of Proposition 2.4| we conclude that ¢; € 2”(Q) and that

S (1, @1) <Tminf 7 (un,,un,) = A1y ().

Since moreover ||‘P”i2(g) = 1, it follows that _Z (@1, ¢1) = A1 (). Moreover, ¢; > 0 in R".
To show that ¢; solves

Ip)=A1,(Q)@ inQ ¢ =0 inRV\Q (5.20)
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we let y € 2”(Q) and consider the function

g:RR, g(t)=_F (o +1y,@1+1y) = ALy (Q)|@1 + 1] 1)

Then

g0 = 7 (01, ¥)+20 7 (w.¥) ~ Ais(@) [ @1 wx) dx—2A10(Q) [ W) d.
Q Q
for t € R. Since g has a local minimum at t = 0 we have

0=¢(0)= 7 (1.¥) - Ais(®) [ 1) () dx
Q

Hence ¢; solves (5.20). Since ¢; > 0 in RY and ||¢; 12() = 1 we have es%inf(p > 0 for all

compact sets K C Q by Proposition Here we used the assumption 672 (Q) C 27(Q).

Next we show the uniqueness of @;. If ¥ € 27(Q) is any function satisfying , then v
is also a minimizer of u — _# (u,u) subject to the constraint |[u||;>(q) = 1, and the same holds
for |y| by the estimate above. Hence |y| is a solution of (5.20) and thus esskinf |y| > 0 for all

compact sets K C Q by Proposition [3.10] Now suppose by contradiction that the eigenspace of
I corresponding to A; ;(Q) has dimension greater than one. Let K C Q be a compact subset of
positive measure. Then we find y € 27 (Q) satisfying and such that [, wdx = 0. This
contradicts the property that es%inf |y| > 0, and the uniqueness follows.

The fact that ¢; € L= (Q) follows from (5.19). The proof of (5.19) can be done as for the case
I = (—A)*. For the readers convenience we included the proof in the Appendix, p. 0
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6 A class of nonlocal evolution equations

We now turn to the following time dependent problem for an open set Q C RY and a time
interval T C [0,):

du+Tu= f(t,x,u) inT xQ;
(Pr) _ N
u=0 onT x (RY\ Q)

Here f: T x Q xR — R is a Carathéodory functionﬁ and [ is the operator associated to a
measurable kernel function J : RY x R¥\ {(x,x) : x € RV} — [0,0) as in Section[2] We suppose
that J satisfies (J1), and we let _#, 27 (Q) and 77 (Q) be defined as in Section As in the time
independent case we will work with the weak formulation of problem (Pr).

Definition 6.1.

1. We call a function u € C(T,2’(Q))NC'(T,L*(Q)) a solution of (Pr) in T x Q if for
all ¢ € 27(Q) with compact support in RY and t € T the integral [q, f(¢,x,u(x))@(x) dx
exists and

S u(0),0) = [ (F(u(t,2)) — e, ) () d.

Q

If, in addition, 7 = [0, o), then we also call u a global solution.

2. We call a function u € C(T,7’(RN))NCY(T,L*(Q)) a supersolution of the equation
du+1Tu= f(t,x,u) in T x Q if for all ¢ € 2/(Q), ¢ > 0 with compact support in RY
and t € T the integral [ f(7,x,u(x))@(x) dx exists and

S u(t), ) > /(f(t,x,u(t7X)) — u(t,x))9(x) dx.

Q

3. We call u a supersolution u of the problem (Pr) in Q if u is a supersolution of du+ Iu =
f(t,x,u) in T x Q satisfying u > 0on T x (RV\ Q).

4. We call u a subsolution of du+1Iu= f(t,x,u), resp. (Pr)in T x Q if —u is a supersolution
of u+1Iu= f(t,x,u), resp. (Pr)in T x Q

6.1 Time dependent maximum principles
For Q@ C RY open and bounded, ¢ € L*(T x Q) we analyze supersolutions u of
u+Tu = c(t,x)u inTxQ, u=0 onTx(R\Q). (6.1)

Proposition 6.2. Assume that J satisfies (J1), let Q be an open bounded set, let T = [ty,Ty) C R
be a time interval and let ¢ € L*(T x Q). Moreover, let u be a supersolution u of (6.1) in T x Q.

6f (+,-,u) is measurable for every (,x), f(¢,x,-) is continuous and for each compact set K C R we have that
(t,x) — sup{|f(t,x,u)| : u € K} are Lebesgue integrable on T X .
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(i) We have

le™ () l22(0) < exp [(le" =m0y = A1s(Q)) (t —10)] u” () 2)  (62)

fort € T, where A j(Q) is given in . In particular, if ||c* || =(7xq) < A1s(Q) and
To = oo, we have [lu™ (1) 12(q —>0f0rt—>oo

(ii) If additionally we have u™ (ty) € L*(Q), then

™ ()l < exp (€™ ll=(rx0) = A1s(Q)) (t —10)) u™ (t0) |-(0) (6.3)

fort € T. In particular, if || || =7 xq) < A1.4(Q) and Ty = oo, then u™ (t) — O uniformly
in Q fort — oo,

Proof. Without restriction, we may assume 7o = 0. Put ce := [|c"|| 1= (7xq) and let € > 0. Note
that v(r) = A1/ () =¢=)t (1) is a supersolution of

ov—+1Iv=(¢(t,x)+A1;(Q))vin T x Q (6.4)
with &(,x) = ¢(t,x) — co < 0. By Lemma and Lemma[3.1] we have
o(t):=0({t)+d)~ € 2’(Q) fortcTandd >0.

Note that we have v(z,x)@(¢,x) < 0 in Q. Testing equation (6.4) with ¢(¢) forz € T gives, again
by Lemma 3.1}

ALy Q)leN)72@) < S (9(1), 0(t) < = 7 (v(t) +d, (1)) = = 7 (v(1),0(1))
/ (e, x)@(1,x) dx — / &t (1, 2)@(1,%) dx— Ay (Q) / V(t,%)p(1,%) dx

Q Q

1d
< —EE/(pz(t,x) dx+A17](Q)/v*(t,x)<p(t,x) dx.
Q Q
Thus
100y < 2015(Q) [ (0 9(e,2))0(0,) d ©5)
dt (2 L2(Q) = 1,J % ) oLz, oz, .
Q

= 2A17J(Q)d/(p(t,x) dx, forteT.
Q

Thus with d = 0 we have < Gllo(t )HiZ(Q) < 0. Since in this case (p(t) =y~ (t) fort € T, we have

V=)l 2@ < llu™(0 )HLz (@) since v=(0) = u‘(O). This gives . To prove (6.3) assume
additionally u~(0) € L*(Q) and put d = ||u™(0)||=(q). Note that w := v +d is a supersolution
of

ow+Iw=2¢é(t,x)win T x Q, (6.6)
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since ¢ < 0in T x Q. Thus from (6.2) we get forz € T':

le@)lz@) = W™ (O)ll2@) < e P [w™(0)]|2(0) = e[| @(0)| 20y

Since @(0) = 0 by the choice of d we get ¢(t) =0 for all 1 € T and thus v(z) > —d in Q. This

proves (6.3).
Ul

We note that if (J1), is satisfied, a combination of Proposition [6.2] with Lemma [2.17) gives rise
to a time-dependent small volume maximum principle (see also Proposition below).

Corollary 6.3. Assume that J satisfies (J1), let Q be an open bounded set and let T = [ty, Tp) C
R be a time interval. Let ¢ € L”(T x Q) and uy € L*(Q). For Ty < oo we have that every
solution u of (6.1) in T x Q with u(to) = uo in Q fulfills u € L*(T x Q). If Ty = oo and, in
addition, ||c||p=7xq) < A1,(Q), then u € L*(T x Q) and }Lrg‘|u(t)”Lm(Q) =0.

Proof. Since any solution is also a supersolution we may apply Proposition to get for all
teT,t <o

™ (1)l z=(0) < exp (([lellz=(rx) — A1s () (t —10)) |lug [|1=(@) < o

Since u is a solution of (6.1]) in 7 x Q we also have that —u is a solution of (6.1)) in 7 x Q with
initial condition —u(fy) = —up and thus a supersolution of (6.1)) in 7 x Q. Since (—u)” =u"
we get by Proposition[6.2]for any r € T with r < eo

e ()l =0y < exp ((lellz=rxa) = Ars(Q)) (= 10)) llug [|1=() < .

Combining these we get for Tp < oe:

]l =7 xg) < exp ((lelli=(rxa) — A1s(R)) (To —10)) [[uoll ()

This proves the first part. The last part follows immediately by the assumption ||c||z=(7xq) <
Ay (Q). O

6.2 The Cauchy problem with initial data in L?

Assuming (J1) we will show in this part that we can apply the standard semigroup approach to
the operator / given by the nonlocal bilinear form _# (see Corollary . At several occasions
we will use different results from standard semigroup theory which we will state as we need
them and refer to [26].

We will first discuss dissipativity and m-dissipativity of the operator I in L*>(Q), where Q c RV
is an open bounded set. In Section[§]below we will state further regularity results by discussing
dissipativity and m-dissipativity in L (Q) and %O(Q)ﬂ The following definitions will be useful.

Definition 6.4. Let X be a Banach space with norm || - ||x and let B: dom(B) C X — X be a
densely defined operator with domain dom(B), i.e. dom(B)X =X.

"Here we use %p(Q) = {u € C(R) : u=00on R\ Q}
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1. The operator B is called dissipative (in X), if for all A > 0 and all x € dom(B) we have
[lx = ABx|[x = |lx]|x.

2. A dissipative operator B is called m-dissipative (in X), if for all A > 0 and all f € X there
is x € dom(B) such that x —ABx = f in X.

If, in addition, X is a Hilbert space with scalar product (-,-)x we say that B is negative semi
definite, if (Bx,x)x < 0 for all x € dom(B).

We recall some classical results, which we will apply below to the operator [ introduced in
Section 2] Proposition 2.6

Theorem 6.5. (Lax-Milgram) (see e.g. [26, Theorem 1.1.5, pp. 1]) Let X be a Hilbert space
and let a : X x X — R be a bilinear functional. Assume that there exist two constants ¢, < oo
and c; > 0 such that

1. |a(u,v)| < co||lul|||v]| for all (u,v) € X x X (continuity);
2. a(u,u) > cy||u||? for all u € X (coerciveness).

Then for every f € X* (the dual of X), there exists a unique u € X such that a(u,v) = (f,v) for
allve X.

Remark 6.6. Note that if H is another Hilbert-space such that X C H is dense and the imbed-
ding is continuous, then we also have by identification that for all f € H there is a unique u € X
such that a(u,v) = (f,v) for all v € X, if a(-, ) fulfills the conditions of Theorem|6.5]on X.

Proposition 6.7. (see [26, Proposition 2.4.2, pp. 22]) Let X be a Hilbert space and let B :

dom(B) — X be given with dense domain. Then B is dissipative if and only if B is negative semi
definite.

Corollary 6.8. (see [26) Corollary 2.4.10, pp. 24]) Let X be a Hilbert space and let B :
dom(B) — X be a densely defined negative semi definite operator such that Graph(B) C Graph(B*),
where Graph(B) and Graph(B*) denote the graphs of B and B* resp., and B* is the adjoint of B.
Then B is m-dissipative if and only if B is self-adjoint.

Theorem 6.9. (Hille-Yosida-Phillips) (see e.g. [26, Theorem 3.1.1, pp. 33])
Let X be a Banach space. If B is m-dissipative in X, then B generates a contraction semigroup
Sit): X —=X,t>0, ie
S(0)=id(X);
S(t)S(s)=S(t+s) forallt,s>0;
St)e LX) and||S(t)|| < 1forallt > 0.

In addition, u(t) := S(t)x, x € dom(B) is the unique solution of the Cauchy problem
u € C([0,00),dom(B)) NC'([0,%0),X);
Ju(t) = Bu(r) forallt >0;
u(0) =x.
Finally, S(t)Bx = BS(t)x for all x € dom(B) andt > 0.
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Theorem 6.10. (see e.g. [26] Theorem 3.2.1]) Let X be a Hilbert space with scalar product
(,)x and induced norm || - ||x. Moreover, let B be a self-adjoint and negative semi definite
operator in X. For x € X let u(t) = S(t)x, where S(t) is the semigroup generated by B as
consequence of Theorem [6.9 and Corollary[6.8 Then u is the unique solution of the Cauchy

problem
u € C([0,00),X)NC((0,00),dom(B)) NC'((0,00),X);

J;u(t) = Bu(r) forallt >0;
u(0) = x.
In addition, we have
1 1
[|Bu(t)||x < ﬁHXHx and — (Bu(t),u(t))x < 27||X||§( (6.7)

Finally, for all x € dom(B) we have
1
IBule) }; <~ (B0 69)

Let Q C R" be an open bounded set. Assuming (J1), we now consider the operator I in L?()
associated with J , see Corollary [2.6] Moreover, we put B = —I. We recall from Corollary [2.9]
that for every g € L?(Q) there is a unique u € dom(B) = dom(I) C 27(Q) such that

I (u,9) = / eWo(x) dx  forall g € 7'(Q),
Q

i.e. we have —Bu = g in L*(Q).

Proposition 6.11. Let B be as above and let Q C RN open and bounded. Then the operator B
with domain dom(B) is densely defined, negative semi definite, m-dissipative and self-adjoint
on L*(Q).

Proof. By Corollary [2.6] and Proposition [2.3| we have that B is self-adjoint and negative semi
definite. In particular, B is densely defined. By Corollary 2.9 we have that B is m-dissipative.
O

Corollary 6.12. Let B be as above and let Q C RN open and bounded. Then there is a contrac-
tion semigroup Sp(t) : L*(Q) — L*(Q), t > 0 associated to B such that for any ¢ € L*(Q) we
have that u(t) := Sg(t)@, t > 0 is the unique solution of
u € C([0,%0),L2(Q)) NC((0,2)), dom(B)) NC' ((0,0), L*(€2))
du(t) = Bu(t) fort >0, (6.9)
u(0) = ¢.

In addition, we have the following bounds for any t > 0:

1 1, s
17u(0)|lr2(0) < WH(pHLZ(Q) and 7 (u(t),u(t)) < 5 (|19l (6.10)
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Moreover, if ¢ € dom(B), then also for any t >0

1
luO)0) < 5,7 (@:9)- (6.11)

Furthermore, if ¢ € L*(Q), then also Sg(t)@ € L*(Q) for t > 0 and Sp(t)9 — 0 uniformly for
t —> oo,

Proof. All assertions but the last are due to Theorem The last assertion follows from
Corollary [6.3] O
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7 Weak time dependent Harnack inequality

In this part we want to discuss several versions of Harnack inequalities if J fulfills (JUy) and
(JL;). We will also show below that the weak parabolic Harnack inequality implies interior
Holder regularity if the right-hand side is bounded.

We introduce the notation for parabolic cylinders. For to € R, xg € R, r,9 > 0 we put

Q(l"7 19,[0,)60) = (t(),lo + 819) X Bzr<xO),

O (r,0,10,x0) := (to,fo+ ) X Br(xp) and

0" (r, 0,10, %0) 1= (1o + 70,19 +88) x B,(x0)
We will investigate supersolutions of the following problem:

0 ov+1Iv=c(t,x)v+g(t,x) inT xU;
v=0 on T x (RV\ U),

where [ is associated to a kernel function J which satisfies (J1), (JU;) and (JLy), ¢, g are func-
tions in L*(T x U) and U C R" is a bounded domain.

We have the following scaling property as proven in [40, Lemma 2.5] and [40, Remark after
Theorem 1.2]:

Lemma 7.1. Let U C RY be an open set and fix By, (xo) C U for ro > 0 and xo € U. Assume
J satisfies (J1), (JUy) and (JLs) with ro and s € (0,1). Let v be a supersolution of (Pr) in
T x U. Then ¥(t,x) = v(t,rox + xo) satisfies the following inequality for every t € T and every
o € 27(B1(0)), ¢ >0:

;/‘/(V(M)—ﬁ(tyy))w(X)—w(y))f(x,y) dxdy > /(f(t,x,ﬁ)—atﬁ)(p(x) dx

RN RN B, (0)
with
f(t7x7u):f(tar0x+x07u) and j(an’):’"f)v‘](’"ox‘i‘xoﬂ’oy‘f‘xo)-
In particular, J is a measurable function which fulfills again (J1), (JU) and (JLg) such that

ctpe—yVE <J(xy) Sealx—y[ N forall (x—y) € By, (0), (7.1)
where ci, c; are the same as for J in ([5.14).

Due to this and Remark [5.15]it is evident that the following is a mere reformulation of a special
case of [40, Theorem 1.1]. We note that the notion of supersolution considered in [40] is
weaker than the one considered here. Indeed, for the result to hold, it is enough to assume
veH; (U)NL>(RN).

loc
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Theorem 7.2. Let ry € (0,1], s € (0,1) and ¥ > 0 be given. Then for any even function J which
Sulfills (J1), (JU;) and (JLg) with ry there are constants C; = Ci(N,Ce,19,0,k) >0, i = 1,2
such that for any (to,x0) € RN any © > 0, any g € L(Q(ro,V,t0,%0)) and any bounded
supersolutionv of (L) in Q(rg, 9,19, x0) C [0,00) x RN which is nonnegative on (ty,ty+80) x RN
we have

o oy’ 2 ClIL @ (o.0.0050)) ~ C28 (00,0 10:0)) (72)

By an argument based on building chains of cylinders, we may deduce the following Harnack
inequality for general pairs of domains. A similar argument has been detailed in [56, Appendix],
but we need to argue slightly differently since the triples of parabolic cylinders in Theorem[7.2]
have a smaller overlap than the ones considered in [S6]. The following result is as in [49,
Corollary 2.8]. We include the proof here for completeness.

Corollary 7.3. Letrg € (0,1}, s € (0,1), R,T,€ > 0 and C,,C, > 0 be given. Then there exist a
positive constants C; = C;(N,s,ry,C1,C2,R,€,T) > 0, i = 1,2 with the following property:
Assume (J1), (JUs) and (JLg) with ro and let D CC U C R be a pair of domains such that
dist(D,dU) > 2ry, |D| > € and diam(D) < R. Moreover, let g € L”(T x U) and a bounded
supersolution v of (L) on T x U be given such that v is nonnegative in T x RN, where T =
[to,t0 + 47| for some ty € R. Then we have

(z,x)ienT{ XDV(WC) = Ci Vo1 xp) — Cl8llL=(rxv) (7.3)

where Ty = [to+ 37,10 +47] and T_ = [ty + 7,10 + 27].

Proof. We first note that there exists n = n(N,R,rg) € Nand u = u(N,R,ro) > 0 such that the
following holds:

For every subset D C RN with diam D < R there exists a subset Sp C D of n+ 1 points such that
D is covered by the balls By, (x), x € Sp, and for every two points x,,x* € Sp there exists a finite
sequence x; € Sp, j=0,...,n such that

X0 =Xe, Xp=2Xx" and |By,(x;) "By, (xj41)] > for j=0,...,n—1. (7.4)

We now fix D CC U C H as in the assertion, and we fix n,u and a set Sp with the property

above. Next, we put ¥ = 2 min{{-, nl?} and we claim the following:

For given t, € [ty + T,t9+ 27| and t* € [ty + 37,1y + 47| there exists a finite sequence t, = sy <
. < Sy = t* — 8V such that

15
$j+T0 <sp Sspb o0 forj=0,..m—1 (1.5)

and

max{14,n} <m <max{51,3(n+3)} (7.6)
Indeed, let m € N and ¢ € [0,79) be such that 7, + 7m® + 6 = t* — 8. The definition of ¢
and the restrictions on ¢, t* then force , and holds with s; := t, + j<719 + %) for
Jj=0,...,m. Next, we fix t, € [fo+ 7,10 + 27|, x, € Sp such that

VIl (0 (r0,8 405)) = max{HVHLI(Q,(ro,IS,Lx)) 1Xx€Sp,to+T<t <1 +2T}'
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Since the cylinders
T

Q- (ro,®,10+7+10,x),  L€NU{0}, /<2

,XESp

cover [fo+ 7,1 + 27| x D, we have

1 (n+1)(5+1)

VLt (o4t 004+27]xD) = m”VHLl([to+r,to+27:]><D)) S L RO TS

(n+1)(L+ 1
= %719|Br0 (0)| [V]LI (Qf(ro,ﬂ,t*,x*))
14(n+1)[B, (0)|

7.7
€] (1.7

<K [V]LI(Q_(ro,ﬂ,t*,x*)) with K :=

We now consider t* € [ty + 37,1y + 47|, x € D arbitrary. Then we choose x* € Sp such that
x € B, (x*), and we choose s;, j =0,...,m with the properties and . Moreover, we fix
a sequence of points x; € Sp, j =0,...,m such that holds with m in place of n. This may
be done, since m > n, by repeating some of the points in the chain if necessary. We now define

Qj:=0(rp,¥,sj,x;) and Qf = Qi(ro,ﬁ,sj,xj) for j=0,...,m.
We note that, by (7.4)) and (7.5)), we have

+ - po
Q7 NQjl =2 -
Hence we may estimate, using Theorem and the fact that Q; C T x U for j =0,...,m,

for j=0,...,m—1.

cillue;) < iQflfV+02|’g||L°°(Q,-) < [V]Ll(Qij;H) + callgllz=(rxv)
J

Q)1 2|B, (0)]
- ’QTOQJ_+1| u

Iterating this estimate m times and using Theorem[7.2] once more, we obtain

[V]LI(Q;H) +oallgll=rxv) < [V]Ll(Q;H) + e2llgll=(rxv)-

21B,, (0)]\ ¢2"! (2|By (0)]\*
[V]Ll(Qg)S (ﬁ) [V]Ll(Qm)‘FClk;)(C&L) lgll=(rxuv)

m

2|Bry (0)[\"™ —(m+1). 2 2|B,, (0)|\*
<(———— fr4 2y (22nY)] ) '
< ( u ) 91 1&\/4— o k;)( 1l ) 18ll=(rxv)

Hence, since (1*,x*) € Q;},, we conclude by (7.7) that

A

1

v(t*,x") > glf" > ¢ [V]LI(Q(; —&llgll=(rxv) = E[V]L'([to+f,to+27:]><D) — &gl =7 xv)
with o,
2B, (0)][\—m 2|B,. (0)]\*
él:< [Bro )!) o and e 2 ( |Bry ( )I)
u cii

€1 =0

Hence the claim follows with ¢; = %1 and &, as above. Note that ¢, and & only depend, via n,
m, l, c1, ¢z, K1, on N, s and the given quantities ry, R, €, 7,C1, Cs. O
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7.1 Interior Holder regularity

In this part we will shortly discuss how we reach interior Holder regularity if the right hand
side is bounded. For the case of the fractional Laplacian, this was done in [49, Appendix]. The
generalization to the case where J satisfies (JUy) and (JL) is very similar. The interior regularity
will be deduced from the Harnack inequality of Felsinger and Kassmann [40]. More precisely,
we will use the following rescaled variant of a special case of [40, Corollary 5.2]. We refer also
to [S3, Theorem 2] for interior regularity in the time independent case.

Proposition 7.4. (¢f [40, Corollary 5.2]) Assume J satisfies (J1), (JUs) and (JL;) for some
s €(0,1) and let

Do = (=251 22t L 1)« B(0)  and Dy :=(—1,0)x B;(0).
There exists €, > 0 such that for every nonnegative supersolution
w: (=25 0) xRN - R
of the equation
ow+Iw=—g  in(=210) x B4(0)

with the property that
1
[De N{w > 1}|Z§|D@| (7.8)

we have w > 8 a.e. on Dg,. Here 6 and €y depend only on s, N, and the constants ro, ¢y and c;
given by (JU;) and (JL;) (cf. (5-14).

The following is similar to [49| Corollary 4.4]. We will follow closely the proof presented there.

Corollary 7.5. Let ro € (0,1], R > ro, ¢, > 0 and foo > 0. Assume (J1)gi¢s, (JUs) and (JLs) for
some s € (0,1) with ro and let T := (tg — r§*,t9) for some ty € R. Then there exist constants
a € (0,1) and C > 0 depending on N, s, fw,cy,ro, R with the following property:
If xo € RN and u € C(T, 7’ (Br(x0)) N L= (RN)) NCY(T,L?(B,,(x0))) is a function satisfying
[l = (7 xmv) < cu and

Qu+Tu= f(t,x) in T X By, (x0),

with some f € L™(T X By, (x0)) with ”fHL”(TxB,O(xo)) < fw, then we have

S(S% u<Cr®  forre(0,ro), where Q(r) == (to — r**,19) x B,(x0). (7.9
Proof. Without loss of generality, we may assume that 5 = 0 and xp = 0. Moreover, we
may assume by normalization that ¢, = %. In this case we will prove with C =1 for
some suitable a € (0,1). Suppose by contradiction that the statement is false. Then there
exist, for every k € N, functions f; € L*(T x B,,(0)) with kaHLw(TXgrO(O)) < fo and u; €
C(T, 2’ (Bg(0))NL*(RV))NC(T,L*(B,,(0))) with

1
[thc|| = (7 sy < 1
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solving
Oruy + Tuy = fi(t,x) in T x B,,(0)

as well as a; € (0,1) and r € (0, ro] such that a;y — 0 as k — oo and

0SC Uy > ri* for every k € N.
O(ri)

Passing to a subsequence, we may assume a; < s for k € N, (ay); is monotone decreasing and

1
osc up < 2lJug|p=(rxmyy < 5 <1 for every k € N.
T xRN 2

By making ry € (0, ro] larger if necessary, we may therefore assume that

0SC U = ri* for every k € N
O(r)

and

o(sc) up < r% for r € [y, ro] and k € N.
o(r

Since also o(sc) u < % for every k € N, we conclude that r;, — 0 as k — co. We next define for
O(rk

keN: T := (—(:—2)23,0),

v : T x RY 5 R, vie(t,x) =2r, uk(r,%St,rkx) and
T RNA{0} = [0,00),  Ji(z) = V20 (r2).

Note that since J satisfies (J1)4;r7, (JUy) and (JLy) with rg and s we have that J; satisfies (J1)z;¢f,
(JUy) and (JL;) with

ald ™2 <J(2) <ealel M forae. z€ RY with 0 < |z] < ?
k

where ¢; and ¢, are the same as for the bounds for J. Let _#; and I; be the bilinear form
and associated operator w.r.t. the kernel function J;. Note that ¢ € 2/(Bg(0)) if and only if

@(ri-) € 2’ (Bgy,, (0)) since

+2s
S0 )01 = " [ [ (plrs) — 9l () dy

RN RN

r2¥ —-N

=T [ (o) - 00 —y) dxdy =2 7 (0.0).
RN RN

In particular, v (1) € 2’ (Bg/,,(0)) for t € Ty and for ¢ € 2”¢(B,,,,(0)) we have

Sin(0),9) =27 (w0, 0(-) =22V [ (P00~ )9 ) d

Tk Tk
By (0)
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- / (Zris_“kf(r,%‘gt, rix) — Zris_a"a,u(r,%st, rix)) @ (x) dx
Bro/rk (O)

_ / (Fe(t,x) — Bve(.x)) @ (x) dx

Bro/rk (O)

with
felt,x) = 2r]3s7akfk(r,%5t, riX).

Thus vy is a solution of

Ohvi+ v = fi(t,x) in Dy := T x B (0)

Tk

Without loss of generality, we may assume that :—2 > max{21+%s,5} for every k € N, so that
(—2%7*1,0) x B5(0) C Dy for every k € N. Moreover, we have osc vy = 2,

o(1)
osc v <2r%  forre([l,2],keN (7.10)
o(r) Tk
and
1o\ %
osc v < 2(7) fork € N. (7.11)
Ty xRN Tk

By adding a constant ¢ € R to vy if necessary, we may assume that

sup v, =1 and inf vy = —1. (7.12)
o(1) o(1)

Note that vy (t,x) = ¢ for x € RN\ Bg/,, (0), 1 € Tr.. Moreover, since lltge|| = (7 vy < 1 we have

lek| < 2r ™ osc uy < r .
T xRN

Let Do and D¢, be defined as in Proposition Replacing v; by —vy and f; by — f; if necessary,
we may assume

1
[De N {ve 2 0} = 5 |Do|.
Note that by (7.10)), (7.11)) and (7.12)) we have

ve(t,x) > min{—1,1 —2[x|*}  forxe RN, r e (=251 0).

‘We now consider
wi: T xRN - R, wi(t,x) == v (t,x) +2-5% — 1.

Then
we(t,x) > min{0,2(5% — [x|*)}  forx e RN, ¢ € (=2%*1,0). (7.13)
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In particular, we have wy > 0 in (—2**! 0) x Bs(0). Moreover, for all k we have
we=c+2-5% =1 in (=2%"10) x (RV\ Bg/,,(0)),

and thus wy > ¢; > —r, * in (=2%1,0) x RV \ Bg/,, (0). Consequently, for k large such that

Sre < L.t € (—2%71,0) and x € B4(0) we have

o )@= |2 [ Wi eI dr— ) dy

RN\B5(0)
<o [ sy A [ ey dy
BR/rk (O)\BS(O) RN\BR/rk (0)
e B (R O DY RS N BRVIOR:
BR(O)\BSrk (0) RN\BR(rkx)
<21 RN / J(rix —y) dy +2r8 / ([y[* = (re5)*)J (rix — y) dy
Br(0)\B,,2(0) B, /2(0)\Bsy, (0)

A B ICF
RN\Bg_, (0)

< 2R / J(@)dz+ / J(z) dz
Br(0)\Byy 4(0) R\ By (0)

w8 ey, (7.14)
B, /2(0)\Bs, (0)

using in the last inequality |y — rix| > |y| — rg|x| > |y[ — 7. Moreover, since for y € B, ;»(0) we
have |rx —y| < 4r 473 < ro we have for the third summand in (7.14) by (JU)y:

Ak _ (1, 5)0k
2 [ ey <2 e [ PRI,

’rkx _ y’N+2s
By /2(0)\Bsy, (0) By, /2(0)\Bsy, (0)
254N [ — 5% [ = 5%
= 2rks [o5) / Wdy S 2C2 m dy (715)
By (orp) (0)\B5(0) RM\B5(0)

Recall, that a;, 7y — 0 for k — oo. Combining and (7.13)) with (J1);, we conclude that for
some ¢ = ¢(N,J,R,ry) > 0 we have

ple = 5

limsupHIka_(t)](x)‘glilljl_gp rc+2c / W

k—yo0
RM\Bs5(0)
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ple = 5%

= 2C2 lim sup m

k—yo0
RN\Bs(0)

dy =0,

by applying Lebesgue’s theorem — here we use that for x € B4(0) the function y — % is

integrable over RV \ B5(0). Hence
]}E?oHIkW]?||Lm((_225+1’0)><34(0)) =0. (716)

We next note that the function w,': is a nonnegative solution of
ow +Lw = g in (=2%%1,0) x B4(0) for every k € N

with g := fi + Lyw, , whereas 8kl 2= ((~2251,0)x By (0)) = O @s k — o as a consequence of li
and the fact that

”fk"Lw((_22s+1’0)><34(0)) < 2r]3s7akfoo.

Consequently, there exists ko € N such that ||gl|=((—22+1 0)x5,(0)) < €0, Where & is given by
Proposition depending on N, s, ¢y, ¢ and not on k since we have :—2 > 5. On the other hand,
since Dg, = O(1), we infer from (7.12) that

infw,j:infwk:2-5“k—2—>0 as k — oo,
This contradicts Proposition applied tow = w,j. The proof is thus finished. O

7.2 Equicontinuity and the @-limit set

In the following we fix an open bounded set & C RY. We will next discuss equicontinuity of
solutions of the problem

» du+1Iu= f(t,x,u) in (0,00) x Q,
(r) u=0 on (0,e0) x (R¥\ Q),

where f:[0,00) x QxR — R and u: (0,00) x RN — R satisfy the following conditions:

(F1) f:][0,00) x Q xR — R is continuous. Moreover, for every K > 0 there exists L=L(K) >0

such that sup |f(¢,x,u)— f(¢,x,v)| < L|lu—v| foru,v € [-K,K]
xeQ, >0

(U1) There is ¢, € R* such that [|u(t)|| =g~ < ¢, for every 7 > 0.

We say that a function u : (0,00) x RV — R is eventually equicontinuous on  if there exists
to > 0 such that the functions u(t+-,-) : [0,1] X Q — R, T > 1, are equicontinuous, i.e.

lim sup lu(t,x) —u(f,%)| = 0.
h—0 T>1
xxeQ,tfe[t,T+1],
gl —F<h
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The next proposition is similar to [49, Proposition 4.1] (in the context of local parabolic bound-
ary value problems of second order we refer to [56, Proposition 2.7]). We will generalize the
results to kernel functions J which satisfy (J1)4if, (J5) and (J;) for some s € (0,1).

Proposition 7.6. Let Q C RY be an open bounded set with Lipschitz boundary, and suppose that
the nonlinearity f satisfies (F1). Suppose furthermore that f(-,-,0) is bounded on (0,00) x Q.
Assume that J fulfills (J1)4irr and (Js) for some s € (0,1). Then for any solution u of (Pr)
satisfying (UI) we have:

(i) For any set G CC L there exist a > 0 such that

wp ) —u(E.n)

w1 (=X 4 [ —7]%)"
tie[t,t+1] A7
X,X€G x#%

(7.17)

(ii) If, in addition, Q fulfills a uniform exterior ball conditiorﬁ J satisfies (J1) and for some
to >0, C; >0, we have

lu(tp,x)| < Cidist(x,0Q)*  forallx € Q, (7.18)

then
Ju(t,x)|

disttr.oQy = 7.19
i>noacq dist(x,0Q) (7.19)

In particular, u is eventually equicontinuous on Q.

Proof. (i) Let T := (0,0). Note that u is a solution of
du(t,x)+Iu(t,x) = c(t,x)u+ f(t,x,0) inT xQ

with
f(t,x,u(t,x)) _f<t7x70) .
c(t,x) _ M(t,X) ) M(t,X) 7& 07
0, u(t,x) =0.

Moreover, ¢ is bounded on 7 x Q by (F1), and (¢,x) — f(¢,x,0) is bounded on 7 x Q by
assumption. Thus (U1) implies that (7,x) — f(¢,x,u) is a bounded function on 7' x Q. By
Corollary [7.5] we conclude that holds.

(ii) We use the (barrier) function from Definition [5.18] for an annulus M. Since Q satisfies the
exterior ball condition, there exists for every xo € dQ a point y € R¥ \ Q and p > 0 such that
By (y)NQ = {xo}. Consider the function

Wy €2 with M =Bgum@)+p() \Bp(y)-

8We say that a set Q@ C RV satisfies a uniform exterior ball condition, if there is p > 0 such that for all x € 2Q
there is y € RV \ Q with By (y) N Q = {x}




Symmetry via maximum principles for nonlocal nonlinear boundary value problems 65

Note that we have
IlPMJ =1 in M;

0 < Wi,s(x) < C(dist(x, Bp(y))* forx e M; (7.20)
¥y, =0 inRY\M;
and we have Q C M.

Here, using (7.20) and the assumptions (F1), (U1) and (7.18]), we may choose A > 0 sufficiently
large so that

AIIPM,JZ sup f(t,x,u(t,x)) in M,
>1,x€Q (7.21)
Ay g (x) > u(to,x) forx € Q.

Let w(t,x) = Ay s (x) — u(t,x) for t > t9, x € RN. Then w is a supersolution of dyw + Iw = 0
in [tg,o0) x Q, and w(ty) is nonnegative on RY. Hence, by Proposition |6.2| we have w(t,x) > 0
for x € Q, t > ty and therefore

u(t,x) < AWy (x) < AC(dist(x, By (y))* forxe Q, t > 1.

Since the parameter A can be chosen uniformly with respect to the p-balls touching Q from
outside, we find — using also the boundedness of u on [fy,o0) x Q — a constant C’ > 0 such that

u(t,x) < C'dist(x,0Q)* forx e Q,t > to. (7.22)
Repeating the same argument with —u in place of u, we find a constant C” > 0 such that
u(t,x) > —C"dist(x,0Q)° forx e Q, 1> 1. (7.23)

Combining (7.22)) and (7.23)), we obtain (7.19), as claimed. Now the eventual equicontinuity of
u follows easily by combining (7.17) and (7.19). O
Definition 7.7. Let Q C R be an open set.

1. Weset 6p(Q) :={uc C(RY) : u=0 on R\ Q}.

2. Ifu: (0,00) x RN — R is a function such that, for some 5 > 0 we have u(t) € 6o(Q) for
t > to, we define the m-limit set @ (u) of u as the set of all z € %(() such that there exists
a sequence (fx)ken C [0,00) with f; — oo and [Ju(t) — z[|ee — 0 as k — oo.

Note that under the assumptions of Proposition (i) the set {u(r) : t > 1o} C 6o(Q) is
relatively compact for some #p > 0, and hence ®(u) is nonempty.
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8 Local and global existence in the space of continuous functions

In the following we analyze solutions to the Cauchy problem stated in Section[6] with continuous
initial data. We will also discuss existence results for global solutions.
8.1 Continuous solutions

Using the results from before we want to show that the operator
Au:=—Iu, foruedom(A):={uecdom(I)N%G(Q) : IuecCo(Q)}

is m-dissipative on %p(Q2) ﬂ, where Q C R" is an open bounded set. To do so, we will first
consider the operator

Boout:=—Iu, foru € dom(B):={u € dom(I)NL"(Q) : Iuc L*(Q)}.

Lemma 8.1. Let Q C RY be an open bounded set and assume (J1)g; rf- Then the operator B
is m-dissipative on L*(Q).

Proof. Recall the definition of the operator B for Proposition and note dom(B.,) C dom(B) =
dom(I) C 2’ (Q) C L*(Q). By Proposition we have that B is m-dissipative and thus there
is for all A > 0 and any f € L*(Q) C L*(Q) a function u € dom(/) with

u—ABu=f in L*(Q).
Denote M := || f|| (). then trivially we have (u—M) —AB(u—M) = f —M in L*(Q). Denote

vi=(u—M)" € 2’(Q). Testing the equation with v gives

/vz(x) dx+ A7 () = /(f—M)(x)v(x) dx <0,

Q Q

resulting in v = 0 and thus ¥ < M. Similarly we obtain u > —M and thus u € L*(Q) with
|| () < M. Finally we also get

—ABu=f—-uclL”(Q),
proving that u € dom(B.). We conclude that for all A > 0 and # € dom(B..) we have
]l =) < ||t — ABoolt|| 1= ()

i.e. B, is dissipative. The fact that B.. is m-dissipative now follows from this inequality and the
beginning of the proof. 0

Proposition 8.2. Let Q C RN be an open bounded set with Lipschitz boundary which satisfies
a uniform exterior ball condition. Assume (J1)qirf, (J5) and (J). Then the operator A is m-
dissipative on 6o(Q).

9Recall 6p(Q) = {u € C(RY) : u=00n RN\ Q)}.
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Proof. Since dom(A) C dom(B.) we have that A is dissipative. Moreover, for all f € %(Q) C
L*(Q) and all A > 0 there is u € dom(B.) such that

U—ABou=f in L*(Q).

Note that by the assumptions we may apply Corollary to get u € 6o(Q). This gives u €
dom(A) proving the claim. O

8.2 Local existence

With the results from the previous sections we want to apply again the standard theory to prove
local solvability of the original problem (Pr) stated in section@ We will again follow [26] and
therefore we will state several results that follow immediately by the previous paragraphs. In
this whole section let @ C R be an open bounded set with Lipschitz boundary which satisfies a
uniform exterior ball condition. Moreover, let J : RV \ {0} — [0,0) be a kernel function which
satisfies (J1)gifr, (J5) and (J4)ogiam()- Note that with these assumptions we have Su(¢)@ =
Sp(r)¢ for any t > 0 and @ € 6,(Q) (for Sp(-) see Corollary|[6.12).

Lemma 8.3. (see e.g. [26] Lemma 4.1.1]) Let T > 0 be a constant, g € C([0,T],%0(Q)) and
© € 60(Q). Then we have that any solution u of
u € C([0,7],%(2)NC((0,7],27(2)NC'((0,T), % (L))
(Puhom) du(t) = Au(r) +g(r) fort >0,

can be represented for any t € [0,T] as

u(t) = Sa (1) + / St — 7)g(7) dr.
0

We will now turn to the general semilinear mild problem
ueC(0,T],%0(Q)))

(Pnita) u(t) = Sa(t)o + / Sa(t —)F(t,u(t)) dt forz € [0, ],
0

for ¢ € 6o(Q) and F : [0, T] x 6(Q) — %0 (Q).

Proposition 8.4. (¢f. [26, Theorem 4.3.4]) Suppose that F : [0,0) X 6o(Q) — 6o(Q) is con-
tinuous and F(t,-) : 60(Q) — €0(Q) is Lipschitz continuous on bounded subsets of €o(Q)
uniformly with respect to t € [0,00). Then there exists a function T : 5(Q) — (0,00] with the
following property. For every ¢ € 6,(Q) there exists a unique u € C([0,T(9)),60(R)) such
that u is the unique solution of (Pyiq) in C([0,T],%0(Q)) for all 0 < T < T(¢). Moreover,
either

T(@)=oo or T(p) <o and lim |ju(t)]|c = oo. 3.1

=T ()
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For nonlinear operators F' not depending on ¢ this proposition is stated in a more general
framework in [26, Theorem 4.3.4]. The proof given there however extends, without signifi-
cant changes, to ¢-dependent nonlinear operators as considered above.

In the following, we consider the special case of a substitution operator
F:10,00) x %0(Q) = %0(R2)  givenby [F(t,w)](x) = f(t,x,w(x)), (8.2)

where f: [0,00) x Q x R — R satisfies the Lipschitz condition (F1) (see p. [63) on [0,0) x Q x R
and fulfills
F(,0)=0  on0,00) x Q. (8.3)

Since %((Q) is endowed with the norm || - ||, it follows immediately from (F1), (8.3)) that F
is continuous and F(z,-) is Lipschitz continuous in u on bounded subsets of 6, (€2) uniformly
with respect to 7 € [0,00). We also have the following.

Lemma 8.5. For all t > 0, F(t,-) maps 6o(Q) N 2’ (Q) into €y(Q) N 2’ (Q). Moreover, if
M C 6y(Q)N D’ (Q) is bounded with respect to || - ||, there exists L = L(M) > 0 such that

J(F(t,u),F(t,u)) <L 7 (u,u)  foralluecM,t>0. (8.4)

Proof. Let M C 6p(Q) N 27(Q) be bounded with respect to || - ||.. As a consequence of (F1),
there exists Ly = Lo(M) such that

|f(t,x,u(x)) — f(t,x,u(y))| < Lolx—y| forallt >0,x€ Qandu c M.

Consequently, for u € M we have

/(F(t,u),F(t,u)) = ;//[f(tvxvu(x)) —f(t,x,u(y))]z./(x—y) dx dy

RN RN
2
<2 [ [ ) a3 de dy =13 7 ()
RN RN

Since F(t,u) € €, (Q) C L*(Q) by the remarks preceding the lemma, we conclude that F(z,-)
maps 6o(Q) N 2’ (Q) into 6o(Q) N 2’ (Q), as claimed. Moreover, it follows that (8.4) holds
with L = L3. O

In the following we are interested in solutions of (Pr) with f: [0,00) x Q x R — R satisfying
(F1) and (8.3). For this, we consider, for ¢ € %o(Q) N 2”(Q), the problem
u € C([0,7],%()))NC((0,T], 27 (€))) NC'((0,T),L*(%))
(Psemi) u(t) = Au(t) + F(t,u(r)) forr € (0,7),
u(0) = o,

where F is the substitution operator as given in (8.2). Following closely the lines of [26] Propo-
sition 5.1.1] we have
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Lemma 8.6. Suppose that F is defined by , where f:[0,00) x Q x R — R satisfies (F1)
and . Let ¢ € 65(Q)N 27 (Q) and T € (0,00). Then a function u € C([0,T],%6o(Q)) solves
(Psemi) if and only if u solves (Pyig)-

Proof. We will follow closely the proof of [26, Proposition 5.1.1] where the semilinear heat
equation is considered. Assume u solves (Pypi), let ¢ € (0,T] and let € € (0,¢]. Set v(7) =
u(e+ 1), for 7 € [0,7 — g]. Clearly v satisfies

ov(t) =Au(t)+ F(t,u(t)) forte0,r—e].

Moreover, v(0) = u(€) € 27 (Q). Hence Lemma(8.3| gives

u(T+€) = v(7) = Sa(Tule) +/SA(T— o)F(6,v(0)) do
0

— S (7)ue) +/SA(’L'— 6)F(o,u(c+€))do Te [0, el
0

Since u € C([0,T],%0(Q)) by assumption we have
Sa(-)u(e) = Sa(-)o and F(-,u(-+€)) — F(-,u(-)) for & — 0" uniformly on [0,7].

Thus

T

u(t) = lim Tim Sa(7)u(e)+ / Su(T— G)F(6,u(c +¢)) do

Tt~ €01

Next assume u € C([0,T],%0(Q)) solves (Pyiq). In the following let Cy,Cs, ... stand for con-
stants (depending possibly on u and 7). We will first show

ueC((0,T],2°(Q)). (8.5)

For this fix ¢ € (0,T]. Since ¢ € %5(Q), we have Sa(7)p € 2”(Q) for any T € (0,¢] by (6.10).
Moreover, since F : [0,00) X %p(Q) — %o(Q) is Lipschitz continuous in the second variable
with F(¢,0) = 0 for all ¢ > 0, the map

[0,6) = 27(Q), T+ Salt—1)F(7,u(1)),
is well-defined with

1

M) for 7 € (0,1). (8.6)

184t = D)F (7,u())l| s < Ci (1 -
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Using again (6.10) and we conclude that u(t) € 27 (Q) with

)y < €2 (1472 ) + / (1 ¥ 2(:4)> ar<c(1+7).
0

Hence by Lemma|8.5| we also have F (¢, u(t)) € 2’(Q) with

1
| (t,u(t))| 970y < C4 (1 +\/;). (8.7)

From this we conclude that the map ¢ — F (¢,u(t)) is weakly continuous from (0, 7] into 27 (Q).
Hence we have u € C((0,T], 2’(Q)) as claimed in (8.5). Next we show

u(t) € L*(Q) fort € (0,T]. (8.8)

Indeed, by (6.11) and (8.7) the map 7 — IS4(r — T)F(t,u(7)) is weakly continuous on (0,¢) to
L?(Q) with

1

Iisa(t = F @)z < (5757 ) /F (Flea®).F(eu(e)

1
1+ )) forevery 7 € (0,7). (8.9)

1
Scﬁ(m( 77

Hence

t t 1 1
O/ 18 (c = ©)F (2,u(0)) 20 47 < Co O/ (U_T) (1+ﬁ)> 47 < oo

Combining this with (6.10) we have
t
Tu(t) = ISA(t)(p+/ISA(t —17)F(t,u(t)) dt € L*(Q) forr € (0,T].
0

as claimed in (8.8). Finally, we claim
ueC((0,T),dom(B)), (8.10)

where B is as in Proposition Recall that the map (0,T] — L?(Q), ¢ ~— ISA(t)@ is continu-
ous. Denote for ¢t € (0,7

(t) = / St — 7)F(7,u(7)) dr.
0

Fixt € (0,T], h € R with 0 < t+h < T, then we have with and (6.11))
t+h
1@t +h)—a(t)) || 2(0) = /ISA(I—I—h— T)F(t,u(7)) dt
0
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—/ISA(t— )F(7,u(7)) dt
0 (@)

h
- /ISA(h _O)F(t+hu(t+h)) dt
0

+ / ISA(t — T)(Sa(h) — id(L2(Q)))F (t,u(t)) dt
0 12(Q)

h
§C6Zﬁ<l+¢%) dt

—id(L2(Q)))F (7,u(2)) || (0 d7.

¥ 0/ ﬂ(:ﬁwwm

(8.11)

Clearly, the first integral in (8.11]) converges to 0 for 1 — 0. Moreover, since F(7,u(t)) € 27 (Q)
for all T € (0,¢) and since (Sa(h) —id(L*(Q)))F (t,u(t)) — 0 for A — 0 pointwise for every
7 € (0,7) we conclude

lim (e -+ h) (1)) = 0,

using Lebesgue’s theorem for the second integral in (8.11)) and the fact that the integrand in

the second integral is dominated by (8.9). This shows (8.10). Combining with (8.10) we

conclude
ue C([0,T],%(Q))NC((0,T],2’ () NC((0,T),dom(B)).

Hence for any € > 0 and v(7) := u(€ + 7) for T € [0,7 — €] we have that v satisfies

v(T) = Sp(T)u(e) + /SB(T —o0)F(o,v(0))do for T € [0, — €.
0

By an application of [26] Corollary 4.1.8] it follows that v solves (Pse;) on [0,7 — €]. Consider-
ing the limit € — 0, we conclude that u solves (Pyn;), as claimed. ]

8.3 Global existence

As developed in [26, Section 5.3] we will discuss under which circumstances we will have a
global solution of problem (P,,;4), which is bounded in L=((0,e) x Q). In the following let J
satisfy for some s € (0,1), J1)girr, Js) and (J4). Let f be a function satisfying (F1) and
and let F' be the substitution operator as described in . Moreover, let Q C RY be an open
bounded set with Lipschitz boundary, which satisfies a uniform exterior ball condition. Note
that then the conclusions of Proposition [8.4 hold. By Lemma [8.6] and Proposition [8.4] there is
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for any @ € 6,(Q) N 2’ (Q) a constant T (@) > 0 such that for any T < T(¢) there is a unique
solution u € C([0,T],%,()))NC((0,T], 27 (Q))NC'((0,T),L*(Q)) of
(

du(t) = Au(t) + F (t,u(t)) for € [0, 7], 8.12)
u(0) = ¢.

Moreover, this u also satisfies u(t) = Sa(t)@ + [3 Sa(t — T)F(t,u(t)) dt for t € [0,T]. The
following Proposition gives a sufficient condition such that 7'(¢) = oo:

Proposition 8.7. Assume, there is C > 0 such that f satisfies
|f(z,x,u)] < Clul, forallt >0, x € Qandu € R. (8.13)
Then for all ¢ € 6o(Q)N 2’ (Q) we have T (@) = . Moreover, if C < Ay ;(Q) then

()l =) < 19]l=(0) forallt > 0.

Proof. Let ¢ € 6(Q) N 2’(Q) be given and let u be the unique solution of (8.12)) given by
Proposition[8.4] Then by (8.13)) we have that u satisfies, in weak sense,

Csign(u)u > dyu+Iu > —Csign(u)u in (0,7T(¢)) x Q. (8.14)
Since [|u(0)|z=(q) = |@||=(q) < > we have by Proposition (see also Corollary

lu(0) | =) < €M @]l ) forallz € (0,7(g)).

This implies 7'(¢) = oo. The second assertion follows immediately. U

Proposition 8.8. Let a,b : [0,00) X Q — R be continuous bounded functions such that a > b
in [0,00) x Qand fix p>2. Let f:[0,00) x QxR — R, f(t,x,u) =a(t,x)u—b(t,x)u’. Then
for every ¢ € €p(Q) N2’ (Q) with 0 < ¢ < 1 there is a unique global solution u of .
Moreover, we have

0<u<l in [0,00) X Q. (8.15)

Proof. Let ¢ € 65(Q)N 27(Q) be given. Note that f satisfies (F1) and and thus there is
by Proposition [8.4 a unique solution u of in (0,7(¢)) x Q. Note that v=0¢€ 7/ (Q)
satisfies v+ Iv = f(t,x,0) = 0 in [0,00) x Q. Since ¢ > 0, we have thus by Proposition
u(t) >0 in [0,T(¢)) x Q. Moreover, we have that w = 1 € #7/(Q) is a supersolution
of dw+1Iw = f(t,x,1) =0 in [0,00) X Q since a > b in (0,00) X Q. Since 1 — ¢ > 0, we
have w(t) —u(r) > 0 in Q for ¢ € [0,T(¢)) by Proposition We conclude 7 (¢) = oo and

(B.15). -
Remark 8.9. Let ¢ € 65(Q) N 27 (Q) with sup ﬁjg‘\m < oo,
XEQ ’

1. If, in addition, f satisfies (8.13) in Proposition [8.7] with C = A ;(Q), then the unique
global solution u is eventually equicontinuous on € by Proposition

2. If, in addition, 0 < ¢ < 1, then the unique global solution u given by Proposition [3.8]is
eventually equicontinuous on Q by Proposition

In particular, in both cases @(u) is nonempty.
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9 Antisymmetric supersolutions for time dependent equations

In this Section we will give the main tools for the proof of asymptotic symmetry for problem
(Pr) with T = [0,00). Since we will use the moving plane method, we will deal with antisym-
metric functions and antisymmetric sub- and supersolutions of corresponding linear problems
as in the time independent case. In the following, we will use the notation of Subsection §. ] for
a fixed open half space H C RY concerning the moving plane method, in particular we will use
that the kernel function J satisfies

JE—y)=J(x—y) forae. x,y R, x #y; 9.1)
Jx—y)>J(x—73) forae. x,y€ H,x #y. (9.2)

Moreover, we will put for b > 0
Hy:={x€H : dist(x,0H) > b} 9.3)
and we will also need for some statements the following strict variant of (9.2)) (cf. (4.6), @.19):

There exists o > 0 such that essilr}f (J(x—=y)—=J(x—y))>O0forallb>0. (9.4)
PRUS
\x7y|§)min?b,ro}

We have the following additional definition for the time dependent case:

Definition 9.1. Let U C H be an open bounded set, where H C RY is an open half space, let
T C R be a time interval and let ¢ € L™(T x U). We denote by Q : RY — R, x+— Q(x) = % the
reflection at dH as usual. Furthermore, let v: 7 x RN — RY be antisymmetric w.r.t. H, i.e. we
have v(t,%) = —v(t,x) forallx e RV, t € T.

1. We call v an antisymmetric supersolution of the equation
ov+1Iv=rc(t,x)v inTxU 9.5)
if
e veC(T, v/ (U"))NCYT,L*(U)) for some open set U’ C RN with Q(U’) = U’ and
Uucu,
e forallt € T and ¢ € 2/(U), ¢ > 0 with compact support in RV we have
S 0(0),9) 2 [ (el 0v(t,0) — 9v(e,x)) 9() d ©6)

U

2. We call v an antisymmetric supersolution of the problem
dv+Iv=c(t,x)v inTxU, v=0 onT x (H\U) 9.7

if v is an antisymmetric supersolution of (9.5) and if v >0on T x (H\U).
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3. We call v an antisymmetric subsolution of (9.5) resp. if —v is an antisymmetric

supersolution of (9.5)), resp.

Remark 9.2. If v is an antisymmetric supersolution of (9.7) we occasionally say that v satisfies
(in the weak sense)

ov—+1Iv > c(t,x)v inT xU,
(P,) v>0 onT x (H\U),

voQ=—vinT xRV,
The following result connects problems (Pr) and (P,):

Lemma 9.3. Let H be an open half space and let Q@ C RN be an open set such that Q(Q) C Q.
Let J satisfy (J1)a, (J1)p, (91) and (9.2). Furthermore, assume the following conditions on the
nonlinearity f:

(F1) f:(0,00) x QxR — R is continuous. Moreover, for every K > 0 there exists L=L(K) >0
such that

sup | f(t,x,u) — f(t,x,v)| < Llu—v| foru,v e [—K,K].
xeQ,
t>0

(F2)y f is symmetric and monotone w.r.t. H, i.e. for everyt € [0,00), u € R, x € HNQ we have

ft,x,u) > f(t,x,u).

If u is a bounded nonnegative solution of (Pr) on T X Q, then v := uo Q — u satisfies

ov+1Iv>c(t,x)v inT x (HUQ),
(P u>0 onT x (H\Q),
voQ=—vforall (t,x) € T xR,
e (e xu(0.8) — £ x0(.)
tox,u(t, X)) — f(t,x,u(t,x .
o it L My 40
0, v(t,x) =0

is bounded on T x (HNQ).
Proof. We first note that since u(t) € 27 (Q)NL>(RY) we have that v(t) € 27 (RV)NL=(RY) C

#J(RN) for all t € T. The boundary conditions then follow from the boundary conditions of u.
Fix ¢ € 2/ (QNH), then
S (), 0) = Fut)oQ—u(t),e) = 7 (ult),poQ—9)
— [ (Fleu) = due.x)) [p(Q(x) — 90 dx
Q

= [ Gtruen) = o3 (@) d— [ (F(tx,utx)) = r.)) ()

Q(QNH) QNH
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= / [f(2,0(x),u(t, Q(x))) — f(t,%,u(t,x)) — I (u(t, Q(x)) — u(t,x))]¢(x) dx

QNH
> [lete0v(e,0) = avle,x)p(x) d,
U
where (F2)y was used in the last step. The boundedness of ¢ then follows from (F1). ]

Next, for a kernel function J satisfying (J1), and (J1);, and a measurable subset A C R" we set
Kya(x) = / J(x,y) dy € [0,00]. (9.8)
RM\A

The following two Lemmas will be helpful when dealing with antisymmetric solutions (see also
[49, Lemma 2.3 and 2.10]).

Lemma 9.4. Let H C RN be an open half space and let J satisfy (J1); ffs and . Then
for any ¢ € 9’ (H) and every antisymmetric v € 27 (RN) we have

F0) =3 [ [60=v0)06) — 0D Twdx dy+2 [ Kin( e dx - ©9
H H H

with
J(x,y) = J(x—y) = J(x—)

for x,y € H, where  is the reflection of y at dH.
If, in addition, @) holds for some ro > 0, then J satisfies (J),, and there is a constant d €
(0,1) depending only on J and H such that

J(x,y) > dJ(x—y) fora.e. x,y € Hwith0 < |x—y| < min{dist(x,dH),dist(y,dH),ro}.
(9.10)

Proof. For ¢ € 2’(H) and an antisymmetric v € 27 (R") we have

#0:0) =5 ( [ [0 =0 00) - p)x )
H H

+/ / ...dxdy+/ / ...dxdy)

HRV\H HRV\H

[ 6@ =000 - 00—)
H H

N =

— (v(x) =v() @) (x =) + (v(x) = v(¥)) @ (x)J (x —y')] dx dy

[ =00 ~ @0 —y) dxdy+ [ [0 +v()p(r)r—5) dx dy
H H H

m\

| =
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=3 [ [0 =000~ 00T drdy-+2 [ [v)o0w—) drdy
% / / (@(x) = @(y)J (x,y)dx dy +2 / K71 (X)v(x) @ (x) dx
i H H

with J and k;  as defined above as claimed.
Next assume J satisfies additionally (9.4) for some ry > 0. Then, choosing x € H with dist(x,dH ) >
2ro and b = ry, we find that B,(0) C —x+ H}, and thus

0< essinf J(x—y)= essinf  J(z) = essinf J(z).
YEB(x)NH), 2€B-(0)N(—x+Hjp) z€B,(0)

Thus (J.),, holds. To see (9.10), fix

(1-5&33) if0<J(x—y) <

1 if J(x—y)=ocorJ(x—y)=0.

f:HxH—[0,1], fxy) =

Note that f is well-defined by (9.2)) and (9.4). Moreover, by (9.1) we have f(x,y) = f(y,x) and
J_(X,y) = J(x_y) _J(x_y) = f(xvy)‘](x_y) for all X,y € H.

Let m € (0,rp] and denote M := {(x,y) € H x H : 0 < |x—y| <m < dist(x,dH),dist(y,0H)},
then
eslswlnff >0

by (9.4). Hence (9.10) holds. O

Lemma 9.5. Let ro > b > 0 be given, and put Hy, as in , where H C RY is an open half
space. Furthermore, let J satisfy (J1 )d, £ !)/ H) 9.2) and (9.4 H) w.r.t. ro. Then there exists a
measurable map J' : RY x RV \ {(x,x) : x € RV} o) which fulfills (J1) such that for any
antisymmetric v € 2’ (RN) and any ¢ € 9’ (H}) wzth compact support we have

J(09) = 7(79) +2 [ K1 (4)5()p(x) ©.11)

with Ky g (x) as given in , v=vly € 2/(H) and where ¢’ is the bilinear form induced by
J'. Moreover, there exists a constant d > 0 depending on J, b and H such that J' fulfills

dJ(x—y) <J(x,y) <J(x—y)  forae x,y €RY with0 < |[x—y| <b/2, 9.12)
so that J' satisfies (J )y 2.

Proof. We may assume without loss of generality that H = {x € R" : x; > 0}. For simplicity,
we write ¥ = Q(x) = (—x1,x2,...,xy) for x € R¥. We consider J(x,y) as defined in Lemma
Denote A:= {(x,x) : x € RV}. Obviously we have

0<J(x,y) <J(x—y) forx,y e RN x +#y. (9.13)
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whereas, by Lemma 0.4 there is d > 0 such that
b b
J(x,y) >dJ(x—y) forae.x,yc€Hwith0< |x—y|< > and min{xy,y; } > > (9.14)

To define J' with the asserted properties, we set

J(x,y) (x,y) € H x H\ A,

g RYXRMN\ A= R,  glxy):= .
0, otherwise,

and

min{b —x;,b—y }, if min{b—x;,b—y;} >0,

T:RYXRY R,  1(x,y) = _
0, otherwise.

Finally, we set J'(x,y) := g(x+ 7(x,y)e1,y + t(x,y)e1) for x,y € R¥ x # y. Then J’ satisfies

(J1), and (J1),, which follows directly by construction and (9.13). To see the lower bound, we

note that if 0 < [x —y| < g then also | — | < %, where ¥ = x+ 7(x,y)e; and § = y+ 7(x,y)e;.

Furthermore, we have that max{x;,y; } > b and therefore min{x;,y; } > %. Consequently,
J'(x,y) = g(%,5) > dJ(Z—5) = dJ (x—y)

by (9.14). It remains to show (9.11): So let v € 2/ (R") be antisymmetric, and let ¢ € 2’ (H,)
with compact support. In the following we denote v = 15v. Then Lemma(9.4] gives

F09) =3 [ [66)=50)00) 0 wy) dxdy+2 [ 170000 s, ©.15)
H H

H,

whereas, since ¢ =0 on RV \ H,,,

//(ﬁ(x)—ﬁ(y))((p(x)—qo(y)).l_(x,y) dxdyz//...dxdy—i—/ / .dxdy. (9.16)
H H

H H, H, H\Hb

If x € Hp, then for y € H we have 7(x,y) = 0 and thus J(x,y) = g(x,y) = J'(x,y), while for
y € RV \ H we have that J'(x,y) = 0. Hence we can rewrite the first integral of the RHS of @)
as

[ 60~ 5000 - 900 x.y) dxdy

= [ [0 50— 0))//tx.5) dx iy
RN H,

Similarly, if y € Hj, then for x € H \ H, we have 7(x,y) = 0 and thus J(x,y) = g(x,y) = J'(x,y),
while for x € RV \ H we have J'(x,y) = 0. Hence we may rewrite the second integral of the
RHS of (9) as

[ | 60 =50)(0e) ~ o)) dx dy

Hy H\Hb
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= [ [ 60 =700 - o)) (x.) dx

RN RN\ H,

where the last equality follows again since ¢ = 0 on R \ H;,. Combining these identities, we

[ [0 =501 (006) — @) Tw.) dxdy = [ [ (3) = 7)) (0(x) — @(3)) () .
H H

RN RV
and together with (9.15)) it follows that

F09)=5 [ [0 =50))06) = 00 (53) dy-+2 [ k(7)) i,

RN RN Hy
as claimed. O
Remark 9.6. We note that in the situation of Lemma 9.5 we have 27 (U) = 2’ (U) for any

open bounded set U C Hj,. To see this, denote ¥ as the reflection at dH and note that for any
u € L*(RY) with suppu C U we have

[ [ ) = u)) @) ~ (51 e - y) ddy <2//|u YW ~3) dxdy

N RN

< / W2 (x) K7 11 (x) dix < oo

U

since U is bounded away from d H and thus sup k; 4 (x) < eo. Next, consider u € 2’ (U) C L*(U)
xeU

and put ii(x) = u(x) — u(x) for x € RY. Then i € 2’ (RY) is antisymmetric and Lemma
implies

S wu) = 7 (wu@) = J (i) = 7 (u,u) +2/KJ7H(X)MZ(X) dx.
U

Hence u € 27 (U). If, conversely, u € 2’ (U), we may define ii in the same way and we also
have [|ul|;>(y) < oo since J' satisfies (J1). Hence by Lemma

I (uyu) <| 7 (u,u)|+ 7' (u,u +2/KJH (x) dx < oo,

and thus u € 2/ (U).

Lemma 9.7. Let ro > b > 0 be given, and put Hy, := {x € H : dist(x,0H) > b}, where H C RV

is an open half space. Furthermore, let J satisfy (J1)airs, (9-1), (9-2) and (9.4) w.rt. ro. Let
J' be the kernel function given by Lemma satisfying (J1) and let ¢’ be the bilinear form

induced by J'. Then for every v € €2 (Hyy) there is a constant C = C(N,J,H,b) > 0 such that

I (v9) < HVHCZ(RN)C/ lo(x)| dx for every @ € 9’ (Hap) with compact support in RV,
Hyp
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In particular, € (Hy) C 27 (Hyyp).

Proof. Letv € €2(Hy). Since 62 (Hy,) C Z2(RY) € 27 (RVN) and since v has compact support
we have that v € 2’ (H,;,) by Remark Next let @ € 27 (Hy,) with compact support and
denote @(x) = @(x) — @(x), x € RN. Using Remark and Remark |3.3| we have for some
K=K(N,J)>0

S 0:0) < Kbl [ o) dx

Hyy,
Hence
S9) < (Kuvucz )+ 20y sup K ) [ 1ot ax
vty Hyyp
Thus the claim follows with C = K+ 2 sup kj g (x) < co. O

XEH),

9.1 Time dependent maximum principles for antisymmetric supersolutions

Proposition 9.8. Let H be a half space and let U C H be an open bounded set. Assume J
satisfies (J1)aigs, (#-4) and [@.3). If v satisfies (Py) in T x U with T = [to,Tp) and ¢ € L*(T x U),
then

= Ollzy < exp [l z=rxv) = Ma ) =10)] IV (o)l forallt €T. (9.17)

Proof. Without restriction let 7o = 0 and put ¢eo := ||¢* || = (7 <) Thent = u(t) = eMaU)=c=)ty (1)
is an antisymmetric supersolution of

du+Iu= (¢(t,x)+A 1 ;(U))u inTxU, u=0 onTx(H\U), (9.18)

where &(t,x) := c(t,x) — cw < Ofort,x € T xU. Fort € T put ¢(¢) = u (), then ¢(t) € 2’ (U)
by Lemmaand @(t)u(t) = —@*(t) fort € T. Thus testing (9.18) with @(¢) gives

F(u(t),p(t)) > /E(I,x)u(t,x)(p(t,x) + A1 (U)u(t,x)(t,x) — du(t,x)@(t,x) dx

U
> A OO0 By + 5 SN0y forieT.
Since by Lemma .7 we have
—Z(0@),0(t) > 7 (ut), o)) forteT
we get
d
100 ) < AN )~ 7 (9(0),0() <0.

This gives [|@(t) 2wy < [[9(0)[l 2y = [V (0)||z2(v) finishing the proof. O
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Corollary 9.9. Ler w satisfy (P,) on T x U, where U C H is an open bounded set and T :=
[to, To) for some 0 < ty < Ty < oo and assume J satisfies (J1)qify, (.) 9.1) and (9.2) (.) Ifw(ty,x) >0
fora.e. x € H and c € L*(U), then also w(t,x) > 0 for all t € (ty,Ty) and a.e. x € H.

Proposition 9.10. Let H be a half space and assume J satisfies (J1)q;rf, and . Then
for every co > 0, k € R there exists § = 8(N,J, cw,k) such that for any open bounded subset
U C Hwith |U| < 8, any time interval T := [t, Tp), any ¢ € L™ (T x Q) with ||c* || 1= (7 xv) < Coo,
and any antisymmetric supersolution v of

ov+Iv=c(t,x)v inTxU, v=0 onTx(H\U)
with v~ (ty) € L*(H) we have
IV (Ol =) < € kt=to) ||y~ (0) || 2= (mr) forallt€T. (9.19)

Proof. Without loss of generality, we may assume that 7y = 0. By Lemma we may fix
8 > 0 such that for any measurable set U C RY with |U| < & and any x € R" we have

Kru(x / J(x—=y)dy > k+ Cw. (9.20)
RN\U

Next let U C H with |[U| < & and let v be given as stated. Let d := [[v™(0)]|;=(y), and define
u(t,x) := eMv(t,x) fort € T, x € RY. Then u is an antisymmetric supersolution of

du+Tu==2t,x)u onT xU, u=0 onTx (H\U)
with &(z,x) = c(t,x) + k. To finish the proof, we need to show that
u(t,x) > —d forae.xeHandreT. (9.21)

For ¢ € T consider ¢(t) = (u(t) +d)” 1y € 2’ (U) (using Lemmal4.7). We then have

>/ — Quu(t,x))9(t,x) dx
U

>/cw—|—k (1, x) dx+fd—/(ptx 9.22)
U

Note that by Lemma[d.7| we have u~ 15 € 27 (U). Since for (t,x) € T x RY we have

(u(t,x) —u(t,y))(@(t,x) = @(t,y)) + (w (t,x) 1 (x) —u (1,) 1 (y))(@(t,x) — @(t,7))
=~ [@@.x)(u(t,y)+u”(6.)1r () + @t y) (u(t,x) +u (1,2)14(x))]

we get using (9.2))

I (u@), o)+ 7w (t)lu, @ /(p t,y / (t,x)+u~ (t,x)lH(x))J(x—y) dxdy
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—/<p(t,y)/u+(f,x)J(x—y)—u(z,x)J(x—y) dx<0 forreT. (9.23)

Next we need to estimate ¢ (u™ (t)1y,¢(t)). Putfort € T
Ai(t):={xcH :u(t)<—d} and Ay(t):=(RN"\H)U{x€H : u(t)>—-d} =RV\A(r).
Note that for € T we have A; (1) C U and RN\ U C A»(t). Thenfort € T
S Ol 9) = 5 [ [ (.0 = u(t,3)) (900, 9(1.3)) 5 ) ddy
/ / (1) () = (1) 1)) (9(0,5) = 9(1.))J (v =) ddy
Al(r)A

+ / 00) [ (0 (1) 1a(0) = (1) 1n () (=) dyd
Aa(1)

/ (1,3) = 9(t,9))2 (x — y) dxdy
A](l‘)

[V
LN
C\

+ [ o) [ (@)1 y) dyds

> [0 [ (@=u @) 10—y dydx= [ p(tx)dwru (s
t RV

Combining this with (9.23)) and (9.22)), we get forr € T

SN0 o) < 206+ ) [[alt 09l dx 2,7 (w (0)1, 0(0)

U

<2(k+ ) /(p (t,x)dx+2d(k+ ce) /(ptx ) dx — Z/q)tdeJU( )dx
RN

Z(k—i—cw)/(p (t,x)dx.

We conclude [|[@(1) | 2) < elkte=)t || (0 M 2(w)- Since @(0) = 0, we conclude that ¢(t) = 0 for
t € T. This shows (@[) as required. O

9.2 Time dependent Harnack inequality for antisymmetric supersolutions

As before, we consider a fixed open half space H C RV. In this subsection we deduce a weak
Harnack inequality for bounded antisymmetric supersolutions of the equation

ov+1Iv=c(t,x)v inT xU. (9.24)

Here U C H is open and bounded, J satisfies (J1)4;¢¢, (JLy), JU;) for some s € (0, 1) and |i
-©4.
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Theorem 9.11. Let ro € (0, 1], ¢, R, T,€ > 0 be given and let H C RN be an open half space. Let
J satisfy (J1)aiff, (JLg) and (JUy) for some s € (0,1) with rg in . Moreover, assume J satis-
fies (9-1), and ([9.4). Then there exist positive constants K; = K;(N,J, 1o, ¢, €,R,T,H) > 0,
i = 1,2 with the following property: If D CC U C H is a pair of domains with |U| < oo,
dist(D,dU) > 4ry, diam(D) < R, |D| > €, and v is a bounded antisymmetric supersolution
of in T x U with T = [to,ty +47] for some tg € R and ¢ € L™(T x U), ||c||=(rxv) < Coo
then

ol V) 2 K i ) = Kol iy (9.25)

where Ty = [to+ 37,10 +47] and T_ = [to + 7,10+ 271].
We will follow closely the proof of [49, Theorem 2.9].
Proof. Putb =2ry, Uy={xe U : dist(x,D) < b} CC U, and let J' be the kernel function given
by Lemmal9.5|for this choice of b. Note that J’ satisfies (JL,) and (JUy) for s with b/2 in (5.14).

Let v be a bounded antisymmetric supersolution of (9.24) on T x U, and consider #(r) = 1 5v(¢)
fort € T. Since Uy C Hp,, Lemma[9.3]implies that

S60.0) = [ (let6) = 200 (0)(0.2) - 27(1,)) 9(x) d
Uo
for any ¢ € @J(Uo), ¢>0andreT,

where 0 < K7 (x) < oo for x € H, by Lemma[9.4] Let

d:=2(sup Kjg(x) +¢w), O := |V |p=rxmy and w(t,x):= =0)[5(2, x) + O]
XEH),

fort € T,x € RN. Observe that w(t) > 0 on R for all t € T. Moreover, for any ¢ € T and any
nonnegative ¢ € 2’ (Uy) we have

S (wlt),9) =70 7' (5(e), )
> /([d—l—c(t,x) — 27,1 (%)W (t,x) — w(t,x) — e/ 5 c(t,x) — 2K17H(x)]> o(x)dx

Uo

> / (0120 1(x) — c(a,3)] — w(1, ) ) o(x) .

Uy

Hence w is a nonnegative supersolution of (L) (see pp. [56) on T x Uy with g(t,x) = e? =) 52k g (x) —
c(t,x)]. Applying Corollary [7.3| with Uy in place of U (noting that dist(D, dUy) = b = 2r)) and
using the properties of J' given by Lemma we find ¢; = ¢;(N,J,ro,R,€,7,H) > 0 such that

TiI}(fDW(tvx) 2 [W]LI(T, xD) — CZHgHL""(TxUO)

We note that [W]LI(T,XD) 2 [V+G]L1(T,XD) Z [V+]L1(T,><D) and

inf w < e‘”d( inf v+o),
T, xD Ty xD
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so that
. _41d —41d
TinfoV >cre " [V+]L1(T+><D) —e " CZHgHL“’(TxUO) -0
Noting furthermore that ||g|| (7<) < €*™0d, we conclude that
. —4td
Tinfov > c1e ™ g, wp) — (2d+1)0

Hence the assertion follows with K; = cje %™ and K> = c2d + 1. Note that both constants only
depend on N, J, rg, ¢, &,R,H and 7. ]

9.3 A subsolution estimate

In this part we want to show that if an antisymmetric supersolution is not too negative every-
where and positive in some ball at initial time, then we can bound the positive part in a smaller
ball from below with an exponential decay. This bound will be derived by comparison with a
suitable subsolution of an auxiliary problem.

Proposition 9.12. Let ry > 0, p € (0,79/8) and c.. > 0 be given, and let H C RN be an open
half space. Furthermore, let J satisfy (J1)aisy, (9-1)), and w.r.t. ro. Then there are
constants C,q, p > 0 with the following property:

Given xo € H with dist(xo, RN \ H) > 8p, ky, ko > 0 with k| > gky, a time interval T = (ty,To)
with 19, Ty € R, to < To, a function ¢ € L*(T X Bap(xo)) with ||c||z=(1xB,,(x)) < Ce and an
antisymmetric supersolution v of

ov+1Iv=c(t,x)v in T X Bap(xo) (9.26)
which satisfies
v(to) > ki in Bp (xo),
v>0 on T x B3p(xp), (9.27)
V(t,x) > —kye €U0 for (t,x) € T xH,
we have
v(t,x) > kype €= foreveryt € T and a.e. x € By (xp). (9.28)

Proof. LetJ', #' and I be given as in Lemma [9.5/and Lemma 9.7 w.r.t. b :=8p. Letx € H
with dist(x, RV \ H) > 8p, and let & € C*([0,c0)) be a function with0 <& <1, & =1 on [0, ]
and & =0 on [1, ). Moreover, for r > 0 consider the function &, = & ((- —x)/r), and let

1
Oo(x) = inf / J(z,y)
2‘|‘2H5p|\@£( )) YEBp (x

By Remark (i), Lemma applies with 2p in place of p, J' in place of J and & = 8y(x)
as above. Furthermore, by Lemmal9.7]there is C, = C,(J,H,p) > 0 with

Ci
H@H@of;(gp(x)) <Gl&llc2mmy < ?HéHCZ([o )
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Moreover, since dist(x, RN\ H) > 8p = b, Lemmaimplies that there isd =d(J,p,H) >0
with
J(z,y) >dJ(z—y) fora.e. z,y € Bap(x).

Then, since J satisfies (J)sp by Lemma([9.4] we have

dp*™N wy essinf J(z)

dp2 ) 2€B4p(0)
50x > inf / J(z—y)dz>
W) 2 2 2 E ey vt | T W g 3G [E o)

Bp/4(x)

Denote
dp>™N wy essinf J(z)
2€B4p (0)

S :=ming 1,
AV (2p% +2C1 [[Elc2 j0.0)

Next let xo € H with dist(xo, RN \ H) > 8p and denote B, := B,(xo) for any r > 0. Let f €
L=(RN)YN 27 (Byp) be the unique solution of

I'f=1g,,—81g,5,, nByp, =0 inRY\By

given by Lemma Note that f > 0 in RY. Moreover, by Remark (i1) and Lemma
we can pick

p* 8
p :=min , >0
P2+ Cill8llc2 (0. 1+ CillE2p — Eap 7l 2wy

independent of x¢ such that
essinff > p > 0.

Bsp o

Y829 ()B4, (0)\Bap (0)
feo by Remark [3.13| (iii). Put

d(t,x) = c(t,x) — 2Ky, (x) for (¢,x) € T x Byp.

-1
Put f:=1+1| inf J J(x—y) dy) and note that since 6 < 1 we have || || =gy <

Note that d € L*(T X Bap), since dist(B2p, RV \ H) > p, and that

doo := Ceo+2 sUp J(x=y)dy > ||d"||1=(rxB,,)-

xEHpRN\H
Moreover denote
2 foo Jeo
C.=d.+—, ‘= -5 sup / J(x—y) 3 sup / J(x—y) dy.
P xeBz” RN\Bs, *<B2 ) g b 0)
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We emphasize that all these quantities do only depend on J, H, p and c. but not on xp. Now let
ki,ky > 0 be given with k| > gk,, and put y(¢,x) = e*C’(%f—kleN\BSP) for (t,x) € T x RV,
Here and in the following, we assume without loss that 7 = 0. Then y(z) € ¥”(Bs), ) for all
t € T. We show that y is a subsolution of the equation

oy+I'y=d(t,x)y  inT XBy,. (9.29)
For this we fix ¢ € @J(sz), ¢ >0andr e T. Then

S w(0.9)+ [ @) - diey(e.0) o) dx

sz
k
o (ﬁj/%f, 0) ko 7 (15, )
k
- [ (510 -kt ) o0 ds
sz
k
= eCzB/ <fi, (133P/2 (x) = 81p,,\8,,, (x)>
/ ki
o [ ey dy= (C+d(e2) 70 | o) d
IRN\B3p -
o [k kg 2k
<e cB / (f; (133p/2(x)—5132p\33p/2(x)>+;Z—pf:of(x)) o(x) dx

<l [ass—rwemda— [ i@l ds

=7
B3p/2 Bap\B3p
k
< fie—cf / (1+6—2)9(x) dx < 0.
” B3y o

Hence v is a subsolution of (9.29). Next, let v be an antisymmetric supersolution of (9.26)
satisfying (9.27), and let w(¢) = 1yv(¢) fort € T. Then
W(O) > kl in sz,
w

9.30
(t,x) > —kze*CthN\Bm for (t,x) € T x RV, -

Moreover, by Lemma[9.5] w is a supersolution of (9.29)), and thus w — y is also a supersolution
of (9.29). Furthermore, we have w— ¥ >0 on T x (R \ By,) and w(0) — y(0) > 0 on RY by
the construction of y and (9.30). Proposition[6.2] gives w > y a.e. in T x R and, in particular,

v(t,x) = w(t,x) > pkye foreveryt € T and a.e. x € B,.
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9.4 An estimate for the long-time behavior

We have developed several estimates for antisymmetric supersolutions in the previous subsec-
tions. Next we combine these to estimate the long-time behavior of supersolutions which are
positive in a large enough subset. The following is a nonlocal pendant of [56, Theorem 3.7] (for
I=(—A)% s €(0,1) see also [49, Theorem 2.15]).

We recall from Section that, for a subset D C R, inrad(D) denote the supremum of all
r > 0 such that every connected component of D contains a ball B,(xg) with xo € D. Note that
inrad(D) > p > 0 implies that every connected component of D has at least measure |B, (0)
so in this case D has only finitely many components if it has finite measure.

B

Theorem 9.13. Let H C RN be an open half space, ro >0, p € (0,r0/8) and c.. > 0 be given
and assume J satisfies (J1)aiss and for some s € (0,1) assume J satisfies (JL;), (JUs), ,
and with this ro. Moreover, let C, p,q > 0 be as in Proposition and let § > 0 be
such that the conclusions of Proposition[9.10/hold with y := C+ 1 in place of k.

Then for any T,R > 0 there exists L > 0 such that the following holds:

If D CC U C H are open sets with |U| < oo, inrad(D) > 3p, diam(D) <R, |U\D| < & and
dist(D,dU) > 4rg and if v is any continuous function and satisfying (P,) on [ty,e) X U for
some tg € R with ||c|| = ({1 o) x /) < Coo StUCh that v is nonnegative on [t,to +87] x D and

V™ () 10\B) < BDVILt (g +104+20)xD,)  for each connected component D, of D, (9.31)
then:
(i) v(t,x) > 0 for all (t,x) € [ty,o0) x D
(ii) Hv*(t)HLm(U) — 0 fort — oo,

Proof. We let ry,p,Y,6,7,R,H and J be given with the properties stated in the theorem. Let
K,K> — depending on these quantities — be given as in Theorem [9.11] and let C,p,q > 0 —
depending on these quantities — be given as in Proposition[9.12] We fix u > 0 sufficiently small
such that

(I;l —K2> >q and KB (0)\p<1“i1 —Kz) —K;>0,. (9.32)

Next, we consider D CC U C H and an antisymmetric supersolution v of (P’) on [fy, o) x U with
the properties stated in the theorem, which implies in particular that |Bs,(0)| < |D.| < (2R)Y
for every connected component D, of D. We put k = |[v™(t0) || =\ p) and

Ty :=sup{t > 1o+87 : v>0in [fg,t) X D},
so that 1) + 87 < T < e by assumption. Applying Proposition[9.10] we get
™ )=y = IV ()| oy < pe™ TFIED) for all 7 € [19, Tp). (9.33)

To prove (i), we suppose by contradiction that 7j < oo. Then there exists a connected component
D, of D and x, € D, such that

v > 0in [t, Tp) X D, and v(Tp,x.) = 0. (9.34)
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Let U, be the connected component of U with D, C U,. Since v > 0 on [to,to +87) X D,, we

have, by Theorem [9.11] (9.31)) and Proposition[9.10]

inf v>Ki v o — K2 ||v ||~
V= 1 +7T,t0+27] XD, 2 L= ([to,to+47| x U
[fo+37,10+47]x D, (o 0 1xD:) (ftoto ] )

> Ki VLt ig oo 21)xn.) = K2V [ 1 (g 10451 x [0\ D))

Ky, _ - K,
>l K @)l = () K Jo =k ©939)

We fix xg € D, such that B3, (xg) C D,, which is possible by assumption. Since k; > gk, by

(9:32)), the estimates (9.35) and (9.33)) allow us to apply Proposition [0.12] with 7y + 47 in place
of f9, which yields

v(t,x) > phkye V=047 for every x € By(xo), t € [to+47,To). (9.36)

With the help of Theorem [0.11] (9.33)) and (9.36)), we find that

v(To,x:) > Ki V] (- 3¢,59—21)x,) — KalIV ™ 2= ([ —a2,15)x00)
> Ki|Bp (0)|k1pe*Y(T0*4T*to) _ szze*(?’“)(TO*M*fo)

K
> fpet(To—47-10) [Kl 1B, (0)] p(i - Kz) —Kz} >0,

by our choice of p in (9.32), contradicting (9.34). We conclude that T = co. In particular, (i)
holds, and (ii) follows since, by (9.33),

v ()l =) = IV (Ol oy < ae™ TFHER) for all 7 € [f,00). (9.37)
O

Remark 9.14. We note that the constants K, K> in Theorem[9.11] C, p, ¢ in Proposition
and p in Theorem[9.13|depend on H only through the function
(0,00) = R, b essinf (J(x—y)—J(x—¥)).

x,yeH)
e=yl<ro

As a consequence, if e € S is fixed, these constants can be chosen uniformly in A € R for the
family of half spaces Hj := {x € R : x-e > A}.
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10 Asymptotic symmetry

In this part we show our main results on asymptotic symmetry. We will follow ideas which were
developed by Polacik for the case of parabolic second order nonlinear evolution equations (see
[57] and the references in there). Since in the bounded and the unbounded case the argumen-
tation is different we will split the results in two parts. The first subsection will deal with the
case were  C RY is an open bounded set, and in Subsection below we will treat the case
Q =RY. For the case I = (—A)* the asymptotic symmetry in open bounded sets was treated in
[49].

10.1 The bounded case
In this whole part we will consider the following problem

Qu+Tu= f(t,x,u) in (0,00) X Q;
(r) { =0 on (0,%) x (R¥\ Q),

where Q@ C RY, N > 1 is open and bounded and I is given with respect to J which satisfies
Dairs, J2), JLy), JUj) for some s € (0,1) and o > 0. We will additionally assume that Q
fulfills

(D1) © C R is an open bounded set which is Steiner symmetric in xy, i.e. for every x € Q and
s € [—1,1] we have (sx1,x2,...,xy) € Q.

(D2) For every A > 0, the set Q; := {x € Q : x; > A} has at most finitely many connected
components.

and the nonlinearity f : [0,00) x Q x R — R fulfills

(F1) f:[0,00) x Q xR — R is continuous. Moreover, for every K > 0 there exists L=L(K) >0
such that sup |f(¢,x,u)— f(t,x,v)| <Llu—v| foru,v € [-K,K].
xeQ, >0
(F2) f is symmetric in x; and monotone in |x;|, i.e., for every 7 € [0,), u € R, x € Q and
s € [—1,1] we have f(t,sx1,x2,...,xn,u) > f(t,x,u).

We note that assumption (D2) is not needed for all of our results. In the following, we con-
sider solutions u € C((0,), 2’ (Q) NC(Q))NC'((0,),L?*(Q)) of problem (Pr) as defined in
Definition [6.1]

Theorem 10.1. Let J satisfy (J1)4ifs, (J2), (JLs), (JUs) for some s € (0,1) and ro > 0. Fur-
thermore, let (D1), (F1), (F2) be satisfied, and let u be a nonnegative global solution of (Pr)
satisfying the following conditions:

(Ul) There is ¢, > 0 such that ||u(t) ||t~ < ¢, for everyt > 0.

(U2) u is eventually equicontinuous on Q (see p. [64).
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Suppose in addition that (D2) holds or that z # 0 for every z € ®(u).

Then u is asymptotically symmetric in xy, i.e., for all z € ©(u) we have z(—x1,x') = z(x1,x") for
all (x;,x') € Q.

Moreover, for every z € ®(u) we have the following alternative: Either 7 =0 on Q, or z is
strictly decreasing in |x| and therefore strictly positive in €.

Remark 10.2. We have shown in Section [8| that assumptions (U1) and (U2) are satisfied in
specific examples where the kernel function J fulfills additionally (J5). More precisely, in Re-
mark [8.9 we considered situations in which Theorem [T0.1] can be applied. We note that these
examples include nonlocal operators which are more general than the fractional Laplacian. For
the fractional Laplacian similar examples are given in [49].

We immediately deduce the following corollary for time-periodic solutions.

Corollary 10.3. Suppose that f : (0,00) x Q x R — R satisfies (F1), (F2) and is periodic in
t, i.e. there is T > 0 such that f(t + T,x,u) = f(t,x,u) for all t,x,u. Suppose furthermore
that u is a nontrivial nonnegative t-periodic solution of (Pr), i.e., u(t + 7,x) = u(t,x) for all
x € Q1 € (0,00). Suppose finally that either (D2) holds or that u(t) Z 0 on Q for all t. Then
u(t) is symmetric in x; and strictly decreasing in |x;| for all times t € (0,00).

Proof of Theorem [10.1]

Throughout the proof we will use the notation for the reflection at a hyperplane as introduced
in Sections [ and [9] and the various estimates for antisymmetric supersolutions which arise
during the moving plane method. We may follow the main lines of the moving plane method
as developed by Polacik in [56]], but we note that some steps in the argument — in particular the
proofs of Lemma [10.5| and Proposition below — differ from [56]. This is due to the fact
that, contrary to [56], we do not a priori assume the existence of an element ¢ € ®(u) with
¢ > 0. For theses steps of the proof we will follow [49]. For A € R, we use the notations

Q={xeQ:x>A}, Hy={xcRV:x;>1}, T)=0H, and T =T,NQ.

Moreover, we let Q; : RV — RN denote the reflection at T given by Q; (x) = (24 —x1,x2,...,xn).
For a function z : RY — R, we put

zl:on;L RV SR

and
Viz:RY 5 R, Viz(x) = 2" (x) — z(x).

We now assume the hypotheses (J1)zi7, (J2), (JLy), (JUy) for some s € (0,1) and ro > 0 on J,
(D1) on Q and (F1), (F2) on the nonlinearity f. Let u be a nonnegative global solution of (Pr)
satisfying (U1) and (U2). Without restriction we may assume that u satisfies the equicontinuity
property with fp = 1, i.e.

lim sup lu(t,x) —u(f,%)| = 0.
h— 1-21
xxeQ,tfe[t,T+1],
gl —F|<h
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We set
[ :=max{x; : (x;,X) €Q forsomex € RV "1},

and we fix A € [0,/) for the moment. As discussed in Lemma the function v := Vju is an
antisymmetric supersolution of the problem

ov+1Iv=cy(t,x)v (10.1)

in (0,00) x Q, with

u* (1,x) # u(t,x);

0, u (1,x) = u(t,x).

Here the term antisymmetric supersolution refers to the notion defined in the beginning of Sec-
tion E] with respect to the half space H = H. Indeed, for A € [0,/) and this choice of H, we
have that HNQ # 0, 0;(Q,) C Q and f(¢,0; (x),u) > f(t,x,u) for all € (0,), x € Q; and
u € R are fulfilled as a consequence of assumptions (D1) and (F2). Moreover, as a consequence
of (F1) and (U1), there exists c. > 0 such that

leallz=((0.0)x0,) <o forevery A €[0,1).

In the following, we fix c.. with this property. We also note that [V, u](t) € 2’ (RY)NC(RYN) for
all r € (0,0). Furthermore, by (J2) we have that J satisfies (9.1), (9.2) and (9.4) for H;, A > 0.
For A € [0,1), we now consider the following statement:

() (Vo)™ (Ol — O s 1 — o

Our aim is to show via the method of moving planes that (S, ) holds for every A € [0,1). We
need the following lemmas.

Lemma 10.4. There is 6 > 0 such that for each A € [0,1) the following statement holds. If K
is a closed subset of Q) with |Q \ K| < 6 and there is to > 0 such that Vyu(t) > 0 on K for all
t > to, then

1(Vaut) ™ (0) | z=ar ) < €0 (Var) ™ (t0) | (a1, ) (10.2)
forallt > ty. In particular (Sy ) holds if A <l is sufficiently close to l.

Proof. This follows immediately by applying Proposition[9.10[to ¥ = 1, c.. > 0 as fixed above,
H =H) and U = Q, \ K. Note that the number § > 0 given by Proposition in this case
does not depend on A and K. The second statement of the lemma follows since |Q, | < & if A
is close to . O

We note that the first two assertions of the following Lemma do not need the boundedness of
Q.

Lemma 10.5. Suppose Ay € [0,1) is such that (S, ) holds for all A € (Ag,l). Then we have:
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(i) (Sy,) holds.
(ii) For each z € ®(u) and each A € [Ay,l) we have either Vyz > 0 on Q) or V;z=0on R".
(iii) If Ay > 0, then for each z € ®(u) we have either Vy,z >0 on Q3 orz=0on RV,

Proof. (i) Since the set {u(r) : t > 0} is relatively compact in %p(Q), the statement (S, ) is
equivalent to Vjz > 0 on Hj for all z € w(u). Hence (S),) holds by assumption and continuity
of all z € w(u).

(ii) Note that by Definition of (S;,) we have that (S3) holds for any A > Ay. Fix A € [49,1).
Step one: We first claim that on each connected component U of Q; we either have V; z > 0 on
U or V3z=0on U. To prove this, we fix z € @(«) and a connected component U of Q; such
that V,z £ 0 on U. Since V3 z > 0 and since z is continuous, there exists xo € U and p > 0 such
that B := Bp(x9) CC Q, and V,z > 0 on B. Since z € ®(u), there exists a sequence of numbers
tn > 0, such that #, — oo and u(t,) — z in C(Q), hence also V, u(t,) — V;3zin C(Qy) as n — oo.
Consequently, there exists ¢ > 0 and ny € N such that

Vau(ty,x) > 20 forx € B, n > ny.
By the equicontinuity property (U2), there exists T > 0 such that
Vou(t,x) > o0 forx € B,t € [t, —47,1,], n > ny. (10.3)

Now fix a subdomain D CC U such that B CC D. Applying Theorem with tg =1, — 47
and using (10.3), we get

inf Vyu(tn,x) > Ki[(Vau) |01 (4 —az0—30)x0) — Kasup [[(Vau) ™ (0)]|=w)
xeD teT

18]

Zchi_K2”V_(t7')HL°°(T><H1) forn>l’l0

Dl

with suitable constants K;, K, > 0 independent of n. Since (S, ) holds, we conclude that

18]

ian)V;tz = lim inf V,u(t,,x) > Kjo1— > 0.
xe

n—reo xeD ‘ |
Since D CC U was chosen arbitrarily, we conclude that V) z > 0 in U. This shows the claim.
Step two: Let z € ®(u) be such that

U,:={xeQ, : Vaz](x) =0}

is nonempty. To finish the proof of (ii), we need to show that V; z = 0 on RY. We suppose by
contradiction that this is false; then there exists a compact set ¥~ C H, \ U, of positive measure
such that
infV3z>0 10.4
infVyz (10.4)
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By Step one above, U, has a nonempty interior. Hence we may fix a nonnegative function
@ €C*(U.), ¢ #0, and we set D := supp ¢. Moreover, we fix p € (0, rp) with dist(D,dU) > 2p,
and we note that there exists M > 0 such that

‘l/(¢@)—¢@»1@—ypby<nq forall x € RY, (10.5)
By (%)

(see e.g. Proposition[2.5). In the following, we put v = V) u and H = H) . Moreover, we consider
J and K7,z as defined in Lemmafor this choice of H. By Lemma we have

S 00,9) =3 [ [ 000 =¥ (06) ~ 90 0x3) dxdy-+2 [ vle, 0w ()90 d,
H H H

(10.6)
where

[ 2003900 dx < K@l 1O =0
H

with K = K(J,N,p) < oo by (J1)4i¢¢. To estimate the double integral on the right hand side of
(10.6), we put

A ={(x,y) EHxH : |x—y| <8}, s66:=HxH\J and D, :={xcR" : dist(x,D) <p}.

Then
[ 062 =300 ~ 90D y)drdy = [ (41,0 = v(6.3)) (9(x) ~ @) x.y)dxdy
4 lx—y[<9,

x,y€Dp

=2/ [ (00~ @) (x ) dyax

- / (v(#,20) =v(1,9))(@(x) = (¥))) (x — Q2 (v)) dxdly

—y|<8,
x,y€Dp

<2M |Dp | |v(t) || () + W 10l =) VO =) 5

where we used the fact that [x — Q; (y)| > 2p for every x,y € Dy, p < ro and (JUy). To estimate
the integral over %5, we first note that by (J1)4;7¢

sup J(x,y) dydx < sup / J(x—y)dy= / J(z) dz=:Jnj < oo
()

x€H cRN
H\Bp(x) T RNB, (x RN\B, (0)
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Hence
/ (v(6.0) = v()(9(0) ~ 90 wy) dxdy =2 [ () [ (v(e.0) = v(e.) () dyd
D H\Bp (x)
—2/(p { / J(x,y)dydx — / v(t,y)f(x,y)dydx—/v(t,y)f(x,y) dydx}
H\By (1) H\[By ()7 #

< 210l (VO o0+ I Ollga)) — (o)

where in the last step we have set

m(t) := in}fyv(t,y) and d:= /(p / x,y) dydx > 0, since dist(D, %) < 2r.
yEH

We now consider the function ¢ — h(t) = [;; v(¢,x)@(x)dx for t > 0. Combining the estimates
above and using (10.T)), we get

/atvtx dx>/c,1(t,x)v(t,x)(p(x) dx— 7 (v(1),9) (10.7)

D
> _C°°||(P”L'(UZ)HV( M=) — 2 (@), 9) > =Ci|[v()|| =) — Collv™ () |L= () +m(t)d
with

24Dy |?
Cr = lolluw, [Coo+21NJ}+2M|Dp|+WH¢HLw(UZ) and

Co = 2N [0l ()

We now consider a sequence ()x C (0,00) such that 7y — o and u(ty) — z in L™ (Q) as k — oo,
which yields in particular that h(7;) — 0 as k — . Using (10.4)) and the equicontinuity property
(U2), we find 6 > 0 and ko € N such that

my =inf{m(t) 1 t € [ty — 8,4 + 8], k > ko} > 0.
Moreover, making 6 > 0 smaller and ko € N larger if necessary, we may assume that

myd

4Cy

V=) < (@) = vt =) + IV (E) =w2) < for € [t — 8,10+ 8], k = ko.

(10.8)
Moreover, using that |[v(t)|| =) — 0 as ¢ — oo as a consequence of (S ), we may again make
ko € N larger such that
myd

V" (Ol =y < e

Combining (10.7), (10.8)) and (10.9), we thus obtain

fort € [ty — 6,1 + 6], k > ko. (10.9)

W) >"

fort € [tk—5,1k+5], k > ko.
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This implies that

5m*d) _ _bm.d

limsuph(t, — 8) < li (ht _
imsuph(i; —8) < Jim ((s) — 2 -2,

k—yo0
contradicting the fact that |[v™(¢)|| =,y — 0 as t — o and thus litminfh(t) > 0. The proof of
Z —>00
(ii) is finished.
(iii) Suppose that A9 > 0, and let z € @(u) such that V;,z =0 on RN, In view of (ii), we need to
show that z = 0 on R". For this we consider the reflected functions

ii:(0,00) xRN =R, ii(t,x) = u(t,Q(x))
7:RY 5 R, Z(x) = z(Qo(x)).

t

(10.10)

Since Q and the nonlinearity f are symmetric in the x;-variable, i is also a solution of (P)
satisfying the same hypotheses as u. Moreover, Z € @(i). Putting A, :=1—24 € (—1,1), it
follows from V;,z =0 on R" that =0 on Q;,_ and therefore

A +1

VaZ=0 inQy for every A € ( 7

). (10.11)
For A € (%, 1) sufficiently close to /, it also follows from Lemma that (S, ) holds for i
in place of u, so that (10.11) and (ii) imply that

V2Z=0o0n RN for A <1 sufficiently close to /. (10.12)

From this we easily conclude that 7 = 0 and therefore z = 0 on R", as claimed. O

Lemma 10.6. Suppose Ay € (0,1) is such that (S ) holds for all A € (Ao,l). Suppose further-
more that one of the following conditions hold:

(i) zZ£0o0n Q forall z € o(u).

(ii) Q fulfills (D2) and V),z > 0 on Q;, for some z € o (u).
Then there exists € > 0 such that (S); holds for each A € (Ao — €, Ay].
For the proof of this lemma the following observation is useful.

Lemma 10.7. Let M C C(Q) be a bounded and equicontinuous subset, and let

Ky(M):= inf Vyu(x)  forAe€]0,l).

ueM,xeQy

Then the map A — Ky (M) is left continuous, i.e. for Ay € (0,1) we have K (M) — K; (M) as
A —= Ao, A < Ap.
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Proof. Since ), C &, for A < Ag and V) z — Vj, z uniformly on Q,, for every z € M, we have

liminfK;, (M) < K, (M). Now suppose by contradiction that there exists sequences of numbers
A=Ay

A € (0,4), of functions u, € M and of points x" € Q, such that
Ay — A and  Vy u,(x") = ¢ <K, (M) for n — oo.

By compactness and equicontinuity, we may assume that there exists ¥ € Q; andu € M C C (Q)
such that
X' —=x and |juy —ul|j=q) —0 as n — oo,

where M denotes the closure of M with respect to || - | .= (). Consequently,
05, (") = 24, — X, x5,...,xy) = (24 — X1, %2,...,. %) = Oy, (%)
and therefore
upy(x") = u(x) and  wu,(Qy, (x")) = u(Qy, (X)) as n — oo,

Hence
V;LOM(X) = I}EIOIOVMM,,(XH) =c< KA{)(M)

On the other hand, since u € M and x € q, it is easy to see from the definition of Kj, (M) that
V), u(X) > Kj,. Hence we arrived at a contradiction, and thus the proof is finished. U

Proof of LemmalI0.6] Case one: We first assume in addition that z # 0 on Q for all z € w(u).
By Lemma [10.5] this implies that V;,z > 0 in Q, for all z € @(u). Let 8 > 0 be such that
the conclusion of Lemma|[10.4/holds, and let K C , be a compact subset and & € (0,40) be
chosen such that

I \K| <8  ford e (Ao—er, A (10.13)

Since Vj,z > 0 in @, for all z € ®(u) and ®(u) is a compact subset of C(L2), we may choose
€ € (0,¢&) such that

inf  V,z(x)>0 forall A € (Ap— €, A). (10.14)

z€0(u),xeK
Let A € (A — €, 4], then (10.14) implies that there exists 7o = f9(A ) such that
Vou(t,x) >0 forxe K, t > 1.

Hence ||(Vou) ™ (?)||z=(,) — O as t — oo by Lemma Thus (S;,) holds for A € (Ag — €, 4],
as claimed.

Case two: We assume that (D2) holds, and that V, z > 0 on Q,, for some z € @(u). By (D2), the
set Q;, has only finitely many connected components, and hence p := é min{ro,inrad(Q,,)/4} >
0. Let C; = C2(N,J,p,cw) >0,Cy =C1(N,J,p,c) > 0 be as in Proposition[9.12] and let & > 0
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be such that the conclusions of Proposition[9.10]hold with C; + 1 in place of k.
Choose D CC Q,, such that D intersects each connected component of Q, ,

1@, \D| < ‘; inrad(D) > 3p (10.15)

and, moreover by making r smaller and D larger if necessary, we may assume r = ;dist(D, 9y, ).
Fix z € o(u) such that V;,z > 0in &, and let #, — oo be a sequence with A(z,) — z. Using the
equicontinuity as in the proof of Lemma we can find r; >0, T € (0, %) and ng such that

Vy,u(t,x) >2ry, forallx € D, t € [t, — 87,1,], n > np. (10.16)

Denote R = diam(D) and choose y as in Theorem for these parameter values but indepen-
dent of A. This is possible by Remark We first fix € > 0 such that

o
193\ Q| <§, for A € [Ao—é€1,0). (10.17)
From the equicontinuity assumption (U2) we may deduce that

sup sup  [Vau—Vyul —0asd — 4. (10.18)
neN [r,—87,t,|xD

This and (10.16) imply the existence of & & (0, &) such that
Vau(t) > ry, forallx € D, t € [t, — 87T,t,],n > ng, A € [Ag — &, A). (10.19)
By (Sy,), we can find n; > ng such that for all n > n; we have

- ury
1(Vagu)™ (10 = 87) | (0, \D) < =5

Using the equicontinuity of the functions x — u(z, — 87,x), n € N and Lemma [10.7, we may
choose € € (0, &) such that

1(Vaw) ™ (s = 87) (o, m) S 11 for A € [0 — &, o). (10.20)

We now fix n > nj and A € [Ay — €,4], and we claim that the assumptions of Theorem
are satisfied with 1 =1, — 87, U = Q,, D as above and v = Vyu. Indeed, dist(D,dU) >
dist(D,09Q,,) > 4rg and |Q; \ D| < & by (10.15) and (10.17). Moreover, inrad(D) > 3p and
diam(D) < R by our choice of D and the definition of R. Moreover, by , V) u is nonneg-

ative on [t, — 87,1,] x D, and by (10.19) and (10.20) we have

(Vo)™ (tn = 8T) || =\p) < 1t < WVaul L1 (4,774, —60)xD.)-

for each connected component D, of D. An application of Theorem [9.13(ii) with these param-
eters therefore yields that (S ) holds for all A € [Ag — €, Ag]. The proof is finished. O

The following Proposition evidently completes the Proof of Theorem[I0.1}
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Proposition 10.8. Suppose that (D2) holds or that z # 0 on Q for all z € @(u). Then we have:
(i) Voz=0o0nRY for every z € o(u).

(ii) For every z € ®(u) we have the following alternative. Either z =0 on Q, or z is strictly
decreasing in |x| and therefore strictly positive in Q.

Proof. (i) We define
Ao :=inf{u > 0: (S, ) holds forall A > u},

and we first claim that Ap = 0. By Lemma|[10.4] we have Ay < . If z# 0 on Q for all z € (u),
then Lemma immediately implies that A9 = 0. If (D2) holds and we assume — on the
contrary — A9 > 0, then Lemma iii) and Lemma ii) readily imply that z =0 on R" for
every z € ®(u), which then also yields Ag = 0. Hence we conclude in both cases that Ay = 0, and
therefore (Sp)o is true by Lemma i). This implies that Voz > 0 on Qq for every z € @(u).
Since the analogous statement can also be shown for the reflected solution # defined in (10.10],
we also have that Vpz < 0 on Q for every z € ®(u). Hence for every z € w(u) we have Vpz =0
on Qg and thus also on R, since z =0 on RV \ Q.

(iii) Let z € o(u) be given such that z is not strictly decreasing in |x;|. Then there exists A > 0
such that V; z is not strictly positive in Q. By Lemma [10.5]ii), applied to A in place of Ao,
we then have that V3z = 0 on RY. By (ii), z therefore has two different parallel symmetry
hyperplanes. This implies that z = 0, since z vanishes outside a bounded subset of RY. 0

10.2 The unbounded case

In this part we consider the case Q = R", i.e. we consider the problem

Qu+Iu= f(t,u) in (0,00) x RY;
(R) |1|im u(t,x) =0 forallt € (0,00) =: T
x| o0

Here we assume that the kernel function J corresponding to the nonlocal operator / (see Remark
(ii)) satisfies (J1)girf, (JLy), JUy) for some s € (0,1) and

(J3) The function J : R¥\ {0} — [0, <o) is radially symmetric and strictly monotone, i.e. there
is a strictly decreasing function & : (0,00) — [0,0), such that

J(z) = k(|z]) for all z € RV \ {0}.
We also assume that the nonlinearity f fulfills the following properties.
(F1)’ f € C'([0,) x R) and for every K > 0 there is L = L(K) > 0 such that

sup |0, f(t,u)| <L forallu € [—K,K].

t>0
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(F2)’ Forallt € T we have f(¢,0) =0, and there exists 6 > 0 and ¢y > 0 such that

supd, f(t,u) < —cy forallu e [-6,0].

>0

Theorem 10.9. Assume the kernel function J satisfies (J1)q;rs, (J3), (JLs), (JUs) for some s €
(0,1), and let f satisfy (F1)’ and (F2)’. Let u be a nonnegative continuous global solution of
(R) in the sense of Definition|6.1|and such that u(t) € L*(RY) for all t > 0. Moreover, assume
that u satisfies

(Ul) There is ¢, > 0 such that |[u(t)|| = wv) < cu for every t > 0.
(U2) u is eventually equicontinuous on RYN (see p. .

(U3) supu(t,x) — 0 as |x| — oo.
>0

Then either tlim ()| =mv) =0 orall z € a)(u) satisfy z >0 in RV,

—>00
Suppose, in addition, that f and u are t-periodic in t for some T > 0, i.e. we have f(t+T,u) =
f(t,u) forallt >0, u € R and u(t + 7,x) = u(t,x) for all t > 0, x € RN, Then there is 7o € RY
such that u(t,- — zo) is radially symmetric and strictly decreasing in the radial direction for all
timest € (0,00).

We immediately deduce the following corollary for time independent problems in RY.

Corollary 10.10. Assume the kernel function J satisfies (J1)girs, (J3), (JLg), (JUs) for some
s € (0,1), and let f € C'(R) with f(0) =0 and f'(0) < 0. Let u € 2/ R¥)NL*(RY) be a
bounded nonnegative continuous solution of

Tu= f(u) in RV,

Then there is zo € RN such that u(- — zo) is radially symmetric. Moreover, either u= 0 on RY
or u(- —z9) is strictly decreasing in the radial direction.

Remark 10.11. Theorem [10.9]is inspired by a related result of Polacik [55] for the case of
second order equations with 7 replaced by A in (R) (see also the survey [57]). In the proof of
Theorem [10.9] we will follow again the main lines of the moving plane method as developed
by Pol4cik in [55]], but some steps in the argument differ because of the nonlocal structure of /.
We point out that Theorem [10.9]applies in the case where [ is the fractional Laplacian but also
in the case of more general nonlocal operators.

We emphasize that up to the authors knowledge symmetry results even in the time independent
case for nonlocal equations in R are only known for / = (—A)*, s € (0,1). Radial symmetry
was proven for positive solutions of equations of type (—A)*u+u = f(u) in RY in [37], where

Denote Co(RN) := {u € C(RN) : u(x) — 0 as |x| — }. Here () is the set of all z € Cy(RN) such that there
exists a sequence (#;)ren C [0,00) with 7 — oo and ||u(fk, ") — 2]l — 0 as k — oo. Note that (U1)—(U3) imply that
{u(t) : t >0} is a relatively compact set in Co(R") and hence @(u) is a nonempty compact subset of Co(RV).
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f € CY(R) is nonnegative, f(0) = f'(0) =0, u @ is increasing and there is T > 0 with
lir(r)1+ % = 0. For equations of type (—A)‘u = uv'> in RY with N > 2s radial symmetry
u—

was proven in [27]. We note that both approaches rely strongly on Green function. For a

direct approach for classical positive solutions we refer to [38]. Finally, in [43] the authors
prove uniqueness of radial symmetric solutions for equations of type (—A)*u+u = |u|*u in RY
using an extension method. The approach we present here does not need Green functions or
any related extension problem and is only based on the structure of nonlocal bilinear forms as
introduced in Section

Proof of Theorem

For this whole section assume that for some s € (0,1) the kernel function J satisfies (J1)g;f¢,
(JLy), (JUy) and (J3). Moreover, let f satisfy (F1)” and (F2)’, and let 8, ¢ >0 be given as stated
in (F2)’. Let u be a nonnegative nontrivial continuous solution of (R) which satisfies (U1) —
(U3). We may assume without loss that u satisfies the equicontinuity property with 7y = 1, i.e.

lim sup lu(t,x) —u(f,x)| = 0. (10.21)
h—0 >1
xXERN 1 fc[t,t41],
|x—%|,|t—F|<h

Lemma 10.12. We have that O is a stable solution of (R) in the following sense: If there is
t €T with |[u(7)|| =~@v) < 8, then tll)m [|u(®) | = (mvy) = O

Proof. Let T € T be as stated. Denote by & € C!([7,)) the unique solution of the initial value

problem &’ = f(z,&) in [1,00), £(T) = §. By (F2)’ we have that & is well defined on [7,00) and

that tlimé(t) = 0. Put v(t,x) = &(t) — u(t,x) for t € [1,%0), x € RV. Note that v~ (t) € 2/ (RV)
—>00

has compact support in R for all # > 7 by (U3), and v~ (1) = 0 on R". Moreover, for t > 7 we
have

FW(),v (1) =—_F(u),v () = /(a,u(t,x) — f(t,u(t,x)))v (t,x) dx
RN
— [ty (x) dxt [ (F0E0) = Fleult, )y (63) dn
RN RN

_ / (c(t,2)v(t,%) — hvl(t,2) v~ (1,%) dx, (10.22)
RN
with 1
c(t,x) = /8uf(t,u(t,x) +0(E(t) —u(t,x)) do.
0

Note that ¢ € L*([t,) x RY) by (F1)’ and (U1). Denote c.. := ¢/l = (jz,00)xm)- Then fort > 7
we have by Lemmal4.7]

0= F0 (W0 () = £ 00w 0) = [ e (0 dx— 33 [ (6.0 dx

RN RN
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_ 1.,
< Co|V (z)uiz(RN)—ianv (1172 gy

Thus
V() zmy < I (0 2y =0 forr >

We conclude that [|u(?)||=@wy) < &(¢) for # > T and thus }Lm [|u(t)]| = (myy = 0. O
As a consequence of Lemma|10.12| we have that either ,1511 [|(2) [ =y = O or that

|u(®)||=mv) >0 forallt €T, (10.23)

where § is given by Lemma (10.12] In the following, we may assume that (10.23)) holds, which
implies that 0 ¢ ®(u). Moreover, we have

Lemma 10.13. Given any ball B, there is a constant K(B) > 0 such that

u(t,x) > x(B), forallt € (2,00), x €B.

Proof. Let B C RY be any ball. By (10.23) we have [|u(t)||;=r~) > & for all # € T. Moreover,
similarly as in the proof of Lemma|l0.12|we have that u is a solution of the linear equation

u(t,x) +Iu(t,x) = c(t,x)u(t,x),

1

where c(t,x) = [ d,f(t,su(t,x)) ds. By (U3) we may fix domains D,D, CC RN with D; CC
0

D, and

| &

u(t,x) < in T x (RV\ Dy).

Making D; and D, larger, we may assume without loss that B C D;. Next let (x,), C D; be a
sequence with u(5,x,) > 6 for all n € N. Note that by the equicontinuity property (see (10.21))
there is 4 > 0 such that
inf t,x) > —
XEBy (xn) u( X) -2
re[3, 54+
Thus by with the weak Harnack inequality (Corollary there is C = C(J,Dy,Da,u, f) >0
such that for all n € N, n > 2 we have

forn > 2.



Symmetry via maximum principles for nonlocal nonlinear boundary value problems 101

To finish the proof of Theorem we will fix some e € S! arbitrary and apply the moving
plane method with respect to reflections at Hy := {x-e > A}, A € R. Denote for A € R:
Ty := dHy, Q) : RY — RN, x s x*, the reflection at Tj. For any function z : RV — R define
by z) (x) := z(Q, (x)) the reflected function. Furthermore we will denote V,z = z; — z, the
difference between z reflected and the original z.

By reflecting problem (R) we will get that u; solves for any A € R again (cf. Lemma

uuy, +1Tuy, = f(t,uy) inTxRN,
(R)

lim sup u(r,x*) =0,
x| reT

Put v(t,x) := Vyu(t,x) = u(t,x*) — u(t,x), then v satisfies

ov+Iv=d(t,x)v(t,x) inT xHy,

LI Pt
v(t,x) = —v(t,x*) for all (¢,x) € T x RV,
where
Ftm) = ) .
d(t,x):= u) —u
0, uy=u.

Note that by our assumptions on (F1)” and (U1) there is d; > 0 such that
ld||=(rxmy) < di - forall A € R.

Furthermore by (F2)’ and since lim supu(z,x) = 0, we can pick p > 0 large enough such that

[x|—eo reT
forany A € R
d(t,x) < —cy forallt € T and x € R" such that |x| > p and Kt > p. (10.24)
Denote
Gy := B, (0)UQ; (B, (0)). (10.25)

Note that for A large enough we have that
H) NG = 0.(Bp(0)).
We will follow closely [55) Section 3]. Consider the statement
(S)z Voz>0in Hy forall z € o(u).
We will show the following three steps to prove the statement.
Step 1 (S), holds for A sufficiently large.

Step 2 Define A :=inf{u : (S), holds forall A > u}, and prove Aw > —co and V;_z =0 on
RY for some z € o (u).
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Step 3 In the case where u and f are time-periodic, prove Vj_z = 0 on R" for all z € @ (u).

Note that Step 1 to Step 3 imply that for all e € S' there is a hyperplane T¢ perpendicular to e
and such that all elements in @(u) are symmetric with respect to 7¢ and monotone in direction
e. In particular, considering hyperplanes 7¢ corresponding to the coordinate vectors e;, we have
that all elements in @(u) are symmetric with respect to 7¢ for i = 1,...,N and monotone in
all coordinate directions. Consequently, all elements in @(u) are also symmetric with respect
to reflection at the unique intersection point zg of 7¢', ..., TN. It is then easy to see that there
is zo € T¢ for all e € S', and this implies that all elements in @(u) are radial up to translation
about the same point zp.

Note that in the case of a time-periodic solution u with periodicity 7, we have @(u) = {u(t) :
t€10,7)}.

To prove Step 1 to Step 3 we will need the following Lemma.

Lemma 10.14. There is 6; > 0 and independent of A with the following property: If there is
t1 > 0 and a domain Dy C H), such that

Dy D GyNH) 5,
and such that v = Vy u satisfies
v(t,x) >0 foreveryt >ty x € Dy,
then (S),, holds.

Proof. Note that by (J3) we have

inf / J(y—x)dy= inf / Jy—x)d
e (y—x) dy inf (y—x) dy

(RN\H7)\Br, (x) (RV\H1)\Br, (x)

> [ Jmav>o
(RN\H1)\By, (0)

Moreover, we have
N,
—N-2 N 2,
/ y—x" " dy < ——rg ™.

2s
R¥\By (x)
Denote 5
251’
= J(y) dy,
C]N(!)N / (y) Y
(RN\H;)\By, (0)
then
inf / J(y—x)—vyerly—x| N dy > 0. (10.26)
xEH)\Hj 1

(RN\H,)\Br, (x)
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Thus with (10.26) and (JL); we have for x € Hy \ Hy

K-Jle(x) ch’y / |X—y|7N*25 dy+ / J(y_x)_/}/cl‘y_x‘*Nfzs dy
A (RV\H;)\By (x)

ey [ ey dy = ldis(r o)),
RV\H),

where 7 is up to the factor ¢y given in Lemmab). Thus we may fix §; € (0, 1] such that

inf kg (x)>  inf  P[dist(x,dH;)] >
XEH) \H) 45, () X€H) \Hy 15, dist( )

> inf  [dist(x,dHo)] > > cp+di. (10.27)
XGHO\HEI

Next let #; and Dy be such that v satisfies the stated assumptions for this §;. Let € > 0 and
denote @¢(7,x) = (v+€)~(t,x)1p, (x) for t € T, x € RV. Note that by Lemma [4.7| we have
@e(t) € 7/ (RY) fort € T. Since moreover lim v(¢,x) = 0 for all t € T, we have that @¢(¢) has

[ —eo

compact support for every ¢ € T. Thus testing (R") with @z (), r € T we get
1
S0, 06(0)) = 301 06(6) By + [ 6 0v(e,000(1,3) i
H),

1
- 5a,|\<p£(t)||§2(m)—/d(z,x)cpg(t,x) dx—e/d(t,x)(pg(t,x) dx. (10.28)
H), H)

Next denote A := (Hy NGy ) \ Hy 15, UDy, and note that

{(t,x) € [t1,0) X A : @¢(t,x) > 0and d(t,x) > 0}
={(t,x) € [t1,0) X Hy : @¢(t,x) >0andd(t,x) > 0}.

Note that d(t,x) < —cy fort > t; and x € Hy \ (AUDy). Thus we have for t >

ON0e(0) ) < 26 [ Q2(0.3) drt 20cs+ ) [ 930)
Hjy A

+e2d, / 0e(1,%) dx+2_7 (v(t), 9e(1)). (10.29)
A

To estimate _# (v(t), ¢ (¢)) we will use the inequality in the proof of Lemma[4.7]to get
S 0(0),96(1)) < = 7 (9:(0).06(0) ~2¢ [ [ 91,007 (x— 0() dyd
Hy H),

<~ [ 0201, () dv—2¢ [ K1, (D9e(r.2) d
H; H;,
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< / 021, %)k, (x) dx— 2€ / K, (1) Qe (1,) dx
A A

< —(cf+d1)/<p§(z,x) dx—edl/q)g(t,x) dx. (10.30)
A A

Here we used that supp (. (¢)) C H, for all € T. Combining (10.29) and (10.30) we have

3t||(Pe(f)Hiz(Hk) < —2Cf/(P§(t,X) dx forallr>t.

H,,

This implies that || ¢ (7) — 0 for t — o for all € > 0. Hence (S); holds. O

2
Iz2at,)
Step 1: Large A
Lemma 10.15. There exists A € R such that (S), holds for all A > A,

Proof. Note that for A sufficiently large we have

H) NG) = 01 (By(0)).

Let k(B,(0)) be given by Lemma |10.13] Then since lim sup u(r,x) =0, we have for A

x| —=oo 1>0

possibly larger by (U3)
k(Bp(0))
2

u(t,y) < forany r > 1 andy € 0, (B, (0)),

since inf{|x| : x € 03 (Bp(0))} — o0 as A — oo. Take A; < oo as the first value such that the
above holds and note that thus for any A > 4; we have

k(B, (0)
2

u(t,x) —u(t,x*) > for any r > 1 and x € B, (0),

which is equivalent to

k(Bp(0))

Vaul(t,x) = u(t, ") —u(t,x) > for any £ > 1 and x € Q3 (B, (0)).

An application of Lemma(10.14|with Dy = Q; (B, (0)) gives that (§); holds forany A > 4;. [

Step 2: 1 = A,
We will fix A; given by Lemma|10.15|and let

Ao =inf{u : (S); holds forall A > u},

be defined as above.

Lemma 10.16. The following statements hold:
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(i) —00 < Aoo S)L]

(ii) For each z € w(u) and any A > A. we have either Vyz >0 on Hj or V;z=0o0n RV, In
particular, (S),_ holds.

(iii) There is Z € ®(u) such that V)_2 =0

Proof. (i) simply follows by Lemma since for A — —oo we have |x*| — oo for any fixed
x € RN, Thus V; (u(t,x)) = u(t,x*) — u(t,x) < 0 for fixed t € T using Lernma the decay
property of u and A sufficiently negative. Thus (S), does not hold for these A’s. The upper
bound of A, follows from Step 1.

(ii) This follows from Lemma [10.5] noting that the proof does not need any boundedness as-
sumption on the underlying set.

To prove (iii) one has to notice that by the compactness of ®(u) in Co(R") the statement follows
if for any bounded domain D CC H)_ there is z € @(u) such that V)_z =0 on D. Assume by
contradiction that for a given domain D CC Hj_ we have for some b > 0

IVa.zllz=(p) = 2b  for any z € ®(u).
Thus there is #; > 0 such that
Va.u(t) =) = b forall t > 1.

For A € (Aw — 81, Aw] Where 8y is as in Lemma [10.14] we replace D with D, such that D; D
G) NH, 5 UD. Notice that we have by (ii)

lim || (Vo) (0)llz=(rr,.) =0

Let D; CC H,_ be a domain with Dy CC D;. By the weak Harnack inequality for antisymmet-
ric functions (Theorem 9.11)) there is t, > #; and x > 0 such that

inf Vy_u(t,x) > kb forallt > 1,.
x€D;

By the equicontinuity property (10.21) we can choose & and a A € (Aw — 81, ) sufficiently
close to A such that

inf Vyu(t,x)> &b fort >t andany A € (4, ).
XED)L

Applying Lemma|10.14| we get that (), holds for all A € (1,&,} which contradicts the defini-
tion of Ae.. Thus (iii) follows. O

Lemma 10.17. Each z € ®(u) is strictly decreasing in the direction of e on RN \ Hy_ in the
sense that for each x € 0H,_ and z € (u) the map r — z(x+re), r > 0 is strictly decreasing.
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Proof. We claim
V3z>0 in H forall z € o(u), A > Aw. (10.31)

Assume this is false, then by Lemma [10.16| (ii) we have V;z = 0 on R" for some z € @(u),
A > A and also V;_z > 0in H,_. Denote t :=A — A >0and P=Q; 0Q;_:RY — RY. Then
P(H)_) = Hy_i (12200 (10.32)

Fix x € Hy_ \ H)_,, with z(x) > 0 (this is possible by (10.23) and Lemma [10.13)). Then we
have for each k € N:
z2(x) < z(P*(x)) for all k € N. (10.33)

To see this, not that for each y € H,_ we have
2(y) <2(02. () = 2(2202. () = 2(P(y))

Thus (10.33)) holds for k = 1. Next assume (10.33)) holds for some k£ € N. Then, since Pk(x) S
H,_ by (10.32), we have z(P*(x)) < z(P¥"!(x)) with the same argument as above. Thus (10.33))

holds for any k € N.
Note that we thus have lilgninfz(Pk (x)) > z(x) > 0. However, since |P*(x)| — oo for k — oo this
—»00

is a contradiction to the fact that z € Co(R") and thus lim z(x) = 0.

x| oo

Hence (10.31) holds. Note that from (10.31) the statement follows easily. O

Step 3: 1 < Aoy A = Ao

In this part we want to prove that actually V;_z = 0 for all z € @w(«). The idea is as in [55]].
We will start with the moving plane method from —e and we will reach with the same steps as
before.

Lemma 10.18. There exists A, € (—0, A) with the following properties
(i) Foreachz € w(u) and A < A2 we have either Vyz < 0 on Hy, or V;z =0 on R".
(ii) There is Z € @(u) such that V)7 = 0.
(iii) Eachz € o(u) is strictly decreasing in the direction of —e on RN \ H, .
Remark 10.19. Note that by and Lemma([10.13| we have z > 0 in RY for all z € @(u).
Next assume for some 7 > 0 that

f and u are T-periodic in ¢. (10.34)

Note that (10.34) implies @(u) = {u(t) : t € [0,7)}. The proof of Theorem is done after
we have shown

Lemma 10.20. [}, in addition, (10.34) is satisfied, then A = Ac.
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Proof. Assume by contradiction A, < Aw. Let Z and Z € ®(u) be as in Lemma |10.16| and
Lemma|10.18| Then we have for each A € (A, A) that

V32 <0in Hj, (10.35)
V32> 0in Hj. (10.36)

This follows since V3 2 =0 and V; -z = 0 in combination with Lemma([l0.17)and Lemma@?:]
(iii). Since u is 7-periodic in ¢, there is 7,7 € [0,7) such that Z = u(f) and Z = u(f) on R".
Without restriction we may assume 7 > 7 (by considering the time interval [7,7 + 7) instead of
[0,7)). Next fix A = max {loo — 8y, e }, where 8; > 0 is given by Lemma|10.14] Then the

2
function v(t) = Vyu(t), t > 0 satisfies

v(f)>0 inHyand v(f)<0 inH,. (10.37)
and moreover v is a bounded continuous antisymmetric supersolution of

ov+Iv=d(t,x)v inlf,f] x Hy, lim sup v(r,x) =0.

bl=ee refre

Fix Dy CC H), with G; NH,_ C D;. Note that by there is i € (0, —7) and x* € Dy
such that v(7 + h,x*) = 0. Let h be minimal with this property so that v > 0 in [f,7 + h) x D;.
Let € > 0 and denote @¢(t,x) = (v+¢€)~(t,x)1p, (x) fort € T, x € RV. Then with the same
arguments as in Lemma [[0.14] we get

8t||(P£(f)H%2(HA) < —2Cf||(P8(f)H%2(Hl) forz € [7,7+h].

Since ¢ () =0 on H), forevery € > 0and v € L*(R") we conclude v > 0 on [f,7+h] x H, . Next
fix D, CC Hj) with D; CC D,. Then by Theorem with h, Dy and D, there are constants
K and K> such that

ze[fjggt‘-rh] v(t,x) 2 il et 7oy — KV e 7ty 2 Ko ivep<y) > 0-
xeDy

By the choice of & € (0,7 —7) we have reached a contradiction. Thus we must have A = A,
O
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11 Appendix

Theorem 11.1. Assume (J1), (JL;) and let Q C RN be an open bounded set with Lipschitz
boundary. Then for any A > 0 there is a constant C = C(N,J,Q, L) > 0 such that any solution
ve D (Q)of

Iv=Av inQ (11.1)

fulfills

Vllz=(@) < ClVll2()-

Proof. Fix o =2s, A > 0 and let v be the solution of (11.1). We will follow closely the proof
of [67, Proposition 4], where the statement was proven for the fractional Laplacian (but as
mentioned there can be applied to a more general setting). Since v € L>(Q) let § > 0 be a
constant to be chosen later. By scaling we may assume

IVlIZ2(q) = 6.
We have
(v(x) =v)) () =vF () = (v (x) —vF (7)™
Let Cp:=1—27% v :=e—Cy, wg := v,‘: and U, .= Hwk||12_2(g) for any k € N. Since wy is

constructed via cut of functions, we have wy € 27 (Q) and also
limw, =(v—1)" € 2/(Q).
k—o0

With Lebesgue’s Theorem we get

lim Uy :/((v(x) —1)*)? dx.

k—yo0
Q

Moreover, since Cy; > Cy for all k € N, we have wiy < wy in RV,
Define Ay := Ciy1/(Cry1 —Cx) = 281 —1 for any k € N. And as in the proof of [67), Proposition
4] we then claim

v<Apwr on{wg >0}

Indeed, let x € {wy4; > 0}, then v(x) — Cx4+1 > 0 and so by the properties of C; we have v(x) >
Cr+1 > Ci. Hence wy(x) = vi(x) = v(x) — C¢ and

Ck+1 Cka+1
Awi(x) =Ar(vix) —Cy) = v(x)—
o (x) = A(vl) = G) Civ1—Ck Cr1—Ck
Ck
= _— —-C > .
V(0 + g ()~ Cinn) > v(Y

finally we have v, 1(x) — v 1(y) = v(x) —v(y) for any x,y € R, which gives for any k € N

S wecrmen) =3 [ [ (06 =i 00) ) dady
RN RN
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< %// (VI:rl(x) - Vl—:+1 ()’)) (Vi1 (%) = w1 () I (x,y) dxdy

RN RV
= (v, Wip1) =2 /V(X)Wk+l(x) dx= 21 / v(xX)wir1(x) dx
Q {wi>0}
< lAk / WiWk+1 (x) dx < lAkUk < )sz-HUk.
{Wk>0}

To finish the proof we claim
{Wk+1 > 0} C {Wk > 2_(k+1)}.
Indeed, let x € {wi,; > 0}, then v(x) — Cy4; > 0 and thus

vi(x) =v(x) = Cr > Chy1 — Cr = y—(k+1)

k+1)

Hence wy (x) = v > 2~ *+1) proving the claim. As a consequence of this claim we have

Uk = HWkH%z(Q) 2 / w2 (x) dx > 27 20D i > 2~ (kDY
{wk>2—(k+1)}

> 2_2(k+1)]{wk+1 > 0}|

Holder’s inequality (with exponents 2N /(N — a) and N/ ) and the fractional Sobolev inequal-
ity w.rt. 00/2 = s (see e.g. [32, Chapter 6], using 27(Q) C #(Q) be Lemma|5.14) we have
that there is ¢ = &(N, a,c1,r, ) > 0 such that

(N—a)/N

Uer < [ [ ot P/ ax v > 0}/
Q

< 7 (Wig1, W) {wig1 > 0}|*/N,

With the above calculations we thus have
o/N
Uk+1 < (E/lzk“Uk) (22(k+1)Uk) - E;sz(l+2a/N)+1+2a/NUkl+a/N
k
= (Exzdl(kJrl)) U]flz < (1 +5;de|+l) U:lz _ déUlfﬁ

where we setd; := 1420/N, dy := 1 +a/N and d3 = d3(N, &, c1,A,Q,r) = 1 +EA24+1 > 1,
We will now choose 0 > 0 w.r.t. d3 and dy: Let 6 > 0 be so small, such that

o
@

1
ne <5d2_1’ldl> :
27T

541 <«

Fix also
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Notice that d3 > 1 and d» > 1 imply i € (0, 1) and moreover
5 l<n and dyn®'<1.
To finish the proof we will show via induction that we have for all k € N
Ux < 80~ (11.2)

Note that Uy = [[v*]|2, @ < ]2, @ = 0. Let 1i hold for some k € N, then the calculations
from above give

d
Uk < dUE < db (n*5)" = 8(danP~")8P~'n* < s+,
Since (11.2)) holds for all k we have

Ozgiirolon:/((v(x)—l)*)z dx.
Q

This gives v(x) < 1. By replacing v with —v we get ||v[|;=(q) < 1. Thus we may choose the
constant C as 1/0. Note that thus C only depends on N, &, ¢j, A, Q and r. O
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12 List of assumptions

In the following we present a list of assumptions in order of appearing with the page reference.
Q C RY, N € N will always denote an open set.

A1) J:RY xRN\ {(x,x) : x € RM} — [0,00) is measurable and satisfies (see p.

1), J(x,y)=J(nx)  forx,ye R, x#y
@ sup [ min {1l =3P} () dy < oo
xERNRN

(J1). There is a measurable function j : RY — [0,0) with |{j > 0}| >0,
Jj(2) = j(=2), z€ R"\ {0} and J(x,y) > j(x—y) forx,y e R¥, x £y

(J1); The function j as in (J1), satisfies additionally / Jj(y) dy=e
]RN

(IDairs J:R¥\ {0} — [0,0) is measurable and satisfies (see p.

D, J(z) =J(—z) for z € R\ {0}
any, / min {1,122} J(2) dz < oo D) inf [J(z) dz=oo
RN

XERN
RV

(J+)r, The function j as in (J1), satisfies additionally essin)f j >0 w.r.t. some rg > 0 (see p. .
o

(J4+) The function j as in (J1), satisfies additionally essinf j > O for all » > 0 (see p. [2).

By, (0)

(D1) Q C R is an open bounded set which is Steiner symmetric in x1, i.e. for every x € Q and
s € [—1,1] we have (sx1,x2,...,xy) € Q (see p. 20).

, in the sense that for all

(J2) The function J satisfies (J1), and is strictly monotone in |x;
s,t € R with |s| < || we have (see p.

essinf (J(s,2)—J(t,2)) >0  forallr>0.
ZeBY=1(0)

(F) f: QxR =R, (x,u) — f(x,u) is a Carathéodory function such that for every K > 0
there exists L = L(K) > 0 with (see p.

sup|f(x,u)——f(x,vﬂjglJu——v| jbruvvegp_K}Kj
xeQ

(Fyymm) f: QxR =R, (x,u) — f(x,u) is symmetric in x; and monotone in |x;|, i.e. for every
ueR,x€Qands e [—1,1] we have f(sx1,x2,...,xy,u) > f(x,u) (see p.20).
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(J2) The function J : RN\ {0} — [0,0) satisfies for all 7 € RVN~!, 5,r € R with |s| < |¢| that
we have J(s,7') > J(t,7’). Moreover, there is ro > 0 such that (see p.

essinf (J(s,2)—J(t,2)) >0 for all s,# € R with |s| < |t] < rop.
ZeBY1(0)

(JLy) The measurable function J : RY x RN\ {(x,x) : x € RV} — [0,e0) satisfies that there is
ro > 0 and k > 0 such that (see p.

J(x,y) > kjx—y| V"% for a.e. x,y € RY with x # y and |x —y| < ro.

(JUy) The measurable function J : RY x RN\ {(x,x) : x € RV} — [0,e0) satisfies that there is
ro > 0 and k > 0 such that (see p. [44)

J(x,y) < klx—y| N2 for a.e. x,y € RY with x # y and |x —y| < ro.

(Js) There is o,k > 0 such that the map RN x R¥\ {(x,x) : x € RV} = R, (x,y) — J(x,y) —
k|x—y|™=2 is bounded in {(x,y) € RV x RV : |x—y| <ro}.

(F1) f:][0,0) x Q xR — R is continuous. Moreover, for every K > 0 there exists L=L(K) >0

such that sup |f(¢,x,u) — f(¢t,x,v)| < L|lu—v| for u,v € [-K,K] (see p.|63).
x€Q, >0

(U1) There is ¢, > 0 such that the function u : (0,00) x RN — R satisfies ||u(t)||;~ < ¢, for
every t > 0 (see p. [63).

(F2)g f:]0,00) x @ xR — R is symmetric and monotone w.r.t. H, i.e. for every € [0,),
ueR, xe HNQ we have f(t,%,u) > f(t,x,u) (see p. . Here H C RY is a half space
and ¥ denotes the reflection of x at dH.

(D2) For every A > 0, the set Q; := {x € Q : x; > A} has at most finitely many connected
components (see p. [88).

(F2) f:]0,0) x Q x R — R is symmetric in x; and monotone in |x{|, i.e., for every t € (0, 00),
ueR,xeQands € [—1,1] we have f(t,sx1,x2,...,xn,u) > f(f,x,u) (see p. [38).

(U2) The function u : (0,00) x R¥ — R is eventually equicontinuous in & in the sense given on
p- 64

(F1)’ f € C!([0,%) x R) and for every K > 0 there is L = L(K) > 0 such that

sup|duf(t,u)] <L  forallu € [—K,K] (see p.[98).

>0
(F2)’ Forallt € T we have f(r,0) = 0, and there exists 8 > 0 and ¢y > 0 such that

sup 0, f(t,u) < —cy forallu € [0,8) (see p. P8).

t>0
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(J3) The function J : RV \ {0} — [0, o) is radially symmetric and strictly monotone, i.e. there
is a strictly decreasing function k : (0,00) — [0,0), such that J(z) = k(|z|) for all z €

RV\ {0} (see p. [97).

(U3) The function u : (0,00) x RY — R satisfies supu(t,x) — 0 as |x| — oo.
1>0
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