Infinite Infrared Regularization in Krein Spaces

Andreas U. Schmidt

   aschmidt@math.uni-frankfurt.de
www.math.uni-frankfurt.de/~aschmidt

Fachbereich Mathematik Johann Wolfgang Goethe–Universität Frankfurt am Main

5th March 2003

Infinite Infrared Regularization in Krein Spaces – p.1/15

Talk presented at the AMS Southeastern Section Meeting 14th–16th March 2003 Special Section “Asymptotic Analysis, Stability, and Generalized Functions” Baton Rouge, Louisiana on the 15th March 2003 by Andreas U. Schmidt

Fachbereich Mathematik Johann Wolfgang Goethe-Universität 60054 Frankfurt am Main, Germany

currently at

Fraunhofer – Institute Secure Telecooperation Dolivostraße 15 64293 Darmstadt, Germany

Infinite Infrared Regularization in Krein Spaces – p.2/15

Indefiniteness in Quantum Field Theory

The massless scalar field in 1 + 1 dimensions has the two point function

W_2(x, y) = −D^+(x − y), −D^+(x)^{def}= lim_{ε↘0} 1 4π ln � x^2 + iεx^0 � , wherein analytic regularization yields a distribution on S (R^2). Upon Fourier transformation it becomes, in lightcone coordinates p_±^{def}= p_0 ± p_1,

�D+(p) = � 1 p_+ � + δ(p_−) + � 1 p_− � + δ(p_+) � Θ(p_0).

The tempered distribution � 1 p � + ( ~f)^{def}=

�_∞ 0 dp ~f(p) − ~f(0) p is not positive definite in general, when ~f(0) ≠ 0.

Infinite Infrared Regularization in Krein Spaces – p.3/15

Indefiniteness in Quantum Field Theory

The massless scalar field in 1 + 1 dimensions has the two point function

W_2(x, y) = −D^+(x − y), −D^+(x)^{def}= lim_{ε↘0} 1 4π ln � x^2 + iεx^0 � , wherein analytic regularization yields a distribution on S (R^2). Upon Fourier transformation it becomes, in lightcone coordinates p_±^{def}= p_0 ± p_1,

�D+(p) = � 1 p_+ � + δ(p_−) + � 1 p_− � + δ(p_+) � Θ(p_0).

The tempered distribution � 1 p � + ( ~f)^{def}=

�_∞ 0 dp ~f(p) − ~f(0) p is not positive definite in general, when ~f(0) ≠ 0.

Infinite Infrared Regularization in Krein Spaces – p.3/15

Is Indefiniteness Generic in QFT?

Or, is it an artifact of the chosen regularization? Two fundamental axioms of QFT:

Locality: Whenever (x_j − x_{j+1})^2 < 0, then

W(x_1, . . . , x_j , x_{j+1}, . . . , x_n) = W(x_1, . . . , x_{j+1}, x_j , . . . , x_n).

Positivity: For f, g ∈ S , the sesquilinear form � f , g � ≡ � m,n W_{m+n}(f^∗_n ⊗ g_m)

shall be positive, i.e., � f , f � ≥ 0.

Here, f_n ⊗ g_m(x_1, . . . , x_{m+n})^{def}= f_n(x_1, . . . , x_n)g_m(x_{n+1}, . . . , x_{m+n}), and S^{def}= � f = (f_0, f_1, . . .)|f_0 ∈ C, f_i ∈ S (R^{4i}), #{i, f_i ≠ 0} < ∞ � . Locality and Positivity are in conflict, when trying to construct interacting theories:

Theorem. ([Strocchi 1993]) A local formulation of a field theory with nontrivial gauge invariance, and satisfying all Wightman axioms, contains no charged states in the physical Hilbert space.

The mechanism behind this phenomenon is the presence virtual states, i.e., physical equivalence classes of the potential, in theories with nontrivial gauge invariance [Bogolubov et al. 1990, Chapter 10].

Infinite Infrared Regularization in Krein Spaces – p.4/15

Physicists Strategy

1. Retain Locality throughout by fixing a local gauge.

2. Perform a functional regularization of emerging singularities by choosing the right test function space.

3. Reconstruct the state space as an indefinite inner product space (Wightman reconstruction from the n-point functions.)

4. Try to isolate the negative degrees of freedom. 5. Boldly disregard them as unphysical.

To carry out 3. and 4. one replaces positivity by the weaker Hilbert space structure condition (HS). Assume that there exist Hilbert seminorms p_n = (. , .)^{1/2} on S (R^{4n}) such that � �W_{n+m}(f ∗_n ⊗ g_m) � � ≤ p_n(f_n)p_m(g_m) for all f_n ∈ S (R^{4n}), g_m ∈ S (R^{4m}).

Infinite Infrared Regularization in Krein Spaces – p.5/15

Towards Krein Spaces

Let V be a vector space equipped with an indefinite inner product ⟨. , .⟩. A locally convex topology τ on V is called majorant, if the inner product ⟨. , ..⟩ is jointly τ–continuous. Let K^{def}= V^τ be the τ–completion of V Recall [Bognár 1974, Azizov/Iokhvidov 1989, Strocchi 1993] Lemma (A). i) To every majorant exists a weaker one defined by a single seminorm.

ii) A seminorm p defines a majorant if |⟨x , x⟩| ≤ αp(x)^2, α > 0, ∀x ∈ V. Proposition (B). If a majorant is normed, i.e., defined by ‖.‖^{def}= (. , .)^{1/2} then exists the metric (Gram) operator:

⟨x , y⟩ = (x , Jy), ∀x, y ∈ K.

Definition (C). K is a Krein space iff J is completely invertible.

(⇐⇒ K = K^+ (∔) K^−, K^± complete w.r.t. the weak topology) Lemma (D). A majorant Hilbert topology is maximal, i.e., no weaker majorant exists, iff J has bounded inverse, i.e., K is a Krein space.

A–D render HS effective: They allow the construction of the largest Krein space closure to a given indefinite inner product, and the separation of the negative part, to arrive at a Hilbert space containing all physical information.

Infinite Infrared Regularization in Krein Spaces – p.6/15

The Gelfand-Shilov Scheme of Test Function Spaces

S_α(R^n)^{def}= � f ∈ C^∞(R^n) � � ∀k, q ∈ N_0 : sup

x,|σ|≤q

|x^kD^σ_x f(x)| ≤ C_qA^kk^{kα} � , S^β (R^n)^{def}= � f ∈ C^∞(R^n) � � ∀k, q ∈ N0 : sup_{x,|σ|≤q} |x^kD^σ_x f(x)| ≤ CkB^qq^{qβ} � , S^β_α (R^n)^{def}= � f ∈ C^∞(R^n) � � ∀k, q ∈ N_0 : sup

x,|σ|≤q

|x^kD^σ_x f(x)| ≤ CA^kB^qk^{kα}q^{qβ} � .

Upper index β controls regularity, lower index α growth Spaces with β = 1 contain only real analytic functions, for β < 1 only entire fn’s

Fourier transformation exchanges indices F : S^β_α^∼−→ S^α_β

Limits: S_α ∼= lim−→ β→∞ S^β_α and S^β ∼= lim−→ α→∞ S^β_α

Old acquaintance: Schwartz space S ∼= lim−→_{α,β→∞} S^β_α ; Compactly supported test functions D ∼= S_0(R^n); Test functions for Fourier hyperfunctions P_∗ ∼= S^1_1 .

Infinite Infrared Regularization in Krein Spaces – p.7/15

Strength of Singularity: Examples

Suitable test function spaces for certain QFT models [Moschella/Strocchi 1992].

F

00 1

1

∞

∞ S D

α β

S_α

S^β

▲

■

▼ ▲ The two-point function of the 1 +

1-dimensional dipole field, solution of □^2φ = 0, is in S_α^′, for α < 1/2.

▼ The vertex operator : exp(igφ): of this field is in S_α^′, for α < 1/4.

■ In the temporal variables, : exp(igφ): for the dipole field in 3 + 1 dimensions is in S^β_α^′, α + β < 3/2, α < 1/2.

Infinite Infrared Regularization in Krein Spaces – p.8/15

A Model with Infinite Infrared Singularity

⟨f , g⟩^{def}= (f , g)_L2 − ∞� k=0 c^2_kf^{(k)}(0)g^{(k)}(0), c_k ∈ R \ {0},

is an indefinite product, characterized by the infra-exponential symbol of order 1/(2δ) J(ξ)^{def}= ∞� k=0 c^2_kξ^k, |J(ξ)| ≤ C_εe^{ε|ξ|1/(2δ)} , ∀ε > 0.

It is well defined on S^β_α (R) for any α and β < δ (β ≤ δ suffices), since then

|c^2_k| ≤ C θ^k D^ke^{2kδ}k^{2kδ}

, ∀D > 0 ∃θ ∈ (0, 1), C > 0, |f^{(k)}(0)| ≤ C_f (B + ρ)^kk^{kβ} , some B, C_f > 0, ∀ρ > 0.

Task: Infinite Infrared Regularization

Construct the maximal Krein space completion of � S^{β<δ}_α , ⟨. , .⟩ � ; Identify its largest, positive definite, subspace, which is invariant under the Heisenberg algebra � q̂^{def}= x·, p̂^{def}= −i^d_{dx} � . Heuristics:

The singularity outside the origin matters not for the regularization. The Heisenberg algebra is ubiquitous as an observable algebra.

Infinite Infrared Regularization in Krein Spaces – p.9/15

Neutral Decomposition

Set γ_k^{def}= k^{kδ} and construct neutral functions N^{def}= span{χ_k}_{k∈N0} ⊂ S^β_α satisfying

i) ‖χ_k‖^2_L2 = c^2_kγ^2_k ii) χ^{(i)}_k (0) = δ_{ik} · γ_k iii) (χ_k , χ_l)_L2 = 0, ∀k ≠ l =⇒ iv) ⟨χ_k , χ_l⟩ = 0, ∀k, l

The decomposition f = f^{N+} + N� i=0 f^iχ_i, with f^i = f^{(i)}(0) γ_i , defines a majorant τ on � S^{β<δ}_α , ⟨. , .⟩ � through the seminorm

p(f)^{2 def}= lim_{N→∞} � ⟨f^{N+} , f^{N+}⟩ + N� i=0 � |⟨f , χ_i⟩|^2 + |f^i|^2 � .

In K^{def}= S^β_α^τ , this gives rise to a Hilbert scalar product (. , .) with ‖.‖^{def}= p(.) = (. , .)^{1/2}

(f , g)^{def}= � f^+ , g^+ � + ∞� i=0 � ⟨f , χ_i⟩⟨χ_i , g⟩ + f^ig^i � , ∀f, g ∈ K,

where f^{+ def}= lim_{N→∞} f^{N+} (convergent in K).

Infinite Infrared Regularization in Krein Spaces – p.10/15

Finiteness of ‖.‖

�^∞� i=0 f^iχ_i

�_2

L^2 < ∞ and f ∈ L

2 =⇒ f^{N+ N→∞}−→ f^+ ∈ L^2

=⇒ lim_{N→∞} � f^{N+} , f^{N+} � < ∞.

|⟨f , χ_i⟩|^2 + |f^i|^2 ≤ |(f , χ_i)_L2 |^2 + c^4_i γ^2_i |f^{(i)}(0)|^2 +

|f^{(i)}(0)|^2 γ^2_i .

|(f , χ_i)_L2 |^2 ≤ ‖f‖^2_L2 c^2_i γ^2_i ≤ ‖f‖^2_L2

Cθ^i D^ie^{2iδ} . c^4_i γ^2_i |f^{(i)}(0)|^2 ≤

C^2C^2_f i^{2i(δ−β)} � θ(B + ρ)

e^{2δ}D

�_{2i} . |f^{(i)}(0)|^2

γ^2_i ≤ C^2_f i^{2i(δ−β)}

(B + ρ)^{2i}.

=⇒ ∞� i=0 � |⟨f , χ_i⟩|^2 + |f^i|^2 � < ∞ =⇒ p(f)^2 = ‖f‖^2 < ∞.

Infinite Infrared Regularization in Krein Spaces – p.11/15

Separation and Decomposition

Set P^{def}= � f ∈ S^β_α � � f^{(k)}(0) = 0, ∀k ∈ N_0�. On P, ⟨. , .⟩ = (. , .)_{L2} is positive definite.

Lemma. The mapping P : S^β_α −→ K; f −→ f^+ is continuous in the topology τ, has a continuous extension to K, and is an (. , .)–orthogonal projection onto P^τ , which induces the decomposition K = P^τ ⊕ N^τ .

But: P^τ is too big (it contains neutral elements). Further decomposition is necessary. Lemma. The functionals F_i(f)^{def}= ⟨χ_i , f⟩, f ∈ S^β_α , are ‖.‖–bounded, and thus possess unique continuations to K. The vector representatives v_i ∈ K, F_i(.) = (v_i , .) are contained in P^τ . They satisfy

i) ⟨χ_i , v_i⟩ = (v_i , v_i) = 1 ii) (v_i , v_j ) = ⟨χ_i , v_j ⟩ = 0, i ≠ j iii) ⟨v_i , v_i⟩ = 0 iv) ⟨v_i , f⟩ = f^i, for all f ∈ S^β_α .

The v_i span a closed Hilbert subspace N^{τ⟨∗⟩} of K, isomorphic to the ⟨. , .⟩–dual of N^τ . Lemma. Set H^{def}= P^{τ+} where the topology τ_+ is induced by the quadratic Hilbert norm p_+(.)^{2 def}= ⟨. , .⟩ on P. Then holds the (. , .)-orthogonal decomposition

K = H ⊕ N^{τ⟨∗⟩} ⊕ N^τ .

Infinite Infrared Regularization in Krein Spaces – p.12/15

Gram Operator and Physical Subspace

τ majorant^{Prop. B}=⇒ Gram Operator ⟨. , .⟩ = (. , J.) exists.

⟨f , χ_i⟩ = (f , Jχ_i) = (f , v_i), ∀f ∈ K =⇒ Jχ_i = v_i (by definition of v_i) ⟨f , v_i⟩ = (f , Jv_i) = f^i = (f , χ_i), ∀f ∈ K =⇒ Jv_i = χ_i (by iv) above)

(and J|_H = 1) =⇒ J = J^{−1} is bounded^{Def. C & Lemma D}=⇒ K is a Krein space What is H?

i^k ^f^{(k)}(0) = � i^k d^k dξ^k � R e^{−ixξ}f(x)dx � � � � ξ=0 = i^k � R (−ix)^kf(x)dx = μ^k(f)

F : S^α_β −→ S^β_α is an L^2-isometry =⇒ Theorem. Let 0 ≤ α ≤ ∞, 1 < β < ∞, and J be infra-exponential of order 1/(2δ) with strictly positive Taylor coefficients. Then, (S^{β<δ}_α , ⟨. , .⟩) has a maximal completion to a Krein space K. The maximal positive definite subspace of K, invariant under the action of the Heisenberg algebra in the Schrödinger representation by selfadjoint operators on it, is H = FL^2_0(R), where L^2_0(R)^{def}= � f ∈ L^2(R) � � μk(f) = 0, ∀k ∈ N_0�, where the kth moment μ^k(f) of a function f ∈ L^2(R) is given by μ^k(f)^{def}= � R x^kf(x)dx.

Infinite Infrared Regularization in Krein Spaces – p.13/15

Sufficient Conditions for Regularization

Theorem. Let V be a space with non-degenerate, indefinite inner product ⟨. , .⟩.

0) There exists an orthogonal system {~χ_i}_{i∈N0} of mutually linearly independent, neutral vectors in V.

1) For all v ∈ V, the unique decomposition v = ~v^{N+} + N� i=0 ~v^i ~χ_i, ~v^i ∈ C, N ∈ N_0,

becomes asymptotically positive in the sense that 0 ≤ lim_{N→∞} ⟨~v^{N+} , ~v^{N+}⟩. 2) There exists a sequence of complex numbers {γ_i}_{i∈N0} such that both sequences {γ_i⟨~χ_i , v⟩} and {~v^i/γ_i} are in l^2(N_0).

Then, K = V^τ as constructed above, is a Krein space with rank of negativity #{~χ_i ≠ 0}. In particular, setting χ_i^{def}= γ_i ~χ_i, and v^i = ~v^i/γ_i, one has

p(v)^2 = lim_{N→∞} � ⟨v^{N+} , f^{N+}⟩ + N� i=0 � |γ_i⟨v , ~χ_i⟩|^2 + |~v^i/γ_i|^2

�_{2)} < ∞.

Infinite Infrared Regularization in Krein Spaces – p.14/15

References

Books:

[Streater/Wightman 1964] PCT, Spin and Statistics, and All That, W. A. Benjamin. [Bogolubov et al. 1990] General Principles of Quantum Field Theory, Kluwer. [Strocchi 1993] Selected Topics on the General Properties of Quantum Field Theory, World Scientific. [Bognár 1974] Indefinite Inner Product Spaces, Springer-Verlag.

[Azizov/Iokhvidov 1989] Linear Operators in Spaces with an Indefinite Metric, John Wiley & Sons.

Singularities and Functional Regularization in QFT:

[Wightman 1981] The Choice of Testfunctions in Quantum Field Theory,

Journal of Mathematical Analysis and Applications 7B, 769–791.

[Moschella/Strocchi 1992] The Choice of Test Functions in Gauge Quantum Field Theory, Letters in Mathematical Physics 24, 103–113.

[Brüning/Nagamachi 1989] Hyperfunction Quantum Field Theory: Basic Structural Results, Journal of Mathematical Physics 30, 2340–2359.

Indefiniteness and its Healing:

[Dubin/Tarski 1966] Indefinite Metric Resulting from Regularization in the Infrared Region, Journal of Mathematical Physics 7, 574–577.

[Morchio et al. 1990] Infrared and Vacuum Structure in Two-Dimensional Local Quantum Field Theory, Journal of Mathematical Physics 31, 1467–1477.

[AUS 1997] Mathematical Problems of Gauge Quantum Field Theory: A Survey of the Schwinger Model, Universitatis Iagellonicae Acta Mathematica Fasciculus XXXIV, 113–134, hep-th/9707166.

[AUS 2002] Infinite Infrared Regularization and a State Space for the Heisenberg Algebra, Journal of Mathematical Physics 43, 243–259, math-ph/0105042.

Infinite Infrared Regularization in Krein Spaces – p.15/15