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Why study Laplacians on Graphs?

® Heat transport in structured solids — integrated circuits.
® Quantum Mechanics — The Schrodinger operator on graphs.
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The Graph-Theoretic Setting

Graph): A countable seX of vertices{x,y,...}.
Ese=(z,y)
Edges: EF C X x X \ Diag. - o

def

Paths): I'(x,y) = {'y = (e1,...,em) C F |ie; =x, je, =¥, €1 :jek}.
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y=Jv
7| = m is the/length) of ~.
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A= 3 €8
el €4
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7| = m is thelength) of 4. Thelcombinatorial distance between: andy is

dO(xay) déf mln{h/‘ ‘ V€ F(CE‘,y)}
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dO(xay) = mln{h/‘ ‘ V€ F(CB,y)}

X is assumed to be ,thatis,I'(z,y) # @, forallx,y € X.
Weights : A mappingb: E — (0, c0).
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The Graph-Theoretic Setting

Graph): A countable seX of vertices{x,y,...}.
Ese=(z,y)
Edges: EF C X x X \ Diag. - o

def

Paths): I'(x,y) = {”y = (e1,...,em) C F |ie; =x, je, =¥, €1 :jek}.

(S
e €6 Y
. 3 e
T=17 8
el €4

y=3v
7| = m is thelength) of 4. Thelcombinatorial distance between: andy is

dO(xay) = mln{h/‘ ‘ V€ F(xay)}

X is assumed to be ,thatis,I'(z,y) # @, forallx,y € X.
Weights © Amappingb: £ — (0,00). We assume thaX is , that is,

e=(r,y) e E=¢e=(y,x) € E and b(e) = b(e).
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The Laplacian and Heat Kernel o
The discrete Laplacian ol is the operato: [?(X) — [?(X) defined by

Af(x)= ) ble)(fje) — f(x)).

ecFE ie=x

Itis and . It generates a strongly continucgsmigroup, and
thus gives rise to a continuous-tirmé ar kov process
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The discrete Laplacian ol is the operato: [?(X) — [?(X) defined by

Af(x)= ) ble)(fje) — f(x)).

eclE ie=x
Itis and . It generates a strongly continuces , and
thus gives rise to a continuous-tirrié with transition probabilities

pt(wvy) — (eAtax) (y)7 x,Y € Xa

whered,. € [*(X) is the unit mass concentrated at the site X. The functionp;(z, y)
IS called the: on X.
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The Laplacian and Heat Kernel on
The discrete Laplacian ol is the operato: [?(X) — [?(X) defined by

Af(x)= ) ble)(fje) — f(x)).

eclE ie=x
Itis and . It generates a strongly continuces , and
thus gives rise to a continuous-tirrié with transition probabilities

pt(wvy) — (eAtéx) (y)7 x,Y € X7

whered,. € [*(X) is the unit mass concentrated at the site X. The functionp;(z, y)
s called the on X. The Markov chai{ X; | ¢ > 0) ‘jumps’ from sitex to a
neighbouring site) with probability

b((z,y))

2. b(e)

ecF,

le=x

That means, the weightmeasures the ‘conductance’ of edges.
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(Assumethat)

def

bmax = sup b(e) < oo, and M = sup |{e cFk ‘ ie = :13}| < 00.
reX

ecl




The Result of Metzger and Stollmanid 500

bmax = sup b(e) < oo, and M = sup He ck ’ ie = :1:}{ < 00.
ec reX

Then holds for,y € X, t > 0:

e_bmaXMt o H tb(e)
up
V2T vel' (z,y) h/|

ecry

< pt(xay) <
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The Result of Metzger and Stollmanid 500

bmax = sup b(e) < oo, and M = sup He ck ’ ie = :1:}{ < 00.
ec reX

Then holds for,y € X, t > 0:

e_bmaXMt o H tb(e)
up
V2T vel' (z,y) h/|

ecry

< pt(xay) <

dO (xay)
Mbaxt
ehmax M+l & :
vyel(z,y) do (55'7 ZJ)

. Upper bound for the probability for jumping along

—
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The Result of Metzger and Stollmanid 500

bmax = sup b(e) < oo, and M = sup He ck ’ ie = :1:}{ < 00.
ec reX

Then holds for,y € X, t > 0:

e_bmaXMt o H tb(e)
up
V2T vel' (z,y) h/|

ecry

< pt(xay) <

from the dynamics of the Markov process.
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Stochastic Interpretation of the Estimates

For the holding time) of X, at sitex we have the probability distribution

Plinf{s >t | X,(w) # Xe(w)} >t +h | Xi(w) }_exp[th ]

1E=XT
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Stochastic Interpretation of the Estimates

For the holding time) of X, at sitex we have the probability distribution

Plinf{s >t | Xs(w) # Xy(w)} >t +h | Xy(w —exp |—h » b(e
2 bl

1e=x

That is, the probability of jumping froma to a neighbour in less thantime-units is

1 — exp [h > b(e)] ~ (h > b(e)) .

le=x le=x
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Stochastic Interpretation of the Estimates

For the of X; at sitex we have the probability distribution

1nf{s>t‘X ) # Xi(w }>t+h X (w =exp |—h b(e
2 b

1e=x

That is, the probability of jumping froma to a neighbour in less thantime-units is

Mbpaxt
1 — exp [h > b(e)] ~ (h > b(e)) < T )

le=x le=x

In the upper estimate, we would have to makeér, y) jumps in the best case, in the
time-interval|0, ¢], thus

h ~

Furthermore ) ~ b(e) < Mbpax.

le=x

do(CE,y) .

This gives a probability for making a way of lengfh(x, i) in time:

(Mbmaxt) do(z,y)
dO (CB, y) .
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(Assume further)

def

bmin = inf b(e) >0 and N = inf |{66E‘ie=x}‘21.

ecE reX




A Special Lower Estimate

bmin = inf b(e) >0 and N = inf [{e€ E|ie=a}| > 1.
eck reX

Inserting into the lower estimate one obtains

e—bmaXMt e
pu(@,y) 2 —7—— sup (th()>

~yel (x,y) eCry h/‘
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A Special Lower Estimate

bmin = inf b(e) >0 and N = inf [{e€ E|ie=a}| > 1.
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A Special Lower Estimate

bmin = inf b(e) >0 and N = inf [{e€ E|ie=a}| > 1.
eck reX

Inserting into the lower estimate one obtains

e—bmaXMt tbh.. Y] e—bmaXMt tb.. k
pe(z,y) > sup ( mm) = sup ( mm) -
V2T yel(a,y) 7] V2T k>do(z,y) k
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A Special Lower Estimate

boin = inf b(e) >0 and N < inf He cF ’ e = aj}’ > 1.
ec b reX

Inserting into the lower estimate one obtains

e—bmaXMt tbmin Y] e—bmaXMt tbmin k
pe(z,y) > sup = sup > :

V2T yel(a,y) 7] V2T k>do(z,y)

Now, (tbmin /x)* IS maximal atr = tby,;, /e and fork > do(x,y) > thmin /e itis
monotonuously decreasing with supremunt at dy(x, y).
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A Special Lower Estimate

boin = inf b(e) >0 and N < inf He cF ‘ e = aj}‘ > 1.
ec b reX

Inserting into the lower estimate one obtains

e—bmaXMt tbmin Y] e—bmaXMt tbmin k
pe(z,y) > sup = sup > :

V2T ~yel(z,y) M V2T k>do(z,y)

Now, (tbmin /x)* IS maximal atr = tby,;, /e and fork > do(x,y) > thmin /e itis
monotonuously decreasing with supremunt at dy(x,y). This yields the two cases:

, ot (Dmin /e —bmax M)
(1 - E) : ) If dO(x7y) < tbmin/e;
\ 2T
pe(x,y) =
t( ) e_bmaxMt tb : dO(xay)
— otherwise.
(V27 <do(ﬂ7ay)> ’

Where the cut-off erroF > 0 depends o/ b,y .
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A Physical Interpretation of the Estimates

The estimates represent a balance betw diffusion and-:
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A Physical Interpretation of the Estimates

The estimates represent a balance betw diffusion and-:

Buta diffusve term is missing in the upper estimate.
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Derivation of the Upper Estimate: Basic Principles

We represent the heat kernel as

pe(z,y) = lim KH%A)WJ@] ().

n—oo
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Derivation of the Upper Estimate: Basic Principles

We represent the heat kernel as

n—0oo

pe(z,y) = lim KH%A)WJ&%] ().

Define operators oit (X) by

) = Z b(e ), that is, the ‘off-diagonal’ part of\, and
D (— > b(e))ﬂ, Dinin ™ —Nbminl,  Dinax 2 —Mbpas.
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Derivation of the Upper Estimate: Basic Principles

We represent the heat kernel as

pe(z,y) = lim KH%A)%@] ().

n—0oo

Define operators oit (X) by

)E ) b(e ), that is, the ‘off-diagonal’ part of\, and

1e=x

def ( Z b ) mln dif ]\[bmm]I Dmax g _Mbmax]l-

1e=x

ThenA = D + S, and the estimateB,,,x < D < D.;» < 0 entalil by induction:

Lemma: Forf € [?(X), f > 0,n €N, ands > 0 small enough holds

0< (I+8(Dmax+9))"f < I+sA)"f < (I+8(Dmin+5))"f.
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Derivation of the Upper Estimate: Calculation

- - K]I+ %A)néx] (y) < [(H tNZmi“]H %S)ném] (v)

\This IS the basic estimate for theth order approximation ag; (x, y)
that follows from the upper bound in the Lemma.
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Derivation of the Upper Estimate: Calculation

K]I + %A)ném] (y) < [(H - tNZmi“]I + %S)n 5.@] (v)

() () () 0

~ Evaluation of the binomial yields this expression.
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Derivation of the Upper Estimate: Calculation

K]I + %A)n&r] (y) < [(H - tNZmi“]I + %S)n 5.@] (v)

3 () (1 ) [(5) 0

Setb(v) = | | ble).

ecy
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Derivation of the Upper Estimate: Calculation

K]I+ %A)ném] (y) < [(H - tNZmi“]H %S)ném] (v)
_:O (Z) (1 -~ tNZmi“)nk- [(%S)kda:] (v)

Setb (v “Hb ). ThenS*s, = Z b(~

ecry 1y=2x,
[v|=k
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Derivation of the Upper Estimate: Calculation

K]I+ %A)ném] (y) < [(H - tNZmi“]H %S)ném] (v)
_:O (Z) (1 -~ tNZmi“)nk- [(%S)kda:] (v)

Setb(y) = [ [ ble). ThenS*s, = > b(y)d;,. Thus(S*6,) (y) = > b(y).

e€y iv=z, vel(z,y),
v|=k lv|=Fk
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Derivation of the Upper Estimate: Calculation

K]I+ %A)ném] (y) < [(H - tNZmi“]H %S)ném] (v)
EE0E) 6 2

vel(x,y),
|v|=F

J

Setb(y) = [ [ ble). ThenS*s, = > b(y)d;,. Thus(S*6,) (y) = > b(y).

e€y iv=z, vel(z,y),
v|=k lv|=Fk

- Inserting in the last term, we obtain this.
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Derivation of the Upper Estimate: Calculation

K]I+ %A)ndr] (y) < [(H - tNZmi“]H %S)n%] (v)
S I B CY R SR

k=d vel (z,y),

i

\Only terms withk > dy(x, y) contribute to the sum.
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Derivation of the Upper Estimate: Calculation

K]I + %A)ndr] (y) < [(H - tNZmi“]I + %S)n 5.@] (v)

-2 M0 () 2 e

k:dO (a:,y)

Now #{~ € "(z,y) | [y = k} < M*.
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Derivation of the Upper Estimate: Calculation

K]I + %A)ném] (y) < [(H - tNZmi“]I + %S)n 5.@] (v)

n N . n—k k
< Z (n) (1 AL ) : <£> MF  sup  b(y).
k n n V€D (2,y),

lv|=k

J

\Now#{fy cT(z,y) | Iyl = k} < M*.
Therefore we can estimate the last term by this from above.
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Derivation of the Upper Estimate: Calculation

K]I + %A)ndr] (y) < [(H - tNZmi“]I + %S)n 5.@] (v)

n thmin n—k 4 k
<2 W05 G) v e (IT00)
mdo () N " " St

ecy

e

\_Re- -inserting(v) = | [ b(e) we get this.

ecy
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Derivation of the Upper Estimate: Calculation

K]I + %A)ném] (y) < [(H - tNZmi“]I + %S)n 5.@] (v)

" /n £ N bumin ) =k (thmaX ) g ( b(e) )
< 1— : sup :
Z <k) ( n n ~vel'(x,y), 3;[ bmax

k=do(x, Y
o(z,y) Iv|=k

\ >4
aV

y

\_Dividing and multiplying byb,..... yields this.
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Derivation of the Upper Estimate: Calculation

]HfAn(sx (y) < — Homing  fg n5x ()

" /n thmm)”’“ (thmaX)k ( b(e) )
< E 1 — : sup I I
<k) ( n n YEL (2,y), \¢c bmax

k=do(x, Y
o(z,y) Iy =k

) - thmin nh thmaX "
= e 2 G)0e-=) (55)
vel (2,y) \ocy brmax ol sy) k ) n
\Estimating sup ...< sup ..., we pullthe supremum out of the sum.
7€|F|(£U,ky), vel(z,y)
’y:
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Stirling’s Formula and the Limit — oo

—— S0y

k:dO (ajay)

\The sum is the only part that dependsrorSo we consider it separately.
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Stirling’s Formula and the Limit — oo

z”: n\ (1 _ tNbuin R oMb\
k n n

k::dO(xny)

—-E00) @

k=m

def def

\_ Substitutinge = ¢ My, d < ¢ Nbyin, andm < do(z, y),
reveals the general structure.
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Stirling’s Formula and the Limit — oo

z”: n\ (1 _ tNbuin R oMb\
k n n

k:dO (ajay)

def def def

C = thmaXa d = thmina m = dO(:Ca y)

\We pull this factor out of the sum.
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Stirling’s Formula and the Limit — oo

z”: n\ (1 _ tNbuin R oMb\
k n n

k:dO (ajay)

def def def ) def C

¢ = tMbyax, d = tNbmin, m = do(z,y), ¢ =

\_ Substituing’ % ¢/(1 — d/n) simplifys the summands.
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Stirling’s Formula and the Limit — oo

i n\ (1 _ tNbuin R oMb\
k n n

k=do(x,y)
d\" < [/n c g dA\" I~ /n\ [\
(-0 2(GGES) 00 2006)
k=m k=m
() ) () e ()
B n ) n—m n—m n
def def def y def C

— thmaXad: thmina =d 'y Y ) — .
C m o(x,y), c pym

\- An estimate based on Stirling’s formuldz) = z*e*e?/122) /27 /2,
with ¢ € (0, 1), allows us to estimate the sum as shown.
See | , Lemma 3(b)] for details.
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Stirling’s Formula and the Limit — oo

z”: n\ (1 _ tNbuin R oMb\
k n n

k:dO (ajay)

d\ " 7 m ) n—m = 1 - n—m
g I e 1+ e\/l—l— el2(n=1) (1 4 :
/ n m(n — d) n—m n—m n—d

def def def

C = thmaXa d = thmina m = dO(:Ca y)

- We resubstitute’.
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Stirling’s Formula and the Limit — oo

— Nmin ek Mmax :
w3 () 0-) ()
n— 00 n n

k:dO (ajay)

c
( .o em . e - 1 - eS.

S m
1—%) m(n_ ) (1+nTm> e\/l—l—%em<l+nid) .

def

¢ = tMbmax, d = tNbmin, m = do(z,y)

\ Now, we have to take the limit — oc.
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Stirling’s Formula and the Limit — oo

& Nmin ek Mmax :
w3 () 0-) ()
n— 00 n n

dO (.CU,y)

i
( dO (33, y)

def def def

C = thmaX1 d = thmiru m = do(ZU,y)

~ Finally, we re-insert the definitions of d, andm.
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The New Upper Estimate

Collecting the results we obtain

b M by \ 20&Y)
pe(a,y) < e Nbmin @ Mbmactl gup (] = (e ) .
vED (z,y) \ o brnax do (ZE, y)
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The New Upper Estimate

Collecting the results we obtain

b M by \ 20&Y)
pe(a,y) < e tmin Dt Mbmaxt gup (] - (e ) .
vEL (z,y) \ o brnax do (33, y)

The  diffusiveterm e Nbmin  tends tol for b,,;, — 0, reproducing the
upper estimate of\|SO( in this case. Thus we obtained a proper generalization.
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