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= m is the length of γ.
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= m is the length of γ. The combinatorial distance betweenx andy is
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∣
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= m is the length of γ. The combinatorial distance betweenx andy is

d0(x, y)
def

= min
{
|γ|
∣
∣ γ ∈ Γ(x, y)

}
.

X is assumed to beconnected , that is,Γ(x, y) 6= ∅, for all x, y ∈ X .

Weights : A mappingb : E −→ (0,∞). We assume thatX is symmetric , that is,

e = (x, y) ∈ E =⇒ e = (y, x) ∈ E and b(e) = b(e).
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The Laplacian and Heat Kernel onX
The discrete Laplacian onX is the operator∆: l2(X) −→ l2(X) defined by

∆f(x)
def

=
∑

e∈E,ie=x

b(e)
(
f(je) − f(x)

)
.

It is bounded and nonnegative . It generates a strongly continuoussemigroup , and

thus gives rise to a continuous-timeMarkov process
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def
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e∈E,ie=x

b(e)
(
f(je) − f(x)

)
.

It is bounded and nonnegative . It generates a strongly continuoussemigroup , and

thus gives rise to a continuous-timeMarkov process with transition probabilities

pt(x, y) =
(
e∆tδx

)
(y), x, y ∈ X,

whereδx ∈ l2(X) is the unit mass concentrated at the sitex ∈ X . The functionpt(x, y)

is called theheat kernel onX .
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def
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∑
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(
f(je) − f(x)

)
.

It is bounded and nonnegative . It generates a strongly continuoussemigroup , and

thus gives rise to a continuous-timeMarkov process with transition probabilities

pt(x, y) =
(
e∆tδx

)
(y), x, y ∈ X,

whereδx ∈ l2(X) is the unit mass concentrated at the sitex ∈ X . The functionpt(x, y)

is called theheat kernel onX . The Markov chain(Xt | t ≥ 0) ‘jumps’ from sitex to a
neighbouring sitey with probability

b
(
(x, y)

)

∑

e∈E,
ie=x

b(e)
.

That means, the weightb measures the ‘conductance’ of edges.
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The Result of Metzger and Stollmann [MS00]
Assume that

bmax
def

= sup
e∈E

b(e) < ∞, and M
def

= sup
x∈X

∣
∣
{
e ∈ E

∣
∣ ie = x

}∣
∣ < ∞.
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= sup
e∈E

b(e) < ∞, and M
def

= sup
x∈X

∣
∣
{
e ∈ E

∣
∣ ie = x

}∣
∣ < ∞.

Then holds forx, y ∈ X , t ≥ 0:

e−bmaxMt

√
2π

sup
γ∈Γ(x,y)

(
∏

e∈γ

tb(e)

|γ|

)

≤ pt(x, y) ≤

ebmaxMt+1 sup
γ∈Γ(x,y)

(
∏

e∈γ

b(e)

bmax

)(

eMbmaxt

d0(x, y)

)d0(x,y)

.
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Combinatorial term: Upper bound for the probability for jumping alongγ.
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Stochastic termfrom the dynamics of the Markov process.
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Stochastic Interpretation of the Estimates
For the holding time of Xt at sitex we have the probability distribution

P

[

inf
{
s > t

∣
∣ Xs(ω) 6= Xt(ω)

}
> t + h

∣
∣
∣ Xt(ω) = x

]

= exp

[

−h
∑

ie=x

b(e)

]

.
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In the upper estimate, we would have to maked0(x, y) jumps in the best case, in the
time-interval[0, t], thus

h ∼ t

d0(x, y)
. Furthermore

∑

ie=x

b(e) ≤ Mbmax.

This gives a probability for making a way of lengthd0(x, y) in time t:

(
Mbmaxt

d0(x, y)

)d0(x,y)

.
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A Special Lower Estimate
Assume further

bmin
def

= inf
e∈E

b(e) ≥ 0 and N
def

= inf
x∈X

∣
∣
{
e ∈ E

∣
∣ ie = x

}∣
∣ ≥ 1.
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A Special Lower Estimate
Assume further

bmin
def

= inf
e∈E

b(e) ≥ 0 and N
def

= inf
x∈X

∣
∣
{
e ∈ E

∣
∣ ie = x

}∣
∣ ≥ 1.

Inserting into the lower estimate one obtains

pt(x, y) ≥ e−bmaxMt

√
2π

sup
γ∈Γ(x,y)

(
∏

e∈γ

tb(e)

|γ|

)
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∣
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√
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|γ|

)|γ|
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e−bmaxMt

√
2π

sup
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(
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k

)k
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Assume further
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def

= inf
e∈E

b(e) ≥ 0 and N
def

= inf
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∣
∣
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e ∈ E

∣
∣ ie = x

}∣
∣ ≥ 1.

Inserting into the lower estimate one obtains
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√
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sup
γ∈Γ(x,y)

(
tbmin

|γ|

)|γ|

=
e−bmaxMt

√
2π

sup
k≥d0(x,y)

(
tbmin

k

)k

.

Now, (tbmin/x)x is maximal atx = tbmin/e and fork ≥ d0(x, y) > tbmin/e it is
monotonuously decreasing with supremum atk = d0(x, y).
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A Special Lower Estimate
Assume further

bmin
def

= inf
e∈E

b(e) ≥ 0 and N
def

= inf
x∈X

∣
∣
{
e ∈ E

∣
∣ ie = x

}∣
∣ ≥ 1.

Inserting into the lower estimate one obtains

pt(x, y) ≥ e−bmaxMt

√
2π

sup
γ∈Γ(x,y)

(
tbmin

|γ|

)|γ|

=
e−bmaxMt

√
2π

sup
k≥d0(x,y)

(
tbmin

k

)k

.

Now, (tbmin/x)x is maximal atx = tbmin/e and fork ≥ d0(x, y) > tbmin/e it is
monotonuously decreasing with supremum atk = d0(x, y). This yields the two cases:

pt(x, y) ≥







(1 − E) · et(bmin/e−bmaxM)

√
2π

, if d0(x, y) ≤ tbmin/e;

e−bmaxMt

√
2π

(
tbmin

d0(x, y)

)d0(x,y)

, otherwise.

Where the cut-off errorE ≥ 0 depends ont/bmin.
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A Physical Interpretation of the Estimates

The estimates represent a balance betweendiffusion and conductance :

e−bmaxMt

√
2π

sup
γ∈Γ(x,y)

(
∏

e∈γ

tb(e)

|γ|

)

≤
pt(x, y)

≤

ebmaxMt+1 sup
γ∈Γ(x,y)

(
∏

e∈γ

b(e)

bmax

)(

eMbmaxt

d0(x, y)

)d0(x,y)

.

Estimates for the Heat Kernel on Weighted Graphs – p.9/13



A Physical Interpretation of the Estimates

The estimates represent a balance betweendiffusion and conductance :

e−bmaxMt

√
2π

sup
γ∈Γ(x,y)

(
∏

e∈γ

tb(e)

|γ|

)

≤
pt(x, y)

≤

ebmaxMt+1 sup
γ∈Γ(x,y)

(
∏

e∈γ

b(e)

bmax

)(

eMbmaxt

d0(x, y)

)d0(x,y)

.

But a diffusive term is missing in the upper estimate.
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Derivation of the Upper Estimate: Basic Principles
We represent the heat kernel as

pt(x, y) = lim
n→∞

[(

I +
t

n
∆

)n

δx

]

(y).
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Derivation of the Upper Estimate: Basic Principles
We represent the heat kernel as

pt(x, y) = lim
n→∞

[(

I +
t

n
∆

)n

δx

]

(y).

Define operators onl2(X) by

Sf(x)
def

=
∑

ie=x

b(e)f(je), that is, the ‘off-diagonal’ part of∆, and

D
def

=
(

−
∑

ie=x

b(e)
)

I, Dmin
def

= −NbminI, Dmax
def

= −MbmaxI.
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Derivation of the Upper Estimate: Basic Principles
We represent the heat kernel as

pt(x, y) = lim
n→∞

[(

I +
t

n
∆

)n

δx

]

(y).

Define operators onl2(X) by

Sf(x)
def

=
∑

ie=x

b(e)f(je), that is, the ‘off-diagonal’ part of∆, and

D
def

=
(

−
∑

ie=x

b(e)
)

I, Dmin
def

= −NbminI, Dmax
def

= −MbmaxI.

Then∆ = D + S, and the estimatesDmax ≤ D ≤ Dmin ≤ 0 entail by induction:

Lemma: Forf ∈ l2(X), f ≥ 0 , n ∈ N, ands > 0 small enough holds

0 ≤
(
I + s(Dmax + S)

)n
f ≤ (I + s∆)nf ≤

(
I + s(Dmin + S)

)n
f.
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Derivation of the Upper Estimate: Calculation

Estimates for the Heat Kernel on Weighted Graphs – p.11/13



Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

This is the basic estimate for then-th order approximation ofpt(x, y)
that follows from the upper bound in the Lemma.
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Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

=
n∑

k=0

(
n

k

)(

1 − tNbmin

n

)n−k

·
[(

t

n
S

)k

δx

]

(y)

Evaluation of the binomial yields this expression.
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Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

=
n∑

k=0

(
n

k

)(

1 − tNbmin

n

)n−k

·
[(

t

n
S

)k

δx

]

(y)

Setb(γ)
def

=
∏

e∈γ

b(e).

Estimates for the Heat Kernel on Weighted Graphs – p.11/13



Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

=
n∑

k=0

(
n

k

)(

1 − tNbmin

n

)n−k

·
[(

t

n
S

)k

δx

]

(y)

Setb(γ)
def

=
∏

e∈γ

b(e). ThenSkδx =
∑

iγ=x,
|γ|=k

b(γ)δjγ .
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Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

=
n∑

k=0

(
n

k

)(

1 − tNbmin

n

)n−k

·
[(

t

n
S

)k

δx

]

(y)

Setb(γ)
def

=
∏

e∈γ

b(e). ThenSkδx =
∑

iγ=x,
|γ|=k

b(γ)δjγ . Thus
(
Skδx

)
(y) =

∑

γ∈Γ(x,y),
|γ|=k

b(γ).
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Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

=
n∑

k=0

(
n

k

)(

1 − tNbmin

n

)n−k

·
(

t

n

)k ∑

γ∈Γ(x,y),
|γ|=k

b(γ).

Setb(γ)
def

=
∏

e∈γ

b(e). ThenSkδx =
∑

iγ=x,
|γ|=k

b(γ)δjγ . Thus
(
Skδx

)
(y) =

∑

γ∈Γ(x,y),
|γ|=k

b(γ).

Inserting in the last term, we obtain this.
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Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

=
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k

·
(

t

n

)k ∑

γ∈Γ(x,y),
|γ|=k

b(γ).

Only terms withk ≥ d0(x, y) contribute to the sum.

Estimates for the Heat Kernel on Weighted Graphs – p.11/13



Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

=
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k

·
(

t

n

)k ∑

γ∈Γ(x,y),
|γ|=k

b(γ).

Now #
{
γ ∈ Γ(x, y)

∣
∣ |γ| = k

}
≤ Mk.
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Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

≤
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k

·
(

t

n

)k

Mk sup
γ∈Γ(x,y),

|γ|=k

b(γ)

︸ ︷︷ ︸

.

Now #
{
γ ∈ Γ(x, y)

∣
∣ |γ| = k

}
≤ Mk.

Therefore we can estimate the last term by this from above.
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Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

≤
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k

·
(

t

n

)k

Mk sup
γ∈Γ(x,y),

|γ|=k

(
∏

e∈γ

b(e)

)

.

Re-insertingb(γ) =
∏

e∈γ

b(e) we get this.
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Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

≤
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k

·
(

tMbmax

n

)k

sup
γ∈Γ(x,y),

|γ|=k

(
∏

e∈γ

b(e)

bmax

)

︸ ︷︷ ︸

.

Dividing and multiplying bybmax yields this.
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Derivation of the Upper Estimate: Calculation
[(

I +
t

n
∆

)n

δx

]

(y) ≤
[(

I − tNbmin

n
I +

t

n
S

)n

δx

]

(y)

≤
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k

·
(

tMbmax

n

)k

sup
γ∈Γ(x,y),

|γ|=k

(
∏

e∈γ

b(e)

bmax

)

≤ sup
γ∈Γ(x,y)

(
∏

e∈γ

b(e)

bmax

)

·
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k (
tMbmax

n

)k

.

Estimating sup
γ∈Γ(x,y),

|γ|=k

. . . ≤ sup
γ∈Γ(x,y)

. . ., we pull the supremum out of the sum.
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Stirling’s Formula and the Limitn → ∞
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Stirling’s Formula and the Limitn → ∞
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k (
tMbmax

n

)k

.

The sum is the only part that depends onn. So we consider it separately.
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Stirling’s Formula and the Limitn → ∞
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k (
tMbmax

n

)k

=

n∑

k=m

(
n

k

)(

1 − d

n

)n−k ( c

n

)k

.

Substitutingc
def

= tMbmax, d
def

= tNbmin, andm
def

= d0(x, y),
reveals the general structure.
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Stirling’s Formula and the Limitn → ∞
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k (
tMbmax

n

)k

=

(

1 − d

n

)n n∑

k=m

(
n

k

)(
c

n − d

)k

.

c
def

= tMbmax, d
def

= tNbmin, m
def

= d0(x, y)

We pull this factor out of the sum.
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Stirling’s Formula and the Limitn → ∞
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k (
tMbmax

n

)k

=

(

1 − d

n

)n n∑

k=m

(
n

k

)(
c

n − d

)k

=

(

1 − d

n

)n n∑

k=m

(
n

k

)(
c′

n

)k

.

c
def

= tMbmax, d
def

= tNbmin, m
def

= d0(x, y), c′
def

=
c

1 − d/n
.

Substituingc′
def

= c/(1 − d/n) simplifys the summands.
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Stirling’s Formula and the Limitn → ∞
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k (
tMbmax

n

)k

=

(

1 − d

n

)n n∑

k=m

(
n

k

)(
c

n − d

)k

=

(

1 − d

n

)n n∑

k=m

(
n

k

)(
c′

n

)k

.

≤

(

1 −
d

n

)
n
(

c′

m

)
m
(

1 +
m

n − m

)
n−m

e

√

1 +
m

n − m
e

1
12(n−1)

(

1 +
c′

n

)
n−m

.

c
def

= tMbmax, d
def

= tNbmin, m
def

= d0(x, y), c′
def

=
c

1 − d/n
.

An estimate based on Stirling’s formulaΓ(z) = zze−zeϑ/(12z)
√

2π/z,
with ϑ ∈ (0, 1), allows us to estimate the sum as shown.
See [MS00, Lemma 3(b)] for details.
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Stirling’s Formula and the Limitn → ∞
n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k (
tMbmax

n

)k

≤

(

1 −
d

n

)
n
(

cn

m(n − d)

)
m
(

1 +
m

n − m

)
n−m

e

√

1 +
m

n − m
e

1
12(n−1)

(

1 +
c

n − d

)
n−m

.

c
def

= tMbmax, d
def

= tNbmin, m
def

= d0(x, y)

We resubstitutec′.
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Stirling’s Formula and the Limitn → ∞

lim
n→∞

n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k (
tMbmax

n

)k

≤ e−d ·
( c

m

)m

· em · e · 1 · ec.

(

1 −
d

n

)
n
(

cn

m(n − d)

)
m
(

1 +
m

n − m

)
n−m

e

√

1 +
m

n − m
e

1
12(n−1)

(

1 +
c

n − d

)
n−m

.

c
def

= tMbmax, d
def

= tNbmin, m
def

= d0(x, y)

Now, we have to take the limitn → ∞.
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Stirling’s Formula and the Limitn → ∞

lim
n→∞

n∑

k=d0(x,y)

(
n

k

)(

1 − tNbmin

n

)n−k (
tMbmax

n

)k

≤ e−d ·
( c

m

)m

· em · e · 1 · ec.

= e−tNbmin

(
etMbmax

d0(x, y)

)d0(x,y)

etMbmax+1.

c
def

= tMbmax, d
def

= tNbmin, m
def

= d0(x, y)

Finally, we re-insert the definitions ofc, d, andm.
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The New Upper Estimate
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The New Upper Estimate
Collecting the results we obtain

pt(x, y) ≤ e−tNbmin etMbmax+1 sup
γ∈Γ(x,y)

(
∏

e∈γ

b(e)

bmax

)(
etMbmax

d0(x, y)

)d0(x,y)

.
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The New Upper Estimate
Collecting the results we obtain

pt(x, y) ≤ e−tNbmin etMbmax+1 sup
γ∈Γ(x,y)

(
∏

e∈γ

b(e)

bmax

)(
etMbmax

d0(x, y)

)d0(x,y)

.

The diffusive term e−tNbmin tends to1 for bmin −→ 0, reproducing the

upper estimate of [MS00] in this case. Thus we obtained a proper generalization.
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