Andreas U. Schmidt 24th May 2001

Estimates for the Heat Kernel on Weighted Graphs

Andreas U. Schmidt Department of Mathematics and Applied Mathematics University of Durban–Westville e-mail: aschmidt@math.uni-frankfurt.de

24th May 2001

Andreas U. Schmidt 24th May 2001

Why study Laplacians on Graphs?

• Heat transport in structured solids — integrated circuits. • Quantum Mechanics — The Schrödinger operator on graphs. • Non-commutative geometry — graphs are an instructive model.

References

[AC99] P. Auscher and T. Coulhon, Gaussian Lower Bounds for Random Walks from Elliptic Regularity, Ann.

Inst. H. Poincaré Probab. Statist. 35 (1999), 605–630.

[CG98] T. Coulhon and A. Grigoryan, Random Walks on Graphs with Regular Volume Growth, Geom. Funct.

Anal. 8 (1998), 656–701.

[Dav93a] E. B. Davies, Analysis on Graphs and Noncommutative Geometry, J. Funct. Anal. 111 (1993), 398–430. [Dav93b] , Large Deviations for Heat Kernels on Graphs, J. London Math. Soc. 47 (1993), no. 2, 65–72. [Met98] Bernd Metzger, Die innere Metrik des Laplaceoperators auf gewichteten Graphen und spektraltheoretische Anwendungen, Diplomarbeit, Universität Frankfurt am Main, 1998.

[MS00] Bernd Metzger and Peter Stollmann, Heat Kernel Estimates on Weighted Graphs, Bull. London Math.

Soc. 32 (2000), 477–483.

Andreas U. Schmidt 24th May 2001

The Graph-Theoretic Setting

Graph : A countable set X of vertices {x, y, . . .}.

Edges : E ⊂ X × X \ Diag.^{E ∋ e = (x, y)}_{ie = x je = y} Paths : Γ(x, y)^{def}= { γ = (e_1, . . . , e_m) ⊂ E | | ie1 = x, jem = y, iek+1 = jek } .

e1e2e3e4e5e6e7e8 x = iγ

y = jγ

|γ|^{def}= m is the length of γ. The combinatorial distance between x and y is

d_0(x, y)^{def}= min { |γ| | γ ∈ Γ(x, y) } . X is assumed to be connected , that is, Γ(x, y) ≠ ∅, for all x, y ∈ X.

Weights : A mapping b : E −→ (0, ∞). We assume that X is symmetric , that is,

e = (x, y) ∈ E ⇒ e = (y, x) ∈ E and b(e) = b(e).

Andreas U. Schmidt 24th May 2001

The Laplacian and Heat Kernel on X

The discrete Laplacian on X is the operator Δ : l^2(X) −→ l^2(X) defined by

Δf(x)^{def}= ∑ e∈E,ie=x

b(e) ( f(je) − f(x) ) .

It is bounded and nonnegative . It generates a strongly continuous semigroup , and thus gives rise to a continuous-time Markov process with transition probabilities

p_t(x, y) = ( e^{Δt}δ_x ) (y), x, y ∈ X,

where δ_x ∈ l^2(X) is the unit mass concentrated at the site x ∈ X. The function p_t(x, y) is called the heat kernel on X. The Markov chain (X_t | t ≥ 0) ‘jumps’ from site x to a neighbouring site y with probability b ( (x, y) ) ∑ e∈E, ie=x

b(e) .

That means, the weight b measures the ‘conductance’ of edges.

Andreas U. Schmidt 24th May 2001

The Result of Metzger and Stollmann [MS00]

Assume that

b_{max}^{def}= sup_{e∈E} b(e) < ∞, and M^{def}= sup_{x∈X} | |{e ∈ E | | ie = x} | | < ∞.

Then holds for x, y ∈ X, t ≥ 0:

e^{−bmaxMt} √ 2π sup γ∈Γ(x,y) ( ∏ e∈γ tb(e) |γ| )

≤ p_t(x, y) ≤ e^{bmaxMt+1} sup_{γ∈Γ(x,y)} ( ∏ e∈γ b(e) b_{max} )( eMb_{max}t d_0(x, y)

)_{d0(x,y)} .

Andreas U. Schmidt 24th May 2001

Stochastic Interpretation of the Estimates

For the holding time of X_t at site x we have the probability distribution

P [ inf { s > t | X_s(ω) ≠ X_t(ω) } > t + h | | Xt(ω) = x ] = exp [ −h ∑ ie=x

b(e) ] .

That is, the probability of jumping from x to a neighbour in less than h time-units is

1 − exp [ −h ∑ ie=x

b(e) ] ∼ ( h ∑ ie=x

b(e) ) .

In the upper estimate, we must make d_0(x, y) jumps in the time-interval [0, t], thus h ∼ t d_0(x, y)

. Now ∑ ie=x

b(e) ≤ Mb_{max}. This gives a probability for making a way of length

d_0(x, y) in time t: ( Mb_{max}t d_0(x, y)

)_{d0(x,y)} .

Andreas U. Schmidt 24th May 2001

A Special Lower Estimate

Assume further

b_{min}^{def}= inf_{e∈E} b(e) ≥ 0 and N^{def}= inf_{x∈X} |{ e ∈ E | ie = x }| ≥ 1.

Inserting into the lower estimate one obtains

p_t(x, y) ≥ e^{−bmaxMt} √ 2π sup γ∈Γ(x,y) ( tb_{min} |γ| )_{|γ|} = e^{−bmaxMt} √ 2π sup k≥d0(x,y) ( tb_{min} k )_k . Now, (tb_{min}/x)^x is maximal at x = tb_{min}/e and monotonuously decreasing for k ≥

d_0(x, y) > tb_{min}/e with supremum at k = d_0(x, y). This yields the two cases:

p_t(x, y) ≥

(1 − E) · e^{t(bmin/e−bmaxM)} √ 2π , if d_0(x, y) ≤ tb_{min}/e;

e^{−bmaxMt} √ 2π ( tb_{min}

d_0(x, y)

)_{d0(x,y)}

, otherwise.

The cut-off error E ≥ 0 depends on t/b_{min}.

Andreas U. Schmidt 24th May 2001

A Physical Interpretation of the Estimates

The estimates represent a balance between diffusion and conductance :

e^{−bmaxMt} √ 2π sup γ∈Γ(x,y) ( ∏ e∈γ tb(e) |γ| )

≤ p_t(x, y) ≤

e^{bmaxMt+1} sup_{γ∈Γ(x,y)} ( ∏ e∈γ b(e) b_{max} )( eMb_{max}t d_0(x, y)

)_{d0(x,y)} .

But a diffusive term is missing in the upper estimate.

Andreas U. Schmidt 24th May 2001

Derivation of the (New) Upper Estimate: Basic Principles

We represent the heat kernel as

p_t(x, y) = lim_{n→∞} [( I + t n Δ )_n δ_x ] (y).

Define operators on l^2(X) by

Sf(x)^{def}= ∑ ie=x

b(e)f(je), that is, the ‘off-diagonal’ part of Δ, and

D^{def}= ( − ∑ ie=x

b(e) ) I, D_{min}^{def}= −Nb_{min}I, D_{max}^{def}= −Mb_{max}I.

Then Δ = D + S and the estimates D_{max} ≤ D ≤ D_{min} ≤ 0 entail by induction:

Lemma: For f ∈ l^2(X), f ≥ 0 , n ∈ N, and s > 0 small enough holds 0 ≤ ( I + s(D_{max} + S)

)_n

f ≤ (I + sΔ)^nf ≤ ( I + s(D_{min} + S)

)_n f.

Andreas U. Schmidt 24th May 2001

Derivation of the Upper Estimate: Calculation 1 [( I + t n Δ )_n δ_x ] (y) ≤ [( I − tNb_{min} n I + t n S )_n

δ_x ] (y)

= n∑ k=0 (n k ) ( 1 − tNb_{min} n )_{n−k} · [( t n S )_k δ_x ] (y)

b(γ)^{def}= ∏ e∈γ b(e) =⇒ S^kδ_x = ∑ iγ=x, |γ|=k

b(γ)δ_{jγ} =⇒ ( S^kδ_x ) (y) = ∑ γ∈Γ(x,y), |γ|=k

b(γ).

= n∑ k=0 (n k ) ( 1 − tNb_{min} n )_{n−k} · ( t n )_k ∑

γ∈Γ(x,y), |γ|=k

b(γ).

Andreas U. Schmidt 24th May 2001

Derivation of the Upper Estimate: Calculation 2 = n∑ k=0 (n k ) ( 1 − tNb_{min} n )_{n−k} · ( t n )_k ∑

γ∈Γ(x,y), |γ|=k

b(γ)

We use:

• Only terms with k ≥ d_0(x, y) contribute to the overall sum. • # { γ ∈ Γ(x, y) | | |γ| = k} ≤ M^k. Therefore =⇒ • ∑ γ∈Γ(x,y) |γ|=k

b(γ) ≤ M^k sup_{γ∈Γ(x,y)}

|γ|=k

b(γ) = M^k sup_{γ∈Γ(x,y)}

|γ|=k ∏ e∈γ b(e).

≤ sup

γ∈Γ(x,y) ( ∏ e∈γ b(e) b_{max}

)_n ∑ k=d0(x,y) (n k ) ( 1 − tNb_{min} n )_{n−k} ( tMb_{max} n )_k .

Andreas U. Schmidt 24th May 2001

Derivation of Upper Estimate: Application of Stirling’s Formula

The sum has the structure n∑ k=d0(x,y) (n k ) ( 1 − tNb_{min} n )_{n−k} ( tMb_{max} n )_k = n∑ k=m (n k ) ( 1 − d n )_{n−k} ( c n )_k

= ( 1 − d n )_{n n}∑ k=m (n k ) ( c n − d

)_k = ( 1 − d n )_{n n}∑ k=m (n k ) (c′ n )k ,

with c^′ = c 1 − d/n

. Stirling’s formula: Γ(z) = z^ze^{−z}e^{ϑ/(12z)} √ 2π/z, with ϑ ∈ (0, 1), entails (see [MS00, Lemma 3(b)]):

≤ ( 1 − d n )_n (

c^′ m )m ( 1 + m n − m

)_{n−m} e √ 1 + m n − m e^{112(n−1)} ( 1 + c^′ n )n−m

Andreas U. Schmidt 24th May 2001

Derivation of Upper Estimate: The Limit n → ∞ = ( 1 − d n )n ( cn m(n − d) )m ( 1 + m n − m

)n−m e √ 1 + m n − m e 1 12(n−1) ( 1 + c n − d

)n−m

↓ ↓ ↓ ↓ ↓ ↓

e^d · ( c m )_m · e^m · e · 1 · 1 · e^c

Re-inserting m = d_0(x, y), d = tNb_{min}, and c = tMb_{max} we obtain

lim_{n→∞} n∑ k=d0(x,y) (n k ) ( 1 − tNb_{min} n )_{n−k} ( tMb_{max} n )_k

≤ e^{−tNbmin} ( etMb_{max} d_0(x, y)

)_{d0(x,y)} e^{tMbmax+1}.

Andreas U. Schmidt 24th May 2001

The Upper Estimate

Collecting all results we finally get

p_t(x, y) ≤ e^{−tNbmin} e^{tMbmax+1} sup_{γ∈Γ(x,y)} ( ∏ e∈γ b(e) b_{max} ) ( etMb_{max} d_0(x, y)

)_{d0(x,y)} .

The diffusive term e^{−tNbmin} tends to 1 for b_{min} −→ 0, reproducing the upper estimate of [MS00] in this case. Thus we obtained a proper generalization.