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Abstract

We study the Wigner function for massive spin-1/2 fermions in electromagnetic fields. The covariant
Wigner function is a four by four matrix function in 8-dimensional phase space {z*,p*}, whose compo-
nents give various physical quantities such as the particle distribution, the current density, and the spin
distribution, etc.. The kinetic equations for the Wigner function are obtained from the Dirac equation. We
derive the Dirac form equations with first order differential operators, as well as the Klein-Gordon form
equations with second order differential operators, both are matrix equations in Dirac space. We prove that
some component equations are automatically satisfied if the rest are fulfilled, which means both the Dirac
form and the Klein-Gordon form equations have redundancy. In this thesis two methods are proposed for
calculating the Wigner function, which are proved to be equivalent. In addition to the covariant Wigner
function, the equal-time Wigner function will also be introduced. The equal-time one is a function of time
and 6-dimensional phase space variables {x, p}, which can be derived from the covariant one by taking an
integration over energy p°. The equal-time Wigner function is not Lorentz-covariant but it is a powerful
tool to deal with dynamical problems. In this thesis, it is used to study the Schwinger pair-production in
the presence of an electric field.

The Wigner function can be analytically calculated following the standard second-quantization procedure.
We consider three cases: free fermions with or without chiral imbalance, and fermions in constant magnetic
field with chiral imbalance. The computations are achieved via firstly deriving a set of orthonormal single-
particle wavefunctions from the Dirac equation, then constructing the quantized field operator, and finally
inserting the field operator into the Wigner function and determine the expectation values of operators under
the wave-packet description. The Wigner functions are computed to leading order in spatial gradients. In
Strong electric field the vacuum can decay into a pair of particle and anti-particle. The pair-production
process is studied using the equal-time Wigner function. General solutions are obtained for pure constant
electric fields and for constant parallel electromagnetic fields. We also solve the case of a Sauter-type electric
field numerically.

For an arbitrary space-time dependent electromagnetic field, the Dirac equation does not have an analytical
solution and neither has the Wigner function. A semi-classical expansion with respect to the reduced Planck’s
constant i are performed for the Wigner function as well as the kinetic equations. We calculate the Wigner
function (and all of its components equivalently) to leading order in 7, in which order the spin component
start playing a role. Up to this order, the Wigner function contains four independent degrees of freedoms,
three of which describe the polarization density and the remaining one describes the net particle number
density. A generalized Bargmann-Michel-Telegdi (BMT) equation and a generalized Boltzmann equation are
obtained for these undetermined parts, which can be used to construct spin-hydrodynamics in the future.

Using analytical results and semi-classical solutions, we compute physical quantities in thermal equilib-
rium. In semi-classical expansion, we introduce the chiral chemical potential p5 in the thermal distribution.
This naive treatment is straightforward extension of the massless case but provides a good estimate of phys-

ical quantities when us is comparable or smaller than the typical energy scale, i.e., the temperature in a



thermal system. Meanwhile, by making comparison of the results of the semi-classical expansion and the
ones in a constant magnetic field, we find that the semi-classical method works well for the chiral effects,
including the Chiral Magnetic Effect, the Chiral Separation Effect, as well as the energy flux along the
direction of the magnetic field. But when the mass and chemical potentials are much larger than the tem-
perature, the semi-classical results over estimate these chiral effects. The magnetic field strength dependence
of physical quantities is discussed. If we fix the thermodynamical variables, the net fermion number density,
energy density, and the longitudinal pressure are proportional to the field strength, while the axial-charge
density and the transverse pressure are inversely proportional to it.

Schwinger pair-production rates in a thermal background are computed for a Sauter-type electric field
and a constant parallel electromagnetic field, respectively. For the Sauter-type field, the total number of
newly generated pairs is proportional to the field strength and the life time of the field. On the other
hand, a parallel magnetic field will enhance the pair-production rate. Due to Pauli’s exclusion principle, the
creation of pairs is forbidden for particles already exsiting in the same quantum state. Thus in both cases,
the pair-production rate is proved to be inversely proportional to the chemical potential and temperature.

Keywords: Wigner function, electromagnetic fields, chiral effect, pair-production.
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Zusammenfassung

In dieser Arbeit haben wir uns mit dem Wignerfunktionsansatz fiir Spin-1/2-Teilchen beschéftigt
und diese Herangehensweise verwendet, um die chiralen Effekte und die Paarbildung in Gegenwart
eines elektromagnetischen Feldes zu untersuchen. Die Wignerfunktion ist als Quasiverteilungs-
funktion im Phasenraum definiert. Die Wignerfunktion ist eine komplexe 4 x 4-Matrix, die in
die Generatoren der Clifford-Algebra I'; zerlegt werden kann. Die Zerlegungskoeffizienten werden
geméfs ihrer Transformationseigenschaften unter Lorentz-Transformationen und Paritdtsinversion
jeweils als Skalar, Pseudoskalar, Vektor, Axialvektor und Tensor identifiziert. Sie kdnnen nach
Integration tiber den Impuls mit verschiedenen Arten von makroskopischen physikalischen Gréfen
wie dem Fermionstrom, der Spinpolarisation und dem magnetischen Dipolmoment in Beziehung
gesetzt werden. Sie werden also als die Dichten im Phasenraum interpretiert.

Da die Wignerfunktion mit Hilfe des Dirac-Feldes konstruiert wird, haben wir die kinetischen
Gleichungen fiir die Wignerfunktion aus der Dirac-Gleichung erhalten. In dieser Arbeit haben wir
die Dirac-Form-Gleichung abgeleitet, die im Differentialoperator linear ist. Daneben haben wir
auch die Klein-Gordon-Form-Gleichung erhalten, die die Operatoren zur zweiten Ordnung enthélt.
Diese Gleichungen werden dann wie auch die Wignerfunktion selbst in I'; zerlegt, sodass sie ein Sys-
tem mehrerer partieller Differentialgleichungen (PDG) liefern. Gliicklicherweise sind die zerlegten
Gleichungen nicht unabhéngig voneinander. Durch Eliminieren der redundanten Gleichungen er-
hielten wir zwei Moglichkeiten, die Losung fiir die Wignerfunktion im massiven Fall zu bestimmen.
Diese Redundanz beruht auf der Tatsache, dass die Vektor- und Axialvektorkomponenten V¥, A
der Wignerfunktion in Form der Skalar-, Pseudoskalar- und Tensorkomponenten F, P, S*” ausge-
driickt werden kénnen oder umgekehrt. Ein Ansatz zur Losung des PDG-Systems besteht daher
darin, V#, A" als Basisfunktionen zu verwenden und sich auf ihre Massenschalenbedingungen zu
konzentrieren. Daneben besteht der andere Ansatz darin, F, P, S* als Basisfunktionen zu verwen-
den. Durch eine Entwicklung in A, die als semiklassische Entwicklung bezeichnet wird, haben wir die
allgemeine Losung der Wignerfunktion bis zur ersten Ordnung in & erhalten. Es hat sich gezeigt,
dass die beiden oben genannten Ansédtze zu dem gleichen Ergebnis fiihren und somit dquivalent
sind. Die endgiiltige Losung hat nur vier unabhéngige Freiheitsgrade, was durch eine Eigenwer-
tanalyse bewiesen wird. Zur Ordnung h wird die iibliche Massenschale p?> — m? = 0 durch die
spinmagnetische Kopplung verschoben.

Wir haben weiterhin die Wignerfunktion fiir den masselosen Fall durch eine semiklassische En-

twicklung reproduziert. Im masselosen Fall kdnnen die Fermionen nach ihrer Chiralitdt in zwei
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Gruppen eingeteilt werden. Unter Verwendung von V* und A* konstruierten wir die linkshdndigen
und rechtshéndigen Strome, die zur Ordnung A bestimmt werden. Die iibrigen Komponenten F, P,
SH* sind proportional zur Teilchenmasse und verschwinden somit im masselosen Limes. In dieser
Arbeit haben wir eine direkte Beziehung zwischen den masselosen und massiven Strémen V¥, A
gefunden. Dies konnte darauf hinweisen, dass unsere massiven Ergebnisse allgemeiner sind als die
chirale kinetische Theorie.

In dieser Arbeit haben wir mehrere analytisch 16sbare Félle diskutiert. In den folgenden drei
Féllen konnten aus der Dirac-Gleichung analytisch Einteilchenwellenfunktionen bestimmt werden,
aus denen die Wignerfunktion abgeleitet wird. Wir haben nur den Beitrag zur fithrenden Ordnung
in rdumlichen Gradienten der Wignerfunktionen aufgelistet, aber auch einen potentiellen Ansatz
gefunden, um Beitrige hoherer Ordnung abzuleiten.

1. Quantisierung der ebenen Wellen: In diesem Fall enthélt die Dirac-Gleichung keine &ufsere
Wechselwirkung und wird somit durch freie ebene Wellen gelést. Die Ergebnisse dieses Ansatzes
bilden den Grundstein fiir die Methode der semiklassischen Entwicklung: Sie dienen als Losun-
gen nullter Ordnung in A, wahrend solche héherer Ordnung automatisch Ordnung fiir Ordnung
erscheinen.

2. Chirale Quantisierung: In diesem Fall haben wir ¢ und ps als konstante Variablen fiir die
Selbstenergie eingefiihrt. Diese Variablen tragen in Form von ,UN + ,u5N 5 zum gesamten Hamiltonian
bei, wobei N und Nj Operatoren fiir Teilchenzahl und Axialladungszahl sind. Im masselosen Limes
konnten wir u als das chemische Vektorpotential und us als das chirale chemische Potential iden-
tifizieren. Wir betonen, dass das chirale chemische Potenzial im massiven Fall nicht wohldefiniert
ist, da die konjugierte Grofse, die Axialladung, nicht erhalten ist. Im massiven Fall ist ps also
nur eine Variable, die das Spin-Ungleichgewicht beschreibt. Der modifizierte Hamilton-Operator
flihrt zu einer neuen Dirac-Gleichung, die gelost werden konnte, wenn wir annehmen, dass g und
s Konstanten sind. Die Wignerfunktion wird dann durch Einteilchenwellenfunktionen konstruiert.
Da jedoch das Vorhandensein von g und ps die Dirac-Gleichung &ndert, miissen auch die kinetis-
chen Gleichungen fiir die Wignerfunktion weiter modifiziert werden. Dariiber hinaus kénnen wir
die Einteilchenlosung fiir allgemeine raum- / zeitabhéngige p und ps nicht erhalten. Die Methode
der chiralen Quantisierung dient somit nur als Gegenprobe fiir die Methode der semiklassischen
Entwicklung. Hier sind die elektromagnetischen Felder noch nicht enthalten.

3. Landau-Quantisierung: Basierend auf dem Fall 2 fithren wir weiterhin ein konstantes Mag-
netfeld ein. Die Energieniveaus werden dann durch die Landau-Niveaus mit Modifikation von

den chemischen Potentialen p und w5 beschrieben. In diesem Fall konnen wir die Phanomene im

v



Magnetfeld wie CME, CSE und anomalen Energiefluss explizit untersuchen. Da das Feld das En-
ergiespektrum &ndert, haben wir festgestellt, dass die Gesamtfermionzahldichte, die Energiedichte
und der Druck von der Stirke des Magnetfelds abhéangen.

Dariiber hinaus haben wir basierend auf der Quantisierung der ebenen Wellen eine semiklassische
Entwicklung in der reduzierten Plancksche Konstante A durchgefiihrt. Die Wignerfunktion wird
dann bis zur Ordnung h gelost. Man beachte, dass die Methode der semiklassischen Entwicklung
fiir ein elektromagnetisches Feld mit beliebiger Raum-/Zeitabhéngigkeit verwendet werden kann.
Bei dieser Methode setzen wir g und p5 in die thermischen Gleichgewichtsverteilungen anstatt in die
Hamilton-Verteilung ein und machen Gebrauch von der spezifischen Annahme, dass alle Fermionen
in longitudinaler Richtung polarisiert sind. Dieses Verfahren stellt eine naive Erweiterungen des
Verfahrens f iir den masselosen Fall dar. Numerische Berechnungen zeigen, dass die auf diese
Weise erhaltene Gesamtfermionzahldichte und Axialladungsdichte mit denjenigen aus der chiralen
Quantisierung tibereinstimmen, wenn ps und Masse m vergleichbar mit der oder kleiner als die
Temperatur sind. Gleichzeitig zeigen die Energiedichten und Driicke bei diesen beiden Methoden
ebenfalls Ubereinstimmungen.

Neben den obigen drei analytisch losbaren Féllen haben wir auch die Wignerfunktion im elek-
trischen Feld diskutiert. Basierend auf den Ergebnissen der Quantisierung der ebenen Wellen und
der Landauquantisierung erhalten wir durch dynamische Betrachtungen jeweils Wignerfunktionen
in Gegenwart eines konstanten elektrischen Feldes. Anschlieftend werden Paarproduktionen berech-
net, die, wie bewiesen wird, durch ein paralleles Magnetfeld verstarkt, durch Temperatur und
chemisches Potential dagegen unterdriickt werden. Die Unterdriickung der Paarproduktion im
thermischen System wird auf das Pauli’sch Ausschlussprinzip zuriickgefiihrt.

Die Methode der semiklassischen Entwicklung bietet eine allgemeine Méglichkeit, die Spinkorrek-
tur zu berechnen. Zu nullter Ordnung in /& haben wir die klassische spinlose Boltzmann-Gleichung
reproduziert. Zur Ordnung h treten automatisch Spinkorrekturen wie die Energieverschiebung
durch spin-magnetische Kopplung auf. In dieser Arbeit haben wir eine allgemeine Boltzmann-
Gleichung und eine allgemeine BMT-Gleichung erhalten, die jeweils die Entwicklungen der Teilchen-
verteilung und der Spinpolarisationsdichte bestimmen. Kollisionen zwischen Teilchen sind jedoch
noch nicht enthalten. Nach der Methode der Momente kénnten wir die semiklassischen Ergebnisse
zu einer hydrodynamischen Beschreibung ausweiten, was unsere zukiinftige Arbeit wére. Allerd-
ings erscheinen bei der Methode der semiklassischen Entwicklung die elektromagnetischen Felder

zur Ordnung A, was fiir den Limes schwacher Feldstédrke gilt. Im Anfangsstadium von Schwe-
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rionenkollisionen ist die Magnetfeldstarke jedoch vergleichbar mit mZz. Auch in spédteren Stadien
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koénnen die Schwankungen der elektromagnetischen Felder m?2 erreichen. In der starken Laserphysik
sind die elektromagnetischen Felder von erheblicher Stérke, aber es gibt fast keine Teilchen. Ob
die semiklassische Entwicklung in diesen Féllen eingesetzt werden kann oder nicht, bedarf einer
genaueren Diskussion. Die Untersuchungen des konstanten Magnetfeldes in dieser Arbeit kénnen
als Ausgangspunkt der kinetischen Theorie in einem starken Hintergrundfeld dienen.

Eine weitere mogliche Erweiterung dieser Arbeit ist die Axialladungserzeugung. Bei Vorhanden-
sein paralleler elektrischer und magnetischer Felder erzeugt das elektrische Feld Teilchenpaare aus
dem Vakuum und die neu erzeugten Paare werden durch das Magnetfeld polarisiert. Infolgedessen
tragt die Paarproduktion auf dem niedrigsten Landau-Niveau zur axialen Ladungsdichte bei. Die
Realzeitaxialladungserzeugung von massiven Teilchen im thermischen Hintergrund wurde noch nicht
gelost. Und der Wignerfunktionsansatz in dieser Arbeit konnte einen moglichen Zugang zu diesem

Ziel liefern.
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I. INTRODUCTION

A. Chiral effects and pair-production

The quark-gluon plasma (QGP) is a new state of matter created in relativistic heavy-ion colli-
sions. It is the hot and dense matter of strong interaction governed by quantum chromodynamics
(QCD). The universe is in the QGP phase in its early stage. Thus creating and studying the QGP
helps us to better understand both the properties of QCD and the evolution of the universe. There
are two big collider experiments for heavy-ion collisions that are running in the world: the Large
Hadron Collider (LHC) at CERN [I] and the Relativistic Heavy Ion Collider (RHIC) at BNL [2].
There are also other colliders under construction: the Facility for Antiproton and Ion Research
(FAIR) at GSI [3], Nuclotron-based Ion Collider fAcility (NICA) at Dubna, etc..

The evolution of the QGP is dominated by the strong interaction. The interaction rate is suffi-
ciently large such that the plasma reaches hydrodynamization rapidly after its generation [4]. Here,
hydrodynamization means the QGP can be accurately described by relativistic hydrodynamics. In
non-central collisions, a strong magnetic field is generated by the fast-moving protons. The field
strength depends on the type of colliding nuclei and the center-of-mass collision energy. For exam-
ple, in Au+Au collisions at RHIC with collision energy /s = 200GeV per nucleon, the magnetic
field can reach several m2 ~ 10'®G [5-8], which is the strongest field that humans have ever made.
The magnetic field decays quickly because it is mainly generated by the spectators which move far
away from the interaction region soon after the collision moment. Most simulations use the Lienard-
Wiechert potential, developed by A. M Lienard in 1898 and E. Wiechert in 1900, to describe the
electromagnetic field of a moving point charge in vacuum. However, the QGP is a conducting
medium, with the conductivity having been calculated via lattice QCD [9, [10] and holographic
models [II]. A non-vanishing electrical conductivity will significantly extend the life-time of the
magnetic field [12, 13]. Recently, an analytical formula has been derived for the electromagnetic
field generated by a moving point charge in a medium with constant electrical conductivity o and
chiral magnetic conductivity o, [14], I5], which can serve for numerical simulations in the future.

For massless particles, the chirality operator is commutable with the Hamiltonian. One can then
separate the massless particles into the right-handed (RH) ones and left-handed (LH) ones according
to their chirality. In the QGP, an imbalance between RH and LH particles can be generated by
topological fluctuations of the gluonic sector, fluctuations of the quark sector, or glasma flux tubes

[16-20]. The corresponding thermodynamic states can be specified by a chiral chemical potential ps,



which is defined as the parameter conjugate to the topological charge. A nonzero topological charge
breaks the charge-parity symmetry locally and induces a charge current along the direction of the
magnetic field, i.e. Chiral Magnetic Effect (CME) [19, 21, 22]. The CME can also be understood
through Landau quantization: In the presence of a magnetic field, charged particles will occupy
energy states with specific spin and orbital angular momentum, which are called Landau levels.
The ground state, i.e., the lowest Landau level is occupied by positively charged particles whose
spins are parallel to the magnetic field, or negatively charged particles whose spins are anti-parallel
to the magnetic field. Such a spin configuration is required by the principle of minimum energy.
Because of the nonzero topological charge, the momentum of positively (or negatively) charged
particle has a preference direction with respect to its spin and thus generates a collective current.

The CME is proportional to the magnetic field and the chiral chemical potential us [22] 23],

H5
J=-—¢B 1.1
27T2q ’ ( )

where ¢ is the electric charge of particles. For systems with multiple species of particles, we need
to take a sum over all species.

In heavy-ion collision experiments, the chiral imbalance can be spontaneously generated in the
initial stage of the collision [16-20}, 24]. Thus, the CME is expected to be observed in non-central
collisions through the azimuthal distribution of charge [25],

dN
de

—— o 1+2) {vncos[n(¢— Urp)] + ansin[n (¢ — Trp)]}, (1.2)
n

where v, and a, denote the parity-even and parity-odd Fourier coefficients and ¢ — Wrp is the

azimuthal angle with respect to the reaction plane. In experiments, the reaction plane cannot be

detected directly, thus in practice we use the event plane Ugp as an approximation. Here the event

plane is determined by the beam direction and the direction of maximal energy density. The CME

was first expected to be observed through the charge correlation [25] 26],

Yap = (cos (¢a + ¢ — 2Vgp)), (1.3)

where «, [ denote particles with the same or opposite charge sign and (- - -) means average over all
the particles. Moreover, the determination of the event plane is not necessary: Wgp can be replaced

by a third particle, which gives the three-particle correlation [25, 27],

Yap = — (€08 (¢a + dp — 2¢c)) - (1.4)

V2,c
In the CME, the correlation for the same charge sign is observed to be positive while that for

the opposite sign is negative, at RHIC [26H28] and at LHC [29-31]. However, these correlation



functions have significant background contributions from the cluster particle correlations [32] and
the coupling between local charge conservation and vy of the QGP [33]. Meanwhile, the difference
between same-charge-sign correlations and opposite-charge-sign correlations, Ay = vss — Yogs, are
of the same magnitude in Pb+Pb and p-+Pb collisions at LHC [30]. This is a challenge for the CME
interpretation of the charge correlation because the magnetic field in p+Pb collisions is expected
to be much smaller than in Pb+Pb collisions. On the other hand, the direction of magnetic field
is random with respect to the reaction plane in p-+Pb collisions according to the Glauber Monte
Carlo simulation [30, [34], thus the event-by-event average of the CME contribution is expected
to be small, which indicates that the large part of observables measured in Pb-+Pb collisions may
come from the background instead of the CME. Various new methods are proposed to isolate the
CME from the background [35H38]. Isobaric collisions have been proposed at RHIC for this purpose
[35]. The isobars are chosen to be $Ru+ $Ru and $5Zr+ 95Zr since they have the same nucleon
number but different proton number. Due to different proton numbers in collisions of two isobars,
the magnetic field would be 10% different and so is the CME signal, while the backgrounds are
expected to be of the same magnitude because they are dominated by the strong interaction. Thus,
the isobaric collisions would provide controlled experiment for the CME [35].

In non-central collisions, the colliding nuclei carry large orbital angular momentum. For example,
the total angular momentum is about 10%% for Au+Au collisions at VSNN = 200 GeV and b = 10
fm [39, [40]. Most of the total orbital momentum will be taken away by spectators while about 10%
is left in the QGP [40]. The rotation of QGP can be described by a kinematic vorticity w = %V XV,
where v is the fluid velocity. Analogous to the CME, the vorticity can also induce an electrical
current along its direction because of the spin-orbit coupling, which is known as the Chiral Vortical
Effect (CVE) [41,[42]. In the massless case, 2/3 of the total CVE is attributed to the magnetization
current and the remaining 1/3 is attributed to the modified particle distribution because of the
spin-vorticity coupling [43H45]. Since the CVE is blind to the charge, it can induce a separation of
baryons. Thus, the CVE is expected to be detected through baryon-baryon correlations [46, [47].

Because of the spin-magnetic-field and spin-vorticity couplings, both the magnetic field and
vorticity can polarize particles, known as the Chiral Separation Effect (CSE) [48] [49] and the Axial
Chiral Vortical Effect (ACVE) [41], 42, [50]. Note that these two effects exist even if the chiral
imbalance vanishes, i.e. pus = 0. The ACVE can induce a global polarization of hyperons, which
has been observed through the polarization of A hyperon at STAR [51], [52]. Here the A decays into
proton and 7~ through weak interaction, which breaks the parity symmetry. The spin of the A can

then be detected by the azimuthal distribution of daughter protons.



Since the CME depends on the axial-charge imbalance and induces an electrical current, while the
CSE depends on the electrical charge imbalance and induces an axial current, the interplay between
the CME and the CSE will generate a propagating wave along the direction of the magnetic field,
the so-called Chiral Magnetic Wave [53]. Analogously, the interplay between the CVE and the
ACVE excites collective flow along the vorticity called the Chiral Vortical Wave [54].

In the past few years, a lot of progress has been made in the chiral effects in heavy-ion collisions,
see e.g. Ref. [55],56] for a recent review. Note that the QGP is a complicated many-particle system,
in which the chiral conductivities receive many corrections [57, [58]. Thus a self-consistent kinetic
theory is needed for numerical simulations. Recent works along this line include the kinetic theory
with Berry curvature [59H63], the Chiral Kinetic Theory [64H69], and Anomalous Hydrodynamics
[24), [42], 67, [T0H73] but most of these works are for massless particles. Even through the u, d quarks
are almost massless compared with the typical temperature of the QGP, the s quarks are quite
massive. The Wigner-function method in this thesis provides a possible way to develop the kinetic
theory for massive spin-1/2 particles [74H77].

In addition to the physics related to the magnetic field and vorticity, we also study the effects of
the strong electric field in the QGP. This electric field is induced by the fast decreasing magnetic
field according to the Maxwell’s equation. It is of the same magnitude as the magnetic field and
both of them are sufficiently large in the initial stage of heavy-ion collisions, see Refs. [8, [15] for
some numerical simulations. In a strong electric field, the QED vacuum becomes unstable due to
fermion /anti-fermion pair-production, the so-called Schwinger process [78]. The pair-production
rate was first derived by Julian Schwinger in 1951 via quantum field theory [78] and then repro-
duced through various kinds of methods, such as the WKB method [79H8T], instanton method [82-
84], holographic method [85H87|, and the Wigner-function method [88-H92]. The pair-production
process can be analytically solved for a constant electric field E(t) = Eg or a Sauter-type field
E(t) = Egsech?(t/7) using the quantum kinetic theory [93, 04]. In heavy-ion collisions, the electric
field strongly depends on the space and time. One may estimate the pair-production rate via firstly
dividing the whole space into small cells, and then applying the pair-production rate for constant
electric field in each cell. However, in the instanton method [95], one can show that spatial inho-
mogeneities tend to suppress the pair-production while the temporal ones tend to enhance it. Thus
it is difficult to judge whether the constant-field approximation overestimates or underestimates
the total pair-production rate. Some methods such as the Wigner-function method [89-92, [96] can
deal with space- and time-dependent electric fields, but one has to solve a system of non-linear

partial differential equations. Thanks to the development of computing power, the pair-production



for more general field configurations becomes numerically solvable [97HI00].

Moreover, the thermal background and strong magnetic field makes the calculation of pair-
production more challenging in a medium than in the vacuum. In a thermal system, the existing
particles prohibit the creation of new particles with the same quantum number because of the Pauli
exclusion principle. Thus the pair-production will be suppressed in thermal systems [92], T01H104].
Meanwhile, the magnetic field can increase the pair-production rate if it is parallel to the electric
field. This enhancement has been analytically shown many years ago through the proper-time
method [80, 105, [106] and recently been reproduced in string theory [107) 08|, holographic theory
[109], and the Wigner function approach [92]. On the other hand, due to the fact that particles in
the lowest Landau level behave like chiral fermions, the pair-production in parallel electromagnetic
fields is related to the production of axial charge |20} 109, 1T0] and to the pseudoscalar condensation
[111), 112].

Non-central heavy-ion collisions always lead to strong electromagnetic fields. The study of
fermions (quarks) in an electromagnetic field will help us to better understand the early-stage
evolution of the QGP. In central collisions, the event-by-event average of the field is zero but its
fluctuation is sufficiently large [8]. Although the chiral effects and the pair-production, have been
extensively studied for many years, they have not yet been fully understood in terms of experimental
observables. For example, how to extract the very weak signal out of large backgrounds is still
unsolved [35H38]. As another example, the A polarization in the longitudinal and the transverse
directions: the results of hydrodynamical calculation [IT3HIT5| have opposite sign with respect
to the experiment data [52, I16]. Thus deeper and more extensive studies about fermions in

electromagnetic and vorticity fields are necessary in the frontier of high-energy physics.

B. Wigner-function method

In classical statistical theory, a multi-particle system is described by a classical particle distri-
bution f(t,x,p), as a function of the time ¢, the spatial coordinates x, and the 3-momentum p of
the particle. This description is valid because the spatial position and 3-momentum of a classical
particle can be determined simultaneously to arbitrary precision. However, in quantum mechanics,
the classical distribution f(¢,x,p) is not well-defined because Heisenberg’s uncertainty principle
states that the more precisely the momentum of one particle is determined, the more uncertainty

is its position, and vice versa. This principle was firstly proposed by Werner Heisenberg [117] in



1927 and then mathematically derived by Earle Kennard [118] and Hermann Weyl [119],

o | St

Oz0p >

) (1.5)

where 0, is the standard deviation when measuring the position  or the momentum p, and 5 is
the reduced Planck’s constant. In 1932, Eugene Wigner introduced a quasi-probability distribution
to study quantum statistical mechanics [120], which is now called the Wigner function (or Wigner
quasi-probability distribution). The Wigner function is derived from a two-point correlation func-
tion by taking the Fourier transform with respect to the distance between the two points, so the
Wigner function is a function in phase space {x*, p*}. The spatial densities of physical observables
can be derived form the Wigner function by integrating over the 4-momentum p#[121]. A more
detailed discussion of the Wigner function will be presented in Sec. For spin-1/2 particles, the
Wigner function is defined using the Dirac field operator, thus the kinetic equations for the Wigner
function can be derived from the Dirac equation without loss of generality [121].

The Wigner function can be analytically computed only in very limited cases, such as in constant
electromagnetic fields |89, 02, 122 [123]. Meanwhile, the numerical calculation is challenging because
the parameter space is 8-dimensional, which is too large for finite-difference methods. A general
way to deal with the Wigner function is to treat the space-time derivative and electromagnetic
field as small quantities and expand all the Wigner function as well as all the operators in terms
of h. This method is known as the semi-classical expansion [121, [124]. Since % is the unit of
the angular momentum, the expansion in 7 is also an expansion in spin. Up to O(h), general
solutions for the Wigner function have been obtained, in both the massless [62, 66, 69, 125] and
the massive [74H77] case. In the massless case, the Chiral Kinetic Theory can be obtained from
the Wigner-function approach [66H69]. The chiral effects are successfully reproduced at the order
O(h) 62, 66, 68, 69, 125]. In the massive case, kinetic equations are obtained which agree with the
relativistic Boltzmann-Vlasov equation and the Bargmann-Michel-Telegdi (BMT) equation in the
classical limit [74-77] and recover the Chiral Kinetic Theory in the massless limit [75H77].

On the other hand, the equal-time Wigner function can be derived from the covariant one by
integrating out the energy p° [88, 122, 126]. The equal-time formula only depends on {t,x,p},
thus is suitable for time-dependent problems, such as out-of-equilibrium physics [127] and pair-

production [89-92, 96].



C. System of units, notations and conventions

In this subsection, we declare the system of units, notations and conventions we will use through-
out this thesis. In the International System of Units (SI), the reduced Planck’s constant, the speed

of light, and the electron volt are
(7] = [kg-m®-s7"], [c]=[m-s7"], [&V] = [kg-m?-s77]. (1.6)

Here the square bracket |- - - | represents the unit or the dimension, and m, kg, s are meter, kilogram
and second, the unit of mass, length, and time, respectively. On the other hand, from Eq. ((1.6)),

we can express the units of mass, length and time in terms of A, ¢ and eV,
kgl=[c2-eV], [m]=[h-c-eV7L], [s]=[h% c-eV72]. (1.7)

Natural units are convenient to us, in which the units of physical quantities are selected as physical
constants. For example, the speed of light is the natural unit of speed. In natural units, the values
of the reduced Planck’s constant i and the speed of light ¢ are set to 1, while the unit of energy is
set to eV. In SI units, the unit of any physical quantity can be expressed as m® - s* - kg¢, with some

V=226 in natural units, where ki and ¢ are

rational numbers a, b, ¢. Then it can be rewritten as e
hidden because they are set to 1. If we consider, for example, a charged particle in a static electric

field, the unit of electric force is given by
[qF) =[kg-m-s =t -ct-eV?. (1.8)

Thus in natural units, ¢F has the unit of energy squared, eV2. Here ¢ denotes the charge of the
particles considered. As a convention, ¢ always comes in front of the gauge potential A*, electric
and magnetic fields F#, B* and the field strength tensor F*”. In the thesis, we only consider
charged fermions of one species, where the charge of fermions is +1 (and —1 for anti-fermions).
Thus we can absorb the charge ¢ in the definition of the electromagnetic field tensor F*” and the
gauge potential A¥.

Since the spin has the unit of A, we will use & as a parameter to label its quantum nature. In
the calculation of the Wigner function, we will recover ki in Sec. [[]] and treat h as an expansion
parameter in Sec. This method is already known as the semi-classical expansion [121], [124],
which at leading order in A can reproduce the classical results.

Throughout this thesis, we assume the mass m of a particle is constant. We use natural units

h =c¢=kp =1 but show h explicitly in Sec. [[V]since h is used as a parameter for power-counting



in that section. We work in Minkowski space with the metric tensor ¢"” = diag(1,—1,—1,—1)

0123 — _¢gi93 = 1. We use bold symbols such as p to represent

and the Levi-Civita symbol e
3-dimensional vectors. The electromagnetic potential is denoted by A* in order to distinguish it
from the axial-vector component of the Wigner function. The electric charge ¢ is set to +1 for
fermions and —1 for anti-fermions and thus ¢ will be hidden in this thesis. The operators in the
Dirac theory, such as the Dirac field operator, the Hamiltonian operator, etc., are denoted with hat.
Meanwhile, operators constructed by the space-time derivative 94 and the momentum derivative
0 are denoted without hat. The components of a Lorentz vector are labeled by {0,x,y, 2}, for
example, the 4-momentum is denoted as p* = (p°,p®, p¥,p*)’. Sometime we use the transpose
operation to change a 4-momentum in the line vector into a column vector. In this thesis we also

used M ! to denote the inverse of the matrix M. The unit matrix is denoted by I,,, with n being

the dimension of the matrix.

D. Outline

In this thesis we will first give an overview of the Wigner-function method in Sec. [[I} This
section includes the definition of the covariant Wigner function and its kinetic equations. Two
kinds of kinetic equations are obtained, one of which is the analog of the Dirac equation and the
other one is the analog of the Klein-Gordon equation. These equations are differential equations
of first order and second order in time, respectively. The Wigner function, as well as its kinetic
equations, are then decomposed in terms of the generators of the Clifford algebra, i.e., the gamma
matrices {1, i7v°, Y*, Yov*, %a’“’}. The equal-time Wigner function is also introduced in Sec.

In Sec. [[TT] we focus on several analytically solvable cases:
1. Free fermions, without electromagnetic field and without chiral imbalance.

2. Without electromagnetic field, but a chiral imbalance is introduced in the Dirac equation as

a self-energy correction.
3. A constant magnetic field, otherwise as in case 2.
4. A constant electric field, otherwise as in case 1.

5. Constant electromagnetic fields added to case 1, where the electric and magnetic fields are

assumed to be parallel to each other.



In the cases 1, 2, and 3, the Dirac equation has analytical single-particle solutions, which are then
used to derive the Wigner functions. Note that the magnetic field and the additional self-energy
term break the Lorentz symmetry. For example, if we take a Lorentz boost along the direction
perpendicular to the magnetic field, we find that an electric field automatically appears in the new
frame. That is, the magnetic field itself is not Lorentz covariant. Meanwhile, chemical potentials
also breaks the Lorentz covariance. So for cases 2 and 3, we are working in specific frames in which
the chemical potential u is the conjugate parameter for the net particle number and s is the one
for the axial charge. In the presence of an electric field, i.e., cases 4 and 5, the existing particles
will be accelerated and new fermion/anti-fermion pairs will be excited from the vacuum. Thus
systems in an electric field are evolving over time and the equal-time Wigner function is used for
these systems. In Sec. [[II] we analytically solve the Wigner function for the case of a constant
electric field. Meanwhile in subsection we numerically calculate the solution for a Sauter-
type electric field E(t) = Egsech?(t/7). A more general field configuration is considered in Sec.
using the method of semi-classical expansion. Solutions are obtained up to order /4 for both massless
and massive particles. In Sec. [V] we relate the Wigner function with several physical quantities
such as the net fermion current, spin polarization, energy-momentum tensor, etc.. The analytical
results from Sec. [[T]] are used under a thermal-equilibrium assumption. The physical quantities
show a dependence with respect to the thermodynamical variables and the magnetic field. Different
methods are used and compared with each other, which show both coincidences and differences.
pair-production is also discussed in Sec. [V] The results show that the magnetic field enhances
the pair-production rate, while the thermal background suppresses it. A summary and outlook of
this thesis are given in Sec. [VIl In App. [A] we listed the gamma matrices and their properties.
Other useful auxiliary functions are discussed in App. [B] which appear when dealing with the
Wigner function in constant electromagnetic fields. In App. [C] we present the standard wave-
packet description for a quantum particle, which will be used when solving the Wigner function.
The relation between the pair-production rate and the Wigner function is derived from a quantum

field description in App. [D}
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II. OVERVIEW OF WIGNER FUNCTION

A. Definition of Wigner function

In quantum mechanics, the space-time position z# and the 4-momentum p* cannot be specified
stimultaneously for a single particle, which is a straightforward consequence of the Heisenberg’s
uncertainty principle [II7HIT19]. Thus, the classical particle distribution function f(t,x,p) is not
well-defined in the quantum case. In order to find a proper way to describe quantum kinetics, we
first consider a system of two particles, whose space-time coordinate operators are #} and 4 and
4-momentum operators are pj and ply, respectively. The uncertainty principle gives the following

relations
(25, by = —ihg" éap, (24, 23] =0, [P, Py] = 0. (2.1)
where a,b = 1,2. We now define the center position and the relative momentum as

Tk

| =

(&) + @), p'= o () — ) (2.2)

N |

Then using the commutators in Eq. (2.1) we can check that these two quantities are commutable

with each other
[Z#, p¥] =0, [zt 2] =0, [p*, p”]=0. (2.3)

Thus according to the uncertainty principle, even if we can not determine the position and mo-
mentum stimultaneously for each particle, the center position and relative momentum can specified

stimultaneously. Meanwhile, the relative position and the total momentum are defined as
gr=af -y, ¢ =P+ b (2.4)
These operators also commute with each other
[9",¢"1=0, [§" 9"]=0, [¢", ¢"] =0, (2.5)

and thus they are not constrained by the uncertainty principle. On the other hand, we have the

following commutators
[9", p"] = [&", "] = —ihg"" Oa, (2.6)

which indicates that the relative momentum is the conjugate variable of the relative position, while

the total momentum is the conjugate variable of the center position.

11



The Wigner operator for a free Dirac field is defined from the two-point correlation function

[120]7

Lo intn) 0 (a4 8) o0 (r - 1), 1)

where the operator ® represents the tensor product and zﬂ is the Dirac field operator. In this

Wfree(x,p) = /

definition, the two field operators are defined at two different space-time points, z# + % where z#
the center position and y* the relative position. A Fourier transform is taken with respect to y*,
whose conjugate momentum p,, can be identified as the relative momentum of two fields in classical
mechanics. According to discussion in previous paragraph, p* and x* can be determined stimulta-
neously. Thus the Wigner operator is a well-defined quasi-distribution in phase-space {z*,p*}. We
will show in Sec. that the Wigner function is related to the classical distribution f(¢,x,p) at
leading order in spatial gradients.

Note that the Wigner operator defined in Eq. is not gauge-invariant. Under a local gauge

transformation 0(x), the field operators transform as follows,

Y (a: - %) — ¢ 0@=u/2)y), (;1: - %) , 12 (a: + %) — e_ie(x+y/2)1z (a: + %) , (2.8)

and the Wigner operator transforms as
Weeo(#,p) = exp [i0(z — y/2) — i0(z + 1/2)] Wheeo (2, D). (2.9)

The exponential factor is not 1 for general local transformation with 0(x — y/2) # 0(z + y/2).
Thus the Wigner operator in Eq. (2.7)) is not gauge-invariant. In order to define a gauge-invariant

quantity, we first express the Dirac field at the position  — 4 in a Taylor expansion as follows,

# (o= =22 5 (mr) o) = exo (<) i) 210)

In the presence of an electromagnetic field, we replace the ordinary derivative 94 by the covariant
one DY = 04 + iA* so that the gauge invariance is automatically ensured. Here A* is the four-
vector potential of the electromagnetic field. Inserting the field operator into Eq. , we define
the following Wigner operator,
A [ dY ) 1 N 1 .
W(z,p) = /Wexp(—zy“m) [eXp <2yuD5) w(m] 7 ® [exp (—QyuDéf> tb(x)] ;o (2.11)
which is covariant and gauge-invariant.

Now we define the gauge link between two space-time points

T2

Uz, 1) = exp [—i / | dx“A#(x)] , (2.12)

12



where the path of integration is taken as a straight line between two points. Then we obtain the

gauge link between x# — %y“ and x* + %y“,

y y 1/2
U (ac + 5T 5) =exp |—iy" / o dsA,(x +sy)|, (2.13)
We can prove
csuDt _ 7 (x . %) e3Undk (2.14)
with the help of two auxiliary functions
fls) = eubx,
g(s) = U (z, z + sy) S0z (2.15)
Their derivatives with respect to the parameter s are
d 14
S5 = Ss)DE,
d d
%g(s) = Uz, z+ sy) esyuaﬁyyag + LlsU (z, =+ sy)} esynls
= Uz, z+ sy) {esy“agyyag + [iy" A, (x + sy)] esy*‘ag}
= g(s)y, DY, (2.16)

which means the two functions defined in Eq. satisfy the same differential equation. Fur-
thermore they also share the same value at point s = 0, we conclude that they are equivalent for
arbitrary s. Equation is then proved by taking s = % Substituting Eq. into Eq.
(2.11)), we obtain another form of the Wigner operator

Wiz, p) = / (313;4 exp (—iy!'pu) U (w + %, x — %) 7; (:C + g) ® P (:E — %) . (2.17)

The Wigner function is then derived by taking the expectation value of the Wigner operator on the

physical state of the system [(2)

Wiew) = [ Gfsew i) v (s §a - §) (0

Note that here we have taken the gauge link out of the expectation value. We treat the gauge field

i}(w+%)®w(x—%)‘9> (2.18)

(i.e., the electromagnetic field in this thesis) as a classical C-number field, while the fermionic field
as a quantum field. This is known as the Hartree approximation, which is valid when higher-loop

corrections are negligible or the field is large enough.
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The Wigner function in Eq. (2.18) is not Hermitian but it transforms as
WT =040, (2.19)

which is the same as the property (A6 of the generators of the Clifford algebra I'; =

{Iy, iv®, v, ¥P9H, %a“”}, where o = £ [y#,4"] and 7° = i7%y!4?y3. Thus the Wigner function

can be expanded in terms of I';,
1 ‘ 1
W(z,p) = <H4]-" + VP + 4V, + YPRA, + QUWSW> : (2.20)
The Wigner function has 16 independent components because it is a complex 4 x 4 matrix and Eq.

(2.19) provides 16 constraints, which correspond to I';. Inserting the decomposition ([2.20)) into Eq.
(2.19) and using the property (A6) of I';, one can prove that all the coefficients in Eq. (2.20) are

real functions. The expansion coefficients can be derived from the Wigner function by multiplying

the corresponding generators and then taking the trace,
F = Tr(W),
P = —Tr(in°W),
Vi = Tr(y*W),
At = Te(y'y°W),
St = Tr(a"™'W). (2.21)

The tensor component is anti-symmetric and has 6 independent members. We can equivalently

introduce two vector functions

1 . ' 1
T = §ei (SZO — SOZ> , S = §eijkei8jk. (2.22)

By Lorentz and parity transformations, F, P, V¥, A* S* are the scalar, pseudo-scalar, vector,
axial-vector, and tensor, respectively. The properties under charge conjugation, parity and time
reversal are shown in Tab. [Il It has been shown in Ref. [I21] that some components in Eq.
have obvious physical meaning. For example, the vector component is the fermion number current

density and the axial-vector component is the polarization density. The physical meanings are listed

in Tab. . We will have a more detailed discussion in Sec. .

B. Equations for the Wigner function

In this subsection we will derive kinetic equations for the Wigner function. The Wigner function

is defined in Eq. (2.18]) for spin-1/2 fermions, whose kinetic equation will be derived from the Dirac

14



Ft,x) | Plt,x) | Vult,x) Au(t,x) | Suw(t,x)
C | F(t,x) P(t,x) —Vu(t,x) At x) -8 (t,x)
P F(t,—x) | =Pt —x)| Vult, —x) | —Au(t, —%) | Su(t, —%)
T | 7t [-Ptn| Victx) | Auctx) |-Sw(-tx)
CPT|F(—t,—x)|P(—t,—x)|—Vu(—t, —x)|—AL(—t, —%) | S, (—t, —X%)

Table I: Transformation properties of the components of the Wigner function under charge conjugation (C),

parity (P), and time reversal (T). The dependence on the momentum p* is suppressed here.

Component|  Physical meaning (distribution in phase space)
F Mass
P Pesudoscalar condensate
1% Net fermion current
A+ Polarization (or spin current, or axial-charge current)
T Electric dipole-moment
S Magnetic dipole-moment

Table II: Physical meaning of the components of the Wigner function.

equation and its conjugate,

[Wu(gmu + "Au) - m]l4]¢ = 0,

- —

YV ( 0 5y — iA,) +mly] = 0. (2.23)
Note that we have adopted the Hartree approximation, in which the electromagnetic field is assumed

to be a classical field instead of a quantum one. In these equations, 1) and 1) represent either the

field or the field operators after second quantization.
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1. Dirac form

In order to derive a Dirac form kinetic equation with the first order in the time derivative, we

first act with i970,, on Eq. (2.18),

177 Ope W (2, p)

= o7 [ oo Civn [t (+4 2= §)] (05 (o4 §) 05 (- ) )
d [ (e )] @5 (== 5)| )

(
] Bt (er e
(e+52-3)

0o+ 5) @ [ivoud (o= )] 2).
(2.24)

In the second and third lines we have used the following property of the tensor product to put the

gamma matrix into the expectation value,
AB®C)=B®(AC). (2.25)

With this property, the operator ¢v? 0, in the last line of Eq. directly acts on 1 (CL‘ — %) and
thus the Dirac equation can be used for further simplification. On the other hand, the conjugate of
the Dirac equation in Eq. cannot be directly used to simplify the second line of Eq.
because 77 does not come with 0,51 ($ + %) However, since the field operator 12 (x + %) depends

on ¥ + %y”, we can replace the derivative with respect to x# by that with respect to y*,

Do) (a: n g) = 20,5 (:c n %) . (2.26)
Inserting this into Eq. and integrating by parts, we obtain
7 0o W (2,p) = —=29"poW (2, p)
+iv7 / (Z;Z)/él exp (—iy"'pu) [(8m —20y,)U (z + %, €T — %)}
<(ofp (e +5) @0 (=-3)l2)
+2/(2d:y)4 exp (—iyt'pu) U (a: + %, T — %)

(afife+3)o [rons (o 1)) oo

16



Here we have dropped the boundary term which is assumed to vanish if we take an infinitely large

volume. Now the Dirac equation ([2.23)) can be used to further simplify the last term in Eq. (2.27)),

i Ope W (x,p) = =279 poeW (x,p) + 2mI4W (z,p)

17 [ e (it (95 (4 B) @ (- 1) )

X [z (Oae — 20,0) + 244 (x - %)} U <:r + % - %) . (2.28)

Using the definition of the gauge link in Eq. (2.13)), we can explicitly calculate the derivative of the

gauge link,
[i (Oaor — 20y0) + 285 <x - 3)} U (m + 2 - 9)

2
= U(ﬂc%—g,x—Q)

; ; (2.29)

1/2
y“/ ds(1 —2s)Fyu(x + sy)
~1/2

Inserting Eq. (2.29) into Eq. (2.28) we can obtain

7 OueW(2,p) = —2(77po — mls)W (2, p)
1/2
+7‘7/ (;ljg4 exp (—iy"pu) y° /_1//2 ds(1 —2s)Fyp(x + sy)
xU<m+%,x—%)<QJ(H%)@zﬁ(m—%)‘@. (2.30)

Due to the phase factor exp (—iy*p,), the relative coordinate y” can be replaced by the momentum

derivative i05. Furthermore, the integral over the field tensor can be calculated using a Taylor

expansion
1/2 x4 12
/ A1 — 26 Fop(i + 55) = 3 = ("0 Fopl) / ds(1 - 25)s"
—1/2 n=0 nl —1/2
1+(-1)"3+2n), , "
B nZO n+2 12n+1 (4 Our)" Fop ()
1+ (=D"B+2n), ., "
- Z TL+2 |2n+1 (Zapal"l/) Fcfp(fU)- (2.31)

We now separate the even and odd terms in the series expansion, so the above formula can be

written in a more concise form,

SLECD B+ oy

= (n 4 2)12n+1 P
= S i v 2n . . (—1)” ” o1
(1., (1.,
- (261’8”) —tn (231983:”) : (2.32)
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where the following spherical Bessel functions were used

. sinxz .
Jo(x): x ’ ]1(3’:):

sinx—xcosx. (2.33)

2

Thus we finally obtain the following kinetic equation

i O W(x,p) = —2(77po —mls)W(x,p)

T (1. 1,
+Z’Y I:.]O <28pa$l/> Fap(l') — 17 <28p81'1/) ng(x)] 8£W(x,p) (234)

Defining the following operators

Kt = TI* + %v#,

1. ,
" = p' — 531(A)F“ (2)Opv,

AV

ol — jO(A)F”V(x)ﬁpy, (2.35)

with A = %8; Oyv, the kinetic equation for the Wigner function can be written in a compact form,

(WK, —mly)W(z,p) =0, (2.36)

We note that the derivative 0., in the operator A only acts on F*”(z) but not on the Wigner
function. The operators II# and V# are generalized 4-momentum and spatial-derivative operators,
respectively, which can be reduced to the ordinary ones without the electromagnetic field. In the
limit of vanishing electromagnetic field, the equation for the Wigner function in Eq. takes
the same form as the Dirac equation. Note that Eq. is first order in space-time derivatives.
Thus, in the remainder part of the thesis, we call Eq. the Dirac-form kinetic equation for
the Wigner function.

Note that in Sec. [[V] we will expand the Wigner function in powers of the Planck’s constant.
To this end, we will show & explicitly. Recalling the discussions about natural units in Sec. [[C] the
product of p* and z,, has the unit of 4. The field strength F* has the unit [kg - m - s~?] in the SI
units, thus F#*(z)0,, has the unit [s~1]. In order to make sure K* has the unit of momentum and

A is unit-less, we recover A as follows,

Kt = TI* + @V“
2 )
h B}
W= p ()P (@),
VH = O — jo(A)F* (2)0p, (2.37)

with the operator A = g@; eu-
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2. Klein-Gordon form

In the previous part of this subsection, we have derived the Dirac-form kinetic equation ([2.36)),
which is of first order in space-time derivatives. A second-order equation can be obtained by

multiplying the Dirac-form equation ([2.36|) with v*K, + m and using the following relation,
Y = % {7+ % [V, 7] =g — o™ (2.38)
Then the new kinetic equation, which is called the Klein-Gordon-form kinetic equation, reads,
<K“Ku — %&W (K, K, — m2> W(z,p) =0, (2.39)

where K* is defined in Eq. (2.35). Since both the Wigner function and the operators are complex
matrices, taking the Hermitian conjugate of Eq. (2.39)) and using the property (2.19)) of the Wigner

function, we obtain the conjugate equation
[(K"K,)* —m2] W(z,p) + % (K, K, Wz, p)o = 0. (2.40)
Since K* is complex, one can separate the real and imaginary parts of K*K, and [K,, K,] as
K'K, = RK? +iSK? and [K,, K,] = RK,,, + iSK,,. We will give the explicit expressions for
these operators later. The Klein-Gordon-form equation ([2.39) and its conjugate (2.40)) now become
) 1
(RE? —m?) W +iSK*W — SRK,, 0" W + SSK,,0"W = 0,
) 1
(RE? —m?) W — iSK°W + SRE,, Wo' + SSK,,Wo = 0. (2.41)

Note that the above two equations should be satisfied stimultaneously. Thus we can form linear

combinations by taking the sum and the difference,
' 1
(RK? — m2) W — i?RKW [0 W] + S SKu {o™, W} = 0,

h .
SK*W — ZREK, {0, W} — %%Kw [, W] = 0. (2.42)

The first equation obviously depends on the mass while the second one does not. These equations
are the generalized on-shell condition and the Vlasov equation, respectively.

The operator K* is the linear combination of the generalized momentum operator II* and the
generalized space-time derivative operator V#, as defined in Eq. . Using the operators II#

and V#, we obtain

h2 ih
K'K, = IIMI, — ZV“W + 5 {VF 1L},
K2 ih
K., K,)] = I Vi, Vo + [, L] + — ([IL, Vo] = [, V) (2.43)

2
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Since both IT* and V# are real-defined operators, one can read off the real and imaginary parts

h2
I, — V9V,

=
o)
Il

h
SK? = Z{VAIL},

h2
§R]:(/w = _Z [V;M vl/] + [Hu7nu] )
h
SK,, = 3 (M, V] —[11,,V,]). (2.44)

More detailed calculations give

h2 , ,
RK? = p.p* — o Ounlf = T [j1(A) Fu) 05

2
o Un(8)Fu] 0 {0 = L (&)1 0, |

[ . y
) o) 0} 3
hQ . . alqr
+ U (B) Ew [l (B) F*210,0p.a
SK? = hpu {0 — [jo(L)F**] pa}
h? . o . v
—5 105 = [o(8) F*] Opa}t [11(L) Ew] Gy,
RK,, = —hAjo(A)F,(x),
SKuw = —hjo(D)Fu + hAji(A)E,. (2.45)
These expressions seem to be complicated but if we truncate O(h?) and higher order terms, these

operators become
RK? = p® + O(h?),
SK? = hp, (08 — FF0,4) + O(h?),
RK,, = O(h?),
SK,, = —hF,, + O(h?), (2.46)

which are quite concise and will be useful in semi-classical expansion. Inserting the truncated

operators into Eq. (2.42), we obtain
h
(p2 - m2) W — ZFW {c", W} =0,
Py (01 — FHeg, VW + %FW 0" W] = 0. (2.47)

The first equation coincides with the on-shell condition, because if the electromagnetic field vanishes,

the non-trivial solution of W (z, p) should ensure p> = m?2. Here the term —%F w {o, W} in the
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first equation plays the role of a coupling between the electromagnetic field and the dipole-moment.
The second equation is the Vlasov equation. Note that the first equation does not contain any
information on the dynamical evolution. Up to order A, the evolution of the Wigner function is

determined by the second equation (2.47)) while the first equation just provides a constraint.

C. Component equations

In the previous subsection we have derived the Dirac form and Klein-Gordon form of the kinetic
equation. In this subsection, we decompose the Wigner function into the scalar, pseudoscalar,
vector, axial-vector, and tensor parts, as shown in Eq. and derive the equations for all 16
independent components. Inserting the decomposition into the Dirac-form equation (2.36]

and extracting the coefficients of different matrices I';, we find following complex-valued equations

K"V, —mF = 0,

KF'A, +imP = 0,

K, F +iK"S,, —mV, = 0,

iK, P+ %ewﬁK”saﬂ +mA, = 0,

—iK[, V) — €uasK*A? —mS,, = 0, (2.48)

where Ay, B,) = A, B, — A,B,,. Since all components {F,P, V!, A# S#} are real functions and
the operator K* is given by Eq. (2.37)), the real and imaginary parts of the above equations can be

easily separated and the real parts read

"y, —mF = 0,

h

h
H‘LL./_"— QVVSVH - mV# = 0,

h 1
—5 VP + 5e,wﬁnvsaﬁ +mA, =0,
h o
§v[,uvy] - euua,ﬁ’n Aﬂ - mS,uV = 0, (249)
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while the imaginary parts are

hVHY, = 0,
A, = 0,
h 14
G VuF +1Sy, =0,
h
HMP+ZEW5W$@5 =0,

h
My V) + 5 epas VAT = 0. (2.50)

Note that the real parts of these equations explicitly depend on the particle mass while the imaginary
parts do not. Equations (2.49)) and contains 32 component equations in total, but they can
be simplified in massless case. If the mass is zero, then the terms proportional to the mass in Eq.
vanish, while the imaginary parts do not change. Then the vector and axial-vector

components decouple from the other components, the corresponding equations read,

hVHY, =0, hVFA, =0,
Y, =0, II*A, =0,

h h
MV + S euas VAT =0, TAy) + 2 euwasVV? = 0. (2.51)

We observe that these equations are symmetric with respect to V¥ = A*. This can be understood
from another point of view: in the massless limit the chiral symmetry is restored, thus the net
fermion number current V* and the axial current A" are related by chiral symmetry. The remaining

equations are for the scalar, pseudoscalar and tensor parts

h h
H#.F — §VVSV'LL = 0, §Vu./r+ HVSV/J, = 07
h v eaf h 1 v gafB
HN,P + Z(‘fuyaﬁv S - 0, —§VHP + Eepuoz,b’n S = 0. (252)

On the other hand, we can derive the on-shell conditions and Vlasov equations from Eq. ([2.42)).

Combining commutators and anti-commutators between gamma matrices and o*”, which is listed

in Eq. (A7), with the decomposition (2.20)), we have

; 1
(o™ W (2, p)] = % {W[MVV] + 757[“./4”] + 3 <gp[ugu]o _ ga[uau}p) Sgp} ,

1 1
{O.,ul/7 IV(Z‘, p)} 5 {O_,uy ya 26uuaﬁo_aﬂp Gﬂyaﬁ’)ﬁ’)/ﬁva e;wozﬂ,yﬂAa
1
+*2 (gu[agp}ll + Z-e;u/a'p,y5) CSo'p}- (253)
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Inserting this into Eq. (2.42) and separating different coefficients of the matrices, we obtain the
on-shell conditions
2 2 1 x uv
(%K -m )]:4— §\SKWS = 0,
1
(RE? = m?) P+ - euasSKSY = 0,
1
(RK? —m?) V, + RE V" — 5lc,w,aﬂ%f(aﬂ,cl” = 0,
1
(RK? —m?) A, + RK,,, A — §ewgsf<aﬁw =0,

1
(RE? —m?) S+ RE, S0 + SKu F — 5@,,&5%}(&% =0, (2.54)

and the Vlasov equations

1
SK2F — §§RKWSW =0,

1
SK?P — Zewaﬁ%Kwsaﬁ =0,

1

SK?V, + SK V" + iewg&tmmv =0,
1

5%,153%1(&%” =0,

1
SK2Su + SK%, Sy — RE W F + iewﬁma% = 0. (2.55)

SK? A, + SKu A +

Here the operators RK?, K2, RK,,, SK,, are given in Eq. (2.44). We observe that in these
equations, the vector and axial-vector components V,,, A,, decouple from all the other components
F, P, Suv, in both the massive and the massless cases. We will show in the next subsection that, the
scalar, pseudoscalar, and tensor components F, P, S, can be derived form the other components
Vyu, Ay, or vice versa. Thus the on-shell conditions and Vlasov equations for 7, P, S,, in Egs.
, can be obtained using the equations for components V,, A, (and vice versa). This
means that equations (2.49)), (2.50)), (2.54), and are reducible: when solving for the Wigner

function, it is not necessary to check that all these equations are fulfilled. More detailed arguments
will be given in the next subsection.

Both the decomposed equations , and the above on-shell conditions and
Vlasov equations are derived from the Dirac-form equation for the Wigner function .
The difference is that Eqgs. , are first-order equations with respect to the operators IT#,
V# while Egs. , are second-order ones. Analogous to the fact that the Klein-Gordon
equation for fermions can be derived from the Dirac equation, one can reproduce Egs. ,
from Egs. , by multiplying with the appropriate operators and then taking

linear combinations. Taking the on-shell and Vlasov equations for the scalar component F as an
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example, from the third line of Eq. (2.49) we express V,, in terms of F and S,

1 h
=—I,F - —V"S,,. 2.56
Vi m M 2m s ( )
Multiplying the first line of Eq. (2.49) by the mass m and using the above relation, an on-shell

condition for the scalar component F is obtained,
H 2 h WXV
(ITM11,, — m*)F — 51‘[ V'S, = 0. (2.57)

Using the anti-symmetric property of S, the second term can be simplified as

h

h
—SIIVS,, = S V]S, + SVIIIES,

h2
([I#, V"] — 11", V*]) S, + ZV”V”}", (2.58)

S N S

where we have used the third line of Eq. (2.50)) in the last step. Comparing with the operators
listed in Eq. (2.44)) we directly reproduce the first line in Eq. (2.54). On the other hand, inserting

the relation ([2.56|) into the first line of Eq. (2.50) we obtain

he, h? p—

Then multiplying the third line of Eq. (2.50) with operator IT* gives
h 14
SIMV,F + TIPS, = 0. (2.60)

Taking the sum of Egs. (2.59) and (2.60) and comparing with the operators in Eq. (12.44)), we
reproduce the Vlasov equation for the scalar component F, which is the first line of Eq. (2.55).

Similar procedures can be performed for all the other components of the Wigner function, which

proves that the on-shell and Vlasov equations in (2.54), (2.55) can be derived from Egs. ([2.49)),
(2.50) without any additional assumptions.

D. Redundancy of equations

In this section we will prove that Egs. , are reducible: the third and fourth lines
of Eq. can be derived from the others and F, P, and S,,, can be expressed by V, and A,
or vice versa. Thus the kinetic equations can be further simplified. Two approaches are proposed
for solving the Wigner function: one approach is based on V,, and A, and the other approach is

based on F, P, S,,. In Sec. IIZI both of these two methods are used and obtain the same results.
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Now we prove that Eqgs. (2.49)), (2.50) are not independent from each other for the massive case.
We make the following combination using the first and last lines in Eq. (2.49) and Eq. (2.50)

h v 1 v

1 v h (6%
——I (2%1@ — €apll® AP — mS,w>

h h
+5,-V" (H[“vﬂ + 26m,agva./4’5> . (2.61)

The right-hand-side vanishes because all the terms inside parentheses vanish. After some calcula-
tions we obtain

h 5 h v, B
§Vuf+n Su,u = _%([Huvvl/]—i_[nvavﬂ])v +

1 h?
+aren (1017 + 5 197, 9°7) 2 262

Using Eq. (2.37)) one can calculate the commutators

% [HIMV ]V#

ML) = < [i(8) + 3AT()] £
[HM7 Vu] = [Ajl(A) - ]O(A)] F,uua

R [V, V] = 20A50(A)F., (2.63)
where ji(z) = % ji(x). Thus we can find the following relations

[H;u VV} + [Hua vu] = [Ajl(A) - ]O(A)] (F;w + Fuu) = 07
[, V7] = [Aj1(A) = o(A) F,” =0,

h2

7 |

| >t

[, I+ — [V, Vo] = 5 [AJo(A) — 251(A) — Aji(A)] Fuy =0, (2.64)

2
where we have used the anti-symmetry of F},, and the following relation for spherical Bessel func-

tions
zjo(x) — 241(z) — zj1(x) = 0. (2.65)

Inserting the commutators in Eq. (2.64) into Eq. (2.62), we confirm that the right-hand side
vanishes and we obtain the third line of Eq. (2.50). Analogously, we construct the following

equation from the second and the last lines of Eqgs. (2.49)), (2.50),

1 [k, h ,,

1 h
5~ €uasll’ <H[avm + 266‘50”va0> : (2.66)
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After some calculations we obtain

h Voo h v h v
HMP+16MVQ5V S B = —% ([HM,VV]"‘[HVavu])A _’_%[HV’V ]AH
1 h?
+®n%mﬁ<m%rwy+4[VKVﬂ>v@ (2.67)

where the right-hand side vanishes according to (2.64]). In this way we recover the fourth line in
Eq. . Thus according to the above discussions, the third and fourth lines in Eq. can
be obtained from the other lines in Egs. and .

Now we will construct a proper way for computing the Wigner function. As discussed in the
previous subsection, the dynamical evolution and constraints of the Wigner function are determined
by Egs. (2.49) and , or equivalently by Eqgs. and . However, we note that
according to the first, second, and last lines of Eq. , we can express the scalar, pseudo-scalar,

and tensor components in terms of V¥, A,

1
= 1™
F mH Vs
h
= —_—— K
P va Alm
h 1 a 48
SAU’ = va[liv'/} — Tne/ﬂ/aﬁn AP, (2.68)

Substituting F, P, S, into the third and fourth lines of Eq. (2.49)) by Eq. (2.68)), one obtains
1
(RK? — m?) V, + RE V" — EEMVOCBSKO‘B.AV = 0,
1
(RK? —m®) Ay, + RK,,, A — iemﬁgf{aﬁw = 0, (2.69)

where the operators REK?, SK?, RK ., SK,, are defined in Eq. (2.44). These equations are
nothing new but the vector and axial-vector components of the on-shell conditions in Eq. ([2.54).
The functions V¥, A* should satisfy the equations listed in Eq. (2.50)),

VMY, = 0,
" A, = 0,
h
M,V + = €uwas VA" = 0, (2.70)

2

while the remaining two equations, i.e., the third and fourth lines of Eq. ([2.49), are satisfied
automatically according to the previous discussion. In the massless limit, we have chiral fermion

whose spin is quantized along its momentum. We define spin-up and spin-down currents as

(V4 x A (2.71)

N | —

Tl =
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where x = + labels chirality. Analogous to the massless case, we adopt the same definition ([2.71))

in the massive case. The corresponding on-shell conditions for J' are derived from Eq. (2.69),
(RK? —m?) TV + REK™ Ty, — %e“yO‘ﬁ%Kagjx,, = 0. (2.72)

We conclude that one method for computing the Wigner function is firstly solving V,,, A, from the
on-shell equations together with Eq. . Then the remaining components F, P, and S,,,,
are given by Eq. .

On the other hand, according to Eq. , we can prove that V* and A* can also be expressed
by F, P, and S#. This can be done by

1 h
= —I,F+5-V"Su,
Vo = LT+ 5 V'S,
h 1 b on
Ay = 5 -ViuP = 5 —€uapll’S h. (2.73)

The functions F, P, and S satisfy Eq. (2.50)), which gives the following constraints

h 14
G VuF +1°S,, = 0,

h
I, P + Zewﬁvysaﬂ = 0. (2.74)

The other equations, i.e., the first, second, and last lines of Eq. (2.50) are automatically fulfilled.

In order to prove this, we form the combinations,

1 h 1
0 = EH'LL <2VNP + §€Myaﬁny8a'8 + mAu>

h h
+5, V" (HMP + 4ewﬁvvsaﬁ) : (2.75)

and

h he,
0 = —EV“ <Hl‘«‘7: §V Sl//l, mVu>

m

2 h
+2m <2VMJ-“ + H”SW> : (2.76)
together with
1 h,
0 = *Eﬂ[u H,,]]:+ §V Sl,]a — mVl,}

h h o
_%V[H (2V,,].7:— H SV}O()
Lt (1P 4 Loy s

m uraf A YOpo

h h 1
5, - €uas V" (—2V573 + §€ﬂ7p0H,YSpU + mA5> : (2.77)
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These equations are satisfied because the terms inside the parentheses are zero according to Eqgs.
, . After complicated but straightforward calculations and with the help of Eq. ,
we reproduce the first, second, and last lines of Eq. . Meanwhile, substituting Eq. into
Eq. , one obtains the following on-shell conditions

(RK? —m®) F + %%K,WS“” =0,

1
(RK? —m?) P + ZewaggK“”SaB =0,

1
(RE? —m?) S+ RES, S0 + K F — iew[g%mﬁp = 0. (2.78)

So we conclude that another approach for computing the Wigner function is: first obtain a solution
for F, P, and S*¥ which satisfies Egs. and and then derive V* and A" using Eq.
(12.73]).

Note that in the massless case, the above discussion seem to be useless because the mass appears
in the denominators in Eqgs. , and 1/m will be divergent when m — 0. However,
detailed calculations in the next section show that the numerators are also proportional to the
mass, which leads to a finite quotient. In this way, the results in the massive case are expected to
smoothly converge to the results in the massless case. For massless particles, the vector and axial-
vector components V¥ and A* decouple from the other components, as given in . Adopting
the definition of spin-up/spin-down currents, the equations can be rewritten in a compact

form,
WV, TE =0, TJ¢ =0,
h
My, 7% + %emﬁvajf = 0. (2.79)

Properly taking combinations of the above equations, one can derive the on-shell equations, which

agree with Eq. (2.72) by putting m = 0.
As a brief summary of this subsection, we list once more the approaches for computing the

Wigner function:

1. For the massless case, the vector and axial-vector components V¥ and A* can be written in

terms of the spin-up and spin-down currents as shown in Eq. (2.71]). These currents should

satisfy Eq. (2.79).

2. For massive particles, one can take the vector and axial-vector components V* and A" as
basic quantities, which satisfy the on-shell conditions (2.69) and Eq. (2.70). The other
components, F, P, and S*”, are then derived from V*, A" using relation (2.68|).
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3. For massive particles, another possible method is to take the scalar, pseudoscalar, and tensor
components F, P, and S* as basic quantities, which satisfy Eq. and the on-shell
conditions . Equation shows how to derive the other components V* and A*
from F, P, and S*.

The more detailed semi-classical calculations in Sec. [[V] show that the approach 2 is equivalent

with 3.

E. Equal-time Wigner function

In some dynamical problems, it appears to be more convenient to use the equal-time Wigner
function, which was first proposed in Refs. [88,[120]. In this thesis, we define the equal-time Wigner

function as follows

Wt x,p) = / A Wz, p), (2.80)

which is derived from the covariant Wigner function by integrating over energy p°. Obviously the
equal-time Wigner function is not Lorentz covariant because the observer’s frame has been fixed.

From Eq. (2.18)), we can finish the integration over energy p" and obtain

J(t,er%) ®@E(t,x—%)‘9>.
(2.81)

(;ljr)),?) exp (ix-p)U (t,x + %,x — %) <Q

W(t,x,p) = /

Here the two field operators are defined at the same time ¢ but at different spatial points. A 3-
dimensional Fourier transform is made with respect to the relative coordinate y, which gives the
dependence on the kinetic 3-momentum p. Similar to the covariant form, the gauge field (i.e., the
electromagnetic field) is assumed to be a classical C-number and thus the gauge link is taken out
of the quantum expectation value. Meanwhile, the covariant Wigner function can be described by
its energy moments [ dp® (p°)"W (z,p) and the equal-time Wigner function is just the zeroth order
moment. Thus, from the covariant Wigner function one can derive the equal-time Wigner function,
but from the equal-time one we cannot reproduce the covariant one because the higher-order energy
moments, | dp® (p°)"W (z,p) for n > 0, are unknown. But if particles are on the usual mass-shell
p?> = m?, the covariant Wigner function and the equal-time one are equivalent to each other.

The equation of motion for the equal-time Wigner function can be obtained from the Dirac
equation, or equivalently from the equation of motion for the covariant Wigner function via taking

an energy integral. From Eq. (2.36]), we can obtain the Dirac-form equation for the equal-time
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Wigner function by integrating over p® and dropping boundary terms such as J dp? Opo W (z,p),

ih
[ @ W ) T )+ (50D K ) Wk =0, (282
where the operator is defined as
ih
K=1II - %Dx. (2.83)

Here the generalized time derivative operator D;, the spatial derivative operator Dy, the energy

shift TI°, and the momentum operator IT are given by

Dy = 0+ jo(A)E(z) - Vp,

Dx = Vx+jo(A)B(z) x Vp, (2.84)
1 = 2ii(A)B@) -,
= p- Lju(a)B@) x vy, (2.85)
with A = —%Vp -V« where V« only acts on the electromagnetic fields. These generalized operators

Dy, Dy, and II are reduced to the normal time derivative, spatial derivative, and 3-momentum

when the electromagnetic fields vanish. They are real operators, thus the Hermitian conjugate of

Eq. (2.82)) reads,
ih
vo/dpo P°"W(z,p) +°"I°W (z,p) + "W (t, x, p) [—

5 (’YODt+’Y’Dx>_’Y'H_m] 7 =0,

(2.86)
where we have used the property W1 = 701 ~%. Multiplying Eqs. (2.82) and (2.86) with 1° from

the left, we obtain

ih
/dpo p°W(z,p) + "W (z,p) + [2 (D + 4% -Dx) — 4% - II - mvo] W(t,x,p) = 0,

in
/dpo p°W(z,p) + I°W (2, p) + W (t,x,p) [—2 (D¢ =%y Dx) +9" I1 - mvo] = 0.

(2.87)

Taking the difference of these two equations we obtain the equation of motion for the equal-time

Wigner function

. ih

ihDW (t,%,p) + 5 Dx - ['7, W (t,x,p)] = TL- {37, W(t,x,p)} = m [1*, W(t,x,p)] = 0, (2.88)
while the sum gives

/dpo "W (z,p)

i
= —%Dx APy Wt x,p)} — W (z,p) + I [%, W(t,x,p)] + m {?°, W(t,x,p)}.

(2.89)
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We note that the time-evolution of the equal-time Wigner function is determined by Eq. (2.88))
while Eq. li provides the relation between the first-order energy moment [ dp® p°W (x,p) and

the equal-time Wigner function.

Analogously to the covariant Wigner function, the equal-time Wigner function can be decom-

posed in 16 independent generators of the Clifford algebra, T'; = {1, 75, ~v*, 497, %JW }, as

shown in Eq. (2.20]). Here the coefficients are now functions of {t,x,p}. Inserting the decomposed

Wigner function into Eq. (2.88)) and taking the trace over I'; we obtain the following equations of

motion,

hD,F
hD,P
KDV
hD,V
hD; A°
hD; A
hDyT

hD:S

oL - T,

—2IT- 8 + 2mA°,

—hDyx - V,

—hD V0 + 211 x A — 2m T,

—hDyx - A—2mP,

—hDy A? 4 211 x V,

— Dy x S — 2ILF + 2mV,

hDy

x T + 2IIP, (2.90)

where we have suppressed the dependence on {t,x, p} for all component functions. These equations

describe how these component functions evolve with time. On the other hand, decomposing Eq.

(2.89) we derive the first-order energy moments,

/ dp° p" F(x, p)
/ dp° p"P(x,p)
/ dp°® p°V°(x,p)
/ dp° p"V(z,p)
/ dp® p° A°(z, p)
/ dp° p° A(z, p)
/ dp° p"T (x,p)

/ dp° p°S(z,p)

h
oD T + mW —TI°F,

—%DX-S—HOP,

II-V+mF-—1IN°,
h
2
Im-.A-—1°4°

Dy x A+ID° —11°V,

h
7D % V+ 1A% + mS — 1I° A,

—ng]-'Jr I xS — 17,

h

oDxP T x T +mA - n°s, (2.91)

31



where the functions on the right-hand side are equal-time ones, while the functions on the left-hand
side are covariant ones.

Now we divide the 16 functions into four groups, each group having four functions,

F Vo
g = , Go= ,
S A
AV P
Gy — . Gu— . (2.92)
)% T

The introduction of these four groups proves to be useful for dealing with the Wigner function when

the observer’s frame is fixed [92) 123]. This form will be used in Sec. for the case of constant
electromagnetic fields. Using Eq. (2.92), Eq. (2.90) takes a matrix form,

gl{tvxap} 0 0 0 Ml gl{t,X,p}
Go{t, x, 0 0 —-M 0 Go{t,x,
np, | P | 2 2tfxp} | (2.93)
Gs{t,x, p} 0 —My 0 —2mly Gs{t,x, p}
Ga{t,x, p} My 0 2mly O Ga{t,x, p}
while the constraint equation reads
Gi(z,p) 0 2mly 0 M Gi{t,x,p} Gi{t,x,p}
Go(z, 1| 2ml 0 M O Go{t, x, Go{t, x,
/dpo po 2( p) _ 5 4 1 2{ p} _ HO 2{ p}
g3<x7p) 0 Ml 0 0 g3{t7x7 p} g3{t7x7 p}
g4($7p) —Mo> 0 0 0 (]4{t,x, p} g4{t,X, p}
(2.94)
Here we define two matrices which are constructed from Dy, and IIT,
0 2r? 0 mDT
M, = . My = . (2.95)
2IT hDS hDy —2IT*

For any 3-dimensional column vector, for example, the momentum operator IT, we use IT7 for its
transpose, a row vector. In Eq. | , IT* represents an anti-symmetric matrix whose elements

are (TI*)¥ = —eVFIIF,

0o -Irr 1
m* =\ o= o -1« |. (2.96)
1Y 11" 0

When acting with the matrix II* onto another column vector V, we obtain the cross product of

two vectors,

I*V =TI x V. (2.97)
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The operators defined in Eq. (2.85) coincide with the ones used in Refs. [77), 88 [126] because we

have the following relations

1/2
Jo(A)E(z) :/ dsE(x +ishVp),
~1/2
i 1/2
_ijl(A)E(x) = /_1/2dssE(x+isth). (2.98)

With the help of these relations, the operators in Eq. (2.85)) can be written in another form,

1/2
Dy = & —|—/ dsE(x +ishVyp) - Vp,
~1/2
1/2
Dx = Vx+ dsB(x +ishVp) x Vp,
~1/2

1/2
n° = ih/ dssE(x +ishVp) - Vp,
~1/2

1/2
m = p—m/ dssB(x + ishVp) X Vp, (2.99)
—1/2

which are used in Refs. [77) 88| [126].
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III. ANALYTICAL SOLUTIONS

In the previous section we have introduced the definition of the covariant Wigner function in
Eq. and its equal-time formula in Eq. . Kinetic equations are also derived but we still
need the initial conditions for numerically solving the equations. In this section we will give several
analytically solvable cases. The results of this section can serve as initial conditions for numerical

calculations. In the following three cases, the Dirac equation has analytical solutions
1. A system consisting of fermions without any interaction.

2. Fermions with chiral imbalance. The chemical potential @ and the chiral chemical potential

w5 are included in the Dirac equation but still without the electromagnetic field.

3. Fermions in a constant magnetic field. As in case 2, p and us are included in the Dirac

equation.

In all three cases, the Dirac equation can be analytically solved and we derive the eigenenergies
and corresponding eigenwavefunctions. Then the field operator is derived following the standard
procedure of second quantization. The Wigner function is then solved up to zeroth order in the
spatial derivative. The chiral chemical potential us is included for the further study of chiral effects.

In this section, two dynamical problems will also be considered,

1. Fermions in an electric field. The existence of the electric field leads to the decay of the
vacuum into fermion/anti-fermion pairs. At the same time, charged particles in the system

will be accelerated.

2. Fermions in constant electromagnetic fields. The magnetic field is assumed to be parallel to

the electric field.

We use the equal-time Wigner function for these dynamical problems. These discussions show that
the Wigner function approach can also be used for the study of pair-production. Furthermore,
in parallel electric and magnetic field, the existence of the magnetic field will enhance the pair-
production rate since it changes the structure of energy levels. Meanwhile, at the lowest Landau
level, spins of positive charged particles are locked to the direction of the magnetic field, and the
newly generated positively charged particles move along the electric field. Thus these particles
have RH chirality. Similar arguements show that the negatively charged particles (anti-fermions)

have RH chirality, too. This gives rise to interesting effects, such as axial-charge production and
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axial-current production [I10]. In this section we display the analytical procedure for deriving the
Wigner function in the above five cases, while in Sec. [V] we will numerically calculate physical
quantities. Throughout this section we will suppress i but it can be recovered by carefully counting

the units.

A. Free fermions

1. Plane-wave solutions

In this subsection we will focus on free fermions with spin—% in the absence of electromagnetic
fields. Interactions among particles are also neglected. In this case, fermions satisfy the free Dirac

equation ([2.23) with vanishing gauge potential A, = 0,
(1Y Oy — mlly) () = 0. (3.1)

The Dirac equation can be rewritten in the form of a Schrédinger equation

0 .
i = (=i - B+ my )y (3.2)
Note that the spatial derivative operator 8yx commutes with the Hamilton operator H = —iyVy -

Ox + m~°, so we can introduce a kinetic 3-momentum p by making a Fourier expansion for the

field (),

4
00 = [ e ) (33

Applying this into the Dirac equation we obtain
Po(p) = (Vv - p +ma ") (p). (34)
The on-shell condition can be obtained by acting with (Y% - p +m~°) onto Eq. ,
(1°)*%(p) = (m* + p*)v(p). (3.5)

Solving the on-shell condition, we obtain positive-energy states with p° > 0, and negative-energy

states with p? < 0.

p = +E, = £y m? + p. (3.6)

The positive-energy states will be identified as fermions, while the negative-energy states are iden-

tified as anti-fermions.
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In order to obtain the corresponding eigenwavefunctions, we perform a Lorentz transformation
and work in the particle’s rest frame. We parameterize the Lorentz transformation using w,,,, which

is anti-symmetric with respect to p <+ v. The transformation matrix for a Lorentz vector is
i
A, = exp | s (TN (37)

where (J°P)¥, is the generator of the Lorentz algebra. In the coordinate representation, this

generator is given by
(T, = (5205 — 3530, (3.8)
Inserting (J%) v into the transformation matrix A", we obtain
A*, =exp (wh)). (3.9)
Any vector, for example the 4-momentum, transforms as
P = AR Y. (3.10)
Meanwhile, the Dirac-spinor field ¢ (x) transforms as
P(x) — Aéw(Aflx), (3.11)
where the spinor representation of the Lorentz transformation is given by
A% = exp (—iwwja‘“’) , (3.12)

with o* = % [v*, v¥]. Now we consider the transformation from the particle’s rest frame to the

lab frame. For one particle which has 4-momentum (Ep, p) in the lab frame, its 3-velocity is

P
=2 (3.13)
Ep
and we define the rapidity vector as
C=:gtanh15, (3.14)

with 8 = |B8|. Then we define the parameters for the Lorentz transformation from the particle’s

rest frame to the lab frame

W= ¢ W =0, (3.15)
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which leads to the following transformation matrix

0 p* pv pg*
0 0 0 |1
AF, = exp B —tanh ! B . (3.16)
B 0 0 0
\s 000 |

This matrix can be calculated using the Taylor expansion,

¥ V6" vBY vB*
VBT L+ (y =A%) (y-1)FTE (v — 1)
VBY (y—1)BTBY 14 (y—1)(BY)? (y—1)BYEE
V8 (y=1)B"8 (y—1)BYEE 14 (v —1)(87)?

AF, =

v

, (3.17)

where 5%%7* are the three components of the 3-velocity 3, Bw’y"" are the components of the velocity
direction 3/, and the Lorentz factor v = 1/4/1 — 2 = Ep/m. The spinor representation of this
transformation is

A% = exp (;707 . C> : (3.18)

Thus the Dirac field ¢ (p) can be written in terms of the field in the particle’s rest frame

¥(p) = A1t (3.19)

In the particle’s rest frame, where the 3-momentum vanishes p = 0 and E, = m, the Dirac

equation (3.4 reads

+ mwrf = m’YO”L/Jrﬂ (320)

Here we adopt the Weyl basis for the gamma matrices in Eq. (A2). Then the wavefunctions for

positive- and negative-energy states are given by

o =i [ ) = v © ). 32)

&s —&s
where &, are two-component spinors which satisfy the orthonormality relation 5;555 = d,5. We have
introduced a factor /m in these solutions for convenience. The spinor &5 define the spin direction
in the rest frame. For example, £ = (1,0)7 corresponds to a spin-up state in the z-direction and
£ = %(1, 1)T corresponds to a spin-up state in the x-direction. Note that £ = %(1, DT is a

superposition of (1,0)7 and (0,1), which respectively represent the spin-up and spin-down states
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in the z-direction. Thus we can choose &; = (1,0)” and £ = (0,1) without loss of generality and
all possible spin configuration can be written as a superposition of £&. Generally, the spinors s can
be choosen as the eigenvectors of an arbitrary linear combination of Pauli matrices. If we choose &;
as the eigenvectors of the 2 X 2 matrix n- o, then wﬁ;) represent fermions with spin parallel (s = +)
or anti-parallel (s = —) to the vector n in their rest frame, while ¢r(f_ S) represent anti-fermions with
spin parallel (s = —) or anti-parallel (s = +) to n.

Then we boost from the particle’s rest frame to the lab frame. Inserting the gamma matrices

|i and the rapidity vector 1’ into the definition of A 1 in Eq. 1} we obtain

1 (o
P tanh—! [Pl : (3.22)

A _

1 = exp
2

where o are the Pauli matrices. Note that an exponential of a matrix is defined as the Taylor

expansion
o0 n n
1 1 o 0
Al = E — (—tanh_1 |Ep|> (o-p) . (3.23)
2 n—0 n: 2’p| P 0 (_o._p)n

In order to calculate A1, we first focus on the 2-dimensional matrix o - p. Note that o - p is
2
Hermitian, which means that it can be diagonalized. The normalized eigenstates of o - p are given

by

1 p* + |p| 1 p* — |p|
2|pl(p* +1Ip) \ p* +ip¥ 2lpl(Ipl —p*) \ p® +ip¥

: (3.24)

which correspond to the eigenvalues + |p|, respectively. With these eigenvectors, one can define the

following transformation matrix Sp and its Hermitian conjugate,

P*+|p| p*—Ip| p*+|p| p” —ip¥
Sy = | V2PIGFHeD v2pillel-p) | Sh = V2PIG=HP) V2PIe*HPD | (3.25)
p®+ip¥ p=+ip¥ p*—p| p*—ip¥
V2Ipl(*+Ipl)  /2Ipl(IPI—P?) V2Ipl(Ipl-p*) /2Ipl(IP|-P?)

The matrix Sp, is a unitary matrix, i.e., its inverse is equivalent to its Hermitian conjugate, SE,SP =

SPSIT) = [l5. The matrix o - p is then diagonalized as

1 0 ;
o-p=|p|Sp . Sh- (3.26)

With the help of Eq. (3.26)), we can calculate the n-th power of o - p,

n

n n Lo T n 1 T
(oc-p)" =1Ip|"Sp Shp=Ipl" Sp ST, (3.27)
0 —1 0 "
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We can calculate the terms in Eq. (3.23])

=1 1 Ipl\" 1
e tanh— ! 21 .p)? — / m
nzzon‘< 2’ ’ Ep> (0’ p) /*m pﬂa 9
o0 n
1 1 _1 |p| 1 _
—[———tanh ' =) (—o-p)* = — Iz 3.28
S (ot ) o = v (329
where we have used
oo n
1 1 _1 |p| 1 _1 |p| 1
— (+=tanh ' =1 ) = +-tanh ' 2| = —/E, + 3.29
T;n!< g VAl Ep> eXp[ g M B | T ymV P [pl, (3.29)

and introduced the following short-hand notations

P’ M g P’
0 VEp +pl 0 vV Ep — |p|

(3.30)

\/Puot = Sp

These matrices are real,

(Vo) = /oot (Vpuo®)' = \/paat, (3.31)

and satisfy following relations,

(\/puau)2 =Ep—o-p, (vpuﬁ”f =Ep+o-p,

VPuo"ND0” = /D57 \/puct = m, (3.32)

which will be useful in checking the normalization relation of the wavefunctions and calculating the
Wigner function. Substituting the Taylor series in Eq. (3.23)) into Eq. (3.28]), the transformation
matrix A1 has the form
2

1 VPuot 0
1= T g : (3.33)

m 0 /Pt
where /p,0oF and /p,0oF are defined in Eq. (3.30). Now we act with the transformation matrix
A1 in Eq. 1} onto the wavefunctions in the particle’s rest frame to obtain the wavefunctions in

2

the lab frame

m S P S
o) = [ V) oy = [ V) (3.3)
VPuot&s —/Put&s
They are properly normalized,
v ()l (p) = 2Bpday,
G0 (p) = 2Bpd,, (3.35)
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and the positive-energy states are orthogonal to the negative-energy ones,

s )l (-p) = o)l (-p) = 0. (3:36)

Although these solutions have already been obtained in many textbooks, we have repeated the

details in this thesis because we want to clarify how to calculate the square root of a matrix, i.e.,

the terms /p,o# and /p,c* in the solutions (3.34). These details will help us in calculating the

Wigner function in the latter part of this subsection.

2. Plane-wave quantization

Using the single-particle wavefunction in Eq. (3.34)), the Dirac-field operator can be quantized

as

e’iEPt”p'xng (P)ap,s + 6iEpt7ip'x1/’£7 (p )b;r) s

d3
= / e [ (3.37)
. (2m)34/2Ep
where ap s represents the annihilation operator for a fermion with momentum p and spin s, and
lA)Ls is the creation operator for an anti-fermion with the same quantum numbers {p,s}. Here

the particle energy is on the mass-shell p> = m?, thus we can rewrite the integration over the

3-momentum p as a 4-dimensional covariant integration over the 4-momentum p*,

dp

Se (5 = m?) /2By |00 (P)ap.s + 0(—p" ) (-p)bL, ] (338)
where we have used the following property of the delta-function,

0(£p°)6(p” —m*) = ﬁ&p F Ep). (3.39)

We demand that the creation and annihilation operators satisfy the following anti-commutation

relations

{pss by o b = {bpuss By o } = 27)%6O) (0 — p)dsr (3.40)

with all other anti-commutators vanishing,

{ap.ss gt} = {bpss by} = {apsss By o } = {bpiss b b =0 (3.41)

Then it is easy to verify the equal-time anti-commutation relation for the field operator
{wa(t7x) Z/ 27T 32E l (X X) |:u57a(p)u;b(p) + vsy(l(p)v;b(p)] ’ (342)
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where a,b = 1,2, 3,4 label components of @@ or @ZA)T. Inserting the explicit expressions for @Dgﬂ(p)
and wg_)(p) in Eq. lb into the above equation, one obtains

{z/}a(t, x), i (t, x')} = 58 (x — x)ou, (3.43)

while the other anti-commutators are zero,

{zﬁa(t,x),z;b(t,x')} - {zﬁl(t,x),d}g(t,x’)} —0. (3.44)

By checking these equal-time anti-commutators, we confirm that the quantized field operator in

Eq. (3.37) has the correct property. A further calculation gives the Hamiltonian operator,

= / < pZ(psaps+b,psb_ps—1), (3.45)

while the momentum operator is given by

P= / Bx T (—iVy) Z / psaps - Bipvsé_w). (3.46)

In deriving the Hamiltonian and momentum operators, we have used the orthonormality relations in
Egs. and . In quantum electrodynamics, the Dirac spinor 9 is used to describe spin-1/2
particles, such as electrons and positrons. Here the spin is quantized along a given direction, which
is determined by the choice of Pauli spinors & in . If we adopt the quantization procedure in
this subsection, the operator &LS creates an electron with momentum p and spin parallel (s = +)
or anti-parallel (s = —) to the spin quantization direction. On the other hand, the operator EL,S
creates a positron with momentum p and spin parallel (s = —) or anti-parallel (s = +) to the spin

quantization direction. The interpretation of spin can be obtained via computing the spin angular

momentum operator.

3. Wigner function

In the previous parts of this subsection we have derived the plane-wave solutions and quantized

the Dirac-field in Eq. (3.38)). Inserting the field operator into the definition of the Wigner function

, one obtains
d4qd4ql
Wie) = [ T e i —dn] ey 2y

/

qu +q
X5(4) (pu - “2H> (5((]qu - m2)5(q/“<IL - m2)

x (][00 (@i +0(-a") ()b
® 6" Wi/“ (a)q +9<—q'0>¢£ ()bl ]

> . (3.47)
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In the Wigner function two field operators are defined at different space-time points, thus here

after the Fourier transformations, we have two momentum variables ¢* and ¢*. Then we define

the average and relative momentum as follows
w_Yowy m Iz B o H
k=5 + "), u'=q"—q",
in terms of which can we express ¢ and ¢'*,
g" = k" + luu g = k" — luu'
27 2
Since the Jacobian for this substitution equals 1, we have
d*qd*q = d*kd .

Using the new variables k* and u*, the delta functions in Eq. (3.47) can be simplified as

5 (¢"qu —m*) 6((q"q), — m?)

1 1
= 50 (kz“ku + Uy — m2) & (Ktuy,),

(3.48)

(3.49)

(3.50)

1 1
J <k“k# + Zu“uu —m? + k“u#> J (/{“ku + Zu“u# —m? — k“uu>

(3.51)

On the other hand, we have to deal with the step functions in the Wigner function (3.47)). The

product of two step functions can be rewritten as

0(z)0(y) = 0(x +y)0(z +y — |z —y|),

So we obtain

0104 = 00 (30~ 47 )

0(—")0(¢°) = O(—u®)0 <—;u0— |k0|>.

(3.52)

(3.53)

Since ¢* and ¢’* are fixed on the mass-shell, their zeroth component is ¢° = +Eq and q° = tEy.

Thus we can check the following relations between the absolute values of |k:0| and |u0|

1] < |K°], sgn(q®)sgn(q®) =1,

Lu®] > 0], sgn(¢®)sgn(¢q®) = —1,

43

(3.54)



Using these relations we find that the products of two step functions in Eq. (3.53)) can be simplified

as

=0

(
(
= 6(u"),
= 0(—u). (3.55)

Using the new variables k¥, u*, the Wigner function can be put into the form

1
0 _ —40
p 2U

Jo)
)

1
04 —,0
p+2u

d*u , 1
W(z,p) = /(277)6 Zexp (tufry) 6 <P“pu + Zu“uu - m2> o (p"up)

X [H(p Yl (p+ 1u> X ( ;u) <Q
i (o gu) el (o ) o
+><p+1u> o) o
7 (e ge) o (pgu) (2

Note that the last two lines contribute if and only if there is mixture between the fermion state

>

[\)

(3.56)

and the anti-fermion state. Since we choose to neglect collisions between particles, processes such
as pair-production or pair-annihilation are not included yet. Then the last two lines in Eq.
will be dropped in future discussions.

We consider a fermionic system where eigenstates of fermions with different momenta are not

mixed together. Then the expectation values in Eq. (3.56)) contain a delta function of u,
(s [2) = Cnss o),
<Q b 1Gb

—pP—sus —p+%u,s’
where fs(;t)( ) and f ( p) are distribution functions of fermions and anti-fermions, respectively.

o .
a a1
p+ius P—gus

@) = @) [1- 77(-p)]. (3.57)

Since we do not consider any spin interaction, the energy states are degenerate with respect to the
spin direction. If the polarization of the system is not parallel to the spin quantization direction,
these distribution functions are then not diagonal with respect to ss’. The delta function 6 (u),

together with 6(p*u,) in Eq. (3.56), gives a four-dimensional delta function,

6 ()3(pHuy) = 6@ (w)s(p’u’) = 0D w). (3.58)

Y]
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Thus we can carry out the integration over d*u and obtain the following Wigner function

W (z,p) = (2;)3 > 6(ppu —m?)

< {0 (p) @ vl () 15 (0) + 00”00 (-p) 2wl () [1 - 11 (-p)| }-
(3.59)

In this formula, the Wigner function is independent of the space-time coordinates x*. This is
because from the beginning we have assumed that the fermions are described by plane waves,
which are homogeneous with respect to x*.

As we discuss in Appendix[C] the plane wave cannot describe a quantum particle which is located
at a given spatial point. According to the uncertainty principle, the momentum uncertainty for the
plane wave is zero, o, = 0, thus its conjugate variable, the uncertainty of spatial position is infinity,
0; = 00. In order to introduce the z-dependence into distribution functions, we adopt the wave-
packet description, as shown in Eq. . This wave packet describes quantum particles at given

center positions and average momenta. The expectation value of al a1 in a wave-packet

p+%u,s P—sus
! /
<p 7S?+ p ?S7+>

1 d3 d3 I 2 I 2
/ pudpy | (P’ —p1)”"+ (P’ — P2) 0 0
N2 (2m)6 4o

1 I 2 I 2 1 1
_ Nz/d:)’pld?’pgexp [_ (p—p1)°+ (P — p2) ]5(3)(p+u—p2)6(3)(p—u—pl)

do? 2 2
1o =)+
Nz P 202

state is

A1 a
a a. 1
p+%u,s p—3u,s

A At N .t
4P2.5%p 4 Lu,sIp—jusTpuss

(3.60)

In general, since the whole system is made of many wave packets, it is reasonable to expect that
the expectation values in Eq. (3.56) are given by a distribution functions which depends on the

parameters p, u, s, and s,

Qlal o a)
< p—&-%u,s p—5u,s

A Bt
<Q ‘b—P—éuvsb—p—&—;u,s’

where the first term in the second line, e.g. (27)35()(u), comes from the anti-commutator of

Q> = 5 (p,w),

0) = (@05 w) - £5) (-p.w) (3.61)

b_ lus and bT_p

p we” Here fi;?) (p,u) and fs(,;)(—p, u) are functions determined by the state of

+
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the system |Q2). Inserting these expectation values back into the Wigner function ([3.56|) we obtain

d'u , 1 1
W) = [ s S eslivald (n,+ quu, —m*) 0 u0 002 - {00y

- 1 1
X [9(p°)¢§+) <p + 211> ® 1/{8) <p - 211> fs(;?) (p,u)
—(_ 1 - 1 _
o) (<o - qu) 00 (- gu) 15 b
1 2 0y,7.(=) (=)
T Z 8 (p'pu —m?) 0(=p")0 (7 (=p) @ ¥, (—p). (3.62)
Note that in general the uncertainty in momentum is small, which means the spread of the wave
packet in momentum space is not large. So we can expect that the functions fs(;) (p,u) and
f g,;)(—p, u) are narrow with respect to u. The Wigner function can then be expanded in terms of

the small variable u and higher-order terms can be dropped. The wavefunction part is expanded

as follows
B <p + ;u> ® ¢l (p - ;u> ~ N (p) @ v Y (p)
yu-{ (Vi) @ 0l ) - 3 0) & Vel )} + Ow?). (363

Inserting (3.63) into the Wigner function, the leading-order term is

WO@p) = G n—m?) 3 {063 @) @ v )1 .p)

+0(—p")0) (—p) © 4 (—p) [1 — 15 @, —p)} } : (3.64)

ss’

On the other hand, the first-order correction in the expansion (3.63|) contributes to the Wigner
function as

WOa.p) = 330~ 06 Y

ss’

<{[Zptl@)] @ vl 0) - 0 ) © Vol (p)} - iV (. p)

4500, = m?)0(—5") Y

ss’

Aol (=p)] @ 00 (—p) = 9 (—p) @ Vpul (=) iV f) (@, -p),

(3.65)
Here we have defined the semi-distribution functions,
190 = [ s (40 B ) (o) exp ) (3.66)
o (T @) o) o (P P L) |
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In the first-order part, we have replaced ufs(j) (z,p) by the spatial derivative ifoSf/is) (z,p), thus
W(l)(az, p) is of first order in the spatial gradients of the distributions fs(si,)(a:,p). If we consider
classical particles, the semi-distributions fs(j)(x, p) can be interpreted as the classical distributions
of fermions or anti-fermions at the phase space point {¢,x,p}. Making a comparison with the
results from the semi-classical expansion, which will be done in Sec. we identify W) (z,p) as
of zeroth order in & and W (z, p) as of first order in A. The first order contribution WM (z, p) can
be calculated using Eq. , since the wavefunctions in this equation have already been derived.
But actually the calculation is too complicated, so that, in the following part of this subsection, we

will only compute the leading order contribution W (© (x,p).

4.  Components of the Wigner function

The Wigner function can be calculated via inserting Eq. into Eq. . In the fol-
lowing we will decompose the Wigner function as shown in Eq. and compute the different
components.

Before we do so, we first discuss the transformation matrix Sp in Eq. , which is useful
because the matrices /p,0F and /p,c" in the wavefunction are defined with S, as shown in Eq.

(3.30). Under the transformation Sp, the Pauli matrices transform as

1 [ T2 Y
SI,UISP = — PP o’ — P’ |p| o’ +pTo*|,
Pl | V(p")? + (p¥)? (p*)2 + (p¥)?
1 [ pup P" Ip|
Sigvs, = — o’ + o’ +plo” |,
Pl V) () () + (p¥)?
1 -
Sho*Sp = I _—\/(p””)2+(py)20$+pzaz]- (3.67)

Multiplying each equation by Sp on the left and S}; on the right, and using S;r,Sp = SPSE, = I,

one obtains

S =gt ' Ip| Vgt 4 g 7 gl
1| p'p* P |p|
V== z gt yqt Y z ot
g7 = |p’ (px)Q + (py)2 SpU Sp + (p‘”)2 n (py)2 SpU Sp +p SpU Sp R
z L T 2 z
o = H - (p®)? + (p¥)%Spo S;r, +p*Spo SL] . (3.68)
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From this we can obtain that

S O_xST _ pz p-o N ‘p| o?
p - )
i Pl VP2 + ®¥)2 ()2 + (pv)?
Spo’S = - Upzapz’
V(0%)? + (p¥)
Sposh, = B2 (3.69)

W.
These properties for the Pauli matrices will help us when we compute the axial-vector and tensor
components of the Wigner function.

The Wigner function in Eq. will now be decomposed in terms of the generators of the
Clifford algebra I'; = {1, —iv% y*,v#45, 0"} as in Eq. . The expansion coefficients are
calculated via Eq. , and the traces in Eq. are given by

Te LW (a,p)| = 0@ p—mA) Y {000 o) (9)1 (@,p)

/

1
2m)?
+0(=p") 0 (o) (<) [1 - 1)@, -p) |} (370)

Ss

We observe that Eq. (3.70) consists of a fermion part and an anti-fermion part. We first focus on
the fermion part and then the anti-fermion part can be derived in the same way. The key point is

to calculate

S ) (p), (3.71)

where wgﬂ(p) is the single particle wavefunction in momentum space, which is given in Eq. 1’
The scalar and pseudoscalar parts can be derived directly by inserting Eq. (3.34) into Eq. (3.71])

and using the relations (3.32)),

@Z_}g—i—) (PWLH (p) = 2misy,

—ip(M () (p) = 0. (3.72)

Now we focus on the vector part, the calculation of the zeroth component is straightforward

S () 0 (p) = 2Ep6.y, (3.73)

while the spatial components read

POl (D) = € (Voo o /oue” — \/puot o \/ouo") &
Ip| (SHoSp)1n 0

= 2615
’ 0 — p| (S} Sp)a

Siés. (3.74)
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In the last step of Eq. (3.74) we have used the definitions in (3.30) for \/p,c” and /p,oF. Here

Sg,a'Sp is a 2 x 2 matrix and the subscript labels different elements of this matrix. From the

transformation properties of the Pauli matrices in Eq. (3.67)) we obtain

p

(ShoSp)11 = —(ShoSp)az = ol (3.75)
Inserting this into Eq. , we have
P Pyl (p) = 2pday. (3.76)
On the other hand, the axial-vector components of Eq. are given by
P (1 S (p) = 26l oty
SO P ) = aels, [ TS MRS ) e 0

m(SIT)USp)?l Ep(sl];o'sp)m

Since we do not have a universal formula for SI,USP, we have to calculate different components one

by one. The computations are straightforward using the explicit expressions of SIT)USP and SpaS;,

in Egs. (3.67) and (3.69). The final result reads,

Ko o) =26 (ma+ 27 p ) .79

The tensor component of Eq. (3.71]) is given by

_ . 0 —Ipl(stsis,
Q/)Lng) (p)o_Owar) (p) _ 2i§;rSp . |p|( p p)12 S;r,fsl,
Ip| (SHo?Sp)a1 0
_ @) 3 m(Sho*Sp)i1 Ep(Sho*Sp)iz
P (p)aiy (p) = 26R¢lS, Sheg, (3.79)

Ep(SI)O'kSp)gl m(S;r,O'kSp)QQ

where 4,7,k = 1,2,3. Again these terms are calculated using the properties in Eqgs. (3.67) and
(3.69) and the results are

HD ()"l (p) = —267*pielotey, (3.80)
and
— .. .. k
o ) ', (p) = 26" (Epflakfs B mie ass) : (3.81)
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As a conclusion, we now collect all results from the above calculations, where we have written the

vector, axial-vector, and tensor components in a covariant form,

PP (p)

—ip{* ()5%”()
P ()l (p) = 20,

'(p)

(p)

p) = 2mdsy,

p) = 0,

) (p)yt 751!) = 26In*(p)éy,

2
PN @) = e patina(plé, (3.82)

p

p

where p? = Ey is the on-shell energy and we have defined a vector for the spin polarization

g p)T. (3.83)

H = .
0= (5 222

In spin space, the scalar, pseudoscalar and vector parts are diagonalized, while the axial-vector and
tensor parts depend on §;rn“(p)§s/, which is in general not diagonal. This is because generally the
spin quantization direction is different from the spin polarization direction. In the last part of this
section we will discuss the effect of different choices for the spin quantization direction.

The antiparticle contributions can be computed repeating above calculations. An easier way is

to use the relation between the particle and antiparticle wavefunctions

¥ (p) = —"y{P (p), (3.84)

so we have
P (—p)Lil, (—p) = = (—p)y°Tin v (—-p), (3.85)

Substitute I'; with different matrices {1, —iv°, v#, v#4°, 0#*}, we obtain

W) (=) >< p) = —2mlyy,
~i ) (p)°e () = 0,
P (—p)y” )< p) = ~2p0,,
S (=) el (—p) = 26lar (—p)ey,
PO ()0 (-p) = — 2 Ppglig(~p)es, (3.56)
where p? = —E,, is the on-shell energy for the anti-fermions.
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Inserting the fermion contributions in (3.82)) and the anti-fermion contributions in (3.86)) into

Eq. (3.70)), we derive different components of the Wigner function,

2 m2
FO m%(’z%)g) > {0615 @) — 0(—°) [1 - 1 (@, -p) |}

PO = o,
2 m2
v = 5 2 S {060 ) - 04 [L - 15 9]}

2 2
AP = B S {0 016 )+ 0 )l (p)t 1 7w
20(p? —m?) 1
S/S?/) = - (12271.)3m )76uua5pa
> {06Meln® @)eo 17 (@, p) + 0(-p")eln’ (—p)ey [1 = 1)@, -p) |} (387)

The Wigner function is then recovered by Eq. (2.20). Note that the above results are of zeroth
order in spatial gradients of the distribution function. Higher-order terms in spatial gradients are
calculated via Eq. (3.65) but will not be done here, because it is too complicated. Now we define

functions which can be interpreted as the net fermion density and polarization, respectively,

VO@p) = o 2o {0000 @) — 08 [L- S0 @ -0
"O(z,p) = s Z{ et (p)es £33 (@, p) + 0~ )Eln (—p)t [1 — 13 (@, -p)]
(3.88)
Then the components of the Wigner function at the zeroth order in spatial gradients read
FO = 0" = m*)ymv O (z,p),
PO = o,
VIO = 5(p* = m)p VO (x,p),
A;(LO) - 5(]72 _m2)n20)(x’p>’
1
S/S?,) = —5(p? —mQ)Eeumgpan(o)ﬁ(m,p). (3.89)

These results agree with the ones from the semi-classical expansion |75, 112, 121]. Note that the
results are independent of the choice of the spin quantization direction. Different spin quantizations
are related by rotations in spin space. Both fS)(x, p) and fln“(p)gsl depend on the quantization
direction but V(© and n(9# only depend on the trace in spin space, which are invariant under

spin-rotations [128]. The solutions in Eq. (3.89) are all on the normal mass shell p? = m? because
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we have not considered any electromagnetic field. In the semi-classical expansion discussed in Sec.

[[V] we will clearly show that the normal mass shell is shifted by the spin-electromagnetic coupling.

5. Diagonalization of distributions
According to Eq. 1) we can find the relation between the function f 5;) (p, u) and its complex
conjugate,
+ * +
D w] = 15w, ). (3.90)

Then a relation between the distribution functions fij) (z,p) in Eq. (3.66) and their complex

conjugates can be derived,

el - 3e(e-17)

Here in the second step we have made a replacement u* — —u*. The distribution fs(j)(x, p) is

5 () exp (—inta,) = £57) (2, p), (3.91)

actually the ss’ element of a 2 x 2 matrix distribution f&)(x, p) in spin space. So the relation
indicates that f&)(z,p) is a Hermitian matrix, which can be diagonalized by a unitary
transformation. The unitary transformation can be interpreted as a rotation of the spin quantization
direction [128§].

We take the fermion part f(*) (z,p) as an example to show the procedure of diagonalizing the
distribution functions f(i) (z,p). Note that any 2-dimensional Hermitian matrix can be parame-

terized using the Pauli matrices o together with the unit matrix,
)z, p)=aly+b-o. (3.92)

Here a and b are real functions of z# and p. The matrix b- o has eigenvalues + |b| with |b| = v'b?
is the length of the 3-vector b. Assuming that the corresponding eigenvectors are 717 which are

2-dimensional column vectors and satisfy
(b-o)ds=+b| du (3.93)
Then the distribution function can be diagonalized as

f§+)($a p)(srs = Z(DT)TT'fr(’-Z’) (x’ p)DS/S, (3'94)

r's!
where the transformation matrix D is a 2 X 2 matrix in spin space and constructed from the

eigenvectors 71 ,

D

(7+ q_ ) . (3.95)
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The new distribution functions are then given by
7 (@) =a £ bl. (3.96)

In general, due to the fact that a and b are defined locally, the transformation matrix D should be

a function of {z*,p}. We also rotate the wavefunctions and define the following local ones,

P (2,p) = 3 (DN (p). (3.97)

S/
Note that these new basis functions are still normalized because the transformation is unitary.

The plane-wavefunctions wg,ﬂ (p) are given in Eq. 1' from which the new wavefunctions are

obtained,
- \/ a“NS
)= [ VT, (3.98)
VPuoHEs
where

gs = Z(DT)ss’gs" (399)

s/

Since s and s’ label the spin state parallel or anti-parallel to a given quantization direction, the
transformation matrix D is then interpreted as the SU(2) representation of a rotation of the quan-
tization direction. Analogously, we can take similar procedure for anti-particles, and finally the

Wigner function (3.64]) can be put into the form

60'p —m*) Y {0679 (. p) @ 6 (@, p) ) (@, p)

S

w(©) (z,p) = (271r>3

(=)0 (@ —p) @0 () 1= D@ )|} (3.100)

where the anti-particle parts are diagonalized as

P, =p)ors = S (DN £5) (,—p) D,

r's’

I (2, —p) = Y (DNt (—-p), (3.101)

S/

with the transformation matrix D is a function of {z*, p}.
The redefinition of és in Eq. 1) corresponds to a new spin quantization direction. If we

assume before the transformation ¢, = (1,0)7, €. = (0, l)T, the new spinors then read
Eo=d., =4 (3.102)
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which are eigenvectors of b - o with eigenvalues + |b|. This indicates that the new quantization

direction is the direction of b. The components of the Wigner function are computed from Eq.

(3.47), where V(O (z, p) and n(9O#(z, p) are given by Eq. (3.88). The rotation of the spin quantization

direction does not change the trace of the matrix distribution f (+) (z,p), i.e., the following relation

holds in any case,

Y P @p) =) ). (3.103)
Thus the function V(©) (x,p) can be expressed in terms of the new distribution functions
VO(r,p) = ooy 31060/ @) — 0" [1 - PO -p)] b 310g)
) (27T)3 - s 9 S 9
Meanwhile, the polarization part reads

S elnt(p)e £, Z{Sn“ (2, p), (3.105)

ss’

where n#(p) is given by Eq. (3.83]). Note that 58055 = S7pp ‘ because the new spinors &1 are now

eigenvectors of b - . Thus the right-hand-side of the above equation can be computed and we

obtain

. T ~
Zf*n“ Vo f3) (2, p) = “; (p b, mb + Ep+bmp> 3 sf (@, p). (3.106)
p S

Similar results can be done for anti-fermions. Finally the function n(o)“(:n, p), defined in Eq. 1 ,

becomes

n(O)H(:U’p) = [e(po)n“(p,b(+)) . 9(p0)n“(—p,b(—))]

(@) Z { O (2, p) — 6(=p°) [1 — ), —p)] } (3.107)

where b(*) represents the diagonalization parameter for fermions while b(~) is that for anti-fermions.

Here we defined

nf(p,b)

p-b 4
b, mb . 3.108
(p m +E +mp> ( )

1

bl
If we boost to the rest frame of the particles with momentum p, the above polarization direction
is nfy o (0, b)T. Thus b(®) can be identified as the spin polarization direction in the rest frame
of fermions and anti-fermions respectively. In general the polarization of fermions can be different

from that of anti-fermions, i.e., b(t) can be different from b(-).
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B. Free fermions with chiral imbalance

In this subsection we will study a system of free fermions with a non-vanishing chiral chemical
potential. Since for massive fermions the helicity is not a conserved quantity, the chiral chemical
potential u5 is no longer a well-defined conjugate variable of the axial charge. However, on a time
scale which is much smaller than the one for varing axial charges, one can still use us to describe a
thermal equilibrium system. We work with an effective theory where the chemical potentials p and

w5 are introduced in the Dirac equation as self-energy corrections. The effective Lagrangian reads,

L = (inu0% — mL) ¥ + st + pspin o, (3.109)

We can find the similar treatment in the Nambu-Jona-Lasinio model [129] or other QCD effective

theories with topological charge [I8], 22]. The Dirac equation is then given by
- 0 0.5Y ./, —
(i7u0 — mly + py° + p57°7°) ¥ = 0. (3.110)

In general the mass m, the chemical potential p, and the chiral chemical potential p5 are dynamical
quantities which depend on the space-time coordinates, but here we assume all these variables are
constants. Under this assumption, 0% commute with the Hamiltonian, so we can define a conserved

4-momentum p#.

1. Plane-wave solutions with chiral imbalance

Analogous to the case in the previous subsection, we first take a Fourier transformation of the

Dirac equation. Then in momentum space, the Dirac field satisfies the following equation
(° + W (p) = [V°v - p+m° — 15710 (p)- (3.111)
Here the chemical potential p shifts the energy levels. We now define
b(p) = (L@ Sh) v(p). (3.112)

where the matrix Sy is the transformation matrix in Eq. (3.25) which diagonalizes p - o as shown
in Eq. (3.26). With this definition, Eq. (3.111)) is put into the following form,

—lpl+us O m 0
- 0 |p’ + us 0 m ~
(° + )Y (p) = U(p). (3.113)
m 0  |p|—us 0
0 m 0  —Ip|l—us
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This can be treated as an eigenvalue problem, with p®+ 1 being the eigenvalue of the coefficient ma-
trix on the right-hand-side while &(p) is the corresponding eigenstate. Direct forward calculations

give the eigenvalues

P’ = —p+ Epy, (3.114)

with Ep s = \/ m? + (|p| — sps)? and s = +. The eigenstates corresponding to positive energies

P’ + = Ep s are given by

VEp — (p]— 15) 0
0 - VEp,~ + (Ip] + 115)
#7(p) = = VT , (3.115)
VEp+ + (Ip| = p5) 0
0 VEp— — ([P + 5)
while the eigenstates for negative energies p° + p = — b,s Tead
—VEp+ + [Pl — 5 0
. 0 - —V/Ep— — (Ipl + 5)
P (p) = () = ’ (3.116)
VEp+ — ([P — 115) 0
0 VEp— + (Ip[ + 115)
The wavefunctions in Eqgs. (3.115)) and (3.116) are normalized
Q;Z) ( )w(s (p) = 2Ep, 525815’15828’2' (3.117)

Here they are normalized to the corresponding eigenenergies in order to smoothly reproduce the
normalization relations without chiral chemical potential in Eq. (3.35). The wavefunctions in

coordinate space are then computed by adding a Fourier factor
W (2, p) = € exp (=i 51 Ep eyt +ip - x) (I @ Sp) 45V (p), (3.118)

In the solution (3.118), s; = = labels fermions (+) or anti-fermions (—). The states with s; = +
are interpreted as fermions with the kinetic momentum p while s; = — as anti-fermions with the
kinetic momentum —p. Meanwhile, s, = 4+ does not have an explicit meaning in the massive case.
But in the massless limit it parameterizes the chirality.

The wavefunctions in Egs. , are superpositions of the LH states and the RH ones.
In the massless limit, the eigenenergies are given by Ep s = (|p| — sus)sgn(|p| — sps), where sgn

is the sign function. Meanwhile, the wavefunction if)(p) in Eq. (3.115)) reduces to the following
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expression,

V1= sgu(|p| — p5)

- 0
5 (o) = [Ip| — ps| , (3.119)

V1 +sgn(lp| — us)
0

which represents a RH wavefunction if |p| — ps is positive, and a LH wavefunction if |p| — ps is
negative. Similar discussion can be done for other functions in Eqs. , . We conclude
that if |p| — us > 0, &f)(p) and @S_)(p) are RH while 1;(f) (p), and &i_)(p) are LH. On the other
hand, if |p| — ps <0, 1;&) (p) and @Z;(_f)(p) are LH while 1/;(_+) (p) and &if)(p) are RH.

On the other hand, we can consider the limit p5 — 0, which corresponds to a state where the
chiral symmetry is restored. We find that the eigenenergies are now independent of s, which read
Eps=FEp=4/m?+ |p\2. The states @Z;(f) (p) then have the same eigenenergy p° = —p + E}, while
1/~J£_L_)(p) have eigenenergy p’ = —u — Ep. The wavefunctions in Eqgs. and reduce to

the following forms in this limit,

vV Ep — ’P‘ 0

() 0 3 (p) = VEp +|p|

vV Ep + |P| 0
0 V Ep — ’p‘
0 _\/ Ep + ‘p|

ey | VEe IR o 0

Y(p) = , ¥y (p) = ; (3.120)
0 A% Ep — p|

VEp + |p| 0

where all these functions are normalized to 2E, respectively. For a nonzero mass, all these states

are superposition of RH and LH spinors. But in the massless case, the energy E, = |p| and the
subscript labels the helicity. In order to show the coincidence with the plane-wave solution in Eq.

(3.34), we form a linear combination between the states with the same eigenenergies,

&0 (p) £ &0 (p) = o1 (p),
60D &0V )| — o (—p).
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These wavefunctions read,

VEp —Iplé) VEp + pl&

B +./Ey + plé e +./E, — Ipl&

2 (p) = P Iple P8 (-p) = p P& (3.121)
v Ep + Ip[&1 - Ep— Ipl&1
+VEp — [plé TVEp + Iplé

We further demand that

§s = Sp I (3.122)
+&

and using Eq. (3.30) and Eq. (3.112)) we finally obtain

VPuoHEs _ VPuoHEs
oM (p) = ) e ep) = , (3.123)

VPuot&s —/PuoFés
which agree with the previous results ([3.34). Thus we conclude that in the presence of a constant
chiral chemical potential us, the single-particle wavefunctions in (3.118) when setting pus = 0, up

to a linear combination, coincide with the solutions without us in the previous subsection.

2. Chiral quantization

Analogous to the case without chiral imbalance, the fermionic field can be quantized using the
single-particle wavefunctions with finite us, which are given in Eq. (3.118]),
R . d3p . . - . - R
) = etHt /elpx I ®S |:€—1Ep,st (+) a +€ZEp,st (-) bT_ ],
1/}( ) zs: (27r)3\/m ( 2 p) ¢s (p) b,s ¢s (p) p,s
(3.124)
where the creation and annihilation operators satisfy the following canonical anti-commutation

relations

{aps o} = {Bpss B} = 20 (0 D)0 (3.125)

while all other anti-commutators vanish. In order to check whether the fermionic field is correctly
quantized, we calculate the anti-commutator for the field operator @Z and its Hermitian conjugate
o,

~

(Wt %), 04t x) } = 058P (x = X)), (3.126)
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where «, 8 label components of the Dirac field. Furthermore, other anti-commutators, such as
{1a(t,x),¥s(t,x")} and {wi(t, x), ¢}3(t, x’)}, vanish because they do not contain any nonzero anti-
commutator . Note that the field operator in Eq. recovers the one in Eq. if
we take pus = 0.

The Hamilton operator H is now given by
= /dgx (=i - Vx —m — p— psy°)p = Ho — uN — s Ns, (3.127)

where Hy = ¢t (—in®y - Vyx — m) is the free fermion Hamiltonian, N = ¢ is the net particle
number operator and N5 = pT~%y is the axial-charge operator. Inserting the quantized field

operator (3.124)) into the Hamiltonian, we obtain
: d’p b S
A=Y [ G (Bps = m)ith sitp,s + (Bps + 1) (B pbopis = 1) | (3.128)
S

From the above expression we observe that the lowest energy state is no longer empty. In the lowest
energy state, all the states with Ep ¢ < p are occupied, which agrees with our expectation. The
chemical potential means the system has non-vanishing net fermion number. And the lowest energy
state is reached when the thermal temperature is zero and the fermions occupy all states below the

Fermi surface. On the other hand, the momentum operator is

P= /d?’wa

The Hamiltonian and momentum operators indicate that d;s plays as the creation operator of a

d
p P (h,sitp,s + b obp.s) - (3.129)

fermion with the momentum p and the energy Fp s — i while I;prs creates an anti-fermion with the

same momentum p and the energy Fp s + [i.

3. Wigner function
Inserting the field operator (3.124]) into the definition (2.18)) of the Wigner function, one obtains

Z/dt e Padd ex {z’x’- < q+q’> +ix- (q— 1)}
T ) 2n)5/2Bqu/2Bg " 2 4-d

Ey g+ FE
X {exp [—it’ (po +p— Ol’S—F’S) + it (B s — Eqﬁ)}

2

@) (@ 85) 1@ [(le ® 89) 6 (@] (2]l yaq.| 2)
+ exp {—it’ <p0 +p+ W) — it (B s — Eq,s)}

<3SN (q) (]12 ® St ) [(112 ® Sq) zﬁgﬂ(q)] <Q ’é_q,78,61q5

Q>} . (3.130)
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where we have dropped terms of aTq,’ S,biqﬁ or b_g saq,s. These terms represent the mixtures

between fermion states and anti-fermion states, which are not considered in this thesis. Analogous

to the discussion in subsection [[ITA] we introduce the average and relative momenta,

/
k:q;q, u=q-4q. (3.131)

The integration measure is then invariant under the momentum redefinition,
dqd’q = d*kd®u. (3.132)

In the Wigner function, the integration over d®x’ gives a 3-dimensional delta-function for the mo-
mentum, while the integration over dt’ gives a delta-function for the energy. After a straightforward

calculation, we obtain

d3u .
w r,p) = / ezu-x
( ) %; (27r)6\/2Ep+u/2,s \/2Epfu/2,s’

E o 2’ / +E + 2’ .
x {5 <p°+u— R S>6XP (it (Ep-u/z.s = Epruyz,s)]

x&&rﬁ (p - g) (]Iz ® S:)_%) 7 ® [(b ® Sp+g> Pt (p + g)}

?)

T
. <Q ‘ap—%s’alﬂr%’s

G (o) (1205g) 0 (2 50) 8 (o)

x <Q ‘b,p%,s/zﬂ_p_%’s Q>} . (3.133)

Again we adopt the wave-packet prescription and assume that the expectation value is given by

some distribution function,

Q) = f5(p, )iy,
Q> = 2120 )y — FO (—p,u)dss. (3.134)

T
<Q ‘ap—%,s’alﬂr%ﬁ

:
<Q ‘b_er%’S,bfpf%’s

Here the presence of 05y takes into account that states with different s have different energy shells.

We further define the distribution function in phase space,

dgu u-x .
§i> (z,p) = / We exp [ilt (Ep—u/2,s - p+u/2,s)] fs(i)(Pa u). (3.135)

Analogous to what we did for the free fermion case in subsection [ITA] we expand the Wigner

function in terms of u. Since we adopt the wave-packet prescription, the relative momentum u
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contributes if it is much smaller than the width of the wave packet. Thus u is treated as a small

variable and the Wigner function at leading order in spatial gradient reads,

W(O) (.T,p) = Z

(271r)3 {86°+1—Bo) WD) (2. p)
+0 (p° + p+ Eps) W (p) [1 — O, 7p>} } ’ (3.136)

where we have defined the following terms for contributions from fermions or anti-fermions,

W& (p) = 5 Elp 0 (p) (12 5) 1° @ [(1: @ Sp) 9 (p)] . (3.137)

Here the single-particle wavefunctions 1/19) (p) are listed in Egs. (3.115) and (3.116|), meanwhile the
transformation matrices Sp and SIT) are given in Eq. lb The delta-function for the energy can

be written in a covariant form

55, ) (" +n—rEps) = 0lr(p” + w16 [(P° + 1)* — (Ipl — sp5)* — m?] (3.138)

which recovers with the normal on-shell condition when setting p = us = 0.
Then the next step is to insert the single-particle wavefunctions (3.115)) and (3.116) into Eq.
(13.136]) and calculate 16 components of the Wigner function. First we focus on the fermion part,

z/;gﬂ(p), which can be written in terms of the Kronecker product of two column vectors,

- VEp,+ — (Ip| = 15) 1 - VEp,— + ([p| + 15) 0
I (p) = ’ ® 0 W(p) = ’ ®
VEp+ + (P = 1s) 0 VEp,— — (Ip[+ 1) 1
(3.139)
Then using the property of the Kronecker product in Eq. (A10)), we obtain
Ws(+)(p) — 2El m Ep.s — s(Ip| — sps)
Ps |\ Eps +s(Ipl = sps5) m
i Ost
| (6. 6. ) She S . (3.140)
Js_

The explicit forms of S, and S;r, are given in Eq. (3.25). Then after some complicated but straight-

forward calculation we obtain

654—

1 PO
Si® S =1 : 3.141
((55+ (55_) p® P 22+S2‘p’ ( )
With the help of the Kronecker-product of the gamma matrices in Eq. (AS8)), we obtain
1 1 . 1
Wt = [m <]I + sl k> +FE ( 0 s—p-9° )
S (p) 4Ep,s 4 2 |p’ p p,s Y ’p|p vy
1
+(|p| — sus) (87570 P 7)] : (3.142)
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An analogous calculation can be done for anti-fermions, which gives

W) (p) = 1 -m Eps + s (p| — sps)
5 2Bps |\ Eps = s (Ip| = sp15) —m
® (55+ 5y ) St Sp )| (3.143)
5o

Then using Eqgs. (3.141)) and 1) we can express WS(_)(p) in gamma matrices,

1 1 S 1
”7(7) — I Z]k ij -k E 0 _ o = . AP
- P 4E[ (4“21 D R N L

—(|p| — sp5) <87570 — |Il)|p : 7)] : (3.144)

Inserting these back into the Wigner function in Eq. (3.136)) and taking the trace after multiplying

with T; = {I, i, v, v5v*, a‘“’} we can extract different components of the Wigner function,

F = mV(z,p),

P =0,

V0 = (0% + p)V(x,p),

V= p|View) - 2 A

A = ol [Ae.p) - v

A = 200+ A, p),

p|
S =0
S = ﬁeijkpkA(x,p), (3.145)
p|
where we have defined
_ 2 2
V(z,p) = — [(0° + 1)? = (Ip| — sp5)* — m?]

X {G(p + ) [ (@, p) = 0[=(0° + )] [1 ARG —p)} } ’

A(z,p) = 32 (0° + w)? — (Ip| — sus)? — m?]
5 {e<p + @)~ 06 + ] 1= [ @ )|} (3146)

Note that the presence of  and us breaks the Lorentz covariance of the Wigner function. That is

why in (3.145)), we separately listed VY and V instead of a four-vector V#. For the same reason, the
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axial-vector A* is separated into A° and A, while the tensor S*” is separated into the electric-like
components S” and the magnetic-like components S%.

In the case without chiral imbalance, we have four undetermined functions, V(O)(x,p) and
n(o)”(x,p), which are defined in . (Here pun(o)“ = 0 thus n(O% has only three indepen-
dent components.) However, in (3.145), we only have two functions, V(z,p) and A(z,p). This
loss of degrees of freedom is attributed to the spin degeneracy. In the case without s, the energy
states are degenerate with respect to spin. In the particle’s rest frame, its spin can take arbitrary

spatial direction. However, a finite chiral chemical potential us breaks the spin degeneracy, so the

eigenstates, given by Eqs. (3.115) and (3.116[), have fixed spin directions, i.e. along the direction
of p. Hence in (3.145]) the polarization density .A is parallel to p. This is different to the case

15 = 0, where the polarization density A can point in any direction. The reason for this difference
is because we forbid the mixture between different energy levels. In Eq. (3.134)) we assume that the
; T t : .
expectation values of p_u yOpids and b,p+%751b7p7%’s are proportional to dgy, because states
with different s are supported on different energy levels. If we allow the mixture between different
spin states, the final result would have more degrees of freedom and thus is expected to coincide

with the result in subsection [[ITA]in the limit ps — 0.

C. Fermions in a constant magnetic field

1. Dirac equation

In a constant magnetic field, the transverse momentum of a particle is discrete while the mo-
mentum along the direction of the magnetic field stays continuous. The eigenenergies are given by

the well-known Landau energy levels

EW = /m? + (p°)? + 2By, (3.147)

where By is the strength of the magnetic field and n = 0,1,2,--- label the Landau levels. Note
that the electric charge has been absorbed into the field. We can rewrite the quantum number n
asn=n'+ % + %s, with n’ = 0,1,2,--- denotes the orbital quantum number and s = + represents
the spin direction. Then the lowest Landau level n = 0 corresponds to n’ = 0 and s = —, which
means the particles in the lowest Landau level n = 0 have a definite spin direction. According
to the principle of minimum energy, the spins of fermions with positive charges are parallel, while

those of negatively charged anti-fermions are anti-parallel, to the direction of the magnetic field.
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Meanwhile, higher Landau levels n > 0 are degenerate for n’ =n, s = —and n’ =n —1, s = +,
which means these levels are 2-fold degenerate.

In this section we will consider fermions in a constant magnetic field. Since the magnetic field is
not Lorentz-covariant itself, we should choose a specific frame. The choice of the frame will break
the covariance. We also consider finite p and 5. The Dirac equation reads in this case

0 .
zaw = [0y (=iV = A) + my° — p — psyJop. (3.148)
Here p and ps are assumed to be constant. We can read off the Hamilton operator from the above

equation
H =7y (=iV = A) +m° — p— sy (3.149)

Without loss of generality, the magnetic field is taken in the z-direction. The magnetic field and

gauge potential are

A = —Byye,, (3.150)

where the field strength being a positive constant By > 0. This choice of the gauge potential is
known as the Landau gauge. Another widely used gauge is the symmetric gauge with A = %B X T
but here we adopt the Landau gauge because under this gauge the wavefunctions take the simplest
form. The Wigner function will only depend on the magnetic field and then be independent fromthe
choice of gauge.

Since the gauge potential A only depends on the y-coordinate in the Landau gauge, while the
mass m, the chemical potential y, and the chiral chemical potential us are assumed to be constant,
one can check that the spatial derivatives 8% and % commute with the Hamiltonian H in Eq.

(13.149). This indicates that we can introduce the momenta p®* and p® as conserved variables. The

solution of the Dirac equation (3.148)) can be cast into the Fourier mode

dpmdpz —1 ipTr+ip®z T oz

Here we adopt the Weyl representation, i.e., the Dirac spinor can be decomposed into the LH and

RH Pauli spinors,

XL(vapzv y)
V(" P y) = : (3.152)
xXr(P", 0%, Y)
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Inserting Eq. (3.151)) into the Dirac equation ([3.148]), one obtains the equations for the LH and RH

spinors,
.0
[E + ot (p” + Boy) + 02(—187]) +0°p" + - m] xc (", 0% y) = mxr(0®,p*,v),
.0
[E — o' (p” + Boy) — 02(_1@) —o®p* + p+ %] Xr(P"p7y) = mxp(p”,p%,y). (3.153)

For massless fermions m = 0, the LH spinor is decoupled from the RH one, which indicates that
particles are either LH or RH. But in the massive case there is a mixture between y, and x g, so the
chirality is no longer a good quantum number. Inserting the explicit formula for the Pauli matrices

into the equations of xg 1, we obtain the matrix form,

E+p—ps+p* —a@+(px+Boy)
) Y xc(p*,p*,y) = mxr(p",p*,y),
oy + 0"+ Boy) E+p—ps—p?

E+p+ps—p* & — (" + Boy)

5 Xr(P",p%,y) = mxw(p®,p*,y). (3.154)
—5y — (0" + Boy) E+p+ps+p*

In order to make the formula simpler, we introduce the creation and annihilation operators

Q ! {a+(r+B )]
a = —
V2B, Loy T T
1 0
o = —— | = '+ B . 3.155
’ m{ oy T Oy)} 21%9)

They are, respectively, the creation and annihilation operators of a harmonic oscillator around
an equilibrium point p®/By with the frequency w = +/By. We can check that they satisfy the
commutation relation [d, dT] = 1. But we should note that here a' is not the Hermitian transpose

of a. Using these operators, the equations for the Pauli spinors read
E+p— ps+p* V2Boal
V2Boa E+p—ps—p*

E+p+ups—p°  —2Bpal
—v2Boa E+ p+ ps + p?

xr(0",p%,y) = mxr(®»", 0%, y),

xr(P*p%y) = mxL(p*,p%y). (3.156)
Inserting the second line into the first line or vise versa, one derives the equation for RH or LH
spinors by eliminating xr or xgr

(E+u)?—A" 2usv/2Bgal

Xr,L(P",p%,y) =0, (3.157)
2us\/2Bga (E + M)Z — AT
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where
1
AF =m? + (p* £ us)? + 2B, <aTa + 2) + By (3.158)

is the energy squared of particles with spin parallel or anti-parallel to the magnetic field. We see
that the RH and LH spinors satisfy the same differential equation, thus we can solve one of them and
derive the other through the relation . Note that if the chiral chemical potential vanishes,
us = 0, the off-diagonal terms in Eq. also vanish and a straightforward calculation gives

the eigenenergy

1
E3132 =—u+ S \/m2 + (pZ)Q + 2By <&Td + 2) + s9By . (3.159)

The term 2By (&Td + %) is the transverse energy squared, which comes from the coupling between
the magnetic field and orbital angular momentum. The last term in the square root, By, is the
spin-magnetic coupling. This energy level agrees with the well-known Landau levels in Eq. .

In the case of finite us, the off-diagonal terms in Eq. take non-vanishing values. In order
to solve Eq. , we choose the basis of the harmonic oscillator, i.e., eigenstates of afa,

1/4 x\ 2 T
%(pm,y):(BO) L exp —% <y+£0> H, [@(y+gj>]. (3.160)

™ 2nn)!
Here H,, are the Hermite polynomials. One can check the completeness and orthonormality of ¢,

as

> €T x/ / _ ﬁ_ /_Zﬁ
> o0, y)en(P™y) = 5(y+BO y Bo)’

n=0

/dy¢n(px7y)¢n’(px7y) = Opn'- (3'161)

When acting on the basis functions ¢, (p®, y), the operators at and @ raise or decrease the quantum

number n,

adn(p®,y) = Vnou-1(0",y),
W' on(p",y) = Vn+1dn1 (0", y). (3.162)

Due to the completeness of ¢,,, the spinors can be expanded as

. = [ cn(P®,p* .
XrL (0% y) = > $n (0", Y), (3.163)
n=0 dn(p:p,pz)
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where all the y dependence was put into ¢,,. Then, from Eq. (3.157)) we derive

i [(E + :LL)Q - )"r:] ¢n(p:ray) 2/‘65 V 2(” + 1)Bo¢n+1 (vay) Cn

—0, (3.164)
n=0 2p5v QnBOQSn—l(va y) [(E + M)Q - A:’Ijﬁ»l] d)n(va y) dn

where
ME=m? + (p* £ us)? + 2nB. (3.165)

Using the orthonormality conditions in Eq. (3.161]) we can derive the equations for the coefficients

cn, and d,,

[(E+/1)2—)\5] co = 0,
2151/ 2nBoc, + [(E + ,u)2 - )\:] dn1 =0, n>0,

[(E+ p)?* = A\, ] e+ 2u5v/2nBodn—1 = 0, n>0. (3.166)

Here the coefficient ¢y decouples from all others, while ¢, always couples with d,,_1 for any n > 1.

2.  Lowest Landau level

The lowest Landau level is given by demanding a non-vanishing ¢g. From the first line in Eq.

3.166)), we obtain the eigenenergies £ = — u:i:E]gg), there the upper/lower sign labels fermions/anti-

fermions. The energy of the lowest Landau level is

EY = \/m? 1 (0" — )2, (3.167)

Inserting the eigenenergy £ = —pu £+ ESE) into the second and third lines of Eq. (3.166|), we obtain
¢n = dp—1 = 0 for any n > 0. Then from the decomposition (3.163)), one can construct the

unnormalized eigenspinor for the lowest Landau level

- co(p”, p*) .
xO %, p*,y) = . b0 (p”, y)- (3.168)

Since the functions ¢ (p®, y) satisfies the orthonormality relation in Eq. , we demand that the
spinor satisfies the normalization condition [ dyx©Tx(©) = 1. With the help of Eq. , we find
that co(p®, p*) = 1, so the normalized eigenspinor is independent of the longitudinal momentum p?,
which agrees with the case without chemical potentials. The normalized eigenspinor for the lowest

Landau level is

0)/,x _ 1 T
X%, y) = . do(p”,y). (3.169)
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The lower component is zero, so this state is occupied by a particle with the spin along the positive
z-direction or an anti-particle with the spin along the negative z-direction. Recalling that the z-
direction is the direction of the magnetic field, we see that the spin configuration in the lowest
Landau level ensures the lowest spin-magnetic coupling. Since the LH and RH spinors satisfy the

same equation (3.157)), we take X(LO) (p%,y) = X(O) (p*,y) without loss of generality. The RH spinor
is then derived from Eq. (3.156)),

T,z E+p— +pz T
Wty = = m”‘r’ X", y). (3.170)

Here the energy takes the eigenvalue for the lowest Landau level £ = —pu + E;(»S)- Then the
wavefunction in Eq. (3.152) becomes

1 1

0) ()T .2 _ 0) (= 171
v (" 0%, ) 7 G b (", y), (3.171)

where E,. = T‘EZ()(Z)) — p with r = 4, and the symbol ® represents the tensor product of two matrices.

The normalization factor N, is determined by the normalization condition for the wavefunction,

/dy O, 7, ) (0%, 07, y) = Oy, (3.172)

which gives
1
N, = - . (3.173)
VED = — )

Inserting N, into the solution we obtain the normalized wavefunction

1 \/ESZ)) —r(p* — us)
250 \ r/EY +r(p — ps)

The terms in the square root in the solution are always positive because

WO (%, py) = @ xO 2, y). (3.174)

ESZ)) = V/m?+ (p* — ps)? > |p* — ) - (3.175)

In the massless limit we obtain E]gg) = |p® — usl, and the wavefunction reduces to the chiral one,

0
, rsgn(p® — us) >0,
0)(pr
XY (0", y)
Yr(p*, 0%, y) = o (3.176)
0 €T
XY (", y)
, rsgn(p® — us) < 0.
0
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Figure 1: Energy spectrum for fermions (solid line with E > 0) and anti-fermions (dashed line with £ < 0)
in the lowest Landau level. We take the mass as the energy unit. The chiral chemical potential is taken to

be ps/m = 0.5. RH particles are shown in red, while LH in blue.

Here r = =+ represent fermions and anti-fermions respectively. The fermion states with p* > us
are RH, while states with p* < pus are LH. On the other hand, for anti-fermion states, p* > us
corresponds to LH, while p* < pus corresponds to RH. We plot the energy spectrum :I:Egz)) as
a function of p* in Fig. In the Figure, the x-axis represents the dimensionless longitudinal
momentum p?/m and the y-axis represents the dimensionless energy E/m. The branch with the
positive energy is for fermions while the one with the negative energy is for anti-fermions. We use
the blue color for fermions/anti-fermions with RH chirality while the red color for LH chirality. We
observe an energy gap 2m between fermions and anti-fermions induced by the mass. There is also
a gap 2us in the z-direction is induced by the chiral chemical potential.

The lowest Landau level is related to the CME. The fermions fill in the positive-energy states from
the lowest one. Hence fermions are more likely to have positive p* because the energy spectrum is
not symmetric. On the hand, anti-fermions are more likely to have negative longitudinal momentum
p?, which can be observed from the dashed line in Fig. Therefore there will be a net fermion
current along the positive z-direction, i.e., the direction of the magnetic field. Later on we will

show that the higher Landau levels do not contribute to the CME because they are symmetric in

z

p-.

3. Higher Landau levels

Similar to the lowest Landau level, the higher Landau levels are obtained by demanding a non-

vanishing ¢, with n > 0. According to Eq. (3.166|), in the presence of a non-vanishing us, the
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coefficient ¢,, is always coupled to the coefficient d,_;. Eliminating d,,_; we obtain an equation for

{[(E+p)® = M [(B +w)? = Ay] — 8nBoyi2} e = 0. (3.177)

In order to have a non-trivial c,, the coefficient must vanish, which gives the eigenenergies are

E=—pu+ s1E™  where

p*s2?

2
EW = \/m2 + [\/(pz)2 T 2nBy — 5%] (3.178)

is the energy of the n-th Landau level, with n > 0 and s = 4. The coefficient ¢, with m # n must
vanish because ¢, and ¢, correspond to different eigenenergies.

In the massless limit and assuming \/Wi-—QTLBO > |ps| (this is possible because ps labels
the chiral imbalance which in general should be a small variable compared to the momentum), we

have the eigenenergies

E =rv/(p?)? 4+ 2nBy — (u + rsus). (3.179)

Note that r = + label states with the positive (4) and negative (—) energy. In the massless case,
1+ w5 is the chemical potential for RH particles while u — us is the one for LH ones, so the product
rs denotes the chirality. The parameter s labels the helicity because fermions (r = +) with the
RH helicity (s = 4) and anti-fermions (r = —) with the LH helicity (s = —) have the RH chirality

(rs = +), or vice versa. In the case us = 0, the eigenenergies in Eqs. (3.167) and (3.178) reproduce
the well-known Landau energy levels in (3.147)). The higher Landau levels E]g?) in Eq. (3.178) are

S

degenerate for s = £ and any n > 0.

In Fig. [2l we plot the energy spectrum for the first Landau level n = 1. In this figure we use the
blue color to label the branches which in the massless limit reproduce the states of the RH chirality
and use the red color for the LH chirality. We observe a gap between LH and RH branches, which
is attributed to a finite us. Note that the energy spectrum is symmetric for flipping the sign of the
longitudinal momentum p? <> —p®. Thus, if the distribution only depends on the energy spectrum,
the number of particles moving in the positive z-direction equals to that moving in the negative
z-direction. The corresponding currents cancel with each other and there is no macroscopic current
for the Landau levels with n > 0.

Now we derive the wavefunction of the n-th Landau level. Inserting the eigenenergy into Eq.

(13.166]) we obtain a relation between ¢, and d,,_1. All other coefficients ¢, dy,—1 with m # n have
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Figure 2: Energy spectrum for fermions (solid lines with E > 0) and anti-fermions (dashed lines with E < 0)
in the Landau level n = 1. The mass m is taken to be the unit of the energy and momentum. The magnetic
field strength is chosen to be By/m? = 2 and the chiral chemical potential pus/m = 0.5. We use the blue
color for particles with the RH chirality and the red color for those with the LH chirality. The curves are

even functions of p?.

to vanish. According to the expansion in Eq. (3.163)), we obtain the unnormalized Pauli spinors

V2uB6u(p” )
(sv/ )7 + 200 = 7) du 1 (0", 9)

Again we demand the orthonormality condition [ dyxgnﬁxgl)

X", p7,y) = en(p”, p°) (3.180)
= 45 to determine the coefficient

¢n- The normalized eigenspinors read

1 \/\/ (p*)? + 2nBo + sp*dn(p”, y)
\/2\ /(p*)2 + 2nB, s\/\/(pZ)2 +2nBy — sp*¢p-1(p", y)

Note that the spinors Xé") (p*,p?,y) are real functions because a) ¢, (p®,y) are real; b) the magnetic

field strength By is positive; ¢) +/(p?)? +2nBy > |p?|. If the chiral chemical potential vanish,
us = 0, according to Eq. (3.166f), the state with ¢, # 0 and the one with d,,—1 # 0 have the same

(n

Xs

(3.181)

(", p*,y) =

energy E = —p 4 VAT with \* = m?2 + (p?)? + 2nBy. Since ¢, # 0 corresponds to a spin-up state
and d,,_1 # 0 corresponds to a spin-down state, we conclude that the higher Landau levels are two-
fold degenerate with respect to spin if us = 0. But for a finite us, the eigenenergy £ = —p+$1 ESZ@Q
depends on s; and sz, while the eigenspinors in Eq. are mixture of spin-up and spin-down
states. Using the orthonormality condition for ¢, in Eq. we can check that the spinors for

higher Landau levels satisfy the orthonormality condition, and they are also orthogonal to the one
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for the lowest Landau level,

/ dyx (%, p*, )XV (%, y) = 0,

/ dyng )T(px,pz,y)xgn)(pxapzay) = 055/ Onn- (3.182)

The wavefunction in momentum space can be obtained following the procedure for the lowest

Landau level. First the LH spinor is assumed to take the form given in Eq. (3.181)), X(L"i (p*,p%,y) =

Xgn) (p®,p*,y). Then the RH spinor can be derived from Eq. (3.156]),

1 ( E+p—ps+p° V2Byal
Xoh (0%, 9% y) = = ) X", y), (3.183)
m V2Boa E+p—ps —p°

Ez(,gg — p which depends on s and n. Here r = + label the fermion (+) and anti-fermion

(—). Inserting the solution (3.181) into the above equation, and using Eq. (3.162)) to deal with af

and a, we obtain the RH spinor and then the unnormalized wavefunction

where £ = r

n T 4 1 1 n T zZ
Wet ) =—o @ ¥ (%, 7, ). (3.184)
mNrs rEsz +s (pZ)Q +2nBy — M5

After proper normalization, we obtain

1 r\/E£?i+ru5frs\/pg+2nBo
25" \/EIS’JQ — rps +rsy/p? 4+ 2nBy
Again, due to the non-zero mass, the terms in square roots are always positive, and the wavefunction

is real. With the help of Eq. (3.161)), we can check that the wavefunctions satisfy the orthonormality

07, y) = ©x™M e p%,y).  (3.185)

conditions

/ dyw () (0" P )0 (7, ) = 0,
/dy¢£7sx)T(Pwapz7y)¢£?) (pzapzuy) = 67"7”655’67171" (3186)

Note that p* in the wavefunctions and is the momentum in the x direction, but
it also determines the center position in the y direction. The obtained wavefunctions are plane
waves in the z and z directions but have a finite extent in the y direction because of the harmonic
oscillator eigenfunctions ¢, (p”,y). One can have a more realistic description of a quantum particle
with given position and momentum by constructing wave packets by superposition of the single
particle wavefunctions with different p* and p®. In this thesis, the wave-packet description will be

used in computing the Wigner function.
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Now we briefly discuss the density of state. We consider a finite volume I, x [, x [, with periodic

boundary conditions. Then p* takes discrete values,

2
P = 71”%’ Ng=--,—1,0, 1,2, . (3.187)
X

All the wavefunctions are constructed from the harmonic oscillator wavefunction ¢, (p*,y), and the

center position of the harmonic oscillator is y = —p®/By. In order to make sure this center position

is located inside the area considered, we demand

p
< - < 3.188
0< B <l (3.188)
from which we obtain
Byl,l,
———2 <n*<0. 1
P n® <0 (3.189)

So the density of state is Bolyl,/(2m) for given p* and n, r, s. This result is consistent with our

knowledge about Landau levels.

4. Landau quantization

We have given in (3.174)) and (3.185) the wavefunctions for the lowest Landau level and higher

Landau levels respectively. Using these wavefunctions, the Dirac operator can be quantized as
0 dp®dp® o
- S [ e s () 2

+exp (z’E;’:st) "7 ) (7, )] (3.190)
where we have defined
S = 50 S 319)
n,s s=tn>0
for any function fs(n) which depends on the helicity index s and Landau level n. The particles in

(n)<

the lowest Landau level always have the fixed spin. Here as ’(p®, p*) is the annihilation operator

for a fermion in the n-th Landau level with p®, p*, and s. Similarly, bg )T( p?) is the creation
operator for an anti-fermion in the n-th Landau level with the same p*, p?, and s. We observe that
the contribution from the chemical potential p to the field operator is an overall factor e’**, while

(n)

the chiral chemical potential us enters the energy levels E, .. We further assume that the creation

and annihilation operators satisfy the following anti-commutation relations
{67(3237287 dt(;;q)js’} = (27[-)26(1)33 - qm)é(pz - qz)dnn’éss’y
7(n) 7 (n') _ 2 T T z z
{60 B0} = @m0 = )00 = 4°)bnne G (3.192)
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with all other anti-commutators vanishing. These relations are straightforward extensions of the
free case, but it is reasonable because we can derive the following equal-time anti-commutation

relations for the field operators
{alt%), B}t x) } = 8056 (x = x),
{talt.x), 9a(t,x) } = {BLit,%), B(e.x)} =0, (3.193)

where o and 3 are indices of the Dirac spinors.
Since we have computed the eigenstates of the Hamilton operator and used them to quantize
the Dirac field in Eq. (3.190), it is straightforward to rewrite the Hamiltonian using the creation

and annihilation operators,
H = Z/ (B~ ) a7 57)a 7.
(n) n T 2\ (n T z
- (E,,ZS ) ) (", =P (=", )] (3.194)
The momentum operators are given by

Bm ) [ T (o0 el )~ B0 G )]

- dp*dp*®
P, = Z / o [l 7, p%)al (07, p%) — o) (7, o )| (3.195)

In these calculations we have used the orthonormality conditions in Eqgs. (3.172) and ([3.186)).

5. Wigner function

We have derived the wavefunctions in Eqgs. (3.174]) and (3.185)) and the field operator is quantized
in Eq. (3.190). Inserting the field operator into the definition of the Wigner function (2.18) we
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obtain

dqidqidgsdgs qf +q3 4+
S(p* — Byy — L %2 )5 (pr - LT %2
ZZ/ / 2n)t p” — Boy 5 p 5

n,s n's’

xexp [i(qf — q3)x +1i(qf — a3)z +ip"y]

n’ T oz y,
X{< U5, g3)al" (qlql)>w+s (Q27Q27y+ >®1/1 (ql,ql,y—2>

X exp [z (Eég;} — E(f’g) t} 5 {00 E(L?;E(”)

a3

’ _ /
+ (05 (a5, ~ g (~af, —a7) ) ) <qz,qQ,y+ )®1/J <q{’,qiy—y>

2
EY) + B
SCLAU L N (3.196)

() (n) 0 435
X exp [—2 (qus,—quJt}é p o+ pu+ 5
where y is the y-component of the four-vector z#, and 3’ is an integration variable. Here we have
f : : : : (")t ()t (n) (n)
dropped mixing terms of fermions and anti-fermions, i.e., aq%qgs’bfqi”ﬁqf, and b i —azs Vet
These terms only contribute if there is a mixture between the fermion and anti-fermion state.

Analogous to what we did in the case of free fermions in subsection [[ITA] we define the average

and relative momenta,

z
: kz:ql;%, ut =qf — g5, v =qi — ¢ (3.197)

Using these new variables, the integration measure stays unchanged

dqidqidas dg; = dk*dk* du®du®. (3.198)
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Then the Wigner function reads

dy [ dkedkidutdu® R L
W (z,p) :ZZ/(%T)/ (2n) § (p® — Boy — k%) 6 (p° — k) exp (iu"x + v’z + ip¥y’)

(n)t x_&x z_uiz (n) x fuj z &Z
x{<a8, <k: 2,k 2>a5 <k+2,k‘+2>>

(o u® u® y/ u” u” y,
W (= = G g e (R G g
E(n/) X + E(") )
(') (n) 0 k*—gurs’ k*tgusss
X exp [z <Ek2—;uZ,s' — Ekz—i-;uz,s) t} olp +p— 9

—(n) X u- k? : yil (n) PR j 1 QLZ _y;
Xw—sl( 27 27y+2 ®'lp_78 —|—27 +27 5
E(n)1 + (n) X
(n ) (TL) 0 Z_,uZ’s/ kz—‘r*uz’
e [Z (Ek— k+u) t] B O T }
(3.199)

The Wigner function now is a two-point correlation function in momentum space. We adopt the
wave-packet description and assume the expectation values are given by some distribution functions
that will be determined later,

x 2

(n')t m_ﬁ z_’uj (n) z , Uog, U _ , /(—l—)(n) T 1.2 ,T 2
<as, <k‘ 2,k: 2)(15 <k+2,k‘—|—2>> Oss'Onn/ fs (K", k*,u®, u?),

/ u® u? u” u?
<b§?) (—k”” + gk 2> QL <—k:‘” — oy K - 2>> = oG [(27)20(u”)6 ()
— O (g k)|
(3.200)
The expectation values are proportional to the Kronecker-deltas, 449, because we assume the
wave packets are constructed by states at the same Landau level n with the same helicity s. In

the free fermion case, energies are two-fold degenerated for the spin, but for non-zero us, this spin

degeneracy disappears and all the quantum states are not degenerate any more. Inserting these
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expectation values back to the Wigner function we obtain

B dy [ du®du® o . oy
W(z,p) = ;/(QW)/(QWYL(%XP(W T+ iz +ip y)

X {fé+>(n> (px - B()yvpzv ua:’ uz)

E(”) L +E(n)
; (n) g™ 0 PF—gu,s P tzut,s
X exp {z <Ep2§u2,s P Lus S> t} olp" +p— 5
u® u? Y
— Bay — — pF — J
< 0y 2 y D 2 Y + 2 >

u{L’ ,LLZ y/
B+ L Ly Y

[( 26<ux>< %) = [0 (—p + Boy, —p",u, )]

E(”) ) + E(”) )
) () 0 p —turs T Tprtluts
X exXp |: ! (Epz—éuz,s Epz-i-éuz,s) t] o\p +pt 2
(" — Bny — uf uz ?i/
XY <p 0y — , p° > YT
( Z y/
®w” (p —Boy+—,p +? y—2> . (3.201)

n)

pralyss 85 well as the

Assuming that the relative momenta u® and u? are small we can expand g™

wavefunctions in ©* and u?

(n) (n)
Epz+%uz7s Epz,s _I_ O(u)

(3.202)

The local distributions are defined as

du* du? . ) e e s
fS(Jr)(n)(pI’pZ,X) = /Wexp (1u"x 4 u®z) fs(ﬂ( )(P — Boy, p®, u®, u®),

A =) = [ G e i + 100 SO0 (< + By ). (3209

Then the Wigner function at the leading order in the spatial gradient reads
W(x,p) = %Zfs,(”(")(px,pz,X)Wfﬂ(pﬁ (0" +n— B
o Z [1 _ O ,x)} W) (p)s (po tu+ E}J”)S) . (3.204)
where the contribution from the n-th Landau level is

W (p) =

TS

(Zpyy ) w7(‘s) <p$? Dz, ) 711 <p:ra Dz, —y2> . (3205)
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Here we have used the property ¢, <pz —eBy, y— %) = ¢n, (pm, —%) and the fact that the depen-
dence of @ZJ%L) on p; and y only appears in the eigenfunctions ¢,. The contribution from fermions
is separated from that of anti-fermions. The distributions fs(i)(") turn out to be locally defined,
which also depend on n, s, p*, and p®. The Dirac-delta functions in Eq. can be written by

an on-shell condition multiplied with a step function,
6 (po+p—rE,) = 2B0 { (o + w)? = (B2} 0l (vo + ) (3.206)

The lowest Landau level n = 0 does not depend on s. The wavefunctions are given in Eq.

(3.174). Inserting the wavefunctions into Eq. (3.205]), we obtain

1 1
0 _ 0) .1 . 2 3
W,,( )(p) = W@ {rmﬂg + E]()Z)O' —1(p, — ps)io } ® (]IQ +0o )Ioo(px,py), (3.207)
where I;;(p”,pY) is defined in Eq. (B1). The tensor product of two Pauli matrices can be written
in terms of gamma matrices, as shown in Eq. (A8). Thus we obtain

r

wO(p) = 000", p) [m(Is + 012) + 7 EQ (10 = 4%9%) = (0 = ) (7 = 4°)] -

(2m)34 B
(3.208)
Here Ino(p®,pY) is calculated in Eq. (B10). Similarly, using the wavefunctions for higher Landau
levels in Eq. (3.185]), we can compute the contributions of the higher Landau levels
1

1
(TL) - - - (n 1 . 2 _ 2\2
Wi (p) (2r)? 2E;(,2 [rmﬂg + B0 + (i07)r(ps — sv/(p*)? + 2nBo)]

1 (v/(p*)2 + 2nBo + sp*) Inn sv2nBoly- 1.
2y/(p*)? +2nBy 5v/2n Byl n-1 (V)2 +2nBy — sp*) In—1n-1
(3.209)

The matrix in the second line of Eq. (3.209) can be decomposed in terms of the unit matrix and

Pauli matrices,

(v (p*)? + 2nBo + sp*) Inn sv2nBol, 1,
Smln,n—l ( (pz>2 +2nBy — sz)In—l,n—l

I n T+ In_ n— Inn — In_ n—
= < (pz)Z + QHBo—n ln—1 + sz—l7 1) ]IQ (3.210)
I, Sy I, — Ly
/2nBO n—1n nn—1 1 /2nBO n—1n n,n 1Z. 2
Inn — In—1.n— Loy +10—10—
< /( 2)2 27”LB() nn n—1,n—1 zdnn n—1,n 1> 3. (3.211)

Note that these functions are independent of the choice of gauge. We start from the Landau gauge

where p” is a well-defined momentum while p¥ is not. But Eq. (B8)) only depends on pr, where p*
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and p¥ have the same importance. The functions I;;(p”, p¥) are computed in Eq. (B5). Using the
results , the Wigner function for the higher Landau levels n > 0 can be written as

W(p) = —— ; { [mh + 7B + (sv/(07)2 + 2nBo — %)’f’vo}
(2m)34E,7,
(n) I (n)
x | A + s AV
( + (pr) 5 T 2nB (PT))

+ [ma12 —rE" + (55 — 5/ (p°) + 2B 0)73}

x [ A" (pr) + P A
( (1) + 5 A )

+ [m (67 + Mp¥) = r B (99" + )

2nBy (n)
+(ps5 — s/ (p*)2 + 2nBy) (V'p® +~%pY) | x s AV (p ,
(ke ) o) { )] P2/ ()2 + 2nBy (pr)

(3.212)

where we have defined a new function for n > 0. Different components of the Wigner function can

be extracted using the trace properties in Eq. (2.21)),

g1 o . .
= A,
(gz) %VG +n§ m@” 2 T Ve >] <po+u)’
Gy = (" — m)Voet” + Y [ V()7 +2nBo A, — sV ef”

n>0
M5 (n)
+ A, + v/ 2nB
7;0 T J)E f2nB, (e + vanBac”)
Gy = 0, (3.213)

(n) (n) (n)

where the basis vectors e; 7, e; ', and e;’ are defined in Eq. (B15) and we have defined two

functions for n > 0

Vi = (er)?,ga{@ow)?— B2}

< { SO p 200 + ) + [ £ (", 7 %) = 1] 0= — )}

Ao = g S0 oo+ 0? - (B2}
{7 7 200 + 1) + |0 (=p, =p*,x) = 1] 0(=po — 1)} , (3:214)
and
ne (272r)35 {0 + 07 ~ (B}

y {f<+>(o>(px7pz,x)9(p0 b+ [fe)(m(_px’ PP, %) — 1] 0(—po — M)} . (3.215)
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In Eq. we have separated the 16 components of the Wigner function into four groups
G; with ¢ = 1,2,3,4 as shown in Eq. . From the solutions we observe that the
pseudoscalar codensate P and the electric dipole-moment 7~ vanish and the remaining components
can be decomposed into different Landau levels while there is no mixture among different levels.
The Wigner function computed in this subsection is useful for studying the physics in strong
magnetic fields. In the Landau-level description, we find the eigenstates of the Dirac equation, thus
thermal equilibrium can be well defined. This allows us to calculate various physical quantities
under the assumption of thermal equilibrium. We will show in Sec. [V]that the CME and CSE can
be correctly obtained from the Wigner function . In the limit of sufficiently strong magnetic
fields, all particles will stay in the lowest Landau level. The system then reaches a fully polarized
state, which means that the average polarization of spin-1/2 particles can reach its maximum value
1/2. In Sec. we will also calculate the average polarization and the results agree with those

expected.

D. Fermions in an electric field

In this subsection we will focus on a system in a pure electric field. If the electric field is large
enough, fermion-antifermion pairs can be excited from the vacuum, which is known as Schwinger
pair production [78|. Since this process is a time-evolution problem, in this subsection we will
use the equal-time Wigner function for convenience. The Schwinger process can be analytically
solved in the case of a constant electric field E(¢,x) = Epe* and in the case of a Sauter-type
field E(t,x) = Fgcosh %(t/7)e?, where e* is the unit vector in the z direction. Both cases are
homogeneous in space, while the Sauter-type field depends on the time ¢. Analytically solving
the Sauter-type field requires knowledge about special functions, thus in this subsection we will
solve this case numerically instead of analytically. The numerical calculation for a Sauter-type
field also provides an universal approach for solving the Wigner function in a time-dependent but
spatially homogeneous electric field. In this subsection we analytically solve the Wigner function

in a constant electric field.

1. Asymptotic condition

In order to solve a time-evolution problem, we need the equations of motions and an asymptotic

condition. The equations of motions for the equal-time Wigner function have been derived in
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subsection [[TE] while the asymptotic condition can be chosen as the Wigner function for vanishing
electric field.

Since the Schwinger pair-production process does not depend on the spin, we choose to neglect
the spin of the particles. According to the calculations for the free-particle case in subsection [[ITA]

where the Wigner function is given in Eq. (3.47]), we obtain

Fep ) 5(p* —m*)V(z,p), (3.216)
Vu(l‘,p) p,u
with
2d, _
V(x,p) = 2n)? {9(p0)f(+)(x,p) —0(—p") [1 — O, —p)} } (3.217)

Here d, is the spin degeneracy, for spin-1/2 fermions we have ds = 2. Other components P, A,,, and
Suv vanish as desired because we have neglected spin effects. In general the distribution functions
&) should be space-time dependent. But if a spatial inhomogenity is taken into account, the
Wigner function cannot be analytically computed. In this subsection we assume that the electric
field as well as the distributions f(*) are independent of spatial coordinates, which indicates that
the whole system has translationally invariance in space.

First we derive the equal-time Wigner function from the covariant one by integrating over energy

p°. The mass-shell delta-function in Eq. (3.216]) can be integrated out and we obtain

il N Ci(p), (3.218)
V(p) Ep \ p
and
V(p) = Ca(p), (3.219)

where we have defined Cyi(p) = [dp® EpV(p)d(p* — m?) and Ca(p) = [dp® p°V(p)d(p* — m?),

respectively. More explicitly, the integration can be performed and yields

Ci(p) = (272T)3 [f(”(p) + O (-p) - 1} :
Cy(p) = (272r)3 [f(“(p) — [ (-p) + 1} . (3.220)

The last term £1 in Eq. (3.220)) represents the contribution from the vacuum, which aries because
the operators in the Wigner function are not normal-ordered. If the Wigner function is defined with
a normal ordering, the vacuum contribution vanishes and the function C(p) is the sum of fermion

and anti-fermion distributions. Meanwhile, Cy(p) is the net fermion number density.
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2. Equations of motion

In a time-dependent but spatially homogeneous electric field, the equations of motions (2.90)
take a simple form. The operators used in these equations, which are defined in Eq. (2.85)), have

the following expressions, where the electric field is assumed to be in the z-direction.

Dt == 8t+E(t)apz,
Dy = 0,

I = p. (3.221)

Here we have dropped spatial derivatives because the whole system is translationally invariant. Due
to the translation invariance, we find that the 16 components of the Wigner function can be divided
into several subgroups. The members in each group are coupled together according to Eq. .
It is a good feature that the component V°(¢, p) decouples from all other components, which satisfy

the following equation
DV (t,p) = 0. (3.222)

Since the net charge density in coordinate space can be derived from V°(t, p) by integrating over
d3p, the above equation is nothing but the conservation law of the net charge density. Taking the
solution in Eq. at time tg, the solution for VO(¢, p) reads
Vo(t,p) = Cy <p — / t dt’E(t’)eZ> , (3.223)
to
where e® is the unit vector along the electric field direction. This solution reflects the overall
acceleration of fermions in an electric field, with — ftto dt' E(t')e® is the momentum shift due to the
electric field.
Meanwhile, the equations for P, A%, and & decouple from others and thus form a closed sub-
system. Since these components are all zero when the electric field vanishes, they will remain zeros
even after the electric field is turned on. The rest ten components, F, V, A, T, form another

subsystem, which satisfy the equations of motion in a matrix form
Dyw(t,p) = M(p)w(t, p), (3.224)

where the column vector w(t, p) = (F,V, A, T)T has ten elements and M (p) is a 10 x 10 coefficient
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matrix

0 0o o p?
0 0 p* —mls
M(p) =2 . (3.225)
0 p* O 0
—p mly 0 0
The initial condition at a given time tg for the equations of motion in (3.224) is taken to be the
solution (3.218]) without the electric field. Based on the fact that all fermions will be accelerated
in the electric field, we make the following ansatz for w(t, p),

. 10
w(t:p) = €1 (p [ @ EW)e) S witplei(o) (3.226)
t i=1

0

Here the overall factor Cy <p - fti) dt'E(t )ez> is constructed from the distribution function for
fermions with the momentum p — fti) dt'E(t')e* and that for anti-fermions with the opposite mo-
mentum —p + ftto dt'E(t')e*. Thus we observe that particles are accelerated along the direction
of electric field, while antiparticles are accelerated along the opposite direction. Meanwhile, we
take ten basis vectors e;(p) because w(t, p) has ten components. The basis vectors are assumed to
be time-independent, while the expanding coefficients y;(¢, p) are time-dependent. The first three

basis vectors read

0 m 0
e 1 pPr 1 0
€1 = : , es(pr)=— , es(pr)=— , (3.227)
0 mr{ oo mr | e* x pr
0 0 —me*

where mpr = /m? + p% is the transverse mass, which ensures that these vectors are properly
normalized and orthogonal to each other e; - e; = d;;. Since they are independent of ¢ and p®, we
have D;e; = 0 for ¢ = 1,2,3. We can check that these basis vectors form a closed sub-Hilbert space

under the operator M (p),

el 0 0 —mr €1
M(p) es =2 0 0 pz ey . (3228)
e3 mr —p° 0 es

Note that the initial condition, i.e., the Wigner function when the electric field vanishes, stays in
such a subspace, the system will be in this subspace at later time of the evolution. The other basis

vectors e;(p), i = 4,5,---,10, in Eq. (3.226]), are not necessary because the first three are sufficient
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to describe the time evolution. The evolution of the coefficients x;(¢,p), ¢ = 1,2, 3 are then derived

from Eqgs. (3.224), (3.226)), and (|3.228]),

X1 0 0 mr X1
Di| x2 | (tp) = 0 0 —p* || x2 | (D) (3.229)
X3 —mr pz 0 X3

This system of partial differential equations is equivalent to the well-known Vlasov equation for
pair production in quantum kinetic theory [89]. Once the functions y; are solved from Eq. (3.229)),
the Wigner function can be reproduced by inserting y; and Eq. (3.227) into Eq. (3.226)).

3. Solutions for a Sauter-type field

In order to solve Eq. (3.229)), we first need an initial condition. One naive choice is, assuming

that the electric field does not exist before time ),

z

D m
xi(to.p) = = Xa2(to.p) = - Xa(to.p) =0. (3.230)
P P

This initial condition corresponds to a field which is suddenly switched on at tg, i.e., a time-

dependent electric field as
E(t) =0(t —to)E(t). (3.231)

Such an initial condition is useful when dealing with a field which vanishes when ¢t — to. For
example, for a Sauter-type field E(t) = FEgcosh™2(t/7), we can specify the solution ([3.230)) for
to — —oco and the system evolves with time according to Eq. .

We now take the Sauter-type electric field E(t) = Egcosh™2(t/7) as an example. In Fig. [3| we
plot the time dependence of the field strength. The Sauter-type field can be used to describe a

pulse, which converges to zero in the limit ¢ — +00. We define the canonical momentum ¢* as
q° = p® — Eor [tanh(t/7) + 1], (3.232)

which ensures that ¢* = p® in the limit ¢ — —oo. Then we substitute the kinetic momentum p? in

the operator D; by the canonical one ¢* and obtain

d
[0y + Egcosh™2(t/7)0p=] xi(t. p) = $Xi(ta Pr, q°). (3.233)

The equations of motions (3.229)) now transform into ordinary differential equations,

X1 0 0 mr X1

d

7l x| =2 0 0 —q* — Eor [tanh(t/7) + 1] o |, (3.234)
X3 —myp ¢° + Eor [tanh(t/T) + 1] 0 X3
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Figure 3: The time dependence of a Sauter-type electric field E(t) = Egcosh™2(t/7). Here we take the

transverse mass mr as the energy unit and the peak value of the electric field is taken to be 3m3..
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Figure 4: The p*-dependence of x; at times ¢ = —27 (solid line), t = 0 (dashed line), and ¢t = 27 (dot-dashed

line).

with initial conditions
z

, : m ,
lim x1(to, P, ¢°) = %, lim x2(to, Pr,¢°) = E7T, lim xs(to,pr,q¢°) =0.  (3.235)

to——o0 p to— p to——o0

This system of ordinary differential equations can be easily solved using the finite-difference method.
One can also see Ref. [89] for the analytical solution from quantum kinetic theory.

As an example, we take the transverse mass mp = /m? + p% as the energy unit and 7 = 1/mp
as the time unit. The peak value of the Sauter-type electric field is chosen to be Ey/ m% = 3. In Figs.
[, Bl and [6] we plot the p*-dependence of x1, X2, and xs, respectively, at several times, ¢t = —27,
0, and 27. We emphasize that in these figures the z-axis is the kinetic momentum p*. According
to our calculation, even though the electric field strength turns to zero in the limit ¢ — 400, the
functions x1, x2, and Y3 cannot reach stationary states. Instead, these functions will oscillate and

the oscillations become more and more pronounced at later times. In Sec. [VE| we will clearly see
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Figure 5: The p*-dependence of x3 at timets t = —27 (solid line), ¢ = 0 (dashed line), and t = 27 (dot-dashed

line).
1.0 -
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= 0.0
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—1.0} TooE T
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Figure 6: The p*-dependence of x5 at times t = —27 (solid line), ¢ = 0 (dashed line), and ¢t = 27 (dot-dashed

line).

that the oscillation does not contribute to the pair-production rate, and the pair spectrum finally

reaches a stationary state.

4. Solutions in a constant electric field.

However, the initial conditions in Eq. do not work for a constant electric field E(t) = Ej.
Since a constant field is not integrable, the momentum shift fti dt'E(t')e, will be infinitely large
if we take the limit {g — —oo. From the physical point of view, the fermions can collide with
each other and the kinetic energy will be converted to the thermal energy through collisions. The
collision processes will retard the movement of particles and the system would finally reach a new
balance state in the electric field. If the system has a boundary, the particles would accumulate near

the boundary and the chemical potential 1 then becomes spatially-dependent. Finally the force
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from the Pauli exclusion principle, i.e., the effect from the gradient of u, will cancel with that from
the electric field. If the system is infinitely large, the system would reach a state with a collective
charge current, and more fermions (assumed to have positive charge) moving in the direction of the
electric field. In this case, the current can be independent of the spatial coordinate and so does the
distribution.

Here we assume that the system is described by spatial independent distribution functions at
time £y and we focus on a short period after this moment. The system w deviates from the initial
state during this period because of pair production. Then our goal is to find a solution which

coincides with Eq. (3.218]) when the electric field vanishes,

X1 ) p

xz | (6,P) =z | mr |- (3.236)
P

X3 FEy—0 O

The Wigner function in a constant electric field is then given by Eqgs. (3.226) and (3.227)), where
the coefficients y; with ¢ = 1,2,3 are solved from Eq. (3.229) with the condition (3.236)), while

other x; with ¢ = 4,5,---10 are zeros. From quantum kinetic theory one can obtain the following

solution [89],

X1 di (777 E%PZ)
v |®)=| Zd(n J20) | (3.237)
X3 = ds (n, E%pz)

where n = m% /Ep is the dimensionless transverse mass square. One can check that this solution

satisfies Eq. (3.229)) and the constraint (3.236). Here the auxiliary functions dy, ds, and dsz are
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defined in Eq. (B19). Then the Wigner function can be reproduced using Eq. ([3.226)),

m 2
F = ds (1, \/=p* ) C1 (p — Eote,) |
m2<77 Eop) 1 (p — Eote.)

P =0,

Yo = Cy (p — Epte,),
pPT 2
— d —p* ) C — Epte,),
Vr \/E2<n"/Eop> 1 (p — Eote)

2
V: = d; <?7, \/ EOPZ> Ci (p — Epte;) ,

AY = 0,
e, X pr 2
= —p° — Epte;),
A oE ds <77, EOP>C'1 (p — Evte.)
me 2
- My =) C1 (p — Eotes)
T m3<777 EOP) 1 (p ote;)
S = 0. (3.238)

When taking the limit Ey — 0, the Wigner function recovers the results in Eqs. (3.218) and
. At the moment ¢t = 0, the existing particles are assumed to produce distributions which
are determined by C;(p) and Ca(p). Note that due to the lack of collisions, the solutions in Eq.
(13.238)) can only be used to describe a short period after ¢t = 0, i.e., for times smaller than the mean

free time.

E. Fermions in constant parallel electromagnetic fields

1. Asymptotic condition

In subsection [[ITC| we have derived the Wigner function in a constant magnetic field. In this
subsection we will add an electric field, which is assumed to be parallel to the magnetic field.
Both the electric field and the magnetic field are chosen to be constant so that the problem can
be analytically solved. Similar to the case of a pure electric field, the case in this subsection is a
time-evolution problem. Particles in constant magnetic field are described by the Landau levels,
which is used as the initial condition for the time evolution. Taking the chiral chemical potential

us = 0, and integrating over energy p°, we obtain the following equal-time Wigner function from
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Eq. (3.213),

m n), 2\ (n
gl = Z n) C£ )(p )65 )(pT)a

= B
G = > el (pr),
n=0
? 1
p* n>0 Hpz
Gy = 0. (3.239)

Here G; are constructed from the Wigner function as shown in Eq. (2.92), Cfn) =/ deEZ(,?)V(")
and C’én) = [ dp°(p° + )V (™. The basis vectors eg?%,g (pr) are defined in Appendix The function
V(™) is defined in (I3.214b and d3.215l), from which we obtain an explicit relation between Cfn), C’én)
and fE)®)

n z 2— 571 n z —)n z
o) = 7 7O () 4 FOO ) 1],
n 2 d, -
e (p?) = (%)30 [0 ) — fO ) 1] (3.240)

Up to a vacuum contribution, the auxiliary function C{n) (p?) is the sum of the fermion and anti-
fermion distribution in the n-th Landau level, while Cén) (p®) is the difference. In general the
distributions depend on p*, p*, and x, where p* — Byy plays a role as the center position in the
y-direction. Here we choose to neglect the spatial dependence of the distributions. Thus, there is
no dependence on x and p” in Eq. . The pre-factor 2 — d,9 is the spin degeneracy for the
n-th Landau level. We find that the equal-time Wigner function, whose components are given in
Eq. , is a sum over different Landau levels. Later on we will show that in the presence of a

constant electric field, different Landau levels evolve independently.

2. Equations of motion

In the presence of constant electromagnetic fields, we assume that the whole system is spatially
homogeneous so that the spatial derivative Vx can be dropped. The operators in Eq. (2.85|) are

now given by

D; = 8t+E08pz,
Dy = Bpe. x Vp,

I = p, (3.241)
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where Ejy and By are strengths of electric and magnetic field, respectively. Then the matrix opera-

tors M; and Mo, defined in Eq. (2.95)), take the following forms,

0 2p*® 2pY 2p® 0 —hByOpy hBoOp= 0
2p”® 0 0 hByOye —hByo 0 —2p*  2pY
Ml = P 0 , M2 — 0Upy D P
2 py 0 0 hB 0 apy hB, 0 apx 2 pz 0 - 2px
9% —hBody —hBody 0 0 o 2t 0
(3.242)

For the lowest Landau level, only the basis vector ego) (pr) defined in 1) contributes to the
solution in ((3.239). Furthermore, we can check that ego) (pr) is an eigenvector of the operators Dy,

Ml, and MQ,

Diel”(pr) =0, M (pr) = 20°¢ (p1), Moel® (pr) = 0. (3.243)

Thus we only need ego) (pr) to describe the dynamics of the lowest Landau level.

For higher Landau levels, the initial Wigner function in contains all three basis vectors
egn) (pr), i =1,2,3 and n > 0, which are defined in Eq. . But we can check that these basis
vectors are not closed under the operator Ms. In order to construct a closed Hilbert space under
the operators Dy, M7, and My, we need another basis vector, i.e., ez(ln) (pr) defined in Eq. (B15).

Acting the matrix operators M; and Ms on these basis vectors, we obtain

4
Mie" (pr) = Y (") el (pr),
j=1
4
Mel (pr) = Z(C§”))?j e§")(pT), (3.244)
j=1
where the coefficients are
0 p* /2nBy 0 0 0 0 0
5 0 0 0 0 0 0 v2nB
=2 ? =2 ° 1. (3.245)
V2nBy 0 0 0 0 0 0 —p°
0 0 0 0 0 —/2nBy p? 0

Note that in Eq. (3.244)), we have used the transposes of cg") and cg") for convenience of further
(n)

calculations. Due to the fact that the basis vectors e; "’ (pr), i = 1,2, 3,4, are independent of ¢ and

p?, we find

D™ (pr) = 0. (3.246)
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When the electric field vanishes, the equal-time Wigner function in Eq. (3.239) can be expressed in

terms of the basis vectors ego) (pr) and el(-n)

(pr). Analogous to the case in the previous subsection,
we take the Wigner function in a constant magnetic field as an asymptotic condition when Fy — 0.
Then it is straightforward to conclude that the Wigner function will stay in the Hilbert space

(0) (n)

formed by e; ’(pr) and e; ’(pr) because this space is closed for all operators Dy, M; and M> in

the equations of motion (2.93). We thus decompose the Wigner function as

4
Gi(t,p) = £t p)e” (o) + 3 S 11 (1. 0%l (pr), (3.247)

n>0 j=1
where ¢ = 1,2,3,4. Note that since we focus on a constant magnetic field, the basis vectors are
independent to time and all the time-dependence is put into the coefficients fi(o) and fl.(;). We also
find that the transverse momentum is separated in Eq. . Inserting the decomposition ([3.247))
into the equations of motion , and then using the orthonormality conditions in Eqgs. (B16]),
, and to separate the coefficients of different basis vectors, we derive the equations of

motions for fi(o) (t,p?) and fi(j") (t,p?). For the lowest Landau level, the equations of motions read

0 0 00 p £
(0) . 0 00 0 0 .
AEO) —-p* 0m O fio)
while for the higher Landau levels we obtain

e o o o 7

m . 0 0 - 0 {m .

3 0 —Cy 0 —2m]14 f3

Eln) _an) 0 2mly 0 ffln)

where fz(n) = ( fi(ln ), Z.(Q" ), fi(?? ), fi(n))T is a four-dimensional column vector. From these equations we

observe that different Landau levels decouple from each other and thus evolve separately.

8. Lowest Landau level

In the lowest Landau level, the spin of a positive charged particle is parallel to the magnetic
field. Meanwhile, the higher Landau levels are 2-fold degenerate with respect to spin. Thus the

lowest Landau level is special and needs a careful treatment. The equations of motion for the lowest

91



Landau level (3.248]) are obviously distinct from those for the higher Landau levels (3.249). We
note that in Eq. (3.248]), the equation for fQ(O) decouples from the others, which gives

Difi2(t,p*) = 0. (3.250)
Since the net fermion number at the lowest Landau level is given by
n® = [ 1570 (or), (3.251)
we find that the equation for fg(o) correspond to the conservation of n(?, i.e.,
om® = [ &% [Duff(t.67)] AV ) = 0 (3.252)

Here we have integrated the p®-derivative by parts and dropped the boundary term. Equation

= C’éo) (p®), give the following

3.250)), together with the asymptotic condition f2(0) (t,p?) -
ﬁ.

specific solution
IO, p7) = O (07— Eot). (3.253)

It describes the overall acceleration of particles along the direction of the electric field. Note that
due to the absence of collisions, the particle distribution will be far from the initial one after a long
time period. But in reality, collisions prevent the acceleration and the system will stay near the
thermal equilibrium and the specific solution is only suitable to describe the physics for ¢ < tyelax,
where t,e1ax is the relaxation time of the system.

The other three functions, fl(o), féo) and ffl) can be parametrized as

{105, 50} = (080} 0 - o), (3:254)

where C%O) is defined in Eq. (3.240). Here the canonical momentum p® — Eyt again reflects the
acceleration of particles. Comparing with Eq. (3.239)), we obtain the asymptotic condition when

the electric field vanishes,

x m

O 1 (t,p? LI 3.255
X2 (t,p%) E(o) p : (3.255)
NQ "\ o

3 Eo—0

The equations of motion for Xgo), Xgo), X:())O) are derived from Eq. (3.248)) by using the fact that
DY (p* — Ent) =0,

Xgo) 0 0 p° Xg())
Do O [tp) =2 0 0 —m || ¥V | (&P (3.256)
Xgo) —p*m 0 Xéo)



Comparing Eq. (3.256)) and the asymptotic condition in Eq. (3.255) with Egs. (3.229)) and ([3.236} m,

we find that they are exactly the same if we substitute x; — Xé ),X — X(1 ),X — X:(a ), nd

mp — m in Eqgs. (3.229) and ([3.236]). This indicates that the pair production in the lowest Landau

level and in a pure electric field are controlled by the same system of partial differential equations.

The solution for Eq. (3.256]) in a constant electric field is straightforward,

0 B, /)
)= am©,Er) | (3.257)
Xy —e=ds (), \/ £ p)

where n(©) = m?/Ey and d; are defined in Eq. (B19). The functions fl(o), f?EO) and ff) can be

reproduced using Eq. (3.254]). To summarize, we liste all the functions for the Lowest Landau level,

©) 2 dy (1), \/ 27O\ (7 — Eut)

(0) o0y

‘| @) = 2 ("~ Fot) (3.258)
(0) (O) 2 o\ (0)/ 2

3 di(n P70 (p* — Eot)

e —=ds(19, | £ (0 - Eot)

By inserting them into Eq. (3.247)) one can obtain the contribution of the lowest Landau level to

the Wigner function, which will be given later.

4. Higher Landau levels

For all the higher Landau levels, the equations of motion in Eq. take the same form
for different n. Note that these equations contain 16 functions, fi(f) with 7,7 = 1,2, 3,4, for each
n. Solving such a system seems to be very difficult, thus we first analyze the relation between
fi(]n), which is listed in Table [III, Using this table we can divide the 16 functions into several
subgroups. For example, we start from f11 , which directly couples with fig) and fig). Then fig)
couples with f32 , while f43 couples with f33) Furthermore, fé;) and fég) couple with fQ(Z). Thus,
these six functions, { f11 , 24 , f32 , ég), 19 f43 }, form one subgroup because every member
only couples with other members in this group. Analogously, we can find other subgroups from
Table {fl(;), f1 f31 , 41 }, { 1(2)}, {fQ(?)} {fﬁ), f23 ,f34 , 44 } Note that not all of these
subgroups contribute to the Wigner function, which can be understood as follows: according to
the solution in Eq. , when the electric field vanishes Fy — 0, the non-vanishing functions

are f1(7f)7 fé?), 353), and fég) During the time evolution, only the terms coupled with them, i.e.,
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()| p(n) | p(n)| p(n)| ()| p(n) | £(n)| p(n) | p(n)| p(n) | p(n)| c(n)| £(n)| p(n)] £(n)| p(n)
11 |J12 | J13 | J1a |Jo1 |J22 |Jo3 |J24 |J31 |J327 |J33 |J34 |Ja1 |Ja2 |Ja3 |Jaa

(n) v v
1 v
e v
)
14

(n)
21

5 v
2 v
) Vv
i v
) v v
() v v
() V|V v
() Vv v
)y v
v v
h v

Table IIT: Coupling relations among fZ i,7 = 1,2,3,4. The table describes the coupling for each pair of

J )

functions. Here v/ means that we can find one equation in Eq. (3.249)) which contains both of these two
functions. On the other hand, blank means we cannot find such an equation in Eq. ((3.249)).

{fé?)} and {fn s fou ,f32 ,f33 , 42 , g)}, can have non-trivial solutions, while other terms will
stay zero.

First we focus on the function fQ(?) It decouples from all the other functions and the corre-
sponding equation reads Dy fz(?) (t,p*) = 0. Analogous to the case in the lowest Landau level, this
equation gives nothing but the conservation of the net fermion number in each Landau levels. Its

specific solution is
5 p7) = 5V (0 — o), (3.259)

where C’én) is defined in Eq. (3.240). Again this solution describes the overall acceleration of
charged particles, and at ¢ = 0 the System is described by C{n) (p*) and C’;n) (p*).

As mentioned above, { 1(?), 2(2)7 32 , 33 , f42 , f43 } form one subgroup for the equations of
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motion. They can be further decoupled by introducing a linear recombination,

a” g\ 1 m  v/2nBy
R Ol BT WYy e

TERER

o (3.260)
RN

where we define m™ = /m? + 2nBj as the effective mass in the n-th Landau level. The transfor-

mation matrix is unitary, so the inverse transformation reads

moEP\_ 1 [ om vanBs
i)\ venBy —m

(3.261)

Then from the equations of motion ([3.249)) we obtain the following two groups of equations,

(n)

91 0 —p* 0
Di| g | tp)=2] p* 0 —m™
i 0 o
and
™ 0 —p 0
ol g =2y 0 mo
) 0 —m™ 0

(n)

When the electric field vanishes, we can calculate g;

g§”) m(™ gé”)
(n) _ 1 oMz (n)
9o (n) 0 1 (p )7 9s
E.
(n) p D (n)
32 Eo—0 43

The equations for g§")7 94(171)

(n)

and the result reads,

91
g | (&%), (3.262)
2
g
g™ | &, p7). (3.263)
1y
0
=10 (3.264)

EO —0

, and fg) will have trivial solutions, i.e., all of three stay zero even after

the electric field is turned on. Therefore, for the higher Landau levels we only need to focus on

() (

9, ggn) , and fég ). We take the overall acceleration ansatz and parameterize them as

(o, 590} = (i o 0 0 — )

Since Dthn) (p* — Ept) = 0, the equations of motion for Xgn)

Eq. (3.262)
(n)

X1 0 —p 0
bl |em=2|r 0 -
Xén) 0o m®» 0

(n)

(3.265)

(n)

, Xy > and x5 can be derived from
X\
x| (tp), (3.266)
x5



with the asymptotic condition

MO ™
1
e I Tl B (3.267)
n p* P
xé) p

Eg—0

The equations and asymptotic conditions coincide with Eqgs. (3.229) and (3.236|) if we make the

(n) (n) (n)

replacements x1 — X3 ', X2 = X » X3 — Xg ,» and mp — m(™ . The solution for the case of a

constant electric field is then straightforward to obtain,

n m(™) n 2z
Xg ) \/2Eod2 (77( ) P )
z m() n z

W | ) = | me g, (n( Ve ) : (3.268)

o ()

where (™) = (m? + 2nBy)/Ej is the dimensionless effective mass squared. Inserting the solutions
into Eq. (3.265) and then using the inverse transformation in Eq. (3.261)), one obtains the non-

vanishing functions,
- 217N ) ¥y 1 b — L£ol),
f?%l) /QTLBO \/2E0 V EO

(n)
V2nB
L) e Ly, 77““4/*2 p* ) CM(p* — Eot),
f4(g) —m \/2E0 EO

n n 2 z n z
Y= (n( ),\/Fop ) o (p* — Eot), (3.269)

together with fQ(?) listed in Eq. (3.259). The remaining ten of fi(f) are zero.

5. Wigner function

In the above parts of this subsection, we have solved the Wigner function in parallel electromag-
netic fields by properly choosing basis functions. Finally we obtained a system of partial differential
equations, which is the same as the one in a pure constant electric field. The only difference is, in
a electric field, the equations depends on the magnitude of the transverse momentum pz, while in
parallel electromagnetic fields we have to replace pr by the quantized momentum pr — /2nBy.

For convenience of future works, we list all the components of Wigner function in the following.

These components are obtained by inserting the solutions (3.258)), (3.259)), and (3.269)) into Eq.
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(3.247)). The four groups G;, i = 1,2, 3,4, defined in Eq. (2.92)), are given by

AP (pr)
F m 0
= do (™, ] =p* ) C\™ (p* — Egt
A™ (pr)
A_n) (pr)
P m 2 0
- - ds (7™, Z>C() ¢ — Eyt ,
(7’) \/Er;) 3<n ") O (p® — Eot) .
AP (pr)
AP (pr)
Ve (n), 0
= 202 (p® — Eot)
A n=0 0
A" (pr)
0
1 2 n 2nBO (n) _py
+ d W,MZ)C” : _ Byt A ,
A(_n) (pT)
A 2 " 0
= > d (77(”), = pz) " (p* — Eot)
v n=0 0
Agf) (pr)
0
1 2 n 2n By (n) p*
+ d W,,/Z)C” * _ Fyt A :
0

(3.270)

where n(" = (m? 4 2nBy)/Ey is the dimensionless effective mass squared. The functions C’fn),

C’én), d; with ¢ = 1,2, 3, and Ag?) (pr) are defined in (3.240)), l , and 1} respectively. If the

magnetic field is sufficiently small, the sum over all Landau levels can be done using Eqs. (B12))
and (B13). The discrete Landau levels are then replaced by the continuous transverse momentum
squared p% and (3.270)) reproduce the results (3.238)) in a contant electric field.
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IV. SEMI-CLASSICAL EXPANSION

A. Introduction to the /& expansion

In Sec. [[IT| we have shown several cases in which the Wigner function has an analytically solution.
The semi-classical expansion is a more general approach which can be used for a general space-time
dependent field. In the semi-classical expansion approach, we make a Taylor expansions for the
Wigner function, all the operators, as well as all the equations in terms of the reduced Planck’s
constant A, and then solve the equations order by order. The Wigner function, taking its scalar
component as an example, is expanded as follows,

)
F=>Y nmFm. (4.1)
n=0
Here we use the superscript (n) to label different orders in . The operators in Eq. are

expanded as

oo 9] 1)
I = Z hQnH(Zn)u _ pu o E Z ( ) 'A2n+1Fuy(x)apy’

o 2 = (2n+3)(2n+1)
wo_ = 2n(2n)p _ gp = (_1)n 2n ppv
\% ;]h v " ;) BTl 1)!A F* (), (4.2)

where the spatial-derivative d,, in the product A = gagam acts only on the electromagnetic field

tensor F*¥(x). The other operators, RK?, SK?2, RK,,, and SK,, can be written in terms of II#

and V# as shown in (2.44]). The leading-order contributions to these operators are

" = p* 4 O(h?),
VH = 0 — FM9,, + O(h?),
RK? = p* +O(h?),

SK? = hp, (0t — F*"9,,) + O(h?),

.
RK,, = _E(axpw)apﬁomfi),
SKu = —hF,, + O(h?), (4.3)

The reduced Planck’s constant A labels the strength of the spin-electromagnetic coupling. For
example, the quantum of the spin-angular momentum along a given direction is +%/2 for a spin-1/2
particle. Thus the method of the semi-classical expansion, in some sense, is the Taylor expansion of
the spin effect. In the zeroth order of A, particles can be treated as spinless classical ones. The first

order in h gives the leading-order correction from spin. In this section we truncate at the order i
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because the equations will be more and more complicated and hard to solve at higher order. In this

section we will preform a semi-classical expansion and then in Sec. [V]we will compare the physical

quantities calculated using the semi-classical expansion with those from analytical calculations.
The semi-classical expansion works well if and only if high orders in A are much smaller than the

leading order one. This requirement is ensured by the following inequality, which is derived from

Eq.

(3050) P @Wn) < (50500 ) PEW (D) (1.4

Assuming that the fluctuations of the electromagnetic field are significant over a typical spatial
scale AR, while the Wigner function fluctuates over a typical momentum scale AP, we demand

that
ARAP > h. (4.5)

In the unit of MeV - fm, the value of reduced Planck’s constant is A = 197 MeV - fm. If we focus on
cosmic systems such as a neutron star, then the typical spatial scale is large enough to make sure that
the semi-classical expansion is valid. If we consider heavy-ion collisions such as Au+Au collisions
at 200 GeV/A at RHIC, the typical momentum would be several GeV while the typical spatial
scale would be several fm, which means Eq. can also be satisfied. Thus the method discussed
in this section could be useful for both cosmic and microscopic systems. On the other hand, the
zeroth-order part of the Dirac-form equation for the Wigner function is (y*p, —m)W, while

the first-order part is %fy“&WW. Thus we demand
|hy" 0 W < m W] (4.6)

to make sure the h-order correction is much smaller than the zeroth-order contribution. Note that
h/m is the Compton wave length, thus the above condition means the wave length of macroscopic
fluctuations should be much larger than the Compton wave length.

The semi-classical expansion is widely used in previous papers [66, 68, 69, [74H77, 121]. In this
section we will solve the Wigner function up to order A and derive the corresponding kinetic equation
at the same order. Higher orders can be solved employing a similar procedure but the results would

be too complicated for further analysis and thus are not listed in this thesis.

100



B. Massless case

As we discussed in Sec. [[I} in the massless case the system of partial differential equations is
much simpler because the vector and axial-vector components V* and A* decouple from the others
Meanwhile, V* is equivalent to A" because of the chiral symmetry of massless fermions. In this
section we will solve V# and A" up to order A. First we form a linear combination and define the
LH and RH currents J4 as in Eq. . Inserting the operators in Eq. into the on-shell
equation and the constraint equations , at zeroth order in A we have

pu‘7>50)u =0,
pud) — 2 I =0,
A1) (4.7)

Here j)go)“ represents the zeroth-order part of J', where y = + labels the chirality. The last line
ensures that \7;0)“ should be on the mass-shell p2 = 0 otherwise we will obtain the trivial solution

J;EO)“ = 0. The general nontrivial zeroth-order solution reads
T = p 050 (4.8)

Here the distribution f)(co) is still undetermined, but it should not have a singularity on the mass-
shell p> = 0. The zeroth-order currents are parallel to p*, which agrees with our expectation:
the spins of chiral fermions are always parallel or anti-parallel to their momenta, so the number
current and axial-charge current of massless particles are both proportional to p#, and is their linear
combination.

At first order in A, Egs. , can be separated into two groups, one of which only

dependS on the zeroth-order function ‘7;0) ,
\V4 0 0)p
(” )‘7)5 ) — 0, (49)

and the other group depends on the first-order function jél)“ ,

pu\j)El)“ - 07
R R D L
p2j)§1)u + ge“mﬂFaﬁjég) = 0. (4.10)

Inserting the zeroth-order solution 1j into Eq. 1} we obtain the kinetic equations for f>(<0) ,
sV Y =, (4.11)
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which agrees with the collisionless Boltzmann-Vlasov equation [128]. The first-order current j;l)”

can be assumed to have a solution of the form
T = 5 (p?) + xF" p, fO6 (), (4.12)

where the derivative of the Dirac-delta function is §'(x) = —d(x)/x, which can be proved using
the method of integrating by parts. Using F* = %e‘”’aﬁ F,s we can check that the solution (4.12])
automatically satisfies the third line of Eq. for an arbitrary j5 . Inserting the solution
into the first and second lines of Eq. we obtain the following relations

0 = 6(p")pusd;
0 = §(p?) [pujx,v — Do + %ﬁwa,@v(o)a (p6f>(<0))]

+X5,(p2) (p,upuapa - pupuapa - EuuaﬁpﬁFWyp'y) f)((O) (4'13)
Here the last line can be simplified using the Schouten identity ,

Pu€vafy T Pv€apyp + Pa€syw + Paeyuva + Py€uvap = 0. (4.14)

This identity holds because in 4-dimensional Minkowski space, the indices can take the values 1—4,
thus at least two of the indices uvaf~y are identical. Considering without loss of generality the case
p = v, the Levi-Civita symbols €g .., €yuva, and €,,,3 vanish, and the remaining two terms cancel
with each other due to the anti-symmetric property of the Levi-Civita symbol. In the case that
three or more indices are equal to each other, all Levi-Civita symbols give zero values. With the

help of the Schouten identity, the term which multiplies §(p?) can be simplified as

PuFvap™ = puFpuap® — €wasp’ F*7py
= %(pueuaﬁv + Pr€apy)P FP = €unasp” F*py
= - % (Pa€ppw + PaEyuva + PrEuwap)p* F*Y — €uasp” F*7p,
= —p*F,, (4.15)

Inserting back into Eq. (4.13)) one obtains two constraints
0 = 0(p*)puit,
. . X
0 = é(p*) [pujx,u = Puivn + ewasp” VOO (4.16)

On account of Eq. (4.14]) and using Eq. (4.11)), the general solution reads

Txop = pu]g((l) + Z(pX- ) Euyaﬂpuuav(o)ﬁfﬁo), (4.17)
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where u# is an arbitrary reference vector with p-u # 0. Substituting j§ into Eq. (4.12)), we obtain
_ X B (0) £(0 2 > 0) s7(,2
IO = P10+ g e IV 0 60t xEp 086, (418)

Here we again demand that the undetermined distribution f>(<1) is non-singular at p?> = 0. The

first-order solution derived here agrees with previous results [66] 68, [69].

At order h?, Egs. d2.72|) and d2.79|) contain the second-order currents J>E2)” . Since we only

focus on the leading two orders of the solution, the equations for J>§2)“ will be neglected. Only one

equation is independent of j>£2)“ at order h2,
v g = 0. (4.19)

The kinetic equation for f>(<1) is then derived by substituting Jy Dk iy Eq. |i into the above

equation,

0 = 5(p){puv 0 4 X <v<0> )euuaﬁpyvg))f)((m
p-u

_ X _pwap (0) pwaf (0)
26 F f + ( U)E PrlUq |:v vﬂ ] fX }
. 1
X8 (p°) [v}j’) (Fﬂ”pyf§0)) - Me“mﬁpr”pyuang)f,E‘”]
—2XF"p, Fuap™ " (7). (4.20)

The Schouten identity (4.14) are then used for further simplification. We also use the following

relation

[V a 1 2 nle;

F*py Fuap®™ = 30" Fpy B, (4.21)
and the properties of the Dirac-delta function

P> (p®) = —8(p°),
p*6"(p%) = —20'(p°). (4.22)

After simplification we finally obtain

X Uqy v X nlZ
0 = 36 {0+ § (T ) e T O e 0 P}

. 1
+x0'(p%) [(C%NF"”) v fO oy uF Putyp™ VO O] (4.23)

which is the kinetic equation for the first-order distribution function f)(cl).
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Collecting the zeroth- and first-order solutions, we find that the LH and RH currents in the

massless case are given by

h ~
j)/j = pﬂfx + Q(T%Cu)euyaﬁpuuav(ﬁmfx 5(]92) + XhFMVprx5/(p2) + O(h2)7 (4'24)

where
fy = f§<0> +h f>((1) + O(h?), (4.25)

is the full distribution function for RH (x = +) or LH (x = —) particles, which depends on the
phase-space position {z*, p#}. Note that the full distribution f, contains contributions of any order
in A, but higher order terms should be much smaller than the leading two orders, which ensures

the validity of the semi-classical expansion. The kinetic equation for f, can be derived from the
zeroth order one in (4.11)) and the first order one in (4.23),

Ug,

52 0 Xh (o0 va (0) xh =

- 1 -
+xhd'(p?) [(awFW)prx - ﬂFquuuupano)fx +O(1?). (4.26)

The kinetic equation agrees with the result of Refs. [66, [68] 69]. In the classical limit & — 0, only
the first term survives and the equation reduces to the well-known Boltzmann-Vlasov equation

[128]. The vector and axial-vector currents can be recovered from the LH and RH currents as

1 1
PH — 5 Z j;éﬂ AP = 3 Z Xj)é‘ (4.27)
x== x==x
We define the scalar distribution V' and the axial distribution A as
1 1
V=" fn A=2) b (4.28)
2 2
x== x==
Then we obtain
h ~
V= [pﬂv + Mewaﬂpyuav?m] 8(p*) + hE"p, AV (p*) + O(R?),
h -
A= [ OV | 67) + R, VS G + O, (429

where the distributions V', A in general depend on the coordinates {z*,p*} in the phase space.
Here the vector u* plays the role of the reference frame, and V , A are identified as the net fermion
and axial-charge distributions in the frame u*, respectively [45] 66] [69]. Note that the functions
V and A should depend on the choice of u* so that the whole currents V*, A* are independent of

u”. In the massless case, the dependence on the reference frame is the result of the side-jump effect
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[44, [66]. In the next subsections we will prove that in the massive case the reference frame can
be chosen as the rest frame of the particle and then the solution will not depend on the auxiliary

vector ut.

C. Massive case 1: taking vector and axial-vector components as basis

In this subsection we will focus on the massive case m # 0. As discussed in Sec. [[I, we can take
either the vector and axial-vector components V* and A* or the rest ones F, P, and S as basis
functions. In this subsection, V# and A* are taken as basis and F, P, and S are derived from
V¥ and A* as shown in Eq. .

In the massive case, jfj defined in no longer have definite chirality but we still use j)é‘
to represent the linear combination of V* and A*. We first insert the expanded operators in Eq.

(4.3) into the on-shell condition (2.72)). The zeroth-order part and the first-order part read

(p2 _mz) j)g())u — 0,

(p* = m?) TV + xFu T = 0. (4.30)
The general nontrivial solution of these on-shell conditions is

j}EO)u — f)({O)u(g(pQ —m?),

~7>£1)M _ f>(<1)u5(p2 —m?) + XF“"ff(?,)fsl(pQ —m?), (4.31)

where fj(co)“ and fj(cl)“ are arbitrary functions which are non-singular at p?> — m? = 0. We find
that the zeroth-order solutions are on the mass-shell p? = m?, while the first-order ones have off-
shell contributions. From the definition of 7' in (2.71)) we can recover the vector and axial-vector

currents. Up to order A, we obtain

Vi = 3 = m?) S (A0 D)+ nE (= m?) S xS + O,
x== x==+

At = (= m?) 30 (HO RO B (= m?) S S + O, (4.32)
x== x==
The solutions should satisfy Eq. l} which gives several constraints on the functions f>(<0)“ , f>((1)“ .
Up to first order in A, the last line of Eq. (2.70]) reads

h
P (V4 VD) 4 2 ap VO A0 = O(), (4.3

v]
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Substituting the vector and axial-vector currents by the ones in (4.32)), we obtain

o0 = mt 3 (Fud + At) + Bl =) 3 A"
x== x=%

s(p*—m?) > x f>(<0)5] =0. (4.34)

x==+

h
+§e#m5V(0)°‘

Contracting this equation with p# and taking out different orders in A gives

0= o) lm S50t 3050
x== x==%

)

1
0 — 6(p2 B mz) [m2 Z f)((}/) — pp* Z f)SL) + §6uyaﬁpuv(0)a Z Xf)(CO)[?]
x== x=% x==

+0' (0% = m?) [P Foa D XFO% = put" Fuo > X PO = P euapF*py Y x 0P ] :
x==x x=% x=+
(4.35)
Now we define the distribution functions and polarization vectors using f,(co)“ and f;&l)# ,
1 1
0) _ 0 1) _ 1
V():Wpuzjg(()/t’ V():Wpuzf;()ua
x== xX==+
1 1
nOn = — Z f)((O)u’ nWe = -~ Z Xf)El)#' (4.36)
x== x==%

Using these new functions, the solutions of Eq. (4.35)) can be expressed as

Z f)((O)# = VO 4 (p? — m?)g O,
x==

1 2 -
(Wp — (1) o = wvaBy x7(0),,(0) p (0)
XZ;:fX fEPVTS 2mewa PrVa g+ m(p? _mQ)F””n,,
- 1 0
iyt Fasp O s P, P + (o = m)g
(4.37)
where we have used §'(x) = —d(z)/x. Here gfﬁ) and g,(}) are some undetermined functions which

are non-singular on the mass-shell p?> — m?. Since they are multiplied with p? — m?2, they will not
contribute when calculating the vector component. In terms of V(© v, nOr and n(WH the
solutions for V# and A* in Eq. (4.32)) are given by
h 0
VE = (5(p2 — m2) [p“ (V(O) + hV(l)) + %e”mﬁvg” (p,,n(ﬁ ))]

1 0 1
+h5/(p2 i m2) (meyyaﬁpang )Fy’yp"{ 4 mp“e”aﬁvpyng))FﬁfO ,

AP = §(p* —m?) (mn(o)“ + hmn(WH — hﬁ‘“”gl(,o)> + hE* p, VO (p? — m?). (4.38)
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Now we define the resummed distribution V' and the resummed polarization n*,

Vv = VO L av® L or?),

nt

h ~
nO# 4 ppMe — Z prv g 0) 4 0 (12), (4.39)
m
and for simplicity we also define the following dipole-moment tensor,
Y = —iewﬁpang. (4.40)
m
Then the solutions for V¥ and A* are given by

h 1
VR = 5(p® —m?) [p'V + §V,€0)Z‘“’ — K (p* — m?) (E“O‘Fagpﬁ + 2p“2aﬂFa5> + O(h?),

AP = §(p* — m®)ymnt + hF* p, V' (p? — m?) + O(h?). (4.41)

Inserting them into Eq. (2.68) we can obtain the scalar, pseudo-scalar and tensor components F,
P, and S*¥

F=m [5(;92 )V~ DSBS (0 - mﬂ + o),
P = 07— m?) a0, + PP pnd (1 — ) + O(R),
S = (p* —m?) (mEW — ;np[uv,,]v> — mhF, Ve (p* —m?) + O(h?). (4.42)
Here the undetermined functions are V' and the vector n*. In classical limit A — 0, we have

) p”Vé(pQ—mQ),

AR = mnHS(p® —m?). (4.43)

Thus V can be interpreted as the fermion distribution and n* as the polarization density. Substi-

tuting the solutions (4.41]) into the second line of Eq. (2.70)), one obtains a constraint for n#,
3(p* —m®)punt = O(h?), (4.44)

which can be identified as a requirement for the spin: for massive particles, their spins must be
perpendicular to their momenta. On the other hand, the kinetic equation for V' can be derived

from the first line of Eq. (2.70). Up to order h?, we obtain

RO (VO + D) = 0(r?), (4.45)
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Replacing the vector components by the solution (4.41)), we obtain the following kinetic equation
h h
5(p* —m?) |p"VOV + 7 (O Fu) Oy S | — 55’@2 —m?) Fopp'VVx = 0. (4.46)

In the classical limit 7 — 0, this kinetic equation reduces to the Boltzmann-Vlasov equation [12§].
On the other hand, an addition kinetic equation is necessary to determine n*, which can be derived
from the last line of Eq. by contracting with e”?*’p,. We also have another approach to
derive the kinetic equation for n#. In Sec. we have listed all Vlasov equations in Eq. ,

where the one for the axial-vector component reads,

h

puV(O)VAu - FnA” — 5(85FuV)apaVV = O(hQ)- (4.47)

Substituting V#* and A" by those in Eq. (4.41)), Eq. (4.47) gives the following kinetic equation for

nt,

ho,. - b 3
OCE, )" 0paV | +—08' (0> —m?) Fuap®p, VOYV = 0. (4.48
H D m Iz

5(p*—m?) pyV(O)”nM — Fn” — 5

In the classical limit & — 0, it reproduces the Bargmann-Michel-Telegdi equation [130] for the

classical spin precession in an electromagnetic field.

D. Massive case 2: taking scalar, pseudo-scalar, and tensor components as basis

In this subsection we will take the scalar, pseudo-scalar, and tensor components F, P, and S*”
as basis functions and solve the Wigner function in the massive case. The remaining components,
the vector and axial-vector ones V¥, A* are then given by Eq. . We start from the zeroth
order in A. At this order, the on-shell conditions read

(p2 — m2) FO = 0,
(p2 - m2) PO =,

(p* —m*)Sf) = o, (4.49)

which means that the zeroth-order functions are on the normal mass shell p> — m? = 0. The

corresponding constraint conditions ([2.74)) are

p'S) = o,

p PO — 0. (4.50)
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Thus we obtain the following general solutions

FO = mV(O)é(p2 — mz),

PO = o,
S,SOV) = mZES,)cS(pQ—mQ), (4.51)

where V() and Z,(PV) are now arbitrary functions of the phase-space position {z#,p*}. In order

to satisfy the on-shell condition, V(® and EEB) should not have any singularities for an on-shell

momentum p? = m?. We also demand that
5(p* — m?)xOmry — 0, (4.52)

in order to satisfy the constraint condition for S,S?,) in Eq. 1} Since the Wigner function has
the dimension of the energy, we find that both V(© and ZES,) are dimensionless. Recalling that F
is interpreted as the mass density, V(©) is then identified as the zeroth-order fermion distribution.
And 2,(,03 is the dimensionless zeroth-order dipole-moment tensor. Due to the second line of the

constraint equation (4.50)), the pseudoscalar component vanishes at zeroth order in h.
The first-order on-shell conditions ([2.54]) read

(p2 _ m2) F(l) _ %F#VS(O)MV —_ 0,
(pQ . m2) p) _ ie,uua,@FMVS(O)aﬁ =0,
(7 —m?) SY — F,, FO 1 %EW SFPPO) = (4.53)

Inserting the zeroth-order solutions (4.51)), we obtain the following general solutions at order h,
i 1
FO = m |[VOs(p? —m?) — 5F,Wz@wa'(p? - m2)] :

PO = m |GWs(p? —m?) — %FWE(O)“"(S/(pQ — mQ)] ,

S;(j,) =m _Zl(},j)d(pQ — m2) — FWV(O)é/(p2 — mQ)} , (4.54)

where F;w = %GWQBFO‘B is the dual field tensor. Here VY, GO and E,(},,) are still undetermined,

which are dimensionless and non-singular on the mass-shell p> = m?. The first-order part of

constraint equations ([2.74)) read

%vg})f(o) +pvSS) =0,

1
PP + gV O SO = 0, (4.55)
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Substituting the zeroth-order and first-order functions by the general solutions in (4.51)) and (4.54)),

we obtain
v<0>v<0>] o, (4.56)
and
0 = §(p* —m?) [pHG(l) + ieu,wv(o)”z(o)“ﬁ]
—% [Pu€apry + PyEuvas — Pr€uyas) FWE(O)O‘BcSI(p2 — m2). (4.57)
Then using the Schouten identity in to simplify the second line of Eq. and we obtain

a constraint equation for GV
1 -
5(p? —m?) pMG(l) + Zeu,,agv(m”z(o)aﬁ + FWE(O)"“pa(S’(p2 —m?) =0, (4.58)
which leads to a solution

1
w_ 1 pgOvy©@as , L
¢ 4m2 CpvasPV + m2(p? — m?)

Since the zeroth-order dipole-moment tensor L(9¥® satisfies Eq. (4.52)), we find that GW is not

pHE,, 2 Ovep,. (4.59)

singular on the mass-shell p?> — m? = 0, which agrees with our requirement. Then we can prove
that the pseudo-scalar component P(!) can be written as

1

1) —
P 4dm

v O [wa sp S @aBs(p? _ m2)} _ (4.60)

Thus up to order A, the undetermined functions are V(@ (1), E,(PV), and E,(}V)

Now we define the resummed functions

Vv = VO v 4 om?),
vOv 1+ om?). (4.61)

V]

— v(0 1
Sw = S0+ 180 + 3,730
Here in the definition of the resummed dipole-moment tensor we add an additional term

3 :1 3 p[uvff}’)V so that the final results are comparable with the ones in the previous subsection.

In terms of these resummed functions, the up to /i order solutions for the scalar, pseudo-scalar, and

tensor components are written as

F =m [Vd(p2 — m2) — gFWE‘“’é'(}f — mQ)] + (’)(hz),

h
P = RV(O)“ [eum/gp”zo‘ﬁd(pz — mQ)} + (’)(hQ),
S = d(p* —m?) (mEW — ;np[uvﬁ)V) — mhF, Ve (p* —m?) + O(h?). (4.62)
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The resummed dipole-moment tensor ¥, satisfies the following constraint equation, which is de-

rived from Eqgs. (4.52)) and (4.56))
v h v
5(p2 — m2) (E,Wp — —QmeMp V,@V) = (’)(hQ). (4.63)

On the other hand, from Eq. (2.55)) we obtain the Vlasov equations for F and Sy,

2
hp VORF + %(agFW)apasw = O(h%).

h? h?

hpaV VS, — hEY S, 0 + 5 (02 Fuw)Opa F — Zemﬁ(a;mﬁ)amp = O(h%).  (4.64)

[w

Here the Vlasov equation for the pseudo-scalar component P is not listed because it does not contain
any new undetermined function. Inserting the solutions (4.62) into the above Vlasov equations, we

obtain
§(p? —m?) [puv@)#v + Z(agFW)asz] - %%’@2 — m?)Fupa Vo8 = O(h?).

i, i, h
5(p? —m?) [ oVOOL,, — FS S0 + 2(agpuy)apav] — &' (p? — mhF,pa VOV = O(R?).

where in the second line EW =Y — #p[“vi‘]’)v . This redefinition does not introduce new

functions but it makes the Vlasov equations more concise. With the help of the Vlasov equation

for V, we find that the constraint equation (4.63)) for ¥, can be further simplified,
5(p* — m*)Eup” = O(R?). (4.66)

This means that the dipole-moment tensor is perpendicular to the momentum. The vector and

axial-vector components are calculated using Eq. (2.73)). Up to order i, we obtain
h 1
V, = 6(p* —m?) |pV + §V(O)VEW — o' (p* — m?) QFa/BEaﬁpu + X F pa| + O(R?),

1 ~
Ay = =5 euwapp"S0(p? = m?) + hE,p VI (9 —m?) + O(h?). (4.67)

The solutions in (4.62) and (4.67) provide all components of the Wigner function. Defining

1
My = _QmGuVaBPVEaﬁa (4.68)
the axial-vector component can be written as

A, = mn,d(p* — m?) + hE,p" V' (p* — m?) + O(h?). (4.69)
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The kinetic equation for n, can be derived by acting the operator Pa V(@2 onto the definition of
n,, and then using the second line of Eq. (4.65). A carefully calculation reproduces Eq. (4.48]).
Hence the results in this subsection, i.e., Eqs. (4.62), , and (4.65)), coincide with the results

in the previous subsection ie., Eqgs. (4.41), (4.42)), (4.46), and (4.48).
In the classical limit A — 0, the solutions (4.62), (4.67) coincide with the results from the

first-principle calculations in Sec. [T} So the analytical solutions give a constructive suggestion for
the undetermined functions. In practice, one assumes that the undetermined functions takes their
equilibrium form, i.e., they are solutions of the collisionless Boltzmann-Vlasov equation. However,
the equilibrium form of V' at order £ is still under discussion. In Ref. [75] we proposed a possible
equilibrium distribution but it can only be used in very limited cases. This is because we have
neglected the momentum dependence of the dipole-moment tensor. But in realistic cases, the
dipole-moment tensor should be computed from its kinetic equation and thus in general depends
on x* and p*. A self-consistent treatment for the kinetic equations in Eq. has not been done

yet.

E. Ambiguity of functions

Comparing the results in subsection [[V C]with that in subsection [V D] we find that even though
in these subsections we start from different points, the final solutions as well as the corresponding
kinetic equations and constraint equations are exactly the same. This agrees with our expectation
that the Wigner function should have only one solution. Although the Wigner function has 16
components, the solutions up to order /i only depends on four functions V' and n, (note here that
n,, is a 4-vector which is perpendicular to p,, so it only has three components). In this section we will
first analyze the Wigner function as an eigenvalue problem, which will clearly show why there are
only four independent degrees of freedom. Then we will discuss the ambiguity of the undetermined
functions, where we find some transformations which change the basis functions without changing
the Wigner function. And finally, we will show in this subsection how to smoothly reproduce the

massless results from the massive ones.
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1. eigenvalue problem

We first focus on the Dirac-form equation for the Wigner function in Eq. (2.36). The leading
two orders in A read
ih
(¥ pyy = m) (WO -+ WD) = —SVIOWO L o). (4.70)
Here we have moved the spatial gradient term to the right-hand-side of the equation. Since the
Wigner function has 16 components as shown in Eq. (2.20), we first put these components in a

column vector as follows
w(z,p) = (F, P, V0, V', V2, V3, A0, AL A2 A3, 80 892 8§28 s31 s1)T  (471)

These component can be derive from the Wigner function by multiplying with I'; =

{Iy, iv®, y*, ¥oyH, %a’“’} and then taking the trace. Then Eq. 1' can be written as

(M — mlyg) w(z, p) = hdw, (4.72)

where 14 is a 16-dimensional unit matrix, dw represents the order-i correction, which can be
calculated from the left-hand-side of Eq. (4.70). In this section we only focus on the properties of
the solution, thus we will not list the exact formula for Jw. The vector w(z,p) contains both the

zeroth order and first order in A. The coefficient matrix M is a 16 x 16 complex matrix given by

0 0 p° —p. —p, —p. O 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 ip® —ipy —ipy —ip. O 0 0 0 0 0
p’ 0 0 0 0 0 0 0 0 0 —ipy —ipy, —ip> O 0 0
pe 0 0 0 0 0 0 0 0 0 —ip® 0 0 0 —ip. ipy
py 0 0 0 0 0 0 0 0 0 0 —ip® 0 dp. 0 —ip,
p. O 0 0 0 0 0 0 0 0 0 0 —ip® —ip, ipz O
0 —ip® 0 0 0 0 0 0 0 0 0 0 0 ps py D
o | 0 e 0 0 0 0 0 0 0 0 0 —p. p, p° O 0
0 —ip, O 0 0 0 0 0 0 0 pa 0 —-p. 0 p° 0
0 —ip. O 0 0 0 0 0 0 0 —p, pz O 0 o p°
0 0 —ip, ip® O 0 0 0 —p. py, O 0 0 0 0 0
0 0 —ipy 0 @ 0 0 p. O —p; O 0 0 0 0 0
0 0 —ip. O 0 ip® 0 -—p, pa 0 0 0 0 0 0 0
0 0 0 0 ip. —ipy —pz p° O 0 0 0 0 0 0 0
0 0 0 —ip. 0 dps —p, 0 p° 0O 0 0 0 0 0 0
0 0 0 ipy —ipz 0 —p. O o p° 0 0 0 0 0 0

(4.73)
The solution of Eq. (4.72)) can be decomposed into one specific solution and several general solutions,

where the general solutions are solved by taking dw — 0. In the limit Jw — 0, Eq. (4.72) is
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the characteristic equation for the matrix M, with m the eigenvalue and w the corresponding
eigenvector. This characteristic equation has a nontrivial solution if and only if the determinant of

its coefficient matrix vanishes
det(M — mlig) = 0, (4.74)
which gives
(p? —m?)® = 0. (4.75)

So the matrix M has eight positive eigenvalues m = /p? and eight negative ones m = —+/p?. In
real cases the mass of the particle is positive, thus the negative eigenvalues are non-physical. For

the positive eigenvalues, we can solve the following eigenvectors

U1 (m 0 pO pxa pyv pzv 01 07 07 07 07 03 07 07 070>’

Vg = , im, 0, 0, 0, 0, p°, pT,py,pz,OOOOOO)
= 0n0 0 2 2

U3 0) _’meaiv Zpypza 07 —IP Pz, 0) —P Dz, _(pw +pz)a _pl’pya 07 07 mpz, 07 Oa Oa 0)’

Vs =

0, 77'mpa 0, Zpypza —ipzDz, 0, 7(p0)2+p37 7p0pza 7p0pya 0, 0, 0, 0, 0, 0, mpz)’

Ve —

vg = (0 impy, —ipepz, —ip°pz, 0, 0, Py, papy, Py +p2, 0, mp., 0, 0, 0, 0, 0)’
(Z , 0, i(P°)? —ip2, ip°pe, P py, 0, 0, pypz, —paps, 0, 0, 0, mp:, 0, 0, 0)7

vr = ( —impg, 0, —ip°pe, —i(p} +p2), —ipapy, 0, pypz, 0, p°pz, 0, 0, 0, 0, 0, mp., 0>,

vs = (impy, 0, ip°py, ipapy, (0} +p2), 0, Pupzy PPz, 0, 0, 0, 0, 0, mp:, 0, 0)~ (4.76)

Note that these vectors are neither properly normalized nor orthogonal to each other. The general
solution for w can be written in terms of the above eigenvectors,
8
i=1
The property of the Wigner function tell us that all components F, P, V*, A* and S are
real functions, but the eigenvectors v, --- ,vg are complex vectors. In order to make sure all the

components of w are real, we can obtain the following constraints for coefficients ¢;,

p’c — pocr — pycs = 0,

— pac3 + pycs — pes = 0,

—pypscs — papaca + [(0°)? — 2] c6 — P pucr + p'pycs = 0,
—p°pzca + pyp=cs + P°pace — (5 + p2)er + papycs = 0,

—p"pcs — papscs + p°pycs — papyer + (0 + pes = 0. (4.78)

114



Using these constraints, the coefficients cs, cg, ¢7, and cg can be expressed in terms of co, c3, and

C4,
€2 — PgC3 + PyCa _ DyCc3t+Dpaca
c5 = 0 , Cg=
p Dz
PyC2 — Papycs — (m? + p2 + p2)ey PeC2 + (M? + p, + p2)es + Pepyca
cr = 5 , g = 5 . (4.79)
P Pz P Dz

If the coefficients do not satisfy these relations, then the vector Z?Zl c;v; may have an imaginary
part, which cannot be a correct solution for the Wigner function. So in order to construct the general
solution of w(z, p), we only need four parameters ¢; with ¢ = 1,2, 3,4. This means the general order-

h solution has only four independent degrees of freedom, which agrees with the conclusion of the

previous subsections [[V C| and [V D]

2. Shift of mass-shell

In this section we will show how the energies of the particles are shifted by the coupling between
the electromagnetic field and the dipole-moment. First we find that the solutions (4.62)) and (4.67))

are invariant under transformations

i\]/“/ = ZNV + (p2 — m2)52u,,,

~ h
Vo= V- DFS,, (4.80)

and

V = V+©p—mdV,
N b
S = S = hEwdV — —op, Fjap®oV. (4.81)

Here 63, and 0V are arbitrary functions which should be non-singular on the mass-shell p? = m?.

The invariance can be easily proven by inserting the transformations into Eqgs. and ,
and using the property of the Dirac delta-function —z¢’(z) = §(z). Note that the transformation
does not affect the on-shell value of ¥,,, because the factor p?> —m? in front of the additional
term vanishes on the mass-shell. But the transformation changes the on-shell value of V' by
a term —%F #¥§3 . Similarly, the transformation does not change the on-shell value of V'
but changes the on-shell value of 3,

Since p? = (p?)? — p?, we have the following relation

= :l:\/(p2 —m?) + EZ, (4.82)
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where Ep = /m? + p? is the on-shell energy. The sign of p° labels fermions (p° > 0) or anti-

2 as a new parameter, which describes the distance

fermions (p” < 0). Now we define m? = p> —m
between the mass-shell and a given p*. Using the chain rule for computing the derivative we obtain,
for an arbitrary function f(p°, p), the Taylor expansion in dm?
1 0
0 0 2 2 0 212
F0°p) = f(0",P)| o s, + 507 —m?) Wf(p p)| + O [(6m?)?], (4.83)
pV—EFp

where the first term is the on-shell value of f(p", p) while the second term is related to the on-
shell value of ﬁ f(p°,p). Here we make the replacement p° — Ey, if we focus on fermions and
p’ — —E,, if we focus on anti-fermions. Comparing the expansion (4.83) with the transformations

(4.80) and (4.81]) we immediately find that the transformations 6V, 6%, change the on-shell values

of ﬁf(po, p). If we take a specific choice as

0 0
0 =— ——= , OV =-_— , 4.84
" 2p°0p° " | o, 20°00° " o sam, .
then after the transformations (4.80) and (4.81]) we have
S ElW|pOH:i:Ep +0 [(pQ B m2)2} )
Vo= Vi up, +0[@*—m?)?]. (4.85)

All these undetermined functions take their on-shell values plus high order corrections in p? — m?2.

If we take the energy integration for the covariant Wigner function (this is how the equal-time

formula is obtained), we find that the equal-time formula will depend on the following terms,

0 0

Vo | - .
pP—+Ep > 0—+Ep 0 ’ 0
p p P 8p P tEp 8p

(4.86)

pO—+Ep

The transformations (4.80) and (4.81)) indicate that the above four terms are not independent from

at the
pPO—+Ep

same time. Since the covariant Wigner function is invariant under transformations (4.80)) and (4.81}),

each other. For example, the transformation (4.80]) changes V\po B, and 8%02#1/

the equal-time Wigner function should only depends on the following invariant combinations,

vV — EF/W 9 SHY ,
2 2p00p° Pt By
Y — h <F + Lp[ F] pa> LV (4.87)
v v . .
M m2H Ve onapo P4 E,

They are identified respectively as the net fermion distribution and dipole-moment tensor, which

appear in the semi-classical solution of the equal-time Wigner function in Ref. [77].
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The &' terms in the kinetic equations can be dropped if we properly choice a trans-
formation. We take the first equation in as an example. For one on-shell p#, we obtain
p- VOV = O(h). However, analogous to Eq. (??), if there exists a transformation which satisfies
p- VOV —p. V(D)V\

pO—+Ep
P2 — m2 :

p-VOsv = — (4.88)

Then we obtain that p-V(O)‘A/ = O(h) holds for any p*, either on-shell or off-shell. Similarly, due to
the ambiguity of 63,3 we can also find a transformation which ensures p- v© b5 Yuw—F9 " E,,]a = O(h)

hold for any p*. Note that after the transformations, the terms which are proportional to ¢’ (p? —m?)

in Eq. (4.65) are O(h?) and we obtain

0=p- VOV 4= (8”‘F’“’)8 + O(h?),

S
h 2
5(8xan,u)a V + O(h ) <489)

0=p V0O )EW—F[ S +

These kinetic equations were used for deriving an thermal equilibrium distribution in the presence
of vorticity in Ref. [75].

In practice, the transformations and can be interpreted as a shift of mass-shell. We
take the scalar component in Eq. as an example. In the solution of the scalar component
F, there is one term which is proportional to ¢'(p?> — m?) which contribute the off-shell effect
[69, [74], [75] 125]. We now focus on the fermions and neglect the anti-fermions. Assuming that the

average dipole-moment per particle is $H_ then we have the following relation
YR = S (4.90)

because V is the fermion distribution. Then the scalar component can be written in terms of a

modified on-shell condition
h ~
F =mb(p°)s (p2 —m? - 2FWE“”> V(x,p) + O(h?). (4.91)
The modified on-shell delta-function is defined via a Taylor expansion,
2 2 h S 2 o N s 2 2 2
d{p°—m —§FWE” =d0(p°—m )—§FWE” 3 (p® —m*)+ O(h7). (4.92)

We find that the normal mass-shell is changed by a spin-magnetic coupling term. This term can

be expanded near p° = Ey, and the term in the delta function can be written as

hoo- oo K o -
2 2 v 0\2 2 v 0 v
p2—m2 RS = (02— E2_ R, ¥ —° — Ey)~F,, 2 s»
2" ( ) P 2" PO —Ep ( p)2 " ap() p?—FEp

= (p°+6p°)° — (Bp + 6Ep)?, (4.93)
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where we have dropped the order A2 terms. The shift of p° and the shift of Ey are defined as
0 h 0

o0 = g, Qs
4 j2g 8}90 p0—>Ep
h = h 0 ¢
0Ep = —F,, X" —-F,, —=¥* . 4.94
B, T sr, 4O |0 (4.9
Thus we obtain
0(p°)s ( p* — m? — EF ) = ;9 (p° — Ep + 6p° — 6Ep) (4.95)
2~ 2 (p° + 0p°) P P '

When integrating the scalar component F over p° we have

1
dp’ F = m —————=V(z,p)
/ 2 (po + (5])0) pO— Ep+Ep—8p°
1 h 0 1 -
= m—V(x,p +m—=F,, — [ZWV] 4.96
2p0 ( )p0—>Ep 4Ep pv ap() 2p0 p0—>Ep ( )

Here in the last line, p° takes its on-shell value Ep, thus we can introduce a normal mass-shell delta

function

h d 1
0r _ 00(rnO\S (12 — 12 n pv
/dp F m/dp 0(p”)o(p* —m*) [(/ + QFM”apo <2p02 )] . (4.97)

Note that this result can also be derived by taking the p’-integration for the function F in Eq. (4.62)),
and integrating by parts for the ¢’ (p? —m?) term. Making a comparison with transformation (4.80)),

we find that if we take

0 1
jn% pv
OXHY = ~3.0 <2 OZ > R (4.98)

then Eq. |j can be written in terms of the new distribution V
/dpo]: = m/dp09<p0)5(p2 —mAV. (4.99)

In Eq. , the distribution V is on the modified mass-shell while in the above equation the new
distribution V is on the normal mass-shell. Thus we conclude that the transformations and
(4.81)) change the mass-shell. We can always find some specific transformation, after which we can
put the coupling between the electromagnetic field and the dipole moment into the distribution

instead of into the mass-shell delta function.

8. Reference-frame dependence

In the solutions of the massless Wigner function (4.29)), we have used a reference frame vector,

which determines how to separate the currents into a distribution part and a gradient part. Here
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we will focus on the massive case and show how the reference vector can be introduced. We will
also show how to reproduce the massless results from the massive ones.

First we focus on the tensor component in the solution . Since any anti-symmetric ten-
sor can be decomposed into an electric-like part and a magnetic-like part, we have the following

decomposition,
S = Dy, — Dyt — €upagu®MP, (4.100)
where the electric dipole moment and the magnetic dipole moment are respectively given by,

D, = Suu’ = mP,5(p* — m?) — mhE,V (p* —m?) + O(h?),

My = ~emast”S™ = mM3(2 —m) = mhB, VS (= m) + O(F). (1101

Here E,, = F),,u” is the electric-field vector and B, = F, o’ is the magnetic-field vector. We have

defined the following terms for the on-shell parts PP, and M,

h h
P, = Y,u’ — %Wﬂv(o)v +—(p-uw)VOV,

v 2m2 H
1 h

The on-shell dipole-moment tensor X, can be reproduced via

h
VOV (4.103)

Y =P, —Pouy, + eumguo‘Mﬁ + 5PV, V-

Due to the constraint equation (4.66|), one obtains the relation between P, and M,,,

h
57 = ) (0 0P, = ot M G0~ wu)VOV] =002), (10

where we have used the dynamical equation 6(p? —m?)p” vy = O(h). From the above constraint,
one can express [P, in terms of M,

h
2(p - u)
Inserting back into the decomposition (4.100f), we obtain

5(p2 — m2)IPM = <5(p2 — m2) [pluew,agp”uaM'B + (G — uuu,,)V(O)”V} . (4.105)

1 . h 0
Sy = md(p? — m?) [Memﬁp MP — mumv( W | = mhF,, Ve (p? —m?).  (4.106)

V]
This indicates that S, can be written in terms of the magnetic dipole-moment vector M, which
is defined in frame u#. Meanwhile, we can express the axial-vector component of Wigner function,

Vo hE,,p"V§ (p* — m?).
(4.107)

_ 1 2 2 2 h vof (0
A = o [m M+ — (p-M)p“] d(p~ —m”) + 2(p.u)€# PruaVg
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In the massless limit, we define

-M
Azflimp .
m—0 p-u

Then A* in Eq. (4.107)) correctly reproduce the massless one in Eq. (4.29).

On the other hand, the polarization vector n* can be projected into the direction of p* and an

(4.108)

arbitrary frame vector u*. Since p* has the unit of energy, we write down the following formula
m2
mnt = | <p“ - u“) +comnl. (4.109)
pb-u

Here the coefficient of u* is proportional to the coefficient of p# in order to satisfy the constraint
equation p - nd(p?> — m?) = 0. The vector n‘j_ is assumed to be a normalized space-like vector
n’in 1 = —1, which is perpendicular to both u* and p#. If we observe in the frame u#, the first term
in Eq. would be parallel to the momentum while the second term is perpendicular. Thus
the polarization vector is decomposed into one longitudinally polarized part and one transversely
polarized part. Here longitudinal/transverse refers to the relation between the particle’s momentum

direction and its spin direction. We now consider a special case where

_
2(p - u)

Inserting back into the Wigner function in (4.41)), we obtain the axial-vector current

o =A#0, comn!| = e””aﬁpatwv,(jo)v, (4.110)

" Ppaug VOV | + W™ p, Vo' (p? — m?) + O(K?),
(4.111)
When taking the massless limit m — 0, A* in Eq. (4.111)) smoothly reproduce the massless one in

2
B— §(n2 — 2 p_ M h
A =0l m)Kp pou >A+2(p u)

Eq. . Here we can identify the transverse part ¢, mn’/| as the contribution from the side-jump
effect |65 [66, 69].

The dipole-moment tensor >** can be expressed in terms of n*, as Eq. shows. Inserting
n* and X" into the vector V* in Eq. , we obtain

h
- 2 _ 2 1w Y pvaf (0)
vV d(p® —m*?) <p V + 577 € oV ng)
pen =

+h (mﬁwnv _pn ,pr) §'(p2 — m?) + O(H?), (4.112)

Note that here p - nd'(p? — m?) does not have to vanish. In this formula we want to introduce a

reference frame for the second term. With the help of the Schouten identity (4.14)) and the kinetic
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equation for n* in Eq. (4.48) we can prove

h

h
2 2y v vo0a, B 2 2 y.v7(0)a, B
o(p°—m )Qmewaﬂp vW&Wien o(p*—m )72m(p-u)p“€m57u p’' V%
h 14 (e}
+0(p* —m?) ) uvapu’ V' O%mn
h
+o(p* - mQ)mewgquav@)ﬁ(p 'n). (4.113)

We furthermore replace n* by Eqs. (4.109) and (4.110). Up to leading order in i we have p-n =

(p2—m?)

A+ O(h). Substituting n* into the above equations, we obtain

g
VE = §(p? — m?)pH [V + o eyagfyp”uav(o)ﬁ <UA>}

2(p-u) u-p
+6(p* — m? 76“”aﬁpyuaV(O)A + hE"™p, Ad (p? — m?
( )2(17 u) B ( )
-m? {5@2 - mZ)Lew/aﬁuyvg’) (“5,4> 8 (% — m2) R A+ O1?),
2(p - u) pu pu

(4.114)

Taking the massless limit m — 0, and redefining the distribution function V', the above formula
agrees with the massless results in .

In this subsection, we have found the relation between massive solutions and massless ones. We
emphasize that the polarization of massive particles has 3 degrees of freedom, that is because in
their rest frames, their spins can point to any spatial directions. Thus in massive case we have four
functions to describe the system, three of which describe the polarization and the remaining one
is the particle distribution. However, in the massless case, particles are either LH or RH and their
spins are either parallel or anti-parallel to their momenta. Thus for the massless case the net fermion
number distribution and the axial-charge distribution are sufficient to describe the system. In this
section we decompose the polarization into a longitudinal part and a transverse part. Since massless
particles cannot be transversely polarized, we presume that the transverse part only comes from
the side-jump effect. Under this assumption, we find that the massive solutions smoothly reproduce
the massless ones. In heavy ion collisions, the u, d quarks can be treated as massless, because their
masses are much smaller than the typical temperature of the QGP. However, the mass of the s quark
is about 95 MeV, which is comparable with the chemical freeze-out temperature (~ 160 MeV). Thus
the massless chiral kinetic theory is not sufficient for simulations. The kinetic theory for massive
particles with spin has been developed many years ago [131] and was here reproduced via the Wigner
function approach. However, up to now there is no systematical tool for the simulation of the spin-

evolution for massive fermions in heavy-ion collisions. Our study in this section would be a starting
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point for future works on the dynamical spin evolution. Comparing with the classical Boltzmann
equation and the BMT equation, we have obtained A-order corrections, which are attributed to the
coupling between the spin and the electromagnetic fields. In the future, we will use the method of

moments to deal with the kinetic equations and derive spin-hydrodynamics.
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V. PHYSICAL QUANTITIES

In this section we will consider systems in thermal equilibrium. The Wigner function for free
fermions without chiral imbalance is computed at the leading order in % in subsection [[ITA] Higher-
order terms in A have been obtained by the semi-classical expansion in Egs. and in Sec.
[[V] On the other hand, the case of fermions with chiral imbalance is analytically solved in subsection
[[ITB] which is called the chiral quantization in this thesis. The chiral chemical potential is not well-
defined in the massive case, thus in the chiral quantization, us is treated as a variable for an addition
self-energy correction term. However, the chiral quantization can only deal with constant us. In this
section, through a comparison between semi-classical results and chiral-quantization results, we will
give a reasonable estimate where the semi-classical results are applicable. In a constant magnetic
field there also exist thermal equilibrium, which is then compared with the free-fermion case in
this section. Pair production in the presence of an electric field is a dynamical problem, which was
analytically solved in subsection [[IID] In this section we will numerically show the pair-production

rates and display the thermal suppression to the production rates.

A. Physical quantities from quantum field theory

Throughout this thesis, we focus on spin-1/2 particles in electromagnetic fields. Since the
electromagnetic interaction is a long-range interaction, short-range interactions such as the strong
and weak interactions will be neglected. In this subsection we will start from the QED Lagrangian
and derive some basic physical quantities. Then we will find a straightforward relation between the
Wigner function and these quantities. In subsections [V C| and [VD] we will calculate their values
using the Wigner function in thermal equilibrium.

Mathematically, QED is an Abelian U(1) gauge theory. The Lagrangian for a Dirac spinor field

in an electromagnetic field is given by
£ = 2 (0700 — (100,00 ) 19 2 Ay — SPmE
= 5 [¢7 [ x/ﬂ/} - <Z :L’/ﬂ/’) i ¢] - ¢(m + - W - EF Nz (5'1)

where 1[1 is the spinor field operator, A* is the gauge potential and F* = 95 AY — 0¥ A* is the field-
strength tensor, whose 0¢ components are the electric fields and ¢j components are the magnetic

fields. The Lagrangian is invariant under the following local gauge transformation

A¥(z) — A¥(z) — 0H0(x),
Y(@) = "Dy(a), (5:2)
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where the gauge potential has an additional derivative term while the Dirac field has a phase
rotation. The gauge invariance indicates an ambiguity of the gauge potential. In practice we can
fix the gauge by e.g. taking the Lorenz-gauge condition 9%A, = 0, or the temporal gauge A% =0,
etc.. From the Lagrangian we obtain the Euler-Lagrangian equations for 1&, 12 and A¥. They are
the Dirac equation, the conjugate of the Dirac equation and the inhomogeneous Maxwell equation,
respectively. The Dirac equation and its conjugate are listed in Eq. and the Maxwell equation

reads
Op FH = 9y (5.3)

According to the Noether’s theorem, each continuous symmetry of the Lagrangian corresponds

to a conserved current. The gauge symmetry is associated with an electric current,
NF = ghyta), (5.4)

Here we use hat to distinguish the operator from physical quantities. The conserved currents
corresponding to translations and Lorentz transformations are the energy-momentum tensor and

the angular-momentum tensor, respectively.

v = 9L im0 Ok gp _gwp
(D)) 0(0putd)  OOuny)
W — arter  gren O sy g 95 Ok (T")aph”,  (5.5)
3(ap) 0(0npth)  00zpha)

where the generators of spin are S* = £[y#,7"] = 30" and (J")ap = i(560G — 640%). Inserting

the Lagrangian into the definition of these currents we obtain

o =

mat

WP = P 4 S 4 g (5.6

+ AN + TR 4,

Here we have separated the total energy-momentum tensor and the total angular-momentum tensor

into several parts. The total orbital angular-momentum tensor is given by
Lo = ghTPv — gVTPH, (5.7)

The matter parts of the energy-momentum tensor and the spin-angular-momentum tensor are

UV L= = . 0 .2 =y . A

That = 3 [um“(a;+zA”)¢—ww(a;—zAV)w ,

. 1= 2

Shat = 7000030, (5.8)
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while the field parts are

o 1
Thela = ZQWFMFPU — FrPo7A,,

Shhq = —(FP"AY — FPAR), (5.9)

Note that after such a decomposition, the matter parts are gauge-invariant while the remaining parts
are not. The gauge dependence comes from the definitions (5.5)), where the derivative operators
are ordinary ones instead of covariant ones. Taking expectation values of the above operators on

one specific system [Q2), we can obtain the net fermion current N¥, the matter part of the energy-

momentum tensor T4, and the spin angular-momentum tensor S0EY
N = (QIN1Q), Ti, = (T ), ST = (ST I). (5.10)

The Noether currents are conserved, thus the fluid-dynamical quantities satisfy the following

conservation laws automatically,
OpuNF =0, 05, TH =0, 0,,MPH = 0. (5.11)

But note that T# and M/ are separated into several parts as in Eq. (5.6). The matter parts of

Th . and S2EY are not conserved themselves,

OouTinay = F**Na,

mat
axpgﬁigf = _Tﬁyat + Tzﬁw (5-12)

From the second line we observe that the anti-symmetric part of Tk, . is related to the derivative
of the spin tensor. For a classical particle, where the spin degrees of freedom are ignored, the spin
tensor vanishes and thus T, is symmetric. But in general the canonical energy-momentum tensor
is not symmetric for a system with spin.

The tensors above are not uniquely defined. The Lagrangian in Eq. can have an additional
term, like 0,,0L* with an arbitrary d£#. When taking integration over the whole space, this
additional term will contribute a boundary term, which in general is neglected. However, changing
the definition of the Lagrangian leads to a different energy-momentum tensor and a different spin-
angular-momentum tensor. All these different definitions are exactly equivalent since they are

related to the canonical formula by so-called pseudo-gauge transformations [132, [133]

1
™ — TWat + §8p(FP7MV + FHVP 4 FVRPY,

mat m
Ip,uv SUV s
Sph” = ShEY — FPHY (5.13)
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where F7* is an arbitrary tensor which is anti-symmetric under p <+ v. We can check that the
newly defined quantities still satisfy the conservation equations (5.12)) . A specific choice for F~#*

. . / . . .
is S2EY . which makes S24” vanishes. The new energy-momentum tensor is the Belinfante one,

1
Tha = Tiat + 595 (Siiae + Sinat’ + St )- (5.14)

It is easy to check that the Belinfante energy-momentum tensor is the symmetric part of the

canonical one,

174 ]' v 14
Tha = B (Thas + Trat) - (5.15)

a mat

Comparing the definition of the Wigner function in Eq. (2.18) with the above fluid-dynamical

quantities, we obtain the following relations

Ni(z) = / d'p Vi(z, p),
e () = / d*p p* V¥ (z,p),
1
it (@) =~ [ a'p Aale.p), (5.16)

where V*(z,p) and A*(z,p) are the vector and axial-vector components of the Wigner function.

On the other hand, the Belinfante energy-momentum tensor is given by

Tha(z) = % / d'p [pP"V¥(x,p) + p"V*(x,p)] . (5.17)

In the following part of this section, we will specify the Wigner function and calculate the canonical

quantities in Eq. ((5.16)).

B. Thermal Equilibrium

In Sec. [ITT] we have derived the analytical solutions of the Wigner function. Note that in these
solutions, the distributions for fermions and anti-fermions are still undetermined. In this subsection
we will consider systems in thermal equilibrium and give the equilibrium distributions. First we
consider massless particles at a given temperature T', chemical potential p, and chiral chemical
potential us. The helicity of massless particles is a conserved quantity, thus ps is well-defined. The

canonical partition function for such a system is given by

7 = exp[~B(Ho — pN — u5Ns)), (5.18)
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where the Hamiltonian operator ﬁo, the fermion number operator N , and the axial-charge number

Ny are
Hy = /d?’XW(t,X) (—i7° - Bx + m7°) ¥(t, %),

N = /d?’xzﬁf(t,x);@(t,x),

N5 = [ dxidl 207700 %) (5.19)

Using the quantized field operator in Eq. (3.37) and the single-particle wavefunctions in Eq. (3.34))
and ([3.32) for the detailed calculations, we derive

HO = Z/ 271’ 3 ‘p| psap, bp,stp,5> )
sz/ 5 (bt +hpaths)

A d3 o R
M = Z / J el ‘p1|o)€sl (ah.sttpyss + bp.sbhsy ) - (5.20)
where we have dropped terms &I)’Sl;T_p,s and lA)p7S€L,p78. In general, the term 51(0' - Pp)&s, is not

diagonalizable in spin space, which means that the physical states are superposition of states with
s = + and states with s = —, and thus the thermal expectation value of a; +ap,— will be non-zero.
We can use the method in subsection [[ITA] to diagonalize the distribution. If we choose the spin

quantization direction as the direction of p, which fulfills,

(- p)és = s[pl&s, (5.21)

then the operator N5 is diagonalized in spin space,

b stip.s + bp.sBh. ) (5.22)

Inserting the quantized operators ([5.20)), (5.22) into the canonical partition function, we obtain

_exp{

This result coincides with our knowledge for the massless case: for massless particles, the operators

[(p1 - —s%)&;sap,s—qp+u+su5>6p,sél,,s}}- (5.23)

N and N5 commute with the Hamiltonian H , thus the basis states can be chosen as common
eigenstates of the operators H , N , and N5. The canonical partition function is then diagonalized.

The expectation value of any operator O is computed via

<O> _Tr(02) (5.24)



Here Tr runs over all possible quantum states. Taking the expectation values of the fermion number
operator &I),sdp,s/ and anti-fermion number operator ETp’slA)p,S/ we obtain the following Fermi-Dirac
distributions,

1
~ 1+exp[B(Ip| F i T sus)]

D (z,p) St (5.25)

which coincide with the equilibrium distributions for chiral particles. Since the spinors satisfy Eq.

(5.21)), we can calculate
it (p)gs = sp. (5.26)

Then the Wigner function in Eq. (3.216) reproduces the massless results of Refs. [66] 69] 125].
For the massive case, one possible choice for the thermal equilibrium distributions is the naive
extension from the massless ones in Eq. (5.25) by substituting |p| — Ep ,
1

(£) _
fo'(2.p) = 1+exp[B(Ep F pF sus)] - (5:27)

However, note that the axial-charge number Ny is not conserved in the massive case because it
does not commute with the Hamiltonian, so us is not well-defined. The correct way is to include
additional self-energy terms ptpTep+ pu51pT+%¢ in the Hamiltonian, where p5 is the conjugate variable
of the axial-charge density. Here us controls the chiral imbalance and is the counterpart of the
chiral chemical potential in the massless case. Meanwhile, p is interpreted as the vector chemical
potential. The single-particle wavefunction, as well as Wigner function have been computed in
subsection , see Eq. . The Hamiltonian is quantized as shown in Eq. . Since
the chemical potentials are already included in the Hamiltonian, the canonical partition function

is given by [134]
Z = exp(—pH), (5.28)
with the total Hamiltonian
H = Hy — uN — psNs, (5.29)

where the free Hamiltonian l%, the net fermion number N , and the axial-charge number N; are
defined as Eq. (5.19). The equilibrium distributions for fermions and anti-fermions are derived
using this partition function, which agree with the Fermi-Dirac distributions,

1

1+ exp [B(Ep,s — )]’

() (n) — L
5P = e BE. (5.80)

®(p) =
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where f5(+)(p) = <an75ap,s> and fs(_)(p) = <b;sbp,s> are expectation values of fermion number and

anti-fermion number with given p and s. Note that here the energy Ep s = \/m2 + (Ip| — sps)?
reduces to Ep s = ||p| — sus| in the massless limit and these distributions agree with previous results
in Eq. when |p| > ps5. In subsections andwe will use both the naive distributions in
and the explicit ones in to compute dynamical quantities. They will show a coincidence
with each other in some parameter region.

In a constant magnetic field, the Dirac equation is solved in subsection [[IIC| and in this case
the Hamiltonian is quantized as shown in Eq. . The corresponding canonical partition
function is again defined by Eq. ([5.28). Taking the expectation values of a&””(pf ) pz)&gn) (p*, p*)
and B§””(p$ , pz)Bgn) (p”,p*), we obtain the following distributions respectively,

1
1+ exp [ﬁ (E;?g — ,u)] ’
1

) 2y
70 1+ exp [ﬂ (E(_’;) ﬁu)}' (5:81)

D0 ) =

Note that here the equilibrium distributions are independent of the parameter p® because the

energy states, E \/m2 + (p* — ps5)? and E( \/m2 2+ 2nBO — s,u5} for n > 0,
are independent of p®. This agrees with our knowledge about the Landau levels: the transverse
momenta are quantized and described by the quantum number n, and p* is now a parameter for
the center position of the wavefunction in the y direction.

The coupling between spin and the magnetic field is already considered when computing the
Wigner function because electromagnetic fields are included in the definition of the Wigner function
(2.18). However in the presence of vorticity, additional spin-vorticity coupling terms are necessary,
otherwise the vortical effects cannot be derived. The vorticity of charged particles generates an
effective magnetic field, which couples with the magnetic dipole-moment of the particles, thus the

additional coupling term would be

. h _ o
AH = Zw“ WL’YOUMMU, (5.32)

where W = 0% (Bu”) — 8%(BuM) is the thermal vorticity and QJJT’}/OO’W/TJ) is the operator of the
dipole-moment tensor. In general AH is diagonal for the eigenstates of Hamiltonian H if and only
if they commute [E’ JAH } = 0. Assuming that the dipole-moment tensor of particles points along

the direction my,,, then we have

~ h v dgp ; ;
A = qumy [ 555D s (hstp.s = bp.sbhs) - (5.33)
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This can be achieved in the case of free fermions without chiral imbalance because the spin quan-
tization direction is not specified, as discussed in subsection [[ITTA] Then the distribution functions
would have an order-A correction,

a,p) = ! By 5.34
oo o) = T8 (B 7 i £ sBamy )] (534

which agrees with the suggestion of Ref. [43]. Note that the validity of this distribution needs
more careful discussion. That is because in the presence of a magnetic field, there are two specific
directions: the direction of the magnetic field and the direction of the vorticity. If they differ
from each other, the spin-magnetic coupling term and the spin-vorticity coupling term cannot be
diagonal simultaneously. Even if the vorticity and the magnetic field are along the same direction,
we find it difficult to introduce the chiral chemical potential because the axial-charge Ns is diagonal
only if the spin is quantized along p*. More precisely, the vorticity in general depends on the
spatial coordinates while the dipole-moment depends on the particle’s momentum. If we consider
these dependences, AH cannot commute with FIO, which indicates that it is impossible to find the
common eigenstates for AH and Hy. Thus the total Hamiltonian is in general not diagonal and the
equilibrium in the presence of vorticity cannot be as simple as shown in Eq. . The Wigner
function contains the vortical effect at order A, but in this thesis we will not discuss the vorticity
effect because the correct way to define the thermal equilibrium distributions with spin-vorticity

coupling is still under discussion.

C. Net fermion current and polarization

As discussed in subsection[V'A] the net fermion current can be derived from the vector component
of the Wigner function. The chiral imbalance for massive particles should be included in the Dirac
equation, as we did in subsection [[ITB] But if the mass of the particles is small enough, they can
be treated as massless particles. In this case, the chiral chemical potential us is included in the

thermal equilibrium distribution, which is given in Eq. (5.25). The Wigner function is solved up

to order A using the semi-classical expansion of Egs. (4.62)) and (4.67)). Note that this method is a

straightforward extension of the massless case. Another more exact approach is chiral quantization.
In this subsection we will compare these two approaches. Meanwhile, we will discuss the magnetic-

field dependence of physical quantities.
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1. Semi-classical results

If we use the semi-classical results in Eq. (4.67]), the net fermion number current is given by
4 2 2y D aBsr(, 2 2 h 4 V(2 2
Nt = [ d%p p" |V(p* —m?) — §Fa52 d(p®—m*)| + 581«1, d*p X*6(p* —m*).  (5.35)

Since [ d*p Y §(p? —m?) is the leading-order dipole-moment tensor, the second term is identified

as the magnetization current. Meanwhile, the axial vector current is given by A*,

1

Ng = —25Wa5/d4p pl’Eo‘ﬁé(p2 — m2) + hFW/d4p p”‘/é/(p2 — mz). (5.36)

Since we have no idea how to determine the dipole-moment tensor, we presume that all particles
are longitudinally polarized. That is, at leading order in A, the spins of the particles are either
parallel or anti-parallel to their momenta in the observer’s rest frame. The frame dependence of
spin polarization is discussed in subsection m see Egs. and . In this case the
vector and axial-vector components of the Wigner function are given by Eqgs. , .
Using the equilibrium distributions in , we obtain the net fermion distribution V and the

axial-charge distribution A,

V= o 20 e
Hp ) [6(—1?1- s u)} .
A= (Qi)gzs:s{e(p'“)l+exp[ﬁ(p-1u—u—8u5)]
Hp ) [5(—191- s L u)} . (5.37)

Note that in Eq. we have terms which represent vacuum contributions. When calculating
the net fermion density n and the CME coefficient o,, these vacuum terms should be dropped
otherwise the results will be infinite. Here we have replaced p®, or the energy Ep by p - u, which
is the energy in the frame u*. From Eq. we obtain the net fermion current by integrating

over d*p.

Nt = /d4p " [V(S(p2 —m?) — hﬁ”a%flél(f - m2)] + ge“mﬁ@w / d4p%146(p2 —m?).
(5.38)
We find that the first term agrees with the classical fermion current where the shift of energy is
attributed to the spin-magnetic coupling, while the second term gives the analogue of the CVE.

Note that if we compare with Maxwell’s equation we immediately find that the second term is
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nothing but the magnetization current. When computing the integration over d*p, we need to deal

with ¢&(p? — m?), which can be achieved by integrating by parts,

h -~ 1 b =, Pot 0 h =, DoU
Nt = [ dY% |ptV + —F"u,——A 4 —uHEFre22 A+ —utFre 220 AL §(p? — m?).
/p[p MR b p-ud(p-u) Tt (p-u)? " = m)
(5.39)

Note here that the functions V' and A only depends on (p - u). Thus the above current can be

parametrized as
NF = ubn + o iE ™ u,,, (5.40)
where

n = / d'p (p- u)Vo(p® —m?),

N R T T B
oy = 2/alpp'uA(S(p m*) (5.41)

are the net fermion number density and the CME conductivity respectively. Using the distributions
shown in Eq. , these quantities can be numerically calculated.

On the other hand, the axial-vector current, or the spin-polarization density is calculated from
the axial-vector current by taking an integration over d*p

2 - 0 h o~ 1 )
o - o) e
> Ap-u) 2 p-ud(p-u)

p-u
h n Prua 8 2 2
—ut Y — 42
tou p-u@(p-u)v] I(p® —m?), (5.42)

where we have neglected the spatial derivative of u*. Analogous to the net fermion number current,

the spin polarization can be parametrized as
N = ufns + oshE™ u,, (5.43)

where ns is the axial-charge density and o3 is the coefficient for the CSE,

4 m? 2 2
n5:/dp u-p—u—p Ad(p* —m?),

o5 = —;/d‘lp 5(p* — mQ)O(Ua‘ 0 (5.44)
Using the equilibrium distributions in Eq. , ns and o5 can be numerically calculated.
In the massless case, the fermion number density is given by
d3p 1
Nmassless = / (2r)3 ;7‘1 T+ oxp [B(Ip| — 1t — repa)]’ (5.45)
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Figure 7: Mass dependence of the net fermion number density n. Here we plot the ratio of the massive
one computed using Eq. (5.41) and the massless one in Eq. (5.45). The particles’ mass m and chemical

potentials u, ps are normalized by the temperature 7'

while the CME conductivity is a constant oy massless = W5/ (272) [19, 2TH23]. The axial-charge

density is

d*p 1
5 massless = Ta 3 rs R 5.46
st = [ o ST g 1 =] (5:40)

while the coefficient for the chiral separation effect is 5 massiess = ¢/ (2m)? [23, 48, [49]. In Figs.
we computed the ratio between the massive results (5.41)) and (5.44) and the massless ones (|5.45)|)

and for the net fermion number density n, the CME conductivity o, the axial-charge density
ns, and the CSE coefficient o5, respectively. From these figures we observe that the quantities in
the massive case smoothly reproduce the massless ones because the ratios become 1 in the massless
limit. When the mass grows, both of these quantities decrease. This is because, when the particles’

momentum is fixed, heavier ones have larger energy and thus the states are less likely to be occupied.

2. Results from chiral quantization

The coincidence of the massive and massless results is beyond our expectation because the
equilibrium distributions are taken to be the ones in Eq. , which are naive extensions of the
massless ones. However, as we discussed in subsection [VB] the chiral chemical potential in the
massive case should be considered as a self-energy term, which appears in the Dirac equation. The
corresponding Wigner function has been given in Eq. . Here we take V° and A", which

give the net fermion number density and the axial-charge number density respectively. In thermal
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Figure 8: Mass dependence of the CME conductivity o,,. Here we plot the ratio of the massive one calculated
using Eq. (5.41)) and the massless one oy massiess = f5/(27%). The particles’ mass m and chemical potentials

1, ps are normalized by the temperature 7.
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Figure 9: Mass dependence of the axial-charge density ms. Here we plot the ratio of the massive one

calculated using Eq. (5.44)) and the massless one in Eq. (5.46). The particles’ mass m and chemical

potentials u, us are normalized by the temperature 7.

equilibrium, these quantities are given by

a3 1 1
n':./(%ﬂ32;{1++mpW(Ens—Mﬂ__1+emﬂﬁﬂ%ﬁ+40]+1}’

ny = [ LP SIpl—u5{ 1 1 - }
o /(%)325: Eoe V148 (B 1)  1+eplB(Bostm)] - J (5.47)

where Ep s = \/m? + (|p| — sus)? are the eigenenergies for the Hamiltonian with chiral modifica-

tion. When computing the net fermion number density, we will simply drop the vacuum contribu-

tion, i.e., the last term in the first line of Eq. (5.47). In Fig. we compare n in Eq. (5.47)) with
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Figure 10: Mass dependence of the CSE coefficient o5. Here we plot the ratio of the one calculated using
Eq. (5.44) and the massless one is 05 massiess = #1/(27)? . The particles’ mass m and chemical potentials p,

s are normalized by the temperature 7.

Figure 11: Ratio of the net fermion number density n of the result in (5.47) from chiral quantization and

the semi-classical result in (5.41). Here we have fixed the chemical potential /T = 3 and plotted the

dependence on m and us.

the semi-classical result in Eq. . We find that they coincide with each other when the mass
m or the chiral chemical potential us5 is not too large compared with the temperature. When we
have a large m or us, the semi-classical result overestimates the number density because the ratio
is smaller than 1.

Meanwhile, we compare the axial-charge density ns calculated using Eq. with the one
in Eq. in Fig. Here in the calculation we have dropped the vacuum contribution. We
find that in the massless limit they do not agree with each other. Fortunately, we can attribute the

difference to the vacuum contribution. The vacuum part for ns in Eq. (5.47) will be divergent for
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Figure 12: Ratio of the axial-charge density ns of the result (5.47)) and the semi-classical result in ([5.44)).
Here we have fixed the chemical potential /T = 3 and plotted the dependence on m and 5.

non-zero mass, but for the massless case it has finite value
3

_ M5
A’I’L57vac = ﬁ (548)

Taking this into account, the results in Eq. agree with in the massless limit. But in
general the semi-classical results over-estimate the axial-charge density.

Note that the effects of electromagnetic fields are not included in the chiral-quantization de-
scription. In order to derive the CME or CSE, one needs to use the semi-classical method to derive
the first order in A, while the results in subsection [[ITB| only serve as the zeroth-order solutions.
However, note that when the chemical potentials ;1 and us appear in the Dirac equation, the kinetic
equation of the Wigner function will also receive additional terms which are related to p and
5. So the present semi-classical discussions in Sec. [Vl need to be repeated for finite y and ps. In
this thesis, the method of chiral quantization will only serve for comparing with the semi-classical

method in Sec. [V} and thus the chiral effects will not be discussed using this method.

136



8. Results in magnetic field

In the presence of a constant magnetic field, fermions are quantized according to the Landau

levels. We have derived the Wigner function in subsection [[ITC] where the vector components read

VO = (p° + ) ZA(") pT)Vn+(pO+M)nz>:0\/TnBo ”) T)An,
V= p ;O?”BO | AT ),
wo— y% 2”50 B (pz);uj_ZnBO ol A (pr),
V: = (0" = us)AV (pr)Vo +pz7§) (pz)fi TN A (pr)

+2 [\/mAn - M5Vn} A" (pr), (5.49)

n>0

The distributions are assumed to take their thermal equilibrium forms,

Vi = o o6 {07+ - B

O ey —
X {e(p +“)1+eXp(5p0) +0(—p" — 1) {Hexp(_ﬁpﬂ) 1“ (5.50)
A, = i)?’ st {(po +p)? — [EI()?LZ]Q} (5.51)
0 ! Oy
x{e(p +“)1+Tp(5p<3)+9( P —H [Hexp(ﬁpo) 1“ (5.52)
and
2
Vo = Gapt {00+ a7 - (B
0 ! Oy —
X {e(p +M>1+Tp(ﬁpﬂ) +0( P ,u) |:1 —i—exp(—ﬁpo) 1:| } (553)

Here the eigenenergies are given by EZ(;S) = /m? + (p?)? for the lowest Landau level and Ez()g) =

S

\/ m? + 24 2nBo — su5} for the higher Landau levels with n > 0. These eigenenergies are
analytlcally derived from the Dirac equation in subsection [[ITC] Note that these distributions are
independent of the transverse momentum p® and pY, thus we observe that V* is anti-symmetric
with respect to p®. When integrating over d*p, the component V, gives zero, which means there is
no current along the x direction. Meanwhile, the current along the y direction vanishes for a similar

reason: V7 is anti-symmetric with respect to p¥. The net fermion number density and current along
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the magnetic field are non-vanishing, thus the current can be parametrized as shown in Eq. (5.40)),

with

n = Z/d“p (° + AL (pr) Vo,
n=0

1
o B(>/d4p(pz—u5)A( (pr Vb+z/d4pp

n>0

(pz)2 T 27’LBO n pT)'

(5.54)

Here we have dropped the terms of A(_n) (pr) because according to Eq. 1) these terms vanish
when taking an integration over pr. With the help of Eq. 1' AEZL ) (pr) can be integrated out,
which gives the density of states for the Landau levels. Furthermore, we find that the higher Landau

levels n > 0 do not contribute to o, because they are anti-symmetric with respect to p*. Inserting

the distributions (5.52) and ([5.53)) into Eq. (5.54)), we finally obtain

" / 2 = B 1 e

ns | 1+exp [6 (Epg—uﬂ 1+exp [ﬁ (El(,?;—i-u)]

_ 1 DT 1 1 B
Ox = (27)2 /dp E}g(z)) 5 - [ﬁ (EI()Z) - M)} + - [5 (EI()(Z)) N M)} 13 .(5.55)

Here o, can be analytically computed,
o = (273)25 {in[1+exp (—BEY + Bu) | +1n [1+exp (—BEY - Bu)] }‘A

—A
—(2717)2 Vm? + (p — ps)?

M5

A
»

which agrees with the massless results. The result shows that the CME is independent of mass [22].
In Fig. we plot the dependence of the net fermion number n on magnetic field strength. Here
the z-axis is the field strength, where we considered a large region from 0 to 2072. Note that if
we take T = 100 MeV, then 2072 ~ 10m?2 is similar with the maximum field strength in Pb-+Pb
collisions at the LHC energy. In Fig. we compute the ratio between n in Eq. and the
one in Eq. . The ratio reaches 1 in the weak-field limit, as desired because the result in Eq.
is obtained when the magnetic field vanishes. Four parameter configurations are taken into
account: 1) m/T =1, u/T = 2, and us/T = 0, which represents a chirally symmetric system, 2)
m/T =1, u/T = 2, and ps/T = 1, which represents a system with chiral imbalance, 3) m/T = 1,

w/T = 3, and ps/T = 1, which can show the effect of chemical potential by comparing with case

138



2.2
mIT=1,u/T=2, p5/T=0
2.0 e MITE, T2, p5T=1
S gl meeeeeeees miT=1, i T=3,u5(T=1
Il :
N . mIT=0, 4/ T=3 5/ T=1
£ 16
= o o2
: ]
st
14 e
1.2
1.0
0 5 10 15 20

Figure 13: Magnetic-field dependence of the net fermion number density n. Here we compute the ratio of
the one in Eq. (5.55)), which is derived via Landau quantization, and the one in Eq. (5.47)), which is derived

via chiral quantization. Several configurations of m, u, and us5 are taken into account.

2), and 4) m/T =0, u/T = 3, and ps/T = 1, which is a system of massless fermions. From Fig.
we observe that the chemical potentials distinctly affect the ratio while the mass does not.
Analogous to the vector component, for the axial-vector part, we firstly list all the relevant

components of the Wigner function,

A = (p" = us)Voh O (pr) + ) [\/ 2+ 2nBo4, M5V] A (pr)

n>0
M5
+p” Z A,
>0 \/ 24 2n B

A = (0% + W) Vor® (pr) + (p° +u) > Vah™ (pr)

n>0

O D A
n>0 —i-QTLB()

Here the z- and y-components are not listed because they do not contribute to the axial-vector

A"

" (PT)

AP (pr). (5.57)

current for reasons of symmetry. The current Nf is then parametrized as Eq. (5.43), where the

axial-charge density ns and coefficient o5 for the CSE are given by

n5=/d4 (p* — p5) VoA (pr +Z/d4 V (p?)? + 2nBy A, MsV} ()( T),

n>0

1
o5 = g | d'pvo+ Vo (pr). (5.58)

Using the distributions in Egs. () 1D and the property of AT) (pr) in Eq. 1) the
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Figure 14: Magnetic-field dependence of ns. Here we plot the ratio between the axial-charge density calcu-
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lated via Eq. (5.59) and the one via Eq. (5.47)). Several parameter configurations are considered.

integration over pp can be performed and we obtain

n5:Bo/dpzpz—u5 1 N 1 .
(2m)? EZ(,(Z)) 1+exp [6 (E(B) — u)} 1+ exp [6 (Epg) + u)}
302 Z Z/ \/T — U5
n>0 s p*s
X ! + ! -1,
1+ exp [6 (EI()ZLS — ,u)} 1+ exp {ﬁ (Elg?l + u)]
1 : 1 1
05:(27r)2/dp 1_|_exp[5 +1

(EI(,(Z)) - u)] - 1+ exp [[3’ (EI(,(Z)) + u)]

In general these quantities cannot be analytically done. In Fig. we compare the axial-charge
density ns in a magnetic field, i.e., Eq. , with the one without magnetic field, i.e., Eq. .
We considered three cases: 1) m/T =1, u/T =2, us =1, 2) m/T =1, /T = 3, us = 1, and
3) m/T =0, u/T = 3, us = 1. Comparing these cases we find that both the mass m and the
chemical potential p affects the ratio. In the weak-field limit, the ratio reaches 1, which indicates
that Eq. agree with Eq. in this limit. But when the magnetic field increases, we find
the axial-charge density decreases for fixed m, u, and us.

On the other hand, o3 is independent of the chiral chemical potential us, which can be proven
by a shift of the integration variable p* — p® 4+ us. However, in the semi-classical result , o5
depends on pus, which is conflict with the one in Eq. . In Fig. we computed the ration
between o5 calculated via Eq. with the semi-classical result . This figure shows that
these two agree with each other if u5 and m are not too large. The ratio is smaller than 1, which

means the semi-classical results overestimate the chiral separation effect. In the limit m < T, we
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Figure 15: Ratio between the CSE coefficient o5 calculated via Eq. (5.59) and the semi-classical result in
(5.44). Here the chemical potential p/T = 3.

05105‘!'“555\8550_5

0.0

Figure 16: Mass and chemical-potential dependence of o5. Here we calculate the ratio between the one from
Landau quantization in Eq. (5.59) and the massless one o5 massiess = 11/ (27)2. Both of these two results are
independent of 5.

can expand o3 into a series of fm. The leading two terms read

_ (Bm)? [ BP—i) (281 _ 1)(e26P — 1) \
5w @By Pplis ]t L1 et T [(Bm)’] (5.60)

The leading-order term agrees with the massless result. In Fig. we plotted the mass and
chemical-potential dependence of o5. This shows that a finite mass suppresses the chiral separation
effect.

Since we have already derived the vector and the axial-vector currents, now we can compute

the average spin polarization in a magnetic field. Using the net fermion number density n and the
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Figure 17: Average spin polarization as function of field strength. Here we have used the solid lines for the
results from the semi-classical expansion, where the net fermion number density n and coefficient o5 are
given in Egs. and . The dashed lines are results calculated via Landau quantization, where n
and o5 are given in Eqgs. and . The dotted line is the case for fully polarized particles, with the

. . _ l
average polarization II = 3.

coeflicient o5, the average polarization can be expressed as

B E 058y

= ;
2 n

(5.61)

where the factor % is the unit of spin and 30530 is the total spin-polarization density in a constant
magnetic field. In Fig. we plot the average polarization Il as a function of the magnetic field
strength Bp, where both the semi-classical result and Landau-quantized result are calculated. We
find that the average polarization of the semi-classical result grows to infinity when By increases.
This is because in the semi-classical result n and o5 are independent of By and thus the average
polarization is linear in By. Meanwhile, the result from Landau quantization has the upper limit
1/2. This is because in sufficiently strong magnetic fields, fermions will stay in the lowest Landau
level. As we discussed in subsection [[ITC] the spins in the lowest Landau level are fixed. So the
system reaches a fully-polarized state if the field strength is large enough and the average spin

polarization will reach //2.

D. Energy-momentum tensor and spin tensor

1. Semi-classical results

The canonical energy-momentum tensor and the spin-angular-momentum tensor in the quantum

field theory are given in Eq. (5.16). In the semi-classical description, V¥* and A* are given by Eq.
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(4.67)). Inserting them into Eq. (5.16)) we obtain
h
That = / d'ppp” [Vé(p2 —m?) = 5 FasS*0 (" — mZ)]
h 4 v fe 2 2 h 4 a v 2 2
+§8xo¢ dppz'u 5(p *m)+§ dpz‘u Faé(p *m)v

1
it = 5 [ i B 4 - ) 57 - )

h
B / dip (pPF™ 4 A FVP — g/ FUO) VS (% — m?). (5.62)

Note that in the classical limit A — 0 the energy-momentum tensor is symmetric with respect to

its indices and agrees with the classical formula. But the leading-order term can be non-symmetric.

SPH

The spin-angular-momentum tensor S} ¢

has a straightforward connection to the axial-vector cur-

Sohy = —3€P" N5 \. Since the axial-vector current has been discussed in the previous sub-

rent
section, in this subsection we only focus on the energy-momentum tensor.

Similar to the previous subsection, we have no idea about the equilibrium dipole-moment tensor.
Thus we adopt the specific solution in Egs. and , which smoothly recovers the

massless limit. Inserting the dipole-moment tensor into Tk ., we obtain

i = [dpry [Vé(ﬁ —m?) = REPTEEIAG ()

e y 1
+§e“ ﬂwamuw/d‘lpp pﬁﬂAé(pZ — m2)
h

—26““57F5”u7/d4p %Aé(pz —m?). (5.63)

Here we assume that the distributions take their equilibrium form in (5.37)), which depends on u - p

in the fluid rest frame u”. The energy-momentum tensor can be parametrized as

a

T;I;Vt — ulue — (g;u/ _ u“u”)P +h (uuﬁwﬁuﬁ + uVFMﬁuﬁ) B, (5.64)
where

¢ = / d'p (u- p)?Va(p — m?),

P =g [ d [wep? — ] Vo~ ),
£y = % / dp AS(p? — m?), (5.65)

are the energy density, the pressure, and the coefficient for energy flux along the magnetic field. In

the massless limit, the coefficient {p takes the following form [23]

5
gB,massless = g'u2~ (5.66)
s
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Figure 18: Mass dependence of the ratio between the semi-classical £ in Eq. (5.65)) and massless one in
Eq. (5.66]). We have taken several chemical-potential configurations, 1) u/T = 2, pus/T =1 (solid line), 2)
w/T =3, us/T =1 (solid line).

In Fig. we compare the semi-classical results (5.65)) for massive fermions with {p for massless
fermions ([5.66). We consider a wide region for the value of mass and find that the energy flux
decreases for a larger mass. Several configurations of chemical potentials are considered. In the

massless limit, the semi-classical results coincide with the massless ones for all the cases considered.

2. Results from chiral quantization

If we adopt the chiral quantization description, the energy-momentum tensor can be calculated
at zeroth order in A using the results in Eq. (3.145)). Since the formula is not Lorentz-covariant,

we take the fluid velocity u# = (1,0,0,0)7. Then the energy density is given by

_ [ &P 1 ]
T / (2m)? Zs: Pe.s { 1+exp [ (Ep,s — )] * 1+exp[B(Eps+ p)] } ; (5.67)

and the pressure is

G I ] 1 1
=/ (o)3 2= 3 () rerpE T TrewpETa) O

while other components of the energy-momentum tensor vanish. In Figs. and [20| we compare the

semi-classical results with the ones from the chiral quantization. We find that in the limit us — 0
these results agree with each other, while for large us, the semi-classical ones would over-estimate

both the energy density and the pressure.
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Figure 19: Ratio of energy density calculated using the result in Eq. (5.67) and the semi-classical result
in Eq. (5.65)), as function of the mass m and the chiral chemical potential ps. Here the vector chemical
potential is fixed to /T =3 .

Figure 20: Ratio of pressure calculated using Eq. (5.68)) and the semi-classical result in Eq. (5.65)), as
function of the mass m and the chiral chemical potential us. Here the vector chemical potential is fixed to

wu/T = 3.
8. Results in magnetic field

In the presence of a magnetic field, the Wigner function has been computed in Eq. (3.213).
The constant-magnetic field assumption breaks the Lorentz symmetry because an electric field will

appear if we perform a Lorentz boost along a direction which is not parallel to the magnetic field.

00

Here we take the observer’s frame as u* = (1,0,0,0)7. In this frame, the energy density is T,

and the pressure is T% . i = 1,2,3. We first compute the components of T“". with the help of Eq.

mat
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(5.16]) and the solutions in the presence of a magnetic field, which are given by Eq. (3.213]),

e = [ d oot 0 Y VA or),

n=0
Trlr}a :’]I‘?fa = /d4p nBg |V, — Hs A, A(n)(pT),
oo Z% @) +2nBo |t
T, = / &' v (5" — 1) VoA© (pr)
+ [ &t z\2 Vi, — M5 . 7
/ p (") n;) T R
Tovat = / d*p p*(po + W) VoA (pr), (5.69)

where we have dropped all terms which vanish when integrating over d*p. All the unlisted compo-
nents are zero. Here the distributions V,, and A,, are assumed to take their equilibrium form in Egs.
(5.52) and (5.53). In a Lorentz-covariant form, the energy-momentum tensor can be generalized as

follows
T = €ulu” — Py (g" — ulu” 4+ 0'b”) + Pjb*b” 4+ hBou'b"ép, (5.70)

where b* is the direction of the magnetic field. The energy density €, the transverse pressure P,

the longitudinal pressure P, and the coefficients {p are respectively given by

_ B . (n) 1 1 _
© (2m)? /dp ;Epzs 1+ exp [,B (E]SZZ — ,uﬂ " 1+ exp [/B (Ez(jfi + u)] a
~ (Bo)* .
= (27?)2 / o g;s EZQ [1 - (pz)zﬂj 2nBy
X ! + ! -1,
1+ exp [5 (E,S’Jg _ u)} 1+ exp [5 (Ef,”) + u)]
_ B PP (p* — ps) 1 1 _
a= (27T0)2 /dp EISB) 5 { 1+ exp [6 (E:[(,(z)) — u)} i 1+ exp [6 (EZ(,(Z)) + M)} :
. (p*)?
o] 2, EpéZ N
1 1
X + -1,

—
—_
—

&8 = 5 [ p” - +1. (5.71)
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Figure 21: Energy densities as functions of the magnetic field strength.
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Figure 22: Transverse pressures as functions of the magnetic field strength.

Here in these formula we have kept all vacuum contribution, e.g. the last term “1” in curly braces.
But in practice one should neglect the vacuum part otherwise the results will diverge. In Figs.

and [23] we compare the energy density and pressure from Landau quantization with those

from chiral quantization in Eqgs. (5.67) and (5.68). We find that in the weak-field limit, these two

approaches coincide with each other. When the field strength increases, the transverse pressure
decreases while the longitudinal pressure increases. The decrease of the transverse pressure is
attributed to the lowest Landau level: in a strong field, the fermions will more likely to stay in
the lowest Landau level, which does not contribute to the transverse pressure. The field-strength
dependence of the energy density is a little complicated, for some parameter configuration, the ratio
first decreases and then increases when the field strength grows.

On the other hand, the chiral chemical potential also induced an energy flux along the magnetic
field direction. Note that if we adopt the Landau quantization, the energy flux TS . exists but the

momentum density T30 . vanishes, which results in a non-symmetric T, . But in the semi-classical
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Figure 23: Longitudinal pressures as functions of the magnetic field strength.

Figure 24: Ratio between the coefficient g calculated using Eq. (5.71) and the one in Eq. (5.65)), as a

function of the mass m and ps. The chemical potential is fixed p/T = 3.

results, TOS . and T3V, take the same value and TX" is symmetric. In Fig. [24| we compute the ratio

between the coefficient {5 in the Landau-quantization calculation in Eq. (5.71) and the one from
the semi-classical method in Eq. (5.65)). From this figure we observe that these two results coincide
in a wide parameter regime. When m /T and p5/T are significantly large, the semi-classical method

again overestimates £p.

E. Pair production

1. In Sauter-type field

In this subsection we will focus on pair-production processes in the presence of an electric field.

As shown in Eq. (D10), the number of pairs will be expressed in terms of the Wigner function.
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First we focus on the Sauter-type field, using Eqs. (3.226)), (3.227)), and (D10]), we obtain

t “xa(t ¢
Npair(t, P) = mrxa( ,p2);-p x(t.p) Cy (p /t dt'E(t')ez> + const., (5.72)
P 0

where the transverse mass mp = y/m?2 + p% and energy F,, = \/m? + p2. Here we have dropped all

the spatial dependence and we further assumed that the distribution function takes the equilibrium

form,

2 [ 1 . 1
(2m)? |1+ exp[B(Ep — p)] 1+ exp[B(Ep + p)]

Ci(p) = -1, (5.73)

In the pair spectrum , the constant term is expected to cancel with the vacuum contribution,
thus here we take the constant term to be ﬁ

For the Sauter-type field, the coefficients x2(¢, p) and x1 (¢, p) can be numerically computed from
Eq. . The solution is proven to depend on the transverse mass my and the longitudinal
kinetic momentum p?. For simplicity we take mp as the unit of energy and all the quantities are
described by dimensionless variables, such as the temperature T = T /m7, the chemical potential
i = p/mp, and the longitudinal kinetic momentum p* = p®/mp. As an example, we numerically
calculate the evolution of the pair spectrum for a Sauter-type field with peak value Fj /m% =3
and width 7 = 2/m7 in a thermal system with T/m7 = 1 and p/m7r = 2. We take three typical
moments in time t = —37, 0, and 37 and the spectrum of pairs is given in Fig. Since the electric
field will be less than 1% for ¢ < —37, the initial condition for this system at ¢ = —oo would be
similar to the one for t = —37 because before this moment the electric field is not strong enough
to generate any effect. After the time ¢ = 37, the functions yi(¢,p) and x2(¢, p) still evolve with
time, but the pair spectrum stays unchanged, which means their will be no more pair production
after t = 37. In Fig. , we observe that the spectrums for ¢ = 0 and ¢ = 37 have two peaks.
We identify the peaks on the right-hand-side as contribution from initially existing particles which
are accelerated by the electric field. Since the shift of the longitudinal momentum is given by
ffoo dt'E(t"), we can obtain that this shift is Fy7 at moment ¢ = 0, and 2Ey7 at moment ¢t = 37,
which agrees with the locations of peaks. And the peaks on the left-hand-side in the spectra for
t =0 and t = 37 can be identified as the contribution of the pair-production.

Now we compute the total number of pairs generated in the Sauter-type field. Here we have
four variables in this case: the peak value Fy and the width 7 for the Sauter-type field, and the
temperature T and the temperature p for the initial thermal equilibrium state. First we fix the

thermodynamical quantities 7'/mp = 1 and pu/mp = 3 and study the dependence with respect to
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Figure 25: Spectrum of pairs at times ¢ = —37 (solid line), ¢ = 0 (dashed line), and ¢ = 37 (dot-dashed
line) for a thermal system with 7/mq = 1 and pu/mg = 2 in a Sauter-type field E(t) = Eq cosh™2(t/7) with
peak value Ey/m% = 3 and width 7 = 2/my. Here the transverse mass my = \/m is taken to be the
energy unit. The z-axis is the dimensionless longitudinal kinetic momentum, while the y-axis is the density

of pairs in phase space.

Figure 26: Pair number produced in a Sauter-type field in a thermal system with T/mr = 1 and p/mr = 3.

Ey and 7. In Fig. we plot the total number of produced pairs as function of Fy and 7. We find
that more pairs are generated for a larger peak value Fy or a longer lifetime 7, as expected.

Then we take Ep/m% = 3 and 7 = 2/my and study the dependence with respect to 7' and
p. The results are shown in Fig. 271 We find that the total number of produced pairs reaches a
maximum value at the point © =T = 0. When the temperature increases, or the chemical potential
increases, the pair-production is suppressed. This agrees with our expectation because in high-T" or
high-p system the quantum states are more likely to be occupied and the production of new pairs

is suppressed due to the Pauli exclusion principle.
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Figure 27: Total pair number generated in a Saute-type field E(t) = Egcosh™2(t/7) with peak value

Eo/m% = 3 and width 7 = 2/m7 as as function of the thermodynamical quantities T and p.
2. In parallel electromagnetic fields

In subsection [[ITD] we have analytically computed the Wigner function in the case of a constant
electric field. Meanwhile we also analytically computed the Wigner function in the case of constant
parallel electromagnetic fields in subsection [[ITE] Since the results in parallel electromagnetic fields
reduce to the ones in a pure electric field, we will skip the pair production in a constant electric field
and directly focus on the process in the presence of both electric and magnetic fields. The spectrum
of pairs is related to the Wigner function as shown in Eq. . Analogous to this equation, for

a system in a constant magnetic field, the eigenenergies are replaced by the Landau energy levels

EI(,ZL) = \/m? + (p?)2 + 2nBy, and the number of pairs in the n-th Landau level is

mF™(t,p) +p- V™ (t,p)
2E(n)
pZ

n™(t, p) = + const.. (5.74)

Here F(™ and V™ are components of the Wigner function where the superscript (n) labels con-
tributions from the n-th Landau levels. Then the pair-production rate in the n-th Landau level is

calculated via

d 1d mF® (t,p) +p-V(t,p)
& m) — 3 ’ )
il (t) 2dt/d p ;Z) : (5.75)

Employing the results in Eq. (3.270]) into the pair-production rate, we obtain

d 1d ™ JE 2 2 2
Aoy Ld [ | B, ([ 22N P (e [ 2
dt'" 2dt/d p [Egp 3 & (’7 VB > + Eég)dl (" ’ E0p>

xC" (p* — Eot) A (pr), (5.76)
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where Cfn) is given in (3.240). The integration over pr can be performed using relation 1' We
also replace the kinetic momentum p® by the canonical one ¢° = p* — Eypt. Then we obtain the

pair-production rate in a multi-particle system,

d d
Bl ) z |1 _ M) 2y — £GO)) (o7 Zpn) z
g = [ [L= g - O )] Tnlidie. o), (5.77)
where %n\(gz(t, ¢?) is the pair-production rate in vacuum for given quantum numbers n and p?,
d dn0\ BoEo d ™ /F 2
Lo Z):_(l_nO> 0L U ‘/Od[(m 2 gy
Nyae(ts q 572\ o) 2 (1", (¢ + Eot)
dt 2 ) (2m)? dq B gt 2 Ey
* 4+ Eot 2
4L T (Jr) d [n(”),q/(qurEot)] . (5.78)
E" Eo

a*+Eot
Summing Eq. over all Landau levels yields the total pair-production rate. Here we notice that
the pair production in the lowest Landau level is suppressed by the factor 1 — 5"70. This is because
the spin is not degenerate for the lowest Landau level while is two-fold degenerate for the higher
Landau levels. In Eq. , the distribution of fermions and anti-fermions appears in the square
bracket, which suppresses the pair-production due to the Pauli exclusion principle. Moreover, if
FH0) (%) + ) (¢7) > 1, the pair-production rate will have the opposite sign with the one in
the vacuum. This case corresponds to a system where almost all fermion and anti-fermion states
are already occupied. Thus pair annihilation is more likely to happen than the pair creation. In a
thermal equilibrium system with zero chemical potential and non-zero temperature, the suppression
factor is tanh(ﬁEc(If) /2), which suppresses the production of pairs with small energies. This factor
agrees with Ref. [I03]. Later on we will discuss the pair-production in the presence of finite chemical
potential and temperature.
First we consider the pair-production in vacuum. The distribution functions f& ™) (¢#) are set
to zero and the pair-production rate in Eq. can be calculated using the method of integrating
by parts. The asymptotic behavior of functions d; 2 are given in Egs. , , thus the results

read

d n 5710 B()EO m2 + 2nBo
7771( ) — <1 — 2) 27T2 exp —WTO s (579)

and the total pair-production rate is

d — ByE m? B
el (n) _ 2070 a2 ) coth [ 722
&t 2~ Mae = = 3 €XP ( T 0> co <7T 0> , (5.80)

which agrees with previous results of Refs. [80] 105, [106]. We find that this rate is enhanced for a

large magnetic field comparing to the one in a pure electric field.
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For more general distribution functions f(i)(") (¢*), the pair-production rate requires a
numerical calculation. However we find that the function ds oscillate strongly for large ¢*, which
makes the numerical integration slowly converging. In order to solve this problem, we separate the
production rate into a vacuum part and a thermal contribution, where the thermal part is given by

d m  _ 2 [ (D) 2y 1 () 2] Do)y
dtnthermal - _/dq [f (q )+f (q )} dtnvac(t7q ) (581)

In general the distributions converge quickly at large ¢°. So the numerical calculation for this
thermal part is easier than directly calculate Eq. (5.77). In order to show the thermal effect we
consider a thermal equilibrium system where the distribution functions are given by

1

FE®) (g2) = - [ﬁ (E;’” qw)}’

(5.82)

We introduce a function to describe the ratio between the thermal contribution and the vacuum
part. The ratio depends on several dimensionless parameters, the time ¢ = m(™¢, the electric field
~ 2 ~ . . ~
strength Fy = Ey/ (m(")) , the temperature 7 = T/m(™ and the chemical potential i = u/T.

And the pair-production rate in the n-th Landau level is given by

d

d
(n)
7" n (5.83)

) = {1 +r (f, Eoyiﬂ)} 7 vac

Now we choose the moment ¢ = 0 when the kinetic momentum equals the canonical momentum.
This reflects pair-production around thermal equilibrium. In Figs. 28 and[29]we plot the dependence
with respect to Ey of 7 (O, E,, T, ﬂ) for various temperature and chemical-potential configurations.
We observe that the ratio lies between {—1,0}, which means that the pair production is suppressed
in thermal system. We also observe that the suppression, which was described by the absolute value
of r (f, E,, T, [L), is larger for a larger chemical potential or a larger temperature. This agrees with
our understanding about the Pauli exclusion principle: the states are more likely to be occupied

in a system with high T or high . And the existing particles will prohibit the generation of pairs

with the same quantum number.
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Figure 28: Ratio between the thermal contribution and the vacuum part. Here we fix the temperature
T = 1 and take three typical values for the chemical potential, 1) i = 0 (solid line) for a system without
net fermion number, 2)ji = 1 (dashed line) for a system with medium chemical potential, and 3) i = 3

(dot-dashed line) for a system with significantly larger chemical potential.
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Figure 29: Ratio between the thermal contribution and the vacuum part. Here we considered a system
without net fermion number i = 0. Low temperature T =05 (solid line), medium temperature T =1

(dashed line) and high temperature 7' = 3 (dot-dashed line) have been taken into account.
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VI. SUMMARY

In this thesis we focused on the Wigner-function approach for spin-1/2 particles and used this
approach to study the chiral effects and the pair-production in the presence of an electromagnetic
field. The Wigner function is defined as a semi-distribution function in the phase space. The Wigner
function is a complex valued 4 x 4 matrix, which can be expanded in terms of the generators of
the Clifford algebra I';. The expansion coefficients are identified to be scalar, pseudoscalar, vector,
axial-vector, and tensor according to their transformation properties under Lorentz transformations
and parity. After integrating over momentum, they can be related to various kinds of macroscopic
physical quantities such as the fermion current, the spin polarization and the magnetic dipole
moment. Thus they can be interpreted as densities in the phase space.

Since the Wigner function is constructed from the Dirac field, we can obtain the kinetic equations
for the Wigner function from the Dirac equation. In this thesis, we derived the Dirac form equation,
which is linear in the derivative operators. Meanwhile, we also obtained the Klein-Gordon form
equation, which is second order in the operators. These equations are then decomposed in terms
of I';, as we did for the Wigner function itself, and provide several partial differential equations.
Fortunately, the decomposed equations are not independent from each other. Eliminating the
redundant equations, we obtained two possible ways for computing the Wigner function in massive
case. The redundancy is based on the fact that the vector and axial-vector components V* and A* of
the Wigner function can be expressed in terms of the scalar, pseudo-scalar, and tensor components
F, P, and S*¥, or vice versa. Thus one approach to solve the system is to take V* and A* as basis
functions and focus on their on-shell conditions. Meanwhile, the other approach is to take F, P,
and S*¥ as basis functions. Carrying out an expansion in A, which is known as the semi-classical
expansion, we obtained a general solution of the Wigner function up to first order in A. The two
approaches mentioned above are proven to provide the same result and thus are equivalent to each
other. The final solution only has four independent degrees of freedom, which is proven through an
eigenvalue analysis. At order A, the normal mass-shell p?> — m? = 0 is shifted by the spin-magnetic
coupling.

We also reproduced the Wigner function for the massless case through the semi-classical ex-
pansion. In the massless case, the fermions can be separated into two groups according to their
chirality. Using V* and A*, we constructed the LH and RH currents, which are then solved up to
order h. The remaining components F, P, and S*” are proportional to the particle mass and thus

vanish in the massless limit. In this thesis, we have found a straightforwardly relation between the
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massless Wigner function and the massive one. This indicates that our massive results are more
general than the Chiral Kinetic Theory.

In this thesis we have discussed several analytically solvable cases. In the following three cases,
analytical single-particle wavefunctions were derived from the Dirac equation, which are then used to
compute the Wigner function. We only listed the leading-order contributions in spatial gradients for

the Wigner functions, but we have found a viable approach for deriving higher order contributions.

1. Plane-wave quantization: In this case the Dirac equation does not contain any external
interaction and thus has free plane-wave solutions. The results obtained in this approach are
the cornerstone for the method of the semi-classical expansion: they serve as the solutions

to the zeroth order in A, while higher-order ones automatically appear order by order.

2. Chiral quantization: In this case we introduced p and ps as constant variables. These
variables have a contribution ,uN + ;L5N5 to the total Hamiltonian, where N and Ng, are
operators for the net fermion number and the axial-charge number. In the massless limit,
we identify p as the vector chemical potential and us as the chiral chemical potential. We
emphasize that the chiral chemical potential is not well-defined in the massive case because
its conjugate quantity, the axial-charge, is not conserved. Thus, in the massive case, us is
just a variable which describes the spin imbalance. The modified Hamiltonian leads to a new
Dirac equation, which can be solved when p and ps are constants. The Wigner function
is then constructed from the single-particle wavefunctions. However, since the presence of
u and us changes the Dirac equation, the kinetic equations for the Wigner function also
need more modifications. Moreover, we cannot obtain the single-particle wavefunction for
a general space-/time-dependent p or pus. Thus the method of the chiral quantization only
serve as a cross-check for the method of semi-classical expansion. Here electromagnetic fields

are still not included.

3. Landau quantization: Based on case 2, we further introduced a constant magnetic field. The
energy levels are then described by the Landau levels with modifications from g and ps. This
case allows us to explicitly study phenomena in a magnetic field, such as the CME, the CSE,
and the anomalous energy flux. Meanwhile, since the field changes the energy spectrum, we
find that the net fermion number density, the energy density, and the pressure depend on the

strength of the magnetic field.

Furthermore, based on the plane-wave quantization, we carried out a semi-classical expansion in
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h. The Wigner function is then solved up to O(h). Note that the method of the semi-classical
expansion can be used for an arbitrary space-time dependent electromagnetic field. In this method,
we put p and ps into the thermal equilibrium distributions instead of into the Hamiltonian and
make the specific assumption that all fermions are longitudinally polarized. These treatments are
naive extensions of those in the massless case. Numerical calculations show that the net fermion
number density and the axial-charge density obtained in this way coincide with the ones from the
chiral quantization, if pus and m are comparable or smaller than the temperature. Meanwhile,
energy densities and pressures in these two methods also show coincidences.

Besides the above three analytically solvable cases, we also discussed the Wigner function in an
electric field. Based on the results from the plane-wave quantization and the ones from the Landau
quantization, we obtained the Wigner function in the presence of a constant electric field via a
dynamical treatment. Pair production is then computed, which proves to be enhanced by a parallel
magnetic field, and suppressed by a temperature and a chemical potential. The suppression of pair
production in a thermal system is attributed to the Pauli exclusion principle.

The method of the semi-classical expansion provides a general way to compute spin corrections.
At zeroth order in £, we reproduced the classical spinless Boltzmann equation. At order A, spin
corrections, such as the energy shift by the spin-magnetic coupling, arise automatically. In this thesis
we have obtained a general Boltzmann equation and a general BMT equation, which determine the
evolution of the particle distribution and the spin polarization density, respectively. However,
collisions between particles are not yet included. Following the method of moments, we can extend
the semi-classical results to a hydrodynamical description, which would be topic of future work.
Meanwhile, in the method of the semi-classical expansion, electromagnetic fields appear at order #,

which work in the weak-field limit. However in the initial stage of heavy-ion collisions, the magnetic

2

field strength is comparable with mZ. Even in later stages, fluctuations of electromagnetic fields

2

can also reach mz. In strong-laser physics, the electromagnetic fields are significantly strong but
there are nearly no particles. Whether the semi-classical expansion can be used in these cases needs
more carefully discussions. The study of a constant magnetic field in this thesis may serve as a
starting point for the kinetic theory in a strong background field.

Another possible extension of this thesis is axial-charge production. In the presence of parallel
electric and magnetic fields, the electric field will excite fermion pairs from vacuum and the newly
produced pairs are polarized by the magnetic field. As a result, the pair-production in the lowest

Landau level contributes to the axial-charge density. The real-time axial-charge production of

massive particles in a thermal background has not yet been computed. And the Wigner function
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approach in this thesis may provide a possible approach towards this goal.
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Appendix A: GAMMA MATRICES

In this section we list the gamma matrices used throughout this paper and discuss their prop-

erties. The gamma matrices v* should satisfy the following anti-commutation relation
{77} =291, (A1)

where g"¥ is the Minkowski metric. In principle there are many ways to construct the gamma
matrices and the above anti-commutation relation is the only constraint. We can find one 4 x 4

representation, in which the gamma matrices are given by

0 o*
AP = , (A2)

ot 0
with o = (Hg, ol, o2, 03) and ot = (]Ig, —ol, —02, —03). Here I, is a 2 X 2 unit matrix and
011,23} are the Pauli matrices. This representation is known as the Weyl or chiral representation,
which is convenient to deal with massless particles. The Weyl representation is used through out

this thesis.

The Hermitian conjugate of the gamma matrices v* satisfy the following relation,
(YT = 709#". (A3)
The anti-commutation relation (Al)) indicates that any product of several gamma matrices can be
expressed in terms of the anti-symmetric combinations 7[“17/‘2 - "y”"} with n = 0,1,2,3,4. The

maximum n is 4, which equals the number of 4* according to the Pigeonhole principle [135]. When

taking the Hermitian conjugate, these anti-symmetric combinations satisfy

O~ [z ... yBn]A0 =0,1,4
vty TS =064
(7[H17U2 . ,.Y,U‘n})T = (A4)

_ryofy[ulryﬂ2 v 7””]707 n = 2’ 3

Thus we define

5

0,1.2.3
v

Yy,

10k (45)

oM =

and then any combination of 4# can be written in terms of T'; = {I4, i7°, y*, 94, %J‘“’ }, which
are 16 matrices in total. These matrices are also known as the independent generators of the Clifford

algebra, which automatically satisfy
()T =~°T?, (A6)
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and will be used to expand our Wigner function.

In Sec. [ we find it useful to calculate the commutators and anti-commutators between o*

and the generators of the Clifford algebra I';.

[UW/> ]14]
[O—MV7 _nyg’]
[0",77]

[0, 7%~

[0,0°7) =

{14}
{o", —ir"}
(o7}
{o", 7"y}

{o,0°}

Here we list all results

0,
0,
2i(g"7 " — g"7v"),

2i(g" "y " — g "),

2 (gMPGVT 4 grTGhP — ghT VP _ VP GhIY
201,
" Pos,
267 P Sg,
2By,

2gH7 gPIV 4 2P, (A7)

On the other hand, the matrices I'; can be constructed from the Pauli matrices by taking tensor

products. The tensor-product form would be useful when calculating the Wigner function from the

quantized field operator,

Iy = LI,
7’ = -0’ ®l,
0 =o' @,
vy = 2'02@0,
Y0 = —io? @1,
Yy = —0' @,
o = i’yofyj = —io> ®O’j,
oF = iyiAk = M, @ ol (A8)

The tensor product of two matrices, also known as the Kronecker product and denoted by ®, is a

generalization of the outer product for two vectors. For example, considering two matrices A and
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B, the tensor product A ® B is given by

annB ai2B --- a1, B
ayn1B aeB -+ a9, B

Agp=| 7 7 (A9)
amlB amgB s amnB

where a;; is the element of A in the i-th row and j-th column. We find it useful to emphasize the

mixed-product property,
(A® B)(C® D) = (AC) ® (BD), (A10)

where A, B, C, and D are matrices with proper size such that the matrix products make sense.

When taking the Hermitian conjugate, we have the following property
(Ao B)f = AT @ BT, (A11)

These properties are used when analytically deriving the Wigner function in subsections[[IT A} [TTB|
and [II.C

Appendix B: AUXILIARY FUNCTIONS

When calculating the Wigner function in electromagnetic fields, we define some useful auxiliary
functions. In this appendix we will list these functions and briefly discuss their properties.
When calculating the Wigner function in a magnetic field, we need to calculate the following

integral

Lij(p*, p¥) = /dy’ exp(ip’y’) i <p”ﬂ Z;) b, <px, yz) , (B1)

with ¢, being the eigenstates of the harmonic oscillator defined in Eq. (3.160). Using the explicit
By 1

Lin (0%, p") = \| — ——=———==exp Pt /dy’eXp g (YW 2
S T/ 2mtnmin) By 2 By
1 Y T+ apY 1 pY T —apY
X Hy, {\/ By <2y’ - g) + pp} H, [—\/ By <y’ - 123)) + pp} ;
0 0

form of ¢, one can calculate the integral I;; and obtains

v By 2 v By
(B2)
where p% = (p®)* + (p¥)? is the transverse momentum squared. Here H,(z) are the Hermite
polynomials, whose Taylor expansion reads
"L 2%y
Hyp(z +y) = Z manz(ff) (B3)

=0
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Then I, (p*,pY) can be calculated by firstly expanding the Hermite polynomials around
+vB ( y — —) then using the symmetric property Hy,(—z) = (—1)"H,(x) and the following

orthonormality condition
B " apY 1 ipY 1 ipY
V2 [ v exp | =Bl — B2 | Howes | VBalgy' = 50| Hoey [VEil5y' ~ )
2 By 2 By
=2 (= )iy (B4)

Finally we obtain the result

1 p?
I T Y\ T
mn(P”, 1Y) il exr>< Bo)

2m+1+jm|n| px + Z'py i px _ Z'py J .
X —1 mil(sm_i n—j- B5
ZZ;;) iljt(n —5)! ( v Bo > ( vV Bog > =y nei- (B3)

If we take m = n, then it can be written in terms of the Laguerre polynomials
2 2
P 2p
Inn(vapy) = 2(_1)n €xp - Ly =L ) (B6)
By By
where the Laguerre polynomials are defined as

L,(z)= Z Mw’ (B7)

P ilil(n —7)!

For simplicity we define a set of new functions A(in ) (pr), which depend on the magnitude of trans-

verse momentum pr,

where n > 0 because L,_1(x) is not well-defined. Then I,,,,,(p”, p¥) can be related to these Ag?) (pr),

L £ 1 1
In,n—l""In—l,n o P \/QnBO
I
Inm1—In_ pYv/2nB
et = A o), (59)
T

(n)(

where the last two lines can be checked by expanding A}”’(pr) into a polynomial and comparing
with the left-hand-side terms, which are calculated by Eq. (B5|). For the case n = 0 we specially
define

Ioo(pxapy) Ai)(PT) = 2exp ( ZT()) (B10)
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which is independent of the subscript =.
In the Wigner function, the functions A(in ) (pr) in Egs. 1 , 1} play roles of distribution
with respect to transverse momentum. When integrating over transverse momentum pr, AE:L) (pr)

give the density of states in the n-th Landau level, while A(_n)(

’pr | () By
/(27T)2A+ (pT) - %’

’pr \ (n) _
/ GEA ) = 0. (n£0) (B11)

pr) give zero for any n > 0,

Both of AS? ) are symmetric with respect to p® and p¥ because they only depend on the magnitude
pr. In Figs. and [31| we plot the first four Ag_f ). We find that all these functions converge to zero
in the limit pr — oo, which is ensured by the exponential term in their definitions (B&|) and (B10| -
In the point pr = 0, the functions ASF) have zero values for all n > 0, while AS)( 0) =2(-1)"

oscillate between {—2, 2}. The oscillation of AT (0) is similar to the Runge’s phenomenon, which

n)

occurs when using polynomial interpolation. In fact, A(+ plays the role of an interpolation function

because numerically we can prove

2 .
= 1 1Y
f (1) B; 0

5 OAP (pr) + 3 FWA ] (B12)

n>0

where f(z) is an arbitrary function and f(™) are the values of the function f at the points 2nBy.
In the weak-magnetic field limit By — 0, the interpolation form on the right-hand-side reproduces
the function f(p%). On the other hand, when By — 0 we also have

lim [; )(pr B FrAL ] 0, (B13)

BoHO
n>0

which is numerically proven. In Fig. we take an example f(p3) = 1/ [1+ exp(p5./m* — 1)],
where m is the particles rest mass. Here m plays the role of the energy unit. For convenience we
take By = 0.01 m? and truncate the sum at n = 150. We find that the interpolation result formed
(n)( (n)(

from A}”(pr) coincides with the original function, while the one formed from A" (pr) coincides
with zero. There is some disagreement in the large p% region, which is caused by the truncation
at n = 150. If the sum is calculated without an upper limit of n, the results would agree with Eq.

(B12).

When taking the derivative with respect to p®, we have the following relations,

hBodye A (pr) = —2p"A"™ (pp),

n 2nB n
hBodpe A™ (pr) = —2p° <1 Z 0>A< )(pr), (B14)
T
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Figure 31: The first four functions of A,

Exact

........... interpolation results using AJ"’

.............. interpolation results using A_{"

Figure 32: Numerical proof in the weak-field limit. For numerical convenience we take the particles rest
mass as natural unit of energy or momentum, and set By = 0.01 m?. The sum over n is truncated at
n = 150. The test function (solid line) coincides with the interpolation function, which is constructed from

A(f) (dashed line), while the one constructed from AT (dot-dashed line) agrees with zero.
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where the pY-derivative can be derived by replacingt p® <> p¥. These relations help when calculating
the Wigner function in parallel electromagnetic fields in subsection [[ITE]

We define four set of basis vectors, which are 4-dimensional column vectors,

A® (pr) A (pr)
e (pr) = . e pr) = 7
0 0
A" (pr) A (pr)
0 0
n " | V2nBo . (n n ¥ | V2nBy . (n
" (pr) = AP ), M (pr) = AN pr). (B15)
pY Pr p* Pr
0 0

The first two basis vectors only depend on the magnitude pr of the transverse momentum, while
egn) (pr) and efln) (pr) also depend on the direction of pr. Here the functions ASZL) are defined in
Eqgs. lb and 1} Note that when n = 0, the last two, ego)(pT) and eio) (pr) are not well-

defined because they are zero vectors. At the same time, due to the fact that AS?) = A

have ego) (pr) = eéo) (pr). The basis vector ego) (pr) is properly normalized with respect to an inner

, We

product of transverse momentum pr,

/d2pT ego)T(pT)ego) (pr) = 47 By. (B16)
(0)

At the same time, the basis vectors with n > 0 are orthogonal to e}’ (pr) for the lowest Landau

level,
/ pr e (pr)el™ (pr) =0,  (n>0,i=1,2,3,4). (B17)
Meanwhile, we have the following orthonormality conditions,
/dQPT eEm)T(pT)e§”) (pr) = 27 Bodij0mn, (B18)

for any m,n > 0 and 7,5 = 1,2,3,4. The basis vectors defined in Eq. (B15)) will be used for the
Wigner function in the presence of a constant magnetic field in subsections [[TI C| and [[ITE]

When a constant electric field exists, the following functions di, ds, ds are used in subsections
[T and [ITTE,

di(n,u) = —1+6_%77 D—l—in/Q(_uel%) )

dao(n,u) = 67%einglfmp(—uei%)Dm/Q(—Ueﬂz) +c.c.,

L —

ds(n,u) = e %e 4D,l,mp(—uei%)Din/z(—ueﬂ%)+c.c., (B19)
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where D, (z) is the parabolic cylinder function and “c.c.” is short for “complex conjugate”’. The
complex conjugate of D, (z) is [D,(z)]" = D,«(z*). Note that the parabolic cylinder functions

satisfy the recurrence relations

Dyy1(2) — 2Dy(2) +vD,_1(2) = 0,
0

1
55 Du(2) + 52Du(2) = vDya(2) = 0. (B20)

Combining them we obtain a relation between D, (z) and D,41(z2),

%Dy(z) - %ZDV(Z) + Dyy1(2) = 0. (B21)

Using this relation we can obtain the differential equations for dy, do, d3

0
7d1 (777 U) = 77d3(777 u)7

ou

O danu) = —uds(

% 2(n,u) = uas\n, U),

0

%dz%(??,U) = —2d1(n,u) + uda(n,u), (B22)

where we have used

T 1 .
[ Digja(—ue™%)| = ¢ = 20| Dy igja(—ue') (B23)

In order to prove relation (B23|) we first construct another function whose variables are 1 and wu,

2 1 Nt
+ 3" ‘D717¢n/2(—ue 1)

a1, u) = | Digyo(—ue %) (B24)

Then we can prove that this function does not depend on u because a%d4(77, u) = 0. Furthermore,
the value at u = 0 can be calculated using D, (0) = 2/2,/7/T" (15%), where T'(2) is the Gamma

function.

i T
dy(n,0) = + 1

PG )

= e1, (B25)

where we have used the property of the Gamma function I'(1 + z) = 2I'(z) and a special case of

the multiplication theorem,

N2 ™
T = mhird)
r (L 2 i (B26)
Lo\ - ™
2 cosh(mb)’
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Figure 33: Dependence of the functions d;(n,u) for ¢ = 1,2, 3 with respect to u. Here = 2 corresponds to

_ 2
EO = sMmrp.

(SIS

where b is a real constant.

In Figs. and We plot the u-dependence of d;(n, u) for two typical values n = 2 and n = 0.5.

All these functions are convergent when u — —oo,

lim di(n,u) =—-1, lim da(n,u) =0, EI_H ds(n,u) =0, (B27)

U—r—00 U—r—00

Meanwhile, in the limit u — 400, the functions ds(n,u) and ds(n, u) are highly oscillatory and are
not convergent. The function d; (7, u) is also oscillatory but the oscillation amplitude turns to zero
when u — +o00, thus d; (9, u) converges to a finite value. Explicit analysis of the parabolic cylinder

functions give their asymptotic behavior,

r 2 u? ™
. . _ 1 — y . . —_
i Do) = 2 e fi[ 4 Dlogt| - T e
where the Gamma function is given by
S .
[(14in/2) = / a2e= g, (B29)
0
Thus we obtain the asymptotic behavior of function dj(n, u),
lim di(nu) = —14 e F— 2 g gem (B30)
u=rtoo VP (1 +in/2) '

Appendix C: WAVE-PACKET DESCRIPTION

Due to the uncertainty principle, in quantum mechanics the momentum and position of one
particle cannot be determined at the same time. If we adopt the plane-wave description, then the

momentum is fixed, which indicates that the uncertainty of position is infinity. This agrees with
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T _05f

Figure 34: Dependence of the functions d;(n,u) for i = 1,2, 3 with respect to u. Here n = 0.5 corresponds

to Eg = 2m2..

the spatial homogeneity of the plane wave. However, we want to have a more realistic description.
Thus, in this appendix we will introduce the wave-packet description of a particle. In quantum
mechanics, the wave packet is interpreted as probability amplitude, whose square describes the
probability of detecting a particle with given position and momentum.

The single-particle state and anti-particle state for the plane-wave case are given by acting with

the creation operators onto the vacuum state,

|p) S, +> = (I;S |0> ) |p7 S, _> = bI),s ‘O> ) (Cl)

where |0) is the vacuum state. Using the single-particle/anti-particle states, we can calculate the
expectation values of energy, momentum, and polarization, respectively. Note that these states
have fixed momentum p, e.g. the uncertainty of momentum is zero. On the other hand, the wave

packet for one particle is defined as a superposition of plane waves with different wave numbers,
1 [ d&p (p—p)?]
P, s, +) wp = N / WGXP _W Ay s 10), (C2)
where the most probable momentum is p and the uncertainty of momentum is described by the
parameter o,. The normalization factor N is determined by wp, (P, s, +|P, S, +) wp = 1,

3
N=y /s U;Tg. (C3)

Now we calculate the energy of the wave packet. The total energy is given by

p,s,+> wp = : /dgp, exp [—(p_w] m? + (p/)2. (C4)

& N2 | (27)3 202

Ep,wp = wp <p7 s, +

We can compare the energy with the one E, = /m? + (p)? for the plane wave with the same

momentum. We find that the ratio depends on the dimensionless parameters m/o, and |p|/op.
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Figure 35: The ratio between the energy of a wave packet with the most probable momentum p and that of
a plane wave with the same momentum p. The ratio depends on dimensionless variables, m/o, and |p| /o,

where o, is the uncertainty of momentum.

The ratio is plot in Fig. We can observe from this figure that if the mass and center momentum
are much larger than the uncertainty o,, the ratio becomes 1. This indicates that a wave packet with
the most probable momentum p has the same energy as a plane wave with the same momentum p
when Ep > oy,

On the other hand, the wavefunction of the wave packet in coordinate space can be obtained
by superposition of the single-particle wavefunction, with the superposition coefficients equal to
the ones for the state in Eq. . For example, the particle’s wavefunction in the wave-packet

description is

1 a3p’ p—p)? i i /D, 0HEs
) (z) = N/ ) exp [—g - EEp,wpt + 7_ip/ . X:| a . (C5)

$,wp (2 do? NS
In the limit m, |p| > o), this wavefunction can be expressed using the plane wave in Eq. (3.34))
+) 2 X7\ )
Wil = exp (-2 ) o). (©6)

The overall factor suppresses the probability of detecting the particle in one point which is far from
the original point. Thus the most probable position of the above wavefunction is the original point,

while the uncertainty in spatial position is
Op = —, (C7)

which agrees with the uncertainty principle (|1.5). Thus we conclude that the wave-packet descrip-

tion can be used for quantum particles with given center positions and average momentums.
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Appendix D: PAIR PRODUCTION IN WIGNER-FUNCTION FORMALISM

In this appendix we will show the relation between the Schwinger pair-production process in a
strong electric field and the Wigner function. This is helpful for the calculation of pair-production
rate in subsections [[ITD] and [[ITE] In Quantum Kinetic Theory, the field operator is quantized in

Heisenberg picture as

~ 3 . ~
0.3 = Y [ e [us(t. in(a) + on(t.~abl(-a)]. (DY)

where Eq is the canonical energy, q is the canonical momentum, and u,(¢,q) and vs(t, —q) are

normalized single-particle wavefunctions. On the other hand, we have

~ 3 . N 2
5000 =3 [ e [t aintr. ) + ute.-abl (e ~a)]. (D2)

where s and 0, are adiabatic wavefunctions, which are chosen as us(t,q) = us(p) with the kinetic
momentum p = q—eA(t), while for anti-fermions 95(¢, —q) = us(—p). Note that the wavefunctions

should be normalized as

Ul(ta Q)us(tv Q) = Ops, ’U;[(t, _Q)Us(tv _q) = Ops,
al(t, Q)as(t, @) = brs, 0L, ~q)Ts(t, —q) = rs. (D3)

Thus we can solve these adiabatic operators from the quantized field in Eq. (D2) using the nor-

malization properties
Gt q) = / dx e G (1, )it x),
bi(t,—q) = / dPx G (t, Q)i (t, x). (D4)

Inserting the quantized field operator in Eq. (D1)) into the above we obtain
as(t,q) = al(t,a) Y ur(t, @ar(@) + al(t,q) Y v (t,—a)bl(—a),
s T

bi(t,—q) = of(t,—a) Y ur(t, @)ar(q) + 0t —q) D vr(t, —q)bf(—q). (D5)

T
They give the relation between adiabatic operators and the ones in the Heisenberg picture. This
relation is also known as Bogoliubov transformation. The particle number and anti-particle number

for a system are defined as the expectation values

it @it @) ).
bt bt )| 2) (D6)

Pt a) = <Q
1Ot a) = (2
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Here we use |[Q2) to represent the quantum state for the considered system. Then the average pair

number is defined as

3
npat) = 5 / (Cziw(;s : 1@ + 70 -a)] (D7)

Inserting the distribution functions into the average pair number we finally obtain

1 d3q Y-pt+tm
mon(®) = 5 [ :

i o™ T an, };iu4q¢>@mh(q¢><9
T

&L(q)dr(q)‘ Q>

1 [ d’q - p+m .
Ty (=, 1) (0

_1/d33 (2a

Note that we are working in the Heisenberg picture, where the quantum state |€2) is independent

(@) + br ()bl (~a)| 2). (D8)

of time and thus the last term is also independent of ¢. Using the equal-time Wigner function, we

have

1 d*p y-p+m
Npair(t) = 4/d3x/ (27T)3Tr{ 2F, W(t,x,p)} + const., (D9)

where we have replaced the integration over canonical momentum by the one over kinetic momen-

tum. From this formula we can derive the density of pairs,

. F
Npair(t, X, P) = p\;# + const., (D10)
p

where F and V are the scalar and vector components of the Wigner function, respectively, as shown

in Eq. (2.20).
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