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1 | INTRODUCTION AND OUTLINE

In recent times, the FEM-BEM coupling for partial differential equations gained more and more importance. It first appeared
in a paper by Zienkiewicz et al.?%! and was later build upon by Li et al.l'3! Its application is manifold, such as, e.g., crack
problems in fracture mechanics (Aour et al.Bh, ground-structure interaction (Jean!!'!1), and for the dynamics of flexible bodies
(Kerdjouj and Amirouche!'?!). Major topics of research include the acoustic (cf. Banjai et al.,[*! Sayas, '8! Clouteau et al.,[®! and
Ziegelwanger et al.['1) and elastic wave equation. Specifically for the elastic wave equation, relevant publications for this paper
are Carstensen et al.,’! dealing with a 2d elastic transmission problem, Dominguez et al.,l”! describing the general 2d elastic
Calderén operator and presenting a 2d scattering problem, as well as Kielhorn and Schanz!'#! analysing 3d static and dynamic
elastic problems with prescribed boundary conditions.

In continuation of the article by Eberle,!®! this work is intended to add to the ongoing research by presenting the implementa-
tion and numerical realization of the FEM-BEM coupling of the elastodynamic wave equation in 3D for transparent boundary
conditions. As such this paper is the first to complete the union of theory and numerics for this problem. We start our con-
sideration by summarizing the theoretical results of the stable numerical coupling of interior and exterior problems for the
elastodynamic wave equation given in Eberle,/8! which provides the basis for the implementation. We present the results of the
discretization itself and also take a look at the results concerning the stability and convergence of the numerical methods. After
that, we go over to the implementation, where we want to remark that there already exist implementations for the elastodynamic
wave equation, which deal with parts of our problem, e.g., the FEM part by either Alberty et al.l!l in Matlab, or C++-libraries
from FEniCs (cf. Alnaes et al.l?l), as well as the C++-libraries HYENA by Schanz (see, e.g. Kielhorn and Schanz!'4]) for the
BEM part. To our knowledge there is no implementation for the elastodynamic wave equation with tranparent boundary condi-
tions which couples the corresponding time discretization for finite and boundary elements. But we want to mention the work by
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Rammerstorfer and Schanz!'®! and Riiberg and Schanz!!'”! concerning the FEM-BEM coupling for other elasticity problems as
well as for fluid problems by Estorff and Antes.[”! Thus, this paper plays an essential role in the numerical/theoretical treatment
of the transient elasticity problem with transparent boundary conditions. Concerning the implementation, we first take a look
at the generation of the meshes with respect to the finite and boundary elements. After that, we go over to the construction of
the matrix, where we split our consideration into the parts which belong to the boundary, interior and coupling terms, and also
highlight their special treatment, e.g. for the boundary the regularization of the strong and hypersingular kernel which appear
in the BEM formulation. In the last section, we present numerical experiments for a non-convex domain and the corresponding
error plots. We close our paper with a summary and conclusion.

2 | THE ELASTODYNAMIC WAVE EQUATION

In order to introduce the problem of interest, we recapitulate the background from Eberle.[®! Thus, we take a look at the three-
dimensional elastodynamic wave equation given by

poiu = pAu+ A+ wV(V-u)+pd,f in R’ x[0,T], (2.1)

where u ist the displacement vector, p the density, 4 and u the Lamé parameter and pd, f the force. In addition, we prescribe the
initial conditions

u(-,0) =uy in R3,
du(-,0) =v, in R

where f, uy and v are compactly supported. This problem statement implies the following radiation condition due to the finite
speed of wave propagation: u(-,t) is compactly supported for all 7.

Our aim is to construct a stable numerical method, which couples the interior and exterior problem for a non-convex domain
Q. Therefore, we split the problem in the following way.

Problem in interior space:
poru~ = pAu~ + A+ WV(V-u) +po,f  inQXx[0,T],
u (-,0)=uy inQ,
ou (-,0)=v, in Q.
Problem in exterior space:
porut = pAut + (A+ wV(V -u), in QF x[0,T],
ut(-,00=0 in Q",
dut(-,00=0 in Q",
with Qt = R3\ Q.
Transmission conditions:
yu =ytut,
T u =Tt

Here, y~ and y* represent the interior and exterior traces on the boundary 0Q =T" and 7~ and 7 denote the stress operator
for the interior and exterior case, which is given by

Tu=oc@n=Que)+ AV -u)l)n,

where (u) = %(Vu + (Vu)T).
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2.1 | The Calderén operator

Next, we go over to the construction of the Calderén operator and proceed in the same way as in Eberle.[®! First, we take a look
at the Laplace transformed wave equation

psu = pAu+ A+ V(Y - u) + psf + psug + pug

with the parameter s € C.
We introduce the fundamental solution given by (see, e.g., Kielhorn!!'3))

R A
Cx—ys)=1 [Axmx SVIY SR R P s>] — =yl o)1, 22)
U A+2u U
with
| | exp(—k, (5)]x — ¥1) — exp(—ka(s)|x = y1)
_ =L 2.
x(x=yl.s) = — ) = ko) ] ; (23)

_ 4 - /P
kl(s)_s,/HzM and kz(s)—s\/;. 2.4)

In order to construct the Calder6én operator, we define the boundary densities

w=—[yu] onT,
= 1[Tu] onT,
N

where [yu] =y u— y*Tuand [Tu] = 7~ u — T Tu are the jumps in the boundary traces.
After that, we apply the operators y and 7 to the ansatz

u=sS(0s)p+ D(s)y,

where S(s) is the single layer potential and D(s) the double layer potential given by

S(s)p(x) = / G(x -y, 9)$(y)dT,

r

D(s)p(x) = / T,G(x - y,5)p(3)dT, for x € R*\T.
r

[r] 0 -
<§[T’]> (sS()¢ Do) = (s 5 0 )

due to the limit and jump relations of the operators [y-] and %[T -] (see Eberlel®).
Observing the boundary integral operators in the Laplace domain given by

This leads to

T(s)p(x) = / G(x -y, 9)p(y)dTl,,

r

KT (s)p(x) = / (T,G(x = y.5))p(»)dT

r

K(s)p(x) =T, / G(x — y, )¢(ydT,,

r

W(s)p(o) = T, / (T,6(x = 3. 5) )T, for x €T,
r



the averages {{-}} are defined by

J()p = ({rS(s)p}} = y=S(s)e,
K(s)¢p = {{T S(s)¢} 1,
K" (s)y = {{rD(s)y}},

Wy = -{TD(s)y}} = -T*D(s)y,

which results in

(r ) (799 KTow
<—§{{T-}}><ss(”"’ D“)"’)‘<—K(s>¢ §W<s>u/>’

so that we define the Calder6n operator B(s) as

_ sJ(s) KT(s)
B(s) = (—K(s) %W(s)) . (2.5)

Next, we present the coercivity results for the Calderén operator, which play an important role for the stability analysis.
We start with the Laplace domain followed by the time domain and the reader should note that the proofs can be found in
Eberle.[®!

Lemma 1 (Eberle [8], Lemma 1). There exists § > 0 such that the Calderén operator B(s) satisfies

Re< <¢> , B(s) <¢> > > Resﬂi2 min (1, |s|2) <||¢||2 N + ||ll/||2 . )
v v sl HZ (@) 3@

1 1
for Res > 0 and forall p € H 2(I') and w € H2 ().

This lemma is the basis for the stability analysis of the numerical methods and applied in the framework of the energy con-

siderations.
¢\ _1( ruw
B9) <y/> 2 <—0[_17'_u_>

with d;” I as the antiderivative presented in Eberle,!8! we directly get the next lemma by the inverse Laplace transformation
applied to Lemma 1.

Given the discrete convolution

Lemma 2 (Eberle [8], Lemma 5). With the constant ﬂ from Lemma 1, we have

T T
/e—< <¢(.,t>> . B(9,) ("’) (-,t)> drzﬁcT/e-?<||a;‘¢<-,r)||2 R 0] >
) w(-,1) "4 r J H2(T)3 H2 (D)3

for any T > 0 and for all ¢ € C*([0,T], H‘%(FP) and all y € C3([0,T1, H%(r)3) with ¢(-,0) = 9,(-,0) = -+ = 3’ p(-,0) =
0, w(-,0) = 0,¢(-,0) = >¢(-,0) = 0. Here, c; = min(T !, T73).

In order to close this part, we finally take a look at the behavior of the energy over time.

Lemma 3 (Eberle [8], Lemma 6). Let E : [0,00) — [0,0), S : R - R, ¢ € C*([0,T], H‘%(FP), w € C3([0,T], H%(r)3)
with ¢(-,0) = 9,(-,0) = 97¢(-,0) = 0> P(-,0) = 0, w(-,0) = d,w(-,0) = Iy (-,0) = 0. If

E+<<¢>,B(6,)(¢)> =S in [0,T1,
7 v/) /v
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then

T T

- _r
E(T)+fer / (u(’);lqs(-,r)n2 S (1785 || )dtge2E<0>+ / AT sy ar,
0 H 2(I)3 H2(T)3 0

where cp = min(T~!, T73).

Later on, E(¢) will be the field energy introduced in the next section.

3 | DISCRETIZATION

Now, we go over to the space and time discretization, where a detailed description again can be found in Eberle.!®) We want to
remark that due to the coupling, we only have to solve the problem in Q. Thus, we will consider FEM and leapfrog in the interior
and BEM with convolution quadrature on the boundary.

3.1 | Background of the space discretization

In order to formulate the weak formulation, which we need for the finite element method in the interior, we transform the elastic
wave equation (2.1) into the first order system

pou=puvV-V+iVo+pf,
0,V =2¢e(u),

o,w=YV -u,

P\ _ 1 yu
B@) <w> ) (—y(yV+Aa)I)n> '

For the sake of readability, we write (-, ) instead of the inner products (-, ) ;2@3\r)> () r2@3\ry3 @nd (-, ) 23\ ry3s from now
on, since the type of the scalar product will be clear from context. Partial integration leads to the weak formulation

1 1 1
PO, 2) == SV, V2) + Su(V -V, 2) + Zp(yVmyz),

- %A(w, V-z)+ %A(Vco, z) + %A(y(w[)n, vz)p + o(f, 2),

OV.Y)=(eW),Y) — (u,e*(Y)) + %<yu, y(¥ + Y )n) .,

1 1 1
@, %) == 2, V) + Z(V -, ) + = (yu y (D)

¢ ¢ 1 1 1
< <n> . B(9)) <W> >r =5 (&) = 5 (nywVim) = 5 (n.yGoDn),

where e*(Y) : R¥3 5 R3, ¢*(Y) := %v Y 4+YD), 2z R SRLY R SR xRPS R and &, R - R,
Testing withz =u, Y = %V, X = Aw, & = ¢, n = y and adding the four equations, we finally arrive at

d /1 2 1 2 1 2 ¢ ¢
E(Epnuuh@z+Zu||V||L2(Q)3X3+§ﬂ||w||L2<m)+ w) B0\, ) ) =P

For p, u, A > 0, which is valid for most common materials, and the positivity result of the Calderén operator B(d,) from
Lemma 2, this provides that the field energy

2

_1 1 2 1 2
E=2pllully gn + 21V + S Allel

Ly(Q)33 Ly(€2)



satisfies

T

E(1) + fer / (na,—qu-,t)u2 L el )dtsezE(O) 3.1
0

H™2(I)3 H2 ()

fort > Oand f = 0. Equation (3.1) shows that the energy decreases over time and is smaller than the initial energy E(0). It should
be noted that the field energy in the sense of this paper is not an energy in the physical sense. However, its time derivative provides
the kinetic and potential energy of the wave.

This builds the basis for the convergence examination, where we adopt this result to the discrete energy consideration.

We couple the spacial discretization of the interior with the one performed on the boundary, which leads to the FEM-BEM
coupling. With d,u =1, 0,V = v, 0,0 = @, the system is valid for the nodal values of the variables.

pMyit = —uDTV + ADw — Cyp + pMyf, (3.2)
M,V =Du - C,y, (3.3)
—T —
M, = -D u- Cyy, (3.4)
Clu
80 (4) = cry o) (3.5)
v yCl V+iC,ow

Now, let W, U}, V,, ¥),, and @, be finite dimensional subspaces of the Sobolev spaces: W, ¢ H'(Q), U}, = WZ c HY(Q)3,

Vy =W c H(Q3, ¥, cH %(F)3, and ®, C H -3 (I')3. Here, W), is a finite element space of piecewise linear function,
¥, the boundary element space of piecewise linear functions, and @, the boundary element space of piecewise constant func-
tions. In addition, b}/, b}’, bjw and b;” are piecewise linear and b;.b piecewise constant basis functions of the respective spaces
for the tetrahedra and triangles.

Thus, we have

_ oy gy 1 v U 5 _1l,v oo 1 oW

1
Myl = 0V bV, Myl = 7.6, M,|; = ).,

1 1 = 1
Colij = _§<b;p’7’bz/>r’ Cilij = §<b;‘y’ybzy”>r’ Cilij = §<b}1‘,ybiwn>r,

IO = (67 IO7 ) K3y = (07 K$)b) ) W(s)i; = (0] W(s)b] ).

In order to close the consideration of the full discretization, we take a look at the time discretization. We apply a leapfrog
scheme in the interior of the domain and a convolution quadrature method on the boundary (see Eberle/®!) so that we have

1
M, V™3 = M, V" + %AIDU” - %AtCly/”, (3.6)
nt L n 1 =T n I = n
Mo "2 = Mho" - EAID u’ — EAICIW , 3.7
1 —_ 1 1 1
pMgu"t! = pMgu" — uarDTV'™*2 4 AaDe" 2 + patMf"*2 — arCyd"" 2, (3.8)
1

M, V™ = M, V™5 4 %AtDu"“ - %AtClql"H, (3.9)
M n+l _ M n+t 1 =T n+1 1 = n+1

20 = @ 2 — EAtD u — EAICIW . (310)

1
B(o2 ¢ "2 Cg—un+E
(0, ) —_— 1 1 T 1 | , (3.11)
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—n+L L . e . —nt+l L
whereu""2 = %(u’”rl +un), gt = %(I[/"'H + ") and « > 0 is a stabilization parameter, so that for "2 and "2, we have

1 —_ 1 1 1
~ %<2u" — uEIMDTV S 4 B M D T — Mg + Atf”+5>, (3.12)
p p p

1
ﬁn+5

1 1
ang™ I =2y — 2y (3.13)
In addition, we have to take the CFL-condition into account. Hence, we convert the system into
Myu = —DTZ — Cy¢p + M,f,

MZ = ﬁu - Cllll,

¢\ _[Cou
B(d,) <w> = <(:sz>

- G (#My 0 _ (VY s_( HD = _ (HC
MO = pMo, M= < 0 AM2> N 7= (a) s D= _ABT N Cl = A’Cl .

This allows us to borrow the CFL condition from Banjai et al.[* and their calculation of the CFL condition from the acoustic
wave equation, so that by observing the transformation, we directly obtain from the acoustic case

with

(ST

S Qe
At|MT2DM, % ||, < 1.

In addition, the lower bound on the stabilization parameter is given by

a>1.

Finally, we summarize the error bound for the fully discretized problem as well as its convergence, which is stated in the next
theorem (see Eberle!®!). This theorem is very important because it shows the optimal-order error bounds of the full discretization
with @O(h) in space and O(at?) in time.

Theorem 4 (Eberle [8], Theorem 3). Assume that the initial values and the inhomogeneity of the wave equation have their
support in Q. Let the initial values for the semi-discretization be chosen as u,(0) = P,u(0), V,(0) = P,V (0), ©,(0) = P,w(0),
where P;, denotes the L,-orthogonal projection onto the respective finite element spaces. If the solution of the wave equation is
sufficiently smooth, then the error of the FEM and BEM with leapfrog and convolution quadrature full discretization under the
CFL condition and the stability parameter a is bounded at t = nAt by

1
plluy, — u®llp,p + E#Hth VOl @pe + Al = oDl @)

1
n-| m i) 2
Sty 2 /3 2
+<At26||¢h G DIy, 7wl DI )
J:

H 23 HZD)3

< C(0)(h + ar?),

where the constant C(t) grows at most polynomially with t.

Remark 1. For Theorem 4, we assume a sufficiently smooth boundary (i.e., a Lipschitz boundary), which we do not have in
reality when we apply our implementation. However it turns out, that our numerical scheme computes a stable solution for our
example if the time step size and the grid width is sufficiently small.
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4 | IMPLEMENTATION

We start with a general overview of the different steps which have to be performed for the implementation. Thus, we provide
a brief introduction of tetrahedral coordinates, followed by the construction of the matrices for the FEM-BEM coupling. After
that, we take a closer look at the convolution quadrature.

For the implementation of the FEM-BEM approach, we use linear basis functions and tetrahedral elements. Hence, we apply
the approach of the coordinate transformation given by Felippal!?! and transform the Cartesian coordinates into tetrahedral
coordinates via

1 1 1 1 1}(¢
x X X, X
_|*1 X2 X3 X4 Cz. (4.1)
y o ya vz nllé
z Zy 2 Z3 Z4)\C4
Here, (x;, y;, z,-)T, i=1,...,4, are the four nodal coordinates of the tetrahedron and ¢; € [0,1], i = 1,...,4, are the tetrahe-
dral coordinates.
In order to calculate the required tetrahedral coordinates, we have to invert the system (4.1) so that
¢ OVo1 YarZzo — V3pZan X3Z4p — X4Z30 X4o¥V3 — X32V42 || 1
G| _ 1 |6V 31243 — V34213 X43231 — X13Z34  X31043 — X34V13 || x 4.2)
G 6V [0Vi3 ¥24Zia — ViaZoa X1aZog — X24Z14  Xp4Via — X14Y24 ||V
&y OVos Y13Zo1 — V12231 X21Z13 — X31Z12 X13¥21 — X12¥31 )\ 2
6%1 al bl Cl l
116Vy, a» by o |]x
- 02 2 2 2 , 4.3)
6V 6%3 (13 b3 C3 y
61/04 (14 b4 C4 V4
where
6Vo1 = X2(¥324 = ¥423) + x3(¥42 = ¥224) + X4(¥223 — ¥322),
0V = x1(¥423 — ¥324) + X3(¥124 — ¥421) + x4(¥321 — ¥123),
6V3 = X124 = ¥422) + Xo(¥421 — ¥124) + X4(¥1 20 — ¥221)s
6Vos = (3323 — ¥223) + X, (V123 — ¥321) + X3(02] — ¥127),
and
V =Vo1 + Voo + Vs + Voa- 4.4)

Based on this, we continue with the spacial discretization and take a closer look at the system of the FEM-BEM coupling
(3.2)-(3.5). We start with the boundary matrices, i.e., J, K and W, for the BEM part. For a given face of a terahedron I'¢, these
entries are calculated with the corresponding basis functions b% (piecewise constant) and b¥ (piecewise linear) via

Iy = (b7, T()B? ), (4.5)
KGs)l,; = (b;”,K(s)bj’)r, (4.6)
W)l = (b, W()bY ). 4.7)
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Here, we use

b’ =, i=1,2,3,

by/:Ci—étL%Je[i]’ i=1,...,12,
where ¢; is the i-th Euclidean unit vector.

In addition, the calculation of these boundary matrices involves the consideration of singular integrals. Thus, before we apply
a suitable quadrature rule to calculate the boundary intergals, the singularities in K and W have to be regularized.

For the fundamental solution the reader is referred to Equation (2.2)—(2.4). We utilize the regularization for the strong and
the hypersingular kernel from Kielhorn.['3] For I' = 9Q, we have for the operator K

0A
24 u dFy
on(y)

(Ku)(x) =2pu / G(x - y,5) - (M), n(y)u)dl’, — / Ay M@0, n(y)u)dl’, + / 4.8)
r

r r

_/d” [(k2 2k%)vyr®n(y)+k%n(y)®Vyr+kfaa(r) ) wdr,,

where M(ay, n(y)) denotes the Giinther derivatives given by
M@0, n(y) =V, ®n(y)—n(y) ®V,,

with ® as the Kronecker product. As observed by Kielhorn and Schanz,[!4! it should be noted that the last term of (4.8) is regular
since
dy 1 K3+ kyky + k3

£ =-_ o).
ar = 8z 120k, 1 ke TOU)

Following Kielhorn,!!3! the regularization of the hypersingular kernel W is obtained by taking a look at

k2
W) = = | T Qs K = T @) / (7, i 1]" - udl, |, @9)

where x € Q, x €T
Given the surface curl

0

250, ny "XV

where m denotes its k-th component, we consider the limit process X € Q, X — x € I" in (4.9), so that by observing
k
Stokes theorem, we get the weak singular kernel

3
ou;(y) ov;(y)
W, -9 A dr" dT’,
< u U>F M}/! yX szzl ask(ay’ n(y)) 6Sk((3y, n(y) 7

J 0
- MF/F/AyZaS(ay, ")) -u(y)aS(ax’n(y)) - ()dT,dT,

—u / / (M, - 0(x) - (44G =24, ¢T) - (M, - u(y))dT, dT,

r
+u / / v(x) - [(k3 = 2kD(A ¥ — k5 )n(x) @ n(y)] - u(y)dT ,dT,

+ / / v() - [k5(A,x = kT () @ n(x)| - u(y)dT,dT,



ny / / (x) - [(2(k§ — KDV, Y, x + A2 Dn(y) - n(x)] u(y)dT,dT,
r r
+ u / / v(x) - [25M, - (M) + kT M, - (M p)] - u()dT,dT,
r r
* //k2 PX_ o) - u(y)dI, T
—=—v(x)-u .
g 1 on(y)on(x) POV
r r
Using the regularized kernels, we are able to approximate the integrals via Gaussian quadrature.
Remark 2. We want to remark that there are also other regularization approaches since a regularization is not unique.
Next, we take a look at the entries for the interior, i.e., My, M;, M,, D, and D for each terahedron Q¢.
For the FEM part of the problem, we use the piecewise linear ansatz functions
U _ ) . P —
b; —Cl._ﬂ%Je[ﬂ, i=1,...,12,
vV _ ) ) ) T -
bl. _Ci—4L%Je[ﬂ—3l%Je[ﬁ]’ i=1,...,36,
blwzgl., i=1,....,4,
in order to calculate
Myl;; = (b,?f,b}/), (4.10)
1
M,|; = E(b}’,b}’), (4.11)
M,|; = @)%, b1). (4.12)
Exemplary for M, we have
1 e
EV’ if i=j
0, b)) = / §ig;dQ° = :
e %V, it i#j
where Q° is the tetrahedron in question and V' given in (4.4).
For computing the matrices D and D given by
_ 1oy gy _ 1 VU
D|; = E(bi Vb)) = E(V b b)), (4.13)
B o= Llov gy 1 v oW
Dl = 56} Vo)) = (V- 5.5, (4.14)

we need the representation of partial derivatives given by

o o,
ov o v %y,
ox dy

i

6V — =c¢
0z

i

with a;, b; and ¢; from Equation (4.3) in addition to the basis functions. Since the gradient of b}f, b?), biw is constant, it should

be noted that

1
/Ci dQ = V.
QE
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The coupling matrices C; and El are given by

Lyw v
Cilyy = (b7 7b ) (4.15)
= Lyow w
Cilyy = 5(b) 76" n) s (4.16)
1
Coli; = —z(b}",ybff)re 4.17)

and can be calculated explicitly by use of tetrahedral coordinates. For the entries involving b;” we have

1 e

] ES’ if i=j

CiCj dare = B

1 e

e ﬁS’ if i#j

where .S is the surface area of the face I'® of the tetrahedron. For the entries concerning bf, we need the integral

1
/ §dr* = 2.
l"e

in order to calculate the matrix entries, since b;ﬁ is piecewise constant. Then for each element, we calculate the entries of the
local matrix according to (4.5)-(4.7) as well as (4.10)-(4.17) and sort those at the correct positions of the global matrices used
in the time and space discretization later on.

Next, we come to the time discretization.

4.1 | Performance of the time discretization

For the time discretization, we split our considerations into the interior and the boundary, where we provide a detailed description
for the convolution quadrature on the boundary, since the application of the leapfrog scheme is straight forward.
We recapitulate the leapfrog scheme given in (3.6)-(3.10), where

n+l_1 n+1 n
£ 2_2(f +1")

and the discrete values of y and ¢ are obtained via convolution quadrature on the boundary.

For the convolution quadrature, we use the backward differentiation formula of order two (BDF2). The corresponding weights
can be approximated by the trapezoidal rule. In more detail, we take a look at the system (3.11) and the discretization (3.12)
and (3.13).

We have to consider the initial system at time ¢t = 0 involving B, = B <%(;) > The theoretical background can be found in

Eberle!®! and Kielhorn!!3! and is based on a vector-valued version of the Herglotz Theorem. Thus, for the convolution quadrature,

we have
“(6)-(3)
0\ — - b /)’
Ym m
where
¢ —¢ m—1
=[_ _ B, (X 4.18)
(b%> (b‘”) 25,
m
and




In addition, 6(¢,,) =1 —-¢,) + %(1 - é’m)2 is the generating function of the second-order backward differentiation formula
5

(BDF2). We adopt the choice of ¢, from Kielhorn and Schanz!'*! given by ¢, = Rexp <2”[m> with R =10 2ma and n

"max

max
the maximal number of time steps.

Here, the second term of (4.18) contains all the information of the boundary densities up to the previous time step m — 1
and the first term represents the prescribed boundary densities, if they exist (for more information, see Kielhorn!!3!). Since

1 1
P = S g and 672 = 2@ + @), we find

nti ¢ ¢ b¢
BO ¢ ; B l<<I:)n+1> + (bn>> - 1;’+%
—n+l v Y : :
y/n+2 2 bn+1 b} bn+ %

All in all, we have to solve the system

[S)

n+l
(B, + A1G) <f+2.> e

174 2
with
L1 eTv-1
G- <5;C0M0 Co 0 ] >
0 2uaC{M;'C; +24aC; M, 'C,
and
[
bn+l CTE’H—%
= nt L ntd \ T n+d = ot
bn+% ny(V 2 — aa’®M;'Cyy z) +AC, (a) 2 — aa®M; ' Cyyr 2)

1 1
in order to calculate ¢" 2 and "' 2.
) e .0 40 . 0
At last the convolution quadrature allows us to calculate a feasible initial solution ii’, ¢, y? for the initial values u’, a’, f
and, in extension, the initial values ¢ and y due to their definition. Hence, we take a look at the second order formulation

_ —T — . .
pMyit = —uD"M ! (Du - C;y) — ADM;' (D u + Cyy) — Cyp + pMyf, (4.19)
Cla
80 (2) = crpys o (420)
' yCl M1 (Du - Cyy) - AC, M2 D u+Cy)
obtained by inserting V and @ in (3.2)-(3.5). This leads to the linear system of equations
_pMO _CO 0
00 1/ o) T ( §(0) u
0 0 0 .
o () k() |le 4.21)
v
6(&p) At 6(8p)
o K() ()

. — —T —
—pMyf + uD™™M; ' (Du - Cyy) + ADM;' (D u + Cyy)
= Cju

C™™(Du - C,y) - /IETM‘I(BTu +Cw)
He My 1¥v 1M, ¥
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FIGURE 1 L-shaped domain for the numerical experiments 7N
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In order to calculate the entries of this matrix, the generating matrices My, My, M,, D, D as well as Cy, Cy, El and J, K, W
as introduced in the previous part are required. Given the initial values u, 1, f, we are able to determine the initial values i, ¢,
yr by the inversion of (4.21).

Remark 3. Summarizing the steps of the implementation, we end up with the following algorithm

Initialize the input data.
Generate the meshes for the triangles and tetrahedra.
Calculate the entries of the generating matrix (4.21).

Solve the system for the initial solution.

1 1
Perform the convolution quadrature to get ¢"+§ , W”Jri.

Use the results for the leapfrog scheme.

NS kW=

Return to 5. until a predefined time step is reached.

S | NUMERICAL EXAMPLE

As stated in the introduction, our numerical method can be applied for non-convex domains. Thus, we consider a simple example
to get a better insight and choose an L-shaped domain. For the corresponding numerical experiments, we use a medium with
the parameters A = 5.7692 - 10* Pa, u = 3.8462 - 10* Pa, p = 7860 % a=1.

First, the grid width of the L-shaped domain Q is chosen to be 4 = 0.25 m and the time steps are given by af = 10~ . 277 s,

i =0,...,4. Figure 1 shows the domain under consideration. The inhomogeneity f is chosen as
el \2  ( 2lx—c| T gty
<0,(1—T) .(T+1>,0> S r <ty x—el <7
flx,0) = 0 in Q,
(0,0,0)7, else

where ¢ = (1,1, )",z = 1 and to = 0.5 s. For the visualization, we take a look at the second component u,(x, t) of the solution
vector u(x, t) int € [0, T] at the fixed points

e (1,1,1), i.e., an interior point,
e (0,1,1), i.e., a point at the boundary,

e (1,2,1),1i.e., a point on an edge.
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FIGURE 2 Solution u,((1, 1, 1)7,7) (top) and the errors (bottom) for different At in seconds (left hand side the absolute error and right hand

side the relative error)

In addition, we compare the solutions u?’(x, f)forar=10"1s, ar=0.5-10"1s, ar=0.25-10"! s and At = 0.125- 10~ s
with the solution @i, (x, t) for At = 0.0625 - 10! s. In absence of an analytical solution, we examine the different realizations by

presenting the relative error

_ |17(x, t) - uAt(xa t)l
EraCe D) = e D]

and the absolute error
gabs(x’ 1) = la(x,1) - MAI(X, 1|.

Figures 2—4 show the solution and the corresponding absolute and relative error plots for different time step sizes (At = 107 !'s,
At=05-10""s, At =0.25-107!s, ar = 0.125 - 107! s and At = 0.0625 - 107! s) and a fixed grid width 4 = 0.25m.

The figures are organized as follows: on the top, the solution at a fixed point for different At is shown, while the point of
consideration is stated in the caption. At the bottom, the absolute error (left hand side) and relative error (right hand side)
are given.

We chose 2 = 0.25 m, since the experiments with different £ as depicted in Figures 5—7 show that for this choice, we obtain a
solution close enough to @i(x, ¢) for a reasonable numerical effort. We set f in such a way that it decreases until 7, = 0.5 to zero.
In more detail, we conclude that the time discretization methods (leapfrog in the interior and convolution quadrature with BDF2
on the boundary) is stable for sufficiently small time steps. We observe for the solution in the interior (Figure 2) as well as for
the solution on the boundary (Figures 3 and 4), that both absolute and relative error decreases with a smaller time step size. We
want to remark, that the large relative errors occur only for small amplitudes, where the values are close to zero. Conversely, the
absolute error is small. All in all, this illustrates the convergence of the approximated solution, since the error decreases with
lower step sizes.

After examinating the solution for different time step sizes, we go over to the examination of different grid sizes h = % mand a
fixed ar = 0.25 - 10~ s, since this choice provides a sufficiently good approximation of the solution for a reasonable numerical
effort. For the analysis of the behavior for different 4, we take a look at n =2, n =4, n = 6 and n = 8 by showing that both
absolute and relative error decrease while choosing a larger n. For n = 2 the errors are relative large and thus only presents an
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upper bound on A. Similar as in Figure 2—Figure 4 we observe that for a finer triangulation, the solutions are close to each other.

The error plots reflect this behavior.

Again, the figures are organized as follows: on the top the solution for a fixed At = 0.25 - 10~! s and different # is presented.
At the bottom, the absolute error (left hand side) and relative error (right hand side) are given with a semi logarithmic scale. In

addition the different parameters »n are included in the plots themselves.
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Finally, we combine the discretization refinement in space and time. In the following numerical experiment, the reference

solution is calculated for 2 = é mand Af = % - 107 !'s. The results for different grid widths h = i m and the corresponding time

steps At = % - 107! s are shown in Figure 8 (top). In addition, we plot the absolute and relative error w.r.t. the reference solution
at the bottom of Figure 8.



EBERLE 17 of 19

0.3 T T T T
—n=2
""""""""""""""""""" N ---n=4
0.2F ) =6
---n=8

0.1
0
-0.1
-0.2 ,
.03 I | L 1 g
0.2 0.4 0.6 0.8 1
10°
1072
104
10
-8 s L
0.4 0.6 . 107, 0.2 0.4 0.6 0.8 1
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FIGURE 8 Solution u,((1, 1,1)7,?) (top) and the errors (bottom) for different 1 = i m and At = % - 107! s (left hand side the absolute error
and right hand side the relative error)

Summarizing the results of our numerical experiments, Figure 8 illustrates the numerical convergence of our FEM-BEM-
coupling and the corresponding time-discretization with leapfrog and convolution quadrature.

In fact, Figure 9 shows that the convergence rate ()(At? + h) is obtained. In more detail, we take a look at a loglog represen-
tation of the maximal absolute errors for the simultaneous refinement in space and time and compare this with the reference line
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for At> + h. We observe that indeed the error plot is approximately parallel to the reference line, which shows the numerical
convergence of our method as presented in the theoretical result (Theorem 4).

At last, in order to show the longtime behavior of the solution, we exemplary take a look at the solution for A = 0.25 - 10! s
and 4 = 0.25 m in the time intervall [0, 12] s (cf. Figure 10). As expected, we observe the decay of the solution to zero.

6 | CONCLUSION AND OUTLOOK

We started with a summary of the theoretical background of the interior-exterior coupling for the elastodynamic wave equation
in 3D and introduced the numerical methods. We used boundary elements and convolution quadrature on the boundary and finite
elements and leapfrog in the interior. In addition, we took a look at the convergence of these methods. Based on this, we stated
the details of the implementation, where we focused on the construction of the corresponding matrices and the performance of
the time discretization. In the last section, we presented the numerical examples for an L-shaped domain. We divided our con-
siderations into the examination of different time step sizes with a fixed grid width and the examination of different grid widths
for a fixed time step size. All in all, the figures and corresponding plots showed us the numerical convergence of the methods.
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