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1 Introduction

This work is concerned with intermediate versions between the birational sec-
tion conjecture and the full section conjecture for curves over p-adic fields. We
are going to explain those and more general versions of the section conjecture
in this introduction. Each of them predicts that the rational points of a curve
can be described purely group-theoretically in terms of the étale fundamen-
tal group. The conjecture is part of a wider range of ideas, called anabelian
geometry, in which one tries to recover arithmetic and geometric information
from the associated fundamental groups. This area goes back to a letter of
Grothendieck to Faltings [Gro97| and is still largely conjectural today.

1.1 The section conjecture

We want to motivate briefly the basic ideas.

1.1.1 Rational points as sections

Let k£ be a field. Suppose that we are searching elements aq, ..., a, € k which
satisfy a list of polynomial equations with coefficients in k:

Fj(ai,...,a,) =0 forj=1,...,m (%)

with polynomials Fi,...,F,, € k[T1,...,T,]. A tuple (a1,...,a,) € k™ is
equivalent, via the rule 7; — a;, to a ring homomorphism k[Ty,...,T,] — k
which is left inverse to the inclusion. The tuple satisfies the equations (x) if
and only if the corresponding homomorphism factors through the quotient

A= k[Tl,...,Tn]/<F1,...,Fm).

In other words, a k-rational solution to the equations (x) is equivalent to a
retraction as follows:
A
‘j
k

This arithmetic problem can be expressed more geometrically in the language
of schemes. Elements of the field & are viewed as functions on a space Spec(k).
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Similarly, elements of A are viewed as functions on X := Spec(A). The map
k — A defines a morphism X — Spec(k) in the opposite direction. A solution
(a1,...,an) € k™ of the equations (x) is equivalent to a retraction as above and
thus translates under the Spec functor into a section:

Spec(k)

1.1.2 Sections on fundamental groups

Consider a continuous map of topological spaces f: X — B. We view this as a
family of spaces X := f~1(b) which is parametrised over the base B. Suppose
that we want to choose for every b € B a point in the fibre x;, € X; which
varies continuously with b in the sense that the resulting map B — X given by
b — xp is continuous. In other words, we are looking for a continuous section:

An important invariant of a topological space is its fundamental group. It can
be used to analyse the given situation. To this end, one has to choose compat-
ible base points by € B and xg € f~(by) and obtains a group homomorphism
induced by f:

f*: 7T1(B,b0) — 7T1(X,$0).

Now let z: B — X be a given section of f. For any loop in the base B
starting and ending at by we get via x a loop in X starting and ending at
x(bp). This defines a homomorphism x,: m1(B,by) — 71 (X, z(by)). As the
base points x(by) and zp do not in general coincide, z, is not yet a section of
f«. However, if we assume that the fibre f~1(bg) is path-connected, then we
can choose a path y: z(by) ~ xo in f~!(by) and obtain a homomorphism

\a—1
su: T (B, bo) —2s (X, w(bo)) "L w1 (X, o)

This is now indeed a section of f, since the path « is mapped to the constant
path at by under f. Any other choice of path +/ differs from v by a loop
§:=7"o~"1in f~1(by) which starts and ends at xg. This changes the section
s; by a conjugation with i.([8]), where d,: m1(f~(bo),z0) — m1(X,z0) is
induced by the inclusion of the fibre. The section z: B — X yields therefore
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a well-defined 71 (f~1(bo), zo)-conjugacy class of sections [s;]. The association
x > [8z] is thus a map

. ) conjugacy classes

( sections z: B— X of f ) — ( of sections of f, ) .

In particular, one can prove the non-existence of sections z: B — X of f
by showing the non-existence of sections m1(B,by) — m1(X,zg) of fi. This
latter point is also true if the space X itself rather than the fibre f~1(bg) is
path-connected.

To illustrate this with an example, consider the squaring map C* — C*,
2+ z2. On fundamental groups it induces the multiplication by 2 on Z. This
does not admit a section, so one can conclude that it is impossible to choose
for every nonzero complex number z € C* a square root in a continuous way.

1.1.3 The étale fundamental group

We explained above that solutions to polynomial equations over a field k£ can
be viewed geometrically as sections of a map of schemes X — Spec(k). One
is therefore in a similar situation as in the previous paragraph: X can be
considered as a parametrised family of spaces over the base Spec(k). On first
sight, this point of view might seem fruitless since the underlying topological
space of Spec(k) consists only of a single point, corresponding to the zero
ideal in k. However, the underlying Zariski space of a scheme is generally
not suited to define the fundamental group via homotopy classes of loops.
Following [SGA 1, Exp. V|, one takes a different approach and defines the étale
fundamental group of a scheme by transferring the role that the topological
fundamental group plays in the theory of coverings into the world of schemes.

To explain this, consider a connected scheme X. As base point we choose a
geometric point xg of X, i.e. a morphism Spec(£2) — X with a separably closed
field €. The role that (finite) covering maps play in topology is taken by the
finite étale morphisms f: Y — X. The fibre f~!(x¢) — z¢ is a finite disjoint
union of copies of Spec(§2) and can thus be viewed simply as a finite set. In
topology, one could define (under mild assumptions on the topological space X)
a group action by 71 (X, 2¢) on the fibre f~1(xg) via path-lifting: given a loop v
in X starting and ending at zg, and given a point y € f~!(xg), one can lift
7 uniquely to a path 4 in Y starting at y, and one defines 7.y € f~!(x¢) as
the endpoint of 4. In the algebraic world, an element of 71 (X, z¢) is simply
defined as a system of permutations of f~!(xg) for every finite étale cover
f:Y — X. The system is only required to satisfy a naturality condition, i.e. a
compatibility with morphisms between finite étale coverings: for any two finite
étale coverings f;: Y; — X and a morphism ¢g: Y7 — Y5 over X between them,
the following square has to commute for all v € 1 (X, x¢):
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St (@o) —2= f5 ' (zo).

This is expressed more economically as follows: we have a category Cov(X) of
finite étale coverings of X, we have a fibre functor Fib,,: Cov(X) — FinSet
to the category of finite sets given by (f: Y — X) — f~!(z0), and the étale
fundamental group 71 (X, o) is defined as the automorphism group of the fibre
functor:

m1(X, x0) = Aut(Fibg,).

One endows 71 (X, zg) with the coarsest topology rendering the actions on all
fibres f~1(xg) continuous. In this way, (X, zo) becomes a profinite group.
Let us consider the special case that X = Spec(k) is the spectrum of a
field. The choice of a separable closure k/k defines a geometric base point
zo: Spec(k) — Spec(k). The connected finite étale coverings of Spec(k) are of
the form Spec(¢) — Spec(k) with ¢/k a finite separable field extension. The
fibre over xg can be identified with the set of k-embeddings Homy, (¢, k). The
absolute Galois group Gal(k/k) acts naturally on Homy (4, k), and it is easy
to see that every compatible system of permutations of the sets Homy (¢, k) is
defined by an element of Gal(k/k). It follows that the étale fundamental group

of Spec(k) is precisely the absolute Galois group:
71 (Spec(k), Spec(k)) = Gal(k/k).

In particular, the étale fundamental group of Spec(k) contains a lot more in-
formation than the underlying Zariski space suggests. This is an expression
of the fact that the étale topology of a scheme (which is not a topology in
the classical sense but a Grothendieck topology) is a lot finer than the Zariski
topology.

1.1.4 The Section Conjecture for proper curves

Let X/k be a smooth, proper, geometrically connected curve over a field k
of characteristic zero. For example, X might be defined as the vanishing set
of a system of homogeneous polynomials in a projective space. Choosing an
algebraic closure k of k and a geometric base point o on Xz = X ® k, we
have the following fundamental exact sequence of étale fundamental groups

1 — 11 (X5, o) — m(X,To) — Gal(k/k) — 1. (1.1.1)
A k-rational point z € X (k), being by definition a section of the structural

morphism X — Spec(k), induces a section s, of 71 (X,Zy) — Gal(k/k) by
functoriality:

10



1.1 The section conjecture

X 7T1(X, f())
Spec(k) Gal(k/k)

As explained in the topological situation above, in order to account for dif-
fering base points, the construction of s, depends on the choice of an étale
path T ~» Tp on the connected scheme X, where 7: Spec(k) — X% is the
canonical lift of z. The difference of any two such paths is a loop, i.e. an
element of 71 (X7, o). As a consequence, the section s; is well-defined up to
71 (X%, @o)-conjugacy. Over base fields k& which are finitely generated over Q,
Grothendieck’s Section Conjecture |Gro97| predicts that the map

conjugacy classes of
X (k) — ( sections s of (1.1.1) ) (1.1.2)

given by = +— [s,], is a bijection, provided that the genus of X is at least 2
(i.e. X is hyperbolic). The Section Conjecture as well as its analogue over
p-adic fields (the p-adic Section Conjecture) are still open (see [Stil3] for partial
results and evidence).

1.1.5 The Section Conjecture for open curves

Grothendieck formulated also a variant of the section conjecture for not nec-
essarily proper curves. He observed that even the k-rational points at infinity
(cusps), i.e. the points in X \ X where X is the smooth compactification of X,
give rise to sections of the fundamental exact sequence (1.1.1) (cuspidal sec-
tions). The Section Conjecture for open curves predicts that every section
Gal(k/k) — m1(X, @) is induced by a unique k-rational point of X, i.e. either
by a cusp or a point in X. For not necessarily proper curves, the hyperbolicity
condition on X now takes the form x(X) < 0, i.e. the Euler characteristic of X
should be negative. If g is the genus of X and r = #(X \ X)(k) the geometric
number of cusps, then the Euler characteristic is given by

X(X)=2-2g—r. (1.1.3)

Thus, X is hyperbolic if and only if X7 is either P! minus at least three points,
a genus one curve minus at least one point, or a curve of higher genus with an
arbitrary number of points removed.

1.1.6 The Birational Section Conjecture

The formula (1.1.3) for the Euler characteristic suggests that X becomes “more
hyperbolic” as we remove more and more closed points. This motivates a bi-
rational variant of the section conjecture where X is reduced to its generic

11
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point, i.e. the spectrum of the function field K. The fundamental exact se-
quence (1.1.1) in this case becomes a short exact sequence of absolute Galois
groups:

1 — Gy — Gxg — G — 1. (1.1.4)

Every rational point € X (k) induces birational sections as follows. Let
X — X be the normalisation of X in the algebraic closure K /K and choose
a point T over z in X. The G K-action on K induces an action on X and the
stabiliser Dy, € Gk of the point 7 is called the decomposition group of ¥|w.
The group D, acts on the residue field k(&) which is canonically isomorphic
to k. The resulting homomorphism Dj|, — Gy is surjective and its kernel I3,
is called the inertia group of Z|x. A section s: Gy — Gy is called section over
x if its image is contained in a decomposition group Dy, for some & over z.

S

Lo ~

1 > Lz > Dz » Gy, > 1
j j H (1.1.5)
1 —— Ggz Gk > G, y 1

To explain why sections over x € X (k) always exist, let K be the fixed field of
Djj, in K, and set Ul = Spec(KD). The field K is a henselisation of K at x,
and UD plays the role of a small punctured neighbourhood of z in X. The top
row of (1.1.5) can thus be viewed as the fundamental exact sequence (1.1.1)
for U /k. Denote by T % .- the Zariski tangent space without origin of X at z.
As a k-scheme, it is isomorphic to Gy,; more intrinsically, T% . is the spectrum
of the graded algebra of K filtered by integer powers of the maximal ideal m,.
Deligne, in his theory of tangential base points [Del89, §15|, has constructed
an equivalence of categories between finite étale coverings of UL and T% 2
Consequently, the top row of (1.1.5) is isomorphic to the fundamental exact
sequence of T% , /k. In particular, every k-rational point of T ,, i.e. every

nonzero tangent vector at z, induces an Iz, = Z(l)-conjugacy class of sections
over x with image in the decomposition group Dy, .

The set of G z-conjugacy classes of sections over x is traditionally called the
packet at x. Unlike the case of complete curves, there can be many conjugacy
classes of sections over the same point: the packet of sections at a cusp is
uncountable under only mild assumptions on the base field [Stil2, §4].

The Birational Section Conjecture states that for proper X /k, every section
of (1.1.4) lies over exactly one k-rational point of X. Over number fields,
the conjecture is still open, but its p-adic analogue over a finite extension of
Qp has been proved by Koénigsmann, using model theory of p-adically closed
fields [Koe05]. Pop has proved a “minimalistic” variant of this, where G is
replaced with a very small quotient [Pop10|. For instance, in the case p, C k,
it suffices to work with the Z/pZ-metabelian quotient of G. It is this latter
variant that we are going to generalise.

12
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1.2 The section conjecture for localisations of curves

The present work is concerned with intermediate versions between the full
section conjecture for a proper curve and the birational section conjecture for
its generic point. Let X/k be a smooth, proper, geometrically connected curve.

Definition 1.2.1. For an arbitrary set S C X of closed points, define the
localisation of X at S as the pro-(open subscheme) of X

Xg = ﬂ{U C X dense open containing S'}. (1.2.1)

The intersection is taken inside X in the scheme-theoretic sense, i.e. as a fibre
product of X-schemes.

The limit (1.2.1) exists by Proposition 2.4.3 below. Intuitively, Xg is ob-
tained from X by removing all closed points except those in S. The underlying
topological space |Xg| of Xg is the subspace of | X| consisting of the generic
point nx and the points in S. Thus, if S = X, then Xg = X; if S = (), then
Xs =mnx. In general, Xg lies in between 7y and X.

Let E/ k be an algebraic closure and g a geometric point of Xg @ k. Let
Xgni" — Xg be the associated universal profinite étale cover and X — X the
normalisation of X in the function field of Xgniv. Given a k-rational point
x € X (k) and a point Z in X over x, we have a decomposition group Dy, (the

stabiliser of Z under the 71 (Xg, Tp)-action on X ) and an inertia subgroup Iz,
as above, forming a diagram that generalises (1.1.5):

1 Ly Djjs Gal(k/k) —— 1

! J H

1 — 7T1(X5 Rk E7T()) E— Fl(XS,fo) e Gal(%/k) — 1.
(1.2.2)
Again, we say that a section of the map m1(Xg,ZTo) — Gal(k/k) is a section
over z if its image is contained in a decomposition group Dy, for some Z|x in
X. We prove in Proposition 3.1.7 below that sections exist over every k-rational
point of X.

Definition 1.2.2. We say that the localisation X¢/k satisfies the section
conjecture if every section s: Gal(k/k) — m1(Xg,To) lies over exactly one
k-rational point of X.

One of our main results is the identification of sufficient conditions on Xg
over p-adic base fields which imply the section conjecture for Xg. We show in
this way that the section conjecture holds for instance whenever S is at most
countable (see Statement of Main Results in Section 1.4 below).

13
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1.3 The liftable section conjecture

This work is mostly concerned with a variant of the section conjecture which
uses only small quotients of the fundamental group. In order to state it, we fix
a prime number p and introduce the following notation:

Notation 1.3.1. Let II be a profinite group. Let IT = IO > IIM > . . be the
7./pZ-derived series:

n© =1, [t = [H(i),ﬂ(i)](ﬂ(i))p_
We denote by

I = 1/1Y = 11** @ 7/pz,
" = 11/1®

the maximal Z/pZ-abelian and Z/pZ-metabelian quotient of II, respectively.

Observe that the associations II — II’ and II — I1” are functorial and that
surjective homomorphisms of profinite groups remain surjective under (—)’
and (—)".

Definition 1.3.2. Let II — G be a surjective homomorphism of profinite
groups. A section s': G’ — II' is called liftable if there exists a section
s": G" — 11" such that the following diagram commutes:

Sl/

L RS
H// G/l

|1

nr——m»G.

Let k be a field of characteristic zero and Xg the localisation of a smooth,
proper, geometrically connected curve X/k at a set of closed points S C X.
Let k/k be an algebraic closure, let G := Gal(k/k) be the absolute Galois
group of k and let 71(Xg) be the fundamental group of Xg with respect to
a geometric base point on Xg ®j k, so that we have a surjective homomor-
phism 71 (Xg) — Gi. We can again define what it means for a liftable section
s’ G), = m(Xg)' to lie over a k-rational point of X (Definition 3.1.3), and
liftable sections do exist over every k-rational point (see Proposition 3.3.2 be-
low).

Definition 1.3.3. We say that Xg/k satisfies the liftable section conjec-
ture if every liftable section s': G) — m1(Xg)' lies over a unique k-rational
point of X.

14
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1.4 Statement of main results

1.4.1 The liftable section conjecture for good localisations

Our starting point is Pop’s proof of the birational liftable section conjecture
over finite extensions k/Q, containing the p-th roots of unity [Pop10, Theo-
rem A]. The aim of the present work is to generalise this result and its proof
to localisations of curves, thereby making a step from the birational case to-
wards the case of open or proper curves, where the section conjecture is still
unknown. Our main result is the identification of conditions on the localisation
of a curve which ensure that the liftable section conjecture holds. To this end,
we introduce in Definition 5.1.1 below the notion of a good localisation, de-
fined by four conditions roughly saying that there is a large supply of invertible
functions on Xg. Our main theorem reads as follows:

Theorem A. Let k be a finite extension of Q, with p, C k. Let X/k be
a smooth, proper, geometrically connected curve and S C X a set of closed
points. If Xg is a good localisation, then Xg/k satisfies the liftable section
conjecture.

The proof of Theorem A is the content of Chapter 5 and constitutes the
technical heart of this work.

As a demonstration of the usefulness of the theorem, we verify the conditions
for a good localisation in some cases, thereby obtaining concrete examples of
localisations of curves where the liftable section conjecture holds:

Theorem B. Let k be a finite extension of Q, with p, C k, let X/k be a
smooth, proper, geometrically connected curve and S C X a set of closed
points. Assume that one of the following holds:

(a) S C X is at most countable; or

(b) X is defined over a subfield ko C k and S C X contains only finitely
many algebraic points over ky.

Then Xg satisfies the liftable section conjecture.

Remark 1.4.1. In the case S = ), Theorem B (a) specialises to Pop’s birational
result which was the starting point of our investigation [Popl0, Theorem A],
that every liftable section s': G} — G lies over a unique k-rational point
x € X(k).

Theorem B (a) for at most countable sets S is proved in §7.3. The main
ingredient is a new approximation theorem with invertibility conditions for
general valuations (Theorem 7.3.1). It is used to verify the conditions of a
good localisation in Theorem 7.3.3.

Theorem B (b) for sets with only finitely many algebraic points over a sub-
field kg is proved in §7.4. See also Definition 7.4.1 for the definition of algebraic
points over kg.

15
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As a byproduct of the proof of Theorem A, we also obtain a result on the
index of a curve X/k. The index of X is defined as the greatest common
divisor of the degrees of all closed points:

index(X) = ged{[k(x) : k] : z € X}

If X contains a k-rational point, then clearly index(X) = 1. In light of The-
orem A, the existence of a liftable section for a good localisation Xg implies
the existence of a rational point and thus index(X) = 1. But only part of the
definition of a good localisation is needed to prove the following:

Theorem C (= Proposition 5.5.4, Corollary 5.5.5). Let k be a finite extension
of Qp with p, C k and let X/k be a smooth, proper, geometrically connected
curve of genus g. Let S C X be a set of closed points such that every geo-

metrically connected, finite Z/pZ-elementary abelian cover W — Xg satisfies
Pic(W)/p = 0.

(a) We have the implication:

3 liftable section s': G}, — 71 (Xs) = ptindex(X).

(b) If g > 0, we have the implication:

3 section s: G — m(Xg) = index(X) = 1.

Part (b) of Theorem C is proved by combining part (a) with a result of Stix.
The assumptions of Theorem C are satisfied in particular when the complement
of S is uniformly dense in X (see Definition 6.3.8).

Remark 1.4.2. As explained in [Popl0, Remark (a) after Theorem B|, the
assumption g, C k in Theorem A is necessary even in the birational case:
otherwise, the maximal pro-p quotient Gi(p) of Gy is a free pro-p group of
rank [k : Qp] + 1 [NSWO08, Theorem 7.5.11]. This implies that there exist
sections s': G}, — m1(Xg)" and they are all liftable, even when X (k) is empty.

1.4.2 The liftable section conjecture without p-th roots of unity

If k is a finite extension of @@, which does not necessarily contain the p-th
roots of unity, then, by Remark 1.4.2, we cannot expect the liftable section
conjecture to hold over k. Nevertheless, quite generally, the validity of the
liftable section conjecture over a field extension ¢/k can be used to deduce a
form of the liftable section conjecture over k.

To state the precise result, let £ be a field of characteristic zero and Xg a
localisation of a smooth, proper, geometrically connected curve over k. Let
¢/k be a finite Galois extension. Denote by

(Xs @ 0)" = (Xg @1 0)" — (Xg @1 4) = Xg @ 4

16



1.4 Statement of main results

the beginning of the tower that corresponds to the Z/pZ-derived series for
m1(Xg ® ¢). Thus, from right to left, we have the maximal Z/pZ-elementary
abelian cover of Xg®;¢, the maximal Z/pZ-metabelian cover, and the maximal
three-step Z/pZ-solvable cover. Denote by ¢ /¢" /¢' /¢ the corresponding tower
of field extensions. Note that each of the three covers is Galois also over Xg,
being a characteristic cover of the Galois cover Xg ® { — Xg, and similarly,
each of the field extensions is Galois over k.

Definition 1.4.3. We say that a section s': Gal(¢'/k) — Gal((Xs®¢)'/Xs)
is liftable (respectively, twice-liftable) if it admits a lift s” (respectively, s”),
forming a commutative diagram as follows:

- ~

3 - o~

Gal((Xs @5 £)/Xs) ——» Gal(£"/k)

1 /\

Gal(Xg @5 £) / Xs) —— Gal(?'/k)

In the case ¢ = k, if we set m(Xg) = Gal(X¢/Xgs) and G} = Gal(K'/k),
then this definition of a liftable section specialises to the definition of a liftable
section for the projection m(Xg)" — G} as above. We show in Propo-
sition 3.3.2 below that liftable and twice-liftable sections exist over every
k-rational point of X. The following result assumes the validity of the liftable
section conjecture for certain connected finite étale covers of Xg. All those are
again localisations of curves, as is proved in Corollary 2.4.11 below.

Theorem 1.4.4 (= Corollary 3.5.3, Propositions 3.5.10 and 3.5.4). Let k be a
field of characteristic zero, let X /k be a smooth, proper, geometrically connected
curve and S C X a set of closed points. Let £/k be a finite Galois extension
such that Xg ®y, £ satisfies the liftable section conjecture. Let s': Gal(¢'/k) —
Gal((Xs ®r )’/ Xs) be a liftable section. Then there exists a unique k-rational
point x of X such that the restricted section

s'laier o) Gal(l'/€) — Gal((Xs @ 0)'/(Xs @y, £))
lies over x ®y L. If moreover one of the following conditions holds:
(a) the prime p does not divide the degree [ : k]; or

(b) W @y £ satisfies the liftable section conjecture for every geometrically
connected, finite étale subcover (Xg @ £) — W — Xg, and s’ is twice-
liftable;
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then already s’ lies over x.

If k is a finite extension of Q, and ¢/k is a finite Galois extension with
tp € £, we can verify the hypotheses of Theorem 1.4.4 by showing that Xg®j, ¢
(respectively, W ®y, ¢ for every geometrically connected, finite étale subcover
(Xs @ ) — W — Xg) is a good localisation. In this way, we obtain the
following results:

Theorem D (= Theorems 7.3.4 and 7.4.16). Let k be a finite extension of Q,
and /k a finite Galois extension with p, C €. Let X/k be a smooth, proper,
geometrically connected curve and S C X¢ a set of closed points. Assume that
one of the following holds:

(a) S C X is at most countable; or

(b) X is defined over a subfield kg C k and S C X contains only finitely
many algebraic points over ky.

Then, if s': Gal(l'/k) — Gal((Xs®pr{)'/Xs) is a liftable section, there exists a
unique k-rational point x of X such that S/|Ga1(g//g) lies over x®i L. If moreover
one of the following holds:

e p does not divide [{ : k]; or
e we are in case (a) and s’ is twice-liftable; or

e we are in case (b), every transcendental point over kg is contained in S,
and s' is twice-liftable;

then s itself lies over x.

Remark 1.4.5. If we choose S = (), then Theorem D (a) specialises to Pop’s
birational result for the function field K [Popl0, Theorem B|. However, it is
claimed there that every liftable section s': Gal(¢'/k) — Gal((K/¢)'/K) lies
over a unique k-rational point, not only the restriction of such s’ to Gal(¢'/¢).
The discrepancy is explained by an error in the proof in §5 of loc. cit., and
while we do not have a counterexample we believe that extra conditions such
as in our Theorem D are probably necessary in order to conclude that the
liftable section s’ itself lies over the k-rational point.

1.4.3 The full section conjecture for localisations of curves

The liftable section conjecture is interesting in that it extracts information
about rational points from very small quotients of the fundamental groups.
But one can still deduce the section conjecture for the full fundamental groups
if the liftable version holds over all covers of a given localisation of a curve:
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1.5 Outline

Theorem 1.4.6 (= Proposition 3.5.10). Let k be a field of characteristic zero,
let X/k be a smooth, proper, geometrically connected curve and let S C X be
a set of closed points. Assume that there exists a finite Galois extension £/k
such that W @y, £ satisfies the liftable section conjecture for every geometrically
connected, finite étale cover W — Xg. Then Xg satisfies the section conjecture,
i.e. every section s: Gy — m1(Xg) lies over a unique k-rational point of X.

As an application we obtain new examples of localisations of curves satisfying
the section conjecture:

Theorem E (= Theorems 7.3.5 and 7.4.17). Let k be a finite extension of Qp,
let X/k be a smooth, proper, geometrically connected curve and let S C X be
a set of closed points. Assume that one of the following holds:

(a) S is at most countable; or

(b) X is defined over a subfield ko C k and S contains all transcendental
points and only finitely many algebraic points over k.

Then Xg satisfies the section conjecture.

Remark 1.4.7. In the case S = (), Theorem E (a) specialises to the Bira-
tional Section Conjecture for curves over p-adic fields, as proved by Koénigs-
mann [Koe05|, which states that every section s: G — G of the projection
of absolute Galois groups lies over a unique k-rational point x € X (k).

1.5 Outline

We start by formally defining localisations of schemes at a subspace in Chap-
ter 2. The definition involves taking a limit over open subschemes, which is not
guaranteed to exist in the category of schemes. For this reason, the localisation
is defined in general only as a pro-scheme, essentially using the inverse system
of open subschemes as a placeholder for its limit. We prove a few properties
concerning the functorial behaviour of localisations. We also explain how to
define the fundamental group of a pro-scheme and show that it coincides with
the fundamental group of the limit scheme if the latter exists. We then spe-
cialise to localisations of curves, which can be described very explicitly. We
then explain profinite étale covers of general schemes and end the chapter with
a discussion of Kummer theory for a regular, integral scheme.

In Chapter 3 we develop the language around the section conjecture for lo-
calisations of curves using general quotients of the fundamental groups. The
existence of sections over each rational point is shown for a large class of quo-
tients. This entails in particular the maximal Z/pZ-abelian or maximal Z/pZ-
metabelian quotient which are relevant in the liftable section conjecture. We
then consider questions of descent type, i.e. we assume some statement over a
Galois extension ¢/k and deduce a similar statement over k. In particular, we
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analyse how the property of a section to lie over a rational point behaves in a
Galois extension by translating the question into the language of nonabelian
Galois cohomology. We apply the abstract machinery in the more special con-
text of the liftable section conjecture. It is shown that the validity of the
liftable section conjecture over a finite Galois extension ¢/k implies a version
over k. This is relevant for deducing a variant of the liftable section conjecture
over p-adic base fields which do not contain the p-th roots of unity, since the
liftable section conjecture itself holds only over base fields containing them.
We also show how the validity of the liftable section conjecture for all finite
étale covers implies the section conjecture for the full fundamental group.

In Chapter 4 we give a brief review of valuation theory for the convenience of
the reader. Besides discrete valuations associated to closed points on a curve,
more general valuations play an important role in the proof of the liftable
section conjecture for good localisations. While we can restrict ourselves to
rank 1 valuations for the most part of the proof, the use of Pop’s local-to-
global principle for Brauer groups, in particular, makes it necessary to discuss
valuations of higher rank. The relevant definitions and properties are collected
and proofs are given for a few statements.

Chapter 5 finally contains the proof of the liftable section conjecture for
good localisations. Good localisations are defined via four conditions which
roughly express that there is a large supply of invertible functions. They are
precisely what is needed in order to extend Pop’s proof in the birational case to
more general localisations of curves. The uniqueness statement in the liftable
section conjecture is proved first, before the more difficult existence question
is treated. This is the most technically involved part of this work. We refer to
Section 5.2 for a summary of the proof strategy.

In Chapter 6, the conditions for a good localisation are studied in more
detail. We prove general criteria which can be used to verify them. One set
of criteria uses approximation statements on the function field with respect to
valuations. Another criterion is formulated in terms of p-adic approximation
of divisors on the ambient curve.

The criteria are used in Chapter 7 to verify the conditions in a number of
cases, thereby obtaining concrete examples of localisations of curves over p-adic
fields which satisfy the liftable and general section conjecture. We first explain
how the proof specialises in the birational case. The easy case of a localisation
at finitely many points is also treated. We then show that localisations at
countable sets of points are good. The key ingredient here is a new approx-
imation theorem with invertibility conditions for general valuations. Finally,
we consider curves over p-adic fields which are defined over a subfield ky and
show that localisations containing only finitely many algebraic points over kg
are good.

We close by raising in Section 7.4.2 some questions for future research to
continue this line of investigation.
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1.5 Outline

Notation

We use the following notations and conventions:

e For a prime number p, a Z/pZ-abelian (or 7Z/pZ-elementary abelian)
group is an abelian group which is annihilated by p. A Z/pZ-metabelian
group is a group which is an extension of a Z/pZ-abelian group by a
7./ pZ-abelian group.

e A field extension L/K is called Z/pZ-abelian (or 7Z/pZ-elementary
abelian, especially when there is the danger of confusion with p-cyclic
extensions) if it is Galois with Z/pZ-abelian Galois group. We use
the analogous terminology for Z/pZ-metabelian field extensions, and
similarly for Galois covers of connected schemes.

e Asin 1.3.1 above, for a profinite group II denote by II = IO >a® > ..
the Z/pZ-derived series and by

I = 1/ = 11**  Z/pz,
I = 1m/a®

the mazimal Z/pZ-abelian quotient and mazimal Z/pZ-metabelian quo-
tient of TI, respectively. Accordingly, the maximal Z/pZ-abelian exten-
sion of a field K will usually be denoted by K’/K , and the maximal Z /pZ-
abelian cover of a scheme X will be denoted by X’ — X. Analogous
notation is used for the Z/pZ-metabelian variants K”/K and X" — X.

e If X is a scheme over a field k, and ¢/k is a field extension, the extension
of scalars is denoted by

X @p €= X Xgpec(k) Spec(f).

e For a scheme X, undecorated cohomology groups H" (X, —) denote étale
cohomology. If L/K is a Galois extension of fields, H"(L/K, —) denotes
the group cohomology for the Galois group Gal(L/K). In the special
case where L is a separable closure of K, we denote by H"(K,—) the
cohomology for the absolute Galois group of K (which agrees with the
étale cohomology of Spec(K)).

e For a scheme X, we denote by Br(X) the cohomological Brauer group,
i.e. the étale cohomology group H?(X,G,,). The Brauer group of a field
K is denoted by Br(K).
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2 Localisations of schemes

In this chapter, we introduce the notion of localisation of a scheme at an
arbitrary subspace of its underlying topological space. We then consider more
specifically localisations of curves and finally discuss profinite étale covers. The
material contained in this chapter is kept on a quite general level. Rather than
containing concrete results, it serves to develop the language which is used to
formulate and later to prove statements about localisations of curves.

A localisation of a scheme is defined as an inverse limit of open subschemes.
As such a limit is not guaranteed to exist in the category of schemes, the
localisation can in general be defined only as a pro-object, essentially using the
inverse system of open subschemes as a placeholder for its limit. This is similar
in spirit to the construction of the real numbers where a Cauchy sequence of
rational numbers is used as placeholder for its limit. After recalling the notions
of pro-objects and pro-categories in Section 2.1, we define in Section 2.2 the
“formal localisation” (as a pro-object) and the actual localisation (if the limit
exists) of a scheme at a subspace. We prove a few properties concerning their
functorial behaviour. In Section 2.3 we define the fundamental group of a pro-
scheme and show that it coincides with the fundamental group of the limit
scheme if the latter exists. In Section 2.4 we specialise from general schemes to
normal, proper curves. Localisations of curves at sets of closed points are
guaranteed to exist in the category of schemes and can be described very
explicitly. Finally, in Section 2.5, we explain the notion of profinite étale covers
of a general scheme. This is another place where the question arises whether to
work with pro-schemes or limit schemes. We show that the two viewpoints are
equivalent under only mild assumptions. We close the chapter by discussing
Kummer theory for a regular integral scheme.

In the later chapters we work only with localisations of curves. We could have
restricted the discussion of localisations to this special case. In particular, there
is no need to define the fundamental group of a pro-scheme for the purposes
of this work. However, we haven chosen a higher level of generality in the
expectation that it may facilitate future investigations concerning the section
conjecture for higher-dimensional varieties.

2.1 Pro-categories

A category [ is filtered if every finite subcategory admits a cocone. More
explicitly, I is filtered if it satisfies the following conditions:
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2 Localisations of schemes

(i) I is non-empty;

(ii) for any two objects 7 and j in I, there exists an object k and arrows
i — kand j — k;

(iii) for any pair of parallel arrows f,g: 4 = j in I, there exists an arrow
e: j — k such that eo f = eog.

The category I is cofiltered if the opposite category I°P is filtered.

Remark 2.1.1. The category associated to a directed poset is filtered. Con-
versely, every small filtered category receives a cofinal functor from a category
associated to a directed poset [SGA 4-1, Exposé I, §8.1].

Let C be a locally small category. A pro-object of C is a functor ¢: I°? — C
with I a small filtered category. Pro-objects are usually denoted as (X;);er with
X; = (i) for i € I, the transition maps ¢(a): X; = X; for a: i — j in I being
implicit. Another—more suggestive—notation is ” @ie s ” X;, emphasising the
role of pro-objects as formal limits of objects in C.

Any pro-object X = ”@iel”Xi defines a functor C — Set by the rule
A hgnl Hom(Xj;, A), called the functor pro-represented by X. This functor
is the limit of the representable functors Hom(X;, —) in the opposite functor
category Fun(C, Set)°?. Morphisms between pro-objects are defined as mor-
phisms between their pro-represented functors in Fun(C, Set)°P. Explicitly:

Hom (" lim” X;,"jim”Y;) = i lim Home (X;, ;).
el =Y jed el

In this way, the pro-objects of C form the full subcategory of Fun(C, Set)°P on
the functors which are cofiltered limits of representable functors. This category
is called the pro-category of C and is denoted by Pro(C).

The category C embeds into its pro-category via the Yoneda embedding
C — Pro(C), A — Hom(A,—). We often identify objects in C with their
image in Pro(C). The embedding however does not preserve cofiltered limits in
general. Therefore, even when the cofiltered limit l‘mz,e ; Xi exists in C, it has
to be distinguished notationally (by the quotation marks) from the pro-object

9713 » Y.
@z’el Xi.
2.2 Localisations of schemes

In the following, let X be an arbitrary scheme, denote by |X| its underlying
topological space, and let S C | X| be an arbitrary subspace.

Definition 2.2.1. The formal localisation of X at S is the pro-(open
subscheme) of X
”_XS” — b @77 U,
UDS
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where U runs over all open subschemes of X containing S. If the limit exists in
the category of schemes, it is called the localisation of X at S and denoted

by

Xg = 1&1 U.
UDS

Remarks 2.2.2.

(1)

The indexing category of the pro-object "Xg” is the poset category
formed by the open subschemes U of X containing S, ordered by re-
verse inclusion. It is directed since the open subschemes containing S
are closed under finite intersections.

Since X itself appears in the inverse system, the localisation ”Xg” has a
canonical morphism to X viewed as a pro-scheme. In this way, "Xg” is a
pro-scheme over X. It is clearly also a pro-(scheme over X). Those two

statements are equivalent as there is a canonical equivalence of categories
Pro(Sch /X)) ~ Pro(Sch)/X.

If Xg exists as a scheme, the projections Xg — U with U 2 S an open
subscheme of X containing S define a natural morphism Xg — "Xg” in
the category of pro-schemes.

If the localisation Xg exists as a scheme, then it is a fibre product over
X of the open subschemes U of X with U O S. Hence, we can write

suggestively
Xs= (U
UDS
if we agree to interpret the intersection in the appropriate scheme-
theoretic sense, i.e. as a fibre product over X.

If x ~~ y is a specialisation of points in X with y € S, then we have x € U
for every U O S appearing in the inverse system above. Therefore, for
the purpose of defining "Xg” or Xg, the set S can be assumed stable
under generisation without loss of generality.

Assume that there is a cofinal system (U;);e; of open subschemes of X
containing S such that all U; are quasi-compact and quasi-separated and
all inclusions between them are affine. Then Xg = l&nZ U, = mUQS U
exists in the category of schemes. By [EGA IVs, Prop. (8.2.9)], its un-
derlying topological space is

| Xs| = lim [U| = () U] C|X].
U2os UDS

This is the smallest subspace of |X| containing S which is stable under
generisation. In particular, if S itself is already stable under generisation,
then | Xg| = S.
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Example 2.2.3. Here are some simple examples of localisations:
(a) S=0: Xy =0;
(b) S =|X]: X|x = X;

S = |U| with U C X open: Xy = U;

)
(c)
(d) S = {z} a single point of X: Xy = Spec(Ox z);
)

(e) S ={nx} the generic point for X integral: Xy, ) = nx.

Examples (a) and (b) are of course special cases of (c), and Example (e) is a
special case of (d).

2.2.1 Functoriality

Localisations of schemes have the following functorial behaviour: let f: ¥ — X
be a morphism of schemes and let 7" C |Y| and S C |X| be subsets with
f(T) € S. Then for every open subscheme U of X containing S, the inverse
image f~1(U) is an open subscheme of Y containing 7', which therefore appears
in the inverse system defining "Yr”. From this we obtain a morphism of pro-
schemes "Y7” — ”Xg” which fits into a commutative diagram

”YT” Y

Lok

”XS” X

If the two localisations Y7 and Xg exist in the category of schemes, then the
maps Yr — f~Y(U) — U for U D S similarly define a morphism Y7 — Xg,
and we have the extended commutative diagram

Yr > "Yp" Y
I
XS ”Xs” y X.

2.2.2 Transitivity

Let X be a scheme and S C T C |X| subspaces. Assume that there is a
cofinal system (U;);c; of open subschemes of X containing S such that all
U; are quasi-compact and quasi-separated and all inclusions between them are
affine. Then the localisation Xg exists and its underlying space is the subspace
| Xs| = Nyog U] of | X| (see Remark 2.2.2(6)). The subspace T' of |X| can
then also be viewed as a subspace of | Xg].

Proposition 2.2.4. In the given situation, the localisation (Xg)r exists if and
only if Xp exists, and in this case one has (Xg)r = Xp.
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2.3 Fundamental groups of pro-schemes

Proof. Since | Xg| carries the subspace topology from | X|, the open subschemes
V of X containing T are precisely those of the form V =V’ x x Xg with V’
an open subscheme of X containing T'. With this we calculate:

(Xg)r= lm V
XgDVIT
= lim (V' xx Xg)
Xov'oT
= lim lim (V'NU)
XDV/DT X2JUDS

= lim im (V'NU).
XDUDS XDV/OT

Here we used the principle that limits commute with limits to move the limit
defining X g outside of the fibre product with ¥/ and the limit over V. We also
used that the fibre product of two open subschemes of X is their intersection.
For any fixed X D U DO S, the open neighbourhoods of T" in X which are
contained in U are cofinal, so that we can drop the limit over U altogether and

find

(XS)T = £1_ V' = Xr. O
XoV/'DoT

2.2.3 Base change along closed morphisms

Localisation of schemes commutes with base change along closed morphisms:

Lemma 2.2.5. Let X be a scheme and S C |X| a subspace. Let f: Y — X
be a closed morphism. Assume that the localisation Xg exists. Then Yp-1(g)
exists and the canonical map Yy-1(g5) = Xg Xx Y 1s an isomorphism.

Proof. Using the fact that limits commute with fibre products, we have

Xsxx Y = (lm U) xx Y = lim f~1(U).
UDS UDS

Thus, it suffices to show that the sets f~1(U) with U C X open containing S
are cofinal among all open V C Y containing f~!(S). For any open V C Y
containing f~1(.9), the set U := X\ f(Y'\ V) satisfies S C U and f~1(U) C V,
and U is open in X since f is closed. O

2.3 Fundamental groups of pro-schemes

We want to extend the definition of the étale fundamental group of a scheme
to pro-schemes and compare the resulting notion with the fundamental group
of the limit scheme if it exists.
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2.3.1 Galois categories

Recall that a Galois category with fibre functor is a pair (C, F') consisting
of an essentially small category C (i.e. the set of isomorphism classes is small)
and a functor F': C — FinSet to the category of finite sets with the following
properties:

(i) C has finite limits and colimits;

(ii) every object of C is a finite coproduct of connected objects;

(iii) F is exact and conservative. !

Here, an object X of C is called connected if it has precisely two subobjects:
the initial object ) and X itself. Exactness of F' means that finite limits
and colimits are preserved. The functor F' being conservative means that a
morphism ¢ in C is an isomorphism if and only if F(¢) is an isomorphism in
FinSet. A morphism of Galois categories (C,F) — (C', F’) consists of a
functor ¢: C — C’ and a natural transformation (necessarily an isomorphism)
n: F' o ~ F. For any profinite group II, the category II-FinSet of contin-
uous permutation representations of II on finite sets forms a Galois category
with the forgetful fibre functor II-FinSet — FinSet. The fundamental fact
about Galois categories is that that any Galois category (C, F') is equivalent to
(II-FinSet, forget) for a unique profinite group II. The group IT can be recov-
ered as the automorphism group Aut(F') of the fibre functor F', equipped with
the coarsest topology making the tautological action on all discrete finite sets
F(X) continuous for X € C.

To make this more precise, let ProfGp be the category of profinite groups
and GalCat the 2-category of essentially small Galois categories with fibre
functor. The category Fun((C, F), (C’, F")) of morphisms between two Galois
categories with fibre functor (with the obvious definition of 2-morphisms) is
in fact a setoid, i.e. equivalent to a category with only identity morphisms, so
that GalCat is really a category rather than a 2-category. We have a functor

ProfGp — GalCat°? (2.3.1)

which is given on objects by II — (II-FinSet, forget). On morphisms, every
homomorphism of profinite groups f: II — I’ induces a morphism

f*: (I'-FinSet, forget) — (II-FinSet, forget)

which pulls back a IT'-action on a finite set to a Il-action on the same set
along f.

'This definition of a Galois category is taken from [Stacks, Tag 0BMQ]. This list of axioms
is equivalent but more concise compared to the original definition in [SGA 1, Exposé V,

§4].

28


https://stacks.math.columbia.edu/tag/0BMQ

2.3 Fundamental groups of pro-schemes

Theorem 2.3.1 (Main Theorem of Galois Categories). The functor (2.3.1) is
an equivalence of categories

ProfGp ~ GalCat®?
with quasi-inverse (C, F') — Aut(F).

Proof. The essential surjectivity is [SGA 1, Exp. V, Thm. 4.1]. Fully faithful-
ness is proved in [SGA 1, Exp. V, Cor. 6.3]. O

2.3.2 Colimits of Galois categories

Let (C;, F})ier be a filtered diagram of Galois categories with fibre functor. For
simplicity, we assume that the index category I is a directed poset (cf. Re-
mark 2.1.1). Let

(C,F) = coliim(Ci, F;).

The underlying category C is given by the 2-colimit C = 2-colim; C;, whose
objects are pairs (i, X;) of an index i € I and an object X; € C;, and whose
morphisms are defined by

HOII]C(('L, Xl)? (]7 Y)) = Ck0>11r]ﬂ Hoka (Solk(Xl)v @JK(YVJ))v
where ;1,1 C; — Cp, and @j: Cj — Cj, are the transition functors for the direct
system.

Corollary 2.3.2. The colimit (C,F) = colim;(C;, F;) is a Galois category
with fibre functor, and there is a canonical isomorphism of profinite groups

Aut(F) = Jim, Aut(F;).

Proof. By the Main Theorem of Galois Categories 2.3.1, the filtered diagram
of Galois categories (C;, F;) is equivalent to a cofiltered diagram of profinite
groups (I1;);er. The limit IT = lim; IT; exists in the category of profinite groups.
Its image (II- FinSet, forget) under the equivalence of categories (2.3.1) is the
colimit (C, F') = colim;(C;, F;). O

2.3.3 Fundamental groups of pro-schemes

Let X = (X;)ier be a pro-scheme. Assume that all X; are connected. Let
Cov(X;) be the category of finite étale covers of X;. Assume we are given com-
patible fibre functors F; on the Cov(X;) (for instance, via compatible geometric
points), so that (Cov(X;), F;) becomes a direct system of Galois categories with
fibre functor and we are in the situation of Section 2.3.2.

Definition 2.3.3. The category of finite étale covers of the pro-scheme
X = (Xi)ier is defined as

Cov(X) = 2- CQliIHI Cov(X;).
S
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The profinite fundamental group of X with respect to the fibre functors
(F})icr is defined as 71 (X, F') := Aut(F'), the automorphism group of the limit
fibre functor F' = lim F;: Cov(X) — FinSet.

The associations (X, F') — (Cov(X), F') and hence (X, F) — m (X, F), in
Definition 2.3.3 are well-defined (independent of the presentation up to canon-
ical isomorphism) and functorial. Namely, denoting by ConnSch, the cate-
gory of pairs (X, F) with X a connected scheme and F a fibre functor on
Cov(X), the functor ConnSchi? — GalCat, (X, F) — (Cov(X), F) extends
to Pro(ConnSch,)°P via the 2-universal property of ind-categories [SGA 4-1,
Exposé I, Prop. 8.7.3|:

(ConnSch,)°P —Cov ., GalCat

I [ o=

Pro(ConnSch, )P — 2 Ind(GalCat) —<™ 5 GalCat .

This uses the fact that the category GalCat admits small filtered colimits by
Corollary 2.3.2. It follows also from Corollary 2.3.2 that we have a canon-
ical isomorphism for every connected pro-scheme (X;);c; with fibre functors
(F)ier:
m (X, F)ier) = mm (Xy, F). (2.3.2)
(2

2.3.4 Comparison with the fundamental group of the limit
scheme

Assume now that the schemes X; in the cofiltered diagram are quasi-compact
and quasi-separated (“qcgs” for short) and that the transition maps are affine.
Then the limit scheme X, := lim; X; exists and is connected |[EGA IVs,
Prop. (8.4.1) (ii)]. We want to compare the profinite fundamental group of
the limit scheme X, with that of the pro-scheme ”l'gli ? X;.

For simplicity, assume that the index category I is a directed poset (cf. Re-
mark 2.1.1).

Proposition 2.3.4. With the assumptions above, the canonical functor is an
equivalence

2-colim Cov(X;) ~ Cov(X). (2.3.3)

Proof. For a scheme X, denote by (Sch /X )gn pres. the category of X-schemes
of finite presentation. By [EGA IV3, Thm. (8.8.2)], the canonical functor given
by

is an equivalence

2- colim (Sch / X;)fin.pres. = (Sch / Xoo)fin.pres. -
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2.4 Localisations of curves

By restricting to the full subcategories Cov(—) C (Sch/—)fin pres., it follows
that the functor (2.3.3) is fully faithful. To show the essential surjectivity, let
Yoo — Xoo be a finite étale cover. Then there exist ¢ € I and a morphism
Y; — X of finite presentation, such that Yo, =Y; X x, Xo as an X o-scheme.
It is enough to show that there exists some j > i such that the base change
Yi xx, X; = X is finite étale. By [EGA IV3, Thm. (8.10.5)|, there exists some
such j; > 4 for the property “finite”, and by [EGA IV4, Prop. (17.7.8)] there
exists some such jo > ¢ for the property “étale”, so we can choose any j in the
directed set I with j > j; and j > js. O

Corollary 2.3.5. Let (X;)icr be an inverse system of connected qcqs schemes
with affine transition maps and let X = lim; X; be its limit. Let Fi, be a fibre
functor on Cov(X) and F; the fibre functor induced by Foo on Cov(X;) for
each i € I. Then the canonical map is an isomorphism of profinite groups

T (Xoo, Foo) = @W1(X17Fi)-

7

Proof. The equivalence from Proposition 2.3.4 exhibits (Cov(X«), Fixo) as the
colimit of the Galois categories with fibre functors (Cov(X;), F;). By the Main
Theorem of Galois Categories 2.3.1 (and more specifically, Corollary 2.3.2),
this is equivalent to the claimed isomorphism of fundamental groups. O

Remark 2.3.6. Corollary 2.3.5 can be rephrased as saying that for an inverse
system (X;);er of connected qegs schemes with affine transition maps, the
canonical morphism @Z X; =7 im, X;” from the limit scheme to the pro-
scheme induces an isomorphism on fundamental groups.

2.4 Localisations of curves

When considering localisations of curves, it is convenient to specify a set of
closed points at which to localise. The result should, in addition to the specified
closed points, always include the generic point. Hence, we define:

Definition 2.4.1 (Localisation of a curve at a set of closed points). Let X be
a one-dimensional integral scheme with generic point nx. For a set of closed
points S C X, define "Xg” (resp. Xg) as the formal localisation (resp. the
localisation) of X at S U {nx} in the sense of Definition 2.2.1.

Remarks 2.4.2.

(1) If S # 0, then the localisations at S and at S U {nx} are automatically
equal (see Remark 2.2.2(5)). In the case S = (), the localisation Xj
at () in the sense of Definition 2.2.1 would result in the empty scheme,
but with our convention of always including the generic point, we have

Xy ={nx}
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2 Localisations of schemes

(2) An equivalent way of defining the localisation of a curve X at a set of
closed points S C X is via "Xg” = ”@UQS U” and Xg = @UQS U,
with U running through the dense open subschemes of X containing S.

(3) Assume that there is a cofinal system (U;);c; of open subschemes of X
containing S such that all U; are quasi-compact and quasi-separated and
all inclusions between them are affine. Then the localisation Xg exists
and has underlying topological space |Xg| = S U {nx} C |X| according
to Remark 2.2.2 (6).

Proposition 2.4.3. Let k be a field and X/k a normal, connected, one-
dimensional variety over k. Then for every set of closed points S C X,
the localisation Xg exists. It is affine unless X is proper and S = X.

Proof. Let X < X be the normal completion of X (see e.g. [EGA I,
Cor. (7.4.11)]). The localisation of X at S, if it exists, is equal to the lo-
calisation of X at the same set S by transitivity (Proposition 2.2.4). So we
may replace X with X and assume that X/k is proper, or equivalently pro-
jective [Stacks, Tag 0A26]. If S = X, then Xg exists and is equal to X (see
Example 2.2.3 (b)), which is not affine. Assume S C X. It suffices to show
that every open subscheme U C X strictly smaller than X is affine, for then
the limit Xg = @SQU@X U exists and is affine, being an inverse limit of affine
schemes. Fix U = X \ {z1,...,2,} € X. Using the Riemann—-Roch Theorem
[Liu02, Theorem 7.3.17|, there exists a rational function f on X which is
regular on U and has poles at all x;. It defines a finite morphism f: X — IP’,IC
under which U is the preimage of the affine line A}, hence U is affine. OJ

2.4.1 Ringed space structure
As a ringed space, the localisation of a curve can be described as follows:

Proposition 2.4.4. Let k be a field, let X/k a normal, connected, one-
dimensional variety over k and S C X a set of closed points. The localisation
Xg is integral of dimension < 1 with function field K equal to that of X. Its
underlying space is | Xg| = SU{nx} C |X|, and the ring of regular functions
on an open subset U C | Xg| is given by the intersection of local rings in K :

Oxs(U) = [ Ox.a-

zelU

Proof. The fact that the underlying space of Xg is equal to S U {nx} was
noted in Remark 2.4.2 (3) above. This implies that Xg is irreducible and of
dimension < 1. For x € | Xg|, we have the equality of local rings Ox4 » = Ox »
by the transitivity of localisations for the subspaces {x} C SU{nx} C |X]|. In
particular, Xg is reduced, hence integral, with function field K equal to that
of X. For an open subset U C Xg, the comparison of local rings also implies

OXS(U) = ﬂer OXS@ = ﬂer OX,E' O
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Corollary 2.4.5. Let X/k and S C X be as in Proposition 2.4.4. The ring
of reqular functions on the localisation Xg is given by the intersection of local
rings in K:
O(Xs) =[] Ox.-
TES

Proof. Immediate from Proposition 2.4.4. O

2.4.2 Compactification

Let k be a field and W/k a k-scheme which arises as the localisation of a
normal, proper curve X/k at a set of closed points S C X. The curve X/k
and the set S are uniquely determined by W. We explain how they can be
functorially recovered from W.

Let K be the function field of W and define W /k as the unique normal,
proper curve with function field K. It can be constructed as follows (see e.g.
[Sza09, §4.4] for details): the set of closed points of W is the set of discrete
valuation rings in K containing k. The underlying topological space of W
consists of those plus one generic point. The proper closed subsets are finite
sets of closed points. The local ring O . € K of a closed point x € W is
precisely the discrete valuation ring repreéented by x. Finally, the structure of
a ringed space is given by

Ow(U) = [ O,
xelU

for every open subset U C W. The resulting locally ringed space W is a normal,
proper algebraic curve over k with function field K. Every codimension one
point of W can be identified with a closed point of W via its associated discrete
valuation ring.

Proposition 2.4.6. In the above situation, W/k is the localisation of W at
the set of codimension one points of W.

Proof. By the theory of proper, normal curves [Sza09, Cor. 4.4.8|, the identity
isomorphism K = K between the function fields of W and X extends uniquely
to an isomorphism W 22 X of curves over k. Hence, W is a localisation of W.
By Remark 2.4.2 (3), the set of closed points of W at which the localisation
yields W is determined as the set of codimension one points of W. 0

The reconstruction of X and S from the localisation Xg is functorial not
only with respect to isomorphisms but more generally with respect to finite
dominant morphisms:

Proposition 2.4.7. Let k be a field. Let X/k and Y/k be normal, proper
curves, and S C Xq and T C Yy sets of closed points. Let f: Yp — Xg be
a finite dominant morphism. Then f extends uniquely to a finite dominant
morphism f:Y — X with f(T)C S:
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2 Localisations of schemes

YT%Y

lf El

XsﬁX.

Proof. The finite dominant morphism f: Yr — Xg induces a finite extension
of function fields f*: k(X) — k(Y), which defines a finite dominant morphism
f:Y — X. Identifying closed points of Y (resp. X) with discrete valuation
rings in x(Y) (resp. k(X)) containing k, the morphism f is given on closed
points by f*~1(Oy,,) = Ox 7(y) fory € Yor. Since the local rings of codimension
one points of Yr (resp. Xg) agree with those of Y (resp. X), the restriction
of f to Yp agrees with f as a map of topological spaces. But a dominant
morphism of integral schemes is uniquely determined by its underlying map
on topological spaces together with its induced function field extension. This
shows that the diagram commutes, i.e. that f extends f. O

2.4.3 Characterisation

We can characterise those k-schemes that arise as localisations of curves:

Proposition 2.4.8. Let k be a field and W/k a normal, integral, noetherian,
separated k-scheme whose function field K s finitely generated of transcendence
degree 1 over k. Then W arises as the localisation of a normal, proper curve
over k at a set of closed points.

Proof. The Dimension Inequality [Mat89, Theorem 15.5] applied to any dense
open affine subscheme of W shows that dim(W) < trdeg(K/k) = 1. For any
codimension one point w € WO, the local ring Oy, is a normal, noethe-
rian domain of Krull dimension one, hence a discrete valuation ring in K
containing k. Let X/k be the smooth, proper curve with function field K
(whose construction was recalled above). Sending the generic point of W to
the generic point of X and every codimension one point w of W to the closed
point of X which represents the discrete valuation ring Ow,, defines a map
on topological spaces |W| — |X|. Since W is assumed separated, the map
is injective, so we can identify |W| with a subspace of |X|. Let S C X be
the set of codimension one points of W. Then W and the localisation Xg
have the same underlying space, in other words we have a homeomorphism
[W| = |Xs|. For every w € W), the local rings in K of W and X at w
coincide by construction: Ow,, = Ox . For every open subset U C W, we
have Ow (U) = NyevOwz = NzcvOx . Comparing with Proposition 2.4.4,
we see that the map W = Xg is an isomorphism of locally ringed spaces over
k, i.e. an isomorphism of k-schemes. O
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2.4 Localisations of curves

2.4.4 Descent

The property of being a localisation of a curve can be checked after a scalar
extension:

Proposition 2.4.9. Let ¢/k be an extension of fields and let W be a k-scheme
such that W ®y, £ equals the localisation of a normal, proper curve over £ at a
set of closed points. Then the same holds for W/k.

Proof. We show that the properties of Proposition 2.4.8 which characterise
localisations of curves are inherited by W from W ®; £. The projection W ®j
¢ — W is surjective, which implies that W is quasi-compact and irreducible.
For any affine open subscheme U C W, the homomorphism O(U) — O(U) @ ¢
is injective by flatness. The ring O(U) @£ = O(U ®;,¢) is integral, hence so is
O(U). Thus, the scheme W is integral. The property of being noetherian is also
inherited by O(U): any chain of ideals in O(U) gives rise to a chain of ideals
in O(U) ® ¢ by tensoring; the latter stabilises, and faithful flatness of k — ¢
implies that the original chain stabilises in O(U). So W is locally noetherian,
and hence noetherian by quasi-compactness. The morphism W — Spec(k) is
separated [EGA IVg, Prop. (2.7.1)] and W is normal [EGA IVy, Cor. (6.5.4)] by
faithfully flat descent. If K and L denote the function fields of W and W ®y ¢,
respectively, then we have trdeg(K/k) = trdeg(L/¢) = 1 by [EGA IV3, Prop.
(4.2.1)]. In conclusion, the characterisation of localisations of curves from
Proposition 2.4.8 applies to W. O

2.4.5 Finite étale covers

Finite étale covers of the localisation of a curve are uniquely determined both
by their restriction to the generic point and by their extension to the complete
ambient curve:

Proposition 2.4.10. Let k be a field, X /k a normal, proper curve and S C X
a set of closed points. Let K be the common function field of X and Xg. There
are canonical equivalences between the following categories:

(1) connected finite étale covers of Xg;
(2) (finite separable extensions L/K which are unramified over XS)Op;
(8) finite branched covers Y — X which are unramified over Xg.

Here, an extension L/K is called unramified over Xg if the normalisation
of Xg in L is unramified (equivalently, étale) over Xg. A finite branched
cover Y — X is a finite morphism of integral, normal schemes such that the
function field extension x(Y)/k(X) is separable. The finite branched cover is
called unramified over Xg if the base change Xg xx Y — Xg is unramified
(equivalently, étale). The equivalences (1) ~ (2) and (3) ~ (2) are both given
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2 Localisations of schemes

by taking function fields (from left to right) and normalisations of Xg, resp.
X, in L/K (from right to left).

Proof of Proposition 2.4.10. The equivalence (1) ~ (2) holds more generally
for any normal, integral, locally noetherian scheme [SGA 1, Exp. I, Cor. 10.3|.
By the theory of normal, proper curves [Sza09, Cor. 4.4.8], we have an anti-
equivalence between finite extensions L/K and finite dominant morphisms
from normal, connected curves ¥ — X. It remains to see that ¥ — X
being unramified over Xg is equivalent to k(Y)/K being separable and un-
ramified over Xg. The fibre product Xg xx Y is a localisation of Y by
the compatibility of localisation with base change along closed morphisms
(Lemma 2.2.5), hence Xg X x Y is in particular normal and integral with func-
tion field x(Y"). It is also finite over Xg, thus integral over Xg. So Xg xx Y
equals the normalisation of Xg in x(Y"). This shows that (Y)/K is unrami-
fied over Xg if and only if Y — X is. In this case, k(Y)/K must be separable
since Spec(k(Y)) — Spec(K) is the restriction of the unramified morphism
Xg Xx Y — Xg to the generic point of Xg. O

Corollary 2.4.11. Let k be a field, X/k a normal, proper curve and S C X
a set of closed points. Every connected finite étale cover of Xg is of the form
Yi-1(5) = Xs for some finite branched cover f:Y — X which is unramified
over Xg.

Proof. We have the equivalence (1) ~ (3) in Proposition 2.4.10 between con-
nected finite étale covers of Xg and finite branched covers of X which are
unramified over Xg. The functor from right to left sends ¥ — X to the nor-
malisation of Xg in the function field of Y. As shown in the proof of Proposi-
tion 2.4.10, the result is the fibre product Xg X x Y, which equals Yi-1(s5) by
Lemma 2.2.5. O

2.5 Profinite étale covers

2.5.1 General remarks on profinite étale covers

Generally, in the theory of the étale fundamental group of a scheme, one con-
siders only covers of finite degree. One reason for this restriction is that one
would like to have a comparison isomorphism with the topological fundamen-
tal group in the case of a smooth complex algebraic variety. This amounts to
an equivalence of categories between topological covers and algebraic (étale)
covers. For finite covers, one has such an equivalence by Riemann’s Existence
Theorem [SGA 1, Exp. XII, Thm. 5.1], which however fails for covers of infinite
degree. For example, every finite connected topological cover of G, (C) = C*
is of the form C* — C*, z — 2™ for some n € N, and hence induced by
an algebraic finite étale cover of G,,, wheras the topological universal cover
exp: C — C* is transcendental and has no analogue on the algebraic side. In
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2.5 Profinite étale covers

the world of schemes, the role of the universal cover of is played instead by the
universal pro-(finite étale) cover.

Assume that X is a connected scheme and F is a fibre functor on the category
Cov(X) of finite étale covers. By a pointed cover of X, we mean a pair (Y, y)
of a finite étale cover Y — X together with a distinguished element y € F(Y)
of the fibre. The universal pro-(finite étale cover) of X is by definition the
pro-object (XMWY zUniV) of the category of pointed finite étale covers of X
pro-representing the fibre functor F. This means, there are natural bijections

HomPro(Cov(X)) (Xuniv’ Y) = F(Y)’

given by f +— f(z™V), for all Y € Cov(X). The pro-object X"V is not a
scheme but rather given by an inverse system of finite étale covers (X;);cr, and
the universal point "™V is really a compatible family of points (z;);c; with

Consider more generally any pro-object (Y;);cs of the category of finite étale
covers of a scheme X. Since finite morphisms are affine, the inverse system
(Y;)ier corresponds to a direct system (A;);c; of quasi-coherent O x-algebras.
The direct limit Ay = ligiE I A; corresponds via the relative Spec functor to
a scheme Y, := Spec(As) which is affine over X. The scheme Y, is then the
inverse limit of the Yj:

Yo = QYZ

In this way, every pro-(finite étale cover) gives rise to an actual scheme by
taking the limit. It is sometimes convenient to work with the limit scheme
rather than the pro-scheme. For example, this conforms with the habit of
studying infinite algebraic field extensions rather than direct systems of finite
extensions.

Definition 2.5.1. Let X be a scheme. A profinite étale cover of X is a
morphism Y,, — X which arises as the limit @ie I Y; of an inverse system of
finite étale covers Y; — X.

The following proposition provides justification for not always carefully dis-
tinguishing between a pro-(finite étale cover) and the associated profinite étale
cover arising as its limit, at least if the base is quasi-compact and quasi-
separated.

Proposition 2.5.2. Let X be a quasi-compact and quasi-separated scheme.
Then the functor (Y;)icr — m,_ Y; from Pro(Cov(X)) to profinite étale cov-
ers of X is an equivalence.

Proof. To define a quasi-inverse functor in the other direction, let Z — X be
any profinite étale cover. Let Jz be the category of factorisations Z — Z; — X
with Z; finite étale over X. This category is essentially small (i.e. the set of
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isomorphism classes of objects is small) and filtered, so that (Z;);c, is a pro-
object in Pro(Cov(X)). We claim that the functor Z — (Z;),c s, is left adjoint
to the functor T&n, i.e. we have natural bijections

Hompyo(cov(x)) ((Z))jesy: (Yi)ier) = Homx (Z,lim Y;)
1€l

for all (Y;);cr € Pro(Cov(X)) and all profinite étale covers Z — X. Since both
sides commute with inverse limits in the second argument, we may assume that
the pro-object (Y;);er consists of a single finite étale cover Yy — X. Using the
definition of morphisms in the pro-category, the claimed bijection then takes
the form

ling Homyx (Z;,Yy) = Homx (Z,Y).

J€Jz
This bijection exists tautologically since every X-morphism in Homx (Z,Y)) is
a factorisation Z — Yy — X which appears in the inverse system (Z;);c,.

For a profinite étale cover Z — X, the adjunction morphism Z — @je Iy Zj

is an isomorphism since Z is by definition an inverse limit of finite étale covers of
X, and all of those appear in the inverse system (Z;)cs,. For a pro-(finite étale
cover) (Y;);er, we have the adjunction morphism (Yj);cs, — (Yi)icr, whose
source is the pro-system of all finite étale factorisations limiE s Y, - Y - X.
It is an isomorphism if the Y; are cofinal among all finite étale factorisations.
This holds since X is assumed quasi-compact and quasi-separated [EGA IV3,
Prop. 8.13.1]. O

For a connected, quasi-compact and quasi-separated scheme X with a fibre
functor F' on Cov(X), Grothendieck’s Galois Theory for finite étale covers
extends in a straightforward way to profinite étale covers. For example, the
equivalence between finite étale covers and finite 71 (X, F')-sets extends (by
taking pro-categories) to an equivalence between profinite étale covers and
profinite 71 (X, F')-sets, i.e. profinite sets with a continuous 7 (X, F')-action.
Just like for finite étale covers, we may define a profinite étale Galois cover
of X to be a profinite étale cover Y — X with Y connected such that Autx (V)
acts transitively on F(Y'). In this case, the automorphism group

Gal(Y/X) == Autx (V)P

carries a profinite topology with a neighbourhood basis of the identity consist-
ing of the subgroups Gal(Y/Y”’) with Y — Y’ — X a finite connected subcover.
In particular, it makes sense to speak of the universal profinite étale cover, the
maximal abelian (profinite étale) cover and so on.

2.5.2 Profinite étale covers of integral, normal schemes

Proposition 2.5.3. Let Z be a normal, integral, noetherian scheme with func-
tion field K. There is a canonical equivalence between the following categories:
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(1) connected profinite étale covers of Z;
(2) (separable extensions L/K which are unramified over Z).

Proof. The equivalence, given by taking function fields and normalisations,
respectively, holds for finite covers and finite extensions by [SGA 1, Exp. I,
Cor. 10.3]. The profinite version follows with Proposition 2.5.2 by taking pro-
categories, using the fact that noetherian schemes are quasi-compact and quasi-
separated. O

2.5.3 Kummer theory for regular, integral schemes

Let Z be a regular, integral, noetherian scheme and let K be its function
field. Let n € N be a natural number which is invertible on Z, and assume
un € O(Z). By Proposition 2.5.3, abelian covers of exponent n of Z (i.e.
Galois covers with abelian, n-torsion Galois group) correspond to unramified
abelian extensions of exponent n of K. Kummer theory tells us that all such
extensions arise by adjoining n-th roots of subgroups of KX containing K*".
We determine the subgroup corresponding to the maximal abelian cover of
exponent n. For a codimension one point z € Z()| we denote by v,: K* »Z
the associated discrete valuation on the function field.

Proposition 2.5.4. In the above situation, let Z' — Z be the mazimal abelian
cover of exponent n and let K',/K be the corresponding extension of the func-
tion field. Then K/, is obtained from K by adjoining n-th roots of the subgroup
Az C K* given by

Ay ={feK*|v.(f)=0modn for all z € ZW}.

Proof. By Kummer theory, the extension K/, /K is generated by elements of
the form /™ with f € K*. It suffices to show that an extension K (f'/")/K
is unramified over Z if and only if v,(f) = 0 mod n for all codimension one
points z € ZW. Given f € K*, assume that v,(f) # 0modn for some
z € ZW. Let wlv, be a valuation on K(f'/") extending v,. Then we have
w(fm) = Lv.(f) € Z, so that the extension K(fY™)/K is ramified over z.
Conversely, assume that v,(f) = 0 mod n for all z € Z() and let Y — Z be
the normalisation of Z in K(f'/"). We have to show that Y is étale over Z.
Since Z is assumed regular, it is in particular normal, and since n is invertible
in K, the extension K (f'/")/K is finite separable. This implies that Y is finite
over Z. We can thus apply the Zariski-Nagata purity theorem, by which it
suffices to show that Y is étale over every codimension one point z € Z(1). Let
t, € m, be a local parameter at z and write f = tgz(f)u with u € (’)ZZ. Since
v,(f) = 0 mod n, we have K(f/") = K(u'/"). Replacing f with u, we may
therefore assume that f is invertible at z. The Oy ,-algebra Oz ,[X]/(X" — f)
is then standard étale since f and n are both invertible. It is in particular

39
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normal and therefore equals the normalisation of Oy, in K[X]/(X" — f). The
field K (f1/™) is a direct factor of K[X]/(X™ — f), so the normalisation of Oz,
in K(f/) is a direct factor of Oz.[X]/(X™ — f) and hence étale over Oy .
Thus, the extension K (f'/")/K is unramified over z. O

Remark 2.5.5. In the setting of Proposition 2.5.4, the subgroup Ay C K*
clearly contains both K*" and the functions O(Z)* which are everywhere
invertible. Moreover, every n-torsion element of the Picard group Pic(Z) gives
rise to elements of Ay. Namely, if £ is a line bundle on Z such that £®" is
trivial, then let 0 # s € Lk be a nonzero rational section and t € I'(Z, LZ")
a global section of £®" defining a trivialisation Oz = £®". Then the quotient
f = s"/t is an element of K* and it is easy to see by looking at stalks of £
at codimension one points that f is contained in Ay. A different choice of
s changes f by an element of K*"; a different choice of ¢ changes f by an
element of O(Z)*.

Since the Picard group of Z coincides with the Weil divisor class group, the
construction can also be described in terms of Weil divisors. Namely, given a
divisor D on Z such that nD is principal, let f € K* be a rational function
with div(f) = nD. Then clearly, v.(f) = 0 mod n for all z € ZW), so that
f € Az. The function f with div(f) = nD is determined up to an invertible
function in O(Z)*. If D is replaced with a linearly equivalent divisor, say
D' = D +div(g), then f is changed by g" € K*".

We have thus a homomorphism Pic(Z)[n] — K*/K*"O(Z)*, and the
preimage in K* of its image is precisely the group Az which corresponds
by Kummer theory to the maximal abelian cover of exponent n of Z.

Remark 2.5.6. The group Ay appears in the short exact sequence

0 —— 0(2)*)O(Z2)*" —— Ayz/K*" —— Pic(Z)[n] — 0,

with the map to Pic(Z)[n] given by f — L1div(f). The exactness is easily
verified. The sequence can also be obtained from the Kummer sequence on the
étale site of Z. This requires the calculation of

HY(Z, pn) = Ay /K*".
Here is a sketch of how this isomorphism can be derived:

1. the Leray spectral sequence for the sheaf i, under j: Spec(K) — Z iden-
tifies H'(Z, u,) with the kernel of a map H' (K, p,,) — H°(Z, R ji pin);

2. the Kummer sequence on Spec(K) and the vanishing of R!j, G,, = 0
yield an isomorphism R! j, pt,, = (j.G,n) /1

3. the exact sequence for the sheaf of divisors Div, = (j«Gy,)/Gy, on Z
yields an isomorphism (j,G,,)/n = Div, /n;

4. combining the above, H'(Z, p,,) is identified with the kernel of the divisor
map K*/K*" — Div(Z)/n, which equals Az/K*" by definition.
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3 Sections and points

The starting point of the section conjecture for curves is the observation that
rational points induce sections on fundamental groups. We sketched this pro-
cedure in the introduction for the fundamental group of a proper curve and in
the birational variant for the absolute Galois group of its function field. Here,
we want to generalise this to localisations of curves (which lie in between the
generic point and the full curve), and to quotients of the fundamental groups.
The relation between a rational point x and a section s induced by it is that
the image of s is contained in a decomposition group of z, in which case we say
that s lies over x. In Section 3.1, the terminology is introduced for arbitrary
quotients of the fundamental group of the localisation of a curve. We then
show for the class of pro-C quotients that sections do exist over every rational
point. This entails in particular the case of liftable sections for the maximal
Z/pZ-abelian quotient. In Section 3.2 we observe the functorial behaviour of
sections lying over points. Afterwards, we address various questions of Galois
descent in the section conjecture. That is, we are assuming the validity of some
statement over a field extension ¢/k and deduce a similar statement over k.
The first such question in Section 3.3 concerns the existence of sections over
rational points. We show that over each rational point there exist liftable and
twice-liftable sections with respect to ¢/k in the sense of Definition 1.4.3, i.e.
on the level of the Galois groups Gal(¢'/k) and Gal(¢”/k). In Section 3.4 we
define abstractly a Galois action on conjugacy classes of sections and discuss
its interpretation in terms of nonabelian group cohomology. Finally, in Sec-
tion 3.5, we apply the abstract machinery to prove descent statements in the
context of the section conjecture. Specifically, we prove Theorem 1.4.4 about
deducing a version of the liftable section conjecture over k from its validity over
a finite Galois extension ¢/k, and Theorem 1.4.6 about deducing the section
conjecture for the full fundamental groups from the liftable variant.

3.1 Sections induced by rational points

Let k be a field of characteristic zero and let X/k be a smooth, proper, geo-
metrically connected curve. Let S C X be an arbitrary set of closed points
and Xg the localisation of X at S (Definition 2.4.1). Let Xg — Xg be a profi-
nite étale Galois cover. Let k be the field of constants of )j(;g, i.e. the relative
algebraic closure of k in the function field of Xg. Then Xg is geometrically
connected over k& and we have the following short exact sequence whose terms
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3 Sections and points

are quotients of the fundamental exact sequence (1.1.1) for Xg/k:
1 — Gal(Xg/Xg @) k) — Gal(Xg/Xs) — Gal(k/k) — 1. (3.1.1)

This is the general setting in this Chapter 3. We want to explain how k-rational
points of X can give rise to sections of (3.1.1) in order to state variants of the
section conjecture which involve quotients of the full fundamental groups.

3.1.1 Sections over points

Assume first that * € X is a closed point, not necessarily k-rational. Let
X — X be the normalisation of X in the function field of Xg. It can also
be described as the inverse limit of the finite branched covers of X which
are obtained as the compactifications of all connected finite étale subcover
of Xg — Xg. Choose a point T in X over z. Via the functoriality of the
association (Xg — Xg) — (X — X), the right Galois action of Gal(Xg/Xs)
on X\Tg extends to an action on X by X-automorphisms.

Definition 3.1.1. The decomposition group Dz, C Gal()f(:iq/Xs) of Z|x

is defined as the stabiliser of Z under the action of Gal()/(iq/Xs) on the set
of closed points of X. The normal subgroup Iz, C Dy, of elements acting
trivially on the residue field x(Z) is the inertia group of z|z.

Remarks 3.1.2.

(1) The decomposition group Dy, and inertia group I, are closed subgroups
of the profinite group Gal()?jg/XS).

(2) Since we defined Gal()A(tg/Xs) = Aut()A(tg/Xg)Op, Galois groups of cover-
ings of schemes act from the right. We write the action of Gal(Xg/Xs)
on closed points of X as (&,) — &7. This is translated into a left action
via the rule (i) == &7 .

(3) Decomposition groups and inertia groups behave as follows under con-

jugation: for any v € Gal(Xgs/Xg) we have vDjz, y1

= Dy@)e and
e 7 = L)

We have the following diagram with exact rows:

1 > Lzje » Dije — Gal(s(2)/k(x)) — 1
I I |
i

K
(3.1.2)
1 — Gal(Xg/Xs @y k) — Gal(Xg/Xg) — Gal(k/k) — 1.

The vertical map on the right is induced by the inclusions in the field diagram
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3.1 Sections induced by rational points

K(7)
i ~
k()
k —

Definition 3.1.3. A section s: Gal(k/k) — Gal(Xg/Xg) of (3.1.1) is called
section over z if its image is contained in a decomposition group Dy, for
some T over x.

Remarks 3.1.4. (1) If k(z) = k and k(%) = k, then the right vertical map
in (3.1.2) is an isomorphism and sections over x are the same as sections
of the top row.

(2) Sections can be conjugated by elements of the kernel. More precisely: for
any section s: Gal(k/k) — Gal(Xg/Xg) and any v € Gal(Xs/Xs ®x k),
we have a conjugate section v(—)y ! os. If s is a section over z, say
im(s) C Dj|,, then 7(=)y~! o s has image contained in the conjugate
decomposition group v Dy, vl = D, (z)z- In particular, the property of
a section s to lie over x depends only its Gal()?:q/Xs Rk l;:)—conjugacy
class.

Lemma 3.1.5. Let v € X (k) be a k-rational point. Then Gal(Xg/Xg @y k)
acts transitively on the points of X over x.

Proof. The projection X ® k — X is closed since Spec(k) — - Spec(k) is an
integral and hence universally closed morphism. Denote by S® k the preimage
of S under the projection X ® k — X. The base change Xg ®j k equals the
localisation (X ®j k:) & of X @y k by Lemma 2.2.5. Since x is k-rational,
there exists a unique pomt z®kin X ® k over . After renaming X ®g k
as X and S®y k as S and r® k as z, it suffices to show that Gal(Xs/Xg) acts
transitively on the fibres of X — X over closed points z of X.

Denote by K/K the function field extension of Xg — Xg, or also of X - X.
It is a Galois extension with group G = Gal(XS/XS). Assume first that G is
finite. Let Z and g be two points of X over z and assume for contradiction that
Z # o(y) for all o € Gal(Xs/Xg). Then, using approximation, there exists a
rational function f € K such that

f() =0 and f(o(y))=1forall o e G.

Set f = NmK/K(f) € K, the norm of f in the extension K /K. Then we have

=[] fe(@) =

celG
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3 Sections and points

but also

fla)= 11 fle@) =1,

oeG

a contradiction! Assume now that GG is not necessarily finite. Write )A(;w — Xg
as a limit of its finite Galois subcovers W; — Xg. Then G = lim, Gal(W;/Xs).
Let X; — X be the normalisation of X in the function field of W;, so that
X =lim X;. Given I = (x;) and g = (y;) over z, the set

{oeG:i=0(y)}= 1&1{0’1 € Gal(W;/Xg) 1 xi = 0i(yi) }

is nonempty as an inverse limit of nonempty finite sets. O

Corollary 3.1.6. Let = € X (k) be a k-rational point. If there exists some
section Gal(k/k) — Gal(Xs/Xg) over z, then for any & in X over x there
exists a section with image contained in D, .

Proof. Let s: Gal(k/k) — Gal()/(vg/Xs) be a section with im(s) C Dy, for
some § in X over z. By Lemma 3.1.5, there exists v E Gal()?;/Xs @ k) such
that Z = (). Then the conjugate section s’ := y(—)y~! o s satisfies

im(s') €y Dyz7"" = Ds(g)e = Dafa -

3.1.2 The universal profinite étale cover

As a special case of the general setting, choose for )?5 — X a universal profi-
nite étale cover X"V — Xg. The Galois group Gal(Xi""V/Xg) is canonically
isomorphic to the profinite fundamental group 71 (Xg), formed with respect to
the fibre functor pro-represented by Xgni":

Hom x4 (X8 —): Cov(Xg) — FinSet .

The field of constants of Xgni" is an algebraic closure k of k, and the residue
field of any closed point of X"V is equal to k. With Gy = Gal(k/k), the
fundamental exact sequence (3.1.1) specialises to

1 — m(Xs k) — m(Xg) — G — 1.
Proposition 3.1.7. Sections of m(Xg) — Gy, exist over every k-rational point
of X.

Proof. Let X — X be the normalisation of X in the function field of Xgni".
Let z € X (k) and Z|x in X. The profinite étale subcover ng — Xg of Xgnv
corresponding to the closed subgroup Dj|, C 71(Xs) is a henselisation of Xg

at x:
ngx = Spec((’)l)l(@) xx Xs.
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3.1 Sections induced by rational points

Thus, if K! denotes the fraction field of the henselian local ring Ogl(’x, then
ho_ Spec(OE(’x), ifres,
5% | Spec(KYR), itz ¢ S.

Assume that z € S. Denote by 2" the image of & in Xg’x. Then we have
k(z") = k(z) = k, and a section s: G}, — 7T1(X§7x) = Dj|, is obtained by
functoriality of Galois groups from the diagram
z
. k” o —
Xg" —— Spec(k)

l i l

Xg’m —— Spec(k).

Assume now that z ¢ S. By Deligne’s theory of tangential base points [Del89,
§15], there is an equivalence of categories between finite étale covers of Xg .
and finite étale covers of T% ., the Zariski tangent space of X at z with
the origin removed, viewed as a scheme over k. This implies that the group
m (ng) = Dj, is isomorphic, as a profinite group over Gy, to ﬂl(T},m). If we
choose v € T% . (k) (a nonzero tangent vector of X at z), and ¥ € (Tg(’m)“niv
over v, then a section s: Gy — m(T% ;) = Dy, is obtained via the diagram

1<

K~ ~<

(T 2)"™ —— Spec(k)

Do |

T% ., —— Spec(k).
In either case, sections over x exist. ]

3.1.3 Maximal pro-C covers

As another special case of the general setting, we can choose for )/(VS — Xg
a maximal Z/pZ-abelian or Z/pZ-metabelian cover. More generally, assume
that C is a class of finite groups which is closed under isomorphisms, subgroups,
quotients and finite products. An inverse limit of groups in C is called a pro-C
group. Every profinite group 7 has a maximal pro-C quotient given by

7’ = @W/N ,
N
where N runs through the open normal subgroups N < 7 for which /N is
in C. Every homomorphism of 7 into a pro-C group factors uniquely through

7 — 7¢. Given a connected, quasi-compact and quasi-separated scheme Y
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3 Sections and points

with geometric point g, the maximal pro-C cover (Y¢, y¢) — (Y,y) is the
pointed profinite étale Galois cover corresponding to the closed normal sub-
group ker (m (Y, y) — Wl(Y,y)C) of m(Y,y). Thus, the Galois group of Y¢/Y
is the maximal pro-C quotient of (Y, y):

Gal(Y®)Y) = m (Y, y)°.

As a pointed cover, (YC,4¢) — (Y,y) is unique up to unique isomorphism; as
a mere cover (without distinguished point in the fibre over y), it is unique up
to non-canonical isomorphism.

Examples for C and Y° — Y include:

(1) C = all finite groups, Y"V — Y the universal profinite étale cover;
(2) C = finite abelian groups, Y» — Y the maximal abelian cover;

(3) C = finite Z/pZ-elementary abelian groups, Y’ — Y the maximal Z/pZ-
abelian cover;

(4) ¢ = finite Z/pZ-metabelian groups, Y” — Y the maximal Z/pZ-
metabelian cover;

(5) C = p-groups, Y (p) — Y the maximal pro-p cover.

Now consider a localisation Xg of a curve as above and let Xg — Xg be its
maximal pro-C cover.

Proposition 3.1.8. The field of constants of Xg is the mazximal pro-C exten-
sion k€ /k, and sections Gal(k®/k) — Gal(X§/Xs) exist over every k-rational
point v € X (k).

Proof. Since Xg ®y K¢ — Xg is pfo—C, it is a subcover of Xg/XS, hence k€
embeds into the field of constants k of Xg. On the other hand, the surjective

homomorphism .
Gal(X§/Xs) — Gal(k/k)

implies that I;:/ k is a pro-C extension since C is closed under quotients. This
shows k = k.

Let z € X (k). Let X"V — Xg — Xg be the universal profinite étale cover.
By Proposition 3.1.7, there exists a section s above z, say im(s) C D3|, with
7 a point over x in the normalisation of X in the function field of Xg™"V. Let
2€ be the image of # in the normalisation of X in the function field of Xg and
consider the following diagram:

i i _____ ffw“\ l

D,cp, e Gal(X$/Xg) —» Gal(KC/k).

zClx

46



3.2 Functoriality

Since C is closed under subgroups, the decomposition group Dge|, is a pro-C
group. This implies that the section s: Gy — D), composed with the map
Di\:}c — D
the claimed section s

factors through the maximal pro-C quotient Gal(kC/k), giving
C

zC|x
over . OJ

3.2 Functoriality

3.2.1 Compatible sections

Assume we have for i = 1,2 a field k;, a geometrically connected qcgs scheme
Y:/k; and a profinite étale Galois cover )7, — Y; with field of constants k;. A
morphism f: (Y1/Y1/ki) — (Ya/Ya/ks) of these data by definition consists of
three morphisms, all denoted by the same letter, forming the vertical arrows
in a commutative diagram:

vi Y; Spec(k1)
b |
Y, Y, Spec(kz).

The morphism f induces the following vertical maps f, in a commutative
diagram:

Gal(Y1/Y:) — Gal(ky/k1)
lf* lf* (3.21)
Gal(Ya/Ys) — Gal(ks/ks).

Definition 3.2.1. Two sections s;: Gal(k;/k;) — Gal(Y;/Y;) (i = 1,2) are
compatible with respect to f if they satisfy f, o sy = s9 0 f.

Some cases of interest are the following:

(1) Assume that the morphism f is an isomorphism on the fields of constants:
Spec(k1) = Spec(kz) and Spec(k1) = Spec(kz). In this case the induced
map f.: Gal(k;/k1) — Gal(kz/ks) is an isomorphism and for each sec-
tion s7: Gal(fcl/k‘l) — Gal(ifvl/Yl) upstairs there is a unique compatible
section f(s1): Gal(ks/ks) — Gal(Y2/Y3) downstairs which is given by

f(s1) = frosiofih.

(2) Let Y1 — Y3 — Y be a tower of profinite étale Galois covers of Y. This
is the special case where Y7 = Yo = Y and k1 = k9 = k. Then the
diagram (3.2.1) looks as follows:
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3 Sections and points

Gal(Y;/Y) —» Gal(ky /k)

! !

Gal(Ya/Y) — Gal(ks/k).

Given a section s1: Gal(ki/k) — Gal(Y;/Y) ‘upstairs, there is at most
one compatible section sy : Gal(kg Jk) — Gal(Yg /Y') downstairs. This is
the case if and only if s1(Gal(k1/ko)) C Gal(Y;/Y5).

(3) Consider a single triple Y /Y /k as above and let £/k be a subextension
of k/k. Then Y ®j, £ — Y is a subcover of ¥ — Y and the maps

Y —— Y @ £ — Spec(l)

T

Y Spec(k)

give rise to a diagram as follows:

Gal(Y /Y @ £) —» Gal(k/0)

(
j j (3.2.2)

Gal(Y/Y) ——» Gal(k/k).

The diagram is cartesian, hence every section s: gal(l%/k‘) — gal()N//Y)
downstairs induces a restriction res;/;(s): Gal(k/¢) — Gal(Y /Y ® ()
upstairs.

3.2.2 Functoriality for sections over points

Specialising the situation of the preceding paragraph §3.2.1, assume that each
Y: = (Xj)s, is the localisation of a smooth, proper, geometrically connected
curve X; over a field k; of characteristic zero at a set of closed points S; C (X;)q

for i = 1,2. We are given profinite Galois covers (X;)gs, — (X;)s, with fields of
constants k; /k: Denote by X; — X; the normalisation of X; in the function

field of ( i)s;- We are also given compatible morphisms f as follows:

(Xl)Sl —_— (Xl)Sl EE— Spec(kl)

A

(X2)s, — (X2)s, — Spec(ka).

From this one obtains induced morphisms X; — X5 and 5(,1 — XE on the
compactifications, which we also denote by f. If x1 is a closed point of X; and
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3.3 Existence of liftable sections over rational points

I € )?1 lies over x1, then f(Z;) € )A(; lies over f(z1) € X2 and the map

foi Gal(X1)s,/(X1)s,) = Gal((Xa)s,/(X2)s,)

maps the decomposition group of Z1|zy into that of f(Z1)|f(x1):

f«(Dzy121) € Dy)ifan) -

Lemma 3.2.2. In the situation above, sup%” 1s an 1tsomorphism k1 = kg on
the base fields. Let s;: Gal(k;/k;) — Gal((X;)s,/(Xi)s,) (i = 1,2) be sections
which are compatible with respect to f. If sy lies over a closed point x1 of X1,
then sg lies over f(z1).

Proof. Since f induces an isomorphism on the base fields by assumption, the
map f.: Gal(k/k1) — Gal(ko/ks) is surjective. Together with the compati-
bility of the sections, this implies im(s;) = fi(im(s2)). Now the claim follows
from the preceding discussion. O

For the special cases considered in §3.2.1 above, we find the following:
Lemma 3.2.3.

(a) Assume that f is an isomorphism on the fields of constants. If s1 is a
section over x1 € X1, then f(s1) is a section over f(x1) € X.

(b) Let XS — XS — XS be a tower ofproﬁmte étale Galozs covers of Xg with

fields of constants k:/k/k Let 5: Gal(k/k:) — Gal(XS/XS) be a section

over & € Xg. If 5 descends to a section §: Gal(k/k) — Gal(Xs/Xg),
then also s lies over x.

(c) Consider a single triple XS/XS/k: as above and let £/k be a subertension
of k:/k: Let x be a closed point of X, let & € X bea point over x, and xy
the image of & in X@pl. Ifs: Gal(k/k) — Gal(XS/XS) is a section over
x with im(s) C Dy, then the restriction resy,(s) is a section over xy.

Proof. Parts (a) and (b) follow from Lemma 3.2.3. Part (c) follows from the
fact that the decomposition group Dj|,, is precisely the preimage of D3|, under

the injective map f,: Gal()?;/(Xs @i ) — Gal(Xg/Xg). O

3.3 Existence of liftable sections over rational points

We have seen in Proposition 3.1.8 that liftable sections s': G}, — m1(Xg) exist
over every rational point. We now want to generalise this to liftable (and
twice-liftable) sections in the sense of Definition 1.4.3, i.e. on the Galois groups
Gal(¢'/k) or Gal(¢"/k) for some finite Galois extension £/k.
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3 Sections and points

Consider the following more general situation: let k be a field of characteristic
zero and Y/k a geometrically connected, quasi-compact and quasi-separated
scheme. Let Y"™V — Y — Y be a profinite étale Galois subcover of the
universal profinite étale cover and let k/ l~€/ k be the fields of constants. Set
m1(Y) == Gal(Y"™V/Y) and G}, := Gal(k/k). The following lemma addresses
the question of when a section s: G} — m1(Y) on the level of full fundamen-
tal groups induces a section Gal(k/k) — Gal(Y/Y) on the quotients. This
property can be checked after a scalar extension:

Lemma 3.3.1. Let {/k be a finite extension contained in k and denote by
Gy = Gal(k/{) its absolute Galois group. Let s: G — m(Y) be a sec-
tion and denote by sy = resy(s): Gy — m(Y ® () its restriction. If sy
induces a section 5p: Gal(k/l) — Gal(Y /Y @y, (), then s induces a section
5: Gal(k/k) — Gal(Y/Y).

Gal(V/Y @) % Gal(k/e)

Proof. We have to show that the kernel Gal(k/k) of G}, — Gal(k/k) is mapped
to the identity in Gal(Y/Y) by s. But Gal(k/k) is also the kernel of the map
Gy — Gal(k/¢), so the claim can be checked for sy instead of s, where it holds
by assumption. O

Now let k be a field of characteristic zero and Xg/k the localisation of a
curve. Given a finite Galois extension ¢/k, let

(Xs @ 0)" = (Xs @1 0)" — (Xs @1 4) = Xg @ 4

be, from right to left, the maximal Z/pZ-abelian cover of Xg® ¢, the maximal
Z/pZ-metabelian cover, and the maximal three-step Z/pZ-solvable cover. Be-
ing characteristic covers of the Galois cover Xg ® £ — Xg, they are all Galois
over Xg. We denote by ¢ /¢" /¢’ /¢ the corresponding fields of constants. Re-
call from Definition 1.4.3 that a section s': Gal(¢'/k) — Gal((Xg ®¢ ¢)'/Xs)
is called liftable (respectively, twice-liftable) if it admits a lift s” (respectively,
s"") as follows:
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3.4 The Galois action on conjugacy classes of sections

- ~
N/ - ~

Gal(Xg @1 0)"/Xs) ——» Gal(¢" k)

1 /\

Gal((Xg @x £) / Xs) ——» Gal(?'/k)

Proposition 3.3.2. Let {/k be a finite Galois extension. For every k-rational
point x of X, twice-liftable sections s': Gal(¢'/k) — Gal((Xs ® ) /Xg) exist

over .

Proof. Let XV — (Xg ® £)" be the universal profinite étale cover, let k be
its field of constants and set m1(Xg) = Gal(Xg"/Xg) and Gy, = Gal(k/k).
Let x be a k-rational point of X. By Proposition 3.1.7, there exists a section
s: G — m(Xg) over z. Let sy := resy(s): G¢ — m1(Xs®/) be its restriction.
By Proposition 3.1.8, sy induces a section

s': Gal(£"/0) — Gal((Xs @ 0)"/(Xg ©0))

on the three-step Z/pZ-solvable quotients. Lemma 3.3.1 implies that also s
induces a section

s Gal(0" Jk) — Gal((Xs @ 0)" |/ Xs).

The same argument applied to the maximal Z/pZ-abelian quotients shows
that s descends further to a section s': Gal(¢'/k) — Gal((Xgs ®k )/ Xs)
which is therefore twice-liftable. By Lemma 3.2.3 (b) applied to the tower
Xgni" — Xg®i £ — Xg, the liftable section s lies over z. O

3.4 The Galois action on conjugacy classes of
sections

In order to prove descent statements for the liftable section conjecture with
respect to a Galois extension ¢/k, we need to analyse the Galois action of
Gal(¢/k) on conjugacy classes of liftable sections defined on Gal(¢'/¢). We de-
fine here the Galois action in an abstract setting and explain its interpretation
in terms of nonabelian group cohomology, before applying the theory in the
context of section conjecture in the next section.

Let G be a profinite group and let E be an extension of GG by a profinite group
A. Denote by Sec(E — @) the set of sections s: G — E and by .“(E — G)
the set of their A-conjugacy classes. Let H C G be a closed normal subgroup.
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3 Sections and points

We can form the pullback extension Ey = E xg H = pr—'(H), an extension
of H by A:

1 » A FEy P H > 1
1 >y A sy E—2 5 G 1.

Every section s: G — FE restricts to a section res(s): H — Ep. This passes to
A-conjugacy classes and defines restriction maps as follows:

Sec(EH—>H) e y(E]{-)H)

I‘GST I‘eST

Sec(E - G) —» S (E — G).

3.4.1 Definition of the Galois action

We are going to define an action of G/H on the set of conjugacy classes of
sections . (Ey — H). For an element e € E and a section t: H — Eyy, define
the section e(t) € Sec(Exg — H) by

e(t) :=e(=)e ! ot o pr(e) L (=)pr(e).
This defines an action of F on Sec(Ey — H).

Lemma 3.4.1. The action of E on Sec(Exg — H) induces a well-defined action
of G/H on . (Eyg — H).

Proof. For a € A we have pr(a) = 1, so that a(t) equals the A-conjugate
section a(—)a~! o t. To see that the action of E on Sec(Ey — H) passes to
conjugacy classes of sections, let e € F and ¢t € Sec(Fy — H) and a € A. We
can write ea = a’e with a’ € A. Then we calculate

e(a(=)a™" o t) = (ea)(t) = (d'e)(t) = d'(=)a'™" o e(t),

which shows that e(a(—)a~! o t) is A-conjugate to e(t). So E acts on the set
& (Eg — H). Since the normal subgroup A acts trivially, the action passes
to G.

Let h € H and t € Sec(Fy — H). To calculate h([t]) € ./ (Ey — H), we
can choose t(h) € E as a preimage of h under the projection and calculate

(t(A))(t) = t(h)(=)t(R) ™" o t o pr(t(h)) ™" (=) pr(t(h))
t(h)(=)t(h) ™t o t o K7L (=)h
t
t

(R)(=)t(h) ™" o t(h)"H(=)t(h) o t

Thus H acts trivially on .(Eg — H) and the action passes to G/H. O
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3.4 The Galois action on conjugacy classes of sections

Lemma 3.4.2. The restriction map res on conjugacy classes of sections maps
into the G /H -invariant subset:

res: .7 (E = G) —» . (Eg — H)9/H.

Proof. Let s: G — E be a section and let g € G. By definition, g(res([s])) is
the class of e(res(s)) for some lift e € E of g. We may choose e = s(g), which
satisfies s(pr(e)) = e, and calculate

e(res(s)) = e(=)e™! o slg o pr(e)~! (=) pr(e)
e(=)e! o S(Pf( )" (H)s(pr(e)) o sl
=e(—)e ! o el (~)e o sln
= res(s). O

3.4.2 Interpretation in terms of nonabelian group cohomology

The Galois action on conjugacy classes of sections and the restriction map can
be understood in terms of nonabelian group cohomology. We give here a brief
summary and refer to [Ser02, Ch. I, §5] for details.

First nonabelian group cohomology. Let G be a profinite group which acts
on another profinite group A by continuous automorphisms. Denote the action
by (0,a) — %a. A continuous map c¢: G — A is called a 1-cocycle if it satisfies

c(or) =c(o) “¢(r) forall 0,7 € G.

Two 1-cocycles ¢; and ¢y are called cohomologous if there exists b € A such
that
ca(o) = b tey(o) 7b for all o € G.

This defines an equivalence relation on the set of 1-cocycles. The set of coho-
mology classes forms the cohomology set HY(G, A). In the case where A is a
finite abelian group, this coincides with the usual cohomology group defined
as a right derived functor. In general, however, H!(G, A) does not have the
structure of a group but merely of a pointed set: a set with a distinguished
element, given by the constant cocycle with value the identity element of A.

Interpretation via conjugacy classes of sections. To explain the connection
between nonabelian cohomology and sections, assume that we have a split
extension of profinite groups:

1-A—-FE—-G—1.
Fix a continuous section sg: G — E. Then G acts on A by conjugation via sg:

7q = so(c)ase(o) L.

93



3 Sections and points

Any other section s: G — E has the form s(o) = ¢(0)s(0) for some continuous
map c: G — A. The fact that s is a homomorphism translates into the cocycle
property for ¢. The map c is called the difference cocycle of s and sg. If
two sections are conjugate via some element b € A, then the corresponding
difference cocycles are cohomologous. In this way, we have a bijection

S(E — G) =2 HYG, A) (3.4.1)

between the set . (E — G) of conjugacy classes of sections and the nonabelian
cohomology set H'(G, A). Under this bijection, the distinguished point of
H!(G, A) corresponds to the fixed section sg. The bijection is non-canonical in
that both the action of G on A as well as the difference cocycle map depend
on the chosen section sg.

Nonabelian inflation and restriction. Let G be a profinite group which acts
on another profinite group A by continuous automorphisms, and let H C G
be a closed normal subgroup. Then the quotient group G/H acts on the
subgroup A fixed by H, so that also HY(G/H, A®) is defined. Every cocycle
c: G/H — A induces a cocycle G — G/H — A¥ < A. This defines an
inflation map

inf: HY(G/H,A") - HY(G, A)

which is easily checked to be injective. We also have a restriction map
res: H'(G, A) — H'(H, A),

given by restriction of cocycles from G to H. The group G acts on the set of
1-cocycles ¢: H — A by the rule

g(e)(h) ="c(g " hy).

The action passes to cohomology classes, upon which the subgroup H acts
trivially. This defines a well-defined action of G/H on H'(H, A). One can
check that the restriction map takes values in the G/H-invariant subset. As a
result, one obtains an inflation-restriction sequence of pointed sets:

1 —— HY(G/H, ATy 2L, HI(G, A) = H(H, A)G/H

This sequence is exact in the sense of pointed sets: at each term, the preimage
of the distinguished point under the outgoing map equals the image of the
incoming map. In the case where A is a finite abelian group, one recovers the
classical inflation-restriction sequence which arises from the Hochschild—Serre
spectral sequence.

To make the connection with the interpretation of nonabelian cohomology
classes as conjugacy classes of sections, suppose that we have an extension
E of G by a profinite group A, as in above, and let Fg := E xg H be the
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pullback extension. Assume that the extension F of G is split and fix a sec-
tion sg: G — FE. Let G act on A by conjugation via sg. We have bijections
S(E — G) =2HYG, A) and .¥(Ey — H) = H'(H, A) given by taking differ-
ence cocycles with respect to sg and res(sg), respectively. The action of G/H
on conjugacy classes of sections .(Fy — H) translates into the action on
nonabelian cohomology H'(H,G), and restriction of sections classes translates
into restriction of cohomology classes:

S (Eg — H)Y/H = HY(H, A)%/H

reST I‘GST

S(E = G) —=— HYG, A).

3.5 Descent results for the section conjecture

We now apply the general theory from the previous section in the context of
the section conjecture. In particular, we show Theorem 1.4.4 about deducing
a form of the liftable section conjecture over k£ from the liftable section conjec-
ture over a finite Galois extension ¢/k, and Theorem 1.4.6 about deducing the
section conjecture for the full fundamental group from the liftable version.

3.5.1 Galois action on sections lying over points

Let k be a field of characteristic zero, Xg/k the localisation of a curve and
Xs — X a profinite étale Galois cover with field of constants k. Let ¢ /k be a
finite Galois extension contained in k. We have a diagram of Galois groups as
follows:

1 —— Gal(Xg/Xg® k) — Gal(Xs/Xs ® () —— Gal(

H |

k/0) — 1
1 —— Gal(Xs/Xs ® k) — Gal(Xg/Xs) —— Gal(k/k) — 1

The extension in the top row arises from the second row via pullback. We
are thus in the situation of Section 3.4. Denote by . (Xg/Xg) the set of
Gal(Xg/Xg ® k)-conjugacy classes of sections Gal(k/k) — Gal(Xg/Xg), and
similarly for the top row. Then we have a Galois action of Gal(¢/k) on
S ()/{5 /Xs ® ). Recall that the property of a section s, to lie over a point
of X ® ¢ depends only on its conjugacy class (Remark 3.1.4(2)). The Galois
action on section classes is compatible with the Galois action on points of X ®/¢:

Lemma 3.5.1. Let s;: Gal(k/l) — Gal()?;/Xg ® £) be a section over an
C-rational point x; € X (¢). Then, for every o € Gal(¢/k), the class o([se]) lies
over o(xy).
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Proof. Let o € Gal(¢/k) and choose a lift & in Gal(Xg/Xg) = Aut(Xg/Xg)P.

We have a commutative diagram as follows:

)f(iq —— Xg¢® ¢ —— Spec({)

l&"p loop lgop

Xg — Xg® ¢ —— Spec(¥)

The automorphisms of Galois groups induced by functoriality are given by
conjugations:

Gal(Xg/Xg® ) —2— Gal(k/!)
l&*l(f)& lpr(é)*l(—)pr(ff)
Gal(Xg/Xg ® ) —2— Gal(k/l).

Using this diagram, the section s;: Gal(k/¢) — Gal(Y/Y @ £) gives rise to
another section (6°P).(sy) given by

(6%)u(s50) = 671 (=)5 o s¢ o pr(3)(—) pr(5) .

Comparing with the definition of the Galois action on conjugacy classes of
sections, we find that (5°P).(s¢) represents the class o1 ([s(]) € .7 (Xg/Xs®¥L).
By Lemma 3.2.3 (a), (6°P).(s¢) is a section over o°P(xy) = o~ (z¢). O

Lemma 3.5.2. Assume that s;: Gal(k/l) — Gal(Xg/Xs ® ) is a section
which lies over a unique £-rational point x4 € X (£). If sp arises by restriction

from a section s: Gal(k/k) — Gal(ng/Xs), then xy is k-rational.

Proof. If s, is the restriction of a section s: Gal(k/k) — Gal()/(iq/XS), then
the conjugacy class of sy is Gal(¢/k)-invariant by Lemma 3.4.2. For every
o € Gal(¢/k), the class o(sy) lies over o(x¢) by Lemma 3.5.1. Hence, by the
Galois invariance, sy itself lies over o(zy). We assumed that x, is the unique
point over which s, lies, so we conclude o(x¢) = z, for all ¢ € Gal(¢/k) and
hence, x; is k-rational. O

We can now prove that the liftable section conjecture over a field extension
¢/k implies a weak form of the liftable section conjecture over k.

Corollary 3.5.3 (= First part of Theorem 1.4.4). Assume that the base change
Xg ® L satisfies the liftable section conjecture. Then, for every liftable section
s': Gal('/k) — Gal((Xs®()' /Xg), there exists a unique k-rational point x of
X such that the restricted section res;(s') lies over x @ (.
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3.5 Descent results for the section conjecture

Proof. Let s’ be a liftable section with lift s”: Gal(¢” /k) — Gal((Xs®0)"/Xs).
Then the restriction resy/(s'): Gal(¢'/¢) — Gal((Xs®{)'/(Xs®{)) is liftable
with lift resy/;,(s”). Since Xg ® £ satisfies the liftable section conjecture by
assumption, resg/k(s’ ) lies over a unique {¢-rational point of X. This point is
then already k-rational by Lemma 3.5.2. The uniqueness of x follows from the
uniqueness statement in the liftable section conjecture for Xg ® £. O

3.5.2 Twice-liftable sections

Looking at Corollary 3.5.3, it is natural to ask under which conditions the
liftable section s itself rather than only its restriction res, /k,(s’ ) is guaranteed
to lie over a k-rational point. We prove two different criteria which ensure this:
the first assumes a stronger liftability condition on s’ and the validity of the
liftable section conjecture not just for Xg ® ¢ but also for certain covers; the
second criterion makes use of Galois cohomology calculations and is satisfied
whenever the prime p does not divide the degree [¢ : k].

Proposition 3.5.4 (= Theorem 1.4.4 (b)). Assume that W & { satisfies the
liftable section conjecture for every geometrically connected, finite étale sub-
cover (Xg @) — W — Xg. Let s': Gal({'/k) — Gal((Xg ®¢)'/Xs) be a
twice-liftable section. Then there exists a unique k-rational point x of X such
that s’ lies over x

Proof. Choose a lift s”: Gal(¢"/k) — Gal((Xs ® ¢)"/Xg) of the twice-liftable
section s’ such that s” is itself liftable. Let

(Xs @) — W[s'] - Xg

be the connected, profinite étale subcover of (Xg ® ¢)’ that corresponds to
the image im(s') C Gal((Xg ® £)'/Xg). Write W[s'| = Hm W; as a limit
of connected finite étale subcovers. Then the groups Gal((Xg ® ¢)'/W;) are
open subgroups of Gal((Xg ® £)'/Xg) with intersection equal to im(s’). In
particular, each W; is geometrically connected since Gal((Xs®¥{)'/W;) surjects
onto Gal(¢'/k). The field of constants ¢’ of (Xg ® ¢) contains ¢, therefore the
cover (Xg®¥)" — W; factors through W;®¢. As a consequence, (Xg®/0)" — Xg
factors through (W; ® £) and (Xg ® £)"" — Xg factors through (W; ® ¢)":

(XS ® g)/// N (Wl ® E)”

| |

Xs @) —— Wi )

| !

(Xs @) —— W0
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3 Sections and points

As ¢’ maps into Gal((Xg®£)'/W;), the lift s” of ' maps into Gal((Xs®¥£)"/W;)
and any lift 5" of s maps into Gal((Xg®¢)"” /W;). Hence, s” induces a liftable
section s: Gal(¢'/k) — Gal((W; @ £)'/W;) via the surjective homomorphism

Gal((XS X g)”/Wl) —» Gal((Wi &® é)’/WZ)

By assumption, W; ® ¢ satisfies the liftable section conjecture. Thus, by Corol-
lary 3.5.3, there exists a unique k-rational point x; of the compactification
W; of W; such that resy/i(s;) lies over z; ® €. By the compatibility of the
sections s; and the uniqueness of the points z;, the z; form a compatible sys-
tem and thus define a k-rational point z[s'] = 1&nZ x; of W[s']. Choose a
closed point zj, over z[s'] in the compactification of (Xg ® ¢)’. Since ¢ is
the field of constants of (Xg ® £)', the point zj is ¢'-rational. The decom-
position group D,y ,¢) in Gal((Xs ® £)'/W[s']) surjects onto Gal(¢'/k). But,
by definition, Gal((Xs ® ¢)'/Ws']) equals the image im(s"), so we have the
equality im(s") = Dy jafs- If @ denotes the image of z[s'] in X, then we have
im(s’) € Dgy ), s0 that s’ is a section over z. The uniqueness of z follows from
the uniqueness in the liftable section conjecture for Xg ® £. O

3.5.3 Descent for the property of lying over a point

As before, let k be a field of characteristic zero, Xg/k the localisation of a
curve, and )A(; — Xg a profinite étale Galois cover with field of constants k.
For a finite Galois extension ¢/k contained in k we want to analyse under which
conditions a section s: Gal(k/k) — Gal()?;/Xs) lies over a k-rational point
provided that its restriction res;/;(s) does so.

Let X — X be the normalisation of X in the function field of )’(vg Let x
be a k-rational point of X and 7 a k-rational point of X over z. Denote by
it Dgjp < Gal(Xg/Xg) the inclusion of the decomposition group. We have
the following diagram with exact rows:

1 > Lo » Dzjp ———— Gal(l?:/k) — 1

I J |

1 — Gal(Xg/Xs®k) — Gal(Xg/Xg) — Gal(k/k) — 1.

Write 7 (Dy,,) for the set of I3,-conjugacy classes of sections Gal(lz:/k:) — Djjp
and 17()/(:;*/)(5) for the set of Gal()?s/Xs ® k)-conjugacy classes of sections
Gal(k/k) — Gal()A(tg/Xg). Every section of the top row induces a section of
the bottom row via the inclusion ¢. This defines a map on conjugacy classes of
sections

iv: S (Dapp) — L (Xs/Xs). (3.5.1)

Lemma 3.5.5. A section s: Gal(k/k) — Gal(Xs/Xs) lies over x if and only
if its class is contained in the image of the map (3.5.1).
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Proof. If the class of s is contained in the image of i,, then s is conjugate
to a section with image contained in Dgz,. Then s itself lies over x by Re-
mark 3.1.4 (2). Conversely, assume that s lies over z, say im(s) C Dy, for some
point § of Xg over . By Lemma 3.1.5, there exists some § € Gal()?fg/XS k)
with 6(7) = #. Then the conjugate section §(—)é~! o s has image contained
in 6 Dy, o1 = Ds(g)jc = Dz|e» s0 the class of s is the image of the class of

§(—)d71 o s under i,. O

Now let £/k be a finite Galois extension contained in k. Let x; be the image
of 7 in X ® ¢. Note that xy = z ® £ because x is k-rational. In Section 3.4
we defined an action of Gal(¢/k) on /(Xs/Xs ® ¢) and on (D3, ). Given

o € Gal(¢/k) and [s¢] € y()?;/XS ® £), by definition o([s¢]) is the class of

Y(se) =v(=)v"" o sp o pr(y) "N (=) pr(v)

for some lift v € Gal()z;/XS) of 0. The action on .(Dg,) is given by
the same rule with v chosen in Dz,. We have a commutative diagram with
restriction maps as follows:

y(Djlxz)Gal(é/k) & y()’(;/Xs ® K)Gal(z/k)
rese/kT rese/kT (352)
' (Dyjp) ———— S (Xs/Xs)

Lemma 3.5.6. Assume the following:

(1) the map ix: /' (Dgy,) — Y()ff:q/XS ® ) is injective;
(2) the left vertical map res;p: /' (Dy|5) — y(Di‘xe)Gal(Z/k) is surjective;

(3) the right vertical map resyy,: S (Xs)Xg) = S (Xg/Xg ® £)CaA/k) g
injective.
Then for every section s: Gal(k/k) — Gal(j—(\jg/Xs) such that resy(s) lies
over xy, already s lies over x.

Proof. If resy;(s) lies over xy, there exists some section class [t;] € (D, )
with [resg/;(s)] = i«([t¢]) by Lemma 3.5.5. The Gal(¢/k)-invariance of
[resy/(s)] implies the Gal(¢/k)-invariance of [t;] by assumption (1). As-
sumption (2) yields the existence of a section class [t] € #(Dz,) with
[te] = resgi([t]). The injectivity assumption (3) implies [s] = i.([t]), so
that already s lies over x by Lemma 3.5.5. O

We turn to the question of whether the assumptions of Lemma 3.5.6 are
satisfied in our case of interest, where Xg equals (Xg®/)’, the maximal Z/pZ-
abelian cover of Xg® ¢ for some prime p, considered as a profinite étale Galois
cover of Xg. In this case, we denote the point & over x, in the compactification
of (Xs ®{) by ).
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Lemma 3.5.7. For X5 = (Xs ®{)', assumption (1) in Lemma 3.5.6 is satis-
fied.

Proof. The claim says that the map i.: 7 (Dyjs,) = 7 ((Xs ® £)'/(Xs ® ()
is injective. The group Gal((Xg ® £)'/(Xg ® ¢)) is abelian, therefore con-
jugacy classes of sections are the same as sections. The map on sections
ix: Sec(Dyy)r,) = Sec((Xg ® ¢)'/(Xg @ €)) induced by the inclusion of the
decomposition group is clearly injective. O

Let Xg = (Xg ® £)' and choose a section so: Gal(f//k) — Dy, which
exists by Proposition 3.3.2. As explained in Section 3.4.2, conjugacy classes
of sections can be identified with nonabelian cohomology classes by taking
difference cocycles with respect to sg. Set

A=Ga((Xs®0)/(Xs®l)) and [:=1y, =1

e = tagle

Then diagram (3.5.2) can be written as follows:

HY (E’/f, I)Gal(é/k) b HI(Z//E, A)Gal(f/k)
res[/kT res[/kT (3.5.3)
HY(¢ /&, T) —— 5 HY(¢'/k, A)

Observe that the cohomology sets which appear are in fact cohomology groups
since A and I are abelian.

Lemma 3.5.8. If p does not divide the degree [¢ : k], then both restriction
maps in diagram (3.5.2) are bijective.

Proof. The restriction maps in diagram (3.5.3) are part of an inflation-
restriction sequence which extends into degree 2 via a transgression map
since the groups A and I are abelian:

1 — HY(0/k, M) 25 HY(¢ /&, M) 25 HY (¢ /e, M)CMR) 8y 12001k M),

Here, M stands for either A or I. Note that we have MG(¢'/0) = M since the
group Gal((Xg ® ¢)'/(Xs ® ¢)) is abelian. By [Ser79, Ch. VIII, §2, Cor. 1],
the groups H'(¢/k, M) are annihilated by the order of Gal(¢/k) for i > 1. But
multiplication by # Gal(¢/k) is an automorphism since M is Z/pZ-elementary
abelian and the degree [¢ : k] is coprime to p by assumption. So the groups
HY(¢/k, M) and H?(¢/k, M) vanish and the restriction maps are bijective, as
claimed. O

Corollary 3.5.9 (= Theorem 1.4.4(a)). If Xg ® ¢ satisfies the liftable
section conjecture and p does not divide [¢ : k|, then every liftable section
s': Gal(l'/k) — Gal((Xs @ £) /Xg) lies over a unique k-rational point.

Proof. There exists a unique k-rational point z such that res, /k(s’ ) lies over
x ® ¢ by Corollary 3.5.3. The assumptions of Lemma 3.5.6 are satisfied by
Lemmas 3.5.7 and 3.5.8. Hence, already s’ lies over x. O

60



3.5 Descent results for the section conjecture

3.5.4 Deducing the full section conjecture from the liftable
section conjecture

With a similar proof as for Proposition 3.5.4, we can deduce the section con-
jecture for the full fundamental groups from the liftable section conjecture for
geometrically connected covers. As usual, let k be a field of characteristic zero,
X/k a smooth, proper, geometrically connected curve and S C X a set of
closed points. Let Xgni" — Xg be a universal profinite étale cover, let k/k
be the corresponding field of constants and set m(Xg) = Gal(X4"V/Xg) and
G}, = Gal(k/k).

Proposition 3.5.10 (= Theorem 1.4.6). Assume that there exists a finite
Galois extension £/k such that W @y ¢ satisfies the liftable section conjecture for
every geometrically connected, finite étale cover W — Xg. Then Xg satisfies
the section conjecture, i.e. every section s: Gy — m1(Xg) lies over a unique
k-rational point of X.

Proof. Let s: Gy, — m(Xg) be a section and let Ws] — Xg be the profi-
nite étale subcover of Xgniv — Xg corresponding to the closed subgroup
im(s) € m(Xs). Write W[s] = lim W; as an inverse limit of connected,
finite étale subcovers. The W; are geometrically connected over k since their
fundamental groups 71 (W;) contain im(s) and hence surject onto Gi. De-
note by s;: G — w1 (W;) the section s with image restricted to 1 (W;). For
all i, we get an induced liftable section s;: Gal(¢'/k) — Gal(W; & 0)'/W;)
by Proposition 3.3.2. By assumption, W; ® ¢ satisfies the liftable section con-
jecture. Hence, by Corollary 3.5.3, there exists a unique k-rational point x; of
the compactification W; of W; such that res, /k(s7) lies over z;. Since the s;
are compatible with each other via the transition maps, and the x; are unique,
the points z; form a compatible system, hence defining a k-rational point xz|s]
of the compactification Ws] of W[s]. Let & € X be a point over z[s] and let
x be the image of z[s] in X. The decomposition group Dz, S 71(W]s]) is
a subgroup surjecting onto Gi. But 71 (W{s]) = im(s) by definition, thus we

have the equality Dj|,(s = im(s). In particular, im(s) C Dj,, hence s lies
over .

The uniqueness of = follows from the uniqueness in the liftable section con-
jecture for Xg ® £. O
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We are going to recall briefly various notions from valuation theory. While
we are working with rank 1 valuations for the most part, one crucial input
that we are relying on is Pop’s local-to-global principle for Brauer groups of
function fields over p-adically closed fields, in which general Krull valuations
appear. For this reason, we do not restrict ourselves to rank 1 valuations in
this chapter. We give definitions and state properties mostly without proofs,
referring to [EP05] for details.

4.1 Basic notions
Definition 4.1.1.

(a) An ordered abelian group (I', <) is an abelian group I', written addi-
tively, together with a linear order < which is translation-invariant, i.e.
for all 7,0, A € I" the following implication holds:

Y<6 = yFASTFAN

(b) A convex subgroup of an ordered abelian group I is a subgroup A C T’
such that for all v € T, if there exist d1,d2 € A with §; < v < 9, then
also v € A.

Proposition 4.1.2. Let I' be an ordered abelian group. The set of convex
subgroups of I' is linearly ordered by inclusion.

Proof. Let A, E C T be convex subgroups. Suppose F ¢ A and choose ¢ €
E\ A. We can assume ¢ > 0. We have to show A C E. Let 6 € A. Again,
we can assume ¢ > 0. Since I' is linearly ordered, we have § < ¢ or ¢ < 6.
The latter would imply € € A since A is convex. So we have 0 < § < & which
implies 6 € FE because E is convex. O]

Definition 4.1.3. Let I" be an ordered abelian group. The rank rk(I") of I is
defined as the length of the chain of convex subgroups of I.

Example 4.1.4.

(1) The trivial abelian group {0} is the unique ordered abelian group of rank
zero.
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(2) The group (R, +) with the usual archimedean order has only {0} and R
as convex subgroups, so it has rank 1.

(3) The group Z @ Z is an ordered abelian group with respect to the lexico-
graphic ordering:
(a,b) < (d,V) & a<d or(a=d and b<¥).

The subgroup {0} ® Z C Z @ Z is the only convex subgroup other than
the trivial group and the full group, so Z ® Z with lexicographic ordering
has rank 2.

Lemma 4.1.5. Ordered abelian groups are torsion-free.

Proof. Let T' be an ordered abelian group and let v € I" such that ny = 0 for
some n € N. We are claiming v = 0. Replacing v with —~ if necessary we can
assume v > 0. Using this twice, we have

0<y=0+7<7y+7=2y,

and similarly 0 < v < 2y < 3y < ... by induction. But ny = 0, so each
inequality is an equality, and in particular we have v = 0. [

Fact 4.1.6 (|[EP05, Prop. 2.1.1]). An ordered abelian group I' has rank 1 if
and only if it is isomorphic to a nontrivial subgroup of (R, +) with the induced
archimedean ordering.

Definition 4.1.7. Let K be a field. A valuation on K consists of an ordered
abelian group I' and a surjective map

v: K - T'U{oo}
satisfying the following axioms for x,y € K:
(i) v(z) =00 & z=0;
(if) v(zy) = v(z) +v(y);
(ili) v(z +y) > min(v(z),v(y)).

The group I' is called the value group of the valuation v. The rank of a
valuation is defined as the rank of its value group. The pair (K, v) is called a
valued field.

Here, oo is an element formally added to I' satisfying v < co and co+o00 = oo
and 7400 = co+7 = oo for all v € T by definition. Axiom (ii) can be rephrased
as saying that the map v|gx: (K*,-) = (I',+) is a group homomorphism. A
general valuation as defined above is sometimes called a Krull valuation to
distinguish it from the more restrictive notion of a rank 1 valuation.

One frequently used consequence of Axiom (iii) is the following:

63



4 A brief review of valuation theory

Lemma 4.1.8. Let v be a valuation on a field K. If x,y € K are such that
v(x) # v(y), then equality holds in Definition 4.1.7 (1ii):
v(z +y) = min(v(z), v(y)).
Proof. We may interchange = and y if necessary and assume v(z) < v(y). By
Axiom (iii) this implies
v(z +y) = min(v(z),v(y)) = v(z).

We are claiming that this is an equality. The fact that the value group of v is
torsion-free implies v(—y) = v(y). Using Axiom (iii) again, we find

v() = v((z +y) —y) > min(v(z +y),v(y)).

Since v(z) < v(y), the minimum on the right hand side cannot be attained for
v(y), so we have v(z) > v(z + y). The equality v(z + y) = v(z) follows from
this by anti-symmetry. O

Definition 4.1.9. Let v be a valuation on a field K. The valuation ring O,
and valuation ideal m, of v are defined as follows:

O, ={z e K : v(x) >0},
m, ={xr e K : v(z)>0}.

It follows from the definition of a valuation that Oy is a subring of K which is
local with maximal ideal m,,. The residue field x(v) of v is defined as

K(v) == Oy /my,.

Given a valuation v with value group I';, on a field K, we have two canonical
short exact sequences:

1 > OF K* ——T, > 0,

v

1 — 14m, » OF k(v)* —— 1.

The value group I'y, is canonically isomorphic to the group K* /O with
ordering given by
a0, <bO) & bja € O,.

In this way, the value group I';, and the valuation map v: K — I'y, U {oo} are
both canonically determined by the valuation ring O, C K alone. Valuations
with the same valuation ring are called equivalent. We usually do not dis-
tinguish between equivalent valuations. Thus, we will say that two valuations
are equal when we really mean that their valuation rings are equal. Especially
when their value groups are not a priori identified with each other, this is the
only sensible way to interpret equality of valuations, so there should be no
confusion.
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Definition 4.1.10. Let K be a field. A valuation ring in K is a subring
R C K such that for all z € K* we have z € Ror ' € R.

The valuation rings in K are precisely those subrings of the form O, for
some valuation v on K. Thus, if we do not distinguish between equivalent
valuations, valuations on K can be identified with valuation subrings.

Examples 4.1.11.

(1)

On any field there is the trivial valuation, defined by

0, ifz#0,
vtrw(a:):{ 7

oo, ifxz=0.

Its valuation ring is the full field K, and its valuation ideal is the zero
ideal in K.

Let p be a prime number. The p-adic valuation v, on Q with value
group Z is defined by

@
Up(p g) =n

for n € Z and a,b € Z, b # 0, with p f ab. The valuation ring of v,
consists of the rational numbers of the form a/b with a,b € Z such that
p1b. The residue field equals F,,.

Let X/k be a normal, proper curve over a field k. Let K be the function
field of X. For every closed point x € X, the local ring Ox , is a discrete
valuation ring in K. Let t, be a uniformiser at z, i.e. a generator of the
maximal ideal m; C Ox ;. Any nonzero rational function f € K* can
be written in a unique way as f = tlu with n € Z and u € O)X(’m. The
integer n is called the order of f at x, and denoted by v, (f). This defines
a valuation v, : K* —» Z. The valuation ring of v, is precisely the local
ring Ox ;.

Let X be a regular, integral scheme with function field K. For every
codimension 1 point z € X, the local ring Ox , is noetherian of Krull
dimension 1. By the Auslander-Buchsbaum Theorem [AB59|, Ox . is
moreover a unique factorisation domain and hence normal. This implies
that Ox , is a discrete valuation ring, which therefore defines a valuation
vy KX — Z.

Let k be a field and let FI(X) € k[X] be a power series which is tran-
scendental over the field of rational functions k(X). Then the map
f = f(X,F(X)) is a well-defined embedding k(X,Y) — k(X)) and
the X-adic valuation vx on k(X)) pulls back to a discrete valuation on
k(X,Y):

o(f) = ox (F(X, F(X)).
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One can think of f(X,F(X)) as the restriction of a rational function
on the plane to the graph of F', which is guaranteed to not be constant
infinity since F' is transcendental. The restriction of f to the graph of F’
then has an order of vanishing at the point (0, F'(0)).

(6) Let k be a field, let Z @ Z be equipped with the lexicographic ordering
and define a valuation v: k(X,Y)* — Z @ Z of rank 2 on the field of
rational functions in two variables by the rule

U(X”Ym%) = (n,m),

where n,m € Z and g,h € k[X,Y] with h # 0 and X,Y t gh. The valu-
ation ring O, consists of those functions which are not constant infinity
on the y-axis and whose restriction to the y-axis is defined at the origin.
The roles of X and Y are not symmetric. For example, v(X/Y) > 0 but
v(Y/X) < 0.

Definition 4.1.12. Let I' be an abelian group. The rational rank rr(I") < oo
of I is defined as
rr(T) == dimg(T’ ®z Q).

Fact 4.1.13 (|[EP05, Prop. 3.4.1]). Let I" be an ordered abelian group. Then
the rational rank and rank of I' satisfy the inequality

rk(T) < rr(D).

4.2 Valuations in field extensions

Definition 4.2.1. An extension of valued fields is a field extension L/K
where (K,v) and (L,w) are valued fields such that w|x = v (or in terms of
valuation rings: O, N K = O,). We have an induced inclusion of value groups
'y — I'y, and residue fields k(v) < k(w). The ramification index of L/K
is defined as the index

e(L/K) =e(w/v) = ([ : Ty).

The inertia degree of L/K is defined as the degree of the residue field exten-
sion
F(L/K) = f(w/v) = [r(w) : K(v)].

An application of Zorn’s Lemma yields Chevalley’s Extension Theorem:

Fact 4.2.2 ([EP05, Theorem 3.1.2|). Let L/K be a field extension. Then every
valuation on K admits an extension to L.

The rank of a valuation is stable in algebraic extensions:
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Fact 4.2.3 (|[EP05, Cor. 3.2.5]). Let (K,v) C (L,w) be an extension of valued
fields. If L/ K is algebraic, then the valuations v and w have the same rank.

In particular, every extension of the trivial valuation on a field K to some
algebraic extension L/K is trivial.

In a finite extension of a valued field, the ramification indices and inertia
degrees for the different extensions of the valuation satisfy the Fundamental
Inequality:

Fact 4.2.4 (Fundamental Inequality [EP05, Theorem 3.3.4]). Let (K,v) be a
valued field and let L/ K be a finite field extension. Then there are only finitely
many extensions wi, ..., w, of v to L and we have the inequality:

r

" e(wi/v) fw/v) < [L : K].

i=1

Definition 4.2.5. Let (K,v) be a valued field and let L/K be a Galois ex-
tension. For a valuation w extending v, the decomposition group of w|v is
defined as the stabiliser

Dyjy = {0 € Gal(L/K) : 0(Oy) = Oy}.

Every element of the decomposition group induces an automorphism of the
residue field extension k(w)/k(v). The inertia group of w|v is defined as the
kernel

Lo = ker(th} — Aut(/@(w)//@(v))).

The fact that L/K is Galois implies that the residue field extension
k(w)/k(v) is normal (but not necessarily separable). The canonical map
D,y — Aut(k(w)/k(v)) is surjective, so that we have a short exact sequence

1 I

wlv Dyl — Aut(s(w)/k(v)) —— 1.

For transcendental extensions, we have the following Dimension Inequality:

Fact 4.2.6 (Dimension Inequality [EP05, Theorem 3.4.3]). Let (K,v) C (L,w)
be an extension of valued fields. Let I'y, and I'y, be the value groups of v and w.
Then the following inequality holds:

trdeg(k(w)/k(v)) + rr(I'y/Ty) < trdeg(L/K).

4.3 The refinement relation

Definition 4.3.1. Let K be a field and let v and w be two valuations on
K. We say that v is finer than w (and w is coarser than v) if the inclusion
O, C€ O, holds.
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If v is a valuation on a field K, then every overring O, C R C K is again a
valuation ring in K and thus defines a coarsening of v.

Fact 4.3.2 (|[EP05, Lemma 2.3.1]). Let v be a valuation on a field K with
value group I'y,. The coarsenings of v are canonically in bijection with each of
the following:

(1) overrings of O, in K;
(2) prime ideals of O,;
(8) convex subgroups of T',.

The bijections are given as follows. An overring of O, is a valuation ring
O, for some valuation w on K. The inclusion O, C O, leads to an inclusion
my, € m, of maximal ideals in the reverse direction. Indeed, for x € K*, we
have the implications:

zeEMy = 2 ' ¢0, = 2140, = zem,.

The maximal ideal m,, of the coarsening w is a prime ideal of ©O,. This defines
the map (1)—(2). In the other direction (2)—(1), the bijection is given by
forming the localisation O, C (O,)y at a prime ideal p of O,. The map (3)—(2)
associates to each convex subgroup A C I';, the prime ideal

pa={z € K : v(r) >4 foral e A}
In inverse map (2)—(3) is given by p — A, with
Ap={yely : v,—y <wv(x) for all x € p}.

Observe that the bijections (1)2(2) and (2)=(3) are both inclusion-reversing.
The fact that the set of convex subgroups of an ordered abelian group is linearly
ordered implies that the set of coarsenings of v as well as the set of prime ideals
of O, are linearly ordered as well. In particular, chains of prime ideals of O,
of correspond to chains of convex subgroups of I',. This shows that the rank
of v equals the Krull dimension of O,.

Proposition 4.3.3. Let w be a valuation on a field K. The refinements of w
are canonically in bijection with valuations on the residue field k(w).

Proof. Denote by 7: O, — k(w) the residue map. For any refinement v of w,
corresponding to an inclusion of valuation rings O, C O,,, the image 7(Q0,) is
a valuation ring in x(w) and hence defines a valuation v on k(w). Conversely,
given a valuation ¥ on x(w), the preimage 7~!(Oy) is a valuation ring of
K contained in O, thus defining a refinement of w. The constructions are
mutually inverse. O
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Proposition 4.3.4. Let (K,w) be a valued field and let (K',w") be a valued
field extension. Then every refinement v of w extends to a refinement v’ of w'.

Proof. A refinement v of w corresponds to a valuation T on the residue field
k(w). By Chevalley’s Extension Theorem, o extends to a valuation ¥’ on x(v').
This corresponds in turn to a refinement v’ of w’ and one checks easily that v’
extends v. O

Algebraic extensions of valued fields have the following incomparability prop-
erty:

Proposition 4.3.5 ([EP05, Lemma 3.2.8|). Let (K,w) be a valued field and
let K'/K be an algebraic extension. If v/ and w' are two extensions of w to L
such that Oy C Oy, then v/ = w'.

Proof. Consider the residue field extension x(w) < r(w’). The valuations w
and w’, being refinements of themselves, correspond to the trivial valuations on
k(w) and k(w'), respectively. The refinement v’ of w’ corresponds to another
valuation ¥’ on k(w’). Since v’ extends w by assumption, ¥’ extends the trivial
valuation on k(w). But the fact that L/K is algebraic implies that x(w')/k(w)
is algebraic. The trivial valuation extends only trivially in an algebraic exten-
sion, so v/ must be trivial and hence v/ = w'. O

4.4 The topology induced by a valuation

Definition 4.4.1. Let v be a valuation on a field K with value group I';,. The
subsets of the form

Uy(a) ={z e K : v(z—a) >~}

with a € K and v € T',, form the basis of a topology on K, called the topology
induced by w.

Proposition 4.4.2. Let K be a field and v a valuation on K. The topology
mduced by v gives K the structure of a topological field.

Proof. The claim means that the ring operations addition and multiplication as
well as the inversion map on K * are continuous. (The latter is not automatic.)
We omit the first two and show only the continuity of the inversion map.
Denote by T';, the value group of v. Let z € K* and v € T',. We have to show
that there exists some § € I', such that for all y € K* with v(z —y) > § we
have v(z~! — y~1) > 4. We can choose § := max(v(x),y + 2v(x)): indeed, if
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v(x —y) > 9, then we have v(y) = min(v(y — x),v(z)) = v(x) which implies

v(eTt =y = vy (y — @)

v(y —x) —v(z) —v(y)
=v(y — ) — 2v(z)
> 0 — 2v(x)
> 7. [

Definition 4.4.3. Let K be a field. Two valuations v and w on K are de-
pendent if they have a common nontrivial coarsening. Otherwise they are
independent.

Consider the special case of a rank 1 valuation v on a field K. We have
the chain of length 1 of coarsenings O, C K, corresponding to v itself and the
trivial valuation. By the definition of rank, there are no coarsenings in between.
In other words, a rank 1 valuation has no nontrivial proper coarsenings. As a
consequence, two rank 1 valuations are dependent if and only if they are equal.

Fact 4.4.4 (|[EP05, Theorem 2.3.4|). Two valuations on a field K are depen-
dent if and only if they induce the same topology on K.

We have the following approximation theorem with respect to finitely many
independent valuations:

Fact 4.4.5 (Approximation Theorem [EP05, Thm. 2.4.1|). Let K be a field
and let vy, ...,v, be pairwise independent valuations on K with value groups
Iy,....,Tn. Then for all f; € K and all v € Ty (i = 1,...,n), there exists
f € K such that vi(f — fi) >~ fori=1,...,n.

Definition 4.4.6. Let (K,v) be a valued field. A sequence (zp)pen in K
is a Cauchy sequence if for all v € I', there exists an N € N such that
v(xy — X)) > for all n,m > N. The sequence converges to x € K if for all
v € I', there exists an N € N such that v(z — z,) > v for all n > N. If every
Cauchy sequence in K converges to an element of K, then K is complete with
respect to v.

By the usual process of taking Cauchy sequences modulo null sequences, one
constructs the completion (K, 9) of a valued field (K,v). It has the same
value group and residue field and contains K as a dense subfield.

Suppose that v is a rank 1 valuation on K. Then the value group can be
embedded into R as an ordered group, so that v can be viewed as a map
v: K — RU{oo}. One can then define an absolute value |- |: K — R>¢ by

lz| == p~ @ for z € K,

for some fixed real number p > 1. Axiom (iii) in the definition of a valuation
translates into the ultrametric triangle inequality:

|+ y| < max(fz], |y]).
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Thus, the rank 1 valuation defines a non-archimedean absolute value on K.
Conversely, every non-archimedean absolute value defines a rank 1 valuation by
setting v(z) = —log,(x). The two constructions are well-defined and mutually
inverse up to equivalence of valuations and absolute values.

The absolute value | - | associated to the rank 1 valuation v defines a metric
on K by d(z,y) = |xr — y|, and the notions of topology, Cauchy sequence,
convergence and completion defined above coincide with the usual concepts for
metric spaces.

4.5 Henselian fields

Definition 4.5.1. A valued field (K, v) is called henselian if the valuation v
extends uniquely to every algebraic extension of K.

The fact that there exists an extension of the valuation to every algebraic ex-
tension is already guaranteed by Chevalley’s Extension Theorem (Fact 4.2.2).
The important property of henselian fields is the uniqueness of the extended
valuation. Clearly, every algebraic extension of a henselian field is itself
henselian with respect to the unique extension of the valuation.

An equivalent characterisation of henselian fields is that they satisfy Hensel’s
Lemma, expressing a way of lifting approximate roots of polynomials to actual
roots. In the following, f/(X) denotes the formal derivative of a polynomial
f(X) e K[X]:

Fact 4.5.2 (Hensel’s Lemma [EP05, Theorem 4.1.3]). A wvalued field (K,v)
is henselian if and only if for all f € Oy[X] and for all a € O, such that
v(f(a)) > 2v(f'(a)), there exists b € K with f(b) =0 and v(a —b) > v(f'(a)).

Definition 4.5.3. A henselisation of a valued field (K,v) is a valued field
extension (K", v") of (K,v) which is henselian and such that for every other
henselian field extension (L,w) of (K,v) there exists a unique embedding
K" < L of valued fields over K.

The henselisation of a valued field is unique up to unique isomorphism of
valued field extensions as it is defined by a universal property. Every valued
field has a henselisation:

Fact 4.5.4 (|[EPO05, §5.2|). Let (K,v) be a valued field. Let K5P/K be a
separable closure and choose an extension v*°P of v to K*P. Then the fized
field under the decomposition group K" = (KSEP)D“SQP\” with the restricted

valuation v == v*P| g is a henselisation of (K,v).

For a rank 1 valuation, the henselisation can also be constructed as a subfield
of its completion. This follows from the fact that complete fields with respect
to a rank 1 valuation are henselian:
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Proposition 4.5.5. Let K be a field which is complete with respect to a rank 1
valuation v. Then (K,v) is henselian.

Proof. Choose a real number p > 1 and define the absolute value |z| := p~?(®)
on K. Then K is complete with respect to |- |. For a finite extension L/K,
any two norms on L compatible with |- | on K are equivalent by [EP05, Prop.
1.2.2]. This implies the uniqueness of the extension of v to L. As any algebraic
extension of K is a union of its finite subextensions, v extends uniquely to
every algebraic extension. O

The following does not hold for valuations of higher rank:

Fact 4.5.6 (|[End72, Theorem (17.18)]). Let v be a rank 1 valuation on a field
K. Let (K,0) be the completion and let K™ be the relative separable closure of
K in K with restricted valuation v := 0| gn. Then (K", ) is a henselisation

of (K,v).
One important consequence is the following:

Proposition 4.5.7. Let (K,v) be a valued field and let (K", v") be a henseli-
sation. If v has rank 1, then K is dense in K™ with respect to the topology
induced by v".

Proof. Since v has rank 1, the henselisation (K", v") embeds into the comple-
tion (K,0). The field K is dense in K, hence also in K", O

The following fact is also needed later:

Proposition 4.5.8. Let (K,v) be a henselian valued field. Then K is also
henselian with respect to any coarsening w of v.

Proof. Let K'/K be an algebraic extension. Let v’ be the unique extension of
v to K’'. We have to show that w extends uniquely to K’ as well. Let w’ be any
extension of w to K’. By Proposition 4.3.4, the refinement v of w extends to
some refinement of w’. But v’ is the only extension of v. This shows that every
extension w’ of w is a coarsening of v/. The coarsenings of v’ are linearly ordered
by refinement, so any two extensions w} and w) of w satisfy Owll C Owé or
Owé - Ow’l . By the incomparability property (Proposition 4.3.5), this implies
w) = wh. Hence, the extension of w to K’ is unique. O
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5 The liftable section conjecture for
good localisations

This chapter, which is the technical heart of this work, contains the proof of the
liftable section conjecture for good localisations over p-adic fields containing
the p-th roots of unity (Theorem A). We start by introducing the four condi-
tions which define good localisations. They are precisely what is necessary in
order to generalise Pop’s proof of the birational liftable section conjecture to
localisations of curves.

5.1 Conditions for a good localisation

Let p be a prime number, let k be a field with char(k) # p such that p, C k,
and let X/k be a smooth, proper, geometrically connected curve. Denote by
K = k(X) be the function field of X. For a closed point = € X, the degree
of z is defined as deg(z) = [k(z) : k]. Let S C X be a set of closed points.
In this situation, we formulate the following conditions:

(Sep) For all x # vy in X (k), the map
O(Xsugagy)™ = kK /K7
given by f— f(x)/f(y) is nontrivial.
(Pic) Every geometrically connected, finite Z/pZ-elementary abelian cover

W — Xg satisfies
Pic(W)/p = 0.

(Rat) For all non-rational closed points v € X for which deg(z) is not
divisible by p, the map
O(Xsugay)™ = K@)/ k" r(z)"
given by f +— f(x) is nontrivial.

The fourth condition assumes that k is a finite extension of Q,. For a
valuation w on K, we denote by Kfl‘, the henselisation of K with respect to w.

(Fin) For every rank one valuation w on K extending the p-adic valuation
on k, the following map has finite cokernel:

O(Xs)* — ()" /(KB
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5 The liftable section conjecture for good localisations

Definition 5.1.1. Let k be a finite extension of Q, with u, C k and let X/k
be a smooth, proper, geometrically connected curve. Given a set of closed

points S C X we say that Xg is a good localisation if the conditions (Sep),
(Pic), (Rat), and (Fin) are satisfied.

Remark 5.1.2. Condition (Sep) expresses a way of separating rational points by
functions; Condition (Pic) concerns the Picard group; Condition (Rat) distin-
guishes rational from non-rational closed points; (Fin) is a finiteness condition.
Remark 5.1.3. The assumption p, C k is not necessary in formulating or, at
least in the cases we consider, verifying the conditions of a good localisation.
We include the assumption nevertheless as the importance of the notion of good
localisation is merely to provide sufficient conditions under which we can prove
the liftable section conjecture, and for that purpose the assumption p, C £ is
crucial. In fact, the liftable section conjecture is false in general without this
assumption (see Remark 1.4.2).

Regarding Condition (Rat), note that the target of the map
O(Xsugayy)™ — k@) [k r(z)"

is trivial if z is a k-rational point. In order to have a chance of Condition (Rat)
being satisfied, the group ¢* /k*¢** should be nontrivial whenever k& C / is a
nontrivial finite extension with p { [¢ : k]:

Lemma 5.1.4. Let k be a finite extension of Q,. Then, for every nontrivial
finite extension k C £, the natural map

kX JEXP s g% JgxP
18 not surjective.
Proof. The multiplicative group of a p-adic local field k& has the structure
kX =77 X pgo1 x (14 my)

where 7 is a uniformiser, ¢ is the cardinality of the residue field, and 1 + my, is
the group of principal units of k. The latter is a finitely generated Z,-module
of rank [k : ], with torsion part consisting of the p-power roots of unity in
k. As a consequence, we have

dimp, (k™ /k*F) = 14 6, + [k : Q)

5 — 1, if p, CEK,
b 0, otherwise.

where we set

For a nontrivial finite extension ¢/k we have [k : Q,] < [¢ : Qp] and §; < Jp.
This implies
dimg, (k‘x/k'xp) < dimg, (ﬁx/fxp),

so that the map kX /k*¥ — X /¢*? cannot be surjective. O
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Corollary 5.1.5. Let k be a finite extension of Q, with p, C k and let Xg/k
be a localisation of a curve such that for every non-rational closed point x € X
with p t deg(x), the map

O(Xsugay) — w(2)* /r(2)*"
given by f — f(x) is surjective. Then Xg satisfies Condition (Rat).

Proof. The targets of the maps in question are nontrivial by Lemma 5.1.4, so
if the maps are surjective, they are nontrivial. O

In Chapter 6 below, we prove some general criteria which imply the good-
ness of a localisation in terms of approximation of rational functions on X by
invertible functions on Xg, and in terms of approximation of divisors on X by
divisors with support outside of S. The conditions are verified in some cases
in Chapter 7.

5.2 Qutline of the proof

We give here a short summary of the proof of Theorem A. We start by treating
in Section 5.3 the injectivity statement of the liftable section conjecture, i.e.
we show that a liftable section lies over at most one rational point. This part
works over general base fields containing the p-th roots of unity and uses only
Condition (Sep) of a good localisation, which expresses a way of separating
rational points by functions.

To discuss the proof of the existence statement, let us fix some notation.
Let k be a finite extension of Q, with p, C k, let X/k be a smooth, proper,
geometrically connected curve and let S C X be a set of closed points such
that Xg is a good localisation. Let k/k be an algebraic closure, G, = Gal(k/k)
the absolute Galois group and 71 (Xg) the étale fundamental group of Xg with
respect to a geometric base point on Xg ®j k. Denote by K the function field
of X and by Kg/K the maximal Z/pZ-elementary abelian extension which is
unramified over Xg, so that we have Gal(Kg/K) = m1(Xg)". Assume we are
given a liftable section s": G, — m1(Xg)’. The image of s is a closed subgroup
im(s’) € m1(Xg)" and hence corresponds to a subextension K C M([s'] C K.
We write M := M]|s'] to ease the notation, keeping in mind that the definition
of M depends on the liftable section s’. Recall that the Brauer group of the
p-adic field k is canonically isomorphic to Q/Z via the invariant map from local
class field theory. We denote by a € Br(k) the class with invariant 117 (mod Z).
The proof of the existence of a rational point x € X (k) over which s lies is
divided into the following steps:

Step 1 In Section 5.4 we show that the map Br(k)[p] — Br(M)[p] of p-torsion
in Brauer groups is injective. This is where the liftability of the section
and Condition (Pic) of a good localisation are used. The proof uses a
combination of group cohomology and étale cohomology.
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Step 2 By Step 1, the Brauer class a € Br(k) with invariant % maps to a non-
zero class in Br(M). Pop’s local-to-global principle for Brauer groups of
function fields over p-adic fields, which is used as a black box, implies
the existence of a rank 1 valuation w on M such that o does not vanish
in the henselisation M!. The image of the section s’ is contained in the
decomposition group of w. The aim is to show that w is equal to the
discrete valuation at a k-rational point of X.

Step 3 The valuation w from Step 2 restricts to the p-adic valuation or the
trivial valuation on k. In Section 5.7 the former is ruled out by showing
that the residue characteristic of w cannot be positive. Denoting by K
the henselisation of K with respect to the restriction w|g, the extension
K! C MP is “almost maximal Z/pZ-abelian” in the sense that the max-
imal Z/pZ-abelian extension of K has finite degree over M. This is a
consequence of Condition (Fin) of a good localisation. A subtle analysis
of Z/pZ-abelian extensions of mixed characteric henselian fields shows
that this makes M} too large for the Brauer class a to survive if the
residue characteristic is of w positive.

Step 4 We conclude from Step 3 that the valuation w is the discrete valuation
associated to a closed point x of X. In Section 5.8, Condition (Rat) is
used to prove that this point must be k-rational.

Theorem C, which deduces information about the index of X from a liftable
section §': G — m1(Xg)', is proved in Section 5.5 as a byproduct of Step 1.
The conclusion is weaker than the liftable section conjecture but it holds under
fewer assumptions: instead of Xg being a good localisation, only the validity
of Condition (Pic) is required.

5.3 Distinguishing points by their Z/pZ-abelian
sections

The first question in any variant of the section conjecture concerns the unique-
ness of the k-rational point over which a section lies. This question is generally
much easier than the existence question. In Proposition 5.3.2 below, we give
a proof on the level of Z/pZ-abelian fundamental groups over an arbitrary
base field £ containing the p-th roots of unity for a localisation Xg satisfying
Condition (Sep), thereby proving in particular the uniqueness statement in
Theorem A.

In this section 5.3, let k be any field with char(k) # p containing the p-th
roots of unity. Let X/k be a smooth, proper, geometrically connected curve
and S C X a set of closed points. Let K be the common function field of
X and Xg and let Kg/K be the maximal Z/pZ-abelian extension which is
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5.3 Distinguishing points by their Z/pZ-abelian sections

unramified over Xg. Recall from Proposition 2.5.4 that K§ is obtained from
K by adjoining p-th roots of the elements of the group

Ag={f € K* : vs(f) =0mod p for all s € S},

where vg: K* — Z denotes the discrete valuation associated to a point s € S.
Let m(Xgs) — G, be the canonical projection of Z/pZ-elementary abelian
fundamental groups induced by the structural morphism Xg — Spec(k). For
a closed point z € X, denote by D, C m1(Xg) its associated decomposition
group. Note that D, does not depend on the choice of a point over x since
the group m1(Xg) is abelian, so that any conjugation indeterminacy vanishes.
Denote by K a henselisation of K at x.

Lemma 5.3.1. With the notation as above, let x,y € X be two closed points.
Then the intersection of decomposition groups D, ND, maps non-surjectively
to Gj, under the projection m(Xg) — G, if and only if there exist f € Ag and
a € kX \ kX such that

fe (KDY and af € (K2)*".

Proof. Let k' /k be the maximal Z/pZ-abelian extension of k, which agrees with
the relative algebraic closure of k in Kg. The projection m;(Xg)" — G} can be
identified with the restriction map of Galois groups Gal(K§g/K) — Gal(k'/k)
in the field diagram

The image of D, N Dy in G}, equals the Galois group of k" over k' N (K’%)P="Py,
This is a proper subgroup of G, if and only if the inclusion ¥ C k' (K’%)P="Dy
is strict. By the Galois correspondence for Kg/K, the fixed field (K 4)P=NDy
equals the compositum (K%)P= - (K5)Pv. Let K/KJ be an algebraic closure
and choose henselisations K and KZI} in K. Then we have (K%)P= = K{N K2,
so that the extension (K§)P=/K corresponds via Kummer theory to the group
ker(As — (K2)* /() F) = A 1 (K1),
and similarly for y. In conclusion, the fixed field (K%)P="Pv corresponds to
the subgroup (Ag N (K2)*") - (As N (K;)Xp) of K*. Using the Kummer
correspondence for k, we obtain the equivalences
D, ND, maps non-surjectively to GJ,
& kCkn(Kg)P="Dy
& KPR N (AN (KE)P) - (Agn (KHD).
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5 The liftable section conjecture for good localisations

If D, ND, maps non-surjectively to G}, then there exist a € k* \ k*¥ and

fe AsN(KR)*P and g € ASO(KZ}})XP such that a = fg, and then f := f~! and
a satisfy the claim. If, conversely, there are f € Ag and a € k*\ k*? such that
f e (K" and af € (Kg)xp, then setting f :== f~! and g = a/f, we have
g € Ag since a and f are contained in the group Ag, so that a is contained in
the right hand side but not the left hand side in the last equivalence above. [

Proposition 5.3.2. With the notation as above, assume that the localisation
X satisfies Condition (Sep). If a Z/pZ-abelian section s': Gj, — mi(Xg)
satisfies im(s") € D, ND,, with z,y € X (k), then x =y.

Proof. Assume that x # y. Then by Condition (Sep), there exists some func-
tion h € O(Xgufazyy)™ such that h(x)/h(y) is not a p-th power in k. Set
a:= h(z)/h(y) € KX\ k*¥ and f := h/h(x). Then we have f € O(Xg)* C Ag
and
fl)=1, af(y)=1

Since char(k) # p, the polynomial X? — 1 is separable over k. This implies by
Hensel’s Lemma that f is a p-th power in K and that af is a p-th power in
K; So D, NDy does not surject onto G} by Lemma 5.3.1, and in particular,
there exists no section s’ with image contained in D, N D,,. O

Remark 5.3.3. In the proof of Proposition 5.3.2 above, we only needed an
element in Ag N Oy, NO%, such that f(z)/f(y) is not a p-th power. This
is slightly weaker than Condition (Sep) which asserts the existence of such a
function in the subgroup

O(XSU{x’y})X C AgnN O;((“,E N O;(,y'

However, in our case of interest, where £ is a finite extension of Q, and Xg is
a good localisation, the two statements are almost equivalent. More precisely,
for a good localisation we have Pic(Xg)/p = 0 from Condition (Pic). Assume
that even the localisation at the possibly larger set S’ := S U {z,y} satisfies
Pic(Xg)/p = 0 (and k is a p-adic field). We show in Proposition 6.1.1 below
that this implies that Pic(Xg/) is finite, so that we have Pic(Xg/)[p] = 0.
Then the exact sequence from Remark 2.5.6 shows that the natural map
O(Xg/)*/p — Ag//p is an isomorphism. With the inclusions

O(Xg)X C AgN 0%, NO%, C Ag,
it follows that the natural map

(OXs))/p—= (AsNO%,NOX,)/p
is surjective. Thus, under the assumption Pic(Xg/)/p = 0, the map

AsNOX,NO%, = k<[P

given by f +— f(z)/f(y) is nontrivial if and only if it is nontrivial on
O(Xsufa,yy) ™, as required by Condition (Sep).
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5.4 Injectivity of p-torsion in Brauer groups

We now turn to the proof of the existence part of Theorem A. For the first step
in this Section 5.4, k is still allowed to be any field of characteristic char(k) # p
satisfying p, C k, and the only restriction we impose on Xg is that Condi-
tion (Pic) be satisfied, i.e. every Z/pZ-elementary abelian finite étale cover
W — Xg satisfy Pic(WW)/p = 0. We assume we are given a liftable section
s': G), = m(Xs)" and use the notation introduced in Section 5.2. In particu-
lar, M = M|s'] denotes the subextension K C M C Ky corresponding to the
image of the liftable section im(s") C m(Xg)' = Gal(Kg/K). Let W[s'] = Xg
be the corresponding profinite étale cover.

The aim of this section 5.4 is to prove the following injectivity statement on
p-torsion in Brauer groups:

Proposition 5.4.1. With notations and assumptions as above, the following
map 1s injective:

Br(k)[p] < Br(M)][p].
5.4.1 A lemma in group cohomology

The following lemma is where the liftability of the section s’ is used.

Lemma 5.4.2. Let Il — G be a surjective homomorphism of profinite groups.
Let s': G' — 1I' be a liftable section (Definition 1.5.2) and let T C II be the
preimage of im(s") under the projection 11 — II'. Then the maps

H*(G",Z/pZ) — H*(G,Z/pZ) — (T, Z/p7Z)
are injective on the image of H2(G',Z/pZ) under inflation.

Proof. Consider a class in H?(G', Z/pZ) which maps to zero in H*(T', Z/pZ). Tt
is represented by a central extension E of G’ by Z/pZ which admits a splitting
p:I'— E over I.

I - IT G
N
F/H(Q) c 11" G"

1 —— Z/p E el 1.

The claim is that there is a splitting already over G”. By definition, I" con-
tains the Z/pZ-commutator subgroup IIY) = [II,II|II?, which maps to zero
in the Z/pZ-elementary abelian group G’, hence ¢ restricts to a homomor-
phism @[ : o — Z,/pZ. This map similarly sends 2 to zero, the 7] pZ-
commutator subgroup of IIM) | so that ¢ factors through a map @: F/H(Q) — F.
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5 The liftable section conjecture for good localisations

Since T'/TI?) is the preimage of im(s’) under the projection II” — TI', any lift
§": G" — 1" of &' lands in I'/II®). By assumption, such a lift s” exists, and
then pos”: G” — E is a splitting of E over G”. O

We apply Lemma 5.4.2 to the surjective homomorphism 71 (Xg) — Gy and
liftable section s’. The Z/pZ-elementary abelian cover W([s'] — Xg corre-
sponds to the closed subgroup im(s’) C 71(Xg)" by definition, therefore the
preimage of im(s’) under the projection m1(Xg) — 71 (Xg)" equals the funda-
mental group 71 (W[s']) (using compatible choices of geometric base points).
Since p, C k by assumption, one can replace Z/pZ with the trivial Gj-module
pp in the lemma. Denoting by k’/k the maximal Z/pZ-abelian extension of k
in K§, we find that the map

H(k, pp) — H2(m1(W[s']), pp) (%)

is injective on the image of H*(k'/k, 1,) under inflation. The following lemma
shows that the image of H?(k'/k, 11,) under inflation is in fact the full group
H?(k, p1,), so that the map (%) is injective.

Lemma 5.4.3. Let k be a field with char(k) # p satisfying p, C k. Then the
inflation map
HQ(k'//kaﬂp) — H2(k5aﬂp)

18 surjective.

Proof. Consider the commutative diagram of cup products and inflation maps

HU(K [k i) < H(K k) —= B2k, 15?)

linf J/inf linf

Hl(kalu’p) X Hl(kwup) — H2(k’/‘bf)§2)

The inflation maps on H! are isomorphisms since Hp is a trivial Gi-module and
the map

Hom(Gh 1) — Hom (G, 1)

is an isomorphism by the universal property of the maximal Z/pZ-abelian quo-
tient. The lower horizontal map is surjective by the Merkurjev—Suslin theorem
[MS82|. It follows that the inflation map on the right is surjective. We have
uf)w = 11, (non-canonically) as Gi-modules since p, C k, hence also the map

inf: H?(K'/k, p1p) — H2(k, 1)

is surjective. O
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5.4 Injectivity of p-torsion in Brauer groups

5.4.2 Etale cohomology and cohomology of the fundamental
group

We recall how étale cohomology of a connected scheme relates to group coho-
mology of the profinite fundamental group. Let Z be a connected qcgs scheme,
let 7: Z — Z be the universal profinite étale cover and let 71 (Z) = Gal(Z/Z).
For any sheaf F of abelian groups on the étale site Zs;, we have a Hochschild—
Serre spectral sequence

EYY = HP(m(2), HY(Z, " F)) = H'Y(Z, F),

obtained as the colimit of the Hochschild-Serre spectral sequences associated
to the finite Galois subcovers of Z — Z. The spectral sequence induces com-
parison maps

H"(m(Z2),F(Z)) — H"(Z,F), n >0,

defined as the edge homomorphisms Eg’o —» E&O — E™. Here, we have

F(Z) =n"F(Z) = colim F(Z;),

the colimit being taken over all connected finite étale subcovers Z—7Z;— Z.

Proposition 5.4.4. Let F be a locally constant torsion sheaf on Zg. Then
the comparison map

H"(m(2),F(Z)) — H"(Z,F)
s an isomorphism for n = 0,1, and injective for n = 2.
Proof. The claim follows if we show
H'(Z,mF) =0,

since then Eg’l =0 for all p > 0 in the Hochschild—Serre spectral sequence. As
étale cohomology commutes with colimits on a qcgs scheme, we may assume
that F is locally constant finite. Then F is representable by a finite étale Z-
group scheme Gr and we can write HI(Z, T F) = HI(Z, Gr). Again by the
commutation of étale cohomology with limits, we have

H'(Z,Gr) = colim H'(Z;,GF),

where Z; — Z runs through the connected finite étale subcovers of Z — Z. The
group H'(Z;, G) classifies Gz-torsors over Z;. Let T — Z; be a G z-torsor.
Then T is finite étale over Z; because this can be checked on a trivialising cover
and G is finite étale over Z. Every torsor becomes trivial over itself, so T'
becomes trivial after pulling back along Z; x z T' — Z;. Since this is nonempty
and finite étale over Z, there exists a map Z; — Z; x zT for some j, and hence
T becomes trivial in the colimit. ]
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5 The liftable section conjecture for good localisations

Returning to the proof of Proposition 5.4.1, the comparison maps in degree 2
for Spec(k) and W{s] and the sheaf p, fit into a commutative square

H2(my (Ws']), pp) —— HX(WI[S], 1)

] 1

H2 (G 1) ———— H2 (ko p1y).

The left vertical arrow is the map (%) which we have already proved to be
injective. With the injectivity of the comparison map from Proposition 5.4.4,
we conclude that the map in étale cohomology

H2(k, p1p) — B (W [s'], p1p) ()
is injective as well.

5.4.3 The Brauer group and the Kummer sequence

For any scheme Z on which the prime p is invertible, the Kummer sequence
yields a short exact sequence

0 —— Pic(2)/p — H3(Z,pp) — Br(Z)[p] — 0.

Taking Z = Spec(k) and Z = W[s'], respectively, and using Pic(k) = 0, the
resulting short exact sequences fit into a commutative diagram:

0 —— Pic(W[s'])/p —— HA(WI[s], j1p) —— Br(W[s')[p] —— 0

[ e w

0 0 H?(k, py) === Br(k)[p] —— 0.

The middle vertical arrow is the map (**) which was previously shown to be
injective.

The scheme W([s'] is an inverse limit of geometrically connected finite étale
Z/pZ-elementary abelian covers W; — Xg. Since Xg satisfies Condition (Pic)
by assumption, we have Pic(W;)/p = 0 for all . From this we obtain

Pic(W[s'])/p = lim Pic(W;)/p = 0

by the compatibility of étale cohomology with inverse limits of schemes. By
the previous discussion, this implies H*(W[s'], up) = Br(W([s'])[p], and hence
the map

Br(k)[p] — Br(W([s'])[p] (% %)

is injective.
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5.4.4 Purity for the Brauer group

Finally, we recall Grothendieck’s Purity Theorem for the Brauer group:
Theorem 5.4.5 (|Gro66]|, Corollaire 1.10). Let Z be a regular, integral scheme
with function field K. Then the following map is injective:

Br(Z) — Br(K).
Proof. Denote by j: Spec(K) — Z the inclusion of the generic point, and

by i.: z — Z the inclusion of a codimension 1 point z € Z(). Since Z is
regular, Z is locally factorial by the Auslander-Buchsbaum theorem [AB59]
(i.e. all local rings are factorial), so that the groups of Cartier divisors and
WEeil divisors on Z are canonically isomorphic. The regularity is inherited by
every étale Z-scheme, therefore even the sheaves of Cartier divisors and Weil
divisors on the étale site Zg are isomorphic. Hence, we have the short exact
divisor sequence of étale sheaves on Z
O%Gm%]*Gm%wZ_)Oa
with the Weil divisor sheaf
Div, = € (i) Z.
2€Z1)
We calculate
H'(Z Divy) = @ H'(2,Z) = € Hom(Gal,),Z) =0,
2€7 ) 2€Z1)

where the vanishing Hom(Gal,,(;),Z) = 0 follows from the fact that the image
of any homomorphism (of topological groups) Gy — Z is a compact subgroup
of Z, but the trivial group is the only such subgroup. It follows now from the
long exact cohomology sequence that the following map is injective:

Br(Z) — H*(Z, j.Gn).
Consider the Leray spectral sequence
ERY = HP(Z,R? §,Gyy) = HPT (K, Gyy).

The stalk of R!j, Gy, at a geometric point Z of Z with strictly henselian local
ring Oz~ is given by

(le*Gm)g = Hl(Spec((’)Z;) X z Spec(K), Gy) = Hl(FraC((’)Z;), Gm) =0

by Hilbert’s Theorem 90, hence we have R!j,G,, = 0. This implies Eg’o = E2Y
in the spectral sequence, thus the edge map is injective:

H?(Z,j.Gy) — Br(K).

The map Br(Z) — Br(K) in question is the composite of the two maps proved
to be injective. O
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5 The liftable section conjecture for good localisations

Write W[s'] = lim W; as an inverse limit of connected finite étale covers
of Xg and denote by M; the function field of W;. Then each of the maps
Br(W;) — Br(M;) is injective by Theorem 5.4.5. Passing to the (co-)limit, we
find that the map

Br(W([s']) «— Br(M)
is injective. Combining with the injectivity of (* % %), the proof of Proposi-
tion 5.4.1 is finished.

5.5 Consequences for the index

Before continuing with the proof of the liftable section conjecture for good
localisations, we want to explain how the injectivity result of Proposition 5.4.1
affects the index of a curve.

Let X/k be a smooth, proper, geometrically connected curve over an arbi-
trary field k.

Definition 5.5.1. The index of X/k is the greatest common divisor of the
degrees deg(z) = [k(x) : k] for all closed points x € X:

index(X) = ged{deg(z) : = € Xq}.
Definition 5.5.2. The relative Brauer group of X/k is defined as the kernel
Br(X/k) == ker(Br(k) — Br(X)).
For every closed point x € X, the restriction-corestriction map
Br(k) — Br(X) —— Br(x(z)) —%"Br(k)

equals multiplication by deg(z) = [k(z) : k|, which implies that the relative
Brauer group Br(X/k) is annihilated by deg(z). It follows that Br(X/k) is
annihilated by index(X). In particular, if k£ is a p-adic field, then under the
isomorphism Br(k) = Q/Z, the relative Brauer group Br(X/k) is contained in
the subgroup mZ/ Z. By a result of Roquette, this inclusion is in fact an
equality:

Fact 5.5.3 ([Roq66]). Let X/k be a smooth, projective curve over a finite
extension k/Qp. Then, under the isomorphism Br(k) = Q/Z, the relative
Brauer group of X/k equals

Br(X/k) = mZ/Z.

If X contains a k-rational point, then clearly index(X) = 1. Thus, for any
set of closed points S C X such that the localisation Xg satisfies the liftable
section conjecture for some prime number p, we have the implication:

J liftable section s": G, — m1(Xs)" = index(X) = 1.
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But even without the full strength of the liftable section conjecture for Xg,
we can draw conclusions about the index of X from the existence of liftable
sections. The injectivity statement of Proposition 5.4.1 is enough to show the
following:

Proposition 5.5.4 (= Theorem C (a)). Let k be a finite extension of Q, with
tp € k and let X/k be a smooth, proper, geometrically connected curve. Let
S C X be a set of closed points such that the localisation Xg satisfies Condi-
tion (Pic). Then we have the implication:

3 liftable section s': G}, — 71 (Xs) = ptindex(X).

Proof. Let s': G}, — m1(Xg)' be a liftable section, denote by M/K the Z/pZ-
elementary abelian extension of the function field of X corresponding to the
im(s") € m(Xg)'. Proposition 5.4.1 says that the pullback map of Brauer
groups along the composite morphism

Spec(M) — Spec(K) — X — Spec(k)

is injective on the p-torsion subgroup Br(k)[p] of the Brauer group. In particu-
lar, the map Br(k) — Br(X) is injective on the p-torsion subgroup, i.e. we have
Br(X/k)[p] = 0. Since k is a p-adic field, the relative Brauer group Br(X/k)
is cyclic of order index(X) by Roquette’s Theorem. This implies p t index(X)
as claimed. O

Combining this with a result of Stix, we obtain:

Corollary 5.5.5 (= Theorem C (b)). Let k be a finite extension of Q, with
tp € k and let X/k be a smooth, proper, geometrically connected curve of
genus g > 0. Let S C X be a set of closed points such that Xg satisfies
Condition (Pic). Then we have the implication:

3 section s: G — m1(Xg) = index(X) = 1.

Proof. Let s: G — m(Xg) be a section. Composing with 71 (Xg) — m1(X)
yields a section for the projection 7;(X) — Gj. By [Stil0, Theorem 15|, this
implies that index(X) is a power of p. But s also induces a liftable section
s’ G), — m(Xs)', so that we have p { index(X) by Proposition 5.5.4, and
hence index(X) = 1. O

Remark 5.5.6. We show in Proposition 6.3.11 below that Condition (Pic) is
satisfied for Xg when the complement of S is uniformly dense in X (Defini-
tion 6.3.8). Thus, Proposition 5.5.4 and Corollary 5.5.5 apply in particular to
such localisations of curves.
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5.6 A distinguished valuation

We continue with the proof of the liftable section conjecture for good localisa-
tions. From now on, k is assumed to be a finite extension of QQ, with u, C k.
Denote by F the finite residue field of k. Let Xg/k be a good localisation
and assume we are given a liftable section s': G, — m(Xg)". We use the
notation introduced in Section 5.2. Thus, K¢/K denotes the maximal Z/pZ-
abelian extension which is unramified over Xg and M = M|[s']| denotes the
subextension K C M C Kj corresponding to the image of the liftable section
im(s") € m(Xg) = Gal(Kg/K). Moreover, a € Br(k) denotes the Brauer
class with invariant %. By the injectivity statement of Proposition 5.4.1, the
class a does not vanish after pulling back to Br(M):

alp #0.

5.6.1 The local-to-global principle for Brauer groups

For a valuation w on M, denote by MJ the henselisation.

Proposition 5.6.1. There exists a rank 1 valuation w on M with O C O,
such that we have

alpm # 0.

The key ingredient in the proof of Proposition 5.6.1 is Pop’s local-to-global
principle for Brauer groups of function fields over p-adically closed fields, which
we use as a black box. The class of p-adically closed fields includes all finite
extensions of Q.

Fact 5.6.2 (|[Pop88|, Theorem 4.5). Let k be a p-adically closed field and M /k
a field extension of transcendence degree trdeg(M/k) = 1. Letting w run over
the valuations of M extending the p-adic valuation v on k, the following map
18 1njective:

Br(M) — [ Br(M3).

wlv

Remark 5.6.3. If M is the function field of a smooth, proper, geometrically
connected curve X over a p-adic field k, the above local-to-global principle
is a consequence of the perfectness of Lichtenbaum’s duality pairing [Lic69,
Theorem 4]

Br(X) x Pic(X) — Br(k) = Q/Z.

Pop’s result, which is proved using model-theoretic methods, is a generalisation
to arbitrary extensions of transcendence degree 1 which are not necessarily
finitely generated. For a proof without the use of model theory see also [PS17,
§4.1].
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Proof of Proposition 5.6.1. By Proposition 5.4.1, we have «|y # 0. By Pop’s
local-to-global principle 5.6.2, there exists a valuation w on M extending the
p-adic valuation v on k such that «f a7 0. The rank of w is at least 1 since
w is not trivial on k. Denote the value groups of w and v by I'y, and I', &2 Z.
The Dimension Inequality 4.2.6 yields

trdeg(k(w)/F) 4+ rr(Ty, /Ty) < trdeg(M/k).

We have rr(I'y) = rr(Z) = 1 and trdeg(M/k) = 1. Using the additivity of
the rational rank in short exact sequences and the fact that the rank of w is
bounded by the rational rank (Fact 4.1.13), we find

rk(T'y,) < 2.

In particular, the rank of w is finite, so that there exists a unique rank 1
coarsening wi of w on MI}J The restriction wi|x is a coarsening of the p-adic
valuation of k, i.e. we have Oy C O,,,. By Proposition 4.5.8, M is henselian
also with respect to the coarsening wi. By the universal property, the henseli-
sation M embeds into M[. Now alpm # 0 implies that a’M51 # 0. Thus,

wy satisfies the claim. O

5.6.2 The central field diagram

In the following, let w be a rank one valuation on M with O C O, such
that «f a7 0, which exists by Proposition 5.6.1. Extend w to a valuation w
on algebraic closure K and let L := K and A := M/} be the henselisations
of (K, w|k) and (M, w) inside K with respect to w. Note that L C A. The
compositum M L contains M and is henselian, being an algebraic extension of
the henselian field A, so the inclusion ML C A is an equality: ML = A. Set
Ly = K4L = KA inside K, so that we have L C A C L. Let k'/k be the
maximal Z/pZ-abelian extension of k in K§. The fields fit into a diagram as
follows:

L'y = KLL
k! A =M}
o _— (5.6.1)
L=K!
/
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Lemma 5.6.4. The canonical restriction maps of Galois groups for the three
indicated extensions are isomorphisms:

Gal(Ljs/A) = Gal(K%/M) = Gal(K'/k).

Proof. The second isomorphism holds by definition of M since the canonical
projection map 71 (Xg)" — G restricts to an isomorphism im(s’) = G).. The
first restriction map is injective since LY is defined as the compositum KgL.
The surjectivity of the composite map Gal(L'y/A) — Gal(k'/k) is equivalent
to the linear disjointness k' N A = k. Let k; := k’A. The map of Brauer groups
Br(k) — Br(k;) is isomorphic to multiplication by [k : k] on Q/Z [NSWO08,
Cor. (7.1.4)]:

Br(ki) —2 Q/Z

T e

Br(k) —£— Q/Z

If k1 /k is a nontrivial subextension of £/, its degree [k : k] is a multiple by p,
so that the Brauer class in Br(k) with invariant % vanishes in Br(k;). But this
class survives in A by construction, hence we must have k; = k. O

5.6.3 Connection with the decomposition group

We introduced in Definition 3.1.3 the notion of a section lying over a closed
point. We can similarly define that a section lies over a valuation @w on K if
its image is contained in a decomposition group of @w. In this sense, the given
liftable section s": G, — m1(Xg)' lies over the valuation w that we obtained
from Proposition 5.6.1:

Proposition 5.6.5. The image of the liftable section s’ is contained in the
decomposition group Dy, C m(Xg)'.

Proof. The henselisation L = K} is the fixed field in K of the decomposition
group Dy, C Gal(K/K) for an extension w|w. The image of Dy, under the
surjection Gal(K/K) — Gal(K%/K) = m(Xg)' is the decomposition group
D, = Gal(Kg/KgNL). Lemma 5.6.4 implies

KsNLC KgnA=M,

hence we have

Dy 2 Gal(Kg/M) = im(s"). O
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5.7 Ruling out mixed characteristics

We have obtained in Proposition 5.6.1 a rank 1 valuation w on M satisfying
Ok C Oy such that a|p # 0 and im(s’) C Dy, and we want to show that its
restriction to K equals the discrete valuation associated to a k-rational point of
X. Since Oy C Oy, the restriction of w to k equals either the p-adic valuation
or the trivial valuation. The valuations associated to closed points are precisely
those that are trivial on k, so the former has to be ruled out. The key step is
to show that the extension A/L is an “almost maximal Z/pZ-abelian” in the
sense that the maximal Z/pZ-abelian extension L’'/L has finite degree over A.
If the residue field of w has characteristic p, this makes the extension A/L “too
large” for the Brauer class o € Br(k) with invariant % to survive in A.

5.7.1 An almost maximal Z/pZ-abelian extension

We start by proving the claimed finiteness of the extension L'/A.

Lemma 5.7.1. Assume that w extends the p-adic valuation on k. Then the
degree [L' : L] is finite.

Proof. By definition, Ly equals the compositum KgL. Recall from Propo-
sition 2.5.4, that K§/K is the Z/pZ-elementary abelian Kummer extension
obtained by adjoining p-th roots of the elements of the group

Ag={f € K* : vs(f) =0mod p for all s € S}.

Hence, L's/L is the Kummer extension corresponding to the subgroup
AgL*? C L*. The Galois group Gal(L'/LY) is pp-dual via the Kummer
pairing to the quotient L*/AgL*?, so the claimed finiteness amounts to the
map Ag — L*/L*? having finite cokernel. Since Ag contains O(Xg)*, this
follows from Condition (Fin) for a good localisation. O

Remark 5.7.2. We will show in Proposition 6.1.1 below that the vanishing
Pic(Xs)/p = 0 from Condition (Pic) is equivalent to Pic(Xg) being finite of
order not divisible by p. This implies Pic(Xg)[p] = 0, and the exact sequence
from Remark 2.5.6 shows that the inclusion O(Xg)* — Ag induces an iso-
morphism

O(Xs)*/O(Xs) =2 Ag/K*P.

As a consequence, the map Ag — L*/L*? having finite cokernel is equivalent
to O(Xg)* — L*/L*? doing so. In other words, Condition (Fin) expresses
precisely the finiteness of the degree [L’: Lg].

Proposition 5.7.3. Assume that w extends the p-adic valuation on k. Then
the extension L'/ A is finite.
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Proof. By Lemma 5.7.1, it suffices to show that L'y/A is finite. By the iso-
morphism of Galois groups from Lemma 5.6.4, we have [L'y : A] = [k' : k]. By
Kummer theory (or local class field theory), the degree of the maximal Z/pZ-
abelian extension k'/k is equal to the cardinality of k*/k*¥ whose finiteness
follows from the structure of k£*. O

5.7.2 Almost maximal Z/pZ-abelian extensions of a mixed
characteristic henselian field

In order to analyse the given situation, we put ourselves in the general setting
where (L, w) is a henselian field of characteristic zero with residue characteristic
p > 0 such that L contains the p-th roots of unity. Let mp be the valuation
ideal and ¢ the residue field. Denote by ¢ the residue field of the maximal
Z/pZ-abelian extension L'/L with respect to the unique extension of w. We
do not assume that the residue field of L is perfect; in particular, ¢/ may be
strictly greater than the maximal Z/pZ-abelian extension of ¢ since it contains
also the purely inseparable extension ¢1/P.

p-th roots for the residue field

Proposition 5.7.4. Let A be a subextension of L'/L such that the degree
(L' : A] is finite; denote by X its residue field. Then we have £/P C .

Proof. If ¢ is finite, then ¢/ = ¢ and there is nothing to prove, so we may
assume that ¢ is infinite. By Kummer theory, A = L(Al/ P) for a subgroup
L*? C A C L*. By assumption, we have

#(L/A) =L : A] < .

Let A be the image of AN Of under the reduction map O — £*. The group
0*/A is a quotient of OF /(A N OF), which is in turn a subgroup of L*/A,
hence also ¢*/A is finite. Since we are in characteristic p, the set £ N AP of
elements of ¢ which become a p-th power in ) is a subfield of £. It contains A
by construction. The claim now follows from the following lemma:

Lemma 5.7.5. Let F//K be an extension of fields with F' infinite and F* /K>
finite. Then F = K.

Proof. Let d := [F : K] < co. Then Pg(F) := F*/K* is a (d — 1)-dimensional
projective space over K with only finitely many points. But K is infinite since
K™ has finite index in the infinite group F*. So we must have d = 1. O
Dividing by p in the value group

Proposition 5.7.6. Let A be a subextension of L'/L such that the degree
[L' : A] is finite. Assume that € is not finite or w(L) is not discrete. Then
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for every element v € w(L) there exists a subextension E C A of the form
E= L(tl/p) with t € L™ such that v becomes divisible by p in the value group
of E, i.e. v € pw(E).

Lemma 5.7.7. Let « € L such that w(z) < ;Eyw(p). Then w(x) becomes
divisible by p in the value group of the extension L((1 + x)'/P).

Proof. The Newton polygon of

p—1
FX)=(1+XP—(1+ax)=X"+>_ <f)X —z,
i=1

is the lower convex hull of the points
(O7w($))7 (Lw(p))a (p_ 1aw(p))v (pa 0)

lie on or above the line segment connecting (0, w(x)) with (p,0).

The condition w(z) < -£7w(p) expresses that the points (i, w(p)) for 0 < i < p

w(z) 4

P

The Newton polygon consists therefore only of this one line segment with slope
—w(z)/p and the roots of f in the splitting field L((14-z)"/P) all have valuation
w(z)/p. In particular, w(z) becomes divisible by p in the value group of the
extension. O

Lemma 5.7.8. Let (L,w) be a valued field and let x,y,z € my, be three ele-
ments satisfying (1+x)(14+vy) = 1+2. Then we have w(z) > min(w(x), w(y)),
and equality holds if w(x) # w(y).

Proof. After writing x + y + xy = z, this follows from from analogous additive
statement (Lemma 4.1.8). O

Proof of Proposition 5.7.6. Let A = L(A'/P) with L*? C A C L*. As in the
proof of Proposition 5.7.4 above, the index of A in L* is finite. Observe that
if v € pw(FE) for some subextension E of A, then we have v+ pw(L) C pw(E).
So given any v € w(L), in order to show that « becomes divisible by p in an
extension of the form F = L(tl/ Py C A, we are free to change v by adding an
element of pw(L).
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Assume first that ¢ is infinite. We claim that any v > 0 in w(L) is of the
form v = w(x) with 1 + = € A. This is equivalent to saying that for every
t € my, there exists a unit u € OF such that 1+ tu € A. Observe that the
elements 1 4 tu with w a unit are precisely the elements not mapped to zero
by the homomorphism

Y: (14+t0r,) — (4, +), 14ty — ymodmy.

Hence, we have to show that the restriction of ¢ to AN (1+t0y) is nontrivial.
But AN (14 tOyr) has finite index in 1 + tOp, so its image under v has finite
index in £ and is thus infinite, in particular nontrivial, which proves the claim.
Now let v € w(L) be arbitrary. Set A := 1 —( for a primitive p-th root of unity
¢ € L*. We have pw(}) = ;E5w(p). Since w(L) embeds into R as an ordered
group, there exists a unique integer m € Z such that

0 <vy+mpw(A) < 2%w(p).
As observed above, we are free to replace v with v 4+ mpw(A) and may thus
assume v € (0, pflw(p)]. By our claim, there exists x € L* with v = w(x)
and 1 +x € A, and we are done by Lemma 5.7.7.

Assume now that w(L) is nondiscrete. Then pw(L) is dense in w(L) and it is
enough to consider only those v € w(L) contained in an interval (0, ) for some
suitable € > 0. Since AN (1 4 myz) has finite index in 1 4+ mz, we can choose
finitely many coset representatives 1+ a;. Then, for every x € my, there exists
an i such that (1+z)(1+a;) € A. Define z € mp by 1+2 = (1+2z)(1+a;) € A,
then Lemma 5.7.8 implies w(z) = w(x) if w(z) < w(a;). Therefore, if we set
£ := min; w(a;), then every value in the interval (0, ) is of the form w(z) with
14+ 2z € A, and hence becomes divisible by p in an extension of the desired
form by Lemma 5.7.7. O

Remark 5.7.9. The hypothesis in Proposition 5.7.6 that ¢ be not finite or w(L)
not discrete is necessary: if L = k is a finite extension of Q,, then &’/k is finite
and hence k itself is an “almost maximal Z/pZ-abelian extension” of k, but the
conclusion of Proposition 5.7.6 that every element of the value group w(k) = 7Z
becomes divisible by p in the (trivial) extension k does not hold.

The following lemma shows that, up to taking completions, local fields are
the only counterexamples:

Lemma 5.7.10. If the residue field £ is finite and the value group w(L) is
discrete, then the completion L of L is a finite extension of Qp.

Proof. The restriction of w to Q C L is the p-adic valuation since char(¢) = p.
Taking completions, we get Q, C L. With respect to the w-adic topology,
Lis locally compact since O = l&nn Or/m} is profinite. This implies that
the dimension of L over Qp is finite by general facts about topological vector
spaces [Bou87, Ch. I, §3.4, Theorem 3|. O]
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5.7.3 The Brauer group of a henselian field in unramified
extensions

Consider an arbitrary henselian field L with respect to a valuation w, and
a finite unramified Galois extension E/L. Denote by e/¢ the residue field
extension, which is Galois with the same group G = Gal(E/L) = Gal(e/?).
Write Br(E/L) (and similarly Br(e/¢)) for the relative Brauer group of the
extension E/L:

Br(E/L) = ker (Br(L) s Br(E)).

The relative Brauer group Br(E/L) can also be described as the Galois co-
homology group H?(G, EX) by the inflation-restriction exact sequence (which
starts in degree 2 by Hilbert’s Theorem 90).

The aim of this subsection is to derive the following result:

Proposition 5.7.11 ([Pop88, §2|). There is a natural short exact sequence:
0 —— Br(e/¢) —— Br(F/L) —— Hom(G,w(L) ® Q/Z) —— 0.

Lemma 5.7.12. The group of principal units 1 + mg is G-cohomologically
trivial.

Proof. By [Ser79, Ch.IX §5, Theorem 8|, we have to show that for each prime p
and each p-Sylow subgroup G, of G, the Tate cohomology group ﬁq(Gp, 1+mpg)
vanishes for two consecutive integers q. Renaming EC? as L and Gy, as G, it
suffices to show that

H(G,1+mp) =0 forq=0,1.
Noting that (1 +mg)¥ = 1 +mz, the claim for ¢ = 0 is that the norm map
NmE/L: l1+mg — 14+mg

is surjective. The fact that F/L is unramified implies that the trace maps for
E/L and e/{ satisfy

Trg/r(x) mod my, = Tr./(Z) for x € Op,

where 7 is the reduction of 2 modulo mg. As e// is separable, we can choose
a € Op such that Trg,7 (o) #Z 0 mod mg. Now let 1+y € 1+my, and consider
the equation

Nmg,(1+aX)=1+y

in the variable X. The polynomial

P(X) = Nmpg/(1 +aX) - (1+y)
=Nmpg/()X" + ...+ Trg/p() X —y,
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where n = [E : L], has coefficients in O, and satisfies
P(0) = —y =0 mod my,
P'(0) = Trg,r(a) # 0 mod mp,.

By Hensel’s Lemma, P has a root € my, so that Nmg, (1 +ax) =1+y.
For ¢ = 1, we have to show H'(G,1+mg) = 0. The short exact sequence of
G-modules
0—1+mp— O0f — e —0 (5.7.1)

yields an exact sequence
co — Of — 0 — HYG,1+mp) — HY(G,05) — ...

The first map is clearly surjective. The group H!(G, O}) equals the kernel of
the map Pic(Or) — Pic(Og) by the Hochschild-Serre spectral sequence for
the finite étale Galois covering Spec(Op) — Spec(Op) with group G. But
Pic(Or) = 0 as Oy, is a local ring, so we have H' (G, 0) = 0 and hence the
group HY(G,1 4 mg) vanishes. O]

In light of the short exact sequence (5.7.1), we obtain from Lemma 5.7.12:

Corollary 5.7.13. For all integers q € Z, the natural map of Tate cohomology
groups is an isomorphism:

H'(G,0%) =2 H'(G,e*).
In particular, Br(Og/OL) = Br(e/?). O
Proposition 5.7.11 is now the special case n = 2 of the following proposition:
Proposition 5.7.14. For all n > 1, there is a natural short exact sequence:
0 — H"(G,e*) — HY(G, E*) — H" (G, w(L) ® Q/Z) — 0.
Proof. Consider the short exact sequence
0— Of — E* -5 w(E) — 0.

We claim that the valuation map w induces surjections under H"(G, —) for
all n > 0, so that the resulting long exact sequence splits into short exact
sequences

0 — HY(G,0%) — HY(G, E*) — H"(G, w(E)) —> 0, (5.7.2)

for all n > 0.

Since F/L is unramified, L™ surjects onto w(E). As a totally ordered abelian
group, w(F) is torsion-free. Hence, every finitely generated subgroup I' of w(E)
is Z-free and admits a section s as follows:
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L* —“% w(E).

As a map I' — E*, the section s is G-equivariant since it takes values in
the G-invariant subgroup L* C E*. Applying H"(G, —) yields a commuting
diagram

H™(G,T)

s -7~ l
7

(G, EX) —% H"(G,w(E)).

Taking the direct limit over all finitely generated subgroups I' of w(E) shows
the claimed surjectivity and therefore the exactness of the sequences (5.7.2).

The proposition now follows from w(L) = w(E), Corollary 5.7.13, and the
isomorphism

H" (G, w(L) ®Q/Z) = H"(G,w(L)) forn>1

that arises by tensoring the short exact sequence 0 - Z — Q — Q/Z — 0
with the torsion-free group w(L). O

5.7.4 p-cyclic Brauer classes

Let K be an arbitrary field of characteristic p. A Brauer class in Br(K) is
called p-cyclic if it becomes trivial over a cyclic Galois extension L/K of
degree p. Such an extension is an Artin—Schreier extension L = K («), obtained
by adjoining a root « of a polynomial X? — X —a = 0 for some a € K.
Interpreting Br(K) as equivalence classes of central simple algebras, every p-
cyclic algebra which splits over L has a presentation of the form

[a,b) == <a:,y ‘ 2 —x=a, y¥ =0, a:y:yx+y> for some b € K*.

The fact that [a, b) splits over K(«) can be seen as follows. A central simple
algebra of prime degree p (square root of the dimension) is either split or a
division algebra. Over the Artin—Schreier extension K («), the equation

p—1

H(:U—a—i):(x—a)p—(x—a):o

=0

shows that [a,b) has zero-divisors, so it must be split. Similarly, if 5 denotes
a root of X? — b =0, we have the equation

(y=B)F=y’-p"=0,

which shows that [a, b) is also split by the purely inseparable extension K (b'/P).
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Proposition 5.7.15. Let K be a field of characteristic p. Then every p-cyclic
Brauer class in Br(K) is split by K'/P.

Proof. We have sketched above a proof in the language of central simple alge-
bras, but since we have so far preferred to view Br(K) as the cohomological
Brauer group H?(K, G,,), we give a self-contained proof using Galois cohomol-
ogy. Let L/K be a cyclic Galois extension of degree p with group G. By the
2-periodicity of the (Tate) cohomology of cyclic groups, we have an isomor-
phism

Or: K*/Nmyp, (L) = Br(L/K),

so any p-cyclic Brauer class trivialised by L is of the form 6O (b) for some
b e K*. Let § = b/P, then the extension L(B)/K(B) is also an Artin—
Schreier extension with Galois group canonically isomorphic to G, and we
have a commutative square of restriction maps

K%/ Nmy (L) ——% s Br(L/K)

! J

K (8)%) Ny s i) (L(B)*) —=2% Br(L(8)/K(8)).

The element b becomes the norm of § in the degree p extension L(8)/K(fB),
which shows that 6k (b) becomes trivial over K(f). O

Remark 5.7.16. The central simple algebra viewpoint and the Galois cohomol-
ogy viewpoint are related as follows. Let L/K be an Artin—Schreier extension
of K obtained by adjoining a root o of X — X —a. A generator o of the Galois
group G is given by o(a) = a+1. Define x: G = Z/pZ by x(o) = 1. Viewing x
as an element of H(G, Z/pZ) and denoting by §(x) € H*(G,Z) its image along
the boundary map from the short exact sequence 0 — Z — Z — Z/pZ — 0,
the periodicity isomorphism 65 above (which depends on a through the choice
of o) is given by forming the cup product with d(x):

Ok (b) = 0(x) — b,
and Ok (b) is the class representing the central simple algebra [a,b) [GS17,
Corollary 4.7.4].
5.7.5 Ruling out mixed characteristics

After these generalities, let us return to the proof of Theorem A. Recall that
« € Br(k) is the Brauer class with invariant 1, we have a rank 1 valuation w
on M such that afym # 0, and we have the field diagram (5.6.1).

Proposition 5.7.17. The residue field of the valuation w has characteristic
zero.
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Proof. Assume that w has positive residue characteristic, i.e. the restriction of
w to k equals the p-adic valuation. Let kj/k be the unramified extension of
degree p in a fixed algebraic closure k and let G := Gal(ky/k) be its Galois
group. For any extension F/k contained in K, denote by F} the compositum
F) == Fk;. By taking the unique extension of w from L to K and restricting,
F is endowed with a valuation. In this way, F'/k is an extension of valued
fields and the compositum F/F' is unramified since kj/k is. The residue field
f1 of F} is obtained as the compositum of the residue field f of F' with the
residue field Fy of ky. If F'is contained in A, then the Galois group Gal(F;/F)
is canonically isomorphic to G by Lemma 5.6.4.

Now take F' equal to each of k, L, E, A in turn, for some suitable subexten-
sion E of A/L to be chosen later. In each case, we have the short exact sequence
from Proposition 5.7.14 for the relative Brauer group in the unramified exten-
sion F}/F. By functoriality with respect to extensions of valued fields, the
sequences form a commutative diagram as follows, with obvious notations for
the residue fields:

0 0 » Br(k1/k) ——~— Hom(G,v(k) ® Q/Z) —— 0

a—>Xa

s
s
s
v
s
v ~ ~

0 — Br(f,/¢) —< Br(L,/L) — Hom(G, w(L) ® Q/Z) — 0.

0 —— Br(e;/e) —— Br(£1/E) —— Hom(G,w(E) ® Q/Z) —— 0

!
[

0 —— Br(A1/A) —— Br(A1/A) —— Hom(G,w(A) ® Q/Z) —— 0

s
s

i ~ ~

Here, the relative Brauer group Br(F; /F) for the residue field extension of k; /k
vanishes since the Brauer group of a finite field is trivial. The right vertical
maps are induced by the inclusions of value groups
v(k) Cw(L) Cw(E) Cw(A).
The Brauer class a € Br(k) with invariant  is contained in the relative Brauer
group Br(ki/k) since the pullback map Br(k) — Br(k;) is isomorphic to mul-
tiplication with [k; : k] = p on Q/Z. Denoting by o the canonical generator
of GG given by the Frobenius automorphism, and by 7 a uniformiser of k, the
image X of @ in Hom(G, v(k) ® Q/Z) is given by

xa(0) = v(m) @ ;

Observe that x, maps to zero in Hom(G,w(E) ® Q/Z) if v(my) becomes divis-
ible by p in w(E). We claim that there exists a subextension E of A/L with
residue field e equal to ¢ where this happens. If v(7y) is already divisible by p
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in w(L), we simply set E := L, so assume v(my) ¢ pw(L). The field L must
have infinite residue field or non-discrete value group, for otherwise the comple-
tion L would be finite over Qp by Lemma 5.7.10, contradicting the fact that L
contains the function field K of the curve X/k. So L satisfies the hypotheses of
Proposition 5.7.6 and there exists a subextension E = L(t'/P) C A with t € L*
in whose value group v(7y) becomes divisible by p. The extension E/L has
degree at most p and ramification index divisible by p since v(my) is contained
in pw(F) but not in pw(L). By the Fundamental Inequality (Fact 4.2.4), it
follows that the residue field extension is trivial: ¢ = e.

The choice of E implies that the restriction map Br(ki/k) — Br(Ei/FE)
actually takes values in Br(ej/e). The extension ej /e is cyclic of degree p. By
Proposition 5.7.15, every class in Br(e; /e) is also split by the purely inseparable
extension e!/P (= ¢1/P). By Proposition 5.7.4, we have £/P C \. Hence, the
restriction map Br(e;/e) — Br(A;/A) is trivial. In particular, o € Br(k;/k)
maps to zero in Br(A), contradicting the choice of the valuation w. O

5.8 Rationality

We have ruled out the possibility that the valuation w has positive residue
characteristic. So its restriction to k£ must be trivial and hence, by the valuative
criterion of properness, w equals the discrete valuation associated to a unique
closed point z € X. It remains to see that this point x is k-rational.

Lemma 5.8.1. The residue field extension A€ of AJL is trivial and [ : k| is
not divisible by p.

Proof. Let ki /k be any Galois degree p extension in &/, for instance the unique
unramified one. Set L := Lk; and A; = Ak; and let ¢; and A\ be their
residue fields. The field k, like any field, is henselian with respect to the trivial
valuation w|g, and the extension k;/k as well as its translates Li/L and Aj/A
are trivially unramified with respect to w. They all have degree p since A and
k" are linearly disjoint. Using that the exact sequence from Proposition 5.7.11
is functorial with respect to extensions of valued fields, we get a commutative
diagram:

327 == Br(ki/k) === Br(k1/k)
o]

L2)7 == Br({1/) —— Br(L1/L)
b |

LZ)T == Br(Ai/A) —— Br(Ai/A).

The class a € Br(k;/k) with invariant 1 lands in the unramified Brauer group
Br(¢,/¢). As indicated in the diagram, each of the unramified relative Brauer
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groups is isomorphic to %Z /Z and the vertical maps are given by multiplication
by the field extension degrees. Since the generator o of Br(k;/k) survives in
Br(A) by construction, the degrees [¢ : k] and [A : £] are not divisible by p. Since
A/L is Z/pZ-elementary abelian, so is A/¢, hence we must have [A: ¢] =1. O

Proposition 5.8.2. The closed point x € X with valuation w is k-rational.

Proof. The residue field £ of L equals the residue field x(x) of the closed point x.
By Lemma 5.8.1, we have p { deg(z). The residue field ¢ of L' equals the
maximal Z/pZ-abelian extension of ¢, obtained by adjoining p-th roots of all
elements. Consider the subextension ¢ C ¢y C ¢’ given by the residue field
of L. As in the proof of Lemma 5.7.1, the extension Ly/L is obtained by
adjoining p-th roots of the group

Ag={fe K" : vg(f)=0mod p for all s € S} C K*.

Since L is henselian of residue characteristic zero, an element of £ admits a
p-th root in £ if and only if a lift in O] admits a p-th root in L. The residue
field ¢'y/¢ is thus obtained by adjoing p-th roots of the image of

AsNOF — 0507,

On the other hand, the field L'y equals the compositum A%’ by the isomorphism
of Galois groups Gal(L'y/A) = Gal(k'/k) from Lemma 5.6.4, which implies

's = Ak’. By Lemma 5.8.1, we have ¢ = \ and hence ¢y = ¢k’. In other words,
0y is obtained from ¢ by adjoining p-th roots of all elements of £*. Combining
this with the considerations above, we find that the map Ag N O — 0% %P
has image equal to kX ¢*" /(> Hence, the subgroup O(Xg)*NOF C AgNOf
maps into kX¢*? /¢*P. Condition (Rat) rules this out for a non-rational point,
so we must have k(z) = k. O

We have thus shown in Proposition 5.8.2 that the valuation w belongs to a
k-rational point z of X. By Proposition 5.6.5, the image of the liftable section s’
is contained in the decomposition group D, of z in 71(Xg)’, in other words, s’
is a section over x. The uniqueness of x was shown in Proposition 5.3.2. The
proof the main theorem A is thus finished.
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6 Criteria for good localisations

In this chapter we collect some general criteria which can be used to verify
the conditions of a good localisation. Condition (Pic) is given an equivalent
formulation in Proposition 6.1.1. In Section 6.2, we show that each of the four
conditions of a good localisation is implied by a certain approximation property
for rational functions with respect to various valuations. In Section 6.3 we show
that Condition (Pic) for a localisation Xg follows also from the possibility of
approximating divisors on X by divisors with support outside S. We show that
this is satisfied when the complement of S is uniformly dense (Definition 6.3.8).
Finally, in Section 6.4 we give one sufficient and one necessary condition for a
localisation to have the property (Fin).

6.1 The Picard group

Let k be a field of characteristic zero and let X/k be a smooth, proper, ge-
ometrically connected curve. The Picard scheme Picy, is defined as the
commutative group scheme over k which represents the fppf-sheafification of
the presheaf T' — Pic(X X T') [Kle05]. It has a decomposition as a disjoint
union
Picy, = [] Pick
deZ

with @gl( /k representing the subsheaf corresponding to line bundles of degree d.
The degree zero part of Picy/, is the identity component Pic% Ik it is an
abelian variety of dimension g, the genus of X, and each @Sl( . 15 an étale
Pic% Ji-torsor. If the base field k it not separably closed, a k-point of Picy
does not necessarily represent an isomorphism class of line bundles in Pic(X)
but rather a Gal(¢/k)-invariant element of Pic(X ® ¢) for some finite Galois
extension ¢/k. The difference between Pic(X) and Picy (k) is measured by
the relative Brauer group Br(X/k) (Definition 5.5.2) via a short exact sequence

0 — Pic(X) — Picy,(k) — Br(X/k) — 0, (6.1.1)

which arises from the Leray spectral sequence for the étale sheaf G,, under
the structural morphism X — Spec(k). It is the vanishing of Pic(k) = 0 by
Hilbert’s Theorem 90 which ensures the injectivity of Pic(X) — Picy (k).

Proposition 6.1.1. Let k be a finite extension of Qp, let X/k be a smooth,
proper, geometrically connected curve and let S C X be a set of closed points.
Then the following are equivalent:
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(1) Pic(Xs)/p=0;
(i) Pic(Xg) is finite of order not divisible by p.

Proof. The implication (ii)=-(i) is clear. For the forward direction, assume
that we have Pic(Xg)/p = 0. The group Pic(Xg) is a quotient of Pic(X)
via restriction of line bundles from X to Xg. The group Pic(X) in turn is a
subgroup of Picy (k) via the exact sequence (6.1.1). The degree map defines
a short exact sequence

0 — PicS (k) — Picx (k) *5 period(X)Z — 0,

where period(X) is defined as the smallest positive integer d > 0 for which
Pic? /k,(k:) # (). As a consequence, Pic(Xg) sits in a short exact sequence of
the form

0 — P — Pic(Xg) - Q —0

where P is a subquotient of PicS /k(k:) and @ is a subquotient of Z. The
group scheme Pic% Ik is an abelian variety of dimension g over k, so the group
of k-points Pic% /k(k:) has a structure of a compact p-adic analytic Lie group
over k. By a theorem of Mattuck [Mat55], Pic% (k) contains an open subgroup
isomorphic to (Oz,—k), which has finite index by compactness. Hence, the
subquotient P of Pic% /k(k:) sits in an exact sequence of the form

0—-R—>P—F—0,

where R is a subquotient of O} = Zg'[k:(@p Vand F is finite.

Now from Pic(Xg)/p = 0 we get Q/p = 0. Since Q is a subquotient of Z,
this implies that @ is finite cyclic of order prime to p. Then also Q[p] = 0,
which implies P/p = Pic(Xgs)/p = 0. With the latter exact sequence, we
find F/p = 0, hence F[p] = 0 since F is finite. As a consequence, we have
R/p = P/p=0. Since R is a free Zy,-module of finite rank, this implies R = 0.
So P = F is finite, and therefore Pic(Xg) is finite as an extension of the finite
group @ by P. Finally, the order of Pic(Xg) is not divisible by p because of
Pic(Xs)/p = 0. O

6.2 Approximation of rational functions

Each of the four conditions of a good localisation are implied by the possibility
of approximating rational functions on X with respect to various valuations
by rational functions with invertibility conditions.

Definition 6.2.1. Let K be a field and FF C K a subset. Given valuations
v1,...,V, of K with value groups I'y,...,[',, we say that K satisfies approx-
imation by F with respect to vy,...,v, if for all fi,...,f, € K and all
v € I'1,...,vm € I'y, there exists f € F such that v;(f — f;) > 7, for all
1=1,...,n.
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6 Criteria for good localisations

Remark 6.2.2. Definition 6.2.1 can be rephrased as follows: K satisfies approx-
imation by F with respect to vy, ..., v, if and only if the image of F' under the
diagonal embedding F' — []7"_, (K, v;) is dense, where (K, v;) is the topological
field K with the v;-adic topology.

Example 6.2.3. Let K be a field and let vy, ..., v, be finitely many pairwise
independent valuations on K. Then K satisfies approximation by K itself
with respect to vy, ..., v,. This is the statement of the Approximation Theo-
rem 4.4.5.

We can formulate the following criteria in terms of approximation of rational
functions which imply the four conditions of a good localisation:

Proposition 6.2.4. Let k be a field of char(k) # p with p, C k, let X/k be
a smooth, proper, geometrically connected curve and S C X a set of closed
points.

(a) Assume that at least one element of k is not a p-th power and that for
all x # y in X (k), the function field K of X satisfies approximation by
O(Xg\{ay1) with respect to vy, vy. Then Xg satisfies Condition (Sep).

(b) Assume that for every geometrically connected, 7./ pZ-elementary abelian
finite étale cover Yi-1gy — Xs (cf. Corollary 2.4.11) and every
point y € f7US), the function field k(Y) satisfies approzimation by
O(Y-1(g)\{y})* with respect to v,. Then Xg satisfies Condition (Pic).

(c) Assume that for every non-rational closed point x € X¢ with p t deg(z),
the function field K satisfies approzimation by O(Xg\(z})* with respect
to vy. Then Xg satisfies Condition (Rat).

(d) Suppose that k is a finite extension of Q. Assume that for every rank
one valuation w on K extending the p-adic valuation on k, the function
field K satisfies approzimation by O(Xg)* with respect to w. Then Xg
satisfies Condition (Fin).

Proof. For (a), let a € k* be an element which is not a p-th power and let = # y
in X (k) be different k-rational points. Using the approximation assumption,
there exists f € O(Xg\(z,4}) such that v,(f —a) > 0 and v,(f —1) > 0. Then
f is invertible at x and y with f(x) = a and f(y) = 1, and thus f(x)/f(y) = a
is not a p-th power in k.

To prove (b), let Y15y = Xg and y € f~!(S) as above be given. We
show that Pic(Y;-1(g)) = 0, even without quotienting by multiples of p. A
prime divisor on Yj-1(gy is given by a point y € f71(S). To show that it
is a principal divisor, we need to find a rational function f € k(Y)* on Y
with v,(f) = 1 and no zeroes or poles in f~1(S)\ {y}. Let t, € r(Y)*
be a uniformiser at y. By the approximation assumption, there exists some
f € O(Yp-1(s)\ ) such that vy (f —¢t,) > 1. Then it follows that we have

vy(f) = min{v, (f — ty),vy(ty)} = 1, as desired.
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To show (c), let € X be a non-rational closed point with p 1 deg(z). We
show that the map O(Xgugzy)™ — K(x)* given by f — f(z) is surjective,
which implies by Corollary 5.1.5 that Condition (Rat) is satisfied. For a given
a € k(z)*, choose g € Ox , with g(z) = a. By the approximation assumption,
there exists f € O(Xg\(})* such that vz (f —g) > 0. Then f is invertible also
at x, i.e. f is an element of O(Xgy,})*, and satisfies f(z) = g(z) = a.

Finally, to show (d), let w be a rank one valuation on K extending the
p-adic valuation on k such that K satisfies approximation by O(Xg)* with
respect to w. We show that the map O(Xg)* — (KD2)*/(KE)*? has even
trivial cokernel, i.e. is surjective. Since w has rank one, the field K is dense
with respect to the w-adic topology in the henselisation Ki‘} By assumption,
O(Xg)* is dense in K with respect to the w-adic topology, so by transitivity,
O(Xg)* is dense in (K!)*. It follows that the image of O(Xg)* is dense in the
quotient (KP)*/(K2)*”. As a consequence of Hensel’s Lemma (Fact 4.5.2),
the group (K2 )*? of p-th powers is open in (K®)*; more precisely, if f € (KR)*
satisfies w(f — 1) > 2w(p), then the approximate root 1 of the polynomial
XP— f implies the existence of an actual root in (K)*. Therefore, the quotient
(K2y< /(KR)*? is discrete and the dense image of O(Xs)* is the whole group.

0

6.3 Approximation of divisors

For Condition (Pic) we can formulate a criterion in terms of approximation of
divisors on X by divisors with support outside S.

6.3.1 The p-adic topology on the Picard group

In order to give a precise meaning to the notion of approximation of divisors,
we define a p-adic topology on the Picard group and on Hilbert schemes of
points.

Definition 6.3.1. Let k& be a topological field and let X/k be a k-scheme
which is locally of finite type. The analytic topology on X (k) is defined
as follows: for an affine space, A"(k) = k™ carries the product topology. For
an affine scheme X/k of finite type, X (k) carries the subspace topology from
A"(k) via an embedding X < A}. This does not depend on the choice of
embedding. In general, a subset U C X (k) is open in the analytic topology
if and only if its intersection with any affine Zariski-open subscheme of finite
type is analytically open. If k is a p-adic field, we speak also of the p-adic
topology.

Given a morphism f: X — Y between two k-schemes which are locally of
finite type, the induced map f: X (k) — Y (k) is continuous with respect to
the analytic topology. This follows from the fact that for a topological field k,
every polynomial map k™ — k™ is continuous.
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6 Criteria for good localisations

From now on, let k be a finite extension of @Q,, and let X/k be a smooth,
proper, geometrically connected curve. The Picard scheme of X/k is locally of
finite type over k, so that we have a p-adic topology on @X/k(k). Recall that
Pic(X) is a subgroup of Picy (k) as a consequence of Hilbert’s Theorem 90
(see Section 6.1 above).

Definition 6.3.2. The p-adic topology on Pic(X) is the subspace topology
induced by the p-adic topology on Picy /k,(k)

Lemma 6.3.3. For every n € N, the multiplication-by-n map on Picy (k) is
open with respect to the p-adic topology.

Proof. By [Pool7, Prop. 3.5.73|, it suffices to show that multiplication by n
is étale on @X/k as an endomorphism of schemes. Since étaleness satisfies
faithfully flat descent, this may be checked after a base change to an algebraic
closure k/k. On the identity component @}7 3 the map is étale by [Stacks,
k
Lemma 0BFH], essentially because the multiplication-by-n map on the tangent
space at the identity is invertible. Choose a point p € X (k). Then, for any
d € 7Z, the degree-d component @iﬁ b is the translate of Pic;’(i b by the line
k k
bundle O Xg(dp), hence the multiplication-by-n map is étale there as well. [

Lemma 6.3.4. The Picard group Pic(X) is an open subgroup of Picy (k).

Proof. By the exact sequence (6.1.1), the quotient Picy ,(k)/ Pic(X) is iso-
morphic to the relative Brauer group Br(X/k). As explained in Section 5.5,
Br(X/k) is annihilated by the index of X/k. Hence, if we set n := index(X),
then Pic(X) contains n-Picy (k). By Lemma 6.3.3, the subgroup n-Picx 4 (k)
is open in Ex/k(k), hence Pic(X), being a union of open cosets, is open as
well. O

Lemma 6.3.5. The subgroup p - Pic(X) is open in Pic(X).

Proof. The group p - Pic(X) is the image of the open subgroup Pic(X) of
Picy (k) under the open multiplication-by-p map. O
6.3.2 The p-adic topology on the Hilbert scheme

We also want to define a p-adic topology on sets of divisors. For d > 0, the
Hilbert scheme of points Hilbgl( /i Tepresents the presheaf

T D C X x; T closed subscheme s.t.
D — T is finite locally free of degree d

on k-schemes. Equivalently, the points in Hilbgl(/k(T) are relative effective
Cartier divisors of X x; T — T of degree d [Stacks, Lemma 0B9D]|. In partic-
ular:

Hilbgl(/k,(k:) = {effective divisors on X/k of degree d}.
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6.3 Approximation of divisors

The scheme Hilbgg /k is a smooth, proper k-variety of dimension d [Stacks,

Prop. 0BY9I|. In particular, Hilbgl( /i 18 of finite type over k, so that we have a
p-adic topology on its k-points via Definition 6.3.1 and can define:

Definition 6.3.6. For d > 0, the p-adic topology on the set of effective
degree-d divisors on X is the p-adic topology on Hilbgl( /k(k)

There is a morphism of k-schemes
Hilb% ;. — Pick 4

induced by mapping each relative effective Cartier divisor D C X xj T to its
associated line bundle O(D), functorially for k-schemes T'. On k-points, the
map clearly takes values in the subset Pic?(X) of @3[( /k(k‘) Consequently, we
have for all d > 0 a map

Hilb% /1. (k) = Pic?(X),

which is continuous with respect to the p-adic topologies and which is given by
D — Ox(D) or, in terms of linear equivalence classes of divisors, by D — [D].

6.3.3 Approximation of divisors

If divisors on X can be approximated by divisors with support outside S, then
we have Pic(Xg)/p =0:

Proposition 6.3.7. Let k be a finite extension of Q, and let S C X be a set
of closed points such that for all sufficiently large d > 0, the set of effective

degree-d divisors on X with support outside S is p-adically dense in Hilbgl(/k(k:),
Then we have Pic(Xg)/p = 0.

Proof. It suffices to show that the classes of divisors on X with support outside
of § are dense in Pic(X). Indeed, any dense subset of Pic(X) surjects onto
Pic(X)/p since p - Pic(X) is open (Lemma 6.3.5). Restriction of divisors from
X to Xg defines a further surjective homomorphism Pic(X)/p — Pic(Xg)/p.
Hence, if the classes of divisors with support outside S are dense in Pic(X),
then they surject onto Pic(Xg)/p. But their restriction to Xg is trivial, so we
have Pic(Xg)/p = 0.

To show the claim, let D be any divisor on X and let U C Pic(X) be a
p-adically open neighbourhood of [D]. We have to show that U contains the
class of a divisor with support outside S. Write D = Dy — D_ with D4
and D_ effective of sufficiently large degrees d and d_. By continuity of the
group operations, there exist p-adic neighbourhoods Uy and U_ of [D4] and
[D_] such that Uy — U_- C U. By the density assumption and the fact that
the map Hilb% /i(k) = Pic(X) is continuous for all d > 0, there exist divisors
E, and E_ with support outside S such that [E;] € Uy and [E_] € U_. Then
E = E. — E_ has support outside S and [E] is contained in U. O

105


https://stacks.math.columbia.edu/tag/0B9I

6 Criteria for good localisations

6.3.4 Complements of uniformly dense subsets

We remain in the situation where k is a finite extension of Q, and Xg/k is
the localisation of a smooth, proper, geometrically connected curve at a set of
closed points. Given a set of closed points T C X and a field extension ¢/k,
we denote by T'(¢) C X (¢) the subset of k-morphisms Spec(¢) — X with image
point contained in T

Definition 6.3.8. A set of closed points T' C X is called uniformly dense
if T'(¢) is p-adically dense in X (¢) for every finite field extension ¢/k.

Divisors on X can be approximated by divisors with support in a uniformly
dense subset:

Lemma 6.3.9. Let T' C X be a set of closed points which is uniformly dense.
Then for all d > 0, the set of degree-d divisors on X with support in T is
p-adically dense in Hilbgf/k(k).

Proof. Let D € Hilb% ;. (k) be a divisor and let U C Hilb% (k) be a p-adically
open neighbourhood of D. We have to show that U contains a divisor with
support in 7. Addition of divisors (D1, D3) +— D;j + D9 is a morphism of
k-schemes

Hilbg , x Hilb$, — Hilb{ <2,

by [Stacks, Prop. 0B9I], and therefore continuous on k-points with respect
to the p-adic topology. Writing D as a sum of prime divisors, we may thus
assume that D consists of a single closed point € X). Let ¢ := k(z) be its
residue field, so that we have x € X (¢) and d = [¢ : k]. For any subextension
kE C m C ¢, the set X(m) is p-adically closed in X (¢). This follows from m
being p-adically closed in ¢, which in turn follows from the fact that the p-
adic topology on ¢ equals the product topology from & for any choice of basis,
and that m is a k-linear subspace. Since there are only finitely many proper
subextensions of ¢/k, there exists an open neighbourhood V of x in X (¢) in
which all points have residue field equal to £.

We claim that the map V — @i/k(k) mapping an £-point of X to its

underlying prime divisor is continuous. Let k/¢ be an algebraic closure. It
suffices to show that the composite map

V — Hilb% , (k) < Hilb% . (k). (%)

is continuous, since Hilbgl( /k(k) carries the subspace topology fromiHilbgl( /k(E)
The map (*) sends y € V' with residue field ¢ to the divisor y @,k =) _o(y)

on X ®y, k, with o running through the set of k-embeddings Homy (¢, k). This
follows from the isomorphism

f@kE:HE
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given by a ® b — (o(a)b),, which holds for any finite separable extension of
fields ¢/k. Thus, the map (%) equals the sum of the d maps

V e X(£) 7 X (k) = Hilby ;. (F)

induced by the k-embeddings o: £ < k. As each of these maps is continuous,
the continuity of the map (x) follows.

By the uniform density assumption, 7'(¢) is dense in X (¢). Thus, using the
continuity of (x), there exists a point in 7'(¢)NV mapping to U, in other words,
U contains a prime divisor with support in 7'. ]

The property of having uniformly dense complement passes to covers:

Lemma 6.3.10. Let S C X be a set of closed points whose complement is
uniformly dense in X. Then for every finite branched cover f: Y — X which
is unramified over S, the complement of f=(S) is uniformly dense in'Y .

Proof. Let T be the complement of S in X.. Then f~!(T) is the complement
of f71(S) in Y and we have to show that f~*(7")(¢) is dense in Y (£) for every
finite extension ¢/k. Since the assumptions are stable under an extension of
scalars, it suffices to treat the case £ = k. Note that f induces a map on k-points
f:Y(k) = X (k) under which f=1(T)(k) is the preimage of T(k) C X (k). So
we can write f~1(T)(k) = f~1(T(k)) and have to show that f~!(T'(k)) is dense
in Y(k). Let y € Y(k) and let V' C Y (k) be a p-adically open neighbourhood.
We are claiming that f~!(T'(k)) NV # 0. If y is contained in f~1(T), there is
nothing to do, so assume y ¢ f~1(T), i.e. y € f~1(S). Since f is unramified
over S by assumption, the map f is étale at y. It follows that f is a local
homeomorphism for the p-adic topology near y by [Pool7, Prop. 3.5.73|. In
particular, f(V) contains an open neighbourhood of f(y) in X (k). Since T'(k)
is dense in X (k) by assumption, there exists a point in T'(k) N f(V'), and hence
a point in f~1(T(k))NV. O

Combining the above results, we have the following criterion for Condi-
tion (Pic):

Proposition 6.3.11. Let k be a finite extension of Qp, let X/k be a smooth,
proper, geometrically connected curve and let S C X be a set of closed points.
If the complement of S is uniformly dense, then Xg satisfies Condition (Pic).

Proof. Let Y;-1(5) = Xg be a geometrically connected, finite Z /pZ-elementary
abelian cover, arising by restriction from a finite branched cover f: Y — X
which is unramified over S. By Lemma 6.3.10, the complement of f~1(9) is
uniformly dense in Y. By Lemma 6.3.9, the effective divisors with support
outside f~1(S) are p-adically dense in @dy/k(lﬂ) for all d > 0. By Proposi-
tion 6.3.7, this implies Pic(Y;-1(s))/p = 0. O
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6.4 Criteria for p-adic valuations

Recall from Definition 4.1.12 that the rational rank of an abelian group I' is
defined as

rr(T) == dimg(I’' ®z Q).

Lemma 6.4.1. Let I' be a torsion-free abelian group of finite rational rank.
Then for any natural number n > 1, the group T'/nD is finite.

Proof. Let r = dimg(I’ ®z Q) and choose elements ~;,...,7 € I' such that
{7 ®1}i=1,. , is a Q-basis of I' ®z Q. Then the subgroup of I' generated by
the «; is isomorphic to Z", so we may assume Z" C I' C Q". Define I := I'/Z"
by the exact sequence

07" =T —=T—=0.

Since the functor A — A/nA = A ®yz Z/nZ is right exact on abelian groups,
we obtain an exact sequence

(Z/nZ)" — T /nl’ — T/nl — 0.

The first term is finite, so it suffices to show finiteness of I'/nI’. Note that T is
a subgroup of (Q/Z)", in particular a torsion group. We have a decomposition
T = @pf(p), where the p-primary part I'(p) for a prime p consists of all
elements which are killed by a power of p. Since multiplication by n is an
isomorphism on all T'(p) for which p does not divide n, it suffices to show
that T'(p)/nL(p) is finite for all primes p. Write (=) = Homcs(—, R/Z)
for the Pontryagin dual of a locally compact Hausdorff abelian group. Recall
that Pontryagin duality is a contravariant equivalence between discrete torsion
abelian groups and profinite abelian groups. The finiteness of T'(p)/nI(p) is
equivalent to the finiteness of its Pontryagin dual (T'(p)/nI(p))Y = T'(p)¥[n].
The inclusion I'(p) C (Qp/Z,)" induces a surjection Z7 — I'(p)¥. By the
structure theorem for finitely generated modules over principal ideal domains,
there is an isomorphism T'(p)¥ & Zy,®T with 0 < s <7 and T' a finite direct
sum of cyclic Z,-torsion modules. But every cyclic Z,-torsion module is of the
form Z/p°Z for some e > 0, in particular finite. It follows that 7" and hence
[(p)¥[n] = T[n] are finite. O

In the following, for a valuation w on a field K, denote by (K, w") the
henselisation, by O% C K! the corresponding valuation ring and by m" the
maximal ideal.

Proposition 6.4.2. Let k be a finite extension of Q, with p, C k, let X/k be
a smooth, proper, geometrically connected curve and S C X a set of closed
points. Let w be a rank one valuation on the function field K extending the p-
adic valuation on k. Assume that the following two reduction maps have finite
cokernel:
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(1) the map O(Xg)* NOS — k(w)*/r(w)*?;
(2) the map O(Xg)* N (1+my) — (1 +ml)/(14+mb)P.

Then Condition (Fin) is satisfied for w, i.e. the map O(Xg)* — (K2)*/(K2)*?
has finite cokernel.

Proof. For an abelian group A, written additively or multiplicatively, we write
A/p for the cokernel of the multiplication by p map. Let 'y, be the value group
of w on K, which agrees with the value group of the henselisation K. We
have a commutative diagram:

1 — 0(X5)*NOS — O(Xg)* —= w(O(Xg)*) —— 0

l l l (6.4.1)

1] — O?Ux/p _ Kg,x/p —)wh Iy/p — 0.

The first row is clearly exact. The second row is also exact since I'y,, being
a totally ordered abelian group, is torsion-free, so that Tor?(Z/pZ,T,) = 0.
The Dimension Inequality 4.2.6 yields

trdeg(k(w)/F) + rr(Ty/Ty) < trdeg(K/k), (6.4.2)

where F denotes the residue field of k£ and I';, = Z denotes the value group of
the p-adic valuation v on k. This implies rr(I"y,) < 2, in particular the rational
rank of T';, is finite. Lemma 6.4.1 now implies that the group Ty, /p is finite, so
that the middle vertical map has finite cokernel (as claimed) as soon as the left
vertical map does. Denote by O(Xg)* N Oy the image of O(Xg)* NO.5 under
the map f — f(w), O — k(w)*. The residue field x(w) of (K, w) coincides
with that of the henselisation (K w"), so we obtain a commutative diagram
as follows:

1 — O(Xs)* N (1+my) — OXg)X NOX —s O(Xg)*NO% — 1

| | |

] —— (14mh)/)p ——m O Jp ———— k(w))p —— 1.

The first row is clearly exact. To see the exactness of the second row, note that
k(w) has characteristic p > 0 since w extends the p-adic valuation on k. As
a consequence, k(w)* has no p-torsion, which implies the claimed exactness.
The assumptions (1) and (2) say that the right and left vertical map have finite
cokernel, which implies the same for the middle vertical map. O

The map (1) in Proposition 6.4.2 having finite cokernel is a necessary con-
dition for Condition (Fin) to be satisfied:
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Lemma 6.4.3. Let Xg/k be as above and let w be a valuation on the function
field K extending the p-adic valuation on k. If the map

O(Xs)* = (Kp)™ /()"
has finite cokernel, then so does the map
O(Xs)* NOS — k(w)* /r(w)*’.

Proof. Replacing the top row of diagram (6.4.1) above with its mod p version,
we have a commutative diagram as follows:

1 —— (0(Xg)*N0O;)/p — O(Xs)*/p —— w(O(X5)*)/p —— 0

l ! |

1l —— O?Ux/p _— Kgx/p w—h> Fw/p — 0.

The top row is still exact since w(O(Xg)*) C I'y, is torsion-free. Since I'y, has
finite rational rank, so does its subgroup w(O(Xgs)>*). Thus, both terms on the
right are finite by Lemma 6.4.1. By assumption, the middle vertical map has
finite cokernel. The snake lemma implies that so does the left vertical map. It
follows that the composition with the reduction map,

(O(Xs)* N OX)/p— Ob [p — k(w)* /p
has finite cokernel as well. O

Remark 6.4.4. If X is a flat, proper model of X over the valuation ring Oy
of k, then by the valuative criterion of properness, every valuation w on K
with O C O,, induces a unique morphism as follows:

Spec(K) ——— X

=

Spec(Oy) —— Spec(Oy).

The image of the closed point under the map Spec(Q,) — X is called the
center of w. The valuation w is uniquely determined by the family of its
centers on all models. The valuations which extend the p-adic valuation on
k are those whose center on every model lies on the special fibre. See [PS17,
Appendix A] for a classification of the valuations on K with O C O,,.

Remark 6.4.5. For a rank 1 valuation w on K which extends the p-adic val-
uation on k, the residue field k(w) is an extension of the finite residue field
F of k. If the extension k(w)/F is algebraic, then the Frobenius z +— 2P is
an automorphism of x(w) and we have k(w)*/k(w)*? = 0. In this case the
surjectivity of the map

O(X5)* NOS — k(w)™ /r(w)*”
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is automatic. The necessary condition of Lemma 6.4.3 for a valuation w to
satisfy (Fin) is thus only interesting in the case where k(w) is transcendental
over F. The Dimension Inequality 4.2.6 implies that trdeg(x(w)/F) = 1 and
rr(Iy,) = 1 in this case. Such a valuation belongs to an irreducible component
of the special fibre of some model of X over Oy.
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In this chapter we collect some examples of curves and sets of closed points
which yield good localisations in the sense of Definition 5.1.1 and hence provide
examples where the liftable section conjecture holds. Throughout this chaper,
k denotes a finite extension of Q, containing the p-th roots of unity.

7.1 The birational case

For any smooth, proper, geometrically connected curve X/k, we can choose
the empty set of closed points S = (), in which case the localisation of X at
S equals the generic point nx, or in other words the spectrum Spec(K) of the
function field of X. In this case we have O(Xg)* = K*. The conditions for a
good localisation are easy to verify: For Condition (Sep), let x # y be two dis-
tinct k-rational points. Choose any element a € k* which is not a p-th power
(for example, a uniformiser). By the Approximation Theorem 4.4.5, there ex-
ists a rational function f on X which satisfies f(z) = a and f(y) = 1, so
that f(z)/f(y) = a is not a p-th power. Condition (Pic) follows from Hilbert’s
Theorem 90 since every connected finite étale cover of Spec(K) is the spectrum
of a field. Condition (Rat) follows with Corollary 5.1.5 from the surjectivity
of the map O% , — k(z)* /Kk(z)*? for every closed point z of X. For Condi-
tion (Fin) we can use the approximation criterion from Proposition 6.2.4 (d):
For any rank 1 valuation w on K extending the p-adic valuation on k, the field
K trivially satisfies approximation by K* with respect to w.

In conclusion, the liftable section conjecture for good localisations Xg spe-
cialises to the birational liftable p-adic section conjecture from [Popl0, The-
orem A] by choosing S = (). This is of course no coincidence as our proof
was obtained by generalising the proof of loc. cit. from Spec(K) to Xg, while
identifying a set of conditions which ensure that the arguments do in fact
generalise.

7.2 Finite sets

Let X still be arbitrary and, generalising the case S = () above, let S C X
be any finite set of closed points. Every finite étale cover of Xg has the form
Y;-1(5) = Xg for some finite branched cover f: Y — X by Corollary 2.4.11.
The set f~1(9) is again finite (of cardinality at most deg(f)-|S|), so it suffices
to show Condition (Pic) for Xg rather than for every geometrically connected,
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finite Z/pZ-elementary abelian cover. For Xg, all four approximation condi-
tions of Proposition 6.2.4 are satisfied: this follows from the Approximation
Theorem 4.4.5, where we ensure that the sought-after function is invertible on
points s € S by adding to the approximation problem finitely many conditions
of the form vs(f — 1) > 0. For example, to show Condition (Rat), we have to
check that the function field K satisfies approximation by O(Xg\(,})* with
respect to v, for every non-rational closed point x € X with p { deg(z). Let
fr € K and v € Z be given. Then, by the Approximation Theorem, there
exists f € K satisfying the finite number of conditions v, (f — f.) > 7 and
vs(f —1) > 0 for all s € S\ {z}, and the latter conditions ensure that f is
an element of O(X S\{ac})x' The proof of the other three conditions goes along
the same lines and is omitted.

7.3 Countable sets

Let X/k still be arbitrary and, further generalising the case of a finite set, sup-
pose that S C X is at most countable. We want to verify the approximation
criteria of Proposition 6.2.4 as in the finite case, but the Approximation Theo-
rem is unable to guarantee invertibility of functions at infinitely many points.
We prove a new approximation theorem which accounts for this.

7.3.1 An approximation theorem with invertibility conditions

Theorem 7.3.1. Let K be a field and w1, ..., w, pairwise independent valua-
tions of K. Fori=1,...,n, let I'; be the value group of w; and let f; € K and
v; € I'; be given. Let V be a set of valuations of K which are independent from
the w; and from each other. Assume that for any f € K*, we have v(f) =0
for all but finitely many v € V. Assume moreover that there is a set A C K of
cardinality |A| > |V| which is contained in O, for alli=1,...,n and in OF
for all v € V and that the residue map A — O — k(v)* is injective for all
v € V. Then there exists f € K such that

(1) wi(f — fi) > i foralli=1,...,n;
(2) v(f) =0 forallveV.

The proof of Theorem 7.3.1 occupies the rest of this paragraph. Observe
that if V' = (), then condition (2) is vacuous and we can simply use the classical
Approximation Theorem at the finitely many valuations wy, ..., w,. So assume
V # ) in the following and fix some vy € V. Note that none of the w; is the
trivial valuation because vg is assumed independent from the w;.

Step 1: Avoiding zeros in V

We first construct f € K satisfying (1) and instead of (2) the weaker condition
v(f) < 0 for v € V. By the classical Approximation Theorem, there exists
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g € K satisfying (1). We can ensure g # 0 by imposing the extra condition
vo(g — 1) > 0, so that there are only finitely many v € V with v(g) > 0.
The idea is now to modify g by adding a suitable function in such a way that
the approximation conditions (1) are preserved while additionally avoiding any
zeros in V. Using the classical Approximation Theorem again, we find h € K
such that w;(h) > ; foralli=1,...,n and v(h — 1) > 0 (hence v(h) = 0) for
all v € V with v(g) > 0. Consider the family of functions g + Ah with A € A.
They all satisfy the approximation conditions (1):

wi(g + Ah — f;) > min(w;(g — fi), wi(A) + w;(h)) > fori=1,...,n.

We claim that for a suitable choice of A we have v(g + Ah) < 0 for all v € V.
We use the following lemma:

Lemma 7.3.2. Let K be a field and v a valuation on K. Let g,h € K be
two elements such that v(g),v(h) are not both positive. Let A C K be a set of
v-units such that the residue map A — O} — k(v)* is injective. Then there
is at most one A € A for which v(g + Ah) > 0.

Proof. 1f v(g) # v(h), then we have v(g + Ah) = min(v(g),v(h)) < 0 for all
A € A. If v(g) = v(h), then the common valuation is necessarily < 0. We have
v(g/h + X) > 0, with strict inequality only if A(v) = —(g/h)(v) holds in the
residue field x(v). By assumption, this happens for at most one A € A. For all
others, we have

(g + Mh) :v(%—i—)\) +o(h) = v(h) <0. O

Using the lemma and the assumption |A| > |V, there exists some A\ € A
avoiding all bad choices, so that f = g + \h satisfies v(f) <0 for all v € V.

Step 2: Avoiding poles in V

We now construct f € K* satisfying (1) and v(f) > 0 for all v € V.. We reduce
this problem to Step 1 by setting f = 1/f’ for some suitable f' € K*. Then
the poles of f are precisely the zeros of f’:

v(1/f) <0 < v(f)>0 forveV.

We can assume that the f; are all different from zero by adding some §; € K*
with w;(d;) > ; if necessary (such §; exists since w; is not the trivial valuation).
For each 7 = 1,...,n, the inversion map on K™ is continuous with respect to
the topology induced by w; by Proposition 4.4.2, so there exist 7, € I'; for
which we have the implication:

w;(f

1
>’7;~ = wi(——fi) > Y.

)

fi f!
By Step 1, there exists f' € K satisfying w; (f" — %) >l fori=1,...,n and
without zeros in V. We have f’ # 0 since V # (), so that we can take f =1/ f’
and have the claimed properties.
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Step 3: Avoiding zeros and poles in VV

Finally, we want to construct f € K satisfying conditions (1) and (2). Using
Step 2, choose g € K* satisfying (1) and having no poles in V. Using Step 2
again, choose h € K* such that w;(h) > ~; for all i = 1,...,n, such that
v(h —1) > 0 (hence v(h) = 0) for all v € V with v(g) > 0, and without poles
in V\{veV:v(g) >0} Then h and hence all functions g + Ah with A € A
have no poles in V. As in Step 1, they all satisfy (1). Using Lemma 7.3.2 and
|A| > |V|, there exists some A € A such that f = g + Ah has no zeros in V
either, and hence satisfies (2). This finishes the proof of Theorem 7.3.1.

7.3.2 Proof of main theorems for countable sets

We use the approximation theorem of the previous paragraph to verify the
conditions of a good localisation in the case of a countable set of points:

Theorem 7.3.3 (= Theorem B (a)). Let k be a finite extension of Q, with
wp C k, let X/k be a smooth, proper, geometrically connected curve and let
S C Xq be a set of closed points which is at most countable. Then Xg is a
good localisation.

Proof. We verify the approximation criteria of Proposition 6.2.4. Note that
for Condition (Pic) it suffices to consider only Xg itself rather than all ge-
ometrically connected, finite Z/pZ-elementary abelian covers since those are
again localisations at sets of at most countably many closed points. All four
approximation criteria demand the existence of functions in the function field
K satisfying one or two approximation conditions and being invertible at all
points of a subset S’ C S. We therefore choose V' in Theorem 7.3.1 to be the
set of valuations vs with s € S’. For A we choose the set Oy \ {0} of nonzero
scalars in the valuation ring of k. This is contained in O,, for every valuation
w of K whose restriction to k is trivial or equals the p-adic valuation, and it is
contained in O%  for all s € §’, with the reduction map A — O% , — k(s)*
being injective since the residue field k(s) is an extension of k. The valuation
ring O}, is uncountable whereas S is assumed at most countable, hence we have
|A] > |S|. So Theorem 7.3.1 applies and shows that the approximation criteria
of Proposition 6.2.4 are all satisfied for Xg. Thus, Xg is a good localisation as
claimed. O

For base fields not necessarily containing the p-th roots of unity we have the
following version of the liftable section conjecture:

Theorem 7.3.4 (= Theorem D (a)). Let k be a finite extension of Q, and £/k a
finite Galois extension with p, C £. Let X/k be a smooth, proper, geometrically
connected curve and let S C X be a set of closed points which is at most
countable. Then for every liftable section s': Gal(¢'/k) — Gal((Xg®r () /Xs)
there exists a unique k-rational point x of X such that rese/k(s’) lies over x. If
moreover one of the following holds:
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e p does not divide [{ : k]; or
o s’ is twice-liftable;
then s itself lies over x.

Proof. Denote by S ® £ the preimage of S under the projection X ® £ — X.
We have Xg ® £ = (X ® {)gg¢ since localisation commutes with base change
along closed morphisms (Lemma 2.2.5). The set S®Z is still at most countable.
By Theorem 7.3.3, Xg ® £ is a good localisation and thus satisfies the liftable
section conjecture. Theorem 1.4.4 shows that for every liftable section s’ as
above there exists a unique k-rational point z of X such that resy(s") lies
over z. It also shows that s’ itself lies over z if p does not divide [¢ : k].
To apply Theorem 1.4.4 (b), consider a geometrically connected, finite étale
subcover (Xg ® ¢)) — W — Xg. By Corollary 2.4.11, W — Xg is of the
form Y;-1(g) — Xg for some finite morphism f:Y — X. In particular, W
is itself a localisation at a set of at most countably many closed points, and
the same holds for the base change W ® £. By Theorem 7.3.3, every such
W & ¢ is a good localisation and hence satisfies the liftable section conjecture.
Theorem 1.4.4 (b) now implies that if s’ is twice-liftable, then s’ itself lies
over . 0l

Theorem 7.3.5 (= Theorem E(a)). Let k be a finite extension of Qp, let
X/k be a smooth, proper, geometrically connected curve and let S C X be a
set of closed points which is at most countable. Then Xg satisfies the section
conjecture.

Proof. Set £ := k(). Every geometrically connected, finite étale cover of Xg
is of the form Yy-1(g) — Xg for some finite morphism f:Y — X (Corol-
lary 2.4.11), hence is again a localisation at a set of at most countably many
closed points. The same holds for the base change Y;-1(g) @ {. Hence, by The-
orem 7.3.3, W ® £ is a good localisation and thus satisfies the liftable section
conjecture, for every geometrically connected, finite étale cover W — Xg. This
implies by Theorem 1.4.4 that Xg satisfies the section conjecture. O

7.4 Transcendental points

Let k be a finite extension of Q, with p, C k, let kg C k be an arbitrary
subfield, let Xo/ko be a smooth, proper, geometrically connected curve and
set X = Xy ®p, k. Denote by Ky and K the function fields of Xy and X,
respectively. We have an inclusion Ky C K, reflecting the fact that rational
functions on X pull back to rational functions on X.

Definition 7.4.1. A closed point z € X is called algebraic over ky (relative
to Xp) if its image under the projection X — Xy is a closed point. The non-
algebraic closed points are called transcendental over k.
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Example 7.4.2. Let X¢ = IP’IO, so that X = IP’,lg. The point oo is mapped to the
closed point oo under the projection IP’,lC — IP)}CO, hence this point is algebraic
over kg. A k-rational point a of the affine part Aj = Spec(k[t]) is algebraic
over ko if and only if (¢ — a) N ko[t] # (0), that is if there exists a nonzero
polynomial f with coefficients in kg such that f(a) = 0. Hence, the algebraic
points over kg in A'(k) are those elements of k which are algebraic over the
subfield kg in the sense of commutative algebra.

Remark 7.4.3. Algebraicity of a closed point of X/k over a subfield ky C k
is not an intrinsic property but depends on the choice of model Xg/kg. For
example, in the case X = IP’/,lC there are k-automorphisms (such as translations
by transcendental numbers) which do not preserve algebraicity.

The first aim of this section 7.4 is to prove the following:

Theorem 7.4.4 (= Theorem B (b)). With the notation as above, let S C X
be a set of closed points containing only finitely many points which are algebraic
over ky. Then Xg is a good localisation.

After proving Theorem 7.4.4, we deduce the consequences for the liftable
section conjecture without p-th roots of unity and for the full section conjecture.

7.4.1 Verification of the conditions

For the purpose of proving Theorem 7.4.4, we can assume that kg C k is
dense with respect to the p-adic topology. To see this, we use the following
consequence of Krasner’s Lemma:

Lemma 7.4.5. Let k be a finite extension of Q,. Then k contains a number
field which is p-adically dense in k.

Proof. Let o € k be a generator of the extension k/Q, and let f(t) € Qp[t] be
its minimal polynomial. For a polynomial g(¢) € QJt] of the same degree with
coefficients p-adically close to those of f, there exists a root 8 of g(¢) in an al-
gebraic closure k which is p-adically close to . By Krasner’s Lemma [NSWOS,
Lemma (8.1.6)], k is contained in Q,(f), and hence equal to Q,(f) since g has
the same degree as f. The number field Q(f) is then dense in k. O

The set of points of X which are algebraic over ky does not change un-
der extending scalars from kg to a finite field extension inside k. Thus, us-
ing Lemma 7.4.5, we can assume in the following that the subfield kg is
p-adically dense in k.

The three conditions (Sep), (Rat), (Fin) for a good localisation have in com-
mon that they all stipulate the existence of a sufficient supply of rational func-
tions on X which are invertible on Xg. We have a way of producing rational
functions which are guaranteed to be invertible at all transcendental points:
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Lemma 7.4.6. Nonzero rational functions defined on Xqg are invertible at all
transcendental points over kg of X.

Proof. If x € X is transcendental over kg, then its image in X equals the
generic point Spec(Ky), which implies that K is contained in O% . O

Condition (Sep)

Proposition 7.4.7. If S C X contains only finitely many algebraic points
over kg, then Xg satisfies Condition (Sep).

Proof. Let x # y be distinct points in X (k). We have to construct a function
fin O(Xgugayy)™ for which f'(x)/f'(y) is not a p-th power. Let Uy C Xo
an affine open subscheme which contains the image of S U {z,y} under the
projection X — Xg. This is possible since this image contains only finitely
closed points of X, and any open subset of Xy which is not the whole curve
is affine. Let t1,...,%, be a system of affine coordinates on Uy, i.e. generators
of the coordinate ring O(Up) as a ko-algebra. Set U = Uy ®p, k. Then U is an
open affine subscheme of X containing S U {z,y}, and the ¢; are a system of
affine coordinates on O(U) over k. Since x # y by assumption, t;(x) # ti(y)
for at least one ¢. Set t := t;. Then, for any ci,co € k, the system of linear
equations

at(xz) + b= c1,
at(y) +b = cy,

is uniquely solvable for a,b € k. By taking ¢; to be a uniformiser of k£ and
co = 1, for example, we find a and b in k£ such that, upon setting f := at + b,
the value f(x)/f(y) = c¢1/ce is not a p-th power in k. Now, using that kg is
dense in k, choose elements ag and by in kg which are p-adically close to a and
b, and set fy := agt + bg. The group k*? of p-th powers is open in k> of finite
index, hence its complement is also open and for ag and by sufficiently close
to a and b, the value fo(z)/fo(y) is still not a p-th power. By replacing by
with by + ¢ for some p-adically small number g9 € kg (for example gy = pN
with N > 0), we can moreover avoid that fy vanishes at any of the finitely
many points in S which are algebraic over kg, so that fj is invertible at those
points. By construction, fj is an element of O(Uy), i.e. defined already on Xy,
and therefore automatically invertible at all transcendental points over kg by
Lemma 7.4.6. Thus, fy is in O(Xg)* and satisfies the requirements. O

Condition (Rat)

Proposition 7.4.8. If S C X contains only finitely many algebraic points
over ko, then Xg satisfies Condition (Rat).
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Proof. Let x € X be any closed point. We show that the map
O(Xgugay) — k()™ [r(z)”

given by f — f(z), is surjective, so that Xg satisfies Condition (Rat) by
Corollary 5.1.5. Let Uy € X be an open affine subscheme which contains the
image of S U {z}, let t1,...,t, be a system of affine coordinates on Uy and
set U = Uy ®x, k. The residue field k(z) is generated by ti(x),...,tn(x) as
a k-algebra. Let a € k(z)* be arbitrary and write a = P(t1(x),...,t,(x))
for some polynomial P € k[X,...,X,]. Using that kg is dense in k, choose
Py € ko[ X1, ..., X,] with coefficients approximating those of P. Since x(z)*”
is open in k(z), we have

Py(ti(x),....tn(2)) € a- k(z)<”

for Py sufficiently close to P. By replacing Py with Py + ¢¢ for some p-adically
small number g9 € ko we can avoid that Py(t1,...,t,) vanishes at any of
the finitely many algebraic points over kg in S. Then the rational function
fo = Py(t1,...,t,) satisfies fo(z) € a - x(z)*? by construction, is invertible
on the algebraic points in S over kg and, since it is already defined on Xj, is
invertible at all points which are transcendental over k. ]

Condition (Fin)

Proposition 7.4.9. If S C X contains only finitely many algebraic points
over kg, then Xg satisfies Condition (Fin).

Proof. We show that O(Xg)* is dense in K with respect to every rank one
valuation w which extends the p-adic valuation v on k, so that Xg satisfies
Condition (Fin) by Proposition 6.2.4 (d). Let w be one such valuation, let
v € I'y, be an element of its value group, and let f € K. We have to construct
a function fo € O(Xg)* satisfying w(fo — f) > 7. Let Uy C Xy be an affine
dense open subscheme containing the image of S under the projection X — Xj,
let ¢t = (t1,...,t,) be affine coordinates on Uy and set U = Uy ®p, k. Write
f = g(t)/h(t) as a rational function with polynomials g,h € k[X1,...,Xy,].
Using that ko is dense in k, choose go,ho € ko[X1,...,X,] with coefficients
approximating those of g and h. Explicitly, write g = >, a; X ¢ in multi-index
notation with a; € k, choose b; € ko with vg(a; —b;) > 0, and set go == >, b; X"
(and similarly for hg). For each multi-index ¢ € Njj, the value

w(agt’ — bit') = vg(a; — b;) + w(t?)

becomes arbitrarily large as b; approaches a; since the rank one value group
I', embeds into R as an ordered group. Thus, go(t) and ho(t) can be chosen
arbitrarily close to g(t) and h(t) with respect to the valuation w. By replacing
go with go+dp and hg with h+eq for some p-adically small numbers dg, g9 € ko
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we can achieve that go(t) and ho(t) are not constant zero on X and do not
vanish at any of the finitely many algebraic points in S over ky. Then, setting
fo == go(t)/ho(t), the function fj is invertible on the algebraic points in S over
ko; it is also invertible at all transcendental points over kg since it it defined
already on Xy, and it satisfies w(fo — f) > ~ for go and hg sufficiently close
to g and h by the continuity of the field operations with respect to the w-adic
topology. O

Condition (Pic)

The remaining Condition (Pic) involves the Picard group of Xg (and of finite
covers of Xg). Functions which are invertible on Xg have limited use in proving
statements about Pic(Xg). Therefore, instead of approximating functions on
X by functions defined on Xy, we will use approximation of divisors on X by
divisors supported on algebraic points over kq.

Proposition 7.4.10. If S C X contains only finitely many algebraic points
over kg, then Xg satisfies Condition (Pic).

Proof. Denote by T the complement of S. By assumption, T contains all but
finitely many of the algebraic points over kyg. We show that 7' is uniformly
dense in X (Definition 6.3.8), which implies that Xg satisfies Condition (Pic)
by Proposition 6.3.11. Let ¢/k be a finite extension. We have to show that
T(¢) is dense in X (¢). The situation is stable under extending scalars, so it
suffices to treat the case ¢ = k. Let x € X (k) and let U C X (k) be a p-adically
open neighbourhood of z. We have to show that U N T'(k) # (. Since Xy is
smooth, there exists an affine open subset Vj C X containing the image of z
such that there exists an étale morphism 7o: Xo — A}m [Stacks, Lemma 054L.
By [Pool7, Prop. 3.5.73|, the image mo(U N Vy(k)) C k is open. Since kg is
dense in k, there exists a point yg € mo(U N Vp(k)) N k. By replacing yo with
Yo + € for some p-adically small number €y € kg, we can ensure that yg is not
the image of one of the finitely many algebraic points over kg outside 1" under
mo. Let zg € U N Vp(k) with mo(zo) = yo. Then, since my is étale, the residue
field k(xo) is a finite extension of x(yg) = ko, which implies that xg is algebraic
over kg. By construction, xg is not equal to one of the finitely many algebraic
points over kg outside T', so we have ¢ € T'(k) and hence UNT(k) #0. O

This finishes the proof of Theorem 7.4.4.
7.4.2 Base fields without p-th roots of unity and full section
conjecture

Having proved the liftable section conjecture in the case where .S contains only
finitely many algebraic points over kg, we deduce the consequences for the case
where the base field does not necessarily contain the p-th roots of unity and for
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the section conjecture with the full fundamental group. So let k be an arbitrary
finite extension of Q, and, as above, let kg C k be a subfield, let X¢/kg be a
smooth, proper, geometrically connected curve and set X = Xy ®y, k. Denote
by m: X — Xy the canonical projection. The generic points of X and X are
denoted by nx and 7nx,.

The part of the descent statement in Theorem 1.4.4 concerning twice-liftable
sections as well as Theorem 1.4.6 for the full section conjecture require that
certain covers of Xg ® ¢ satisfy the liftable section conjecture. In order to
have a situation which is stable under finite étale covers, S needs to contains
all transcendental points over kg. In order to prove this, we start with a few
lemmas.

In the following statement it is more natural to work with localisations at
subsets containing the generic point rather than at sets of closed points:

Lemma 7.4.11. Let Sy C (X0)a be a set of closed points of Xo, and let
So = SoU{nx,} C |Xo|. Then the canonical map is an isomorphism

X7r*1(§0) = (X0)§0 Rkq k.
Proof. The canonical map is given by

Xe1gy= lm U-— lim 7 (Uo) = (Xo)g, @k ks
UDr=1(So) Uo2So

where we use that fibre products commute with limits. We are claiming that
the open subsets of the form 71 (Up) with Uy D Sp are cofinal among all open
subsets U D 77 1(Sy) of X. Let U be an open subset of X containing ﬂfl(Sg).
Every point in the complement X \ U is mapped to a point of Xy outside Sp.
Since the generic point 7y, is contained in Sy, we have that (X \ U) is a finite
set of closed points. Hence, the set Uy := Xo \ 7(X \ U) is open. It satisfies
Uy 2 Sp and 7~ 1(Upy) C U. This shows the claimed cofinality. O

Lemma 7.4.12. Suppose Sy C (Xo)a is a set of closed points of Xy and
set S = 7 1(So U {nx,}) \ {nx}, so that we have Xs = (Xo)s, @k, k by
Lemma 7.4.11. Then every finite étale cover of Xg arises by base change from
a finite étale cover of (Xo)s,-

Proof. We are claiming the essential surjectivity of the functor
Cov((Xo)s,) — Cov(Xg) (%)

sending a finite étale cover Wy — (Xo)s, to the base change Wy @y, k — Xg.
Choose compatible fibre functors F' and Fy on the two Galois categories and
write

m(Xs) =m(Xs, F) and m1((Xo)s,) = m1((Xo)s,, F0)
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7 Examples of good localisations

for the respective fundamental groups. Via the anti-equivalence between profi-
nite groups and Galois categories with fibre functor (Theorem 2.3.1), the es-
sential surjectivity of (k) translates into the injectivity of the homomorphism
7 (Xs) = m((Xo)s,). Choose algebraic closures k/k and ko/ko with ko C k,
defining absolute Galois group Gy, = Gal(k/k) and Gy, = Gal(ko/ko). The
two fundamental exact sequences for Xg and (Xj)g, fit into a commutative
diagram as follows:

1l — ’/Tl(XS ®kE) — 7T1(X5) y Gy, > 1
1l —— 7"'1(()(0)50 kg FO) — 7"-1(()(0)50) ’ Gko > 1

The Kiinneth formula for fundamental groups [SGA 1, Exp. XIII, Prop. 4.6 (b)]
applied to the fibre product

Xs @1 k = ((Xo)s, @k, ko) x5, Spec(k)

implies that the left vertical map is an isomorphism. The hypotheses of the
Kiinneth formula are satisfied since the fields have characteristic zero, so that
resolution of singularities is known. We claim that also the right vertical map
is injective. Any automorphism o € Gal(k/k) is continuous with respect to
the unique extension of the p-adic absolute value on k to k. As a consequence
of Krasner’s Lemma, the subfield Q C k and hence also kg is dense in k. Thus,
if o restricts to the identity on kg, then necessarily o = id.

As the left and right vertical maps are both injective, it follows that the
middle vertical map is injective as well. O

Lemma 7.4.13. Let S C X be a set of closed points. Assume that ko is
relatively algebraically closed in k. Then the following are equivalent:

(i) S contains all transcendental points over ko;

(i) there exists a set of closed points So C (Xo)a with 7(S) C So U {nx,}

such that the canonical map is an isomorphism Xg = (Xo)s, @k, k-

Proof. For the implication (ii)=-(i) assume that Xg = (Xo)g, ®k, k for some set
of closed points Sy C (Xo)a with 7(S) € So U {nx,}. Then by Lemma 7.4.11
we have Xg = Xﬂ—1(§o) with Sy == Sp U {nx,}. Taking the underlying spaces,
we find N

SU{nx} =m""(S)

as subspaces of | X|. The transcendental points of X are the closed points
which are mapped to the generic point in X, under 7, so they are all contained
in 771(Sp). Hence, S contains all transcendental points over k.

Conversely, assume that S contains all transcendental points over kg. Let
S := SU{nx}. We claim that we have S = 7~ (x(S)). This is equivalent to
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7.4 Transcendental points

S being a union of fibres of . The fibre over the generic point 7y, consists of
the generic point of X and all transcendental closed points over kg, hence this
fibre is completely contained in .S by assumption. The fact that kg is relatively
algebraically closed in k implies that the fibre over each closed point of Xy
consists only of a single point. This shows the equality S=nr 1(7T(S)). Let
So = m(S)\ {nx,}. Then we have Xg = (X¢)s, ®k, k¥ by Lemma 7.4.11. O

Remark 7.4.14. In Lemma 7.4.13 (ii), the set of closed points Sy C (Xg)q with
Xg = (Xo)s, @k, k is unique: it satisfies 771(So U {nx,}) = S U {nx} by
Lemma 7.4.11, and by taking images under the surjective map 7 we find

= m(S) \ {nxo }-

Proposition 7.4.15. Assume p, C k and let S C X be a set of closed points
containing all transcendental points and only finitely many algebraic points
over ky. Then every geometrically connected, finite étale cover of Xg is a good
localisation.

Proof. We may replace kg with any algebraic extension in k without changing
the property of closed points of X to be algebraic over kg. We can therefore
assume that kg is relatively algebraically closed in k. Then, as S contains all
transcendental points over kg by assumption, we have Xg = (Xo)s, ®x, k¥ by
Lemma 7.4.13, with Sy C (X¢)a consisting of the closed points in 7(S). By
Lemma 7.4.12, every geometrically connected, finite étale cover of Xg arises
by base change from a finite étale cover of (Xp)s,. Such a cover has the form
(Yo)r, = (Xo)s, with fo: Yo — X unramified over Sp and Ty = fo_l(So). Let
Y =Y, ®x, k and let T' C Y, be the set of closed points mapping to 7j or the
generic point in Yy, so that (Yp)n, ®k, ®k = Yr by Lemma 7.4.11. The fact
that Y7 is geometrically connected over k implies that (Yp)z, is geometrically
connected over kg. We have to show that Yr is a good localisation. We have
a cartesian diagram as follows:

Yy — X
Yo~ X
The horizontal morphisms f and fj are finite and hence send closed points to
closed points. As a consequence, a closed point y € Y is transcendental over
ko (relative to Yj) if and only if f(y) is transcendental over kg (relative to Xj).
From Ty = f;'(So) we have T = f~!(S). By assumption, S contains only
finitely many points which are algebraic over kg. As f has finite fibres, also T
contains only finitely many points which are algebraic over ky. We are thus in
the situation of Theorem 7.4.4 and conclude that Y7 is a good localisation. [
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7 Examples of good localisations

We can now deduce the version of the liftable section conjecture over base
fields without p-th roots of unity and the section conjecture for the full funda-
mental groups:

Theorem 7.4.16 (= Theorem D (b)). Let X = X ®g, k as above, let {/k
be a finite Galois extension with p, C € and let S C X be a set of closed
points containing only finitely many points which are algebraic over kg. Then
for every liftable section s': Gal(¢'/k) — Gal((Xg ® ¢)'/Xs), there exists a
unique k-rational point x of X such that the restriction resz/k(s’) lies over
x ® L. If moreover one of the following holds:

e p does not divide [{ : k]; or

e cvery transcendental point of X over kg is contained in S and s’ is twice-
liftable;

then s’ itself lies over x.

Proof. Denote by S ® ¢ C (X ® £). the preimage of S under the projection
X @0 — X. We have Xg ®{ = (X ® {)sge since localisation commutes with
base change along closed morphisms (Lemma 2.2.5). A closed point in X ® ¢
is algebraic over kg if and only if its image in X is so. Since S contains only
finitely many points which are algebraic over kg, the same holds for S ® ¢. By
Theorem 7.4.4, Xg ® £ is a good localisation, so it satisfies the liftable section
conjecture. With Theorem 1.4.4 we conclude that for every liftable section
s': Gal(¢'/k) — Gal((Xg ®¢ £)'/Xg) there exists a unique rational point x of
X such that res;/;(s") lies over @ £. Theorem 1.4.4 (a) also yields that s’ itself
lies over z if p does not divide [¢: k]. Assume that every transcendental point
of X over kg is contained in S and that s’ is twice-liftable. Proposition 7.4.15
shows that W ®/ is a good localisation for every geometrically connected, finite
étale subcover (Xg®/¢) — W — Xg. Hence, Theorem 1.4.4 (b) applies and s’
itself lies over z. O

Theorem 7.4.17 (= Theorem E (b)). Let X = Xy ®, k as above and let
S C X be a set of closed points which contains all transcendental points
and only finitely many algebraic points over kg. Then Xg satisfies the section
conjecture.

Proof. Let £ = k(up). Proposition 7.4.15 implies that W ® ¢ is a good lo-
calisation for every geometrically connected, finite étale cover W — Xg. So
Theorem 1.4.6 applies and shows that Xg satisfies the section conjecture. [
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Outlook

We see several potential directions to continue the line of research of this dis-
sertation:

e More examples of good localisations. We have considered here only lo-
calisations at countable sets and at sets of transcendental points over a
subfield. It would be interesting to find further examples. Complements
of p-adic discs would be possible candidates to study. Another idea is to
generalise our approximation theorem with invertibility conditions. In
the present form it relies on a comparison of cardinalities; one could try
and modify it to use a comparison of p-adic volumes instead. The case of
countable sets could then be generalised to sets of small p-adic volume.
The larger the set of points, the closer we get to the section conjecture
for the complete curve, which is as yet unproved. On the other hand,
also negative examples showing the limitations of the method would be
interesting.

e Higher dimensions. The starting point of our investigation was Pop’s
proof of the birational liftable p-adic section conjecture for curves. He
has shown in [Popl7] that the method of proof generalises to higher-
dimensional varieties. We expect that our generalisation for localisations
of curves should similarly extend to localisations of higher-dimensional
varieties. We have introduced localisations of schemes and their funda-
mental groups in great generality partly with this generalisation in mind.
The task will be to find the correct conditions on the localisation of a
variety under which the proof of the liftable section conjecture can be
adapted to work.

e Sections on larger quotients. The liftable section conjecture is remarkable
in that the existence of a rational point is deduced from the existence of a
section for a very small quotient of the fundamental group. However, one
may ask whether the conditions of a good localisation can be weakened
at the cost of working with sections on larger quotients such as the pro-
p quotient. Having weaker conditions could lead to more examples of
localisations satisfying the p-adic section conjecture.
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Zusammenfassung

In dieser Arbeit geht es um die Schnittvermutung fiir sogenannte Lokalisierun-
gen von Kurven iiber p-adischen Korpern, was eine Interpolation zwischen der
birationalen und der vollen Schnittvermutung darstellt. Wir erkldren im Fol-
genden einige Varianten der Schnittvermutung. In jedem Fall geht es darum,
die rationalen Punkte einer Kurve rein gruppentheoretisch mittels ihrer Fun-
damentalgruppe zu beschreiben. Die Vermutung fiigt sich ein in einen weiteren
Ideenkreis, die sogenannte anabelsche Geometrie, wo allgemeiner untersucht
wird, inwieweit arithmetisch-geometrische Information aus zugeordneten Fun-
damentalgruppen rekonstruiert werden kann. Dieses Gebiet geht auf einen Brief
von Grothendieck an Faltings [Gro97| zuriick, der weitgehende Vermutungen
dieser Art enthélt, die zu einem grofen Teil bis heute unbewiesen sind.

Die Schnittvermutung

Wir wollen zunéachst die Grundideen kurz erlautern.

Rationale Punkte als Schnitte.

Sei k ein Korper. Angenommen, wir suchen Elemente aq,...,a, € k, die einer
Liste von polynomiellen Gleichungen mit Koeffizienten in k geniigen sollen:

Fj(ai,...,a,) =0 firj=1,....,m (%)

mit Polynomen Fi,...,F,, € k[Ty,...,T,]. Ein Tupel (ai,...,a,) € k™ ist
mittels der Vorschrift 7; — a; dquivalent zu einem Ringhomomorphismus
k[Ty,...,T,] — k, der zur Inklusion linksinvers ist. Das Tupel erfiillt die Glei-
chungen (%) genau dann, wenn der entsprechende Homomorphismus iiber den
Quotienten

A= ]{}[Tl,. . .,Tn]/(Fl,. . ,Fm)

faktorisiert. Mit anderen Worten: eine k-rationale Losung der Gleichungen (%)
ist dquivalent zu einer Retraktion:
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Das arithmetische Problem lésst sich in der Sprache der Schemata geome-
trisch formulieren. Elemente des Korpers £ werden als Funktionen auf einem
Raum Spec(k) aufgefasst. Gleichermafen werden Elemente von A als Funktio-
nen auf X = Spec(A) aufgefasst. Die Abbildung k& — A definiert einen Mor-
phismus X — Spec(k) in umgekehrter Richtung. Eine Losung (a1, ..., ay) € k"
der Gleichungen (x) iibersetzt sich zunéchst wie oben in eine Retraktion und
damit unter dem Funktor Spec in einen Schnitt:

Spec(k)

Schnitte auf Fundamentalgruppen.

Gegeben sei eine stetige Abbildung von topologischen Rdumen f: X — B.
Wir fassen dies als eine Familie von Riumen X; := f~1(b) auf, die iiber den
Basisraum B parametrisiert ist. Angenommen, wir suchen fiir jedes b € B einen
Punkt in der Faser x; € Xj, der stetig mit b variiert, in dem Sinne, dass die
resultierende Abbildung B — X, gegeben durch b — x;, stetig ist. Mit anderen
Worten, wir suchen stetige Schnitte:

X

B.

Eine wichtige Invariante eines topologischen Raums ist seine Fundamentalgrup-
pe. Sie kann benutzt werden, um die vorliegende Situation zu untersuchen. Da-
fiir muss man mit f kompatible Basispunkte by € B und zg € f~!(by) withlen
und erhélt einen von f induzierten Gruppenhomomorphismus

fo: T (B, bo) = m1(X, 20)

Sei nun ein Schnitt z: B — X von f gegeben. Zu jeder Schleife im Basis-
raum B mit Anfangs- und Endpunkt by haben wir dann mittels = eine Schleife
in X mit Anfangs- und Endpunkt z(by). Dies definiert den Homomophismus
xy: (B, by) — m1(X,x(bp)). Wegen der Verschiedenheit der Basispunkte ist
T4 nicht direkt ein Schnitt von f,. Wenn wir aber annehmen, dass die Faser
f~1(bo) wegzusammenhingend ist, dann kénnen wir einen Pfad v: x(bg) ~ x¢
in f~1(bo) withlen und erhalten dadurch einen Homomorphismus

-1
su: m(B,bo) —2s m (X, w(bo)) " w1 (X, o).
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Dieser ist nun in der Tat ein Schnitt von f,, da der Pfad v unter f auf den
konstanten Pfad in by abgebildet wird. Wahlt man anstelle von 7 einen ande-
ren Pfad 7': z(by) ~ xo in f~1(bg), dann unterscheiden sich die beiden um
eine Schleife § := ' o y~! in f~1(by) mit Anfangs- und Endpunkt zq. In der
Definition von s, wirkt sich dies als eine Konjugation mit i,([d]) aus, wobei
iw: T (f 71 (bg), 20) — m1(X,z0) von der Inklusion der Faser induziert ist. Der
Schnitt x: B — X liefert somit auf Fundamentalgruppen eine wohldefinierte
71 (f (o), x0)-Konjugationsklasse von Schnitten [s,]. Die Zuordnung x + [s]
ist also eine Abbildung

(Schnitte 22 B — X von f) —» (Konjugationsklassen von)

Schnitten von f

Insbesondere kann man die Nicht-Existenz von Schnitten z: B — X von f da-
durch zeigen, dass man die Nicht-Existenz von Schnitten w1 (B, by) — m1 (X, z¢)
von fy nachweist. Diese letzte Beobachtung gilt auch dann, wenn der Raum X
anstelle der Faser f~!(by) wegzusammenhingend ist.

Um das an einem Beispiel zu illustrieren, betrachten wir etwa die Quadratab-
bildung C* — C*, z — 22. Auf Fundamentalgruppen induziert dies die Multi-
plikation mit 2 auf Z. Dies ldsst keinen Schnitt zu, somit kann man schliefsen,
dass es unmoglich ist, jeder von Null verschiedenen komplexen Zahl z € C*
auf stetige Weise eine Quadratwurzel zuzuordnen.

Die étale Fundamentalgruppe.

Wir haben oben erlautert, dass man Losungen von Polynomgleichungen iiber
einem Korper k geometrisch als Schnitte einer Abbildung X — Spec(k) von
Schemata auffassen kann. Man ist also in einer dhnlichen Situation wie im
vorherigen Abschnitt: X kann als parametrisierte Familie von Rdumen iiber
dem Basisraum Spec(k) angesehen werden. Auf den ersten Blick erscheint die-
se Sichtweise unergiebig, da der unterliegende topologische Raum von Spec(k)
aus nur einem einzigen Punkt besteht, entsprechend dem Nullideal in k. Aber
generell ist der unterliegende Zariski-Raum eines Schemas génzlich ungeeig-
net, um die Fundamentalgruppe mittels Homotopieklassen von Schleifen zu
definieren. Man verfolgt daher geméf [SGA 1, Exp. V] einen anderen Ansatz
und definiert die étale Fundamentalgruppe eines Schemas stattdessen, indem
man die Rolle, die die topologische Fundamentalgruppe in der Uberlagerungs-
theorie spielt, in die Welt der Schemata iibertragt.

Um dies zu erkléren, betrachten wir ein zusammenhingendes Schema X. Als
Basispunkt wahlen wir einen geometrischen Punkt ¢ von X, d.h. einen Mor-
phismus Spec(2) — X mit einem separabel abgeschlossenen Korper . Die
Rolle, die (endliche) Uberlagerungen in der Topologie spielen, wird von den
endlich étalen Morphismen f: Y — X iibernommen. Die Faser f~!(z¢) — o
ist eine endliche disjunkte Vereinigung von Kopien von Spec(f?), kann somit
einfach als endliche Menge betrachtet werden. In der Topologie wiirde man
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(unter schwachen Voraussetzungen an den topologischen Raum X) eine Grup-
penwirkung von (X, zg) auf der Faser f~!(zg) durch das Hochheben von
Pfaden definieren: gegeben eine Schleife v in X mit Anfangs- und Endpunkt
xo, und gegeben einen Punkt y € f~1(zg), ldsst sich v auf eindeutige Wei-
se zu einem Pfad 4 in Y mit Anfangspunkt y hochheben, und man definiert
v.y € f~Yxo) als den Endpunkt von 7. In der algebraischen Welt wird ein
Element von 71(X,zo) einfach definiert als ein System von Permutationen
von f~1(xzg) fiir jede endlich étale Uberlagerung f: Y — X. Das System muss
einzig eine Natiirlichkeitsbedingung erfiillen, d.h. eine Vertraglichkeit mit Mor-
phismen zwischen endlich étalen Uberlagerungen: Fiir zwei endlich étale Uber-
lagerungen f;: Y; — X und einen Morphismus ¢g: Y7 — Y3 iiber X soll fiir
v € (X, zg) das folgende Quadrat kommutieren:

Ji (o) ——= fy ! (x0)

[ [
f 'l (@o) =2 f3 (20).

Kompakter ausgedriickt: Wir haben eine Kategorie Cov(X) der endlich éta-
len Uberlagerungen von X; diese ist ausgestattet mit einem Faserfunktor
Fibg,: Cov(X) — FinSet in die Kategorie der endlichen Mengen, gegeben
durch (f: Y — X) — f~!(x0); und die étale Fundamentalgruppe 71 (X, zq)
ist definiert als die Automorphismengruppe dieses Faserfunktors:

m1 (X, x0) = Aut(Fibg,).

Man versieht 1 (X, z9) mit der grobsten Topologie, so dass die Wirkungen auf
allen Fasern f~!(zg) stetig sind. Damit wird 7 (X, 2) zu einer proendlichen
Gruppe.

Betrachten wir den Spezialfall, dass es sich bei X um das Spektrum eines
Korpers handelt, X = Spec(k). Die Wahl eines separablen Abschlusses k/k
definiert einen geometrischen Basispunkt zo: Spec(k) — Spec(k). Die zusam-
menhiéingenden endlich étalen Uberlagerungen von Spec(k) sind von der Form
Spec(¢) — Spec(k) mit einer endlich separablen Koérpererweiterung ¢/k. Die
Faser iiber g lisst sich mit der Menge der k-Einbettungen Homy (¢, k) gleich-
setzen. Die absolute Galoisgruppe Gal(k/k) wirkt auf natiirliche Weise auf
Homy (¢, k), und man kann sich iiberlegen, dass jedes kompatible System von
Permutationen der Mengen Homy (¢, k) durch ein Element von Gal(k/k) defi-
niert ist. Daraus folgt, dass die étale Fundamentalgruppe von Spec(k) gerade
die absolute Galoisgruppe ist:

71 (Spec(k), Spec(k)) = Gal(k/k).

Insbesondere enthélt die étale Fundamentalgruppe von Spec(k) viel mehr In-
formation als der unterliegende Zariski-Raum vermuten ldsst. Dies ist ein Aus-
druck der Tatsache, dass die étale Topologie eines Schemas (die keine Topologie
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im klassischen Sinne ist, sondern eine Grothendieck-Topologie) viel feiner ist
als die Zariski-Topologie.

Die Schnittvermutung fiir eigentliche Kurven.

Sei nun k ein Korper der Charakteristik 0 und sei X/k eine glatte, eigentli-
che, geometrisch zusammenhéngende Kurve, gegeben etwa als Nullstellenmen-
ge homogener Polynome in einem projektiven Raum. Sei k/k ein algebraischer
Abschluss und sei 7y ein geometrischer Punkt in X7 = X ®y k. Wir haben
dann eine fundamentale exakte Sequenz wie folgt:

1 — Wl(XE,fo) — 7I‘1(X,f0) — Gal(E/k‘) — 1. (8.1)

Ein k-rationaler Punkt « € X (k) ist per Definition ein Schnitt der Strukturab-
bildung X — Spec(k) und induziert mittels Funktorialitdt einen Schnitt auf
Fundamentalgruppen

Sy Gal(%/k) — 7T1(X, f@).

Genau wie im topologischen Fall muss man dazu einen (étalen) Pfad = ~~ Tp
(mit dem durch z induzierten geometrischen Punkt Z: Spec(k) — X3) auf
dem zusammenhéngenden Schema Xz wihlen, um die Verschiedenheit der Ba-
sispunkte zu berticksichtigen. Je zwei solcher Pfade unterscheiden sich um eine
Schleife, also ein Element von (X7, Zo). In der Folge ist der Schnitt s, wohl-
definiert bis auf 7y (X%, To)-Konjugation. In dem Fall, dass der Grundkdrper
k endlich erzeugt iiber seinem Primkdrper Q ist, besagt die Grothendiecksche
Schnittvermutung |Gro97|, dass die so erhaltene Abbildung x +— [s;] eine Bi-
jektion

X (k) — ( Konjugationsklassen VOH>

Schnitten von (8.1) (8.2)

ist, vorausgesetzt das Geschlecht von X ist mindestens zwei (d.h. X ist hyper-
bolisch). Sowohl die Schnittvermutung als auch ihr Aquivalent iiber p-adischen
Grundkorpern (die p-adische Schnittvermutung) sind noch offen (siehe [Stil3]
fiir Teilresultate und Indizien).

Die Schnittvermutung fiir offene Kurven

Grothendieck hat auch eine Variante der Schnittvermutung fiir nicht not-
wendigerweise eigentliche Kurven aufgestellt. Dem liegt die Beobachtung zu-
grunde, dass auch k-rationale Punkte “im Unendlichen” (genannt Spitzen),
d.h. die Punkte in X \ X, wo X die glatte Kompaktifizierung von X be-
zeichnet, zu Schnitten der Fundamentalgruppensequenz (8.1) fithren (Spitzen-
schnitte). Die Schnittvermutung fiir offene Kurven besagt, dass jeder Schnitt
Gal(k/k) — m1(X,Zo) von einem k-rationalen Punkt von X herkommt, also
entweder von einer Spitze oder einem Punkt in X. Fiir nicht notwendigerweise
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eigentliche Kurven muss die Hyperbolizititsbedingung als x(X) < 0 formuliert
werden, d.h. die Eulercharakteristik von X soll negativ sein. Bezeichnet g das
Geschlecht von X und 7 = #(X \ X)(k) die geometrische Anzahl der Spitzen,
dann ist die Eulercharakteristik durch

X(X)=2-2g—r. (8.3)

gegeben. Die Kurve X ist also genau dann hyperbolisch, wenn es sich bei
X7 entweder um den P! ohne mindestens drei Punkte, um eine Kurve vom
Geschlecht eins ohne mindestens einen Punkt oder um eine Kurve hoheren
Geschlechts mit einer beliebigen Zahl herausgenommener Punkte handelt.

Die birationale Schnittvermutung

Die Formel (8.3) fiir die Eulercharakteristik legt nahe, dass X umso “hyperbo-
lischer” wird, je mehr abgeschlossene Punkte man entfernt. Dies motiviert eine
birationale Variante der Schnittvermutung, wo die Kurve vollstéandig auf ihren
generischen Punkt reduziert ist, d.h. auf das Spektrum ihres Funktionenkor-
pers K. Die fundamentale exakte Sequenz (8.1) wird dann zu der folgenden
kurzen exakten Sequenz von absoluten Galoisgruppen:

1 — Gy — Gxg — G — 1. (8.4)

Jeder rationale Punkt = € X(k) fiihrt auf folgende Weise zu birationalen
Schnitten: Sei X die Normalisierung von X im algebraischen Abschluss K /K
und sei  ein gewahlter Punkt {iber x in X. Die G -Wirkung auf K indu-
ziert eine Wirkung auf X. Der Stabilisator Djj. € Gk des Punktes 7 wird die
Zerlegungsgruppe von Z|x genannt. Die Gruppe Dj, operiert auf dem Rest-
klassenkorper (%), der kanonisch zu k isomorph ist. Der resultierende Homo-
morphismus Dz, — Gy, ist surjektiv und sein Kern I3, ist die Trdagheitsgruppe
von Z|x. Ein Schnitt s: Gy, — G wird Schnitt iber x genannt, falls sein Bild
in einer Zerlegungsgruppe Dy, fiir ein Z iiber = enthalten ist.

SN

1 —— Ii|:}c E— Dj‘x > Gk 1
o )

I — Gz y G > G 1

Es existieren Schnitte iiber jedem k-rationalen Punkt von z: Sei namlich T% ,
der Tangentialraum ohne Ursprung von X an x, aufgefasst als k-Schema. Somit
ist T% , nichtkanonisch isomorph zum Schema Gy, tiber k. Deligne zeigt in sei-
ner Theorie der tangentialen Basispunkte [Del89, §15|, dass die obere Zeile des
Diagramms (8.5) isomorph zur fundamentalen exakten Sequenz von T% , /k
ist. Insbesondere induziert jeder von Null verschiedene Tangentialvektor an x
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eine Iz, = Z(l)—Konjugationsklasse von Schnitten iiber z, deren Bild in der
Zerlegungsgruppe Dy, enthalten ist.

Die birationale Schnittvermutung ist fir die eigentliche Kurve X/k erfiillt,
wenn jeder Schnitt von (8.4) iiber genau einem k-rationalen Punkt von X liegt.
Uber Zahlkorpern ist die Vermutung offen, aber das p-adische Aquivalent iiber
endlichen Erweiterungen von @, wurde von Kénigsmann mittels Modelltheorie
p-adisch abgeschlossener Korper bewiesen [Koe05|. Pop hat hiervon eine “mi-
nimalistische” Variante gezeigt, wo Gx durch einen sehr kleinen Quotienten
ersetzt wird [Pop10]. Im Fall, dass k die p-ten Einheitswurzeln enthélt, geniigt
es etwa, mit dem Z/pZ-metabelschen Quotienten von G zu arbeiten. Diese
letztere Variante wird in dieser Arbeit verallgemeinert.

Die Schnittvermutung fiir Lokalisierungen von Kurven

Die vorliegende Arbeit beschéftigt sich mit der Schnittvermutung fiir Lokali-
sierungen von Kurven. Es geht dabei um Zwischenversionen zwischen der bira-
tionalen Schnittvermutung und der Schnittvermutung fiir die volle Kurve. Sei
X/k weiterhin eine glatte, eigentliche, geometrisch zusammenhéngende Kurve
iiber einem Korper k der Charakteristik 0.

Definition. Fiir eine beliebige Menge abgeschlossener Punkte S C X, defi-
nieren wir die Lokalisierung von X bei S als das pro-(offene Unterschema)
von X

Xg = {U C X dicht offen mit S € U}. (8.6)

Der Durchschnitt soll im schematheoretischen Sinn in X gebildet werden, d.h.
als Faserprodukt von Schemata iiber X.

Wir zeigen, dass der Limes (8.6) stets existiert. Anschaulich wird Xg aus X
gewonnen, indem man alle abgeschlossenen Punkte auferhalb von S entfernt.
Der unterliegende topologische Raum |Xg| von Xg ist der Unterraum von
| X|, der aus dem generischen Punkt 7x und den Punkten in S besteht. Zum
Beispiel: fiir S = X ist Xg = X die volle Kurve; im Fall S = () ist Xg = nx
der generische Punkt. Im Allgemeinen liegt Xg zwischen nx and X.

Sei k/k wieder ein algebraischer Abschluss und Zj ein geometrischer Punkt
von Xg @ k. Sei Xgni" — Xg die zugehorige universelle proendlich étale
Uberlagerung und sei X - X die Normalisierung von X im Funktionenkorper
von X@"V. Gegeben einen k-rationalen Punkt x € X (k) und einen Punkt 7
in X iiber z, haben wir eine Zerlegungsgruppe Dgz, (den Stabilisator von &

unter der m(Xg, To)-Wirkung auf X ) und eine Trégheitsgruppe Iz, wie im
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birationalen Fall, und wir haben das folgende Diagramm:

1 Ly D;, — Gal(k/k) —— 1

! [ e

1 —— 7T1(XS Rk E,fg) e Wl(XS,fo) — Gal(%/k) — 1.

Wieder sagen wir, dass ein Schnitt der Abbildung 71 (Xg, o) — Gal(k/k) ein
Schnitt iiber x sei, falls sein Bild in einer Zerlegungsgruppe Dy, fiir ein 7|z
in X enthalten ist. Wir zeigen, dass iiber jedem k-rationalen Punkt von X
Schnitte existieren.

Definition. Wir sagen, die Lokalisierung Xg /k erfiillt die Schnittvermu-
tung, falls jeder Schnitt s: Gal(k/k) — mi(Xg,To) tiber genau einem k-
rationalen Punkt von X liegt.

FEines unser Hauptergebnisse besteht darin, dass wir im Fall eines p-adischen
Grundkorpers hinreichende Bedingungen an Xg identifizieren, welche die Giil-
tigkeit der Schnittvermutung fiir Xg implizieren. Wir zeigen auf diese Weise,
dass die Schnittvermutung beispielsweise erfiillt ist, wenn S hochstens abzihl-
bar ist (siehe den Abschnitt unten iiber unsere Hauptergebnisse).

Die hebbare Schnittvermutung

Diese Arbeit beschéftigt sich hauptséchlich mit einer Variante der Schnittver-
mutung fiir Lokalisierungen von Kurven, die mit sehr kleinen Quotienten der
Fundamentalgruppe arbeitet. Um die Aussage zu formulieren, fixieren wir eine
Primzahl p und fithren die folgende Notation ein:

Notation. Sei II eine proendliche Gruppe. Sei II = I > IM > ... die
Z/pZ-abgeleitete Reihe:

@ — . é+d = [H(i)’H(i)](H(i))p_

Wir bezeichnen mit
I =1/ = 11** @ Z/pZ,
= 1/a®
den maximalen Z/pZ-abelschen bzw. Z/pZ-metabelschen Quotienten von II.

Man beobachte, dass die Zuordnungen IT — II’ und II + II” funktoriell sind
und dass jeder surjektive Homomorphismus proendlicher Gruppen unter (—)’
und (—)” surjektiv bleibt.

Definition. Sei IT — G ein surjektiver Homomorphismus proendlicher Grup-
pen. Ein Schnitt s’: G’ — II'’ werde hebbar genannt, wenn ein Schnitt
s": G" — 11" existiert, so dass das folgende Diagramm kommutiert:
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sl/

n < N
" —» G

[y

nr——»G.

Sei Xg/k die Lokalisierung einer Kurve an einer Menge abgeschlossener
Punkte wie im vorherigen Abschnitt. Sei Gy = Gal(k/k) die absolute Ga-
loisgruppe von k und sei m1(Xg) die Fundamentalgruppe von Xg beziiglich
eines geometrischen Basispunkts auf Xg ®j, k, so dass wir einen surjektiven
Homomorphismus 71(Xg) — G haben. Wir konnen wieder definieren, wann
ein hebbarer Schnitt s': G} — m1(Xg) tiber einem k-rationalen Punkt von X
liegt, und es existieren hebbare Schnitte {iber jedem solchen.

Definition. Wir sagen, Xg/k erfiillt die hebbare Schnittvermutung, falls
jeder hebbare Schnitt s': G} — m1(Xg)’ iiber einem eindeutigen k-rationalen
Punkt von X liegt.

Hauptergebnisse

Die hebbare Schnittvermutung fiir gute Lokalisierungen

Sei k eine endliche Erweiterung von Q,,, welche die p-ten Einheitswurzeln ent-
hélt. Unser Ausgangspunkt ist Pops Beweis der birationalen hebbaren Schnitt-
vermutung iiber k& [Popl0, Theorem A|. Das Ziel unserer Arbeit ist, dieses
Ergebnis und dessen Beweis auf Lokalisierungen von Kurven zu verallgemei-
nern und somit einen Schritt vom birationalen Fall in Richtung offener oder
eigentlicher Kurven zu gehen, wo die Vermutung noch offen ist. Unser Haupt-
ergebnis ist das Ausmachen von Bedingungen an die Lokalisierung einer Kurve,
unter denen sich Pops Beweis verallgemeinern lasst und die hebbare Schnitt-
vermutung demzufolge erfiillt ist. Wir fithren zu diesem Zweck den Begriff der
guten Lokalisierung ein. Gute Lokalisierungen sind durch vier Bedingungen
definiert, die grob gesprochen besagen, dass es hinreichend viele invertierbare
Funktionen auf Xg gibt. Unser Hauptsatz lautet damit wie folgt:

Satz A. Sei k eine endliche Erweiterung von Q, mit p, C k. Sei X/k eine
glatte, eigentliche, geometrisch zusammenhdingende Kurve und sei S C X eine
Menge abgeschlossener Punkte. Wenn Xg eine gute Lokalisierung ist, dann
erfillt Xg/k die hebbare Schnittvermutung.

Um die Niitzlichkeit des Satzes zu demonstrieren, weisen wir die Bedingun-
gen fiir eine gute Lokalisierung in einigen Féllen nach und erhalten so konkrete
Beispiele von Lokalisierungen von Kurven, fiir welche die hebbare Schnittver-
mutung gilt:
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Satz B. Sei k eine endliche Erweiterung von Q, mit pu, C k. Sei X/k eine
glatte, eigentliche, geometrisch zusammenhdngende Kurve und set S C X eine
Menge abgeschlossener Punkte. Angenommen, es gilt eines der folgenden:

(a) S C X ist hochstens abzihlbar; oder

(b) X ist dber einem Unterkérper kg C k definiert und S C X enthdlt nur
endlich viele diber ko algebraische Punkte

Dann erfillt Xg/k die hebbare Schnittvermutung.

Um den Nachweis fiir hochstens abzéhlbare Punktmengen S zu fiihren, be-
weisen wir einen neuen Approximationssatz mit Invertierbarkeitsbedingungen
fiir allgemeine Bewertungen.

Die hebbare Schnittvermutung ohne p-te Einheitswurzeln

Falls k eine endliche Erweiterung von Q, ist, welche nicht die p-ten Einheits-
wurzeln enthélt, dann ist die hebbare Schnittvermutung iiber k im Allgemeinen
falsch. Es kann jedoch sehr allgemein gezeigt werden, dass die Giiltigkeit der
hebbaren Schnittvermutung iiber einer Korpererweiterung ¢/k eine Variante
der hebbaren Schnittvermutung iiber k impliziert.

Um das genaue Ergebnis zu formulieren, sei k erst einmal ein beliebiger Kor-
per der Charakteristik 0 und sei Xg eine Lokalisierung einer glatten, eigent-
lichen, geometrisch zusammenhéngenden Kurve iiber k. Sei ¢/k eine endliche
Galoiserweiterung. Bezeichne

(Xs @ 0)" = (Xs @, 0) = Xg @ ¢

den Anfang des Turms von Uberlagerungen, welcher durch die Z/pZ-abgeleitete
Reihe von 71 (Xg®¥) definiert ist. Es handelt sich also um die maximale Z/pZ-
elementar abelsche Uberlagerung (X5 ®p £)’ — Xs ®p £ und die maximale
7./ pZ-metabelsche Uberlagerung (Xs @, £)" — Xg ® L. Die entsprechenden
Grundkorpererweiterungen seien mit ¢”/¢'/¢ bezeichnet. Man bemerke, dass
die beiden Uberlagerungen auch iiber Xg galoissch sind, da sie charakteristi-
sche Uberlagerungen der Galoisiiberlagerung Xg ®j £ — Xg sind. Die beiden
Korpererweiterungen ¢ und ¢” sind gleichermafen galoissch iiber k.

Definition. Ein Schnitt s': Gal(¢'/k) — Gal((Xs ® ¢)'/Xg) heike hebbar,
wenn es einen Schnitt s” gibt, so dass das folgende Diagramm kommutiert:

L’// SNl

Gal((XS Rk 6)”/XS) E—d Gal(ﬁ”/k)

|

Gal((Xg ®p £)'/Xs) —— Gal(l'/k)
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Im Fall ¢ = k haben wir m(Xg)' = Gal(Xg/Xs) und G), = Gal(k'/k), und
diese Definition von hebbaren Schnitten spezialisiert sich zur zuvor formulierten
Definition. Wir zeigen, dass fiir alle ¢/k auch in diesem allgemeineren Sinne
hebbare Schnitte {iber jedem k-rationalen Punkt von X existieren.

Satz C. Sei k ein Korper der Charakteristik 0, sei X/k eine glatte, eigentli-
che, geometrisch zusammenhdngende Kurve und sei S C X eine Menge abge-
schlossener Punkte. Sei ¢/k eine endliche Galoiserweiterung, so dass Xg ®y £
die hebbare Schnittvermutung erfillt. Dann existiert fiir jeden hebbaren Schnitt

s': Gal(f'/k) — Gal((Xs @1 £)'/ Xs)
genau ein k-rationaler Punkt x von X, so dass der eingeschrinkte Schnitt
8'|Gaiqer /ey Gal(l'/) — Gal((Xs @ £)'/(Xs @y 1))
tiber x ®y, £ liegt.

Im Zusammenhang mit diesem Satz untersuchen wir auferdem die Frage,
wann schon der uneingeschriankte Schnitt s iiber z liegt. Wir geben zwei ver-
schiedene Bedingungen an, unter denen dies der Fall ist. Zum Beispiel zeigen
wir mit Methoden der nicht-abelschen Galoiskohomologie, dass schon s’ iiber
x liegt, wenn der Grad [¢ : k]| nicht durch die Primzahl p teilbar ist.

Die volle Schnittvermutung fiir Lokalisierungen von Kurven

Die hebbare Schnittvermutung ist insofern interessant, als man Informationen
iiber rationale Punkte schon aus sehr kleinen Quotienten der Fundamentalgrup-
pen gewinnt. Man kann aber sogar auf die Schnittvermutung fiir die vollen Fun-
damentalgruppen schliefen, wenn die hebbare Variante fiir alle Uberlagerungen
erfiillt ist. Im folgenden Satz wird die Giiltigkeit der hebbaren Schnittvermu-
tung iiber gewissen zusammenhiingenden endlich étalen Uberlagerungen von
X g angenommen. Wie wir zeigen, sind all solche selbst wieder Lokalisierungen
von Kurven.

Satz D. Seik ein Kéorper der Charakteristik 0, sei X /k eine glatte, eigentliche,
geometrisch zusammenhdngende Kurve und sei S C X eine Menge abgeschlos-
sener Punkte. Angenommen, es existiert eine endliche Galoiserweiterung £/k,
so dass fiir jede geometrisch zusammenhdingende endlich étale Uberlagerung
W — Xg die hebbare Schnittvermutung fiir W &y € erfullt ist. Dann erfillt
Xg die Schnittvermutung, d.h. jeder Schnitt s: Gy, — m(Xg) liegt iber einem
eindeutigen k-rationalen Punkt von X.

Durch Anwendung dieses Satzes erhalten wir neue Beispiele von Lokalisie-
rungen von Kurven, welche die Schnittvermutung erfiillen:
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Satz E. Sei k eine endliche Erweiterung von Q,, sei X/k eine glatte, ei-
gentliche, geometrisch zusammenhdngende Kurve und sei S C X eine Menge
abgeschlossener Punkte. Angenommen, es gilt eines der folgenden:

(a) S ist hochstens abzdihlbar; oder

(b) X ist dber einem Unterkorper ko C k definiert und S enthdlt alle iber ko
transzendenten und nur endlich viele tiber ko algebraische Punkte.

Dann gilt fiir Xg die Schnittvermutung.
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