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The first amplitude analysis of the decay Dþ
s → K−Kþπþπ0 is presented using the data samples,

corresponding to an integrated luminosity of 6.32 fb−1, collected with the BESIII detector at eþe− center-
of-mass energies between 4.178 and 4.226 GeV. More than 3000 events selected with a purity of 97.5% are
used to perform the amplitude analysis, and nine components are found necessary to describe the data.

aAlso at Bogazici University, 34342 Istanbul, Turkey.
bAlso at the Moscow Institute of Physics and Technology, Moscow 141700, Russia.
cAlso at the Novosibirsk State University, Novosibirsk, 630090, Russia.
dAlso at the NRC “Kurchatov Institute”, PNPI, 188300, Gatchina, Russia.
eAlso at Istanbul Arel University, 34295 Istanbul, Turkey.
fAlso at Goethe University Frankfurt, 60323 Frankfurt am Main, Germany.
gAlso at Key Laboratory for Particle Physics, Astrophysics and Cosmology, Ministry of Education; Shanghai Key Laboratory for

Particle Physics and Cosmology; Institute of Nuclear and Particle Physics, Shanghai 200240, People’s Republic of China.
hAlso at Key Laboratory of Nuclear Physics and Ion-beam Application (MOE) and Institute of Modern Physics, Fudan University,

Shanghai 200443, People’s Republic of China.
iAlso at Harvard University, Department of Physics, Cambridge, Massachusetts 02138, USA.
jPresent address: Institute of Physics and Technology, Peace Ave. 54B, Ulaanbaatar 13330, Mongolia.
kAlso at State Key Laboratory of Nuclear Physics and Technology, Peking University, Beijing 100871, People’s Republic of China.
lAlso at School of Physics and Electronics, Hunan University, Changsha 410082, China.
mAlso at Guangdong Provincial Key Laboratory of Nuclear Science, Institute of Quantum Matter, South China Normal University,

Guangzhou 510006, China.

Published by the American Physical Society under the terms of the Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s) and the published article’s title, journal citation, and DOI. Funded
by SCOAP3.

AMPLITUDE ANALYSIS AND BRANCHING FRACTION … PHYS. REV. D 104, 032011 (2021)

032011-3

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.032011&domain=pdf&date_stamp=2021-08-27
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Relative fractions and phases of the intermediate decays are determined. With the detection efficiency
estimated by the results of the amplitude analysis, the branching fraction of Dþ

s → K−Kþπþπ0 decay is
measured to be ð5.42� 0.10stat � 0.17systÞ%.

DOI: 10.1103/PhysRevD.104.032011

I. INTRODUCTION

Accurate measurement of Dþ
s decays are important for

the studies of other decay processes that are dominated by
final states involving Dþ

s mesons, particularly for those of
B0
s decays [1]. The decay Dþ

s → K−Kþπþπ0 is a Cabibbo-
favored decay (the inclusion of charge conjugated reactions
is implied throughout this paper). Due to its large branching
fraction (BF), it is usually selected as a “tag mode” for the
measurement of other decays of the Dþ

s meson [2–7].
However, the BF of the Dþ

s → K−Kþπþπ0 decay has a
large systematic uncertainty due to the poor knowledge of
intermediate-state processes [8,9]. An amplitude analysis of
this decay is expected to provide a detailed understanding
of its intermediate structures and significantly improve the
experimental precision of its decay BF.
The four-body hadronic decays of Dþ

s mesons are
dominated by two-body intermediate processes, for exam-
ple Dþ

s → AP and Dþ
s → VV decays, where V, A, and P

denote vector, axial-vector, and pseudoscalar mesons,
respectively. Measurements of the BFs of these two-body
decays are important to test theoretical calculations [10–13]
and to better understand the decay mechanisms of the Dþ

s
meson. In recent years, many measurements of Dþ

s → PP
and Dþ

s → VP decays have been reported [14]. However,
there are few studies focusing onDþ

s → AP andDþ
s → VV

decays. The amplitude analysis of Dþ
s → AP decay allows

the study of substructures involving K1ð1270Þ, K1ð1400Þ,
and f1ð1420Þ mesons. The measurements of the inter-
mediate resonancesK1ð1270Þ andK1ð1400Þ are also useful
for understanding the mixing of these two axial-vector
kaons [15]. For Dþ

s → VV, two processes, namely Dþ
s →

ϕρþ and Dþ
s → K̄�0K�þ, which are represented by the

decay diagrams in Fig. 1, can be studied in the Dþ
s →

K−Kþπþπ0 decay. The BF of the decay Dþ
s → ϕρþ was

measured to be ð8.4þ1.9
−2.3Þ% [16] by the CLEO experiment

based on a data sample corresponding to an integrated

luminosity of 689 pb−1 at theϒð3SÞ andϒð4SÞ resonances
and at eþe− center-of-mass energies (Ecm) just below and
above the ϒð4SÞ resonance. The previous most precise
determination of the BF of Dþ

s → K̄�0K�þ decay, ð7.2�
2.6Þ% [17], was performed by the ARGUS experiment
using a data sample of 432 pb−1 collected at
Ecm ¼ 10.4 GeV. The goal of the present analysis is to
improve the precision of these measurements.
Moreover, a recent study [18] points out that the

measured values of the ratio of K1ð1270Þ decay

(RK1ð1270Þ ¼ BðK1ð1270Þ→K�πÞ
BðK1ð1270Þ→KρÞ ), which are listed in Table I,

are inconsistent between different experiments [19–25].
They are expected to be identical under the narrow width
approximation for the K1ð1270Þ meson and assuming CP
conservation in strong decays [18]. The decays related to
this ratio may be observed in the Dþ

s → K−Kþπþπ0 decay.
In this paper, the first amplitude analysis of the decay

Dþ
s → K−Kþπþπ0 is presented using data samples of

6.32 fb−1 collected with the BESIII detector at center-
of-mass energies between 4.178 and 4.226 GeV. The
amplitude model is constructed with the covariant tensor
formalism [26] and described in Sec. IV. The BF meas-
urement is presented in Sec. V.

II. DETECTOR AND DATASETS

The BESIII detector is a magnetic spectrometer [27,28]
located at the Beijing Electron Position Collider (BEPCII)
[29]. The cylindrical core of the BESIII detector consists of
a helium-based multilayer drift chamber (MDC), a plastic
scintillator time-of-flight system (TOF), and a CsI(Tl)

(a) (b)

FIG. 1. Decay diagrams of (a) Dþ
s → ϕρþ and (b) Dþ

s →
K̄�0K�þ decays.

TABLE I. Values of RK1ð1270Þ determined by different experi-
ments. Fit 1 and fit 2 refer to amplitude analyses performed with
the mass and width of the K1ð1270Þþ meson fixed or left free in
the fit, respectively.

RK1ð1270Þ Process Experiment

0.81� 0.10 D0 → KþK−πþπ− LHCb [19]
1.18� 0.43 D0 → K−Kþ

1 ð1270Þ CLEO [20]
0.11� 0.06 D0 → KþK−

1 ð1270Þ CLEO [20]
0.19� 0.10 D0 → K−πþπþπ− BESIII [21]
0.24� 0.04 D0 → K−πþπþπ− LHCb [22]
0.45� 0.05 Bþ → J=ψKþπþπ− Belle [23] (Fit 1)
0.30� 0.04 Bþ → J=ψKþπþπ− Belle [23] (Fit 2)
0.38� 0.13 K−p → K−π−πþp ACCMOR [24]
0.45� 0.14 D0 → K−Kþ

1 ð1270Þ CLEO [25]
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electromagnetic calorimeter (EMC), which are all enclosed
in a superconducting solenoidal magnet providing a 1.0 T
magnetic field. The solenoid is supported by an octagonal
flux-return yoke with resistive-plate counter muon identi-
fier modules interleaved with steel. The acceptance of
charged particles and photons is 93% over the 4π solid
angle. The resolution of charged-particle momentum at
1 GeV=c is 0.5%, while that of the specific ionization
energy loss (dE=dx) is 6% for electrons from Bhabha
scattering. The EMC measures photon energies with a
resolution of 2.5% (5%) at 1 GeV in the barrel (end cap)
region. The time resolution of the TOF barrel part is 68 ps.
The end cap TOF system was upgraded in 2015 with
multigap resistive plate chamber technology, providing a
time resolution of 60 ps [30,31].
The data samples used in this analysis contain a total

integrated luminosity of 6.32 fb−1 collected at center-of-
mass energies between Ecm ¼ 4.178 and 4.226 GeV with
the BESIII detector. The integrated luminosity of each data
sample is shown in Table II. In this energy region, pairs of
D�

s D
�∓
s mesons are produced. The D��

s meson predomi-
nantly decays to D�

s γ (93.5%), and only a small fraction
decays to Dsπ

0 (5.8%) [14]. A double-tag (DT) technique
is employed to measure the absolute BF of the Dþ

s decays
[32]. First, theD−

s meson is fully reconstructed in one of the
following decay modes: D−

s → K0
SK

−, D−
s → KþK−π−,

D−
s → K0

SK
−π0, D−

s → K0
SK

−πþπ−, D−
s → K0

SK
þπ−π−,

D−
s →π−ηγγ , D−

s → π−η0πþπ−ηγγ , and D−
s → K−πþπ−. These

are referred to as single-tag (ST) events. Second, theDþ
s →

K−Kþπþπ0 decay events are selected.
Generic Monte Carlo (MC) simulated event samples are

produced with the GEANT4-based [33,34] software at
Ecm ¼ 4.178–4.226 GeV. The samples include all known
open charm decays; the continuum process (eþe− → qq̄,
q ¼ u, d, and s); Bhabha scattering; the μþμ−, τþτ−, and
diphoton processes; and the cc̄ resonances [J=ψ , ψð3686Þ,
and ψð3770Þ] via initial-state radiation (ISR). The open
charm processes are generated using CONEXC [35], and
their subsequent decays are modeled by EVTGEN [36] with
known BFs from the Particle Data Group (PDG) [14]. The
simulation of ISR production of J=ψ , ψð3686Þ, and
ψð3770Þ mesons is performed with KKMC [37]. The effects
of final-state radiation from charged tracks are simulated by

PHOTOS [38]. The remaining unknown decays are generated
with the LUNDCHARM model [39]. The generic MC sample
is used to study backgrounds and determine the efficiencies
of tag modes and the signal mode for the BF measurement,
in which our amplitude analysis model is used to generate
the signal mode events.
A phase-space (PHSP) MC sample is produced with the

Dþ
s meson decaying to K−Kþπþπ0 generated with a

uniform distribution and the D−
s meson decaying to the

tag modes. Initially, the PHSP MC sample is used to
calculate the normalization integral used in the determi-
nation of the amplitude model parameters in the fit to data.
Then, the signal MC sample is regenerated with the Dþ

s

meson decaying to K−Kþπþπ0 using the amplitude model
and the D−

s meson decaying to the tag modes. The
normalization integral performed with signal MC samples
results in more accurate fit parameters of magnitudes and
phases and improves the computational efficiency of the
MC integration. The signal MC sample is also used to
calculate the goodness of the fit in this analysis. The PHSP
MC sample is used to determine the efficiency mentioned
in Sec. IVA.

III. EVENT SELECTION

Charged tracks except for those from K0
S decays are

required to have a distance of closest approach to the
interaction point (IP) within 1 cm in the transverse plane
and within 10 cm along the MDC axis (z axis). The polar
angle of the charged track with respect to the z axis θ is
required to satisfy j cos θj < 0.93. Kaons and pions are
identified by combining the dE=dx information in the
MDC and the time-of-flight from the TOF. If the proba-
bility of the kaon hypothesis is larger than that of the pion
hypothesis, the track is identified as a kaon. Otherwise, the
track is identified as a pion. Particle identification (PID) is
not performed for the πþ or π− from K0

S decays.
The π0 and η candidates are reconstructed via diphoton

decays. The timing of the electromagnetic showers in the
EMC is required to be within [0,700] ns of the trigger time,
and the deposited energy must be greater than 25 (50) MeV
in the barrel (end cap) region of the EMC. Good showers
must satisfy j cos θj < 0.80 (0.86 < j cos θ < 0.92) in the
barrel (end cap) and be more than 20° from the nearest
charged track. The unconstrained invariant masses
of π0, η, and η0 (η0 → πþπ−ηγγ) are required to be
within ½115; 150� MeV=c2, ½500; 570� MeV=c2, and ½946;
970� MeV=c2, respectively. A kinematic fit is performed to
constrain Mγγ to the known π0 (η) mass, and the χ2 of the
corresponding fit is required to be less than 30 (20) for π0

(η) candidates.
The K0

S candidates are reconstructed in the decay
K0

S → πþπ−. Two oppositely charged tracks with distances
of closest approach to the IP less than 20 cm along the z
axis are assigned as πþπ− without further PID

TABLE II. The integrated luminosities (Lint) and the require-
ments on Mrec for various energies. Mrec is defined in Eq. (1).

Ecm (GeV) Lint (pb−1) Mrec (GeV=c2)

4.178 3189.0 [2.050, 2.180]
4.189 526.7 [2.048, 2.190]
4.199 526.0 [2.046, 2.200]
4.209 517.1 [2.044, 2.210]
4.219 514.6 [2.042, 2.220]
4.226 1047.3 [2.040, 2.220]
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requirements. A constrained vertex fit of each pair of tracks
is performed. Candidate K0

S particles are required to have
the χ2 of the vertex fit less than 100 and an invariant mass
of the πþπ− pair (Mπþπ−) in the range ½487; 511� MeV=c2.
In the case of the decay modes D−

s → K0
SK

−π0, D−
s →

K0
SK

−πþπ− andD−
s → K0

SK
þπþπ−, the decay length of the

K0
S candidates obtained with the secondary vertex fit [40]

must be at least two times its fit uncertainty. For the D−
s →

K−πþπ− process, Mπþπ− is required to be outside of the
range ½487; 511� MeV=c2, to remove possible misidentified
events of D−

s → K0
SK

−.
To identify the process eþe− → D�−

s Dþ
s , the recoil mass

Mrec of D−
s candidates is defined as

Mrec ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
Ecm −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗D−

s
j2 þm2

D−
s

q �
2
− jp⃗D−

s
j2

r
; ð1Þ

where mD−
s
is the nominal D−

s mass [14] and p⃗D−
s
is the

momentum of the D−
s candidate. The values of Mrec are

required to be in the regions depending on the center-of-
mass energy as listed in Table II. TheD−

s mass windows for
the eight tag modes are shown in Table III.
The Dþ

s meson decays with invariant masses MDþ
s
in the

region ½1.87; 2.06� GeV=c2 are selected. Good vertex fits of
all charged tracks on both the signal and the tag side are
required. A multiconstraint kinematic fit of eþe− →
D��

s D∓
s → γD�

s D
∓
s with D−

s decaying to one of the tag
modes and Dþ

s decaying to the signal mode is performed.
The set of constraints including four-momentum conser-
vation in the eþe− system and the mass constraints of the π0

meson, the Dþ
s meson, the D−

s meson, and the D��
s meson

is labeled C1. Based on the requirements of C1, a set of
constraints C2 is defined by excluding the signal MDþ

s

constraint, and C3 is defined by excluding the mass
constraints of the D�

s meson on both the signal and
tag sides.
If there are multiple candidate combinations in an event,

the candidate with the minimum χ2 of the C2 kinematic fit
(χ2C2

) is chosen. A good C1 kinematic fit is required. To
reduce the background while avoiding peaking back-
ground, which is caused by constraining the mass of the

D�
s meson (MD�

s
), the χ2 of the C3 kinematic fit (χ2C3

) is
required to be less than 250.
The classes of background events, which are listed in

Table IV, are rejected. For backgrounds categorized as a, b,
and c, a π0 from the D−

s decay is wrongly associated to the
Dþ

s meson on the opposite side. These are vetoed if the χ2

of the C1 kinematic fit (χ2C1
) of the reconfigured combi-

nation is better than that of the original. For backgrounds
categorized as d, the events with Dþ → K−πþπþ decay
versus D− → KþK−π−π0 decay are wrongly reconstructed
as D−

s → K−πþπ− decay versus Dþ
s → KþK−πþπ0 decay,

when a π− meson from D− decay is exchanged with a πþ

meson from Dþ decay. If the reconstructed D� masses of
the signal and the tag modes fall in the region within
0.055 GeV=c2 of the nominal MD� , the events are
rejected. For background categories e and f, events with
K0

SK
þK− satisfying jMK0

SK
þK− −MPDG

D0 j < 0.045 GeV=c2

are rejected, where MPDG
D0 is the nominal mass of D0 [14].

For background category g, the wrong signal combination
survives due to exchanging the π0 meson from D0 decay
and the π− meson from D̄0 decay and misidentifying the π−

meson as a K− meson. They are suppressed by rejecting
events satisfying jMK−πþπ0 −MPDG

D0 j < 0.055 GeV=c2 and
jMKþπ−πþπ− −MPDG

D0 j < 0.055 GeV=c2. Background type
(h) events are suppressed by applying a veto on events
with jMK−πþπ0 −MPDG

D0 j < 0.045 GeV=c2.
Events containing a possible misformed π0 meson on the

signal side are also rejected. Events in which the invariant
mass of the higher-energy photon from the signal side
combined with a photon from the D�

s → Dsγ decay is
within ½0.12; 0.15� GeV=c2 and with jdMrecombinedj < jdMj
are rejected, where dM is the mass difference between
the signal Dþ

s meson and the tagged D−
s meson and

dMrecombined is the corresponding mass difference with
the signal π0 replaced by the recombined π0. A veto is
also applied to reject events with recombined mass of the
higher-energy photon from the signal side and the photon
from the tag side falling within ½0.12; 0.15� GeV=c2.
After the full selection, the invariant mass spectra

of the signal Dþ
s candidates for data samples collected at

TABLE III. The D−
s mass requirements for the eight tag modes.

Tag mode Mass window (GeV=c2)

D−
s → K0

SK
− [1.948, 1.991]

D−
s → KþK−π− [1.950, 1.986]

D−
s → K0

SK
−π0 [1.946, 1.987]

D−
s → K0

SK
−πþπ− [1.958, 1.980]

D−
s → K0

SK
þπ−π− [1.953, 1.983]

D−
s → π−ηγγ [1.930, 2.000]

D−
s → π−η0πþπ−ηγγ [1.940, 1.996]

D−
s → K−πþπ− [1.953, 1.983]

TABLE IV. Misreconstructed background processes.

Category Background

(a) Dþ
s → KþK−πþ, D−

s → π−π0η
(b) Dþ

s → KþK−πþ, D−
s → π−π0η0

(c) Dþ
s → KþK−πþ, D−

s → K−π−πþπ0
(d) Dþ → K−πþπþ, D− → KþK−π−π0

(e) D̄0 → K0
SK

þK− D0 → K−πþπ0

(f) D̄0 → K0
SK

þK−, D0 → K−πþπ0π0

(g) D0 → K−πþπ0, D̄0 → Kþπ−πþπ−
(h) D̄0 → Kþπ−π0, D0 → K−πþπ0
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center-of-mass energies 4.178–4.226 GeV are shown in
Fig. 2, together with fits to the mass spectra. There are
1708, 1024, and 356 events retained in the signal region
½1.935; 1.99� GeV=c2 for the amplitude analysis with
purities, wsig, of 97.7� 0.4%, 97.3� 0.5%, and 97.5�
0.8% at Ecm ¼ 4.178 GeV, 4.189–4.219 GeV, and
4.226 GeV, respectively. Studies of the generic MC
samples show that peaking background is negligible.
The background description by the generic MC has been
verified by comparisons of data with the generic MC
samples in the sideband regions ½1.88; 1.92� GeV=c2 and
½2.00; 2.04� GeV=c2. A good agreement is found, and the
generic MC samples are used to model the residual back-
ground contamination in the signal region. The four-
momenta of the final-state particles after a two-constraint
kinematic fit to the signal candidate, constraining the Dþ

s

mass and π0 mass to their known values [14], are used to
perform the amplitude analysis.

IV. AMPLITUDE ANALYSIS

The amplitude analysis of Dþ
s → K−Kþπþπ0 decay is

performed by using an unbinned maximum likelihood fit.
The likelihood function is constructed with the probability
density function (PDF) described in the following, in which
the momenta of the four daughter particles are used as
inputs.

A. Likelihood function construction

The PDF used to construct the likelihood of the
amplitude is given by

fSðpjÞ ¼
ϵðpjÞjMðpjÞj2R4ðpjÞR
ϵðpjÞjMðpjÞj2R4ðpjÞdpj

; ð2Þ

where pj is the set of the final-state particles’ four-
momenta and ϵðpjÞ is the detection efficiency parametrized

in terms of the final-state particles’ four-momenta. The
PDF fSðpjÞ is normalized by the integration. The standard
element of the four-body PHSP [26] is defined as

R4ðpjÞdpj ¼ δ4
�
pDþ

s
−
X4
j¼1

pj

�Y4
j¼1

d3pj

ð2πÞ32Ej
; ð3Þ

where j runs over the four daughter particles and Ej is the
energy of particle j.
This analysis uses an isobar model formulation, where

the signal decay amplitude, MðpjÞ, is represented as a
coherent sum of many two-body amplitude modes

MðpjÞ ¼
X
n

cnAnðpjÞ; ð4Þ

where cn is written in the polar form as ρneiϕn (ρn andϕn are
the magnitude and phase for the nth amplitude, respec-
tively). AnðpjÞ is the nth amplitude function modeled as

AnðpjÞ ¼ P1
nðm1ÞP2

nðm2ÞSnðpjÞX1
nðpjÞX2

nðpjÞXDþ
s

n ðpjÞ;
ð5Þ

where the indices 1 and 2 correspond to the two intermediate

resonances, respectively. XDþ
s

n ðpjÞ is the Blatt-Weisskopf
barrier factor [26,41–43] for the Dþ

s meson, while
P1;2
n ðm1; m2Þ and X1;2

n ðpjÞ are the propagators and Blatt-
Weisskopf barrier factors of the intermediate resonances 1
and 2, respectively. For nonresonant states, the propagator is
set to unity, which can be regarded as a very broad
resonance. SnðpjÞ is the spin factor, which is constructed
with the covariant tensor formalism [26].
The 2.5% background contribution is described by the

background PDF:

)2cMass (GeV/
1.87 1.92 1.96 2 2.05

)2 c
E

ve
n

ts
/(

1
.6

 M
e

V
/

0

50

100

(a)

)2cMass (GeV/
1.87 1.92 1.96 2 2.05

)2 c
E

ve
n

ts
/(

1
.6

 M
e

V
/

0

20

40

60

80 (b)

)2cMass (GeV/
1.87 1.92 1.96 2 2.05

)2 c
E

ve
n

ts
/(

1
.6

 M
e

V
/

0

10

20

30

40

(c)

FIG. 2. Fits to the invariant mass spectra of the signal Dþ
s candidates for data samples collected at center-of-mass energies

(a) 4.178 GeV, (b) 4.189–4.219 GeV, and (c) 4.226 GeV. The black dots with error bars represent data. The red dotted line represents the
MC-simulated shape convolved with a Gaussian function. The green dashed lines are the fitted backgrounds. The blue solid line
represents the total fitted shape. The red arrows represent the requirements applied in the amplitude analysis, and the brown arrows
represent the sideband region.
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fBðpjÞ ¼
BðpjÞR4ðpjÞR
BðpjÞR4ðpjÞdpj

: ð6Þ

The background events in the signal region from the
generic MC sample are used to model the corresponding
background in data. The background shape BðpjÞ is
derived using a multi-dimensional kernel density estimator
[44] with five independent Lorentz invariant variables
(MK−Kþ , Mπþπ0 , MK−π0 , MK−πþ , and MK−Kþπ0) imple-
mented in ROOFIT [45], which models the distribution of
an input dataset as a superposition of Gaussian kernels.
This background PDF is then added to the signal PDF
incoherently, and the combined PDF is written as

fTðpjÞ ¼ wsigfSðpjÞ þ ð1 − wsigÞfBðpjÞ

¼ wsig
ϵðpjÞjMðpjÞj2R4ðpjÞR
ϵðpjÞjMðpjÞj2R4ðpjÞdpj

þ ð1 − wsigÞ
BðpjÞR4ðpjÞR
BðpjÞR4ðpjÞdpj

; ð7Þ

where the factor ϵðpjÞ in the numerator can be taken out as
in Eq. (8). In this way, the ϵðpjÞ term, which is independent
of the fitted variables, is a constant and can be dropped in
the likelihood fit. For the determination of ϵðpjÞ, totally
300 million PHSP MC events at Ecm ¼ 4.178 GeV, 4.189–
4.219 GeV, and 4.226 GeV are generated, and near
15 million events are selected with the event selection.
The background shape is determined from the selected
generic MC events; hence, one has to divide the back-
ground function by the efficiency, Bϵ ≡ B=ϵ. The value
ϵðpjÞ is calculated as the fraction of selected PHSP MC
events in the five-dimensional space (MK−Kþ ;Mπþπ0 ;MK−π0 ;
MK−πþ ;MK−Kþπ0) with 10 × 10 × 10 × 10 × 10 bins.
The combined PDF becomes

fTðpjÞ ¼ ϵðpjÞR4ðpjÞ
�
wsig

jMðpjÞj2R
ϵðpjÞjMðpjÞj2R4ðpjÞdpj

þ ð1 − wsigÞ
BϵðpjÞR

ϵðpjÞBϵðpjÞR4ðpjÞdpj

�
: ð8Þ

The corresponding likelihood function is defined as

Li ¼
YNi
data

ki¼1

fkiT ðpjÞ; ð9Þ

where i denotes the data sample, ki runs over each
event, and Ni

data is the number of events in data sample i.
The log-likelihood is used to perform the max-likelihood
calculation.
The PDFs and the efficiencies are considered separately

for three data samples with Ecm ¼ 4.178 GeV, 4.189–
4.219 GeV, and 4.226 GeV, corresponding to how the

data were collected. Therefore, the log-likelihood functions
for the three samples are summed up,

lnL ¼
XN¼3

i¼1

lnLi: ð10Þ

The normalization integrals in the denominator of Eq. (8)
are obtained by summing over an MC sample

Z
ϵðpjÞjMðpjÞj2R4ðpjÞdpj≈

1

NMC

XNMC

k¼1

jMðpk
jÞj2

jMgenðpk
jÞj2

; ð11Þ

Z
ϵðpjÞBϵðpjÞR4ðpjÞdpj ≈

1

NMC

XNMC

k¼1

Bϵðpk
jÞ

jMgenðpk
jÞj2

; ð12Þ

where NMC is the number of the selected MC events and
MgenðpjÞ is the amplitude that is set with the parameters
used to generate the signal MC sample, which are initially
obtained from the results using the PHSP MC integration.
MgenðpjÞ is a constant over the whole PHSP. Then, with the
results obtained from the fit to data, the signal MC sample
is generated and used in MC integration. Totally, 12 million
PHSP MC events and 10 million signal MC events are
selected at Ecm ¼ 4.178 GeV, 4.189–4.219 GeV, and
4.226 GeV with satisfying all selection criteria as that of
the data sample.
The effect from the PID, tracking, and reconstruction

efficiency differences between data and simulation is
considered by multiplying the weight of the MC event
by a factor γϵ, which is calculated as

γϵðpjÞ ¼
Y
j

ϵj;dataðpjÞ
ϵj;MCðpjÞ

; ð13Þ

where j ¼ K∓, K�, π�, and π0. The signal MC integration
becomes

Z
ϵðpjÞjMðpjÞj2R4ðpjÞdpj ≈

1

NMC

XNMC

k¼1

jMðpk
jÞj2γϵðpk

jÞ
jMgenðpk

jÞj2
:

ð14Þ

1. Spin factors

For a decay process of the forma→bc,pa,pb,pc are used
to denote the momenta of the particles a, b, c, respectively.

The spin projection operatorPðSÞ
μ1…μSν1…νSðaÞ, for a resonance

a with spin S ¼ 0, 1, 2 and four-momentum pa, is given by
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Pð0ÞðaÞ ¼ 1;

Pð1Þ
μμ0 ðaÞ ¼ −gμμ0 þ

pa;μpa;μ0

p2
a

;

Pð2Þ
μνμ0ν0 ðaÞ ¼

1

2
ðPð1Þ

μμ0 ðaÞPð1Þ
νν0 ðaÞ þ Pð1Þ

μν0 ðaÞPð1Þ
νμ0 ðaÞÞ

−
1

3
Pð1Þ
μν ðaÞPð1Þ

μ0ν0 ðaÞ; ð15Þ

where gμμ0 is the Minkowski metric.
The covariant tensors t̃ðLÞμ1…μlðaÞ [26] for the final states of

pure orbital angular momentum L are constructed from the
relevant momenta pa, pb, pc,

t̃ðLÞμ1…μlðaÞ ¼ ð−1ÞLPðLÞ
μ1…μLν1…νLðaÞrν1a � � � rνLa ; ð16Þ

where ra ¼ pb − pc. The corresponding covariant tensors
with L ¼ 0, 1, 2 are given as

t̃ð0ÞðaÞ ¼ 1;

t̃ð1Þμ ðaÞ ¼ −Pð1Þ
μμ0 ðaÞrμ

0
a ;

t̃ð2Þμν ðaÞ ¼ Pð2Þ
μνμ0ν0 ðaÞrμ

0
a rν

0
a : ð17Þ

The 11 types of decay modes used in this analysis are
listed in Table V.

2. Blatt-Weisskopf barrier factors

The Blatt-Weisskopf barrier XðpjÞ [26,41–43] is a
barrier function for a two-body decay process, a → bc.

The Blatt-Weisskopf barrier depends on the angular
momenta and the momenta of the final-state particles
in the rest frame of the parent particle. The definition is
given by

XL¼0ðqÞ ¼ 1;

XL¼1ðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

q2 þ ð1=RÞ2
s

;

XL¼2ðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

13

q4 þ 3q2ð1=RÞ2 þ 9ð1=RÞ4
s

; ð18Þ

where L denotes the orbital angular momentum; R is the
effective radius of the barrier; the values of R used in this
analysis are taken to be 3.0 and 5.0 GeV−1 for intermediate
resonances and the Dþ

s meson, respectively [46]; and q is
the magnitude of the momenta of the final-state particles in
the rest system of the parent particle.
For a process a → bc, si ¼ E2

i − p2
i is defined, where i

denotes a, b, c and Ei, pi are the particle’s energy and
momentum, such that

q2 ¼ ðsa þ sb − scÞ2
4sa

− sb: ð19Þ

3. Propagators

The relativistic Breit-Wigner (RBW) function is used as
the propagator for the resonances ϕ, K̄�0, K��, K̄0

1ð1270Þ,
K̄0

1ð1400Þ, f1ð1510Þ, f1ð1420Þ, and ηð1475Þ, and their
masses and widths are fixed to their PDG values [14], as
listed in Table VI.
The RBW function is given by

PðmÞ ¼ 1

ðm2
0 −m2Þ − im0ΓðmÞ ; ð20Þ

where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − p2

p
and m0 is the nominal mass of the

resonance and ΓðmÞ is given by

ΓðmÞ ¼ Γ0

�
q
q0

�
2Lþ1

�
m0

m

��
XLðqÞ
XLðq0Þ

�
2

; ð21Þ

where q0 indicates the value of q when sa ¼ m2
0.

Considering the obvious mass deviation, the mass and
width of K̄0

1ð1270Þ are set to the average values (shown in
Table VI) without including the results from Belle [47].
The ρþ meson is parametrized with the Gounaris-Sakurai

line shape (GS) [48], which is given by

TABLE V. Spin factor for each decay chain. All operators,
i.e., t̃, have the same definitions as Ref. [26]. Scalar, pseudoscalar,
vector, and axial-vector states are denoted by S, P, V, and
A, respectively. [S], [P], and [D] indicate the orbital
angular momenta L ¼ 0, 1, and 2 of the two-body final states,
respectively.

Decay chain SðpÞ
Dþ

s ½S� → V1V2 t̃ð1ÞμðV1Þt̃ð1Þμ ðV2Þ
Dþ

s ½P� → V1V2 ϵμνλσpμðDþ
s ÞT̃ð1ÞνðDþ

s Þ
t̃ð1ÞλðV1Þt̃ð1ÞσðV2Þ

Dþ
s ½D� → V1V2 T̃ð2ÞμνðDþ

s Þt̃ð1Þμ ðV1Þt̃ð1Þν ðV2Þ
Dþ

s → AP1, A½S� → VP2 T̃ð1ÞμðDþ
s ÞPð1Þ

μν ðAÞt̃ð1ÞνðVÞ
Dþ

s → AP1, A½D� → VP2 T̃ð1ÞμðDþ
s Þt̃ð2Þμν ðAÞt̃ð1ÞνðVÞ

Dþ
s → AP1, A → SP2 T̃ð1ÞμðDþ

s Þt̃ð1Þμ ðAÞ
Dþ

s → VS T̃ð1ÞμðDþ
s Þt̃ð1Þμ ðVÞ

Dþ
s → V1P1, V1 → V2P2 ϵμνλσp

μ
V1
rνV1

pλ
P1
rσV2

Dþ
s → PP1, P → VP2 pμðP2Þt̃ð1Þμ ðVÞ

Dþ
s → PP1, P → SP2 1

Dþ
s → SS 1
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PGSðmÞ ¼
1þ d Γ0

m0

ðm2
0 −m2Þ þ fðmÞ − im0ΓðmÞ : ð22Þ

The function fðmÞ is given by

fðmÞ ¼ Γ0

m2
0

q30
×

�
q2ðhðmÞ − hðm0ÞÞ

þ ðm2
0 −m2Þq20

dh
dðm2Þ

				
m2

0

�
; ð23Þ

where

hðmÞ ¼ 2q
πm

ln

�
mþ 2q
2mπ

�
; ð24Þ

dh
dðm2Þ

				
m2

0

¼ hðm0Þ½ð8q20Þ−1 − ð2m2
0Þ−1� þ ð2πm2

0Þ−1 ð25Þ

and mπ is the charged pion mass.
The normalization condition at PGSð0Þ fixes the param-

eter d ¼ fð0Þ=ðΓ0m0Þ. It is found to be

d ¼ 3m2
π

πq20
ln

�
m0 þ 2q0

2mπ

�
þ m0

2πq0
−
m2

πm0

πq30
: ð26Þ

The a0ð980Þ meson line shape is parametrized by the
Flatté formula [49],

Pa0ð980Þ ¼
1

ðm2
0 − saÞ − iðg2ηπρηπ þ g2KK̄ρKK̄Þ

; ð27Þ

wherem0 is the mass of a0ð980Þ and g2ηπðKK̄Þ is the coupling
constant. These parameters are fixed at the values given in
Ref. [50], in which m0 ¼ ð0.990� 0.001Þ GeV=c2, g2ηπ ¼
ð0.341�0.004ÞGeV2=c4, and g2KK̄ ¼ ð0.892� 0.022Þg2ηπ.
The ρηπðKK̄Þ is the PHSP factor and is given
by ρηπðKK̄Þ ¼ 2q=

ffiffiffiffiffi
sa

p
.

The Kπ Swave is modeled by a parametrization from
scattering data [51], which is built from a Breit-Wigner
shape for the K�

0ð1430Þ resonance combined with an
effective range parametrization for the nonresonant com-
ponent with a phase shift given by

AðmÞ ¼ F sin δFeiδF þ R sin δReiδRei2δF ; ð28Þ

with

δF ¼ ϕF þ cot−1
�
1

aq
þ rq

2

�
;

δR ¼ ϕR þ tan−1
�
MΓðmKπÞ
M2 −m2

Kπ

�
;

where a and r are the scattering length and effective
interaction length, respectively. The parameters FðϕFÞ
and RðϕRÞ are the magnitude (phase) for the nonresonant
state and resonance terms, respectively. The parameters M,
F, ϕF, R, ϕR, a, and r are fixed to the results of the D0 →
K0

Sπ
þπ− analysis by the BABAR and Belle experiments [51]

and are given in Table VII.

B. Fit fractions and statistical uncertainty

The fit fractions of the individual components (ampli-
tudes) are calculated according to the fit results. In the
calculation, a large PHSP MC sample (12 million events)
with neither detector acceptance nor resolution included is
used. The fit fraction (FF) for a component or an amplitude
is defined as

FFn ¼
R jcnAnðpjÞj2R4ðpjÞdpjR jMðpjÞj2R4ðpjÞdpj

≈
PNg;ph

k¼1 jÃnðpk
jÞj2PNg;ph

k¼1 jMðpk
jÞj2

; ð29Þ

where the integration is approximated by the PHSP MC
summation at the generator level, Ãnðpk

jÞ is either the nth
amplitude (Ãnðpk

jÞ ¼ cnAnðpk
jÞ) or the nth component of a

coherent sum of amplitudes (Ãnðpk
jÞ ¼

P
cniAniðpk

jÞ), and
Ng;ph is the number of PHSP MC events.

TABLE VI. The masses and widths of intermediate resonances
used in this analysis.

Resonance Mass (MeV=c2) Width (MeV)

ϕ 1019.461� 0.016 4.249� 0.013
ρþ 775.11� 0.34 149.1� 0.8
K̄�0 895.55� 0.20 47.3� 0.5
K�� 891.66� 0.26 50.8� 0.9
K̄0

1ð1270Þ 1272� 7 87� 7

K̄0
1ð1400Þ 1403� 7 174� 13

f1ð1420Þ 1426.3� 0.9 54.5� 2.6
ηð1475Þ 1475� 4 90� 9

a00ð980Þ 990� 1 gηπðKK̄Þ (see text)

TABLE VII. The Kπ S-wave parameters, obtained from a fit to
the D0 → K0

Sπ
þπ− Dalitz plot from the BABAR and Belle

experiments [51]. The first uncertainties are statistical, and the
second are systematic.

MðGeV=c2Þ 1.441� 0.002
ΓðGeVÞ 0.193� 0.004
F 0.96� 0.07
ϕFðdegÞ 0.1� 0.3
R 1 (fixed)
ϕRðdegÞ −109.7� 2.6
a 0.113� 0.006
r −33.8� 1.8
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For the statistical uncertainty of FF, it is impractical to
analytically propagate the uncertainties of the FFs from
those of the magnitudes and phases. Instead, the variables
are randomly perturbed within their uncertainties obtained
from the fit, and the FFs are calculated to determine the
statistical uncertainties. The distribution of each FF is fitted
with a Gaussian function, and the width is the statistical
uncertainty of the FF.

C. Results of the amplitude analysis

The amplitude of the Dþ
s ½S� → ϕρþ decay is expected to

have the largest FF. Thus, this amplitude is chosen as the
reference (its phase is fixed to 0, and the magnitude is fixed
to 1). The notation [S] denotes a relative orbital angular
momentum L ¼ 0 between daughters in a decay, and
similarly for [P] (L ¼ 1), [D] (L ¼ 2). In addition, some
necessary physical relations are fixed, as shown in the
Appendix A.
The fit to the data is initially performed with a baseline

model including the amplitudes of Dþ
s → ϕρþ, Dþ

s →
K̄�0K�þ, Dþ

s → K̄0
1ð1270ÞKþ [K̄0

1ð1270Þ → K−ρþ and
K�π], and Dþ

s → K̄0
1ð1400ÞKþ [K̄0

1ð1400Þ → K�π] decays,
as the ϕ, ρþ, K̄�0, K�þ, K�−, K̄0

1ð1270Þ, and K̄0
1ð1400Þ

resonances are clearly observed in the corresponding
invariant mass spectra. The statistical significances
(SSs) of the above amplitudes, which are determined
from the changes in log-likelihood and the numbers of
degrees of freedom (NDOF) when the fits are performed
with and without the amplitude included, are all much
larger than 4σ.
Starting from the baseline model above, the amplitudes

involving f1ð1420Þ, f1ð1510Þ, ηð1405Þ, and ηð1475Þ
resonances are added to improve the fit quality of the
K−Kþπ0 invariant mass spectrum. The amplitudes with
significances larger than 4σ are retained for the next iteration.
The amplitudes of Dþ

s →f1ð1420Þπþ (f1ð1420Þ → K�K)
andDþ

s → ηð1475Þπþ [ηð1475Þ → a00ð980Þπ0] decays have
significances larger than 5σ, and the amplitude of Dþ

s →
f1ð1420Þπþ [f1ð1420Þ → a00ð980Þπ0] decay improves the
fit of the K−Kþπ0 mass spectrum. Then, other amplitudes
are tested, but only the Dþ

s → a00ð980Þρþ decay is

significant (9σ). Finally, 18 amplitudes are retained in
the nominal fit, which are categorized into nine processes,
as shown in Table VIII. The amplitudes of the nominal fit
are listed in Table IX. Other possible processes with
significance less than 3σ are listed in Appendix B
The fit results with phases, FFs and SSs for

each amplitude are shown in Table IX. The ratio
BðDþ

s →K̄0
1
ð1270ÞKþ;K̄0

1
ð1270Þ→K�−πþÞ

BðDþ
s →K̄0

1
ð1270ÞKþ;K̄0

1
ð1270Þ→K−ρþÞ is determined to be 0.33�

0.05stat � 0.06syst in this analysis, accounting for correla-
tions. The fit projections of three data samples on the
invariant masses are shown in Fig. 3.

D. Goodness of fit

The goodness of the fit is checked with five
invariant masses, MK−πþ , Mπþπ0 , MK−Kþ , MK−πþπ0 , and
MK−Kþπ0 , which are divided into cells of equal size. When
cells contain fewer than 10 events, adjacent cells are
combined until the number of events in each cell is larger

than 10. For each cell, χp ¼ Np−N
exp
pffiffiffiffiffiffiffi

Nexp
p

p is calculated, and the

goodness of the fit is given by χ2 ¼ P
n
p¼1 χ

2
p, where Np

and Nexp
p are the number of the observed events and the

number determined by the fit results in the pth cell,
respectively, and n is the total number of cells. NDOF is
given by ðn − 1Þ − npar, where npar is the number of the
free parameters in the fit. Overall, the value of χ2=NDOF
is determined to be 316.8=273.

E. Systematic uncertainties

Systematic uncertainties from the amplitude model, the
background, and the fit bias are considered. The systematic
uncertainties of phases (ϕ) and FFs for different amplitudes
are shown in Tables X and XI, respectively.

(i) Amplitude model
The systematic uncertainties related to the ampli-

tude model involve the masses and widths of the
intermediate resonances, the line shape of the ρþ
meson, the parameters of a0ð980Þ resonance, and the
barrier effective radii of the Dþ

s meson and other
intermediate states.

(1) The uncertainties associated with the masses and
widths of the intermediate resonances [ϕ, ρþ, K̄�0,
K��, K̄0

1ð1270Þ, K̄0
1ð1400Þ, f1ð1420Þ, and ηð1475Þ]

are estimated by varying the corresponding masses
and widths listed in Table VI within 1σ.

(2) For the line shape of the ρþ meson, an alternative
line shape parametrization with RBW replacing GS
is used.

(3) The coupling constants and mass of a0ð980Þ reso-
nance are varied within the uncertainties given
by Ref. [50].

(4) The barrier effective radii (R) of the Dþ
s meson and

other intermediate states are assumed to have a

TABLE VIII. The nine components in the nominal amplitude
model.

Dþ
s → ϕρþ

Dþ
s → K̄�0K�þ

Dþ
s → a00ð980Þρþ

Dþ
s → K̄0

1ð1270ÞKþðK̄0
1ð1270Þ → K−ρþÞ

Dþ
s → K̄0

1ð1270ÞKþðK̄0
1ð1270Þ → K�πÞ

Dþ
s → K̄0

1ð1400ÞKþðK̄0
1ð1400Þ → K�πÞ

Dþ
s → f1ð1420Þπþðf1ð1420Þ → K�∓K�Þ

Dþ
s → f1ð1420Þπþðf1ð1420Þ → a00ð980Þπ0Þ

Dþ
s → ηð1475Þπþðηð1475Þ → a00ð980Þπ0Þ
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uniform distribution. For theDþ
s meson, the value of

R is varied between 4.0 and 6.0 GeV−1. For the
intermediate states, R is varied between 2.0
and 4.0 GeV−1.

(ii) Experimental effects
Experimental effects are related to the PID,

tracking, and reconstruction efficiency differences
between data and MC and are reflected in the factor
γϵ in Eq. (13). The PID efficiencies are studied using
clean samples of eþe−→KþK−KþK−, KþK−πþπ−,
KþK−πþπ−π0, πþπ−πþπ−, and πþπ−πþπ−π0 de-
cays, while two clean samples of the continuum
process KþK−πþπ− and the eþe− → KþK−πþπ−π0
decay are used for the studies of the tracking
efficiencies and the π0 reconstruction efficiency,
respectively. These efficiencies are also used in
the BF measurement (Sec. V C). The PID and
tracking systematic uncertainties are taken as
the efficiency differences between data and MC

simulation. The uncertainties associated with γϵ are
obtained by performing alternative amplitude analy-
ses varying PID and tracking efficiencies according
to their uncertainties.

(iii) Background
The MC background yields are varied within their

uncertainties, and the largest difference from the fits
is taken as the uncertainty from the background
level. The background shape BðpjÞ mentioned in
Eq. (6), derived from another combination of
five variables (MK−Kþ ;Mπþπ0 ;MKþπ0 ;MK−πþ ; and
MK−Kþπ0) is considered and applied. The square
root of the quadratic sum of these two uncertainties
is taken as the background uncertainty.

(iv) Fit bias
The uncertainty due to the fit procedure is

evaluated by studying signal MC samples. An
ensemble of 300 signal MC samples is generated

TABLE IX. Phase, FF, and SS for the different amplitudes, labeled as I, II..., XIV. Groups of related amplitudes are separated by
horizontal lines. The last row of each group gives the total fit fraction of the above components with interferences considered. The
amplitudes VIII, IX, X, and XII are constructed by two subamplitudes with fixed relations (see Appendix A). The ρþ resonance decays
to πþπ0. The ϕ and a00ð980Þ resonances decay to K−Kþ. The K̄�0 resonance decays to K−πþ, and the K�� resonance decays to K�π0.
K�π indicates K̄�0π0 and K�−πþ. The first and second uncertainties are statistical and systematic, respectively.

Label Amplitude Phase (ϕn) FF (%) SS (σ)

I Dþ
s ½S� → ϕρþ 0.0 (fixed) 38.68� 1.42� 2.17 >20

II Dþ
s ½P� → ϕρþ −1.46� 0.05� 0.02 9.64� 0.84� 0.30 17.1

III Dþ
s ½D� → ϕρþ 1.46� 0.07� 0.04 3.36� 0.75� 0.27 4.5
Dþ

s → ϕρþ � � � 50.81� 1.01� 2.20 � � �
IV Dþ

s ½S� → K̄�0K�þ −2.15� 0.06� 0.05 16.32� 0.95� 0.33 >20

V Dþ
s ½P� → K̄�0K�þ −0.52� 0.07� 0.04 6.87� 0.55� 0.26 16.1

VI Dþ
s ½D� → K̄�0K�þ −1.57� 0.08� 0.03 3.34� 0.55� 0.18 12.1

Dþ
s → K̄�0K�þ � � � 23.15� 0.89� 0.74 � � �

VII Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ → K−ρþ 1.87� 0.08� 0.17 10.44� 0.81� 0.73 >20

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K̄�0π0 � � � 1.40� 0.26� 0.17 � � �

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K�−πþ � � � 2.60� 0.48� 0.31 � � �

VIII Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K�π −0.25� 0.11� 0.12 3.88� 0.71� 0.45 10.8

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K̄�0π0 � � � 0.45� 0.11� 0.10 � � �

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K�−πþ � � � 0.86� 0.20� 0.17 � � �

IX Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K�π 1.52� 0.11� 0.15 1.34� 0.31� 0.27 8.3

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ → K�π � � � 5.43� 0.69� 0.76 � � �

Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K̄�0π0 � � � 2.90� 0.39� 0.44 � � �

Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K�−πþ � � � 5.37� 0.73� 0.82 � � �

X Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K�π −0.92� 0.07� 0.05 8.03� 1.09� 1.22 13.1

XI Dþ
s → a00ð980Þρþ 2.15� 0.08� 0.08 3.46� 0.58� 0.61 9.9

Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�−Kþ � � � 1.56� 0.28� 0.17 � � �

Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�þK− � � � 1.56� 0.28� 0.17 � � �

XII Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�∓K� 2.13� 0.08� 0.05 2.39� 0.43� 0.25 9.5

XIII Dþ
s → f1ð1420Þπþ, f1ð1420Þ → a00ð980Þπ0 2.95� 0.13� 0.06 0.77� 0.27� 0.09 4.5

XIV Dþ
s → ηð1475Þπþ, ηð1475Þ → a00ð980Þπ0 0.61� 0.10� 0.06 1.37� 0.32� 0.34 8.0
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according to the nominal result in this analysis.
After applying the selection criteria, each of these
samples has the same size as the data sample and
is used to perform the same amplitude analysis.
The pull of each parameter is defined as

OutðiÞ−InðiÞ
σstat:ðiÞ , where i denotes different parameters,

InðiÞ denotes the input value as taken from the
nominal fit to data, OutðiÞ is the value obtained
from the fit to a signal MC sample, and σstat:ðiÞ is
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FIG. 3. Invariant mass distributions of (a) K−Kþ, (c)Kþπ0, (d)K−π0, (e) πþπ0, (f)K−πþ, (g)K−πþπ0, (h)K−Kþπþ, (i) Kþπþπ0, and
(j) K−Kþπ0, where the black points with error bars are data, and the red histograms are for the fit projections. The blue histograms are
the backgrounds. Plot (b) shows the ϕ mass region of plot (a) with an expanded scale.
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TABLE X. The phase systematic uncertainty sources (in units of statistical standard deviations) are 1) mass and width, 2) shape of the
ρþ meson, 3) parameters of the a00ð980Þ meson, 4) R value, 5) experimental effects, 6) background, and 7) fit bias.

Phase (ϕ) 1 2 3 4 5 6 7 Total

Dþ
s ½S� → ϕρþ 0 (fixed)

Dþ
s ½P� → ϕρþ 0.11 0.05 0.00 0.39 0.00 0.02 0.06 0.41

Dþ
s ½D� → ϕρþ 0.10 0.23 0.03 0.56 0.06 0.06 0.06 0.62

Dþ
s ½S� → K̄�0K�þ 0.74 0.10 0.09 0.26 0.08 0.18 0.06 0.82

Dþ
s ½P� → K̄�0K�þ 0.49 0.05 0.05 0.20 0.04 0.08 0.06 0.55

Dþ
s ½D� → K̄�0K�þ 0.34 0.01 0.01 0.11 0.00 0.03 0.06 0.37

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ → K−ρþ 1.95 0.05 0.13 0.63 0.13 0.24 0.06 2.07

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K�π 0.92 0.17 0.17 0.47 0.18 0.23 0.06 1.10

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K�π 1.24 0.18 0.18 0.32 0.20 0.29 0.06 1.36

Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K�π 0.74 0.01 0.00 0.14 0.00 0.01 0.06 0.76

Dþ
s → a00ð980Þρþ 0.69 0.14 0.02 0.77 0.05 0.05 0.06 1.05

Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�∓K� 0.42 0.10 0.10 0.46 0.15 0.09 0.07 0.67

Dþ
s → f1ð1420Þπþ, f1ð1420Þ → a00ð980Þπ0 0.30 0.03 0.12 0.31 0.02 0.11 0.05 0.47

Dþ
s → ηð1475Þπþ, ηð1475Þ → a00ð980Þπ0 0.43 0.08 0.06 0.45 0.05 0.01 0.08 0.63

TABLE XI. The FF systematic uncertainty sources (in units of statistical standard deviations) are 1) mass and width, 2) shape of ρþ

meson, 3) parameters of a00ð980Þmeson, 4) R value, 5) experimental effects, 6) background, and 7) fit bias. The last row is the systematic

uncertainty of the ratio
BðDþ

s →K̄0
1
ð1270ÞKþ;K̄0

1
ð1270Þ→K�−πþÞ

BðDþ
s →K̄0

1
ð1270ÞKþ;K̄0

1
ð1270Þ→K−ρþÞ .

FF 1 2 3 4 5 6 7 Total

Dþ
s ½S� → ϕρþ 1.09 0.33 0.33 0.54 0.58 0.55 0.07 1.53

Dþ
s ½P� → ϕρþ 0.28 0.08 0.08 0.14 0.04 0.11 0.07 0.36

Dþ
s ½D� → ϕρþ 0.26 0.08 0.09 0.12 0.08 0.09 0.13 0.36

Dþ
s → ϕρþ 1.46 0.33 0.45 1.00 0.88 0.72 0.07 2.18

Dþ
s ½S� → K̄�0K�þ 0.19 0.03 0.07 0.12 0.23 0.09 0.06 0.35

Dþ
s ½P� → K̄�0K�þ 0.34 0.04 0.09 0.22 0.20 0.14 0.07 0.48

Dþ
s ½D� → K̄�0K�þ 0.13 0.01 0.03 0.23 0.11 0.04 0.13 0.32

Dþ
s → K̄�0K�þ 0.56 0.12 0.19 0.21 0.44 0.28 0.08 0.83

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ → K−ρþ 0.62 0.30 0.18 0.40 0.25 0.27 0.08 0.90

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K̄�0π0 0.55 0.14 0.07 0.31 0.00 0.08 0.07 0.67

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K�−πþ 0.54 0.14 0.07 0.30 0.00 0.08 0.07 0.65

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K�π 0.54 0.14 0.07 0.29 0.00 0.08 0.07 0.64

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K̄�0π0 0.44 0.29 0.11 0.67 0.09 0.16 0.05 0.88

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K�−πþ 0.43 0.29 0.11 0.67 0.09 0.16 0.05 0.87

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K�π 0.43 0.29 0.11 0.67 0.09 0.16 0.05 0.87

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ → K�π 0.71 0.32 0.16 0.71 0.08 0.21 0.10 1.10

Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K̄�0π0 0.76 0.21 0.27 0.49 0.36 0.44 0.09 1.12

Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K�−πþ 0.77 0.21 0.27 0.49 0.36 0.44 0.09 1.13

Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K�π 0.76 0.21 0.27 0.49 0.36 0.44 0.09 1.12

Dþ
s → a00ð980Þρþ 0.74 0.28 0.27 0.30 0.29 0.47 0.06 1.05

Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�−Kþ 0.39 0.10 0.11 0.37 0.19 0.18 0.11 0.62

Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�þK− 0.37 0.10 0.11 0.37 0.19 0.18 0.11 0.61

Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�∓K� 0.38 0.10 0.11 0.33 0.19 0.18 0.11 0.59

Dþ
s → f1ð1420Þπþ, f1ð1420Þ → a00ð980Þπ0 0.22 0.07 0.08 0.16 0.13 0.07 0.07 0.33

Dþ
s → ηð1475Þπþ, ηð1475Þ → a00ð980Þπ0 0.72 0.31 0.29 0.40 0.33 0.39 0.10 1.07

BðDþ
s →K̄0

1
ð1270ÞKþ;K̄0

1
ð1270Þ→K�−πþÞ

BðDþ
s →K̄0

1
ð1270ÞKþ;K̄0

1
ð1270Þ→K−ρþÞ

0.75 0.39 0.19 0.65 0.14 0.25 0.08 1.13
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the corresponding statistical uncertainty. For each
parameter, 300 pull values are obtained, and the
deviation of their average from zero is taken as
the systematic uncertainty.

V. BRANCHING FRACTION MEASUREMENT

To determine the absolute BF of the decay
Dþ

s → K−Kþπþπ0, the ST candidates with eight tag
modes, as shown in Table III, are reconstructed and studied.
Then the DT candidates are obtained by fully reconstruct-
ing the tag channels and the signal channel.
The ST yields for each tag mode are given by

NST ¼ 2NDþ
s D−

s
BtagεST; ð30Þ

and the DT yields are given by

NDT ¼ 2NDþ
s D−

s
BtagBsigεDT; ð31Þ

where NDþ
s D−

s
is the total number of Dþ

s D−
s pairs produced,

BtagðsigÞ is the BF of the tag (signal) side, and εDTðSTÞ is the
DT (ST) efficiency.
The BF of the signal side is determined by

Bsig ¼
NDT

Bπ0→γγ

P
iN

i
STε

i
DT=ε

i
ST

; ð32Þ

where the NDT and Ni
ST yields are obtained from the data

sample, while εiDT and εiST are obtained from the generic
MC samples, where i indicates the tag mode. In particular,
εiDT is determined by the amplitude analysis model used in
the generic MC samples.
The signal BF Bsig is determined by

Bsig ¼
P

nNnDT

Bπ0→γγ

P
n

P
i N

i
nSTε

i
nDT=ε

i
nST

; ð33Þ

where i denotes the tag mode and n indicates the data
sample at 4.178, 4.189–4.219, or 4.226 GeV. For the
numerator,

P
n NnDT, the combined data sample is fitted

to obtain the total DT data yield.

A. Event selection

For the BF measurement, it is necessary to guarantee that
the DT sample is a strict subset of the ST sample.
Therefore, the ST candidates are selected ahead of the
selection of DT candidates. For this measurement, the event
selection criteria are relaxed or modified in order to
increase the signal yield. Here, the background level does
not play as crucial of a role as in the amplitude analysis.
In order to reject the soft pions from D� decays, all the π

mesons are required to satisfy Pπ > 100 MeV=c, and the
χ2 of the kinematic fit for the π0 → γγ decay must be less
than 20. The new criteria for selecting K0

S are

487 < Mπþπ− < 511 ðMeV=c2Þ, and that the vertex fit χ2

must be less than 100.
For the ST selection, if there are multiple candidates

for a tag mode, the one with Mrec closest to the nominal
MD��

s
[14] is retained. The Mrec windows are given in

Table II. If the Dþ
s meson and the D−

s meson can be
simultaneously reconstructed as ST in an event, both of
them are accepted. After the ST selection, if multiple signal
candidates are obtained, the one with average mass M̄
(¼ ðMDþ

s
þMD−

s
Þ=2) closest to the nominal MD�

s
is

chosen. MD�
s
of every candidate must lie in the interval

½1.87; 2.06� GeV=c2, and events with both Mrec for the Dþ
s

meson andMrec for theD−
s meson smaller than 2.1 GeVare

rejected.

B. Data yields, efficiencies, and BFs

The ST yields are determined from fits to the MD−
s

distributions of data, as shown in Fig. 4. In the fits, an MC-
simulated shape convolved with a Gaussian function is
used to describe the signal shape of MD−

s
and a second-

order polynomial function to describe the combinatorial
background. For the tag mode D−

s → K0
SK

−, there is some
peaking background coming from D− → K0

Sπ
−. The shape

of this background is taken from the generic MC samples
and added to the fit leaving its yield floating. For the tag
mode D−

s → π−η0, there is peaking background coming
from D−

s → ηπþπ−π−. The shape and the yield of this
background are taken from the generic MC samples and
added to the fit. The DT yields are obtained from an
unbinned fit to the signal Dþ

s mass spectrum of the
combined data sample, which is shown in Fig. 5. The
number of Dþ

s → K−Kþπþπ0 decays is determined to beP
n NnDT ¼ 4365� 83. Tables XII–XIV summarize the

ST efficiencies, DT efficiencies, and ST yields in data
samples at 4.178–4.226 GeV.
Inserting the values of the ST and DT data yields and the

ST and DT efficiencies into Eq. (33), the BF of the Dþ
s →

K−Kþπþπ0 decay is measured to be

Bsig ¼ ð5.42� 0.10statÞ%: ð34Þ

C. Systematic uncertainties in the BF

The sources of the systematic uncertainties in the BF
measurement are considered as follows:

(i) K� meson and π� meson tracking/PID efficien-
cies.—The ratios between data and MC efficiencies
are weighted by the corresponding momentum
spectra of signal MC events. The systematic un-
certainties associated with tracking efficiency and
PID for each charged particle are both estimated to
be 0.5%. The samples used to estimate the un-
certainties are mentioned in Sec. IV E.
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(ii) π0 meson reconstruction efficiency.—According to
the studies in Ref. [52], this systematic uncertainty
about the π0 reconstruction is assigned to be 2.0%.

(iii) Numbers of ST D−
s candidates.—The BF measure-

ment is not sensitive to systematic uncertainties
coming from modifying the polynomial function
order, the fit ranges, or the bin sizes. An uncertainty
of 0.56% was estimated from alternative fits with
different signal shapes. According to Tables XII–
XIV, the total ST yield of the eight tag modes is
441684� 1766, corresponding to the relative stat-
istical uncertainty of 0.40%. The sum of these terms
in quadrature is 0.69%.

(iv) MC statistics.—The uncertainties of the ST and DT
efficiencies are considered, but the DT uncertainties

dominate. The uncertainty of the MC statistics is

given by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

i fiðδϵiϵi Þ2
q

, where fi is the tag yield

fraction and ϵi is the average DT efficiency of tag
mode i. The related uncertainty is determined to
be 0.34%.

(v) Shape of the signal Dþ
s mass.—The systematic

uncertainty due to the shape of the signal is studied
by fitting without the convolved Gaussian function.
The difference of the DT yield is taken as the
systematic uncertainty and is determined to
be 0.5%.

(vi) Background shape of the signal Dþ
s meson.—For

the background shape of the signal Dþ
s , the MC-

simulated shape is used to replace the nominal one,
and an uncertainty of 0.75% is obtained.
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FIG. 4. Fits to the MD−
s
distributions of ST candidates selected from the 4.178 GeV data sample, where the dots with error bars are

data, the solid blue curve shows the best fit, the red dotted curve shows the signal shape, the green dashed line shows the shape of the
combinatorial backgrounds, the brown area shows the background estimated by the generic MC samples, and the pairs of pink arrows
are the mass windows. In the plots for D−

s → K0
SK

− and D−
s → π−η0 decays, the green dashed lines include contributions from

D− → K0
Sπ

− and D−
s → ηπþπ−π− backgrounds, respectively.
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(vii) Bias of the measurement method.—Ten updated
inclusive generic MC samples are used as fake data
to estimate the possible fit bias. The BF for each
sample is determined, and the relative difference
between the average of BFs and the MC truth value
is 0.16%, which is considered negligible.

(viii) Amplitude model.—The parameters (magnitudes and
phases) of the amplitude model are randomly per-
turbed 400 times within their statistical uncertainties

according to the covariant matrix of the nominal
fit to obtain the DT efficiency distribution. Then, the
DT efficiency distribution is fitted with a Gaussian
function. The fitted width divided by the fitted mean
is 0.4% and assigned as the systematic uncertainty
arising from the amplitude model.

The systematic uncertainties in the BF are summarized in
Table XV. The total systematic uncertainty is obtained by
adding them in quadrature. Finally, the BF of the Dþ

s →
K−Kþπþπ0 decay is measured to be

Bsig ¼ ð5.42� 0.10stat � 0.17systÞ%: ð35Þ

VI. CONCLUSION

This paper presents the first amplitude analysis of the
decayDþ

s → K−Kþπþπ0. The BF BðDþ
s → K−Kþπþπ0Þ is

measured to be ð5.42� 0.10stat � 0.17systÞ%. Using the FFs
listed in Table IX and Table XI, the BFs for the intermediate
processes are calculated and listed in Table XVI. The
Dþ

s → ϕρþ and Dþ
s → K̄�0K�þ decays are found to be

dominant, and the decays involving K1ð1270Þ; K1ð1400Þ;
ηð1475Þ; f1ð1420Þ, and a00ð980Þ mesons are also observed
with significances larger than 4σ. Compared to the PDG [14]
values of BðDþ

s → K−Kþπþπ0Þ ¼ ð6.3� 0.6Þ%, BðDþ
s →

ϕρþÞ¼ð8.4þ1.9
−2.3Þ%, and BðDþ

s → K̄�0K�þÞ¼ ð7.2�2.6Þ%,
the absolute BFs ð5.42�0.10stat�0.17systÞ%, ð5.59�
0.15stat � 0.30systÞ%, and ð5.64� 0.23stat � 0.27systÞ%

TABLE XII. The efficiencies and ST yields at Ecm ¼ 4.178 GeV.

Tag mode Mass window (GeV=c2) NST εSTð%Þ εDTð%Þ
D−

s → K0
SK

− [1.948, 1.991] 31668� 315 46.95� 0.07 8.75� 0.09
D−

s → KþK−π− [1.950, 1.986] 135867� 610 39.00� 0.03 7.09� 0.03
D−

s → K0
SK

−π0 [1.946, 1.987] 11284� 512 15.32� 0.11 2.92� 0.05
D−

s → K0
SK

−πþπ− [1.958, 1.980] 8032� 273 20.29� 0.12 3.36� 0.07
D−

s → K0
SK

þπ−π− [1.953, 1.983] 15645� 289 21.70� 0.06 3.76� 0.05
D−

s → π−ηγγ [1.930, 2.000] 18071� 560 43.07� 0.15 7.92� 0.10
D−

s → π−η0πþπ−ηγγ [1.940, 1.996] 7629� 147 18.72� 0.06 3.19� 0.06

D−
s → K−πþπ− [1.953, 1.983] 16942� 548 45.80� 0.22 8.39� 0.10

TABLE XIII. The efficiencies and ST yields at Ecm ¼ 4.189–4.219 GeV.

Tag mode Mass window (GeV=c2) NST εSTð%Þ εDTð%Þ
D−

s → K0
SK

− [1.948, 1.991] 18304� 260 46.87� 0.09 9.08� 0.11
D−

s → KþK−π− [1.950, 1.986] 80417� 508 38.82� 0.04 7.28� 0.04
D−

s → K0
SK

−π0 [1.946, 1.987] 6730� 462 14.88� 0.15 3.11� 0.07
D−

s → K0
SK

−πþπ− [1.958, 1.980] 5252� 285 20.07� 0.16 3.32� 0.08
D−

s → K0
SK

þπ−π− [1.953, 1.983] 8923� 230 21.53� 0.08 3.86� 0.07
D−

s → π−ηγγ [1.930, 2.000] 10034� 355 42.37� 0.21 8.15� 0.13
D−

s → π−η0πþπ−ηγγ [1.940, 1.996] 4382� 112 18.66� 0.07 3.45� 0.09

D−
s → K−πþπ− [1.953, 1.983] 10051� 529 45.38� 0.30 8.41� 0.13
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FIG. 5. Invariant mass distribution of theDTDþ
s → K−Kþπþπ0

events. The black dots with error bars are data. The red dashed line
represents the MC-simulated shape convolved with a Gaussian
function. The green dashed line represents the MC background
shape, which is fitted by a first-order Chebychev polynomial. The
blue solid line represents the total fitted shape.
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measured in this work have a much better precision. The
measurement ofBðDþ

s → ϕρþÞ is consistent with the theory
prediction [12] (5.70%), while the measured BF of Dþ

s →
K̄�0K�þ decay is still much larger than its prediction (1.5%).

The ratio RK1ð1270Þ ¼
BðK0

1
ð1270Þ→K�πÞ

BðK0
1
ð1270Þ→KρÞ mentioned in Table I is

determined to be 0.99� 0.15stat � 0.18syst in this analysis.
Our result is consistent with the results measured by LHCb
[19] and CLEO [20].
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TABLE XIV. The efficiencies and ST yields at Ecm ¼ 4.226 GeV.

Tag mode Mass window (GeV=c2) NST εSTð%Þ εDTð%Þ
D−

s → K0
SK

− [1.948, 1.991] 6550� 159 46.42� 0.18 8.81� 0.18
D−

s → KþK−π− [1.950, 1.986] 28290� 328 38.27� 0.07 7.30� 0.07
D−

s → K0
SK

−π0 [1.946, 1.987] 2145� 219 15.22� 0.28 2.97� 0.11
D−

s → K0
SK

−πþπ− [1.958, 1.980] 1708� 217 19.45� 0.30 3.38� 0.14
D−

s → K0
SK

þπ−π− [1.953, 1.983] 3242� 170 21.31� 0.15 3.90� 0.12
D−

s → π−ηγγ [1.930, 2.000] 3699� 244 41.94� 0.40 8.12� 0.22
D−

s → π−η0πþπ−ηγγ [1.940, 1.996] 1646� 75 18.45� 0.13 3.37� 0.14

D−
s → K−πþπ− [1.953, 1.983] 4915� 423 44.75� 0.57 8.41� 0.22

TABLE XV. The systematic uncertainties for the branching
fraction measurement.

Source Uncertainty (%)

Tracking efficiency 1.5
PID efficiency 1.5
π0 reconstruction efficiency 2.0
Number of D−

s 0.7
MC statistics 0.3
Signal shape 0.5
Background shape 0.8
Amplitude model 0.4
Total 32

TABLE XVI. The BFs of intermediate processes with final
states K−Kþπþπ0. K�π indicates K̄�0π0 and K�−πþ. For decays
with a00ð980Þ in the final state, the quoted BFs include
Bða00ð980Þ → KþK−Þ. The first and second uncertainties are
statistical and systematic, respectively.

Process BF (%)

Dþ
s ½S� → ϕρþ 2.10� 0.09� 0.13

Dþ
s ½P� → ϕρþ 0.52� 0.05� 0.02

Dþ
s ½D� → ϕρþ 0.18� 0.04� 0.02

Dþ
s → ϕρþ 2.75� 0.07� 0.15

Dþ
s ½S� → K̄�0K�þ 0.88� 0.05� 0.03

Dþ
s ½P� → K̄�0K�þ 0.37� 0.03� 0.02

Dþ
s ½D� → K̄�0K�þ 0.18� 0.03� 0.01

Dþ
s → K̄�0K�þ 1.25� 0.05� 0.06

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ → K−ρþ 0.57� 0.05� 0.04

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K�π 0.21� 0.04� 0.03

Dþ
s →K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K�π 0.07� 0.02� 0.01

Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ → K�π 0.29� 0.04� 0.04

Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ → K�π 0.44� 0.06� 0.07

Dþ
s → a00ð980Þρþ 0.19� 0.03� 0.03

Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�∓K� 0.13� 0.02� 0.01

Dþ
s →f1ð1420Þπþ, f1ð1420Þ→a00ð980Þπ0 0.04� 0.01� 0.01

Dþ
s → ηð1475Þπþ, ηð1475Þ → a00ð980Þπ0 0.07� 0.02� 0.02
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APPENDIX A: FIXED RELATIONS OF SOME
AMPLITUDES

The amplitudes that are fixed by Clebsch-Gordan coef-
ficients and charge conjugation relations in this analysis are
listed in Table XVII. The amplitudes with fixed relation
share the same magnitude (ρ) and phase (ϕ).

APPENDIX B: AMPLITUDES TESTED

Other tested amplitudes which are found to have a
significance smaller than 3σ based on the nominal fit
model are listed below:
(1) Cascade amplitudes:

(a) Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K−ρþ

(b) Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½D� → K�π

(c) Dþ
s →K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½P�→ K̄�

0ð1430Þπ
(d) Dþ

s → K̄0
1ð1400ÞKþ, K̄0

1ð1400Þ½S;D� → K−ρþ
(e) Dþ

s ½P� → ϕð1680Þπþ, ϕð1680Þ½P� → K�∓K�
(f) Dþ

s → ηð1405Þπþ, ηð1405Þ → K�∓K�
(g) Dþ

s → ηð1475Þπþ, ηð1475Þ → K�∓K�
(h) Dþ

s → ηð1295Þπþ, ηð1295Þ → a00ð980Þπ0
(i) Dþ

s → ηð1405Þπþ, ηð1405Þ → a00ð980Þπ0
(j) Dþ

s → f1ð1285Þπþ, f1ð1285Þ → a00ð980Þπ0
(k) Dþ

s → f1ð1285Þπþ, f1ð1285Þ → K�∓K�
(l) Dþ

s → f1ð1510Þπþ, f1ð1510Þ → K�∓K�
(2) Three-body amplitudes:

(a) Dþ
s →K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½P�→ðKπÞS-waveπ

(b) Dþ
s ½S; P;D� → ðK−πþÞVK�þ

(c) Dþ
s ½S; P;D� → K̄�0ðKþπ0ÞV

(d) Dþ
s ½S; P;D� → ðK−KþÞVρþ

(e) Dþ
s ½S; P;D� → ϕðπþπ0ÞV

(f) Dþ
s ½S; P;D� → ϕð1680Þðπþπ0ÞV

(g) Dþ
s → ðK−ρþÞA½S;D�Kþ

(h) Dþ
s → ðK�πÞA½S;D�Kþ

(i) Dþ
s → ðK−ρþÞPKþ

(j) Dþ
s → ðK−ρþÞVKþ

(k) Dþ
s → ðK�∓K�ÞPπþ

(l) Dþ
s → ðK�∓K�ÞVπþ

(m)Dþ
s ½P� → ðK−KþÞSρþ

(n) Dþ
s ½P� → ϕðπþπ0ÞS

(o) Dþ
s ½P� → ðK−πþÞSK�þ

(p) Dþ
s ½P� → K̄�0ðKþπ0ÞS

(q) Dþ
s ½P� → ðK−πþÞS-waveK�þ

(r) Dþ
s ½P� → K̄�0ðKþπ0ÞS-wave

(s) Dþ
s → ηð1405Þπþ, ηð1405Þ → ðK∓π0ÞVK�

(t) Dþ
s → ηð1475Þπþ, ηð1475Þ → ðK∓π0ÞVK�

(u) Dþ
s → ηð1405Þπþ, ηð1405Þ → ðK∓π0ÞS-waveK�

(v) Dþ
s → ηð1475Þπþ, ηð1475Þ → ðK∓π0ÞS-waveK�

(3) Four-body nonresonance amplitudes:
(a) Dþ

s → ððKπÞS-waveπÞAKþ
(b) ðK−ðπþπ0ÞVÞPKþ
(c) ðK−ðπþπ0ÞVÞVKþ
(d) Dþ

s → ððK∓π0ÞVK�ÞPπþ
(e) Dþ

s → ððK∓π0ÞVK�ÞVπþ
(f) ððKπÞVπÞA½S;D�Kþ
(g) Dþ

s → ððπþπ0ÞVK−ÞA½S;D�Kþ
(h) Dþ

s ½S; P;D� → ðK−KþÞVðπþπ0ÞV
(i) Dþ

s ½S; P;D� → ðK−πþÞVðKþπ0ÞV
(j) Dþ

s → ðK−πþÞSðKþπ0ÞS
(k) Dþ

s → ðK−KþÞSðπþπ0ÞS

TABLE XVII. The fixed relations of some amplitudes.

Index Amplitude Relation

A1 Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K̄�0π0

A2 Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K�−πþ

A Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½S� → K�π A1 −

ffiffiffi
2

p � A2

A1 Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K̄�0π0

A2 Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K�−πþ

A Dþ
s → K̄0

1ð1270ÞKþ, K̄0
1ð1270Þ½D� → K�π A1 −

ffiffiffi
2

p � A2

A1 Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K̄�0π0

A2 Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K�−πþ

A Dþ
s → K̄0

1ð1400ÞKþ, K̄0
1ð1400Þ½S� → K�π A1 −

ffiffiffi
2

p � A2

A1 Dþ
s → ηð1405Þπþ, ηð1405Þ → K�−Kþ

A2 Dþ
s → ηð1405Þπþ, ηð1405Þ → K�þK−

A Dþ
s → ηð1405Þπþ, ηð1405Þ → K�∓K� A1 − A2

A1 Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�−Kþ

A2 Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�þK−

A Dþ
s → f1ð1420Þπþ, f1ð1420Þ → K�∓K� A1 − A2 [53]

AMPLITUDE ANALYSIS AND BRANCHING FRACTION … PHYS. REV. D 104, 032011 (2021)

032011-19



[1] R. Aaij et al. (LHCb Collaboration), J. High Energy Phys.
06 (2012) 115.

[2] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. D 99,
112005 (2019).

[3] J. P. Alexander et al. (CLEO Collaboration), Phys. Rev. D
79, 052001 (2009).

[4] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. Lett.
122, 071802 (2019).

[5] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. Lett.
122, 061801 (2019).

[6] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. Lett.
122, 121801 (2019).

[7] B. Aubert et al. (BABAR Collaboration), Phys. Rev. Lett. 90,
242001 (2003).

[8] J. P. Alexander et al. (CLEO Collaboration), Phys. Rev.
Lett. 100, 161804 (2008).

[9] P. U. E. Onyisi et al. (CLEO Collaboration), Phys. Rev. D
88, 032009 (2013).

[10] M. Bauer, B. Stech, and M. Wirbel, Z. Phys. C 34, 103
(1987).

[11] A. N. Kamal, R. C. Verma, and N. Sinha, Phys. Rev. D 43,
843 (1991).

[12] P. Bedaque, A. Das, and V. S. Mathur, Phys. Rev. D 49, 269
(1994).

[13] I. Hinchliffe and T. A. Kaeding, Phys. Rev. D 54, 914
(1996).

[14] M. Tanabashi et al. (Particle Data Group), Prog. Theor. Exp.
Phys. 2020, 083C01 (2020).

[15] H. Y. Cheng, Phys. Lett. B 707, 116 (2012).
[16] P. Avery et al. (CLEO Collaboration), Phys. Rev. Lett. 68,

1279 (1992).
[17] H. Albrecht et al. (ARGUS Collaboration), Z. Phys. C 53,

361 (1992).
[18] P. F. Guo, D. Wang, and F. S. Yu, Nucl. Phys. Rev. 36, 125

(2019).
[19] R. Aaij et al., J. High Energy Phys. 02 (2019) 126.
[20] M. Artuso et al. (CLEO Collaboration), Phys. Rev. D 85,

122002 (2012).
[21] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. D 95,

072010 (2017).
[22] R. Aaij et al. (LHCb Collaboration), Eur. Phys. J. C 78, 443

(2018).
[23] H. Guler et al. (Belle Collaboration), Phys. Rev. D 83,

032005 (2011).
[24] C. Daum et al. (ACCMOR Collaboration), Nucl. Phys.

B187, 1 (1981).
[25] P. d’Argent, N. Skidmore, J. Benton, J. Dalseno, E.

Gersabeck, S. T. Harnew, P. Naik, C. Prouve, and J.
Rademacker, J. High Energy Phys. 05 (2017) 143.

[26] B. S. Zou and D. V. Bugg, Eur. Phys. J. A 16, 537 (2003).
[27] M. Ablikim et al. (BESIII Collaboration), Nucl. Instrum.

Methods Phys. Res., Sect. A 614, 345 (2010).
[28] M. Ablikim et al. (BESIII Collaboration), Chin. Phys. C 44,

040001 (2020).
[29] C. H. Yu et al., in Proceedings of IPAC2016, Busan,

Korea (Joint Accelerator Conferences Website, Geneva,
Switzerland, 2016).

[30] X. Li et al., Radiat. Detect. Technol. Methods 1, 13 (2017).
[31] Y. X. Guo et al., Radiat. Detect. Technol. Methods 1, 15

(2017).
[32] J. Adler et al. (MARK III Collaboration), Phys. Rev. Lett.

60, 89 (1988).
[33] S. Agostinelli et al. (GEANT4 Collaboration), Nucl. Ins-

trum. Methods Phys. Res., Sect. A 506, 250 (2003).
[34] Z. Y. Deng et al., Chin. Phys. C 30, 371 (2006), http://hepnp

.ihep.ac.cn/article/id/283d17c0-e8fa-4ad7-bfe3-92095466def1.
[35] R. G. Ping, Chin. Phys. C 38, 083001 (2014).
[36] R. G. Ping, Chin. Phys. C 32, 599 (2008); D. J. Lange,

Nucl. Instrum. Methods Phys. Res., Sect. A 462, 152
(2001).

[37] S. Jadach, B. F. L. Ward, and Z. Was, Phys. Rev. D 63,
113009 (2001).

[38] P. Golonka and Z. Was, Eur. Phys. J. C 45, 97 (2006).
[39] J. C. Chen, G. S. Huang, X. R. Qi, D. H. Zhang, and Y. S.

Zhu, Phys. Rev. D 62, 034003 (2000).
[40] M. Xu et al., Chin. Phys. C 33, 428 (2009).
[41] S. U. Chung, Phys. Rev. D 48, 1225 (1993).
[42] S. U. Chung, Phys. Rev. D 57, 431 (1998).
[43] F. von Hippel and C. Quigg, Phys. Rev. D 5, 624 (1972).
[44] K. Cranmer, Comput. Phys. Commun. 136, 198 (2001).
[45] W. Verkerke and D. P. Kirkby, RooFit Users Manual v2, 07

(2006), http://roofit.sourceforge.net/.
[46] M. Ablikim et al. (BESIII Collaboration), Phys. Rev. D 95,

072010 (2017).
[47] H. Guler et al. (Belle Collaboration), Phys. Rev. D 83,

032005 (2011).
[48] G. J. Gounaris and J. J. Sakurai, Phys. Rev. Lett. 21, 244

(1968).
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