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Abstract

We derive the interaction of fermions with a dynamical space-time based on the
postulate that the description of physics should be independent of the reference
frame, which means to require the form-invariance of the fermion action under
diffeomorphisms. The derivation is worked out in the Hamiltonian formalism
as a canonical transformation along the line of non-Abelian gauge theories. This
yields a closed set of field equations for fermions, unambiguously fixing their
coupling to dynamical space-time. We encounter, in addition to the well-known
minimal coupling, anomalous couplings to curvature and torsion. In torsion-free
geometries that anomalous interaction reduces to a Pauli-type coupling with the
curvature scalar via a spontaneously emerged new coupling constant with the
dimension of mass. A consistent model Hamiltonian for the free gravitational
field and the impact of its functional form on the structure of the dynamical
geometry space—time is discussed.

KEYWORDS

1 | INTRODUCTION

The early investigations of gauge theories of classical
(c-number) fields describing space-time and matter have
been carried out in the Lagrangian picture (Einstein 1955;
Hehl et al. 1976; Kibble 1961; Sciama 1962; Utiyama 1956;
Weyl 1919; Yang & Mills 1954). In contrast, our approach
is based on the framework of covariant canonical trans-
formation theory in the Hamiltonian picture pioneered by
Struckmeier & Redelbach (2008). That theory is based just
on four postulates:

Hamilton’s Principle also referred to as the Princi-
ple of Least Action, states that the dynamics, i.e. the field
equations of motion of a system of classical physical fields
must be derived by variation from an action functional.

Non-Degeneracy of the Lagrangian is essential for
the Legendre transform from the Hamiltonian to the

theory, gravitation, torsion

canonical transformation, emerging mass parameter, extended Einstein gravity, fermion, gauge

Lagrangian picture (and vice versa) to exist, hence to
establish the duality transformation of moments and
velocities. This ensures the applicability of the Hamilto-
nian canonical transformation theory.

Diffeomorphism invariance is required to ensure
the invariance of the description of physics—the field
equations of motion—under chart transitions of the base
manifold. Hence, the Hamiltonian must be covariant
under arbitrary coordinate transformations (diffeomor-
phisms). This is what Einstein had in mind by his Principle
of General Relativity (Einstein 1950).

Equivalence Principle means that locally the
space-time must be equivalent to an inertial system
invariant under Lorentz transformations.

The restriction to four fundamental underlying
assumptions is possible as the canonical transformation
framework provides a strong formal guidance to maintain

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any

medium, provided the original work is properly cited and is not used for commercial purposes.

© 2021 The Authors. Astronomische Nachrichten published by Wiley-VCH GmbH.

Astron. Nachr. / AN. 2021;342:745-764.

www.an-journal.org 745


http://creativecommons.org/licenses/by-nc/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fasna.202113991&domain=pdf&date_stamp=2021-08-26

746 Astronomische

STRUCKMEIER AND VASAK

Nachrichten

the form of the action principle and hence of the emerg-
ing field equations of motion. Moreover, ambiguities in
the form of the dynamics of space-time and its coupling
to matter are avoided. The validity of this approach was
proven for ordinary gauge theories and shown to deliver
from first principles the correct Hamiltonian for any
SU(N) gauge theory (Struckmeier et al. 2017b; Struck-
meier & Redelbach 2008; Struckmeier & Reichau 2013).
For a dynamical space-time, the approach was extended
to a canonical gauge theory of gravity (Struckmeier
et al. 2017a. 2019) with scalar (spin-0) and vector (spin-1)
fields as sources for the space-time dynamics. This paper
is an extension of that previous work, which now derives
the gravitational coupling of spin-1/; fields. To this end, an
additional structural element is needed for the description
of space-time, namely, a global orthonormal (so called
tetrad or vierbein) basis attached to every point of the tan-
gent space on the base manifold. Hence, according to the
fourth postulate in the above list, we request the frame
of any observer to be the inertial space, where the metric
is globally Minkowskian. This “Lorentzian space-time”
is represented by a frame bundle, and the tetrad field is a
global section that pulls back the Minkowski metric to the
curved base manifold. With the inclusion of that frame,
we have to deal with the additional Lorentz symmetry
and combine the diffeomorphism covariance requirement
for the base manifold with the Lorentz covariance of the
locally attached inertial frames. The resulting symmetry
group, Diff(M) x SO(1, 3), generalizes the “affine space”
of the Poincaré gauge theory (Hehl 2017. 1976).
Throughout the paper, we retain the elementary tensor
calculus and apply the conventions of Misner et al. (1973).
The request for local invariance with respect to both, the
Lorentz transformations on the frame bundle attached
to the tangent space, and the diffeomorphism group of
chart transitions on the base manifold, is implemented in
Section 3.3 via the choice of a generating function, specif-
ically designed for the underlying symmetry group. From
this point, the derivation of the diffeomorphism-invariant
action is unambiguous and straightforward. The action,
presented in Section 3.5.5, serves as the basis to set up
the total closed set of canonical field equations for the
coupled dynamics of fermions and space-time. In partic-
ular, the Dirac equation in curved space-time is worked
out. Regularity of the Dirac Hamiltonian invokes a new
length parameter 1/M that, while spurious in the case
of non-interacting spinors, becomes a physical parameter
once interaction with space-time or other gauge fields is
turned on. The effective mass of the fermion field acquires
an anomalous curvature-dependent mass term, and novel
spin-dependent contributions that couple to the torsion
of space-time. The curvature-dependent mass term may
have a considerable impact on the physics of dense matter

in neutron stars and around black holes, and also on
cosmology (Benisty et al. 2018; Struckmeier et al. 2020b;
Vasak et al. 2020).

As all gauge theories merely provide the coupling of
the given fields with the gauge fields, the Hamiltonians
describing their free dynamics must be provided based
on physical reasoning. A particular choice of the Hamil-
tonian of the free gravitational field—going beyond the
version advocated in Struckmeier et al. (2017a) to accom-
modate both metric and connection—is finally addressed
in Section 5. We conclude the paper in Section 6 with a
summary and an outlook.

2 | ACTION PRINCIPLE
2.1 | Hamiltonian action principle in flat
space-time

All Standard Model field theories are based on the Action
Principle, which requires that the information on the
dynamical system is encoded in the system’s Lagrangian L.
The field equations then follow from the extreme of the
action Sy:

Sy = / L£d%,  8S, =0, 1)
174

with V denoting a region of space-time where ¢ and its
derivatives are known on the boundary hypersurface dV'.
In the actual context, we assume the field to vanish at
infinity. In a static space-time background, the volume
form d*x is invariant under the space-time evolution of the
fields. For our purpose of a gauge formalism, we switch
to the (covariant) De Donder-Weyl Hamiltonian H (De
Donder 1930; Weyl 1935) by means of a complete Legen-
dre transformation. In analogy to classical mechanics, we
have in the simplest case of a scalar field ¢:
dgq ; 09

H=p—-L & H=n— L,

“ - j=0...3.
dt ox/ J

The canonical momentum vector z/(x) thus represents
the dual of the gradient covector dg/dx/, with the Latin
indices referring to a Lorentz frame with Minkowski met-
ric #7;;. The Hamiltonian form of the action of scalar field
theories Equation (1) is then the space-time integral:

So = / [;ﬂ 9 _ H(p, rci)] d*x.
|4

ox/

!
The extreme 6Sy =0 is encountered exactly if the
canonical field equations hold:

do _ oM om _ o

o - e )

oxi  omi’  ox/
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We observe that the dependence of H on z! uniquely
determines the derivative of the scalar field ¢, whereas the
dependence of H on ¢ merely determines the divergence
of the canonical momentum vector z‘. This gives rise to
a gauge freedom of the canonical momentum vector as
any divergence-free vector p' may be added to z! without
violating the canonical field Equations (2).

2.2 | Hamiltonian action principle
in curvilinear space-time

For a curvilinear space-time, metric g,,(x) as well as the
volume form d*x are no longer invariant. For the descrip-
tion of spinor fields being the spin-1/2 representation of
the Lorentz group, it is necessary to introduce tetrads
e',(x) as new fields representing the geometry of the iner-
tial frames. The tetrads map the Lorentz frame (Latin
indices) with static Minkowski metric #; into the coordi-
nate frame (Greek indices) with a space-time-dependent
metric g, (x):

8uv = eﬂi”ijejv’ eﬂieiv = 0y
nj = e’ guve’j

g =det(g,,) = —(dete',)* = —€%, e=+/—g

e’ = 5;.,

The invariant volume form is given with & = detel,
by ed*x = \/—_gd4x. Here, we use the factor £ to convert
the absolute scalar Hamiltonian H into a relative scalar
H = He of weight w = 1. Correspondingly, the canonical
momentum tensors are thus converted into momentum
tensor densities—denoted by the tilde—as new dynamical
variables:

7 =rte, kKM =kM"e,

where k;**(x) is the tensor density representing the canoni-
cal conjugates of the tetrad fields e, (x). We then encounter
the following form of the action principle which includes
the tetrad field to account for the effect of curvilinear
geometry:

o 0(p ~ aae,;f ~ v DTy
So=/ [ﬂ o '|'kjlj ﬁ—H(Q,ﬂ ,e,,l,ki“) d4x.
|4

(3)

Frequently used identities involving the tetrads are:

0ejV uov oe u oe . de"’j
=-€"¢, —— =¢'¢, = &€
ox” ox”

i J i
oe, oe,
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2.3 | Klein-Gordon Hamiltonian
in curvilinear space-time

The simplest nontrivial case is given by the Klein-Gordon
Hamiltonian for a real scalar field in curvilinear space-
time:

Hyc(p. 7", e,') = %ﬁ“eaimje’ﬂﬁﬂ + %mz(pz.
€

The field equations follow as

1) oHye 1 .4 i
> - or — =T e, e, = m, (4a)
07t _ MG _ 2, (4b)
0x“ do
aei,, _ dﬂKG -0 (40)
ox" ok;kv
ok OFlxg 1., ;.
— = == ol 7P ad
ox® de, ! e et (4d)

1 1._ P
+ Eei” (gﬂaeani’]"j@]ﬂﬂ'ﬂ - 6m2q02> .

Solving the first equation for z¢

=a o0 i, BT

i ee"inle; parl

the canonical momentum vector can be eliminated from
the second equation to yield

X o P 2., —
I <£e in’e; dxﬁ> +em =0,

which is equivalently expressed in terms of the metric as

0P
0xF ox

109 o

Py +m*p=0.
saxﬂax“(gg )+ me

8

The second term vanishes for a flat metric and thus
reproduces the usual Klein-Gordon equation.

In the actual example, the Hamiltonian does not
depend on the momentum density k;*¥, which reduces
to a Lagrange multiplier in the Lagrangian, i.e. in the
integrand in the action (Equation (3)). Consequently, its
conjugate quantity, i.e. the metric, is a conserved quan-
tity. This may change although if the description of the
space-time dynamics in the system Hamiltonian is taken
into account.

The last canonical equation can be expressed in terms
of the first one and the metric energy-momentum tensor
density which in the Hamiltonian representation is the
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derivative of Hyg with respect to e,/:

g oHye oH oH -
M= e = gt (S i )
"
_o, )

The right-hand side is exactly the Hamiltonian form
of the canonical energy-momentum tensor density, which
happens to agree with the metric one for the Klein-Gordon
system. Regrouping the terms yields the Hamiltonian rep-
resentation of the identity (Struckmeier et al. 2020a) for
the scalar density function Hg(p, 7", e,,i):

07:[KGe i 0H e

0Hxe ~
de, "~ 0RY 7

ﬁ”+55‘< py i“—HKG> =0.

2.4 | Dirac Hamiltonian in curvilinear
space-time

The regularized Dirac Lagrangian density for spinors in
curvilinear space-time is given by (Gasiorowicz 1966;
Struckmeier et al. 2020b; Struckmeier & Redelbach 2008):

L e (0w M-\ i 0w iM
PT3Mm <axa T3 W")" < 5o T 2 TV

- (m—=M)ypye, (6)

with m the usual mass of the Dirac particle and M a
free parameter of mass dimension. Due to the quadratic
“velocity” dependence of Equation (6), the correspond-
ing covariant Hamiltonian as obtained via the Legendre
transformation is

oy + O a

ox*  0x“

- Z1D(l//’ O, W, 0, evk)

Hp(y. K" .k".e") = &

with the canonical momenta £ and & defined by:

v oLp oV = oLp
oy \’ YEAY
() o)
With Equation (6), the Dirac Hamiltonian density p
then follows as
fp =M
ie

A

(rzc”ea" - lgew"> Tk (efpr?” + %W) + myye,
(7)
or, equivalently,
>~ iM _ i ~ 6 = j ~ =
Hp = - <y/yje/,;1<” - gKaeakajejﬂKﬂ - Kaeakykq/>
+ (m—Mypye. (8)

7i; is the inverse of the commutator o/* of the Dirac
matrices:

I . . 1 . ,
o= E(Wk —rMh, 1= E(Wk + 759
7 = <Oy + 37,70, Two' =8/ 1.

Here #; is the Minkowski metric, and 1 the unit matrix
in spinor space. These definitions imply the identities:

1
rog= o=y, 9

et = oy =31y,
31

Setting up the covariant canonical equations for the
Hamiltonian Equation (8), gives:

oy dHp iM k( 6 _ .

- M, + ZmgeR”) (10
o oR PRI A (102
0R* _ OoHp _ iM_ ;.

- _ =y —(m-M 10b
= % S i€k (m—-Mwye (10b)
dl[_/ aﬁD ]M _ 6:0! k j
oK™ _ _OHp _ %l%aeak}’k —(m—-M)ye. (10d)
ox« oy 2

Equation (10a) can be solved for ¥# and Equation (10c)
for kK"

. 9 .
RH = eH, <ﬁo—"’”emﬂ a—;:/ﬁ - %y"w) € (11a)
= U i ()y‘/ Vij mn i_ n u

K = mwe mO +§l[/7/ ey E. (11b)

Inserting Equation (11a) into Equation (10b) yields the
generalized Dirac equation in curvilinear space-time:

. oy i oer” oes; .
0=iyke— —my + =y [ = — g —¢é
vk ox* v ox* K oxa f v
ich [ de” de;? ¢ -\ 0
ic e 5 o2 98 « 0 1\ Oy
- — el +e — e e | —.
3M <6x“ / “ oxe K axe ") ox
(12)

It obviously reduces to the usual Dirac equation in
a flat space-time geometry where all derivatives of the
tetrads vanish. The parameter M cancels out. Inserting
Equation (11b) into Equation (10d) yields the generalized
Dirac equation for the adjoint spinor . We remark that in
the case of the Hamiltonian description the term quadratic
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in the canonical momenta £ and &/ in Equation (8) is
mandatory in this formulation as otherwise—according
to Equations (10)—no correlation would exist between
canonical momenta and “velocities,” i.e. the space-time
derivatives of the spinors.

The metric energy-momentum tensor density 7", of
the Dirac system is now, in analogy to Equation (5),

. oHp . iM[[/_ 6-a -
T = 90 =2 [(‘”f - oK T"")"JV’(M
—k'e,’ <yju/+ Srjkekﬂkﬂﬂ
+ 6! (ﬂlz(ae,,krkjejﬂl?ﬂ +(m —M)tﬁwe) . (13)
£

The canonical energy-momentum tensor density 6", of
the Dirac system, defined in the Hamiltonian representa-
tion by

is shown by means of the canonical Equations (10) to
coincide with the metric energy-momentum tensor: 8", =
T,

2.5 | Requirement of form-invariance
of the action under diffeomorphisms

Implementing the postulate that the equations of physics
should be independent of the reference frame means to
request form-invariance of the action under diffeomor-
phisms. An inspection of the action integral Equation (3)
already shows that this demand is in general not met
in a curvilinear space-time as the derivatives of non-
scalar quantities do not transform covariantly under chart
transitions of the space-time manifold. This applies,
for instance, to the tetrads e’ «» Which represent gener-
alized tensors that reside in both the general coordi-
nate space (Greek index) and in the local inertial frame
(Latin index). Its tensor transformation rule e/,(x)
E',(X) under a chart transition x+— X, and an arbi-
trary Lorentz transformation in the local inertial space, is

iven by:
g y o

E'(X) = N j(0)e/ p(x) 'k

(14)

Al j(x) denotes the skew-symmetric matrix of local
(orthochronous) Lorentz transformations in the iner-
tial frame, A;; = —A;;. Here and in the following cap-
ital letters denote transformed fields or indices in a

Nachrichten

transformed inertial frame. Thus

NN = NSNS =6 & NN = AR AL =68

The derivative of the tetrad e/, in the action integral
Equation (3) does not transform as a tensor in a general
space-time geometry:

OF!, (oN; oe’5\ ox= oxP 0%
= p B A]j p _— V+A]jejﬂv—§.
0X¢ 0x 0x 0X¢ 0X 0XVoX
(15)

The last term spoils the tensor transformation property
in a curved space-time, as the second derivatives of
x?(X) do not identically vanish. As a consequence, the
action Equation (3) is not diffeomorphism-invariant. In
order to render actions invariant, one must proceed as
follows:

« The second partial derivatives must be compensated
away by means of formally introducing an appropri-
ate gauge field. This provides the coupling of the given
fields to the gauge field, and converts partial into covari-
ant derivatives.

» The description of the gauge field dynamics must be
part of the final action integral in order to end up
with a closed dynamical system, hence a system which
does not contain external fields. This is achieved by
postulating the corresponding Hamiltonian of the free
(uncoupled) gauge field dynamics.

For all systems whose dynamics are derived from an
action principle, any transformation must be canonical in
order to maintain the general form of the canonical field
equations. Thus, in particular gauge theories are in the
end most easily formulated within the canonical transfor-
mation framework as noncanonical and hence unphysical
transformations are excluded at the outset.

3 | CANONICAL
TRANSFORMATION FRAMEWORK

3.1 | Canonical transformation
formalism for a scalar field in a curvilinear
space-time

A scalar Hamiltonian that depends on a set of fields
and dynamical tetrads and is invariant under a global
Lorentz transformation will not in general be invariant
under a combined arbitrary diffeomorphisms x — X(x)
at a given point of the base manifold, and local Lorentz
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transformations of the frames attached to that point. Con-
sidering for illustration the transformations of a scalar
field, p(x) — ®(X), and of the tetrads, €', (x) — E'5(X), the
requested invariance of the equations of motion means
explicitly:

ca 0@ oep
5So=6 k”"—
0 /( o T G
174

! = o _ . OE!
Sof (AR gt
0x« ox«
V/

x d*X. (16)

- H(p, 7, ei,,,ici””,x>>d4x

- H'(®, fIV,E’,,,I?I”V,X)>

As the actions are to be varied in order to derive the
canonical field equations, the integrands of Equation (16)
may differ by the divergence of an arbitrary vector func-
tion 74 Such a term does not contribute to the variation of
S by virtue of Gauss’ law for 77 = F{ /=g, i.e. the prod-
uct of the absolute vector field 7] with the scalar field

5/@d“x=5§[ FLdS, =0,
v ox® o

as the variation is supposed to vanish on the boundary oV'.
With the volume form d*x transforming as a relative scalar
of weightw = -1,

axX°, ... . X3
ox0, ... ,x3)

X
o0x

d*x = d*x = dx = —d*, @17)

5]

the integrands in Equation (16) must satisfy the equation:

« 99 Yoo (avd® o W OE o\ [0X
k’” -H-(1I Emw—L_H ) |=
™ o = < axe TR oxy ox
aF} 0p OF] ox¥ o® _ oF} 0¢\ s oF! axv oE!,
dp ox* = 0D oxP 0X'  oe, ox* = OEl, oxP 0X"
oF1
- (18)
x expl

For the particular choice 7| = 71(p, ®, ¢, E,,, x), we
can compare the coefficients of the partial derivatives of
the fields and thereby identify the following transforma-
tion rules for the fields:

N R _9Fox |ox (192)
T 0’ T 0D oxP |0X
= P g o1 0X" | ox (19b)
Y oel,’ " OE!, oxf |0X

The transformation rule for the Hamiltonians involves
the possible explicit dependence of 7} (x) on x:
oF]
ox*

29X

' =H+ (20)
ox

expl

A canonical transformation is also generated by a vec-
tor density F3 (Struckmeier & Redelbach 2008), defined
as a function of the momenta #* and k;#" in place of
the fields ¢ and e, in 7. It is defined as the Legendre
transformation of 77

i‘.;(ﬁva q)’ l’%i”‘/’ EI”’ x) =

~y T MV ol
-7 (p—ki’ €y

Fi(p,@,¢,,E,,x)

One then obtains the field transformation rules:

oFy v _  OF3
lg=-203 = 230X 0x (21a)
on® 0D oxt |0X
, oF; . oF5 ox¥
sre, =3 g (9T 0XT10X]
ok OE!, ox* |oX
and the similar rule for the Hamiltonians:
_ OF;
i |2X| 4 2 (21c)
ox oxv
expl

The untransformed fields are thus correlated to
the negative derivatives of the generating function Fj
with respect to the untransformed conjugate momentum
fields. Furthermore, the transformed conjugate momen-
tum fields are given by the negative derivatives of the
generating function 73 with respect to the transformed
fields times the transition factors for tensor densities

ox

X)) = x|

~“’(X)

x[l

This scheme applies as well for all other types of ten-
sor fields with their respective conjugate momentum fields
which constitute tensor densities.

3.2 | Diffeomorphism-invariance of a
scalar field action integral induced by a
gauge field

In the next step, the particular generating function is
defined for a canonical transformation that provides com-
bined Lorentz and chart transformations, while leaving the

scalar field ¢ unchanged:
7V ~v ol T uv ~v LBV Al I oX“
F3(@, 7", E' k") =-7"D - k; AIEaa—ﬂ (22)
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The particular transformation rules (21) follow as

~v o 0XY | 0x
=0, II' =7 = |3x (23a)
. (4 ~ u v
l” — AlIEIa K’ KIMV k ﬁaAl oX* oX a_x ,
OxH 9xP ox* |oX
(23b)

which recover the proper transformation rules for the
fields and their conjugates, the latter transforming as rela-
tive tensors of weight w = 1, i.e., as tensor densities.

The set of transformation rules is completed by the
rule for the Hamiltonian density from Equation (21c),
which follows from the explicitly space-time-dependent
coefficients of the generating function (Equation (22))

oF; -
EY I M (AIaX )Ee
oxY oxv oxF
k s 981 ()A I ()X k (Bv) d <Ai1 oxX“ ) EIa
oxv axﬂ oxv ox’

(24)

In the last line, the right-hand side of Equation (24) is
splitinto the skew-symmetric and the symmetric contribu-
tions of l%,-ﬁv in # and v, considering that the second deriva-
tive term of X* does not contribute to the skew-symmetric
part of k;*/.

The x"-derivative term in Equation (24) is equivalently
expressed in terms of the derivative of the transformation
rule (Equation (23b)) for the tetrad e'4:

a (A aX® )E, dey ; OE!, 0X° 0X"

_ 25
oxY oxP oxVv Tax¢ oxv ox? (25)

Inserting Equation (25) into the transformation rule
(Equation (24)) yields:

oF; kWaAIaX B
ox¥ expl oxv oxp
— ]}i(ﬁv) aLlﬂ — /\i[ aEIa aX§ 0x*
ox” 0X¢ oxv oxP
! :
zlgi[uv]AiI&ej _;}iwwﬂ K(MV)a X
oxv 0x 0Xv | ox

where in the last equation the transformation rules
Equation (23b) were inserted in the first and the third
terms. Plugging this into the condition for the action func-
tionals, the derivative terms of the tetrads can be merged
with corresponding derivatives originating from the Leg-
endre transformation in Equation (16) to give the modified

Nachrichten

action functionals

» _ /oE! 1 i
5 |92y Igg (w9 gyt |OX] ey
oxv 2 0Xv  0XH 0x
V’
Jdo 1+ aei” oél, -
= T — + k" -H
/ [ﬂ oxv 2 <0xv OxH
v
2o ONT
+ki“‘VJA11—ava e ”] d*x. (26)

Owing to the last term on the right-hand side of
Equation (26), the actions are no longer form-invariant
for space-time-dependent Lorentz transformation coef-
ficients A’;(x). The only way to re-establish the form
invariance of the actions is to amend the integrands by
gauge Hamiltonians whose transformation rule absorbs
the symmetry-breaking term:

5/ g oo K [uv] (3E bl
0XV 0XV o0x
vy

oe'
=5 / v % gy Floan, ) d*x.
axv 0x"
14

This entails the following transformation requirement
for the gauge Hamiltonians:

LT - HGaul>‘ d*x

_ 2o 0N
— Hgay, = ki[MVJALIWVJ ey. (27

Gau, a_

~ OX‘

The gauge Hamiltonian 7:[(;3111 must be devised in the
way that the external index structure of the coefficient
expression A';0A’;/ox" is matched by a gauge field w'),.
Its obvious form is (with the negative sign chosen for later
convenience)

7:[Gau1 = _f{i[”v] wijv ej;u (28)

and is required to satisfy both, form-invariance in terms
of the transformed gauge field Q';,, and Equation (27)
under the transformation in question. Only then can the
abovementioned form invariance of the action integrals be
re-established. Hence:

Hoa, = —KM Q1 F . (29)

As the gauge field ', now replaces the coefficient
expression A'70A’;/dx", the skew-symmetry of the coeffi-
cient matrix A;; = —Ay; of the local Lorentz transforma-
tion induces the gauge field w;j, to be skew-symmetric



752 Astronomische

STRUCKMEIER AND VASAK

Nachrichten

ini,j
I ON; 0Ap oA
@i & Mg = MG = e M= e M
N,
A © T

Here the fact has been used that the metric of the iner-
tial frames, 7y, is by definition globally constant, hence
ong/ox’ = 0.

Now the ensuing transformation rule for the gauge
field ', is derived by inserting the gauge Hamilto-
nians (28) and (29) into Equation (27). Beforehand,
the gauge Hamiltonian Equation (29) is expressed in
terms of the “original” (i.e. untransformed, lower case)
fields according to the canonical transformation rules
Equation (23b):

o0x

A OX | ox
x|’

HGaw, = —ki"™ A Qe N e

It follows that the gauge field 'j, transforms inhomo-
geneously as:

oX* i oA

7 oxv oxv

o'y = A1Q 5 A (30)

This transformation rule coincides with the trans-
formation rule of spin connection coefficients—and the
gauge field can thus be identified with the spin connec-
tion. With the gauge Hamiltonian Equation (28), the now
form-invariant action integral writes:

~y do =y oe' . -
SO = / |:7f ax‘/ +ki[” ] <Kt4 +wljvej;(> - H] d4x.
|4

(31)

The gauge field w',(x) herein enters as an exter-
nal field whose dynamics is not described by the action
(Equation (31)). This changes if we include its transfor-
mation rule Equation (30) into the gauge transforma-
tion formalism. Equation (31) fulfills the requirement of
form-invariance under diffeomorphisms. It also shows
that no direct coupling of the scalar field ¢ with the tetrad
field ¢/, and the gauge field ', emerges. Rather, the
respective coupling occurs merely via the common depen-
dence of H and Hgay, on the tetrad field ¢/,. The reason
is that 7¥d@/ox" in the action functional Equation (31)
inherently constitutes a world scalar density and is, there-
fore, already form invariant under diffeomorphisms. This
changes as well if we include spinor fields into the canon-
ical transformation formalism.

3.3 | Includingspinors and the canonical
transformation of the gauge field ©'j,

In the second step, the newly introduced gauge field w'j,,
defined in Equation (28), will be treated as an internal
quantity. The action functional Equation (31) must then be
extended to also include the pertaining momentum field,
i.e. the tensor density §;/#* conjugate to the gauge field w'j,.
Taking this into account, and substituting the scalar field
by a complex spinor field y with the given Hamiltonian
Hp, extends the action integral to:

=y OY oy _ aei . da)ij,,
So = — 4+ —R&Y + k" + g/ —
0 / <K ox’  oxY PR

- Heau, — f{D> d*x. (32)

The task is now to determine the gauge Hamil-
tonian F{g,,, that renders the action Equation (32)
diffeomorphism-invariant. In other words, 7':[(;auz is sup-
posed to make the integrand of Equation (32) into a world
scalar density. The generating function Equation (22) must
then be extended to define in addition the spinor and the
gauge field transformation from Equation (30):

Fi(W, 5,9V, %,E, k,Q,3,%)

=—&'ST'W - PSk¥ — kM ALE, oX

* oxH

. . G AL
_qi]M <AIIQI]¢1A]/ o +All axﬂ/ . (33)

Here S and S~! are the spin-1/2 representations of
the Lorentz transformation matrix and its inverse to be
specified below. The complete set of specific rules for the
generating function (Equation (33)) are:

vo _ OFy =

v 7—“ v 3

= 0 oF3 0X ax ol 0X ()x (34b)
0¥ o |ox ot |axX

v — 673; _ cv-l

= v aFg 0X" | ox 1 0X¥ | ox

K =- 34d
0¥ oxt |0X oaxt |oX (34d)
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oFs @ I - o
5; 1,4 L 5V ALEL X (34e) where ¢ J(x). denotes the coefficients of. th? local Lorentz
ok;up oxH transformation. It follows to first order in €';
. Al oA sl o'y oe! 1 [0€; 0g;
K =— oF3 oX | ox = Ak 9X* 0X* | ox (34f) Do 12 \oxx ~ oxx ) 2 \oxr oxn
OET, ox* |0X oxt ox* [0X LS i 0€! . i Oer)
oxv  doxr | 4oxr
and )
i ( 06 j delj > i
Y =3 How . Aun 61 9
, oF; S0 0xe  OAY; 8 \ ox#  oxH
vl = _ 273 _ sv i i
515,6()]”_ aquﬂﬂ 5[1 <AIQJ&AJ0 " + Ay E
(34g) from which we conclude that
I
. Ay g 45105 (39)
é Twv = _ oF3 % 0x = A igJeap J oX* 0XV dx ox# i OxH
! oQ!,, ox* |oX P oxE axt |ox | o . _
H (34h) This yields the spinor representation of the transforma-

Rule (Equation (34g)) indeed reproduces the inhomo-
geneous transformation property of the gauge field ',
as required by Equation (30). The rule (Equation (34h))
determines the transformation property of the pertaining
conjugate momentum field g/*".

3.4 | Spinor representation of the
Lorentz transformation

The parameters of the transformation given by the spinor
transformation matrix S are not independent of those of
the Lorentz transformation A’ ; with coefficients g;; = —¢ .
Rather, with the Dirac matrices I'; and y; in the inertial
frame, we set up the spinor representation of the Lorentz
transformation as

xP
Iy = A] S)/lS_ =>E JF] = ;)Teﬂ‘Sy,S_ (35)

For the commutators of the fundamental spinors,

sV =

o -'rh,  (36)

i, P i
o’ ==y =yl yH, =
2(77 Y'rh) >

Equation (35) induces the transformation rule:
> = AfSe/ STIAS. (37)
The infinitesimal representations of the local Lorentz
transformation matrix Al j(x) and the corresponding

spinor transformation matrix S(x) are computed as (see,
for instance, Peskin & Schroeder 1995):

AIj = 5JI + %(511‘ - 5j1)’ S=1- i'gljafj’ (38)

tion rule Equation (30) for the gauge field ',

I

P . T . 0XV . ()A/ .
SwijctS = ASQ JVA]jUijS 1@ + SAY g /87!
i 0X" 4 0S8
=QIJVA'SUSIA‘————
oo T oxn 1 oxm
dX¥ 40§
J J _ 00
s Sar STA oxH i oxk
=0l .z ox* 495
Y oxr ioxe
hence, in analogy to Equation (34g):
i uv_(lg, g1, 95 —1) ox*
4qu2 = <4Sa)wa S+ axHS YR (40)

3.5 | Derivation of the gauge
Hamiltonian

The key benefit of the canonical transformation frame-
work is that it provides the prescription for gauging
the initial Hamiltonian density Hp, hence to derive
the gauge Hamiltonian Hga such that the combined
system Fp 4 Hga, becomes diffeomorphism-invariant.
The gauge Hamiltonian is ultimately determined by the
explicit x#-dependence of the generating function accord-
ing to the general rule (Equation (21c)). For the actual
generating function (Equation (33)), the x"-derivative of
the space-time-dependent parameters in the generating
function evaluates to:

oF;
oxY

_1 _ -
=B gy g5 g 9 (Y 0x" =) e,
expl 0x" axv 0x” oxH

I
_ i |of,. 9 J 0X* ) R A
1 [Q T o (A”A 1o ) ¥ o \ Mg )|

(41)
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The final gauge Hamiltonian is then obtained from
Equation (41) by expressing all its parameters, namely, Aj,
S, 0X*/ox", and their respective derivatives, in terms of
the physical fields of the system according to the set of
canonical transformation rules (Equation (34)). This will
be worked out in the following subsections.

3.51 | Contribution of the spinor fields V, p
to Equation (41)

By means of the transformation rule (Equation (40)) for S,
the replacement of the derivative in the first (spinor) term
of Equation (41) follows as:

-1
2987 g zve 08
oxv oxv
1oy (o 0X”
= JF (s ', TS S — w0 J)w
= l:Cv iQUVZU‘P ‘ 0X’ — i’ lwyva V.

Similarly for the second term:

_ aS P = s 98 oS Py
0xV oxv
6X
Jige
—l//4wy‘,6 R - QUVZ K’ I

Hence, the free parameters of the spinor-related terms
in Equation (41) are replaced by the connection fields
according to

=y 087! = 0S
-K WT_T@ =—(1//coljV Vv — &' wl]va )
- i(l?gl]v VR - K Qp, ) ‘ OX’

3.5.2 | Contribution of the tetrad field E’,
to Equation (41)

The parameters in the (third) term proportional to k;*¥
can, with help of the transformation rules (Equation (34)),
be similarly expressed in terms of the physical fields as
follows:

ke (A2 E,
oxY OxH

1z, (0€¢, oe, . o
= zki” <E‘l/t + ocH - w’jve’,, + wlj,,ejv>
1 OE', oE!, 0X
-k =L+ =L QI E, + QL E, ) =]
2! ( axv T axe raE ox

The detailed calculation of this result is worked out in
Appendix Al.

3.5.3 | Contribution of the gauge field Ql,
to Equation (41)

As the last step, we express the coefficients in the term
proportional to g/#' of Equation (41) in terms of the
physical fields according to the canonical transformation
rules (34):

0 (.1 . 0X* P . OA;
Jjuv QI <Al AJ~ _) + Az J
[ T oxy \T  axen ) o \ 7 o
1., (005 00, . .
a0 09 | 1 N I N X
2O P20 ol o — oV ) |22
>C < oxXv | oxn A A

(42)

The detailed calculation is worked out in Appendix A3.

3.54 | Gauge Hamiltonian

The replacement of the explicitly x#-dependent parame-
ters in the divergence (Equation (41)) of the generating
function by the constituent fields now sums up to

_ %f{iuv <c;i:‘ + % + e, — wijvej”>

+ i(l:CVQ VY - 9Q, VEY)

g (e e et

+ %Q}Jﬂ Y <% + a;;,iv + QN QY - QINvQNJu> .

(43)

The partial derivatives associated with k;** and g
in Equation (43) are merged with the corresponding
derivatives contained in the initial action functional
(Equation (32)) to yield the following modified action
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functional 4 | CANONICAL FIELD
EQUATIONS
~v a a U ~V 1 T uv ael ael\/ . ° .
So = / d*x [K a_zlv azlv kY + Eki” < ﬁ T S > :..11(1 | Canonical equations for the spinor
\% 1€

1. 6wij,4 aa)ijv -
2y ZE -
ol < e o ) Mo

- ﬁD] . (44)

Then the total gauge Hamiltonian f[Gauz—which
is form-invariant under the transformation rule
(Equation (21c)) for the transformation of spinor fields
in a curvilinear space-time defined by the generating
function (Equation (43))—follows as

~ - . . i_ .
HGau2 = Kﬂa)ljﬂaijl[/ - Zl]la)ljﬁO'ij Kﬂ

NI

1- o o
+ zki"”(a)‘jae/,; - a)’jﬂefa)

1. . )
+ Eqij”ﬂ(a)’naa)"jﬂ — @' ). (45)

3.5.5 | Generally covariant action
in dynamical space-time

Inserting the gauge Hamiltonian (Equation (45)) into
the action integral (Equation (44)) yields the final
form-invariant action functional. It involves the Hamil-
tonian Hp(X, ¥, &, w,e) from Equation (7) of the free
(uncoupled) system of complex spinor fields, and
the Hamiltonian Hg,(k, e,q) of the free gravitational
field:

N o i\
SQ=/[ <ax"_1wijvo-l]w> +<axv+zl//wijvdl]>l(
%4

1- oe' det o o
+ Ekiﬂv < ax\lj - axl‘l/ +a)ljvejﬂ —a)lj,,e]\,>

AR

1. 6a)ij,, awijv . .
- _j}lV - L n.__ (A n.
L < PR R S O e

- 7:[]) - 7:[Gr] d4x. (46)

Adding ek, e,q) promotes the curvilinear geom-
etry to a dynamical medium. Then S, does not con-
tain any external functions anymore and thus represents
a closed physical system of fermions in a dynamical
space-time. The choice of H¢,(k, e, §) determines dynam-
ically the version of the space-time, i.e. flat, Riemann, or
Riemann-Cartan.

The set of canonical field equations for the spinors y and
y follows as

01// 07:11) i ii

= —2+-clwy, 47a
oxV e " a° @iy ¥ (472)
9K = _9Hp 1 K’ Gijwijv (47b)
oxVv oy 4
o _ oHp i_ 4

= —2_2 47¢
oxVv oKkY g Vo (47¢)
Ok _ _67—{1) + 2ol wij K. (47d)
ox” oy 4

4.2 |
field

Canonical equations for the tetrad

The canonical equation for the derivative of the tetrad €',
follows as
oxV  oxH

and thus

ai&i’“’ B 2

oH 1 [ o€ oét, o o
Gr < ax": O + w‘jve’,, - wljﬂejv> . (48)

The conjugate canonical Equation (4d) for the diver-
gence of k;#" is then:

af{i[ya] _ _07:[]3 _ aﬂGr _ af[Gauz

ox« oel,  oé, oel,
_ _a}fD _ a7—liGr + l(icjyv _ IN{jV”)wjiv
oel, oet, 2
oel, oel, !

Regrouping the terms yields:

f.lwal : i Hp o
<ak’ — =k wfia> d, = - Ty Mery - (49)
ox oe'y
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The right-hand side of Equation (49) is exactly
the Hamiltonian representation of the metric energy-
momentum tensors of the source system described by Hp,
and of the free gravitational field specified by a Hamilto-
nian Hg;.

4.3 | Canonical equations for the
connection field

Taking into account the skew-symmetry w;j, = —w;;, of
the connection, the canonical equation for the divergence
of g/*" follows as

ag/"

ai[Gauz

v i,
ox ow'j,

iapy i i 1,- ~ ;
= —ZK”GHW + oWl & = Sk — kel

1 v, v 1 jvu ~ juv
+ E(q o — qlnﬂ )wl - z(qn] " — qnﬂl )wni\/7

hence, considering the skew-symmetries of g and wy, in
iand j:

aqijuv
ox”

_ 1k1v;4 ;

~j i 1 lvy
— [HINvH (,()] _ xjnvu Cl) + j
q 7 2

. i_
”G”u/ _WGU M.

(50)

K

B
4;

The canonical equation for the derivative of the gauge
field 'j, follows as

aa’iju
oxv oxH

0w'; oH .
_ A 2— .Gr + (Dlnﬂ(l)njv _
og;/

i n
@D py @y

Combining the four spin connection terms gives the
mixed representation of the Riemann-Cartan curvature
tensor R}j,, (see Appendix A2):

07:[(‘,1— 1 awijﬂ awij" i n i n
g =2\ e ame O Oy
i

R‘M, (51)

44 | Summary of the coupled set
of canonical field equations

Below we finally summarize the complete closed set of
eight coupled field equations for a system of spinor fields
in a dynamical space-time resulting from the variation of

the action functional (Equation (46)):

_ 1 52a
oxV ok" 4 2
3;1 - _a;pr - ;¥ ol (52)
oy oH I_
ax afc? — vl (52c)

~a 0 y "
(a)ia - ;:‘/D + g0l ok (52d)
J e ~ H i

e (520

ey (<

a~ij;ux ~ia .

g — qmau q]nlm + lkl ”ef (52f)
xa
_ %f{iaﬂeia—i’%” ll/+4ll/°'lj’(”
9e',  oel oo j
— =Y — —_— + ' ejv Ve] 52

0x’  Ox# ok @ in B %)
o' aa)i'v 07‘[ i i

dx{’” B 6x;J4 = anii + @'y @"jy — @'y 0"

(52h)

We observe that this set of canonical equations, that
take a consistent description of the full dynamics of
space-time into account, extends Equations (10a), (4c) and
(4d) where merely the curvilinearity of the geometry was
considered.

4.5 | Diracequation with coupling to the
connection field w;j,

Inserting the partial differential equations for the spinor
field Equations (10a) and (10b) into Equations (52a) and
(52d), respectively, gives the corresponding covariant field
equations due to their coupling to the gauge field wy,

oy i . 67 i .
6xV=_§M<ev viw +e)t . e’ﬂ ﬂ>+za)ij‘,al]w
(53a)

— :—la)ijaaij> K" —(m - M)ye (53b)
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0X" 0X*  9°x*

(57)

. skew-symmetric spin connection under arbitrary diffeo-
()l//v Iy <ll/V, o, —#e 5t @ er> — ~ G w0 morphisms. A straightforward calculation (c.f. Appendix
ox’ 2 € A2) gives:

(53¢)
B « _ OX"0X! ox" .
K"

~a 1 ;o i _
= K <5M7iela - Za)ijaal]> —(m—-M)ye. (53d)
To express the coupled set of first-order equations
as a second-order equation for the spinor y, we solve
Equation (53a) for the spinor momentum field &,

co —ou |1 iy, o A igs (0¥ _ 1 nm
K —ej[ 2}’1[/+3MO' e; <6xﬁ 4a)nmﬂ6 W £

and insert it into Equation (53b). The explicit derivation of
the generalized Dirac equation is worked out in Appendix
A4. The final result is:

i . [/ 0e%; de;’
! [( Leff — ek el + et —

—oc
3M

ax* ox“
0ef 0 i
k k k "4 1
e ot eel b L ) (38 fomo™y
i awnmﬂ
— Ze"jeiﬂa"’" (W + a)nkaa)kmﬂ> W]
Ny oy i
=iyle’ <ﬁ - Za)nmﬂa"’”y/> - my
L (9 ok a x 9¢%
+§y <0x0’ —eka)ja—ejegaxa W, (55)

Due to the skew-symmetry of ¢/, term proportional
to o™ is actually half the Riemann-Cartan curvature ten-
sor in the mixed Lorentz-coordinate space representation
from Equation (51). The generalized Dirac Equation (55)
with metric compatibility will be discussed in the follow-
ing section.

4.6 | Generalized Dirac equation
with metric compatibility

It is convenient to define a new set of coefficients y¢,, as
functions of the spin connection and tetrad fields coeffi-
cients as follows:

aeﬂi k i deka k i
MavE_< —ef "y, | ey = ey W"'wivela

0x”
(56)

The transformation relation for y#,, is uniquely
determined by the transformation relation (30) of the

Vv = oxv oxP oxe ™ oxv oxP oX1oX+#'

The quantity y“,, defined by Equations (56) is thus
the natural choice for an affine connection. Moreover, this
definition implies “metric compatibility”:

— 5 i -
gyv;a - eu 71ij;ae/v - 0,

and also ensures that the mixed representation Rpmqep Of
the Riemann-Cartan tensor is equivalent to its full metric
representation R,,,,5.! The partial derivatives of the tetrads
e, and e#; can then be expressed by the spin connection
’;, and the affine connection y* & as:

i
oe',

o0x"

det; ;
KVI = ey — i€

= -’ e/, + et

Consequently, the canonical field Equation (52g)
acquires the form

57:[Gr=1 aei#_'_wi'ej _aiiv_a)i' o
ok 2 \oxv T gaw T

1. . .
= Eelé(yfyv - yfv;,g) = elfsgyv = Sly\w

Hereby the skew-symmetric part of the affine connec-
tion,

1
Séyv = E(yéyv - yé\/}l) (58)

is identified with the Cartan torsion tensor.

These relations allow now to re-write the components
of the generalized Dirac equation with partial derivatives
of the tetrads as:

aeaj eén

ox“ ox“
= 1%, € — €€ (€m0 e — 7% a€’ )
= —y"éaefj —%4' yaagefj

= 25% ).

a n a N
—€ W jg — €€ ¢

Notice that here the spin connection term vanishes due
to the skew-symmetry in its first index pair.

LAt this point, it becomes evident that adding nonmetricity as a
dynamical field is only reasonable with a nonvanishing symmetric
(tensor) portion of the spin connection.
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By the same token, one gets for the first factor in
Equation (55)

delﬁ
ox%

o R
axael- — € kW g€ +€j

0ef
—e" el atiy — e el &y k>
= O-ji(_ya.fa eé:j eiﬁ - yﬂé‘a egi eaj + y{:fa eiﬂ eaj)
=" 0 (2e/ s° 0 — 55 20).
The generalized Dirac equation thus naturally simpli-

fies to:

3M oxf 4

i 8 _nm ()a)nmﬂ k
—=€" 0 + w @
| i ( I nka mﬂ) l[/]

i N 0 i
_eaj ot [(zeiﬂséfa _ eiésﬂfa) <_W — — Oy Gnmw>

.y oy i
=iyle/’ <W - Za)nmﬁanmu/ +S‘55ﬂu/> - my,

or with the abbreviations y# = y/¢;# and 6*/ = %, o/'e;:

‘ (()x i i > ]
1 w (o2 S m
[ Y 5 nmp Ep "4

4
171
= 537 57" Rumas
— (250" +5%,5 077 <a?cv - iwnmv a”’”)] V.

(59)

This shows that the “minimal coupling” prescriptions
emerge naturally, and, moreover, that the Dirac particle
couples directly to the Riemann-Cartan curvature tensor,
with coupling constant proportional to M 1.

4.7 | Generalized Dirac equation
with zero torsion

Neglecting torsion, Equation (59) further simplifies to:

a/)‘o_nm

. 0 i
" <_W _ zwnmﬂgnmw> _ <m L, oPe™

o 4 2ang Romas ) v =0

(60)

The contraction of the Riemann-Cartan tensor with the
o matrices is shown in Appendix A5 to reduce for the case
of zero torsion to twice the Ricci scalar R times the unit
matrix in the spinor indices, which finally yields:

: [ i R

One thus encounters in the Dirac equation a
curvature-dependent mass correction term due to a direct
interaction of y with the gravitational field. The strength
of that interaction is determined by the parameter M that
emerges due to the enforcement of the diffeomorphism
invariance and simultaneously by the nondegeneracy of
the Hamiltonian. The physical implications of this novel
“spin-gravity coupling mechanism” will have measurable
consequences in scenarios with R > 0, e.g. inflation or
neutron star mergers.

4.8 | The action integral of fermions
in dynamical space-time

Inserting now as placeholders the definitions
(Equation (56)) of the affine connection, Equation (51)
of the curvature, and Equation (58) of the torsion of
space-time, in the action integral Equation (46) gives the
expression

(0w i ) o i N\ L
SO=/ [Kv <@ - Za)yyO'”l//) + <6xV + Zl//wijVO'U> K
\%4

+ ]zi”VSin + %qijﬂvRijﬂv - 7:[]) - 7:[(‘,1—] d*x.

This makes obvious that:

1. By the gauge process, the originally noncovariant par-

tial derivatives of the spinor field are converted into
the covariant derivatives via coupling to the connection
w;j,. For the dynamical geometry, the (noncovariant)
derivatives of the connection and tetrad are promoted to
the (covariant) Riemann-Cartan curvature and torsion
tensors, respectively.

2. The functional dependence of the free gravity Hamilto-

nian g, on the momentum fields k;*¥ and g/ must
be postulated based on physical reasoning on the struc-
ture of space-time. The coupling to the source field
v, @ then determines the dynamics of the system of the
fermion field and space-time.

Particularly, if any of the momenta is not within the
argument list of g, then it becomes a Lagrange multi-
plier in the action integral, and its factor is by variation
set to zero. For example, with g, independent of §/**
gives a flat geometry as R'j,, = 0 follows. Independence of
k;#V, on the other hand, leads to s¢ w = 0,1i.e. atorsion-free
space-time.
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5 | FREE GRAVITATIONAL
HAMILTONIAN

Similar to the Hamiltonians Hp of the free fermion system,
the Lagrangian resp. Hamiltonian F{g;, of the free (uncou-
pled) gauge field—the gravitational field—must be set up
on the basis of physical reasoning in conjunction with
appropriate physical measurements. The canonical gauge
procedure merely determines their coupling by requir-
ing the combined system to be diffeomorphism-invariant.
Similar to all other field theories, H ¢, should be quadratic
in the momentum fields §;*** and k;’* in order to
encounter well-defined duality relations of momenta and
corresponding “velocities.” With quadratic momentum
dependence, the Riemann-Cartan curvature and the tor-
sion become “propagating” field strengths, associated with
respectively the connection and the tetrad fields. A reason-
able choice is thus to postulate f{Gr,post(q, k,e) as

1
4g16

il

ﬁGr,post = Qijaﬂq/' 8ue8pr T &2 Qijaﬂeiaenﬂnnj

s o
+ g_eki”” ki 1V gue8prs  Gup = Mij€'a€p. (62)

g1, &, and g; are coupling constants, which must be
adapted to measurements/experiments. For the particular
choice g; = 0, the resulting field equation is satisfied by the
Schwarzschild and the more general Kerr metric (Kehm
et al. 2017; Stephenson 1958; Struckmeier et al. 2017a).

6 | SUMMARY AND OUTLOOK

Based on the obvious postulate that the description of
physics should be the same in any coordinate frame, we
have derived the closed set of canonical field equations
describing the mutual interaction of spinors with a gravita-
tional field. The first precondition for a complete descrip-
tion is the knowledge of the free (uncoupled) dynamics
of the spinors, which was assumed to be described by a
nondegenerate Dirac Lagrangian or its equivalent Hamil-
tonian counterpart. As S. Gasiorovicz (Gasiorowicz 1966)
noted, the quadratic velocity term in the Dirac Lagrangian
Equation (6)—which renders it nondegenerate without
changing the resulting Dirac equation—does “not appear
to be necessary,” but “cannot be logically excluded.” As
a consequence, we recover the minimal coupling scheme
of spinors to curved space-time, but in addition a new
Fermi-like interaction term in the Dirac Equation (61)
leading to an anomalous mass correction. Its strength is
determined by a spontaneously emerging mass (or length)
parameter that for dimensional reasons must arise in
a nondegenerate Hamiltonian. While spurious for free

Nachrichten

spinors, this parameter becomes a measurable quantity in
curved geometries as it will fundamentally modify cosmo-
logical (Vasak et al. 2020) and astrophysical models.

The second precondition for a complete description
is the knowledge of the Lagrangian resp. Hamiltonian
of the free (uncoupled) dynamics of the gravitational
field. Its functional dependence on the various momen-
tum fields determines the space-time structure dynami-
cally via the canonical Equations. A non-degenerate grav-
ity Hamiltonian Equation (62) was previously discussed
in (Struckmeier et al. 2017a). As the corresponding field
equations are for vanishing torsion satisfied not only by
the Schwarzschild metric (Stephenson 1958), but also by
the more general Schwarzschild-De Sitter and the Kerr-De
Sitter metrics, it is consistent with actual measurements.
However, the dynamics emerging for cases where matter
fields and/or torsion are present differ from those of the
Einstein equation. The consequences must be clarified in
future studies.
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APPENDIX A. EXPLICIT CALCULATIONS

A.1 Calculation of the tetrad field E!, contribution
to Equation (41)
First of all, we expand the third term in Equation (41),

" - Ai (1 i 2ya
fhv d (A 0X” )EJ e dA'y 0X AL 0°X' B,

oxv OxH oxvV oxH oxHox"
(A1)

and re-write the transformation rule (Equation (34g)) for
the gauge field ';, as

oAy of x4
oxv 152 % oxv

; .
—wijJ].

With the canonical transformation rule Equations
(34e) written in the equivalent form
0X" _ AT
i E*1Ney,

we find for the xV-derivative
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Inserting now Equation (A2) into Equation (A1), one

finds
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A.2 Proving the equivalence of the transformation
rules of the affine and spin connections

In order to proof that y”,,—as defined in Equation (56)—
transforms according to Equation (57) and hence repre-
sents the affine connection, we recall the transformation
laws for the tetrad (Equation (34e)) and for the spin con-
nection from Equation (30):

. ) G : oxe ;oA
i _ ALl i — Al O I i J
eu—AIEaaxM, w’jy AIQJ&AJ_()XV +Ajaxv.

Then
i
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H ox”
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=" |A; [ QN e/
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oxY OxH

By virtue of the identity
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the corresponding two terms cancel, hence
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n Al = g, 9%
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With the definition of I'”,,, corresponding to that of
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the transformation law for y” ,, finally emerges as
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The other direction of the proof, namely, the derivation
of the transformation relation (57) from Equation (30), is
obvious.
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In a similar way, it is straightforward to prove that
the tensor Rijv,,, defined in Equation (51), is the mixed
representation of the Riemann-Cartan tensor R%g,, by
inserting

; ; oe!
i _ o P a . a o
Wiy =€pY 4y € axVeJ'

A.3 Calculation of the gauge field Q';, contribution
to Equation (41)

In order to express all coefficients in the term propor-
tional to §/#¥ of Equation (41), we first write this term in
expanded form:
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With the transformation rule (Equation (30)) solved for
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Equation (42) is expressed equivalently in terms of the
original fields as
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Now, the transformation rule (Equation (30)) is _ wiw "y + a,iny AL QL AJJ OXV
inserted in the form ox y
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which simplifies, after expanding
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A.4 Explicit derivation of the generalized Dirac
equation

In order to derive the generalized Dirac equation for the
spinor y, we eliminate the canonical momentum depen-
dence. To this end, the first canonical Equation (53a) is
solved for the momentum field ¥“. The resulting canonical
Equation (54) is then inserted into Equation (53b) to yield
the following second-order equation for y:

=[5
ox“ 2
oy i
< (55 dommemv)| o}
= (iM}’keka - iwklﬂ“)
2 4

Ser'w - meajﬁﬁeiﬂ <$ - anmﬁﬁnmlﬂ)]

(A4)

. i )
j}/Jl[/ + 3T/[e"j o eiﬂ

X

Xe—(m—-Myye

Equation (A4) writes in expanded form:
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The last line is converted according to:
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The first two lines are equivalently expressed as:
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The product of two ¢ matrices in the first and second
line is converted according to:
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By virtue of the identity for the product of three

o-matrices,
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the generalized Dirac equation acquires the final form:
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Due to the skew-symmetry of ¢!, term proportional to
"™ is actually half the Riemann-Cartan curvature tensor
in the mixed Lorentz-coordinate space representation. (see
Appendix A2 for details).

aw”mﬂ 0@ pma

O P + Wpka wkmﬂ — Wnkp wkma-

anaﬂ =

A.5 Full contraction of the Riemann tensor with
fundamental spinors (Dirac matrices)

From the definition of the Dirac algebra for a general
contravariant metric g"*(x) = g*"(x),

%(7”7/" +y%y") =g" 1,

where 1 denotes the unit matrix in spinor space, one
concludes

'y =@+ =y
=2g"y" — "y’
=28"y" =y " + Py + Py
= 28"y — 28"y + Y + ¥y W = Py
=2g""y" — 28"y + 28"y — Py Y,
hence

Yy 4 Pyt = 28"y - gyt + gy, (AS)

The corresponding algebra rule can be derived on
the basis of Equation (A5) for the product of four
y-matrices:
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The Riemann tensor is skew-symmetric in its first and
second index pair:

Renap = —Ryzaps  Renap = —Reypa-
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(A7)

For zero torsion, the Riemann tensor has the additional
symmetries:

Renap = Rapen = Rpang,  R%pap = Ryp = Rpy,

Reyap + Reapy + Reppa = 0.

By virtue of these symmetries, the left-hand side of
Equation (A7) simplifies to:
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= 6Reyap 77"y "r” + 4R1
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The full contraction of the Riemann tensor with Dirac
matrices is thus obtained for zero torsion as:

— Reyap "% = Rinap yéyy®yP = —2R1

a
& Repap?® 7 r% 1%, = —2Repap 808" 6.
(A8)

with spin indices denoted by Latin letters. Equation (A8)
is consistent with the trace identity of four Dirac matrices:

Reyap TE{7¥y"y "y} = 4Repep (8087 — g5 + g5 ")
= —SRanaﬂgnﬂ

— 8RY _2RTr{1} as Tr{1} = 4.

Equation (A8) further simplifies Equations (59) resp.
Equation (60) according to:
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24M 12M
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and thus provides the additional scalar mass-like term in
the generalized Dirac Equation (61).



