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Abstract

We derive a shape derivative formula for the family of principal Dirichlet eigenvalues A, (£2)
of the fractional Laplacian (—A)* associated with bounded open sets 2 C R™ of class C1-1.
This extends, with a help of a new approach, a result in Dalibard and Gérard-Varet (Calc. Var.
19(4):976-1013,2013) which was restricted to the case s = % As an application, we consider
the maximization problem for A;(€2) among annular-shaped domains of fixed volume of the
type B \E/, where B is a fixed ball and B’ is ball whose position is varied within B. We prove
that A;(B \ E/) is maximal when the two balls are concentric. Our approach also allows to
derive similar results for the fractional torsional rigidity. More generally, we will characterize
one-sided shape derivatives for best constants of a family of subcritical fractional Sobolev
embeddings.

Mathematics Subject Classification Primary 49Q10 - Secondary 35S15 - 35S05

1 Introduction

Lets € (0, 1) and © C RY be a bounded open set. The present paper is devoted to the study
of best constants A ,(£2) in the family of subcritical Sobolev inequalities

s p (D ullgp gy <[]y forallu € HY(RQ), (1.1)

where p € [1, Nzivz_v) if 2s < N and p € [1,00) if 2s > N = 1. Here, the Sobolev space

H(2) is given as completion of CZ°(§2) with respect to the norm [ - ]y defined by
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The normalization constant ¢y s is chosen such that [u]f = fRN [E1216(&)|>dE for u €
0(2), where i denotes the Fourier transform of u. The best (i.e., largest possible) constant
in (1.1) is given by

Ao p(Q) = inf {[u]? : u € HY(Q), lulr@ =1}. (1.3)

As a consequence of the subcriticality assumption on p and the boundedness of €2, the space

0(€2) compactly embeds into L (€2). Therefore a direct minimization argument shows that
ks, p(2) admits a nonnegative minimizer u € Hy($2) with [lullLr(@) = 1. Moreover, every
such minimizer solves, in the weak sense, the semilinear problem

(A u = xs p(QuP™" inQ, u=0 inR¥\Q. (1.4)

where (—A)* stands for the fractional Laplacian. It therefore follows from regularity theory
and the strong maximum principle for (—A)® that u is strictly positive in 2, see Lemma 2.3
below. We recall that, for functions ¢ € Ccl’ ! (RM), the fractional Laplacian is given by

(=AY p(x) =cn s PV/

p(x) — () ,_CN,S/ 2o() —p(r +3) —plx—y) ,
RN ‘x_leJrZs ) RN Y-

|y|N+2x

Of particular interest are the cases p = 1 and p = 2 which correspond to the fractional
torsion problem

(A u=2,1(Q) nQ  wu=0 nR¥\Q, (1.5)
and the eigenvalue problem
(=AY u = r2(Qu  inQ, u=0 inRV\Q, (1.6)

associated with the first Dirichlet eigenvalue of the fractional Laplacian, respectively. In these
cases, the minimization problem for A ,(£2) in (1.3) possesses a unique positive minimizer.
Indeed, it is a well-known consequence of the fractional maximum principle that (1.5) admits
a unique solution, and that (1.6) has a unique positive eigenfunction with [lul 2, = 1.
Incidentally, the uniqueness of positive minimizers extends to the full range 1 < p < 2, as
we shall show in Lemma A.1 in the appendix of this paper.

Our first goal in this paper is to analyze the dependence of the best constants on the
underlying domain 2. For this we shall derive a formula for a one-sided shape derivative of
the map > A ,(€2). We assume from now on that 2 C RY is a bounded open set of class
C"!, and we consider a family of deformations {®,}¢c(—1.1) With the following properties:

®, € CHLYRY; RY) fore € (—1, 1), ®g = idgw, and

1.7
the map (—1, 1) — COL@RY RY), ¢ — ,is of class C2.

We note that (1.7) implies that ®, : RN — R is a global diffeomorphism if |¢| is small
enough, see e.g. [7, Chapter 4.1]. To clarify, we stress that we only need the C2-dependence
of ®, on & with respect to Lipschitz-norms, while ®; is assumed to be a C!!-function for
e € (—1, 1) to guarantee Cl*l-regularity of the perturbed domains @, (£2).

From the variational characterization of A, ,(€2) it is not difficult to see that the map
& > Ay, p(®:(R2)) is continuous. However, since A, ,(£2) may not have a unique positive
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minimizer, we cannot expect this map to be differentiable. We therefore rely on determining
the right derivative of & > A, ,(P:(£2)) from which we derive differentiability whenever
As,p(£2) admits a unique positive minimizer, thereby extending the classical Hadamard shape
derivative formula for the first Dirichlet eigenvalue of the Laplacian —A.

Throughout this paper, we consider a fixed function § € C'! (RY) which coincides with
the signed distance function dist(-, RV \ €) — dist(-, ) ina neighborhood of the boundary
92. We note here that, since we assume that  is of class C!+1, the signed distance function
is also of class C"! in a neighborhood of <2 but not globally on R". We also suppose that
8 is chosen with the property that 8 is positive in € and negative in RV \ , as it is the case
for the signed distance function.

Our first main result is the following.

Theorem 1.1 Let A, ,(2) be given by (1.3) and consider a family of deformations ®. sat-
isfying (1.7). Then the map & +— 0(g) = Ay p(P:()) is right differentiable at ¢ = 0.
Moreover,

3.6(0) :min{F(l +s)2/ /82X -vdx : u eH}, (1.8)
IQ

where v denotes the interior unit normal on 0S2, 'H is the set of positive minimizers for
s, p(Q) and X := 0, _, ..

Here the function u/4° is defined on 92 as a limit. Namely, for xo € 92, the limit

2 (x0) = lim —(x) (1.9)
= hm .
5% *0 x—xg §F x

xeQ2

exists, as the function u/8° extends to a function in C¢ (Q) for some o > 0, see [20]. In
addition, the function 8'~*Vu also admits a Holder continuous extension on 2 satisfying
S'75Vu - v = su/8° on 9%, see [8]. As a consequence, the expression u /8%, restricted on
0%2, plays the role of an inner fractional normal derivative. Note that, for s = 1, the limit on
the RHS of (1.9) coincides with the classical inner normal derivative of u at xg.

We observe that the constant I' (14s)? appears also in the fractional Pohozaev identity, see
e.g. [21]. This is, to some extend, not surprising at least in the classical case since Pohozaev’s
identity can be obtained using techniques of domain variation, see e.g. [23].

We also remark that one-sided derivatives naturally arise in the analysis of parameter-
dependent minimization problems, see e.g. [7, Section 10.2.3] for an abstract result in this
direction. Related to this, they also appear in the analysis of the domain dependence of
eigenvalue problems with possible degeneracy, see e.g. [11] and the references therein.

A natural consequence of Theorem 1.1 is that the map & — 6(g) = A, (P (2)) is dif-
ferentiable at ¢ = 0 whenever A ,(£2) admits a unique positive minimizer. Indeed, applying
Theorem 1.1 to the map & +— 5(8) = Ay, p(P_.(R2)) yields

3_6(0) = —3.,6(0) :maX{F(l +s)2/ /87X -vdx :ue H},
Q2

where H is given as in Theorem 1.1. As a consequence, we obtain the following result.

Corollary 1.2 Let Ay, ,(2) be given by (1.3) and consider a family of deformations ®, satis-
fying (1.7). Suppose that A, ,(2) admits a unique positive minimizer u € Hy(2). Then the
map € — 0(e) = Ay, p(P:(R)) is differentiable at ¢ = 0. Moreover

0'(0) = I'(1 +5)° /89(u/3s)2X cvdx, (1.10)
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where X 1= 8g| O]

e=0 "¢
As mentioned earlier, Ay, , (2) admits a unique positive minimizer u € Hy(Q) for1 < p <2,
see Lemma A.1 in the appendix. Therefore Corollary 1.2 extends, in particular, the classical
Hadamard formula, for the first Dirichlet eigenvalue A 2 (€2) of —A, to the fractional setting.
We recall, see e.g. [15], that the classical Hadamard formula is given by

4 xlz(cbg(sz)):/ [Vul’X - vdx. (1.11)
dele=0 90

An analogue of Corollary 1.2 for the case of the local r-Laplace operator was obtained in
[2,12]. We also point out that, prior to this paper, a Hadamard formula in the fractional setting
of the type (1.10) was obtained in [6] for the special case p = 1, s = %, N = 2 and Q of
class C*°. We are not aware of any other previous work related to Theorem 1.1 or 1.2 in the
fractional setting.

Our next result provides a characterization of constrained local minima of A ,. Here and in
the following, we call a bounded open subset € of class C!»! a constrained local minimum for
As, p if for all families of deformations @, satisfying (1.7) and the volume invariance condition
| D (2)] = || for e € (—1, 1), there exists &g € (0, 1) with Ay ,(P:(2)) > Ay ,(2) for
& € (—e&p, &0). Our classification result reads as follows.

Corollary 1.3 Let p € {1} U [2, 00). If an open subset Q2 of RN of class C3 is a volume
constrained local minimum for Q v A ,(S2), then Q is a ball.

Corollary 1.3 is a consequence of Theorem 1.1, from which we derive that if 2 is a constrained
local minimum then any element u € H satisfies the overdetermined condition u/§° =
constant on 9$2. Therefore by the rigidity result in [9] we find that € must be a ball. We
point out that we are not able to include the case p € (1, 2) in Corollary 1.3, since the rigidity
result in [9] is based on the moving plane method and therefore requires the nonlinearity in
(1.4) to be Lipschitz. The case p € (1,2) therefore remains an open problem in Corollary
1.3.

We note that the authors in [6] considered the shape minimization problem for A, (£2) in
thecase p = 1,5 = %, N = 2 among domains 2 of class C* of fixed volume. They showed
in [6] that such minimizers are discs.

Next we consider the optimization problem of Q + A, ,(2) for p € {1,2} and Q a
punctured ball, with the hole having the shape of ball. We show that, as the hole moves in
Q then A, (£2) is maximal when the two balls are concentric. In the local case s = 1 and
N = 2, this is a classical result by Hersch [16]. For subsequent generalizations in the case
of the local problem, see [5,14,18].

Theorem 1.4 Let p € {1, 2}, B1(0) be the unit centered ball and T € (0, 1). Define
A :={a € B1(0) : B:(a) C B1(0)}.

Then the map A — R, a — As ,(B1(0) \ B;(a)) takes its maximum at a = 0.

The proof of Theorem 1.4 is inspired by the argument given in [14,18] for the local case
s = 1. It uses the fractional Hadamard formula in Corollary 1.2 and maximum principles
for anti-symmetric functions. Our proof also shows that the map a — A ,(B1(0) \ B;(a))
takes its minimum when the boundary of the ball B, (a) touches the one of B1(0), see Sect. 5
below.

The proof of Theorem 1.1 is based on the use of test functions in the variational character-
ization of Ay, ,(2) and Ay , (P, (£2)). The general strategy is inspired by the direct approach
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in [11], which is related to a Neumann eigenvalue problem on manifolds. In the case of
As,p(®(2)), it is important to make a change of variables so that Ay, ,(®.(2)) is deter-
mined by minimizing an e-dependent family of seminorms among functions u € H{(£2),
see Sect. 2 below. An obvious choice of test functions are minimizers u and v, for A, ,(€2)
and Ag , (P (2)), respectively. However, due to the fact that u is only of class C* up to the
boundary, we cannot obtain a boundary integral term directly from the divergence theorem.
In particular, the integration by parts formula given in [21, Theorem 1.9] does not apply to
general vector fields X which appear in (1.8). Hence, we need to replace u with ¢xu, where
Lk is a cut-off function vanishing in a %-neighborhood of d€2. This leads to upper and lower
estimates of Ay , (P, (£2)) up to order o(e), where the first order term is given by an integral
involving (—A)*(¢xu) and V(¢ru). We refer the reader to Sect. 4 below for more precise
information. A highly nontrivial task is now to pass to the limit as k — oo in order to get
boundary integrals involving ¥ := u/§°. This is the most difficult part of the paper. We refer
to Proposition 2.4 and Sect. 6 below for more details.

The paper is organized as follows. In Sect. 2, we provide preliminary results on conver-
gence properties of integral functional, inner approximations of functions in 7 (£2) and on
properties of minimizers of (1.3). In Sect. 3, we introduce notation related to domain defor-
mations and related quantities. In Sect. 4 we establish a preliminary variant of Theorem 1.1,
which is given in Proposition 4.1. In this variant, the constant I'(1 +s)2 in (1.8) is replaced by
an implicitly given value which still depends on cut-off data. The proofs of the main results,
as stated in this introduction, are then completed in Sect. 5. Finally, Sect. 6 is devoted to the
proof of the main technical ingredient of the paper, which is given by Proposition 2.4.

2 Notations and preliminary results

Throughout this section, we fix a bounded open set 2 C RV As noted in the introduction,
we define the space Hf)(Q) as completion of CZ°(£2) with respect to the norm [ - |; given in
(1.2). Then H(£2) is a Hilbert space with scalar product

%/ (u(x) —u(y)(v(x) — v(y))d
RN JRN

2 |x _y|N+2s

(u,v) = [u,vly = xdy,

where cy ¢ is given in (1.2). It is well known and easy to see that Hg(Q) coincides with the
closure of CZ°(2) in the standard fractional Sobolev space H* (RN). Moreover, if 2 has a
continuous boundary, then 7{(£2) admits the highly useful characterization

HH(Q) = {w e L}, RY) : [w]} <00, w=00onRY\Q], 2.1)
see e.g. [13, Theorem 1.4.2.2]. We start with an elementary but useful observation.

Lemma2.1 Let u € L°@RYN x RN), and let (v)x be a sequence in Hy(2) with v — v in
H{(2) as k — oo. Then we have

i / (v (x) — ve(¥)*e(x, y) _/ (W(x) —v())*u(x, y)
m dxdy =
R2N R2N

|x_y|N+2s |x_y|N+2s

Jim dxdy.
Proof We have
‘ / Wk (x) — () — ((x) — V() p(x, y) dnd

RZN x y

|x _y|N+2s
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[(ue(x) — ve(Y)? = ((x) — V()2
<l [ e dxdy,
where
/ |k (x) — vk (1)) — ((x) — v(y))? R
R2N |x _ y|N+25

_ / [ () = v(x)) = (e (y) = V(Y)W (x) + v(x)) — (e (y) + v(y))]l
R2N

|x — y[NHs

[vi +v]y = 0 ask — oo.

[m}

Throughout the remainder of this paper, we fix p € C°(—=2,2) with0 < p <1,p =1
on (—1, 1), and we define

eC®M®), (M)=1-p@). (2.2)
Moreover, for k € N, we define the functions
k. G € CHIRY), pr(x) = p(k8(x)),  (x) = ¢ (kS(x)). (2.3)

We note that the function py is supported in the %-neighborhood of the boundary, while the
function ¢ vanishes in the %—neighborhood of the boundary.

Lemma2.2 Let @ C RY be a bounded Lipschitz domain and let u € H(S2). Moreover, for
k €N, let uy := ul € Hy() denote inner approximations of u. Then we have

ur = u  inHy(Q).

Proof 1In the following, the letter C > 0 stands for various constants independent of k. Since
pr = 1 — &, it suffices to show that

upx € Hy(R2) for ksufficiently large  and  [uprls — 0 ask — oo. 2.4

Fore > 0, weput A, = {x € Q : §(x) < ¢}. Since upy vanishes in RN \ A%,O <pr <1

onRY and |p (x) — pr (¥)| < C min{k|x — y|, 1} for x, y € RV, we observe that
/ / [u(x)pk(x) —u(y) e ()]
RN JRN

|N+2s

dydx

1 / / [M(X),Ok(x)—u(y)Pk(Y)]z dydx
A4 A4

|x — y| N2

+/ u(x)* o (x)* / lx — y|7N"* dydx
A

/ / [x) (px (x) — pk(y))+pk<y>(u<x)—u(y))]2 dyds
A4 A4

|x _y|N+2s

+Cf u(x)zdist(x,RN\A%)—%dx
B ,

2
k
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(o (x) — pr(»))?
< / e [ OISR v+ /
'3 13

+C / u(x)287% (x)dx
Aa

/ () —u(y))?
A

ey O

e
E R

< Ck2/ u*(x) Ix — y> 2 Ndydx
Ay B (x)

+C / W2 (x) v — NP dydx
A RN\B | (x)

4
k

) — u(y))2 2025
/A4 /A4 |x — y|N+2s v 4 dx+C/Az u(x)=6~ = (x)dx

_ 2
ng%‘/ uz(x)dx—f-/ f @) = uy)”, dx+C/ ()28~ (x)dx
A A A4 Az

. |x _ y|N+2s
k k
_ 2
<c / WP (08 (n)dx + / / @) Z M g, 2.5)
Ay A A4 |X - )’| +ls

k
Now, since €2 has a Lipschitz boundary, using fRN\Q lx—y|™N"2dy ~ §72(x) see e.g [3],
we get
/ u*(x)8 > (x)dx < c/ uz(x)/ Ix — y| "N dydx < Cl[u]?,
Q Q RM\Q
and therefore

/ W(x)8 P (x)dx > 0 ask — oo. (2.6)
44
Moreover, since also

_ 2
/ (u(x) —u(y)) dydx < i[u]?,
aJe ‘

|x - y|N+2S - CN,s
we have
_ 2
/ / WO 0O gy 0 ask — . 27)
AgJay y|N+2s
Combining (2.5)—(2.7), we obtain (2.4), as required. m]

From now on, we fix a bounded C!*!-domain 2 c RV . We also let
i@ ={wec'@:w=0 in R\ @],

and we recall the following regularity and positivity properties of nonnegative minimizers
for A, 5 (£2) as defined in (1.3).

Lemma23 Let u € Hy(2) be a nonnegative minimizer for Ay p(2). Then u € Cg(ﬁ) N

Cr (). Moreover, ¥ = % e CY(Q) for some a € (0, 1), and there exists a constant
c=c(N,s, Q,a, p) > 0 with the property that
1Vllceg) < ¢ (2.8)

@ Springer



231 Page8of31 S. M. Djitte et al.

and
IV (x)] < cS“il(x) forall x € Q. 2.9)

Moreover, ¥ > 0 on , so in particular u > 0 in .

Proof By standard arguments in the calculus of variations, u is a weak solution of (1.4). By
[22, Proposition 1.3] we have that u € L°°(2), and therefore the RHS of (1.4) is a function
in L°°(2). Thus the regularity up to the boundary u € C§ () is proved in [20], where also
the C¥-bound (2.8) for the function ¥ = 5% is established for some & > 0. Moreover, (2.9) is
proved in [8]. It also follows from (1.4), the strong maximum principle and the Hopf lemma
for the fractional Laplacian that v is a strictly positive function on Q. In particular, u > 0
in Q, Therefore u € C};.(R2) follows by interior regularity theory (see e.g. [19]) and the fact
that the function 7 > ?~! is of class C* on (0, 00). ]

The computation of one-sided shape derivatives as given in Theorem 1.1 will be carried
out in Sect. 4, and it requires the following key technical proposition. Since its proof is long
and quite involved, we postpone the proof to Sect. 6 below.

Proposition 2.4 Let X € CO(Q,RY), let u € C5(Q) N C1(Q), and assume that = %

extends to a function on Q satisfying (2.8) and (2.9). Moreover, put Uy 1= uly € CCI’I(Q),
where &y is defined in (2.3). Then

lim [ VU - X(u(—A)S;k — I, ;k)) dx = —icy | ¥2X -vdx,
k—o00 JQ a0

where
Ky 1= —/ R (r)(=A)’h(rydr — with h(r) :=r{¢(r) =max(r,0)°¢(r) (2.10)
R

and ¢ given in (2.2), and where we use the notation

(u(x) —u(y)(wx) —v(y))

lx — y|N+2s

I(u,v)(x) := CN,s/ dy 2.11)
RN

foru e C‘CY(RN), ve COYRYNY) and x € RV,

Remark 2.5 The minus sign in the definition of the constant «; in (2.10) might appear a bit
strange at first glance. We shall see later that, defined in this way, k; has a positive value.
A priori it is not clear that the value of ks does not depend on the particular choice of the
function ¢. This follows a posteriori once we have established in Proposition 4.1 below that
this constant appears in Theorem 1.1. This will then allow us to show that k;, = %ﬂ)z
by applying the resulting shape derivative formula to a one-parameter family of concentric
balls, see Sect. 5 below. A more direct, but somewhat lengthy computation of «; is possible

via the logarithmic Laplacian, which has been introduced in [4].

3 Domain perturbation and the associated variational problem

Here and in the following, we define 2, := ®.(2). In order to study the dependence of
As,p(82¢) on g, it is convenient to pull back the problem on the fixed domain €2 via a change
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of variables. For this we let Jac, denote the Jacobian determinant of the map ®, € C LIRN),
and we define the kernels

Jaco, (x)Jaco, (y)
N,s n
N dp(x) — D (y) N2

Then (1.7) gives rise to the well known expansions

Jace, (x) = 1 + edivX(x) + 0(g?), dgJace, (x) = divX(x) 4+ O(e) (3.2)

K:(x,y):=c . (3.1

and Ko(x,y) = CN,sm

uniformly in x € RV, where X := 9,|,_,®. € C*'(RY; R") and therefore divX is a.c.
defined on RY . From (1.7), we also get

_ NA42s

4 ~Px<x,y>+0(sz>> o
|x — yl

X —

1@ () — Do) N2 =[x — y N (1 e
and

06 (x) — ()| N = | -y TN (—(N + 2s>ﬁ Px(x.y) + 0(5)) ,

uniformly in x, y € RV, x # y with

Px € L°@RY xRY),  Px(x,y)= X(T%fl(”

Moreover by (3.2) and the fact that 9. P, X € CO1(RN), we have that

Ke(x,y) = Ko(x,y) + €0

Ko, )+ 0 Ko, y), (3.3)
and

0:Ke(x,y) = 0

gzng(x’ y) + 0(©)Ko(x, y), 3.4

uniformly in x, y € RV, x # y, where

X —

| _ Kelroy) = =[N +29)

&

o PR )= @VX Q) divX () Ko, )
(3.5)

In particular, it follows from (3.3) and (3.5) that there exist &g, C > 0 with the property that

1
EKo(x, V) < Kg(x,y) < CKp(x,y) forall x,y € RN,x # yand ¢ € (—e&g, &9).

(3.6)
For v € H{(L2) and ¢ € (—¢&o, &9), we now define
1
Ve = [ 00 = oKl y)drdy. 37)
R2N

Then, by (1.3), (1.7) and a change of variables, we have the following variational character-
ization for A ,(£2¢):

A, = e p(Qe) :inf{[u]f D u e HY (), / u|? dx = 1}
o

= inf {Vv(s) 1 v e Hy(Q), / [v|PJace, (x)dx = 1} for ¢ € (—ep, &9). (3.8)
Q
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As mentioned earlier, we prefer to use (3.8) from now on where the underlying domain is
fixed and the integral terms depend on ¢ instead. It follows from (3.3) and (3.4) that, for given
v € Hy($2), the function V, : (=&, &0) — Riis of class C! with

|
Vi =5 /R W0 — 000K, y)dxdy, (3.9)
where 9, |8=0K8(x, y) is given in (3.5),
[V, (0)] < C[v]f with a constant C > 0 (3.10)
and we have the expansions

Vo(e) =V, (0) + &V, (0) + 0(D)[w)2,  Vi(e) =V (0) + O(e)[v)? (3.11)

with O(e), O(&?) independent of v. From (3.2), (3.6) and the variational characterization
(3.8), it is easy to see that

1
o < )Li’p < C forall ¢ € (—e&gp, &9)with some constant C > 0.

Using this and (3.2), (3.6) once more, we can show that
1 1
I < llvellLr@ <C  and i < [vely < C. (3.12)

for every & € (—e&o, £o) and every minimizer v, € H(2) for (3.8) with a constant C > 0.
The following lemma is essentially a corollary of Lemma 2.1.

Lemma 3.1 Let (vi)x be a sequence in Hy(2) with vy — v in H)(2). Then we have
lim v, (0) =V, (0) and lim Vl’)k ©) =V, (0).
k— 00 k— 00
Proof The first limit is trivial since V, (0) = [v]f for v € H{(£2). The second limit follows

from Lemma 2.1, (3.5) and (3.9) by noting that ;. € L®(R"Y x R) for the function

X—=y

pulx, y) = —(N +2s)
lx —y

| - Px(x,y) 4+ (divX(x) + divX(y)).

4 One-sided shape derivative computations

We keep using the notation of the previous sections, and we recall in particular the variational
characterization of )»ﬁ’ = As,p(S2) given in (3.8). The aim of this section is to prove the
following result.

Proposition 4.1 We have

0, s =min{2/<s /m(u/as)ZX~udx fue H},

&

where H is the set of positive minimizers for )‘?,p = Ay, p(2), X = 88|8=0¢‘8 and Ky is
given by (2.10).

The proof of Proposition 4.1 requires several preliminary results. We start with a formula
for the derivative of the function given by (3.7).

@ Springer



A fractional Hadamard formula and applications Page 110f31 231

Lemma4.2 Let U € CHY(Q). Then
vy, (0) = —2/ VU - X(—=A)Y Udx. A.1)
RN

Proof By (3.5), (3.11) and Fubini’s theorem, we have

(N + 25)ens 20— ) - (X(@) = X))
—EEa [ ww - ot

+ l / U(x) — U(y))zKo(x, y)(divX (x) + divX (y))dxdy

2 Jran
_ Z(N+25)en s y) - (X () = X()

. (x —
= lim Ux)—-U 2 dxd
2 =0 fx_y|>u( x) ) |x — y|N+25+2 y

+ ,/Rzzv (U(x) — U(y))zKo(x, y)divX (x)dxdy

V;,(0) =

dxdy

:—(N+2s)cN§11m/ / (U(x) — U(y))zwdxdy
n=0JrN JRV\B, () |x — y[NF2s+2

+ /Rzzv Ux) — U(y)) Ko(x, y)divX (x)dxdy

Applying, for fixed y € RY and > 0, the divergence theorem in the domain {x € RV :
|x — y| > w} and using that V. |x — y| V=2 = —(N + ZS)W, we obtain

Vi (0) = ey, lim f / (UG = UGN Velx — ¥ 782 . X (x)dxdy
RV JRM\B, (»)

+ /RzN Ux) — U(y)) Ko(x, y)divX (x)dxdy

=— lim/ / (U(x) — U()*Ko(x, y)divX (x)dxdy
u—0 JrN RN\B“(y

— lim/ / Ux)-=U)VU(x) - X(x)Ko(x, y)dxdy
1=0JRN JRN\B, ()

+ lim / / (U@) — U222 X(0)Ko(x, y) do(y) dx
1=0 JrN JaB, (y) Ix — vl

+/2 (Ux) = U(y)*Ko(x, y)divX (x)dxdy
R2N

= — lim (Ux)=Um)VU(x) - X(x)Ko(x, y)d(x,y)
1=0 Jix—y|>p

lim N / UE) = UGG = x) - X(x0) do(x, y)
n—0 [x—=yl=pn

2U(x)—U(x+z)—U(x—Z)dd
|Z|N+2s zax

CN,s ..
—— hm/ VU () - X(x)
0 JrN

2 > RN \BIL 0)

1. —N—1-2s 2
+ = lim pu /‘ I U@)=U) (y—x) - (X(x)—X(y)do(x,y)
x—yl=p
4.2)
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Since U € C}’I(Q), we have that

CN,s . 2U0(x) —Ux+2z2) —U(x —2)
5 ilino /RN VU (x) - X(x) D BLEES dzdx
__CN,s 2U(x)—U(x+2)—Ux —2)
== /]RN VU (x) - X(x) /]RN BLEES dzdx
=/ (=AY Ux)VU(x) - X(x)dx. (4.3)
]RN

Moreover, since U is compactly supported, we may fix R > 0 large enough such that
U(x) — U(y))2 = O for all x,y € Bg(0) with |[x — y| < 1. Setting N, := {(x,y) €
Br(0) x Br(0) : |x —y| = pu} for0 < u < 1 and using that U, X € C%1(R"), we thus
deduce that

N /| ‘ (U) = Uy —x) - (X(x) — X() do(x, )
x—y|l=pn

= u‘N‘“SfN UE) UGNy —x) - (X(x) — X)) do(x,y) = O3 17%) — 0, (4.4)

n

as u — 0, since the 2N — 1-dimensional measure of the set N, is of order O(N — 1) as
© — 0. The claim now follows by combining (4.2)—(4.4). ]

We cannot apply Lemma 4.2 directly to minimizers u € H{(£2) of A, , (€2) since these are

not contained in Ccl‘1 (€2). The aim is therefore to apply Lemma 4.2 to Uy := ugy € Cg’] ()
with ¢ given in (2.3), and to use Proposition 2.4. This leads to the following derivative
formula which plays a key role in the proof of Proposition 4.1.

Lemma4.3 Let u € Hy() be a solution to (1.4). Then we have
2As (2 '
V(0) = L)/ uPdiv X dx + 2k / (u/8°)*X - vdx.
p Q Q2

Proof By Lemma 2.3 and since 2 is of class C"! we have Uy := uly € CCI’I(Q) C Hy(R)
fork € N, and Uy — u in Hf)(SZ) by Lemma 2.2. Consequently, V,,(0) = klim V;]k (0) by
—00

Corollary 3.1, so it remains to show that
225 5 (22
lim V}, (0) = L()/ uPdivX dx —|—2st/ (u/8°)*X - vdx. 4.5)
k=00 " Tk p Q a0
Applying Lemma 4.2 to Uy, we find that
V{,k 0)=-2 /RN VUi - X(—A)*Urdx  fork € N.

By the standard product rule for the fractional Laplacian, we have (—A)*Uy = u(—A)*x +
&k (—A)Y’u — I(u, &) with I(u, &) given by (2.11). We thus obtain

V{]k(O) = —2/ VU - X (—A)’udx — 2/ [VU - Xlu(—=A) g dx
RN RN
+2/ VU - XI(u, §x)dx
RN

- —2xs,p(sz)/ VU - XouP ' dx — 2/ VU - X(u(—A)“g“k — I, ;k)) dx,
Q RN
(4.6)
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where we used that (—A)*u = Ay ), (2)u?~!in Q. Consequently, Proposition 2.4 yields that
lim V}, (0) = =24, ,(R2) lim / VU - XguP " dx +2KS/ VX -vdx. (4.7)
k—o00 k ’ k=00 Jq 0
Moreover, integrating by parts, we obtain, for k € N,
1
/[VUk CX1GguP dx = f/[wp - X1¢2dx +/[v;k - X1&u? dx
Q pJa Q

1 . 2 2

=—— | uPdivX¢idx — — | uPGlX -Valdx+ | uPolX - Vgddx.  (4.8)
P Ja P Ja Q

Since u? € C; (Q) by Lemma 2.3, it is easy to see from the definition of ¢ that the last two

terms in (4.8) tend to zero as k — o0, whereas

lim | u”divX¢ldx = / uPdivX dx.

k—o00 Jq Q
Hence
. 1 1 .
lim VU - XguP~ dx = —— | uPdivX dx.
k—o00 Jq pJao
Plugging this into (4.7), we obtain (4.5), as required. O

Our next lemma provides an upper estimate for ;" 0A§ p
£= ’

Lemma4.4 Let u € H be a positive minimizer for A(S)!p = Ay, p(82). Then

. A5 |2 )‘(v) P 2
lim sup ———=% <2k / u/8°)°X -vdx. 4.9)
€ QR

e—07F

Proof For ¢ € (—&q, &), we define

. Vi(e) . 2p
je) = for k € Nwith 7(¢) := lu|PJace, (x) dx .
7(e) Q ‘
By (3.8), we then have )Lﬁ,p < j(e) for ¢ € (—&g, &9). Moreover,
2/ 2 . Vi (0) 0
1) =l = 1. Va(0) = [} = A,p(@) and () = ~5 =30,
which implies that
. 2
o Ezox;p < j(0) = 2« /BQ(u/ss) X -vdx,
by Lemma 4.3 and (3.2), as claimed. O
Next, we shall prove a lower estimate for 9;" 0){ P
e=
Lemma4.5 We have
.. )"i P )”(v) p . 2
lim inf —~——>~ > inf ZKSf w/8*)"X -vdx :ueHy.
e\0F € ko)
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Proof Let (e,), be a sequence of positive numbers converging to zero and with the property
that
agm, — 20 A8 =20
lim —2 5P — Jim jnf —22 2P
n—00 En e\0T &

(4.10)

Forn € N, welet v, be a positive minimizer corresponding to the variational characterization
of As", given in (3.8), i.e. we have

A, =V, (en)  and / vf Jace, dx = 1. @.11)
' Q

Since v, remains bounded in 7} (2) by (3.12), we may pass to a sub-sequence with the
property that ve, —u in Hy(2) for some u € Hy(£2). Moreover, ve, — u in LP(L) as
n — oo since the embedding H3(2) — LP”() is compact. In the following, to keep the
notation simple, we write ¢ in place of ¢,. By (3.10), (3.11) and (4.11), we have

Vo, (0) = Vy, (&) — V] (0) + O(M)[ve]; = A5, — eV}, (0) + O(e?) = A5, + O(e)
(4.12)

and therefore

0

Vu(0) = [u]} < liminf[v,]} = liminf V,, (0) < limsupaf , < 1) .
e—>0 e—>0 i ’ ’

e—0

(4.13)

where the last inequality follows from Lemma 4.4. In view of (3.2) and the strong convergence
ve — u in LP(2), we see that

1 :f vPJace, dx :/ vP(1 + edivX)dx + O(?) =/ uP dx +o(l)  (4.14)
Q Q Q
as ¢ — 0, and hence |lu|pr(@) = 1. Combining this with (4.13), we see that u € H is a

minimizer for kg, p and that equality must hold in all inequalities of (4.13). From this we
deduce that

ve — ustrongly iny(2). (4.15)

Now (4.12) and the variational characterization of )\8’ p imply that

2/p
A?’p </ vé’dx) <V (0) = A p(2) — SV{JF 0) + 0(e?) (4.16)
o :
whereas by (4.14) we have

/ vPdx =1 —8/ vPdivXdx + 0(h) =1 —8/ uPdivXdx + o(e)
Q Q Q

2/p 2
(/ ug’dx> -1 ——8/ WPdivXdx + o(e). 4.17)
Q P JQ

Plugging this into (4.16), we get the inequality

and therefore

A > (1 _ 2—8[ updidex)AO T+ eV (0)+o(e)
s,p = 7 Ja S, p Ve .
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Since, moreover, V, (0) — V,(0) as & — 0 by Lemma 3.1 and (4.15), it follows that
0 / 2)”8 P :
)\f.p —hsp = E(VM(O) — —/ updledx) + o(e)
' ' J o)
and therefore

Mop— }‘g,p e /BQ(M/5S)2X cvdx + o(e)

by Lemma 4.3. We thus conclude that

- )\,O
lim 2 %P > o / (u/8°)*X -vdx.

e—0*1 & 0

Taking the infinimum over u € H in the RHS of this inequality and using (4.10), we get the

result. s

Proof of Proposition 4.1 (completed) Proposition 4.1 is a consequence of Lemmas 4.4 and 4.5.
Indeed, let

As () ::inf{ZKs/ (u/8°)?X -vdx : u eH}.
02

Thanks to (2.8) the infinimum Ay ,(£2) is attained.
Finally by Lemma 4.4 and Lemma 4.5 we get

& 0

Asp(@) = 0| _ 55, = liminf % > Ay ().

5 Proof of the main results
In this section we complete the proofs of the main results stated in the introduction.

Proof of Theorem 1.1 (completed) In view of Proposition 4.1, the proof of Theorem 1.1 is
complete once we show that

2k, = T(1 +5)2, (5.1

where I" is the usual Gamma function. In view of (2.10), the constant k; does not depend
on N, p and 2, we consider the case N = p = 1 and the family of diffeomorphisms &,
on RV given by ®.(x) = (1 +¢)x,e € (—1, 1), so that X := 8g|8=0<bg is simply given by
X(x) = x. Letting Qo := (—1, 1), we define Q, = ®.(20) = (—1 — ¢, 1 + ¢). Moreover,
we consider we € Hy(2:) N Cy([—1 — &, 1 + ¢]) given by

—2s
we(X) = 6((1+6)> — x|, with ¢ = 272ra/2)
(s +1/2)C(1 +s)

It is well known that w; is the unique solution of the problem

(5.2)

(=AY we =1 inQ, w,=0 onRY\Q,,
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see e.g. [21] or [9]. Recalling (1.4), we thus deduce that u, = Ay 1(2:)w; is the unique
positive minimizer corresponding to (1.3) in the case N = p = 1, which implies that
luell 21wy = 1 and therefore

ks (Re) = Twell gy = (146" @V woll g - (5.3)

Moreover, by standard properties of the Gamma function,

1 1 1
||wo||LmR>=es/ (1—|x|2>fdx=2es/ (1—r2)~‘dr=zs/ 121 =1y di
—1 0 0

T(/)T(s+1) T/ (s+1) 22020 (s+1)?
T (432 0 CGH1TEs+1/2) 0 s+1)2
By differentiating (5.3), we get
2s +1
0| As1(Re) = ——. (54)
e=0 lwoll 1w

On the other hand, by Proposition 4.1 and the fact that u¢ is the unique positive minimizer
for As,1, we deduce that

o

1 () = =2i (/8> (1) + (0/8")* (= 1)]

22+2$K EZ
= 22" 30 1(Q0) = —

lwoll3 1 g
We thus conclude that
(2s + Dllwoll 1w 2
Ky = XSy =I'(s+ 1)~
)
Thus, by Proposition 4.1, we get the result as stated in the theorem. O

Proof of Corollary 1.3 Let h € C3(3R), with fasz hdx = 0. Then it is well known (see e.g.
[11, Lemma 2.2]) that there exists a family of diffeomorphisms ®, : RY - RN e e (—1,1)
satisfying (1.7) and having the following properties:

[P ()] = |2 fore € (—1,1),and X := 8£|8=0<I>8equals hvon 0€2. (5.5)

By assumption, there exists &9 € (0, 1) with A; ,(P:(2)) > Ay ,(R2) for & € (—&o, o).
Applying Theorem 1.1 and noting that X - v = & on 992 by (5.5), we get

min {ra +s)2/m(u/83)2hdx ‘ue H} > 0.
By the same argument applied to —h, we get

max {F(l +5)? /ag(u/Sx)zh dx :ue H} <0. (5.6)
We thus conclude that

/ (u/8)?hdx =0  forevery u € H and forall h € C*(3%), with / hdx = 0.
Q2 Q2

By a standard argument, this implies that «/8§° is constant on d€2. Now, since u solves (1.4)
and p € {1} U[2, co), we deduce from [9, Theorem 1.2] that 2 is a ball. O
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Proof of Theorem 1.4 Consider the unit centered ball By = B;(0). Fort € (0,1) and ¢ €
(t — 1,1 —1), we define B’ := B;(te}), where e is the first coordinate direction. To prove
Theorem 1.4, we can take advantage of the invariance under rotations of the problem and
may restrict our attention to domains of the form Q(¢) = By \ B'. We define

:(r—1,1—1) > R, 0(t) := Ay, p(2(1)). 5.7
We claim that 6 is differentiable and satisfies
0'(t) <0 fort € (0,1 —1). (5.8)

For this we fixt € (t — 1, 1 — 1) and a vector field X : RV — RN given by X (x) = p(x)eq,
where p € C2°(B)) satisfies p = 1 in a neighborhood of B'. For ¢ € (—1, 1), we then define
&, : RN —» RN by ®.(x) = x + BeX(x), where B > 0 is chosen sufficiently small to
guarantee that ®., ¢ € (—1, 1) is a family of diffeomorphisms satisfying (1.7) and satisfying
®,(By) = By for ¢ € (—1, 1). Then, by construction, we have

Pe(R(1) = @ (B \BT) = B\ @ (B) = B\ B = Q(t + o). (59)

Next we recall that, since p € {1, 2}, there exists a unique positive minimizer u € Hp(2(t))
corresponding to the variational characterization (1.3) of A, , (€2(¢)). Hence, by Corollary 1.2,
the map € > A, ,(P:(2(¢))) is differentiable at ¢ = 0. In view of (5.9), we thus find that
the map 6 in (5.7) is differentiable at ¢, and

= L4 _ 2 uNz
0'(1) = MS.S:OAS,p(d%(Q(t)))_r(l+s) mm(as) X -vdx

U2
=ra 2 - d 5.10
(1+s) - ((SS) vy dx (5.10)

by (1.10). Here v denotes the interior unit normal on 92 (¢) which coincides with the exterior
unit normal to B’ on d B!, and we used that

X=e¢ ondB', X=0 ondB; =dQ()\IB’

to get the last equality in (5.10). Next, for fixed t € (0, 1 —7), let H be the half space defined
byH={xeRN :x.¢; >t}andlet ® = H N Q(r). We also let rz : RNV — R be the
reflection map with respect to he hyperplane dH := {x e RN : x . ¢; = t}. Forx € RV, we
denote x := rg(x), u(x) := u(x). Using these notations, we have

u

2
/ _ 2 -
6'(1) = T'(1 +5) /BBI (55) wax

_ 2 A A
=T +5) /am@ ((83) (x) <83> (x)) v dx. (5.11)

Letw =u —u € HS(RN). Then w is a (weak) solution of the problem
(=AY w = ks (T — As QWU =c,w  in O, (5.12)
where

cp = As,p(R2(1)) for p =2,
cp =0 for p = 1.
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Moreover, by definition, w = % > 0in H\ ©,and w = # > 0in the subset [y (B1) NH]\ ©
which has positive measure since ¢+ > 0. Using that w is anti-symmetric with respect to H
and the fact that A5 ,(®) > ¢, (which follows since © is a proper subdomain of €2()), we
can apply the weak maximum principle for antisymmetric functions (see [9, Proposition 3.1]
or [17, Proposition 3.5]) to deduce that w > 0 in ®. Moreover, since w # 0 in R¥ | it follows
from the strong maximum principle for antisymmetric functions given in [17, Proposition
3.6] that w > 0 in ®. Now by the fractional Hopf lemma for antisymmetric functions (see
[9, Proposition 3.3]) we conclude that
0<8£S=;—s—:—s and therefore 8%>:—SZO ondB' NO.

From this and (5.11) we get (5.8), since v; > 0 on 9B’ N O.

To conclude, we observe that the function t — A, ,(¢) = A, ,(€2(2)) is even, thanks to
the invariance of the problem under rotations. Therefore the function 6 attains its maximum
uniquely at ¢ = 0. O

6 Proof of Proposition 2.4

The aim of this section is to prove Proposition 2.4. For the readers convenience, we repeat
the statement here.

Proposition 6.1 Let X € CO(Q,RY), let u € C5(Q) N CH(RQ), and assume that = %

extends to a function on Q satisfying (2.8) and (2.9). Moreover, put Uy, 1= uiy € Ccl’l (),
where gy is defined in (2.3). Then

lim VU - X(u(—A)S;k — I (u, Ck)) dx = —k; sz -vdx, 6.1)
k—o00 Jq 092
where
Ky 1= —/ W) (=A'h(r)dr  with h(r) = ryg(r) (6.2)
R
and ¢ given in (2.2), and where we use the notation
I(u, v)(x) == /RN (u(x) —u(y)(wx) —v(y)Ko(x, y)dy (6.3)

foru e CSRY), v e CONRN) and x € RV.

The remainder of this section is devoted to the proof of this proposition. For k € N, we
define

g = VU - X(u(—A)S;“k — I, gk)) . Q>R (6.4)
For ¢ > 0, we put

Q*={xeR" : |s(x)| <e} and
Q,={xeRY : 0<8(x) <e}={xeQ: 8k <ek

For every ¢ > 0, we then have

lim grdx =0. (6.5)
k— o0 Q\Qf
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To see this, we first note that £ — 1 pointwise on RY \ 92, and therefore a.e. on RV,
Moreover, choosing a compact neighborhood K C 2 of 2\ ©¢, we have

] _
(=AY Ge(x) = e g / & ()

vk mdy for x € Q\ Q° and ksufficiently large,

where lll:f‘k,\(,}r)zl\ < 3 +\y(I:N o forx € @\ Q°, y € RV \ K and C > 0 independent

of x and y. Consequently, ||(—A)*¢k|lLx @\ remains bounded independently of k and
(=A)* ¢ — 0 pointwise on 2 \ ° by the dominated convergence theorem. Similarly, we
see that || 1 (u, &) || L (@\q¢) remains bounded independently of k and I (u, ;) — 0 pointwise
on 2\ ©°. Consequently, we find that

| gk Il Lo (2\@2¢)1s bounded independently of kandg; — Opointwise on$2 \ Qf.

Hence (6.5) follows again by the dominated convergence theorem. As a consequence,
lim / gr(x)dx = lim f gr(x)dx  forevery e > 0. (6.6)
k—o0 Jo k— o0 Qi—

Let, as before, v : 92 — R denotes the unit interior normal vector field on €. Since we
assume that 92 is of class C1'1, the map v is Lipschitz, which means that the derivative
dv : TdQ — RY is a.e. well defined and bounded. Moreover, we may fix ¢ > 0 from now
on with the property that the map

W0 x (—e, ) = QF, (o,r) = VY(o,r) =0 +rv(o) (6.7)

is a bi-Lipschitz map with W(92 x (0, &)) = Q. In particular, W is a.e. differentiable, and
the variable r is precisely the signed distance of the point W (o, r) to the boundary 9€2, i.e.,

S(W(o,r)=r foroed, 0<r<s. (6.8)

Moreover, for 0 < ¢’ < ¢, it follows from (6.6) that

k—00 k—o00

8/
lim grdx = lim/ grdx = lim/ / Jacy (o, r)gr(Y(o,r))drdo
Q k=00 Joe! aJo

= klin;o % /;Q /(;ks Ji(o,r)Gy(o,r)drdo, (6.9)
where we define
je(o, 1) = Jacy (0, %) and Gy (o, r) = gk (¥ (o, %)) forae o €dQ, 0<r < ke.
(6.10)
We note that

1kl Lo (a@x0,ke)) < IJacy|lLx(q,) < oo forall k, and

lim jix(o,r) =Jacy(o,0) =1 forae.oc € 9Q2,r > 0. 6.11)
k—00

By definition of the functions g in (6.4), we may write

Gi(o,r) =G0, 1[Gl (o, r) = Gi(o,r)] foro €9, 0<r <ke (6.12)
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with
G0, r) = [VU; - X](¥ (o, %))
G}((U, r) = [u(—=A)* & (¥ (o, %)) and (6.13)
G20, r) = I(u, &) (¥ (o, 2».

In order to analyze the limit in (6.9) for suitable &’ € (0, €], we provide estimates for the
functions Gg, G}(, G,% separately in the following. We start with an estimate for Gg given by
the following lemma.

Lemma 6.2 Leta € (0, 1) be given by Lemma 2.3. Then we have
ENGYUo, < Cr M 7Y forkeN,0<r < ke (6.14)
with a constant C > 0, and
klingoks_ng(a, r) =h@)Y(©)[X(©)- v(o)] foro edQ,r>0 (6.15)
with the function r v h(r) = ri.¢(r) given in (6.2).
Proof Since u = 8%, we have
Vu=s58""YyVvs+8Vy =58 lyvs+ 0@ 1Y) inQ
by Lemma 2.3, and therefore, since ¢ = ¢ o (k§) by (2.3),
VU = v<ugk) - (sg’ o (k8) + k8¢ o (kS))wSS_IVS
+0@* ") inQ.
Consequently, by (6.8) we have
[(VUL) 0 W](o. %) = (s{(r) + rg’(r)>w(o n %v(o))(%)s_1V8(o + %v(o))
+0((%)s—1+o&)
foro € 92,0 < r < e with O(rs~11%) independent of &, and therefore
GY(o.r) = (s6) 4781V (0 + Tv(@)V(o + (@) - X(o + TNk~ r!
+ ' TTY0E T foro € 99,0 < r < ke.
Since o > 0, we deduce that
K760, = (s¢0) + 7 1)) U @) V3(@) - X0
=h ()Y ()X (o) -v(e) ask— oo
foro € 022, r > 0, while
ENGY o, < Cer T 47T fork e N,0 <7 < ke
with a constant C > 0 independent of k and r, as claimed. O
Next we consider the functions G,l defined in (6.13), and we first state the following

estimate.
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Proposition 6.3 There exists & > 0 with the property that

_2 s r C ,
|k S(_A) é‘k(\p(a, z))| =< m fork € N, 0 <r< ke (616)
with a constant C > 0. Moreover,
klim k_zs(—A)sgk(\I/(a, %)) = (—=A)*’¢(r) foro €dQ,r > 0. (6.17)
—00

Before giving the somewhat lengthy proof of this proposition, we infer the following
corollary related to the functions G}(.

Corollary 6.4 There exists ¢’ > 0 with the property that

s

sl Cr ,
k™ Gr(o,r)| < T2, 75 FENEST fork e NO <r < ke (6.18)
r

with a constant C > 0. Moreover,

klim k_SG,i(a, r) =Y @)r'(=A)¢(r) foro €3, r > 0. (6.19)

Proof Since u = y§* we have u(¥ (o, 1)) = k¥ (o + pv(o))r® fork e N,0 < r < ke,
and

lim K u(¥(o, =) = (o) foro € 9, r > 0.
k—00 k

Since moreover ||| L= (q,) < oo, the claim now follows from Proposition 6.3 by recalling
the definition in G} in (6.13). |

‘We now turn to the proof of Proposition 6.3, and we need some preliminary considerations.
Since 9% is of class C!-! by assumption, there exists an open ball B c RV~! centered at
the origin and, for every o € 9%, a parametrization f, : B — 9L of class C!'! with the
property that f, (0) = ¢ and df,(0) : R¥~! — R¥ is a linear isometry. For z € B we then
have

fo (@) = f2(0) = df5(0)z + O(lz]*)
and therefore
| fo(0) = fo (D) = ldfo 0)z* + O(2]) = 2> + 0(z). (6.20)
(fo(0) = fo(2)) - v(0) = —df (0)z - v(0) + O(|z]*) = Oz, (6.21)

where we used in (6.21) that df, (0)z belongs to the tangent space 7,92 = {v(o)}*. Here
and in the following, the term O(t) stands for a function depending on t and possibly other
quantities but satisfying |O(t)| < Ct with a constant C > 0.

Recalling the definition of the map W in (6.7) and writing v, (z) := v(fx(2)) for z € B,
we now define

Vo :(=6,8) x B—> QY Wo(r,2) =V(fo(2),r) = fo(2) +rv5(2). (622

Then W, is a bi-Lipschitz map which maps (—¢, €) x B onto a neighborhood of o. Conse-
quently, there exists &’ € (0, §) with the property that

lo —y| > 3¢ forall y € RN \ Y5 ((—¢, &) X B). (6.23)

Moreover, ¢’ can be chosen independently of o € 9.
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Coming back to the proof of Proposition 6.3, we now write, foro € Q2 and r € [0, k&’),

(=AY G (W (o, ) = en s (Ax(o.r) + Bue. 7)) (6.24)

with
c(r) — & (y)
Ax(o,r) =
Ko.7) [IJ(,((—E,S)XB) |W(o, ) — y|N+2s
and
L) — &(y)
Bi(o,r) ==
ke, ) /RN\\I/U((fs,a)XB) W (o, [) — y|NF2

Here we used that & (W (o, %)) = ¢(r) foro € 3R, r € [0, ke’) by (6.8) and the definition
of ¢x. We first provide a rather straightforward estimate for the functions By.

Lemma 6.5 We have

_ C
k 2S|B/<(U,r)| < 14—”71"'25 forkeN,0<r <kée',o cdQ (6.25)
with a constant C > 0 and
lim k_Z‘Y|Bk(0, r)=0 foreveryo € Q2,r > 0. (6.26)
k—00

Proof By (6.23) and since r < k&', we have

;

k

+¢& fory e RN\ W,((—¢,¢) x B).

r r
Wi, D)=yl =lo—y+ v =lo —yl—

- lo — yl
- 3

Recalling that { = 1 — p, & = 1 — pi and that py is supported in Q% we thus estimate

lo(r) — ek (Y]
1By (0. )| 5/
RN\, (—e,e)xB) | ¥ (0, F) — y|N+2

—N-2s —N-2s
§3N+23|,0(r)|/ (o =yl+3¢) ~ Tdy+ () / loi(y)| dy
RN RN

= c(Iom)1+1281) = c(loe] +£7").

Here and in the following, the letter C stands for various positive constants. This estimate
readily yields (6.26). Moreover,

C C

-2 -2 -1 —1-2

k™= |By (o, )| < Ck S(|,0(”)|+k )Sm-i-k sfm

fork e N,0 <r < ke’, 0 € 9L, as claimed in (6.25). m]
To complete the proof of Proposition 6.3, it thus remains to consider the functions Ay in

the following. For this, we need the following additional estimates for the maps W, , o € 2.

We note here that W, is a.e. differentiable since it is Lipschitz, so the Jacobian determinant
Jacy, is a.e. well-defined on (—¢, &) x B.

Lemma 6.6 There exists a constant Co with the property that for every o € 02 we have the
following estimates:
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(i) acy,(r,z)| < Cofora.er e (—¢,¢),z€B;
(ii) Jacy, (r,z) — 1| < Co(Ir| + |z]) fora.e. v € (—¢,¢), z € B;
(iii)  |Jacy, (r +t,2) —Jacy, (r —t,2)| < Colt| fora.e.r € (—e,¢€),z € B, t € (—& —
r,e—F).
Moreover; for crle 092, re(—e,e),ze Bte(—e—r,e—r) 1we have
() (P +12P)? < W (r.0) = o r +1.2)] < Co(r? +12I7)2,
andforo € 0, r € (—e,¢),t € (—e —r,e —r)\ {0} and z € ﬁB we have

_ - 2
(v)  |RelO=SOI DR _ (1 4 122)| < Colle] + Il + ez 2P
(vi)

—N—-2s —N-2s

“\Ila(r,O) — Wy (r 1, 11]2)] — | Wor, 0) = Wy (r — 1, 1£]2)]

N+2s
< Colt|" N B 41z

Proof The inequalities (i) and (iv) are direct consequences of the fact that W, is bi-Lipschitz.
In particular, if C is a Lipschitz constant for W ! we have
1
(P +12P)? = 1(=1, D] = |(r,0) = (r +1,2)| < ColWo (r,0) = W (r +1,2)|

foro € 9Q2,r € (—¢,¢),z € Bandt € (—e —r,& —r), so the first inequality in (iv)
follows. By making Cy larger if necessary so that it is also a Lipschitz constant for ¥, , we
then deduce the second inequality in (iv).

To see (ii) and (iii), we note that d W, is a.e. given by

AV, (r,2)(r', ) = [dfs (2) + rdve (2)]2 4+ 1'v4 (2)
for (r,z) € (—e, &) x B, (', 7/) € R x RV~ which implies that
[dWs (r, 2) = d¥s (0,0)](", ) = [df5 (2) = dfs (0] 4 rdvs () + 1 (v6 (2) — v6(0))
and
[dV(r+1t,2) —dVe(r —t, )10, 7)) = 2tdv, (2)7.

Since df, v, are Lipschitz functions on B, dv, is a bounded function on B and the deter-
minant is a locally Lipschitz continuous function on the space of linear endomorphisms of
R¥, it follows that

[Jacy, (r, z) — Jacy, (0,0)] < Co(|r| +|z|]) and |Jacy, (r +1,z2)
—Jacy, (r —t,2)| < Colt|

forae.r € (—e,¢),z € B,t € (—e —r, & —r). Moreover, Jacy, (0, 0) = 1 since the map
R x RV-1 5 RV, (', 7)) = d¥, (0,00, 7)) = dfs (0)7' + 7'v5(0)

is an isometry. Hence (ii) and (iii) follow.
To see (v) and (vi), we note that by definition of W, we have

Vo (r,0) = Wo(r+1,2) = fo(0) = f5(2) —1v5(0) + (r + 1) (V5 (0) — V5 (2))

forz € B,r € (0,¢')andt € (—e—r, & —r). Using moreover that (v (0) — vy (2)) - v (0) =
115 (0) — vy (2)|%, we get

W (7, 0) — W (r + 1, 21> = 12 + | f5(0) = fo (@ + (r + )06 (0) — vy (2)]?
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—21(f5(0) = f5(2)) - V6 (0) — t(r + 1) |15 (0) — v (2)]?
+20r + ) (fo(0) = f5(2) - (5 (0) — v (2))
=12+ | f5(0) = fo 1> + 7+ D)[vs(0) — vy (2)]?
= 2t(f5(0) = f5(2)) -V (0) + 2(r + )(f5(0) = f(2)) - (5 (0) — v (2))
=2+ z)* + [Izlmg @ +r(r+Hne(2) —2tps(2) +2(r +1)qs (z)]lzl2 (6.27)

forz € B,r € (—¢,¢) andt € (—e — r, & — r) with the functions

_1fe0) = fo@I* — 2 v (0) = ve ()
mqy(z) = |Z|3 . Ne(z) = T,
_ (fo(0) = f5(2)) - v (0)
pO’(Z) - 2
|z]
and
oy = SO =@ @ =vo@)

|z|2

which are all bounded as a consequence of the Lipschitz continuity of f,; and v, and of (6.20)
and (6.21). We deduce that

W, (r,0) — W, (r +1, |t]2)|?
‘I (r,0) ;Z(r |t]2)] AP

= ‘Itzlma(ltlz) + 7 (r + Ong ([tz) — 2tpo ([t]2) + 2(r + 1)go (1712)||2]?
< Co(ltzl + Ir| + 1t])zl?

€1

foro € 02, r € (—e,¢),t € (—e —r,e—r)\{0}and z € I

large, as claimed in (V).
For the proof of (vi), we now set wy (r, , 7) := ti2|\l-'(r (r,0) — W, (r + 1, |t|2)|%, and we
note that

B if Cy is chosen sufficiently

14 |z 1
wy(r,t,z) > 2 foro € 0Q2,r € (—¢,¢e),t e (—e —r,e—r)\ {0}, z € mB
0

by (iv). Moreover, from (6.27) we infer that

o, 1,2) = wo . —1,2)| = [2r1ng (112) + 41 (40 (112) = po (11]2) ||z = Colrllz?

foro € 9Q,r € (—¢,¢),t € (—e —r,e —r)\ {0} and z € ﬁB if Cg is made larger if
necessary. Using these estimates together with the mean value theorem, we get that, for some

t=1(o,r,t,z)with—t <71 <1,

15 r,0) = Wy 0+, 11217V = [0 (,0) = W (r = 1, [1])] V7

_ N+2s _ N+2s
we(r,t,z)” 2 —ws(r,—t,z)" 2

— |t|—N—2.Y

(N +2s)|t|~N-2s N2
= fwo (r,7,2) 2

< Colt|" N2 +1z/H”

wd(rvt’z)_wo'(rv _t,Z)‘

NA42s542 _N_"% _ N+2s
Tz < Colt!"TNTEA 2D 2

forz € B,r € (0,&')andt € (—& +r, ¢ —r) after making Cy larger if necessary, as claimed
in (vi). ]
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We now have all the tools to study the quantity Ag (o, r) in (6.24).

Lemma 6.7 We have

_ C
k 2S|Ak(a, r)| < m forkeN,0<r <kée',o cdQ (6.28)
with a constant C > 0 and
—A)
lim k_zsAk(a, r) = w foreveryo € Q,r > 0. (6.29)
k— 00 CN,s

Proof Foro € 0Q and 0 < r < k&', we write, with a change of variables,
Ag(o,r)
_ / ¢(r) — & (y)
7

o (—e.e)xB) W (0, F) — y[N+2

& _ ki
ZL/ Jacy, (F, 2) |\p(,(;,§(r) S&kr) dzdF

0) — W, (7, ) [N +2s

ke—r _
f / Jac%(r +t 2) i c(ry—¢(r+1t) dzdi
B |"I"a([7

ke—r k 0) — \IJU(rki, z)|N+2S
ke—r N—1
t t |t — t
=/ | |N f Jac\p“(r+ ,& £0r) = &ir + |3\ dzdt
—ke—r K Jkp ko kT W (£, 0) — Wy (B, 18 (N+2
2 {r)—¢r+1)
= K> / S Kk s (6.30)
with the kernels Ky : (0, ke’) x R — R defined by
N+2s J re iz
<m) + / . acy, (7=, 7 ‘t) N+2vdZ’ te(—ke—r,ke —r),
Ki(r.ty=1{ \k BB W (. 0) — W (5, 1|75
0, t ¢ (ke —r, ke —r).
Consequently,
Ao, 1) = sz(J,g (0.r) + J2(o. r)) 6.31)
with

9 (Ki(r, 1) + Kk (r, —1))dt

S = %/ 2(r) — ¢(r +1) — ¢ —

|t|l+2s

and

et = _l/ e t)|z|_2s§(r — 0 Kl D) —|t|ICk(r, —1)

By Lemma 6.6(i), (iv) and the definition of ., we have

_ N+42s
Ki(r, 1)) < CYF! fk (1+:P) 7 dz =y lay (6.32)
=B
t]
for r € (—ke', ke') and 1 € R \ {0} with
an.s 22/ (1+1z15™ 7 < oo (6.33)
RN
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Moreover, by Lemma 6.6(i)(ii),(iv),(v) and the dominated convergence theorem, we have

lim ICk(r,t)=/ (1+|Z|2)_N%25 dz =ays foreveryr >0,t € R\ {0}.
k— o0 RN-1

(6.34)
Using (6.32) and the fact that p = 1 — ¢ € C°(R), we obtain the estimate
1 125 (r) — C(r+t)—§(r—t)|
1 o, ] SC/R e
2p(r) = p(r +1) — p(r —1)| c
C/ |t|1+2s dr = 1+r1+2s (6.35)

fork € N, r € (0,ke’) and 0 € 9Q. Here and in the following, the letter C > 0 stands
for different positive constants. Moreover, by (6.32), (6.34) and the dominated convergence
theorem, we find that

lim g0,y = 22 / 20 L0 =g —1)

|t|1+25
—A)S
- CA0) (6.36)
CN,s
Here we have used the fact that
CN,s4N,s = Cl,s» (6.37)

see e.g. [10].
Next we deal with sz(o, r), and for this we have to estimate the kernel differences
Kk (r,t) — Ki(r, —t)|. By Lemma 6.6(i), (iii), (iv) and (vi), we have

| Jacy, (F1, 15 Jacy, (¢4, ')
t ot N+2s ot N+2s
Wy (5,0) — Wy ",t 8] |Wo (£, 0) — Wy (5L, 112

[t]\1-N~— BYESK
fc(;) "1+ 12P)
forz € \];TB’ r € (0,ke’) and t € (—ke + r, ke — r) and therefore

|Ki(r, 1) — Ki(r, =t
7]

C 25
U —f (1 + 12 dz
k k p

I

C s C
< */ (I+ |z|2)_¥ dz < — (6.38)
k Jry-1 k
forr € (0, ke’) and r € (—ke + r, ke — r). Moreover, by definition we have
|Kie(r,t) — Kg(r,—t)] =0 fort e R\ (—ke —r, ke +7r), (6.39)

while fort € (ke —r, —ke+r)U (ke —r, ke+r) wehave |t| > ke —¢&’ > %s and therefore,
similarly as in (6.32),

K, O] _ f ,N+2s C/ gy NE2s C
(1 2dz=— | (1 Tdz < —. (640
TEGAT Ly +121%) =7 %B( +1zI%) 2= 2 (640)
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Note here that the constant C > 0 on the RHS depends on ¢, but this is not a problem.
Combining (6.38)—(6.40) and using that p = 1 — ¢ € C°(R), we get

7o) < %/ 60 +1) = £ = 01 Kkl 1) = Ke(r =)
R

] lt]
< %/R |§(r+l)t;§(r—l)|dt= %/l; |P(r+l)t;,0("—t)|dt < C(l"zf)%s
forkeN,o0 € 9Q and 0 < r < ke’. Hence
|J2 (0, 1) < H% fork e N,0 <r < ke’ (6.41)
and
Jlim 1J2(0.r)| =0 forallr > 0. (6.42)

Now (6.28) follows by combining (6.31), (6.35) and (6.41). Moreover, (6.29) follows by
combining (6.31), (6.36) and (6.42). ]

Proof of Proposition 6.3 The proof is completed by combining (6.24) with Lemmas 6.5
and 6.7. O

It finally remains to estimate the function Gi in (6.12).

Lemma 6.8 There exists &' > 0 with the property that the function G% defined in (6.13)
satisfies

c
k™ Gi(o, 1) < T forkeN,0<r <kée, oedQ (6.43)

with a constant C > 0. Moreover,

klim Kk Gi(o,r) = (o) (r) (6.44)

with

i) =er / (ri = +0%)(cir) = ¢(r+1) i

|t|1+25

Proof The proof is similar to the one of Proposition 6.3, but there are some differences we
need to deal with. First, as in the proof of Proposition 6.3, we choose &’ € (0, %) small
enough, so that (6.23) holds. Similarly as in (6.24) we can then write

GX(0.r) = cn.s (Zk(a, ") + Bi(o, r)) (6.45)
with
~ (¥ (o, 1) —u(y)(Er) — &)
Ar(o,r) = d
K(o.7) -/I/(,((—e,a)xB) W (o, p) — y|N+2s Y
and

Bio.r) = / (W (. ) = ud) ) = &)
kLo, RN\ ((—¢,6)x B) |W(o, §) — y|N+2s

dy.
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As noted in the proof of Lemma 6.5, we have

lo — yl
3

Therefore, since u € L>°(RY), we may estimate as in the proof of Lemma 6.5 to get

|V (o, %) -y > +¢& fory e RN\ W,((—¢,¢) x B),0 <r < ke'.

s pl;(|)1i/)+|2x dy = (Ip+ k7).

Here, as before, the letter C stands for various positive constants. Consequently,

B0, )] §2||M||L°°/
RN\, (—s,e)xB) |Y (0, 7) —

kll)rr;o kf‘vlgk (o,r)]=0 foreveryo € Q,r >0, (6.46)
since p has compact support in R, and
k=B, r)| < Ck=* (|p(r)| ko ) < % fork € N,0 < r < ke', o € 9S2.
(6.47)

Hence it remains to estimate A, (o, r). For this we note that, by the same change of variables
as in (6.30), we have

| V(. 0) —ulWo . 2NEC) — kD)
Axlonr) = [/ facw, (@, 7) Wy (£,0) — W, (7, ) [NF25

/ §O) — 8+ D o var (6.48)

|t|1+v

with the kernel

Kr(r, 1)

5 [\ —u(Wy (L el r+t iz
<M>N+ /k (u(Wo (£, 0)) — u(Wo (", Fo))acy, (8, )dz, L (ke —r ke -1,
= kg

. 2
k il \‘I’o(E’())—‘I’U(VTH’%ﬂNJF ’
0, t ¢ (—ke—r, ke —r).

Since u € C*(RN) and WU, is Lipschitz, we have

r Ayl (4 (2l ol
W (2 0) = (W (= 20| = () + ())<= ¢(T) a -+l

foro € 02, r € (—ke, ke),t € (—ke —r,ke —r)\ {0} and z € i k B. Therefore, by using
Lemma 6.6(i), (iv) as in (6.32),

~ N+2s
R, )] < c/ (14 12 + 2P Fdz < c/ (1 +12) N dz < 0o,
RN-1 RN-1

(6.49)
Inserting this estimate in (6.48), we conclude that
() — ¢(r + 1) lo(r) — p(r+t)| C
S|Ak(a I’)|<C/ |Z|I+S dt=C 1|1+ r= 14 plts’

fork e N,0 < r < k&', 0 € 9Q2. Combining this mequahty with (6.47), we obtain (6.43).

Moreover, since u € Cj) (Q) and y = seC 0(Q), we have

Jlim & [u(%(%on u(wo (EL 1 )>]=w<a)(ri—(r+r>i) (6.50)
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foro € 9Q,r > 0Oand r € R and z € R¥~!. Consequently, arguing as for (6.34) with
Lemma 6.6(i)(ii),(iv),(v) and the dominated convergence theorem, we find that

~ S — 1)? s
lim Ki(r,t) = w(a)—(r+ (r + )+)f A+ 2~ dz
k—o00 [t]® RN-1

(ri— @+
|t|Y

foro € 92, r > 0and ¢t € R with ay s given in (6.33). Hence, by (6.48), (6.49), (6.51) and
the dominated convergence theorem,

=ay.. ¥ (0) ©.51)

> (ry = (r+ )0 =L +1)
Jim Ak(a,r):aN,sw(a)/R + |+t|l+2s dt
= Wy (o)) = LD
Cl,s CN,s

where we used again (6.37) for the last equality. Combining this with (6.45) and (6.46), we
obtain (6.44). ]

We are now ready to complete the

Proof of Proposition 6.1 Combining (6.14), (6.18) and (6.43), we see that there exists ¢’ > 0
with the property that the functions G defined in (6.4) satisfy

Gi(o, 1) - ps—1 4 ps—lte

= R fork e N,0 <r < ke’ (6.52)
r N

with a constant C > 0 independent of k and r. Since s, « € (0, 1), the RHS of this inequality
is integrable over [0, 0c0). Moreover, by (6.15), (6.19) and (6.44),

1 ) -
%Gk(d, r) = [X(o) - V(U)]llfz(a)h’(r)(FS(—A)‘C(F) —1(r)) (6.53)
for every r > 0, 0 € 92 as k — oo. Next we note that, by a standard computation,
(=AYh(r) = (=D [FC(M)] = () (=AY r + (=AY ¢ (r) — 1(r)
=ri(=A)*¢(r) — 1(r) (6.54)

for r > 0 since rj is an s-harmonic function on (0, oo) see e.g [1]. Hence, by (6.9), (6.9),
(6.52), (6.53), (6.54) and the dominated convergence theorem, we conclude that

lim grdx = /00 h/(r)(—A)sh(r)dr/ [X (o) - v(a)]wz(a)da
Q 0 o2

k— 00
= [ W [ xe) v,
R IR
as claimed in (6.1). ]
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Appendix A

Here we give a short proof of the uniqueness of positive minimizers of the problem (1.3) for
I<p=2

LemmaA.1 Let Q C RN be a bounded open set of class Cll Jer p € [1,2], and let uy and
uy be two positive minimizers of (1.3). Then u; = us.

Proof Suppose by contradiction that there are two different positive minimizers u1, us for

the minimization problem. Then, since ||u1l|zr(@) = u2llLr@) = 1, the difference u; —

uy changes sign. Since moreover 'g—S‘ and 'g—f are continuous positive functions on Q by

Lemma 2.3, there exists a maximal T € (0, 1) with
Tu] < up on Q.

Moreover,ﬁrm # uj since u; — up changes sign. Consequently, v := up — tu; satisfies
v > 0 on 2 and v # 0. Moreover, using that p — 1 € [0, 1] and T € (0, 1), we find that

(Ao =rwd ™ =) = a@) T = @u)? =0 nQ, v=0 nRV\Q

with A := Ay ,(£2) > 0. Now the strong maximum principle for the fractional Laplacian and
the fractional Hopf lemma implies that v = up — Tu; is strictly positive in Q and g > 0 on
9€2. This contradicts the maximality of . Hence uniqueness holds. O
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