Analysis and Mathematical Physics (2021) 11:133
https://doi.org/10.1007/s13324-021-00527-y

®

Check for
updates

Spectral properties of the logarithmic Laplacian

Ari Laptev'2( - Tobias Weth3

Received: 29 September 2020 / Accepted: 18 March 2021/ Published online: 29 June 2021
© The Author(s) 2021

Abstract

We obtain spectral inequalities and asymptotic formulae for the discrete spectrum
of the operator % log(—A) in an open set Q € R9, d > 2, of finite measure with
Dirichlet boundary conditions. We also derive some results regarding lower bounds
for the eigenvalue 1 (€2) and compare them with previously known inequalities.

1 Introduction

In the present paper, we study spectral estimates for the logarithmic Laplacian LA =
log(—A), which is a (weakly) singular integral operator with Fourier symbol 2 log |n|

and arises as formal derivative BS‘ (—A)* of fractional Laplacians at s = 0. The

study of L has been initiated reé?ntly in [5], where its relevance for the study of
asymptotic spectral properties of the family of fractional Laplacians in the limit s —
07 has been discussed. In particular, it has been proved in [5, Theorem 1.5] that the
principal Dirichlet eigenvalue of L A in a bounded Lipschitz domain is given as a right
derivative of principal Dirichlet eigenvalues of fractional Laplacians (—A)® ats = 0,
whereas the corresponding principal eigenfunction arises as L2-limit of corresponding
Dirichlet eigenfunctions of (—A)*. Extensions of these results to higher eigenvalues
and eigenfunctions were obtained afterwards in [8] together with uniform convergence
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and continuity results for these eigenfunctions. Further motivation for the study of L A
is givenin [11], where it has been shown that this operator allows to characterize the s-
dependence of solution to fractional Poisson problems for the full range of exponents
s € (0, 1). The logarithmic Laplacian also arises in the geometric context of the
O-fractional perimeter, which has been studied recently in [6].

For matters of convenience, we state our results for the operator H = 1 A which
corresponds to the quadratic form

! _
0 @0 = G [ 10ED ()P . (.

Here and in the following, we let ¢ denote the Fourier transform
5 96) = f e ox) dx
R4

of a function ¢ € L*(R?). Let @ C R? be an open set of finite measure, and let H(£2)
denote the closure of C2°(£2) with respect to the norm

¢~ lloll} := Ad log(e + [€]) [9(€)] dE. (1.2)

Then (-, -);o¢ defines a closed, symmetric and semibounded quadratic form with

domain H(Q) C L2(R), see Sect. 2 below. Here and in the following, we identify

L?(Q) with the space of functions u € L2(R4) with u = 0 on RY \ Q. Let
H:D(H) C L*(Q) — L*()

be the unique self-adjoint operator associated with the quadratic form. The eigenvalue
problem for H then writes as

He = Ao, in Q,
{ ¢ v (1.3)

¢ =0, on Rd\Q.

We understand (1.3) in weak sense, i.e.
@ e H(2) and (@, ¥)iog = A/ng(x)lp(x) dx forall ¢ € H(Q).
As noted in [5, Theorem 1.4], there exists a sequence of eigenvalues
AM(R) <) <..., klin;okk(Q) =00

and a corresponding complete orthonormal system of eigenfunctions. We note that
the discreteness of the spectrum is a consequence of the fact that the embedding
H(Q) < L2(Q) is compact. In the case of bounded open sets, the compactness of
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this embedding follows easily by Pego’s criterion [18]. In the case of unbounded open
sets of finite measure, the compactness can be deduced from [10, Theorem 1.2] and
estimates for || - ||, see Corollary 2.3 below.

In Sect. 2, using the results from [5] and [7], we discuss properties of functions
from H(LQ). In particular, we show that ¢/*% |xEQ e H(Q), £ € RY, provided €2 is an
open bounded sets with Lipschitz boundary.

In Sect. 3 we obtain a sharp upper bound for the Riesz means and for the number
of eigenvalues N (1) of the operator H below A. Here we use technique developed in
papers [3,4,13] and [14]. In [12] it was noticed that such technique could be applied for
a class of pseudo-differential operators with Dirichlet boundary conditions in domains
of finite measure without any requirements on the smoothness of the boundary.

We discuss lower bounds for A1 (£2) in Sect. 4. In Theorem 4.1 we present an estimate
that is valid for arbitrary open sets of finite measure. For sets with Lipschitz boundaries,
H.Chen and T.Weth [5] have proved a Faber-Krahn inequality for the operator H that
reduces the problem to the estimate of A1(B), where B is a ball satisfying |B| = ||,
see Corollary 4.3. In Theorem 4.4 we find an estimate for A1 (By), where By is the
unit ball, that is better in lower dimensions than the one obtained in Theorem 4.1.
We also compare our results with bounds resulting from previously known spectral
inequalities obtained in [1] and [2].

In Sect. 5 we obtain asymptotic lower bounds using the coherent states transforma-
tion approach given in [9]. It allows us to derive, in Sect. 6, asymptotics for the Riesz
means of eigenvalues in Theorem 6.1 and for N (1) in Corollary 6.2. Here @ c RV
is an arbitrary open set of finite measure without any additional restrictions on the
boundary.

Finally in Sect. 7 we obtain uniform bounds on the Riesz means of the eigenvalues
using the fact that for bounded open sets with Lipschitz boundaries we have ¢/** \x ca €
D(H).

We close this introduction with some remarks comparing the logarithmic Laplacian
H = %L A with the spectral-theoretic logarithm log(—A p) of the Dirichlet Laplacian
— A p on abounded Lipschitz domain €2 with form domain HO1 (R2). Clearly, the eigen-
values of log(—A p) are merely given as log A,?(Q), where X,?(Q), k € N denote the
Dirichlet eigenvalues of —A on Q. Comparing these eigenvalues with the eigenvalues
Mk (R2) of H, we note that

1
() < z1og,\,f’(sz) for ke N.

Indeed, this follows by combining [17, Theorem 5] with [8, Theorem 1.1(i)]. On the
other hand, as we shall see in Corollary 6.2 below, the Weyl asymptotics of A4 (£2)
as k — oo are, up to first order, the same as those for %log A,? (£2), the latter being
a consequence of Weyl’s classical result for the Dirichlet Laplacian. We also stress
the obvious fact that the eigenfunctions of log(—Ap) are the same as those of the
Dirichlet Laplacian, while those of H = %L A differ significantly due to a much
weaker boundary regularity.
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2 Preliminaries and basic properties of eigenvalues

As before, let (-, -);o¢ denote the quadratic form defined in (1.1), and let, for an open
set @ C R?, H(2) denote the closure of C ©°(2) with respect to the norm || - || . defined
in (1.2).

Lemma2.1 Ler Q@ C R? be an open set of finite measure. Then (-, log defines a
closed, symmetric and semibounded quadratic form with domain H(Q) C L*(S).

Proof Obviously, the form (-, -);o, is symmetric. For functions ¢ € CZ°(£2), we have

@n)?llel3 = 1213 < llel:. @1
Moreover, with c¢| := log(e 4+ 2) + sup loi&;” we have

lpllE _ ~p2 o
<1915 + In|]1@()| d&
1 &]>2
< ) (lel3 + (9. ©)iog) — fs o HEGIES
=<
< (11913 + (@, 9iog) + 101 1] 115,00, 19115 (2.2)
while
121% < llel} < 121 lel3. (2.3)
Consequently,
loll? 190 11 1] L1 gy 0
(0 0o = = | 1+ L 2O 113 2.4)
(Lo R LN e 1ol
= ‘1 (27T)d @ 2

In particular, (¢, ¢);04 is semibounded. Moreover, it follows from (2.4) and the com-
pleteness of (H(£2), || - [|«) that the form (¢, ¢);0e is closed on H(£2). O

Lemma 2.2 Let Q@ C R? be an open set of finite measure. Then

(@) — ()’
0 > llgls, = / / = dxdy 2.5)
h—yl<t  |lx =yl
defines an equivalent norm to the norm || - || defined in (1.2) on C2°(S2).

Proof Let ¢ € C°(2). By [7, Lemma 2.7], we have

lell2 < callellsx  with aconstant ¢ > 0 independent of ¢. (2.6)



Spectral properties of the logarithmic Laplacian Page50f24 133

In particular, || - ||+ defines a norm on C2°(£2). Next we note that, by [5, Theorem
1.1(ii) and Eq. (3.1)],

1 .
@, Pliog = 5 / [Lag()lp(x) dx = allgl:, — / [j * ¢lpdx + Lalloll3

2 JRrd RA

with .,
= 20(d/2) 1
Kai=——")p—— L= log2 + 3 W (d/2)—y) (2.7

and

JiRIN(O} > R, j(2) = 264 1pay g, ()12 ¢
Here ¢ = r is the Digamma function and y = —TI"(1) is the Euler-Mascheroni

constant. Consequently, we have

< il li@l} + callel}

= (Iillocl2l + &) 13- 28)

(@, D)iog — kall@l2,

As a consequence of (2.1) and (2.8), we find that

1
1912, = —[@. 0ios + (1 loe12 +2) g 13]

1
< 1 ] 0o | €2 ) 2,
< Gy (1 1121+ )l

Moreover, by (2.2), (2.3), (2.6) and (2.8) we have

el
= @0 (Il + @ 0rog) + 1+ 1] 11 s 0121
< @) (kallol, + (1+ 17 lool R0+ €a)I913) + |01+ 1] 11y 0 12U N1

2
= csllellix

with ¢3 = (27) kg + 2[ @) (14 [1llool 21+ a) + [In [ - 1] 15,0, |€21]- Hence
the norms || - ||s and || - ||« are equivalent on C2°(2). O

Corollary 2.3 Let Q@ C R? be an open set of finite measure. Then the embedding
H(Q) < L2(RQ) is compact.

Proof Let H(2) be defined as the space of functions ¢ € L?(R?) with ¢ = 0 on

R? \ Q and
2
// (p(x) —p(y)) dxdy < 0o,
r—y|<1 =yl
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By [10, Theorem 1.2], the Hilbert space (H:]I(Q), I - [lxx) is compactly embedded in
L%(Q). Since, by Lemma 2.2, the norms || - ||+ and || - ||+« are equivalent on CX (),

the space H(£2) is embedded in H(Q). Hence the claim follows. O

Corollary 2.4 Let Q@ C RY be a bounded open set with Lipschitz boundary.

(i) The space H(R) is equivalently given as the set of functions ¢ € L*(RY) with
¢ =00nRY\ Qand

2
f/ ) —9O)” dy < oo, 2.9)
lx—yl=<I

eyl

(ii) H(S2) contains the characteristic function 1 of Q2 and also the restrictions of
exponentials x — 1g(x) ¢*¢, & € R,

Proof (i) Let, as in the proof of Corollary 2.3, H(S2) be the space of functions ¢ €
L2(RY) with ¢ = 0 on R? \ © and with (2.9), endowed with the norm | - || . Since
Q c R? be a bounded open set with Lipschitz boundary, it follows from [5, Theorem
3.1] that CSO(Q) C H(Q) is dense. Hence the claim follows from Lemma 2.2.

(i1) follows from (i) and a straightforward computation. O

Next we note an observation regarding the scaling properties of the eigenvalues
A ().

Lemma 2.5 Let @ C R be a bounded open set with Lipschitz boundary, and let
={Rx : x € Q}.
Then we have
M (RQ) = A () —log R forall k € N.

Proof Since CSO(Q) C H(L) is dense, it suffices to note that
(@R: PR)1og = (@, Piog — 10g R@lI72 gy for ¢ € COMRY (2.10)

with g € CP(RY) defined by pr(x) = R™%¢(%), whereas [[orll2qi, =
||§0||L2(Rd). Since
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we have

(@R, ¥R)log

_ 1 o
T @ /R log(€]) |gR(§)I* dE =

d
(2m)d

/ log([£]) [P(RE) P dé
]Rd

= G /R (1og(lgD) — log R) [(6) [ d& = (9. @)iog — log Rllg |32 g

as stated in (2.10). O

3 An upper trace bound

Throughout this section, we let 2 C RY denote an open set of finite measure. Let {¢y}
and {A;} be the orthonormal in L2(2) system of eigenfunctions and the eigenvalues
of the operator H respectively. In what follows we denote

r—t, if t <A,

A—1)y =
(3 =0+ {o, if 1> A

Then we have

Theorem 3.1 For the eigenvalues of the problem (1.3) and any ). € R we have

1
D =)y < Gy |1 1Bald ™ 3.1

k

where |By| is the measure of the unit ball in R.

Proof Extending the eigenfunction ¢ by zero outside 2 and using the Fourier trans-
form we find

D 0= =Y ok, 9x) — (Hor, 1))

k k

— 1 . . 5

T 2n) (2}{: /Rd (A —log(1&) |@r(&)] d$>+
: ~ 12

= 2 /R (& — log(&1))+ ; |Gk (£)]* d&.

Using that {¢;} is an orthonormal basis in L>(£2) and denoting er = e~ 18 we have

YIGE P =) lee, 00l = llezl 72, = 192,
k k
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and finally obtain

1
D0 =M = g 19 fR | O —log(I£D)

k

1
= Q d*/ 1 1) de.
Gt 12 [ og(l|™") d&

We complete the proof by computing the last integral. O

Let n > X and let us consider the function
1
V() = ——( — 1)+
n—A
Denote by x the step function

) = 1, if ¢t <A,
=00, 0 1>

and let
N =#k: A < A},

be the number of the eigenvalues below A of the operator H.
Then by using the previous statement we have

NG < n— Z(n — M)y < Q] e Byl d™".

1
n—r Q2r)d

Minimising the right hand side w.r.t. n we find n = A+ dl and thus obtain the following

Corollary 3.2 For the number N (1) of the eigenvalues of the operator H below X we
have

N < —— Q| |Byl. (3.2)

Q2n )d

4 A lower bound for 11(R)

In this section, we focus on lower bounds for the first eigenvalue A1 = A1(€2). From
Corollary 3.2, we readily deduce the following bound.

Theorem 4.1 Let Q C R? be an open set of finite measure. Then we have

1 Qn)d
() > = log ————. 4.1
1( )_d OgeISZIIBdI 4.1)
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@n)?

In particular, if |2| < 1B

then the operator H does not have negative eigenvalues.

Proof If A < (lllog %, then N(A) < 1 by (3.2), and therefore N(A) =
(27r

eIQIBal" o

Consequently, H does not have eigenvalues below & 7 log &=

Remark 1 Note that the inequalities (3.1), (3.2) and (4.1) hold for any open set 2 of
finite measure without any additional conditions on its boundary.

In the following, we wish to improve the bound given in Theorem 4.1 in low dimen-
sions d for open boundary sets with Lipschitz boundary. We shall use the following

Faber-Krahn type inequality.

Theorem 4.2 ([5, Corollary 1.6]) Let p > 0. Among all bounded open sets Q2 with
Lipschitz boundary and |2| = p, the ball B = B, (0) with |B| = p minimizes 11 (S2).

Corollary 4.3 For every open bounded sets Q2 with Lipschitz boundary we have

1 | B4
A(2) > A1 (B, —log — 4.2
1(€2) 1( d)+d og il 4.2)

and equality holds if Q2 is a ball.

Proof The result follows by combining Theorem 4.2 with the identity
1
M (Br(0)) = A1 (Bg) +log—  for r >0,
r

which follows from the scaling property of A1 noted in Lemma 2.5. O

Corollary 4.3 gives a sharp lower bound, but it contains the unknown quantity
M1(Bg). By Theorem 4.1, we have

1 Qmn)? 1
A (By) > dlog |Bd|2=10g(2n)_3(1+210g|3d|)
2 T (d/2)+1 24 21l ] (4.3)
= — 10 (0] —1l0g — — —. .
d ¢ S R S

The following theorem improves this lower bound in low dimensions d > 2.

Theorem 4.4 Ford > 2, we have

24+ By2(d +2)%
d(2m)2d

M (Bg) > log(2vd + 2) — 4.4)
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Proof Letu € L?(By) be radial with |ju|| 72 = 1. Then u is also radial, and

d
2

[@(@)| = [a(s)| = s'~

4 1 1/2 1 1/2
< si=2 (/ rdiluz(r) dr) (/ rJiil(sr) dr)
0 0 2

(-4 s 1/2
- <S—2/ fjg_l(r)dr>
541 0

1
/ u(r)Jg_l(rs)r%dr
0 2

Consequently,
s
s aEP <57 [ er @ar.
0 -

In the case where, in addition, u is a radial eigenfunction of (1.3) corresponding to X
in Q = By, it follows that, for every A € R,

(2ﬂ)d[?»—/\1]=/ ( — In [ED[E ()] dE 5/ O —In [E]) 4 [0 (€) [ d&
R R

o0 (-1 s
- |Sd—1|/ s4T = Ins) 4 @) 2 ds 5/ ﬂ/w; () dtds
0 0 0 27

)
oo o0 )\’_1 L')L e)‘ A’_l
=/ ri_l(r)/ ﬂdsdrzf rJﬁ_l(r)/ S dsdr
0 2 T s 0 2 T

N

A A

e A e A—=Int
=/ TJ? (@ (A—s)dsdr:/ tJ? 1(z)/ sdsdt
0 27 Int 0 27 0

1»'\ 2 pl

¢ 2 e
= EA ‘L’Jé_l(l')()»—ln‘[) dt = 7 A rJé_l(eAt)lnzfd‘[_

We now use the following estimate for Bessel functions of the first kind:

v

X
Jy(x) < —2VF(V T

for v>+3-20<x<2/20+2). (45)

A proof of this elementary estimate is given in the Appendix. We wish to apply (4.5)
with v = ¢ — 1. This gives

d-2 2 2 ,dr
d T _ d |Bd| e d—2

zd—ZFZ(%) - (271’)d for 7 €[0,1]

62)‘]3 l(r()ekr) <e
-
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ifd >2and ¢* <2d +2,ie.,if

d>2 and A <log(2vd +2). (4.6)

d

Here we used that |B;| = %%. Consequently, if (4.6) holds, we find that

2 2 dx pl
B
(Zn)d[A — A1l < M/ 71 lnz‘td‘t,
0

- Q@n)M
where
1 1 1
2 2 2
/ 4" n? rdr = ——/ ¥ Untdr = —/ gy = =
0 d Jo d? Jy d3
Hence
2|Bal* 4 . 2|Bal* 4
20) A — ] < . oie, A > A — ——4 et
@O =Ml = Gagya® s be Mz A= g

Inserting the value A = log(2+/d + 2) from (4.6), we deduce that

24+ By 2(d +2)%
d(2m)X ’

A=A (Bg) > log(2vd + 2) —

as claimed. |

Remark 2 1t seems instructive to compare the lower bounds given in (4.3) and (4.4)
with other bounds obtained from spectral estimates which are already available in the
literature. We first mention Beckner’s logarithmic estimate of uncertainty [2, Theorem
1], which implies that!

2
(9. 9)iog = /Rd [1// (d/4) + log m} o’ ()dx = [¥ (d/4) +log2] g3

for functions ¢ € C2°(By) and therefore
M (Bg) = ¥ (d/4) + log2. 4.7

Here, as before, v = 1% denotes the Digamma function. Next we state a further lower
bound for (¢, ¢);0g Which follows from [5, Proposition 3.2 and Lemma 4.11]. We
have

(@ ¥liog = Lallplls  for ¢ € CX(Ba), (4.8)

! We note here that a different definition of Fourier transform is used in [2] and therefore the inequality
looks slightly different
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where ¢4 is given in (2.7), i.e.,

EN
1
- ——— d odd,
. v+ k; % —1 ©
C=log2+ 2 (W(d/2) —y) =
=N
1
log2 — - .
og y + Z = d even
k=1
Inequality (4.8) implies that
A (Ba) = &a. 4.9)

The latter inequality can also be derived from a lower bound of Bafiuelos and Kulczycki
for the first Dirichlet eigenvalue A (Bg) of the fractional Laplacian (—A)*/2 in By.
In [1, Corollary 2.2], it is proved that

LD+ $)r (e

AY (B 2

for a € (0,2).

Combining this inequality with the characterization of A1 (By) given in [5, Theorem
1.5], we deduce that

o TA+ DI

AY(Bg) — 1
M (Bg) = lim & > = La,

d
a—0F o = dala=0 r(%)

as stated in (4.9).

We briefly comment on the quality of the lower bounds obtained here in low and
high dimensions. In low dimensions d > 2, (4.4) is better than the bounds (4.3), (4.7)
and (4.9). In dimension d = 1 where the bound (4.4) is not available, the bound (4.3)
yields the best value. The following table shows numerical values of the bounds b1 (d),
ba(d), b3(d) resp. bs(d) given by (4.3), (4.4), (4.7), (4.9), respectively.

d 1 2 3 4 5 6 7 8 9 10

bid) —-0,55 0,19 0,55 0 0,97 1,12 1,25 1,36 1,46 1,55
by (d) / 1,28 1,48 1,59 1,67 1,73 1,79 1,84 1,89 1,94
b3 (d) —3.53 -1,27 -0,39 0,12 0,47 0,73 0,94 1,12 1,27 1,40
bg(d) —0,58 0,12 0,42 0,62 0,76 0,87 0,96 1,03 1,10 1,16

To compare the bounds in high dimensions, we consider the asymptotics asd — oo.
Since w =logt — 1+ o(t) ast — oo, the bound (4.3) yields

M(Bg) = logd —14+0(1) as d— oo, (4.10)
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whereas (4.4) obviously gives
A(Bg) > log/d+2+1log2+o0(1) as d — oo, 4.11)
Moreover, from (4.7) and the fact that
Y(t) =logt +o(l) as t— oo, 4.12)
we deduce that
M (Bg) > logd —log2 +o0(1) as d — oo, (4.13)

Finally, (4.8) and (4.12) yield
21(By) > log Vd + log2 — % Yo(l) as d— oo (4.14)

So (4.13) provides the best asymptotic bound as d — oo.
Numerical computations indicate that the bound (4.4) is better than the other bounds
for 2 < d <21, and (4.7) is the best among these bounds for d > 22.

5 An asymptotic lower trace bound

Throughout this section, we let 2 C R? denote an open set of finite measure. In
this section we prove the following asymptotic lower bound. A similar statement was
obtained in [9] for the Dirichlet boundary problem for a fractional Laplacian.

Theorem 5.1 For the eigenvalues of the problem (1.3) and any ) € R we have

A—00

1
.. —dr —1
liminf e Ek ()\. — )\.k)+ > (27)11 |Q| |Bd| d . (51)

Proof Let us fix § > 0 and consider
Qs = {x € Q: dist(x, R\ Q) > §}.

Since § is arbitrary it suffices to show the lower bound (5.1), where €2 is replaced by
Qs. Let g € Cf° (R?) be a real-valued even function, ||g|| 12(rdy = 1 with support in

(x eR?: |x| <8/2).For& e R? and x € Qs we introduce the “coherent state”

—iéx

e y(x) = e "rgx — ).

Note that [lez y || 2(rey = 1. Using the properties of coherent states [15, Theorem 12.8]

we obtain

1
zk:()» — M)+ = W A&d /;25 (eg,y, (A — H)+€£,y)L2(Q) dyds.
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Since r — (A—1)4 is convex then applying Jensen’s inequality to the spectral measure
of H we obtain

1
(A — Ap) 2—/ / A— (Heg,y, esy)2 dydég. 5.2)
; + (n)d i Qa( &y €6y)L (sz))+
Next we consider the quadratic form

1 () (11—
(Heé,y’eé,y)Lz(Q)=W Ad‘/;z‘/s;e’(x 2)(n S)g(x—y)g(z—y)log(lnl)dzdxdn

1 .
= —(27'[)‘1 /Rd/ / el(x—Z)Pg(x —y)g(z — y)log(|€ — p|) dzdxdp

d/ // =20 g (x—y)g(z—y) (log |£|+log (|€ —pl| /|€])) dzdxdp
~ @) Jpa
=log|&| + R(y, §).

Since g € Cgo (Rd) we have for any M > 0

R(y,&‘)

(27.[)@’ ‘éd/ / i(x— y)/)g(x —y)el(\ Z)pg(z_y) 10g(|§ p|/|$|) dzdxdp

=/ 121* log (1& — ol /1€ dpsch (1+1phMlog (1€ — pl /IE]) dp
R4 R4
<Cclgl™n

Therefore from (5.2) we find

> = a4 = @m) ) /Rd<x—log|s|—0|s|—‘>+ds. (5.3)
k

Let us redefine the spectral parameter A = In . Then introducing polar coordinates
we find

/(A—log|$|—C|sr1>+de=]sd—I]/°°<1nﬁ_9> A1,

0 roorj),

=pn! Sd 1‘/ (n———) ri=ldr. (5.4)
+

The expression in the latter integral is positive if —r In# > C~!. The function —r In r
is concave.
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Its maximum is achieved at » = 1/e at the value 1/e. The equation —r Inr = Cu ™!

has two solutions r;(u) and rp(w) such that i () — 0 and () — 1 as u — oo.
Therefore

*/ 1 C nw 1 C
f (ln— — —) i 1ar > / <ln - — —) i 1ar
0 N r1(w) roopr

ra(w) C dil ra2(p) L g 1

1 d
=——r%Inr + —r —
nw  pud+1) a2 lnw  d?

d

ri(p)

Putting together (5.3), (5.4) and (5.5) and using u = e* we obtain

lim inf e~%* Z(x — )y > |Qs] |Bgld ™"

A— 00
k

@2n)?

Since § > 0 is arbitrary we complete the proof of Theorem 5.1. O

6 Weyl asymptotics

Throughout this section, we let 2 C R denote an open set of finite measure. Com-
bining Theorems 3.1 and 5.1 we have

Theorem 6.1 The Riesz means of the eigenvalues of the Dirichlet boundary value
problem (1.3) satisfy the following asymptotic formula

1
: dx 1
lim e E A=)+ = —(2 X |2 |Bgld™ . (6.1)

A—00
k

As a corollary we can obtain asymptotics of the number of the eigenvalues of the
operator H.
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Corollary 6.2 The number of the eigenvalues N (A) of the Dirichlet boundary value
problem (1.3) below A satisfies the following asymptotic formula

1
lim e N(L) = —— || |By|. 6.2
Jim e NGy = o 191 1Bdl (62)

Proof In order to prove (6.2) we use two simple inequalities. If 2 > 0, then

A+h =2+ — A — A+
h

> 1(—o0,1) (X&) (6.3)

and
A =2+ — A —h— )+

h
The inequality (6.3) implies, together with Theorems 3.1 and 5.1, that

< 1(—00,2)(Ak) (6.4)

Ad+h =)y —(A—2X
lim supef‘MN()\) < lim sup e Z A+ B+~ ( K+

r— 00 A— 00 X h

1
= [edh lim sup e ~4*+M) Xk:(x +h =)y — lim inf e~ Z(x — Ak)+]

A—00 k

dh _
_ 1S21Bal e 1

forevery h >0

~— dQmn)d h
and thus "
Q|| B, —1 Q| |B
1imsupe*“1v(,\)g| 1Bal i € _ 19@l1Ba| (6.5)
00 dQm)d hso+  h 2m)d

Moreover, (6.3) implies, together with Theorems 3.1 and 5.1, that

(A—h— X+
h

A—A —
liminf e"*N(3) > liminf e~} G = Ao+
L—00 A—>00 k

Lrany o _a —dh ; —d(i—h)
> Z[e 1&‘1“02“ Zk:(k —l)+ —e ll)frl)solépe Zk:(k —h— Ak)+]
_ 1€lBd] 1—edh
= denyd  h

forevery h >0

and therefore

Q||B 1—e " 1Q||B
liminf e N (1) > S2lBal -y, e ™ _ 1918l (6.6)
A—>00 d(le’)d h—07F h (Zﬂ)d
The claim follows by combining (6.5) and (6.6). O

Remark 3 The proof of Corollary 6.2 is a version of a Tauberian type arguments that
is particularly simple due to properties of exponential functions.
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7 An exact lower trace bound

In this section we prove the following exact lower bound in the case of bounded open
sets with Lipschitz boundary.

Theorem7.1 Letr Q@ C R4, N > 2 be an open bounded set with Lipschitz boundary,
let T € (0, 1), and let

Cor = / (1 + o)™ log(1 + |pDITa(p)* dp, (1.1)

IQI(2 1Ql@2mr)d

where 1q denotes the indicator function of 2.
Forany L > 2Cq 1, we have

Ql|B
Y-y = '(2| ')d”;' (e — ac Car ™% — b €] 4720 — (@it 1)]
- ,

with a; := M and b, = 4dr.

Remark 4 1In the definition of Cq ;, we need t < 1, otherwise the integral might not
converge. In particular, if Q = By is the unit ball in R, we have

Ta(p) = @)% 1p1 72 Jg (oD

where Jq(r) = 0(\%) as r — oo. Hence the integral defining Cgq ; converges if
T < 1. A similar conclusion arises for cubes or rectangles, where

Ta(p) = fi(p1) - - - fa(pa)

and fj(s) = O(})as|s| > o0, j =1,....d.
On the other hand, if 2 c R¢ is an open bounded set with Lipschitz boundary, we

have
Cor<oo for 7€(0,1). (7.2)

Indeed, in this case, €2 has finite perimeter, i.e., 1q € BV(Rd ). Therefore, as noted
e.g. in [16, Theorem 2.14], 2 also has finite fractional perimeter

i 1 (Io(x) — la(y))?
Pr(sz)sz e — y| ¢ dedy:—// O dxdy
o JrRi\Q 2 ) g |x =y

for every t € (0, 1). Moreover, P;(2) coincides, up to a constant, with the integral

/mm@wﬁm
Rd
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which therefore is also finite for every t € (0, 1). Since moreover 1 and therefore
also 1q are functions in L>(R?) and for every ¢ > 0 there exists C; > 0 with

(1+ oD log(1 + o) < Ce(1 +[pI™**)  for p e RY,

it follows that (7.2) holds.
In the proof of Theorem 7.1, we will use the following elementary estimate.

Lemma?7.2 Forr >0,s > 0andt € (0, 1), we have

|
log (1 n f) < Zlog(14+7) if se(0,1) (1.3)
S S
and | .
log (1 n f) N T (7.4)
s st
In particular,

11
log(l—i—f)fmax{—,—r}(l—l—r)flog(l—i—r) for r,s> 0.
S s S

Remark 5 The obvious bound log(1 + %) < % will not be enough for our purposes.
We need an upper bound of the form g(s)h(r) where i grows less than linearly in 7.

ProofofLemma 7.2 Let first s € (0, 1). Since

1
1og(1+f)’ —0=-log(l+7r)
S r=0 S r=0

and, for every r > 0,

4, (1+’) b | 41 ot +1)
- 10 - )= =—-10 r),
dr J ) s+r = s+sr dr s J

inequality (7.3) follows. To see (7.4), we fix s > 1, and we note that

log (l + E)

Moreover, for 0 < r < s — 1, we have

0= a+nrt

r=0 sT

log(1 +r) .
r=0

d (1+r)t 1 4+ )]
—glog(l +r)= ;(1 + tlog(1 + 1))
dr s7 st
A+ 1 1 d r
- > - > = —1 1 -
= st s T s+r dr og( +s>’
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so the inequality holds for r < s — 1. If, on the other hand, r > s — 1, we have
obviously

(1+7r)°
s'[

tog (1+ g) <log(1+7) < log(1 + 7).

We may now complete the

Proof of Theorem 7.1 For & € R?, we define f; € L*(RY) by fz(x) = ﬁlge—”f .

Note that || fe || 2(gay = 1 forany § € R?. We write

1
E — E 2 _ § : ~ 2
- ()\4 — )\-k)+ - - ()\, — )\'k)—}- ||(Pk ||L2(Q) - (27T)d n ()\- - )\,k)+ ”‘pk”LZ(Rd)

L o P 2
= Gy S0 [ e e

12| / 2
= —— | D 0= r)4l(fe. i)l dE.
2m)® Jrd 7
Since Y [{fe, g} 1> = |l f ||L2 &) = = 1for £ € R?, Jensen’s inequality gives
k

Z(/\ M)+ = (2n )d/ ( Zl fe> on))? —Zm fer 1) >+d§
k

_ 19 B )

@) /Rd(k Xk:’\kH.fs,wk)I )+d§

1«
= W/Rd(x — (Hfe. fg))er’g‘. (1.5)

Here, since
iRl fetr— &) = / e ixE gy / e dx = To(n)
Q Q

for n, &€ € R?, we have
Q1C0)! (Hfe. fe) = |9|/Rd lognll fe () *dn = |9|/Rd log|n — &1z (1 — &)dn

=4 logln—%‘Ill/s\z(n)lzdnS/]R [log &] + Tog(1 + Inl/I€D] ITa(n)I* dn
1
&1 &1

= |Q|(2n)d(log|§|+max{a,w}CQ,,) for £ e RY, (1.6)

<log|s|/ [Ta(I dn + max { }/Rdﬂ+|n|)’(10g(1+|n|)lfs§(n)|2dn
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where Cgq ; is defined in (7.1). Here we used Lemma 7.2. Combining (7.5) and (7.6),
we get

el I
;u—xknzwfw(x—lom max{m E',}cgz,f)gs. a.7)

Let us redefine the spectral parameter A = log u again. Then we find

1
A —log|&| — max { } Cqor) d&
/Rd( HNSEE ’)+
d—1 * 11 d—1
= ‘S ‘ log— —max{—,—Cq. ) r* 'dr
0 r rort Ry
© 1 1]C
d )Sd_l‘ / (— logr — max { ; , —} Q’T) rdldr
0 I‘L 71’” r'[ Mt n

o 1C
> ,ud ‘Sd_l‘ /1 ( logr — — Q;) réar. (7.8)
i R
For the last inequality, we used the fact that m 11, < r1, forr > %
Next we note that the function r — f,(r) = —logr — - =%~ satisfies
fu@) <0 for r>1 and lim+ fu(r) = —o0. (7.9)
r—0

Moreover, this function has two zeros r{ (u), r2 () with 0 < ri(n) < ;% <rpu) <1
and

fu@) =0 ifandonlyif ri(u) <r <ry(u).
To see this, we write

CQ,‘L’

fulr) = —g(r) with g(s):—%logs—

and note that g is strictly concave since s +> g’(s) = —% —log s is strictly decreasing.
Consequently, g has at most two zeros, and the same is true for f. Combining this
with (7.9) and the fact that

fa/w) =logu —Cqr >0

since A > 2Cq > Cq ; by assumption, the claim above follows. From (7.8), we
thus obtain the lower bound

/Rd(k —log |&| — maX{|€| |;|T }CQ,,)JFdE
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r2(1) 1C
> pd ‘Sd‘l‘ / Clogr — — =27\ pd-lgy, (7.10)
1 rT MT n
n
Next, we claim that
%( 1_4IC§Lr _1)
r(p) = r3(p) =e™ 8 . (7.11)
41Cq ¢ 41Cq .+ . .
Here we note that s = g < I since A > 2Cq,; by assumption. To see

(7.11), we write

Car
r3(u) = e MH with H

4tC
(1=1= =),
n

noting that

tC
22—+ 1=0
u
and therefore
_uCarx cuCa.r 1 Car
(r3(u)) = fle m ) =-+L—% - — ’
f f Mr e__L_ uig,r MT
C _ cuCqr C c C
ZLT.L’C‘(CHE T nt _1)h2#(cu(l_ru—m)_l>:0
,-L-C“ Q.7 __ular M‘[
ute nt uie i

This proves (7.11). As a consequence of the inequality v1 —a > 1 — 5 — % for
0 <a <1, we also have

2
( CQ,r 4TCS'Z,I )
nt M2T

r(n) >e = ra ().

Consequently,

1 1
/]Rd (A —log |&] — max{g, W}Cg,r)_‘_ds

ra(p) 1C
> pd 8! /.1 (— logr — ——Q’t) r?lar
1 +

y rf MT
d

d led—1 r 1 d Ca.: P 100
= u? s [——1 L, <5 ]

" p 0gr+d2r ,uf(d—t)r ﬁ

d

_d |ed—1] (T_Tan) b a__ Car dfr:|
= [ ([ == Tograt + ) = i)

—d
5 Ly Co r f_d])
B Ead | e ,
[ Rt
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which implies that

1 1
/I;d (A —log|&| — max{|%_—|, |57}C§z,r>+d§

1 C w? 1
< ,d ‘Sd—l‘ (_ d _ Q.7 d-t _ loo 1 — — —d)
> dzm(u) —,(d_r)m(m g ogn— an
T 2 T 2
" ’Sd_l‘ (ied(cﬂrr+4 CQ,) ~ Ca.r ef(d r)(cszr 4C§[.r)
d? nid—1)
—d
I3 1 _d)
— = logu — — .
g logu =1
Since
CQ:{ 4TCQI 4 C
—d 2 C T
R
2 u
and
Co.r 47:CZT
—(d T)( ;?T + szi’ )Sl

we conclude that

/Rd<)\—log|§|—max{|;| |E|T}CQ T) d&

d—1
d |S i _ Ca: 4TCQ,T _ Ca- . —d
>u I (l d( P + 2 ) il —1) u (dlog,u+1))
_ |Bdl ( — Car(d— —) 4=t _447C3 _pud=2 — (dlogp + 1))
d d— T
B dd—1)—1
_ Bdl d”" (ef“ _dd-n -1 y _)T Cq,re“"* —4drCd 72" — (d + 1)).

Combining the last estimate with (7.7), we get the asserted lower bound.

8 Appendix: Note on a bound for Bessel functions

The following elementary bound might be known but seems hard to find in this form.

Lemma 8.1 Forv > V3 —=2and0 < x <242 +2) we have

v

X
[Jy(xX)]| < m
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Proof We use the representation

= () S e )"

For0 < x <242 +2)and m > 1, we have

m+1DC(m+v+2)

(%)2§(m+1)(m+v+1)=

'm+v+1)
and therefore
Fv+1) <X)2(’”+1> - Fv+1) (x)Zm &1
m+DIT(m+v+2) “m!Tm+v+1)\2 '

Consequently,

xV . (=D)"T(w+1) 2m xV
S(x) = 2”F(v+1)[ Z::mvr(m+v+1)<) ]Szvr(u+1)'

From (8.1) we also deduce that

102 sl o () Farern () “eresa ()]
X

xV 1 2
- 2vr(u+1)[1_ u+1f((§) )]

: . 2 3 .
with f : R — R givenby f(t) =t — 2(]f+2) + 6(v+2t)(v+3)' Since

2
t t 1 t

"t)y=1- , d "(t) = -1

F 72 T roery M S0=5050

we have

v+3 v+3 1v+3

"ty > ' H=1- =]l————>0 for teRifv>—1
F@Ozfv+3) b2 2wt 2) 2v42-" ty=

and therefore

(v +2)]? R+2)P 40 +2)?
20+2)  6(v+2)(+3)  3(v+3)

f@O=<f2rv+2)=2v+2) -
forr <2(v +2)if v > —1. Since 43((1;:23)) < v+1 forv > V3 - 2, we conclude that
v

X 1 X.\2 X
h) 2 ST 1)[1 /() )] = YTt )

v
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forv > V3 —2and0 < x <242 + 2). The claim thus follows. O
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