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Abstract

We establish weighted LP-Fourier extension estimates for O(N — k) X O(k)-invariant func-
tions defined on the unit sphere S¥~!, allowing for exponents p below the Stein-Tomas
critical exponent 2(N—_+1) Moreover, in the more general setting of an arbitrary closed sub-
group G C O(N) and G-invariant functions, we study the implications of weighted Fourier
extension estimates with regard to boundedness and nonvanishing properties of the corre-
sponding weighted Helmholtz resolvent operator. Finally, we use these properties to derive
new existence results for G-invariant solutions to the nonlinear Helmholtz equation

—Au—u=0|ulP?u, ue W*RY),

where Q is a nonnegative bounded and G-invariant weight function.

1 Introduction

Starting with the pioneering work of Stein (cf. [11]), Tomas [15] and Strichartz [13], Fou-
rier restriction and extension estimates have been receiving extensive attention due to their
various applications, especially to partial differential equations. For an overview on classi-
cal results and recent progress, we refer the reader to e.g. [5, 12, 14]. In its classical form,
the famous Fourier extension theorem of Stein and Tomas (see e.g. [12, §8: Corollary 5.4])
states that the inverse Fourier transform F of F € L*(SV~!) given by

F(0) =@t / ¢ F(w) do (o)

SN-1

belongs to LI(RY) for N > 2 if g > % and that
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I1E oy < CIF Nl 2svony (1.1)

with a constant C > 0 depending only on g and N. Here S¥~! denotes the (N — 1)—dimen-
sional sphere in R" and do the induced Lebesgue measure on S¥~!. Due to the Knapp exam-
ple given by a characteristic function of a small spherical cap in S¥~, this range of exponents
is known to be sharp for arbitrary functions; see e.g [14, Chapter 4]. On the other hand, it
is a natural question whether the range of exponents can be improved both by considering
weighted L9-norms and by restricting to functions having additional symmetries. A well-
known and classical observation in this context yields that case (1.1) holds for g > —1 and
radial (and thus constant) functions F € L>(SN~!); see e.g. [12, §8: Proposition 5.1].

In the present paper, we analyse this question for more general symmetries with respect
to closed subgroups of O(N).

For this, we introduce the following definition.

Definition 1.1 Let ¢ > 1, let G C O(N) be closed subgroup, and let Q : RY — C be a
measurable function. We call (G, ¢, Q) an admissible extension triple if there exists a con-
stant C > 0 with

||QF Loy < CNEN 2sv-1y for every G-invariant function F € L*(SV™1). (1.2)

Here and in the following, a function F € L>(SV~!)is called G-invariant if F(A8) = F(6)
for every 8 € SV~!, A € G. By the remarks above, ({id}, g, 1) is an admissible extension
triple if g > % and (O(N), g, 1) is an admissible extension triple if ¢ > % As a fur-

ther specific example, we mention the subgroup O(N — 1) = O(N — 1) X {idg} C O(N)
which corresponds to axial symmetry with respect to a fixed axis in R". Since a charac-
teristic function of a small spherical cap in S¥~'—as considered in Knapp’s example men-
tioned above—is axially symmetric, the range for ¢ with (O(N — 1), ¢, 1) being an admis-
sible extension triple cannot be extended beyond the value =— 24

If, on the other hand, we consider weight functions Q € L*([RN ) for suitable s < oo; then,
the range of exponents giving rise to admissible extension triples can be readily extended
by applying Holder’s inequality to the LHS of (1.2). In particular, this yields that
({id}, g, Q) is an admissible extension triple if Q € L*(RY) for some s € [I,00) and

q> max{ 2s(V+D) ,1}. Moreover, (O(N), g, Q) is an admissible extension triple if

2(N+1)s(N=-1)
0 € LS(RN) for some s € [1, 00) and g > max{%, }

In the present paper, we are interested in weight functions Q € L*(R"), where Holder’s
inequality does not yield an extended range of admissible exponents. The main aims of the
paper are the following. First, we wish to detect a class of admissible extension triples cor-
responding to nontrivial subgroups of O() and corresponding to functions Q € L®(R")
which are not s-integrable for any s < oo. Second, starting from a range of admissible
extension triples (G, g, Q), we wish to derive selfdual (Ll’/,LI’ )-estimates for the restriction
of mappings of the form

[ Rof 1= 0QR(Qf)

to G-invariant functions in the Schwartz space S of rapidly decreasing functions in R".
Here R denotes the standard Helmholtz resolvent defined by Rf = ® * f, where

D(x) = i(znm)zz H“1(|x|> forx € RV\{0}, (1.3)
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is the fundamental solution of the Helmholtz operator associated with Sommerfeld’s out-
going radiation condition 0,u(x) —iu(x) = o(|x| 2 ), as |x| — co. Here H(N]_)2 denotes the

2
Hankel function of the first kind of order % Moreover, we wish to derive corresponding
nonvanishing results in the spirit of [3, Theorem 3.1]. Finally, we wish to deduce existence
results for real-valued G-invariant solutions of nonlinear Helmholtz equations of the form

—Au—u=0Wul"u, ue WHRM). (1.4)
With regard to our first aim, we focus our attention to the subgroups
G, :=OWN —k)x O(k) c ON) fork=1,...,N—-1. (1.5)
Moreover, we consider weight functions of the form Q, = 1, for the set
L, = {x=0"Px0) e RYF xR 1 xV9) <alx®)77}, (1.6)

where a > 0 is an arbitrary fixed number and @ > 0. Since |L,| = oo, we have Q, & L*(R")
forany a > 0, s < oo.

Theorem 1.1 Let N >3, k € {1,....N -1}, let « > 0, and let Q, = 1, with L, given in
(1.6). Moreover, suppose that

a> 1 ifk=1, a<N-1 ifk=N-1, (1.7)
and let
2AN-1)-2 .
N ) ifk=1;
2AN—k)—Z
ANga ‘=9 max (1;_;_1" , Zk_i“_(iv_k) }, if2<k<N-2; (1.8)
et ifk=N-—1.

N-2
Then (Gy, q, Q,) is an admissible extension triple for every q > Ay o

We note that, in Theorem 2.2, we shall in fact prove a generalization of this result for char-
acteristic functions of sets of the form L, ; := {x € R : [xV"0| < amax{|x® |, [x®|7}}
with @ > f > 0. Regarding Theorem 1.1, we note in particular that Ay, , = 0 fora = —, so
(Gy, ¢, Q,) 1s an admissible extension triple for every ¢ > 11in this case if also (1.7) is satisfied.
More generally, the latter property holds if & € ( kil 2% ), since then we have 4y, , < L

2N—k) N—k+1
Comparing with the classical Stein—Tomas exponent, we have 4y , < % if

N-1 N+1-2k
k< A€l ————, or
<(N—k)(N—l) )

N-1 N+1 N+1-2k k(N —-1)
<k< s , or
2 2 N=-KIN-1)2k-=(N-1)
N+1 kN -1)
> — 7 ).
kz == “E<O’2k—(N—1))
(see Fig. 1).
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2k—2a(N—k)

2(N+1) |
N—1

2(N—k)—2%&
N—k—1

Fig. 1 Admissible values of g for N = 6 and k = 2 depending on a

The main part of the proof of this theorem consists in a detailed asymptotic study of
one-dimensional integrals which arise after integrating along the orbits of G,. Here, the
well-known bound

ldo,)| < CA + )T, xeRE

for the Fourier transform of the standard measure do, on S¥~! will play a key role (see e.g.
[12, §8: Theorem 3.1]).

We also remark that if (G, ¢, Q) is an admissible extension triple and Q' : RY — Cis a
measurable function with |Q’| < |Q]in RY, then, by definition, (G, ¢, Q') is also an admis-
sible extension triple. Consequently, the statement of Theorem 1.1 extends to functions
0 € L>RY) with |Q| < T, inR" for some ¢ > 0.

Next we state our main result on (I, L”)-Helmholtz resolvent estimates for G-invariant
functions. Here and in the following, for r € [1, o], we let LE(RN ) denotes the closed sub-
space of G-invariant functions in L"(RM).

Theorem 1.2 Let N > 3, let G C O(N) be a closed subgroup, let Q € L;"(RN), and let
q €1, %] be such that (G, q, Q) is an admissible extension triple. Then for every

N 2 2N i
pE <N_1 pl N—Z] there exists a constant C > 0 such that

”RQ(f)”U <Cllfll,y  forevery f € Sg. (1.9)

Here and in the following, S; C S denotes the subspace of G-invariant functions in the
Schwartz space S.

@ Springer



Fourier extension estimates for symmetric functions and... 2427

Our proof of Theorem 1.2 is based on the strategy used in [7] and [8]; see also [3]. We
recall that a selfdual estimate of the form (1.9) has been proved in [8] for the Helmholtz
resolvent R in place of R, in the range of exponents p € [=-— AN+ | 2N ——1, while correspond-
ing non-selfdual estimates were obtained in [7]. Clearly, these already available (L", L*)
-estimates for R extend, by approximation, to the weighted resolvent R, in the case where
0 € L®(R"). Theorem 1.2 complements the selfdual estimate in [8], for Ry and G-invari-
ant functions, in the case where (G, g, Q) is an admissible extension triple for some

q< Z(NH) , which is equivalent to the inequality NNI 2;’2 < Z(NH) . In fact, we will prove a

non- selfdual generalization of Theorem 1.2 in Theorem 3.1.

Under the assumptions of Theorem 1.2, it follows, by density, that the weighted resol-
vent R, extends to a bounded linear operator Lp (RV) — L7.(RY). In our next result, we
state that, under the same assumptions, a nonvamshlng property in the spirit of [3, Theo-
rem 3.1] holds.

s

Theorem 1.3 Let N > 3, let G C O(N) be a closed subgroup, let Q € L"°([RN), and let

q € [1 2§flv+11)] be such that (G, q, Q) is an admissible extension triple. Moreover, let

<2Nﬂ 2N

P (N .
N q+2’1v—2]' Then for every bounded sequence (v,), C L;(R") satisfying

pE

lim sup / v, Ro(v,)dx| > 0, there exist—after passing to a subsequence—numbers

n—oo RN

R,¢ > 0and a sequence of points (x,),eny C RY with

/ |Qv,@)|P dx > ¢, forall n.

Bp(x,)

Z(N“) , this

In the special (non-symmetric) case G = {id},Q = 1, ¢ theorem reduces to

[3, Theorem 3.1]. Here we note that =— N 29 _ 2N+D) if g
N-1g+2 ~ N-1

the proof of Theorem 1.3 is inspired by [3, Theorem 3.1]. However, additional difficulties,
related to the fact that the multiplication with Q € L*(R") does not map & into itself, lead
to a somewhat more involved argument.

Theorems 1.2 and 1.3 are useful in the study of real-valued G-invariant solutions of the
nonlinear Helmholtz equation (1.4) with a real-valued weight function Q € Lg"([RN ), where
G C O(N) is a given closed subgroup. In the following, we focus on dual bound state solu-
tions, which arise as solutions u € LP(R") of the integral equation u = R (Q|u|”‘2u), where
R is the real part of the resolvent operator R; see Sect. 5 for details. Our first main result in
this context is the following.

2(N+1) . The general strategy of

Theorem 1.4 Let N > 3, let G C O(N) be a closed subgroup, and let Q € Lg"(IRN) be a
real-valued nonnegative function with Q # 0 and with the property that

Q18,0 = O as |x| — oo for some R > 0. (1.10)

2(N+1) 2N 2 2N ;
Moreover, let g € [1 N } andlet p € <max{N T2’ 2}, N_2>be such that (G, q, Q")

is an admissible extension triple. Then (1.4) admits a nontrivial G-invariant dual bound
state solution.
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2428 T. Weth, T. Yesil

We recall that, by the Stein—-Tomas inequality, (G, g, Q') is an admissible extension tri-

2(N+1)

ple for g = and every closed subgroup G C O(N) and every Q' € L*(R"). Recalling

2N 2¢ _ 2N+D) .

moreover that =—
N-1g+2 —  N-1

Theorem 1.4.

in this case, we readily deduce the following corollary of

Corollary 1.5 Let N > 3, let G C O(N) be a closed subgroup, and let Q € L?(RN) be a

nonnegative function satisfying Q # 0 and (1.10). Then (1.4) admits a nontrivial G-invari-

ant dual bound state solution for every p € (z(lilwll) ﬂ)

This corollary applies in particular in the non-symmetric case G = {id}, but it requires
the asymptotic condition (1.10). On the other hand, in the case of special symmetries cor-
responding to the subgroups G, defined in (1.5), we may drop assumption (1.10), as the
following result shows.

Theorem 1.6 Let N >4, let k€ {2,...,N =2}, and let Q € La(RN) be a nonnegative

Junction with Q % 0. Then (1.4) admits a nontrivial Gy -invariant dual bound state solution
forevery p € (Z(NH) 2N =-—).
N-2
Finally, we point out that assumption (1.10) holds in particular for functions
0 € L®(R") satisfying | Q| < c]]L“ for some ¢, @ > 0, where L, is given in (1.6). Using this
fact, the following corollary can be deduced from Theorems 1.1 and 1.4.

Corollary 1.7 Let N > 3, let k € {1,...,N — 1}, and let « > 0. Moreover, let Q € Lg’k(RN)
be a nonnegative function with Q # 0 and satisfying |Q| < c1, for some ¢ > 0 with L,
given in (1.6). Then (1.4) admits a nontrivial G,-invariant dual bound state solution for all
P € (Uy o %) if one of the following holds:

(1) k=1land
N+1
2, Lo T
_ S Y3 o) Ll
ﬂN,l,a . AN(a(N=1)—1) o> N+1 ( : )
(N-D(2aN-3a-1)’ 3IN-1)
(i) k=N-1land
AN(N—1-a) 0 <a< 3(IN-1)
HyN-1q i=9 V-DeN-a=3) oy | NFLY (1.12)
2, Ll <a<N-1L

(i) 2<k<N-2and
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AN (k—a(N—K)) o < N+2k—-1
(N-1)(2k—1—-a(N—-k))’ - (N+ DN - k)’
. N4+2k—1 N+ Dk
Unia =13 2 YT < No1+20N -0’ (1.13)
AN(a(N—k)—k) o> (N + Dk
N=-D)Qa(N-k)—a—k)’ N—1+2(N—-k)

We point out that, in contrast to Corollary 1.5 and Theorem 1.6, Corollary 1.7 allows to
consider exponents p < 2(N__+11)

To put our existence results for (1.4) into perspective, we recall some previous results.
In [7], the existence of small complex solutions has been proved via the use of contraction
mappings in dimensions N = 3,4, p = 3 and Q = +1. A variant of this technique is devel-
oped in [9], where continua of small real-valued solutions of (1.4) are detected for a larger
class of nonlinearities. The dual variational approach to (1.4) was introduced in [3], where
the existence of nontrivial dual bound state solutions was proved for p € (%, 1%) and
for nonnegative weight functions Q € L®(R") \ {0} which are either ZN-periodic or sat-
isfy the uniform decay assumptions Q(x) — 0 as |x| = oo. Under additional restrictions on
0, this approach was extended to the Sobolev critical case p = % in [4]. Moreover, a dual
approach in Orlicz spaces was developed in [2] to treat more general nonlinearities in (1.4).
The defocusing case Q < 0 in (1.4) and radial solutions are considered in [10]. We are not
aware of any previous work where symmetries different from radial symmetry are used to
extend the range of admissible exponents to values below the Stein—Tomas exponent %
and to overcome lack of compactness issues in the context of (1.4).

The paper is organized as follows. In Sect. 2, we derive a Fourier extension estimate for
G,-invariant functions, where G, is defined in (1.5). In particular, we prove a generalization
of Theorem 1.1. In Sect. 3, we provide weighted Helmholtz resolvent estimates relative to
a given admissible extension triple, thereby giving the proof of Theorem 1.2. In Sect. 4,
we study related nonvanishing properties, and we give the proof of Theorem 1.3. Finally,
Sect. 5 is devoted to our main existence results for dual bound state solutions of (1.4).

We close this introduction by fixing some notation. Throughout the paper,
we denote by B,(x) the open ball in RY with radius > 0 and center at x. Moreo-
ver, we set B, = B,(0) and S¥~! for the boundary of B, =: B. The constant a, rep-
resents the volume of the unit ball B; in RY. For any element x € RV, we write
x = (VP x0) t= (g, v (g - X)) € RYE X RE. Moreover by B®, we
denote the unit ball in R¥. By 1, we denote the characteristic function of a measurable set
L c RY. Furthermore, we shall indifferently denote by ]/‘\ or F(f) the Fourier transform of a
function in R given by

7 -y —ix-
Ff@) =f() =(Q2r) = / e f(x) dx
RN
and by F, the inverse Fourier transform of an admissible functions F defined on S¥~! via

F.0)=Qa)? / ¢ F(w) do().

SN-1
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For 1 < 5 < co, we abbreviate the norm on L*(RY) by ||||,. The Schwartz class of rapidly

decreasing functions on R" is denoted by S. For any p € (1, o), we always denote by

p o= p%l the Holder conjugate of p.

2 Fourier extension estimates for G -invariant functions

We recall that, for a function F € L>(SV~!), we define the (inverse) Fourier transform of
Fdo by

I:"g(x) = (271')_% / € F(w) do(w).

SN-1

For F = 1 we use the notation
doy(r) = 27)"2 / ¢ do ()
SN-1

and will often omit the dimensional index if no confusion is possible. We point out that this
function satisfies the key uniform bound

ldoy@)| < CA+ x>,  xeRV. @.1)

with a constant C = C(N) > 0; see e.g. [12, §8: Theorem 3.1].

Fork € {1,...,N — 1}, we consider the closed subgroup G, = O(N — k) X O(k) C O(N).
We first derive a useful expression for F, in the case where F € C(SV~!) is G,-invariant.
Note that in this case F only depends on one variable r € [0, 1] via the function

he 1 [0,1] = R, hp(r) := Forn, V1 =r2y)  fornpe SV*1 ye st 2.2)

Lemma2.1 Letk € {1,...,N—1}and F € C(SN~") be G,-invariant. Then we have

1
k k=2 v ~
N“" / N1 = )T hp(r)doy_ (XY P)do (V1 = 2 ®) dr
N
0

F () = @2r)?

(2.3)
with hy, given in (2.2). Moreover,

F k Nl s
IF, 0] <)~ ——EOTD
Nay |SN=k=T||Sk-1]

=

X / A= 12T (doy_ (V) 2 1o (VT = r2x®)

0

forall x € RV,

Proof By using slice integration (see e.g. [1, A.5]), we have
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F(0) = @n)? / ¢ F(w) do (@)

SN-1
v kay 2,822 w-hy ix® /1= [y]2
=(27T)2N A=lyH=ze™ ¥ [ e e
a
NB(N—k) Sk-1

X F(y. VT=DPw) doy() dy_0)

1

= mf K / A=) / e / VI
N

ay
0

SN-k-1 Sk-1

X F(rn, 1- r2/4> do(u)doy_, () dr

1
v k - 5 5
= (2n) Na" / N = 12T hp(r)doy_ () ds (V1 = 2x®) dr
Ay
0

for all x € RY with A given in (2.2), as claimed in (2.3). In particular, we get

ka

1
F 0l < )% o [0 = 205 g 0] Ky a0 i (VT = )
ay
0

1

< am)} Ko / A1 = 2YS () dr

Nay
0
1 2
x / A1 =) T oy, (x| [do (V1 = r2x0) 2dr
0
v kay, 171l 21

)2 — ——
Nay | /|SN—+-T||Sk-1]

1
x / P =) oy YO 1oy (V1 = 2 P
0

For @ > f > 0 and fixed a > 0, we now consider the subset
Lypi={x= N0 x®y ¢ |xN 9| < g max {|x(k)|_“, |x(k)|_ﬂ}} C RN, 2.4)

a,

We shall prove the following generalization of Theorem 1.1.

Theorem 2.2 Let N > 3. Suppose we have a > >0, ke {l,...,N—-1}, Q0= ﬂan with
L, s given as in (1.6), and '
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2%
A 1= max 2k = 2N — k) 2(N_k)—; 2.5
Nhap == k=1 7 N-k-1 | @)
Suppose furthermore that g > land k € {1, ... ,N — 1} satisfy
B 1 2N-1-2
k=1, ﬁ>m al’ldq> 2
2<k<N-2, q> ANjap OF (2.6)
k=N-1, a<N-1, and g > 22

Then there exists a constant C = C(N, k, a, f§, a) with the property that

Jor

< ClF Nl 2 sy for every G,-invariant function F € C(SV™). .7
q

Proof We shall prove (2.7) under the additional assumption
g <4, (2.8)

noting that for any « > # > 0 and k € {1,...,N — 1}, the set of values ¢ satisfying (2.6)
and (2.8) is non-empty. Moreover, by interpolating with the trivial estimate

. < (Zﬂ)_N\/ |§N_1|”F”L2(§N“)’

we can remove the extra assumption (2.8) a posteriori.

In the following, the letter C stands for positive and possibly different constants depend-
ing only on N, k, a, f and a. Let F € C(SV~!) be a G,-invariant function. Without loss of
generality, we assume that || F'[| ;2 sy-1) = 1. Using Lemma 2.1, we can write

Jor.

Jor

‘q’= / I[QF, 1009 dx = / Q)|F, (x)|4 dx
IR’V IRN

1
gc/Q(x)/rW—k—”%a — )T 3oy (V)91 de, (V1 = r2x0)[9 dr dx
RN 0

1

=C / PS5 / O)|do y_ (rx™ )9 |de, (V1 = r2x0)|7 dx dr
0 RN
1

=c / PNRDIW0 (256D g (e,

0
(2.9)

where we have used that |Q|? = Q due to the special choice of Q as a characteristic func-
tion. In the last line, we have set

NI ) . NP
Hy(r) := / 0 , [doy_ V) d, ()] .
1=

Using the definition of Q and the estimate (2.1), we deduce that

RN
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mm=/&h®%w
[Rk

X / |d“6N_k(x(N —k))lq dx V=R g o
rrzarmn ()" (12))

sc/a+wmﬁ¥

Rk

1-(N—k)

X / a +|x(N—k)|)q 7 xR gy
o1\~ /1y \P
s { (2 2)°)
11 Ny
armax{( ];'2> ( ];") }
o0

= c/sk—1(1+s)‘%<k‘” / N+ 7V drds

0 0

Vi-r2 ar(1-2)2 57
=C / S+ )i 0D / N1+ 073D drds

0 0

] ar(l—rz)g s
+C / s 4 5)72®D / N1 4 7V g gy,
m 0
(2.10)

where the last equality follows since @ > f > 0 by assumption and therefore

—a B a
s s (1—r2)2s 0<s<V1-r%
max3 | —— | — = )
N NI (1 =r?)2s7h, s>V1-r2
Combining (2.9) and (2.10), we can estimate

Jor < (s +17)

with
1
10 = / PNHDINR (| 6D g0 dr fori= 1,2 (2.12)
0

and
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L ar(l—rz)g.v’ﬁ
H]il)(r) - / sk—1(1+s)—§(k—1) / rN—k—l(l_l_t)—%(N—k—l)dtds’
m 0
Vi ar(1-r?)% 57«
Hliz)(r) - / Sk—1(1+s)—g(k—1) / tzv—k—1(1+t)—g(1v—k—1)dtds.
0 0
‘We first estimate [ 11, and we note that
;) ar(l—rz)gs’ﬁ
H () < / sU=D6=D / N1 dy ds
Vit 0
™
< A1 = ) / SU=DU=D=PN=R) o o Nk — 2y 1= D5+
Vi

(2.13)

for 0 < r < 1. Here we used in the last step that (1 — ‘2—’)(k —1) — p(N — k) < —1 since by
(2.6) we have

incase k =1 and > w

1 .
f2<k<N-1.
N—1 9 k—1 hesks

B>

Combining (2.12) and (2.13), we conclude that
1 1
I]((l) < C/ r(N—k—l)g(] _ rz)g(k—z)—gm—g %Jr]idr _ C/ r(N—k—l)g(l _ r2)_%dr,
0 0

where the integral on the RHS is finite due to (2.8). As a consequence, I]((]) < C, with a
constant C;, = C;(N, k, ,a) > 0.

Next we consider 122), and we distinguish the following cases.

Case 1: g(N —k— 1) < 2(N — k).

In this case, we estimate as follows:

Vi-r2 ar(l—rz)%s’"
—k=1—=2(N—=k—
H]EZ)(V) < / Sk_l / tN k—1 2(N k—1) dr ds
0

0

2

1-r
< Crz\/—k—g(N—k—l)(1 _ rz)g(N—k)—gg(N—k—l) / Sk—l—a(N—k)+ag(N—k—1) ds
0
9 (N—k— k
=MD -2 forr e (0, 1),

Here we used in the last step thatk — 1 — a(N — k) + a%(N —k—1) > —1since by (2.6) we
have
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2N —k) — %
——— % incasek<N -1 and a<N-1 ifk=N-1.
N—-k-1

q>
We thus conclude that
1 1
12 = / pNADE-N=0() 256D gD 4 < € / (1= dr < 0.
0

0
(2.14)

We now consider

Case 2: g(N —k—1) > 2(N — k).

Inthis case, we chooses e ( SN —k~1)~ (N~ k), min { R S A S I k)} )
and we estimate as follows:

1-r2 ar(l—rZ)%s‘“
(2) k—1 —k—1 5—2(N—k—1)
H7(r) < / s / NN 4002 dtds
0 0

V1-r? ar(l—rz)%s“’

—k— — 4 (N—k—
< / sk—l / ZN k—14+6—3(N—k—1) dt ds

0 0

2

1-r
— — 9 (N—k— L(N=, Y I N—f— —1— — I(N=k—
< CVN k+6—7 (N—k l)(l _r2)2(N k+6)—35 5 (N—k=1) / Sk l—a(N=k+é)+a 3 (N—k—1) ds
0

_ CrN—k+5—§(N—k—l)(1 - r2)§ forr € (0, 1).

We thus conclude that
1 1
k
1= / PNV DS P dr < € / P =% dr < oo

0 0
(2.15)

Combining (2.14) and (2.15), we conclude that I](CZ) <C, with a constant
C, = C,(N,k,a,a) > 0.
Going back to (2.11), we deduce that

|loF.

<o + 0y,
q

where the constant on the RHS only depends on N, k, a, f and a. The proof is thus fin-
ished. O

We note that Theorem 1.1 is a direct consequence of Theorem 2.2, since the assump-

tions of Theorem 1.1 imply those of Theorem 2.2 in the case a = f.
Moreover, we have the following duality property.
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Lemma 2.3 Suppose that a closed subgroup G C O(N), g > 1, and Q € L(";"(RN) are given
with the property that (G, q, Q) is an admissible extension pair in the sense of Defini-
tion 1.1. Then there exists a constant C > 0 with

|27ls

L2(sN-1y = <ClIflly for every f € Sg.

In particular, this holds if G =G, and N,k,a,f,q and Q satisfy the assumptions of
Theorem 2.2.

Proof Let f € Sgand F := é\f|§N,l € L*(S1). Then we have

IFN 2 gvery = / OfF do = @) / / eMf(X)Q) dx F(9) do(6)
SNh-1

SN-1 RN

— / F@00 / () do(0) dx < 1l 10F I, < CIFIl I Fllzions

SNh-1

and therefore || F|[ ;2(s-1) < C||f |l ;> as claimed. a

3 Resolvent estimates for G-invariant functions

For N >3, the radial outgoing fundamental solution of the Helmholtz equation
—Au—u = §,inRY is given by

D(x) 1= —<2n|x|) 2 H“L(|x|> forx € RV\{0}, G.1)

where HSV{)Z denotes the Hankel function of the first kind of order NT_z For a function

-
f € S(RY) the convolution u :=® % f € C°(RY) is a solution of the inhomogeneous
Helmholtz equation —Au — u = f which satisfies the Sommerfeld outgoing radiation condi-
tion d,u(x) — iu(x) = 0(|x| ) as |x| - o0. Moreover, it is known (see [6]) that, in the
sense of tempered distributions, the Fourier transform of ® is given by
(&) = @) F S @m)7F !
=Q2r) 2———— =(Cx) 2 IIm ————.

|17 = (1 +i0) 0 &P = (1 +1ie) G2
As a consequence of a classical estimate of Kenig, Ruiz and Sogge (see [8, Theorem 2.3]),
the mapping f — @ * f for f € S(R") extends as a continuous linear operator

R : [P RY) > PRV

for 2(N +1) <p<L=— 2N . Moreover, non-selfdual (L", L” )-estimates for R were established by
Gut1errez in [7, Theorem 6]. The aim of this section is to establish a similar estimate for
the operator R, defined by Ry(f) :=f = O[® * (Of)], where G is a closed subgroup of
ON)andQ € LE‘;’(RN ) is a weight function. The main result of this section is the following
generalization of Theorem 1.2.
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Theorem 3.1 Let N > 3, let G C O(N) be a closed subgroup, let Q € Lg’(IRN), and let
q € [l, %] be such that (G, q, Q) is an admissible extension triple. Moreover, let

p,r € (1, o) satisfy

Suppose moreover that

and that
2 1_(N-Dg-2N-3 _1
WN-D2-qp 2NQ2 -q) r
< N-DC-91 + N = DIN - 1)g —2(N - 3)]
2q p 49N

if g < 2. Then there exists C > O such that
HRQf” < Clifll,y for all functions f € S;(RY).

Remark 3.2

(3.3)

34

(3.5)

(3.6)

(i) In the special case r=p, the assumptions of Theorem 3.1 reduce to

IN 2
p = 1 A ’
N-1 g+2° N-2

ﬂ} Hence Theorem 1.2 follows directly from Theorem 3.1.

(i) The assumption g € [1, %] implies that condition (3.3) covers the (nonempty)

condition =2 < L + 1 < Y= considered in [7, Theorem 6].
N P r N+1

(iii) Geometrically, the conditions (3.3), (3.4) and (3.5) can be formulated for the point
(117, %) to be contained in the trapezoid in (0, 1) X (0, 1) spanned by the points

(N—3 N—1> N-1N-1 (N—l N—3) and
2N ' 2N ) gN ~ 2N ) 2N~ 2N

N-1N-1
2N~ gN )’

with part of the boundary being excluded due to the fact that some of these inequali-
ties are strict (see Fig. 2). In the case g = 2, this trapezoid degenerates to a triangle.

In order to prove Theorem 3.1, we adapt the strategy of [7] and [8]; see also [3].
Throughout the remainder of this section, we fix a closed subgroup G C O(N) and
Qe L‘g(lRN ). We first note the following lemma which is a basic consequence of complex

interpolation.

Lemma3.3 Letrl < g < coand let p € S be a radial function. Suppose furthermore that

1Qlp * (Qw]ll, < CDlull, and

3.7
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Fig.2 Reflected Riesz diagrams for1 < g < 2 (left) and ¢ > 2 (right)

1Q[p * (Qw]ll,, < CD"™V||ul|, forall u € S(RY) (3.8)

with constants C, D > 0. Suppose furthermore that p,r € (1, ) satisfy

1 4,
—,ﬁ}, (3.9
pp

} and dq,2=max{%, } (3.10)

d
p T r 2 ¢q

d,; = min {

where

’

NSRS
LSRR S
ESHRS

Then we have

10Lp * (Qu]|l, < CD*wvallul|,, forall u € Sg(RY), (3.11)
with
2gN (1 1
=——(=-+=-)-WN-1.
rpa q+2<r +p> N-1D (3.12)

Proof Since p € S is radial, the convolution with p maps G-invariant functions to G-invari-
ant functions. Moreover, by assumption we have

/ VOIp * (Qu)ldx = / uQlp * (QV)Idx < [lull,1Q1p * @Il < CDlull I,
RN [RN

for all u,v € S;. By duality, we therefore have
10lp + (Qu]ll, < CD|lull,  forallu € S. (3.13)

Note that, by (3.9), the point (%, %) is contained in the closed symmetric triangle in R?
spanned by the points (é, %), (%, :;) and (0, 0). Hence we can write

1 1
_=£+_M, - =
r

+
p q 2

with Auz20, A+u<l. (3.14)

SIS
Q=
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Withy :=1— (4 + u), we thus have

1 A

_ H /'4 Y
——;4‘54‘

+_
(s

4 1_
1’ r

I\JI»

so complex interpolation of the inequalities (3.7), (3.8) and (3.13) gives
101p * (Qu)lll, < CD#7 Dy, = CD'"™|lull,  forallu € S (3.15)

Solving (3.14) yields A+ u = qiqz(l + i) and therefore y =1 — q+2<1 + ﬁ) Hence

(3.11) follows from (3.15). O

Next we decompose the fundamental solution @ as in [7] and [3]. For this, we fix
v € S(RY) such that iy € C7 is radial, 0 < W <landy = 1lfor||é| - 1] < 1, (&) =0 for
[1&] — 1] > . We then erte

O=0,+D, with &, =y D, O,=0-,.
Accordingly, we write
Ro=Ry+R;  with R,(f) 1= 0[P, *(QN], i=12
As shown in [3, Section 3], we have
&, <CA+x)F  forx e RY (3.16)
and
|®, ()| < Cmin{|x|*™, x|}  forx e RY\ {0}. (3.17)

In particular, by the Hardy Littlewood Sobolev inequality, we have the following.

Lemma 3.4 For every pair of numbers p,r € (1, o0) satisfying

1,1
p r

N-2
N 9

the convolution operator f — @, * f defines a bounded linear map from I’ (RYY - L'(RM).

Consequently, the operator RZ also defines a bounded linear map from
P (RNY = L' (RYN) in this case.

Next we turn to the operator R}Q

Proposition 3.5 Let g € [1, ) be given such that (G, q, Q) is an admissible extension tri-
ple. Moreover, let p,r € (1, o) satisfy

d d 2 N-—
LSlS 4.2 and l+l<&u (3.18)
prp p r 2 N
withd, ,d,, defined in (3.10). Then there exists C > 0 such that
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HRle” <ClIfll,  forall functions f € Sg(RY).

'.:T‘

Proof Let ¢ € S(RM) be such that (p € C®(R") is radial, 0 < <1 wit
[1E] - 1] < = and @ =0 for ||§| —1] >1 By construction of @, we then have

which means that &, = 2z)" 2 d), * @ and therefore

Ryf = 0l®, * (QN] = Qn) 2 Q[0 x @+ Qf]  forf €S,
Choose n € C?(RN) radial with 0 < < 1, #(x) = 1for|x| < 1, n(x) = 0 for |x| > 2. Moreo-

ver we define y; € C2°(RY) by y, = 7 and y;(x) = n(27x) —n(279Vx) for j € N, x € RV,
Then we have the dyadic composition

@, =)@  with @ =y
=0
Using (3.16), we find that

||q>"1||m <27, forallj,

where the constant C > 0 is independent of j. Using that d>’1 is radial, we get, with Plancher-
el’s theorem and Lemma 2.3,

I

7

—C/I@(é)(pr(f)I2d§<C/rN 1Id>’(r)lz/ |0F (ra)|* do (@) dr

RN
s

< CIIBIQAI2 < CYNQAP,  forallf € S
where the constant does not depend on j. Consequently, we thus have
HQ(cpﬁ * (p) « (Qf)” <C2ofll,  forallf € Sg.
2
Moreover, we have

i j _iv=b .
19} * @lle, < 1Pl llell, <C27 27, forallj,

which implies that

_itv-n
<c2 = fl forallf € S;.

”Q(Cbﬂ ‘o) (Qf)Hm <c

Since the assumption (3.18) implies (3.9), we may apply Lemma 3.3 to the radial kernel
@ s+ ¢ € S(RV) and deduce that

oo

< c2italfll,  forallf € Sg (3.19)
)
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with 4, , , given ir}v (3.12). By assumption (3.18), we have A, , < 0. Since, as remarked
above, ®, = (27) 2D, * ¢, we deduce that

IRy = low, = @nll, = @m~* o, = o) = @,

<en Y |e@] « @)« @] <Colrll,  forallf €S
J=0

with C, = C(2x)"% ¥ 25*%4 < co. The proof is finished. 0
=0

We may now complete the

Proof of Theorem 3.1 Let M denote the set of points (117, %) € (0,1) x (0, 1) such that (3.6)
holds with some constant C > 0. By combining Lemma 3.4 and Proposition 3.5, we see
that(]{, Lemif

dql

p

d _ +2 N—
Z2 g N2 11 gHeN-T (3.20)

r P N p r 2q N

Hence the closure of M contains the points (N—_l, N—_l), (N—_l, N—_l) and therefore also the
gN ~ 2N 2N ° gN

line segment between these points. Moreover, by [8, Lemma 2.2(b)], M also contains the

open line segment between the points (N—3 N—l) nd ( N—l N—3) Hence, if g > 2, complex

mterpolatlon yields that M contains all points (— —) S (0 1) X (0, 1) with the property that
l, Lt w ! and that

rep
N-2 1,1 g+2N-1

S - g
N “p r 2q N 3.2

i.e., all points (i, %) € (0,1) x (0, 1) satisfying (3.3) and (3.4). Hence the theorem is proved
in the case g > 2.
If ¢ < 2, complex interpolation yields that M contains all points (— —) € (0,1)x(0,1)

satisfying (3.21) and with the property that (— —) lies above the hne through the points
(E N;) (N 1, Nl )and below the line through the points (u M) (M N;) This is
precisely the set of points (— —) € (0,1) x (0, 1) satisfying (3.3) and (3. 5) the proof is
thus also finished in this case O

4 Nonvanishing for G-invariant functions
Our next aim is to deduce a nonvanishing theorem for the operator R, and G-invariant
functions, where again G C O(N) is a closed subgroup and Q € Lg(RN ) is a given weight

function. We restate Theorem 1.3 for the reader’s convenience.

Theorem 4.1 Let N > 3, let G C O(N) be a closed subgroup, let Q € L°°([RN) and let
q € [1 2<N+l)] be such that (G, q, Q) is an admissible extension triple. Moreover, let
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2N 29 32N 7 (N o
p <N—l q+2,N_2]. Then for every bounded sequence (v,), C Lo(RY) satisfying

lim sup f v, Ro(v,)dx| > 0, there exist—after passing to a subsequence—numbers

n—oo RN

R,¢ > 0and a sequence of points (x,),en C RY with

/ |Qv,(@)|” dx > ¢, for all n.

Bg(x,)

4.1)

The remainder of this section is devoted to the proof of this theorem. For this, we fix
N2>3andg € [ A+D ] such that (G, g, Q) is an admissible extension triple. Moreover,
we keep usmg the notatlon of the previous section, so we write ® = ®; + ®, and

Ry = Rl + ’R We need to analyse the operators R and R separately We start by
proving the followmg variant of Proposition 3.5 for the operator R

Proposition 4. 2 Let ¢ € S(RY) be such that P € CX(RY) is radial, 0 < § < 1 with § = 1
Sorl|él = 1] <+ and(p 0for|lgl —11 = 5

Moreover, let n € C;"(RN) be radial with 0 <n <1, n(x) =1 for |x| £ 1, n(x) =0 for
|x| > 2, and let n,(x) = n(27%x) for k € N,

Finally, let p € ( N 2‘1 ,o0) and A, , g;% +1—-N <O0. Then there exists C > 0
such that for k > 1 we have
k1 4
et =m0 < @) < eIl

1-272
for all functions f € Sg.
Proof Let k € N. Using the given function 7, we let (D’i, j€NuU {0} be defined as in the

proof of Proposition 3.5. The proof of this proposition yields, in particular, inequality
(3.19) with r = p, which writes as

lo(®; @) = wn]

< C25%a|f]l,,  forj € N andall functions f € S
4

with Ap,q = Ap,p,q = %’% +1—N, cf. (3.12). Moreover, by construction, we have the

dyadic decomposition

(1 =-n)®, = ) @

J=k+1

and therefore
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et -mw1 o= @) < 3 [o[(e] o)« (Qf)]H <l 2 24
LA =kt 1
2 2 Apg
== Il
1 -2
for all functions f € S, as claimed. O
Lemma4.3 Letp > - =L and suppose that (v,,), C S is an LP-bounded sequence with

N-1g¢

lim sup / |Qv, | dx =0, forall p> 0.
n—oo yERN

B,

Then

/Qvn[d)1 * (Qv,)]dx = 0, asn — oo.
RN

Proof Let, as in the assumptions of Proposmon 4.2, ¢ € S(R") be such that P € C(RY)
isradia, 0 < @ < lwithp = 1for||€] - 1| < = and(p 0 for ||&] — 1] z 3 Moreover let
w, = @ * (Qv,). Then we have

w.ll,y < llelli v,y < el 1Qlle 1Vl 4.2)

for all n € N by Young’s inequality, so (w,), is also a bounded sequence in L7 (RY) by
assumption. Since ®; = @, §, we have 2x)2 @, = @, * ¢. Therefore, with 7, defined as
in Proposition 4.2, we can write

(2m)? / v, [®@, * (Qv,)]dx = /Qvn[‘Dl * @ % (Qv,)]dx
RN RN

= /Qvn[’?kcb1 * @ % (Qv,)]dx
RN

+ / v, [(1 = )@, * @ * (Qv,)]dx,

RN

for every n, k € N, where

/ 0V, [(1 =)@, + @ % (Qv,)]dx| <Iv,ly [ QLA = n@,1 % 0 5 (Qv) |

N

ot

2 pq 2

s 17
— 2

<C

by Holder’s inequality and Proposition 4.2. Since A, , < 0, it follows that
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sup /Qvn[(l — )P, * @ * (Qv,)]dx| - 0, as k — oo. 4.3)

neN
For fixed k € N, we now choose R = 2¢*!, which implies that #, = 0 on RY \ B,. Decom-

posing RY into disjoint N-cubes {Z, } .y, of side length R, and considering for each / the N—
cube Zl’ with the same center as Z; but with side length 3R, we find

/Qv (@) * @ * (Qv,)]dx /QV[nkd> ) = w,]dx

<Y [| [ ro-nnenwimorela
I;

=1 Z, \x-y|<R

<i9 Y, [ 10n1ax [ hwla
=1 Z]’ Zl,

L
' 17 »

4
<11, /|w|dx Y| [ 10niax
=P =1
I

1 2 1p

o o
w| & , - ,
<19,1,.607| 3 [l |3 [ 1onr e
=1 Zl, =1 Z['
_ N 1
P »
w N , - ,
<10, GR) 737 b | s [ 10 e |3 [ 1w 0
€ =1
z z

w , Z
< 10,11, GR) > 31w, Il | sup / jov, 1 dx| 1oy,
yERN

B yn®

2y

1+d 2N N 1+ 4
<Pl 11l " Nlelly BR) » 3% Iv, Il , * | sup / |Qv,|” dx|
yeRN
By yn

where we used (4.2) in the last step. By assumption, it now follows that
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/Qvn[(nkd)l) * @ % (Qv,)]dx -0 asn — oo forevery k € N. (4.4)
RN
The claim now follows by combining (4.3) and (4.4). O

Regarding ®,, we make use of the following variant of [4, Theorem 2.5].

Lemma4.4 Let2 <p < % and suppose that (v,),, is a bounded sequence in L (RY) such
that

lim sup / |vn|p’ dx =0, forall p > 0.
n=00 yeRN

B,

Then

/vn[d)z *y,]dx >0 asn— oo.

RN

Proof The claim follows from [4, Theorem 2.5] in the case where v, € S for every n € N.
If (v,), is an arbitrary bounded sequence in LI”([R{N ), we first recall that, by Lemma 3.4,
there exists a constant C > 0 with

@, * vll, < Clvll,  forevery v € I” (R").

Moreover we choose, by density, ¥, € S with||v, — ¥,||,, < ifor every n € N. The assump-
tion then implies that also

lim sup / |f/n|”/ dx =0, forallp >0
n—=00 N
X0

and therefore

/ﬁn[sz*ﬁn]dx—»O, asn — oo

RN

by [4, Theorem 2.5]. Moreover,

/ v, (D, *v,) = V,(D, * V)] dx‘ = / W, =)D, * (v, +7¥,)dx
RV RY

1
i+ Hiv,l,

n

S Clvy, = Bl vy, + 9,0l < -0 asn — oo

and thus also
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/vn[(I)2 *v,]dx =0 asn— oo,
RN

as claimed. a
We are now in position to finish the proof of Theorem 4.1:

Proof of Theorem 4.1 Let (v,), C L’é(RN ) be a bounded sequence, and suppose by contra-
diction that (4.1) does not hold. Then we have

lim sup / |Qv, |V dx = 0, forall p > 0.
=% yeRN
B,(»y)

By density, we may choose ¥, € S with ||v, —¥,[|,, < % for every n € N, which implies
that||Qv, — OV, ||, < 1€ for all n and therefore also

n

lim sup / |09, P dx =0, for all p > 0.
=0 yeRN
B,()

Combining Lemma 4.3 (applied to ¥,) and Lemma 4.4 (applied to Q7,), we then deduce
that
/\7nRQ§ndx = / o, [P, * (QV,)]dx + / oy, [P, * (QV,)]dx = 0 asn — 0.
RN RN RN

Moreover, by Theorem 1.2 we have

'/ v, Rov, — ¥, Ry¥,] dx / v, =P)Rp(v, +¥,) dx
RV RY

S “Vn - f}n”p’ ”RQ(vn + ‘N)n)”p S C”Vn - 1~/n”p’llvn + 1N}n”p

-0 asn — oo.

Consequently, we also have that | v,Rgv,dx — 0 as n — oo, contrary to the assumption.
RN
The claim thus follows. O

5 Dual variational framework and G—invariant solutions

Let G C O(N) be a fixed closed subgroup, and let Q € L‘g’(IRN) be a nonnegative fixed
weight function with Q # 0. We now focus our attention to the equation
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—Au—u = 0@)|ulP2u, u e [P(RM). (5.1)

To prove the existence of nontrivial real-valued solutions of (5.1), we will use the dual
var1at10na1 approach introduced in [3] and consider the operator K, formally defined as

KQf Qﬂ R(Qﬂ f), where R denotes the real part of the Helmholtz resolvent operator R,
i.e., Rg = (Re @) * g with the fundamental solution ® defined in (1.3).
To analyse the mapping properties of K, and to set up a variational framework, we

2(N+1>] and p € (max{}\f[v1 quz 2}, 2—N

such that (G, q,Qﬂ) is an admissible extension triple. The following is an immediate
consequence of Theorem 3.1.

assume, as in Theorem 1.4, thatg € [1 ) are fixed

Lemma 5.1 Let p,r € (1, o0) satisfy (3.3) with p in place of p, and suppose moreover that
(3.4) holds with p in place of p if g > 2, and that (3.5) holds with p in place of p if ¢ < 2.

Then the operator K, is bounded as a map LZ (RY) = LL.(RY).

We note that Lemma 5.1 applies in particular in the case r = p = p, so
K is abounded operator Lp Ry > P (RN ).

We also note the following immediate corollary of Lemma 5.1.

Corollary 5.2 There exist 6, <p < 03 with the property that K is bounded as a map
L (RN) = LL.(RY) and as a map Lp ®Y) > LI®RN) fori = 1,2,

Next we note the following variant of [3, Lemma 4.1].

Lemma 5.3 The operator K, : Lp,(IRN) - Llé(IRN) is locally compact, i.e., the operators
Kylg L” (RY) > L7(RY)  and 15K, : L” (RY) - L7(RY)
are compact for every bounded and measurable set B C RV,

Proof Let B ¢ R" be bounded and measurable, and fix s € [2(1<IV+11) %

s’ < p’. By [3, Lemma 4.1], the operator 15K, : L* (RV) — L*(RY) is compact. By duality,
the operator Kl : L* "(RN) — L5(RM) is therefore also compact.

Next, let (v,), C LZ(RN) be a sequence with v, =~ 0 in L’g(RN ). Then we have

w, 1=1Tzv, = 0in L’é(IRN ). and thus also in L{,(RY), since B has finite measure. By the
compactness property mentioned above, it follows that K,15v, = KpTzw, — O strongly
in Lsc(IRN ). Moreover, it follows from Corollary 5.2 that the sequence of functions
Kylgv, = Kgw,, n € N is bounded in Lg‘ (RM) for some o, < p. Since 6, < p < s, it thus
follows by interpolation that there exists 8 € (0, 1] with

)withs>p,ie

1Ko Tgvall, < ||KQ1]an||:6||KQ1]an||f -0 asn — oo.
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Hence the operator K15 : L’(’;(IRN ) = L,(R") is compact, and by duality it follows that

also 13K, : LPG/(IRN) — L7.(RN) is a compact operator. O
As in [3], we now introduce the (dual) energy functional

JERY SR, J) = l,/|v|p,dx—%/v[KQv](x)dx.
p RN RN

Then J is of class C' with

J(w = / (WP~ —Kpvwdx  forv,w € Lg' (RM).

RN

Moreover, we have

! l
Lemma 5.4 [fv e L’é([RN) is a critical point of J, then u = RQrv is a real-valued solution
of (5.1) of class W»1(RV) n CL’S(RN)for qg>p,s 1)

Proof Letw € L (RY), and let w; € L’ (RV) be defined by

WG=/WOAd,u(A), ie., wG(x)=/w(Ax)d/4(A) forx € RV,
G G

where p is the Haar-measure of G. Since v is G-invariant, it follows that

/ (WP~ = Kgrywdx = / (VP2 = Kpv)[woAldx  forall A€ G
RN RN

and therefore

/(|v|”/_2v - Kovywdx = /(|v|”/_2v - Konwgdx = J' (mwg =0
RN RN

1
Consequently, we have |v|?' =2y = Kyvin LP(RM), which implies that u = RQ» v satisfies the
equation
u=ROulP?u  inLP(RY).
The claim now follows by [3, Lemma 4.3]. O

Next we note that the functional J has a mountain pass geometry. More precisely, we
have:

Lemma 5.5
(i) There exists 6 > 0 and 0 < p < 1 such that J(v) > 6 > 0 for all v € Lg([RN) with

vl = p.
(ii) Thereisv, € L’g(RN) such that ||vg|l,, > 1and J(vy) <O0.
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(iii)) Every Palais—Smale sequence for J is bounded in Lg (RM).
(iv) There exists a Palais—Smale sequence for J at the mountain pass level

d:= ;Iellttrer%(a):)f] J(y(@®) > 0, (5.2)

where I' = {y € C([0, 11, LL,(RY)) : 7(0) = 0, ly(DIl,, > p. J(r(1)) <O},

Proof Since p > 2, the parts (i)-(iii) are proved in [3, Lemma 4.2] for G = {id}, and the
proof remains the same for general closed subgroups G C O(N). Moreover, the positivity
of the mountain pass level ¢ defined in (5.2) is a direct consequence of (i) and (ii), which
also shows that the set I" is nonempty. Finally, the proof of the existence of a Palais—Smale
sequence for J at level d is exactly the same as the proof of [3, Lemma 6.1]. Here we note
that periodicity of Q was assumed in [3, Section 6], but this property is not used in Lemma
6.1. O

Proposition 5.6 Let (v,), C L’é(RN) be a Palais—Smale sequence of J with
¢ := lim J(v,) > 0. Moreover, suppose that one of the following conditions hold:

n—oo

(A1) For some R > 0, we have ‘ llim ||Q||L1(BR(X)) =0.

(A2) For every R > 0 we have Illim Ng(x,R) = oo, where, for R > 0 and
X[— 00

x € R¥ \ {0}, N;(x, R) denotes the maximal number of elements of a subset H C G

with BR(Ax) N BR(A'x) = @ for A,A’ € H.

Then, after passing to a subsequence, we have

v, =~v  inl”(RV),

where v € L’g(IRN) \ {0} is a critical point of J.

Proof We first note that (v,), is bounded by Lemma 5.5. Consequently, since LpG,([R{N ) is
reflexive, there exists v € L’(’;(RN ) such that

v, =v  inL”(RY). (5.3)
Moreover,
) 2 1 2p'
fim [ ikorte= 725 tim (0= G, ) = 52 e >0

RN
by assumption, which implies that
lim /vnR 1v,dx| > 0.
Qor

n—oo
N

1
Since moreover (G, g, Q») is an admissible extension triple by assumption, Theorem 1.3
applies and yields 6, R > 0 and a sequence of points (x,), C RY such that, after passing to
a subsequence,
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1
- p/
|Qrv, P dx>6 >0, forallneN. (5.4)

Bg(x,)

We claim that (x,), has to be bounded. To see this, we argue by contradiction and assume
that, after passing to a subsequence again, |x,| — co. We distinguish two cases.

Case 1: (A1) holds.

In this case we put @, := Q" v 1 By(x,)» and we note that (¢,,), is a bounded sequence in
L7 (RM). Moreover, we have

1 ’ —
/ |Q” v, |I7 dx = / |vn |17 zvn(pndx = J/(vn)q)n + / vﬂKqundx
Bg(x,) RY "

(5.5)
<o), + /vnKQ(pndx =o() + v, Il IKp@,ll,

N
as n — oo0. By Corollary 5.2, there exists ¢ > p’ and C > 0 with the property that
IKo@,ll, < Cllo,ll forn € N,

whereas, since ¢’ < p’ and by Holder’s inequality,

p=d’

o o (p—1)

-1 . o’
1@l = 107V, sy < < / 07 dx) 1,1l
Bg(x,)
(pr;//i_/l)_ )F’—UI

< (1118, ) ™ 1211 ",y

Since || Qll;1p,,) — 0 by (1.10), it thus follows that ||¢, ||, — 0 as n — co. Here we note
that, by an easy covering argument, (1.10) holds for every R > 0 if it holds for one R > 0.
Going back to (5.5), we thus deduce that

l !
|Qrv,|P dx = 0 asn — oo,
Bg(x,)
which contradicts (5.4).

Case 2: (A2) holds.
In this case, it follows from (5.4) and the fact that v, and Q are G-invariant that

1 ’ 1 ,
10,1, > N, B[ 107 x> N, R05 = o
Bg(x,)

as n — oo, which contradicts the boundedness of the sequence (v,),, in LIV (RM).

Since in both cases we have reached a contradiction, we conclude that (x,,), is bounded.
Therefore, making R larger if necessary, we can assume that (5.4) holds with x, = 0 for all
n € N. Now for any fixed G-invariant function ¢ € Cg"([RN ), any r > 0 and n,m € N we have
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) )
/ (lvnlp Vp — Ilep Vm)QDd)C

N

J 0 e =J (v,)e + / @Ky(v, —v)dx
B,

-

1@ = T @l + |15, Ko = v ol

IA

So by assumptlon and the local compactness of K, as stated in Lemma 5.3, we get that
(1v,172v,),.en is @ Cauchy sequence in L”(Bg). Consequently, |v, 4 ~2y, — ¥ strongly in
LP(Byg) for some ¥ € L’ (By), and passing to a subsequence also pointwisely almost every-
where on Bg. This clearly implies that v, — |#|P~2% almost everywhere on B,. Now (5.3)
and the uniqueness of the weak limit gives ¥ = |v|”~2v and

1 , L ’
O<5§/|Ql7vn(x)|pdx—>/|vi|” dx, asn—> oo

which implies that v # 0.
For every G-invariant function ¢ € C§°, we now have

J'(V)(p=/|v|p,_2\)(pdx—/(PKQ(V)dx
RN

RN

n—oo

[RN
= lim J'(v,)p =0
n—oo

= lim /lvn|”/_2vn(pdx—/(pKQ(vn)dx
RN

using the local strong convergence of |v, 4 ~2y, and the continuity of linear operator
K, Lp (IRN ) = L,(RY). By density, it now follows that J'(v)w = 0 for every w € L” (RM),
ie., veL” IRN)\{O}lsacrmcal point of J. ]

We now have all the tools to complete the proofs of our main existence results for non-
trivial G-invariant dual ground state solutions as stated in the introduction.

Proof of Theorem 1.4 (completed) By Lemma 5.5(iv), there exists a Palais—Smale sequence
v,), 1n Lp (RM) for J at the mountain pass level d > 0. By Proposition 5.6, we have v, — v

in L’é([RN ) after passing to a subsequence, where v € LZ(IR{N ) is a nontrivial critical point
of J. Here we note that assumption (A1) of Proposition 5.6 is satisfied by (1.10). The proof
is finished by Lemma 5.4. a

Proof of Corollary 1.5 Since Qﬂ € L*(RY), it follows by the classical Stein-Tomas estimate
that (G, g, Qﬂ) is an admissible extension triple for g = 2;7“) Since

e 2IN+1) 2N \ _( 2N 29 2N
N-1'N-2) \N-1g+2°N-2)
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the assumgtions of Theorem 1.4 are satisfied and yield the existence of a nontrivial solu-
tionv € L’é([RN) of (1.4). O

Proof of Theorem 1.6 As above, it follows by the classical Stein—-Tomas estimate that

2N+1)
N-1

c(2N+D 2N \_ (2N 2 2N
N-1 'N-2 N-l1g+2’N=-2)

Moreover, since 2 < k < N — 2, we have

1
(G, g, Qr) is an admissible extension triple for g = , whereas

|)}|i£noo Ng(x,R) = o0 for every R > 0, (5.6)
where Ng(x, R) is defined as in Proposition 5.6. This fact is noted without proof in [16,
Proof of Corollary 1.25], and we give the short proof here for the reader’s convenience. In
fact, (5.6) follows already from the fact that the minimal orbit dimension of G, is
min{k — 1, N — k — 1} and therefore greater than or equal to one by assumption. In particu-
lar, for every n € N and 6 € SV~!, there exists £ >0 and a subset H, C G with
B_(A0) N B_.(A'0) = @ for every A,A’ € H,. Moreover, by a straightforward compactness
argument, £ > 0 can be chosen to depend only on n and not on § € S¥~!. Hence, if R > 0 is
given, x € RV satisfies |x| > § and 6 equals Ii_l’ we have By(A0) N BR(A’0) = @ for every
A,A’ € H,and therefore N;(x, R) > n. This shows (5.6).

Hence assumption (A2) of Proposition 5.6 is satisfied, and thus the proof is completed
as the proof of Theorem 1.4. a

Proof of Corollary 1.7 We first note that Q satisfies the asymptotic condition (1.10). Indeed,
since 0 < Q < c1;_for some ¢ > 0 by assumption, it suffices to show that

L, N Br(x)] = 0 as |x| —» oo for every R > 0. (5.7

To see the latter, it suffices to consider a sequence (x,), = (xV"9,x®) c RN* x R
with x¥% =0 for all n € Nand r, := |x,| = [x¥| - o0 as n > co. In this case we have
[x® — x®] < R for x € Bg(x,) and therefore

|L, N Br(x,)| < / / AR g ®

{Ix(“—XLk)I<R} {|x<zv-k>|5a|x<m—a}

<C / | x® I—(N—k)a dx®

{lx0—xP <R}
_ ®) 4 O )~(N=R)a g,k (k) W=k (k)
—C/ 129+ x| * dx sc/ (IX°] = R) dx
|Z(k)|<R |Z(k)|<R
=C(r, — Ry W=he _ asn — oo

with constants C > 0. Hence (5.7) holds.
Next, we first consider the case k = 1. By Theorem 1.1, additionally the condition
2N-1-2

N By case distinction we see that

1 . .
a> = is required and we set A=
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ﬂN,La:max{;NI ,ijz } for a>ﬁ. Thus by Theorem 1.1, we may fix any

q€ (ﬂN 1 a,p) with p € (ﬂN La> %) such that (G,,¢, 1, ) is an admissible extension tri-

ple. Since 0 < Qﬂ < cw 1 Ly it follows that also (G, g, Qv) is an admissible extension triple.
Thus Theorem 1.4 apphes and yields that (1.4) admits a dual bound state solution.
The case k=N —1 now follows similarly: Consider additionally a <N — 1, set
A= % and observe that for « < N — 1 the expression py y_;, is chosen such that
N 24 5

HUNN-1, = Max { N1 } Then, for g, p as above with py y_;, instead of uy,, we
conclude that (Gy_,, g, QF) is admissible extension triple and Theorem 1.4 again yields the
existence of a dual bound state solution of (1.4).

If 2<k<N-2 and pG(ﬂNka,z—N

N-2
Hyja = max{/jl_vl sz 2}, where A 1= Ay, is glven 1n Theorem 1. 1 Consequently, by

Theorem 1.1, we may fix g € (uy - p) With max{ o) 2} <P<35 and the property

again a case distinction shows that

that (G, ¢, 1 La) is an admissible extension triple. As above, it follows that also (G, ¢, 07)
is an admissible extension triple. Again, Theorem 1.4 applies and yields that (1.4) admits a
nontrivial dual bound state solution. Thus the claim holds in this case as well. O

Remark 5.7 We note that Corollary 1.7 extends to the case where L, is replaced by the
more general class of sets L, ; considered in Theorem 2.2. For this, one has to additionally
assume f > ﬁ if k = 1. Then the statement of Corollary 1.7 holds with p , 5. Itk =N — 1
the statement holds with the same value uy y_; ,. For 2 < k < N — 2 the value py,; , needs

to be replaced by max { AfN . sz 2} where now 4 = Ay, , 5 is given in (2.5)
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