
OR I G I N A L P A P E R

A generalized model of coupled oscillator phase-noise
response

Torsten Djurhuus | Viktor Krozer

Institute of Physics, Goethe-University
Frankfurt, Frankfurt, Germany

Correspondence
Torsten Djurhuus, Institute of Physics,
Goethe-University Frankfurt, Max-von-
Laue-Str. 1, 60438 Frankfurt, Germany.
Email: t.djurhuus@physik.uni-frankfurt.
de

Funding information
German Research Foundation, Grant/
Award Number: KR 1016/16-1

Summary

Model frameworks, based on Floquet theory, have been shown to produce

effective tools for accurately predicting phase-noise response of single (free-

running) oscillator systems. This method of approach, referred to herein as

macro-modeling, has been discussed in several highly influential papers and

now constitutes an established branch of modern circuit theory. The increased

application of, for example, injection-locked oscillators and oscillator arrays in

modern communication systems has subsequently exposed the demand for

similar rigorous analysis tools aimed at coupled oscillating systems. This paper

presents a novel solution in terms of a macro-model characterizing the phase-

response of synchronized coupled oscillator circuits and systems perturbed by

weak noise sources. The framework is generalized and hence applicable to all

circuit configurations and coupling topologies generating a synchronized

steady-state. It advances and replaces the phenomenological descriptions cur-

rently found in the published literature pertaining to this topic and, as such,

represents a significant breakthrough w.r.t. coupled oscillator noise modeling.

The proposed model is readily implemented numerically using standard

routines.
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1 | INTRODUCTION

Rigorous phase-noise modeling tools represent a critical part of accessing the performance of any system involv-
ing oscillators/clocks operating at, or around, room temperature.1–4 The state of time-domain oscillator noise
modeling has evolved over the years culminating with the invention of phase-noise macro-model (PMM), first
proposed by Kärtner5 and later further developed and refined by Demir et al. as well by other research groups
including the authors of this paper.6–8 Herein, the term macro-model is introduced as a handle to refer to the cat-
egory of Floquet-theory-based methodologies discussed in other studies.5–7 The PMM delivers a rigorous, coordi-
nate independent description which is the objectively correct mathematical solution approach to the presented
problem. As such, it basically answers all open questions, and its development has hence effectively closed the
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book on single (free-running) oscillator time-domain noise modeling; the field has reached maturity. In contrast,
the topic of time-domain coupled oscillator macro-modeling is still very much in its infancy despite several
important practical applications in modern communication and sensing systems such as beam-steering arrays and
injection-locked low-power synthesizers. Below, we refer to the synchronized coupled oscillator circuit class/
category by the C-OSC label. In contrast, the single (free-running), oscillator class/category will be assigned to
the S-OSC label.

The work described herein concerns the proposal of a novel macro-model for predicting the stochastic phase-
response of noise-perturbed C-OSC electronic ensembles operating at, or around, room temperature. The proposed C-
OSC PMM is fully generalized and can be applied to any type of synchronized system irrespective of the specific details
such as circuit/coupling topology, state dimension, and parameter dependence. The C-OSC framework, described
herein, furthermore directly reduces to the previously proposed S-OSC description in other studies5–7 for the trivial case
of a single oscillator ensemble (free-running oscillator with no coupling), that is, the proposed C-OSC PMM implicitly
contains the S-OSC PMM as a special case.

1.1 | Motivation and summary of main results

Clock devices are often implemented through the coupling of two or several free-running oscillator units since synchro-
nization in these C-OSC configurations represent a power-efficient alternative to more elaborate phase-locked systems.
Examples of specific C-OSC applications include low-power frequency multipliers/dividers,9 nonlinear noise filters,10,11

antenna beam steering,12–15 low-power high-frequency synthesizer solutions,16 and efficient power combining
units17,18; to mention but a few examples. Given the right conditions, a C-OSC ensemble of k-coupled autonomous
oscillator circuits, a k-order ensemble, will synchronize and oscillate at a single common frequency. The asymptotic
dynamics of such synchronized ensemble is then characterized by a single periodic steady-state (PSS). In PSS systems,
the most important consequence of weak-noise perturbations is the generation of jitter in the steady-state phase, that is,
phase-noise. This issue is directly responsible for the spectral broadening observed in all physical oscillator/clock
devices. The jitter/phase-noise broadening of the spectrum presents a significant practical problem as it, for
example, causes interchannel interference in communication systems which in-turn results in increased bit error rates
(BER). Minimizing the bandwidth of oscillator/clock spectra remains one of the most critical aspects modern optical
and electronic communication system design and represents the main bottleneck obstructing optimized
performance.5,6,19

Given the importance of this topic, phase-noise modeling of C-OSC systems has been the focus of several
research efforts over the years (see, e.g., other studies17,20–24). The modeling strategies described in these works,
and others of the same category, are all based on phenomenological and/or block-diagram formulations. This
approach to modeling limits the scope of application to a specific category of systems, that is, one model may
apply to quasi-harmonic oscillators coupled bilaterally, whereas another concerns ring oscillators coupled unilat-
erally. The approach furthermore inevitably introduces additional extraneous parameters (e.g., resonator Q-factor
and amplitude saturation coefficient) and does not allow for implementation of general purpose numerical solu-
tions. Finally, such phenomenological modeling strategies can lead to results which predict nonphysical behav-
ior. A well-known example hereof is the frequency-domain conversion-matrix (FD-CM) method, currently being
used in at-least one of the leading commercial CAD simulator programs presently on the market, which
famously predicts a phase-noise spectrum that blows-up (i.e., has a singularity) at zero frequency offset from
carrier.6 The novel C-OSC PMM proposed herein is based on a rigorous theoretic description developed directly
from the core underlying stochastic differential equation (SDE) model. This approach corrects all of the issues
described above.

Both S-OSC and C-OSC (synchronized) systems are governed dynamically by the presence of a PSS (limit-cycle),
and it is hence natural to ask: Can we simply re-use the S-OSC PMM, developed previously in other studies,5–7 to
predict the C-OSC phase-noise response? The answer to this question is an unequivocal no! Consider the special
C-OSC subclass of injection-locked oscillators (INJ-OSC) involving one-way, unilateral, coupling of two oscillator
units. It is an established fact, verified experimentally,10,25,26 that the phase-noise spectrum of an INJ-OSC system
does not correspond to the Lorentzian template prescribed by the S-OSC PMM but instead has a more complex
form involving additional zeros and poles. A completely new theory of C-OSC phase-noise dynamics is required to
capture this spectrum.
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1.2 | Paper summary

Following a brief introduction to various topics and concepts, relevant to our discussion S, the existence of a so-called
phase-manifold, P, is proven (Section 3). To achieve this result, we apply the well-established theory on persistence
of normally hyperbolic (NH) manifolds.27–30 A phase-amplitude coordinate representation is then introduced to
parameterize this space (Section 4) and, invoking the weak-noise assumption, the stochastic phase-noise response
is calculated (Section 5). A brief summary of the model developed in Sections 2–5 takes the form: the stochastic
phase-response (weak noise), of a k-order C-OSC ensemble, is governed by k unique Floquet modes; the so-called
phase-modes. Using this novel insight, the following expression C-OSC single-sided phase-noise spectrum is derived
in Section 6

LðωmÞ¼ ð1�að1ÞÞðω2
0cÞ�2bð1Þωm

ð0:5ω2
0cÞ2þω2

m

þ
X∞
ρ¼�∞

Xk
l¼2

Υð1Þ
lρ 2jμl,rjþðω2

0ρ
2cÞ� �þ2Δð1Þ

lρ ωmþμl,i
� �

jμl,rjþ 0:5ω2
0ρ

2cð Þ� �2þ ωmþμl,i
� �2

which implicitly contains S-OSC spectrum as the trivial special case k¼ 1 (i.e., free-running oscillator/no coupling).
The various components of the above equation are explained in Section 6; however, the important point to note
here is that it depends only on components which derive directly from the eigenvalues/eigenvectors of the
Monodromy matrix (see Section 2.3); that is, the Floquet decomposition. The Monodromy matrix is calculated
from the Jacobian variational equations which derives directly from the system ODE and corresponding PSS. As
such, the model proposed herein is completely generalized and can be applied to all possible coupled
configurations.

2 | BASIC BACKGROUND THEORY

Our model domain is the n-dimensional state-space X �ℝn with standard Euclidian coordinates
x¼ðx1,x2,…,xnÞ > �ℝn, that is, the state-vector, where throughout, symbols, > and †, represent the transpose and Her-
mitian (transpose + complex conjugate) operators, respectively. The dynamics on X is governed by an n-dimensional
SDE

_x¼ f ðxÞþbðxÞξðtÞ ð1Þ

where f :ℝn !ℝn is the autonomous vector-field, b :ℝn !ℝn�p is the so-called noise-modulation matrix and ξðtÞ :ℝ!
ℝp is a p-dimensional vector of uncorrelated, white, Gaussian noise sources with zero mean and unit power, with all
noise-power information being contained in b. The model assumes a weak-noise scenario kb(x(t))ξ(t) k�1 for all
t which describes all physical systems operating at or around room temperature. The solution produced by the
corresponding deterministic ODE _x¼ f ðxÞ (i.e., no noise) is written as xðtÞ¼ψ tðx0Þ where x0 �ℝn is the initial state of
the system at time t¼ 0 with ψ t known as the flow. Herein, we consider the synchronized state of an ensemble of
coupled oscillators. In this scenario, the asymptotic dynamics is governed by one-dimensional invariant, NH set, γ,
known as the limit-cycle. This is a ω-limit set which implies that all orbits approach this set asymptotically with time.
The PSS solution xsðtþT0Þ¼ xsðT0Þ is a T0-periodic orbit, corresponding to an initial condition in γ; that is, xsðtÞ¼
ψ tðx0Þ with x0� γ.

2.1 | The C-OSC state equations

We consider an ensemble of k autonomous oscillator units coupled together in some manner; a so-called k-order
ensemble. Let mi be the state dimension of the ith oscillator unit in the ensemble with

P
i
mi ¼ n. The n-dimensional

state-vector x and vector-field f in Equation (1) are then partitioned as xðiÞðtÞ :ℝ!ℝmi and f ½i� :ℝn !ℝmi where f ½i�ðxÞ¼
g½i�ðxðiÞÞþw½i�ðx,λÞ i¼ 1,2,…,k with g½i� :ℝmi !ℝmi governing the internal oscillator dynamics, whereas w½i�ðx,λÞ :
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ℝn�ℝc !ℝmi holds the coupling contribution depending on c parameters combined into the vector λ�ℝc. These cou-
pling parameters control the strength of the coupling such that

lim
λ!0

w½i�ðx,λÞ¼ 0, i¼ 1,2,…,k ð2Þ

where 0¼ð0,0,…,0Þ�ℝc is the c-dimensional zero-vector. Let λ0 �ℝc represent some given unit-vector in the coupling
parameter space kλ0k¼ 1. The global coupling strength parameter ϵ is then introduced through λ¼ ϵλ0. From Equation
(2), limλ!0w½i�ðx,λÞ¼ limϵ!0w½i�ðx,ϵλ0Þ¼ 0 which implies limϵ!0f

½i�ðxÞ¼ g½i�ðxðiÞÞ describing C-OSC uncoupled scenario
with k free-running oscillator units. The global coupling parameter, ϵ, thus controls the transition (uncoupled !ϵ

coupled) which, given the proper parameter settings, leads to the transition from C-OSC uncoupled (free-running)
dynamics to a potential synchronized state.

2.2 | The γ-tangent bundle

The limit-cycle tangent-space Tηℝ
n is an affine (translated) linear vector-space with origin at the point xs(η)� γ

(i.e., simply the standard ℝn with origin translated to xs(η)). The corresponding tangent-bundle is then constructed as
the disjoint union of the individual tangent spaces based on the steady-state solution xs(t)� γ

Tγℝ
n ¼

[
η � ½0;T0�

Tηℝ
n ð3Þ

with xs then referred to as the bundle base-space. As γ is assumed hyperbolic, it follows5,6,8,31 that there exists a unique
set of n complex Floquet vectors uiðtÞ :ℝ!Cn and dual (co-variant) complex Floquet vectors viðtÞ :ℝ!Cn directly
associated to this PSS. The T0-periodic vectors/dual-vectors in {ui(t)} and {vi(t)} form complete sets and the γ-tangent
bundle (3) can thus be written

Tγℝ
n ¼ spanfu1ðηÞ,u2ðηÞ,…unðηÞg ð4Þ

where throughout we assume η � [0; T0]. The corresponding dual cotangent-bundle, T
∗
γ ℝ

n, is expressed as8

T ∗
γ ℝ

n ¼ spanfv1ðηÞ,v2ðηÞ,…vnðηÞg ð5Þ

As the dynamics discussed here describes physical systems with a purely real state, it follows that all vectors/dual-
vectors with nonzero complex parts must be paired with complex-conjugated twin objects, that is, ui ¼u ∗

iþ1.

2.3 | The Floquet decomposition of the LR

We consider the PSS, xs(t), perturbed by a weak signal ζðtÞ :ℝ!ℝn, kζk2 � 1. The expansion around xs is then written
xðtÞ¼ xsðtÞþxLRðtÞþOðkζk2Þ where xLR :ℝ!ℝn is first-order in ζ and hence referred to as the linear response (LR).
The LR follows as the solution to the Jacobi variational equation dðxLRðtÞÞ=dt� JðtÞxLRðtÞ¼ 0, where J :ℝ!ℝn�n is the
Jacobian of the vector-field f defined in Equation (1) evaluated on xs(t)� γ. The corresponding fundamental matrix
(F-MATRIX) solution of this linear time-varying (LTV) Jacobi equation is written dψðt,sÞ :Tsℝ

n !Ttℝ
n with t,s�ℝ.

With this notation, the LR solution, in response to the weak perturbation source ζ(t), is written

xLRðtÞ¼ dψðt,sÞδx0þ
ðt
s

dψðt,ηÞζðηÞdη ð6Þ

where xLRðsÞ¼ δx0 represents an initial condition. Herein, we will often use the simplified, but fully equivalent, nota-
tion dψq ¼ dψðt,sÞ¼ dψðt� s,0Þ¼ dψðq,0Þ which holds for autonomous flows. For a hyperbolic stable limit-cycle, γ, the
F-MATRIX always has a unique Floquet decomposition5,6,8
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dψðt,sÞ¼
Xn
j¼1

expðμjðt� sÞÞujðtÞν >
j ðsÞ ð7Þ

where the sets {ui(t), vi(t)} were introduced above in connection with Equations (4)–(5) and μi are the n complex charac-
teristic Floquet exponents where ℜfμig≤ 0 (real part) must hold to ensure stability of the PSS solution.31 The special
F-MATRIX Ψ¼ dψðT0,0Þ¼ dψT0

is known as the Monodromy matrix and from Equation (7) Ψ¼
Xn

j¼1
λiujðT0Þv >

j ð0Þ,
where λi ¼ expðμjT0Þ are known as the Floquet characteristic multipliers. Herein, the set {ui, vi, λi, μi}, or individual mem-
bers of this 4-tuple, will be referred to as the ith (Floquet) mode. The Floquet vectors and dual vectors of different modes
are mutually bi-orthogonal v >

i ðtÞujðtÞ¼ δij where δij is the Kroenecker delta-function. As the set {ui(t)} is complete, we
can write any state-vector ζðtÞ :ℝ!ℝn on the form ζðtÞ¼ a1ðtÞu1ðtÞþa2ðtÞu2ðtÞþ…þanðtÞunðtÞ where aiðtÞ :ℝ!C
are n expansion coefficient-functions. Using the bi-orthogonality condition, it then follows that v >

i ðtÞζðtÞ¼ aiðtÞ and
the dual vector vi hence picks out the component of ζ proportional to ui. The dynamics tangential to the limit-cycle γ is,
by definition, neutrally stable. A special Floquet mode, with characteristic exponent equal to zero, is then known to
always exist.5,6,26 This special mode, fu1,v1,λ1 ¼ 1,μ1 ¼ 0g, will be referred to here as the γ-phase-mode. This mode is
furthermore characterized by the fact that u1(t) is proportional to _xs

5,6,8 which implies that we can fix

u1ðtÞ¼ _xsðtÞ ð8Þ

2.4 | Basic invariant manifold theory: C-OSC synchronized dynamics

Consider a q-dimensional submanifold M, with 1< q ≤ bn/2c, embedded in the C-OSC state-space X �ℝn, which is
invariant under the flow, that is, ψ tðMÞ�M for all t. The C-OSC synchronized state dynamics involves a single ω-limit
set, γ, also known as the limit-cycle.

Lemma 2.1. The limit-cycle, γ, is embedded (i.e., has coordinate description) in M and is hence a regular
submanifold of this space (see Figure 1A).

Proof. As it is a limit-set, γ is, by definition, invariant under the flow ψ t(γ) � γ. Hence, both M and γ are
invariant under the flow. Since the basin of attraction of both sets is assumed to be the entire state-space, X , this
then directly implies γ�M. The set γ is, by definition, an embedded submanifold in X . Let β and ι be the
smooth inclusions of γ and M, respectively, in X . Then, ι�1 ∘β : γ 7!M is a smooth embedding of γ in M.

The q-dimensional tangent space to M at a point, x �M, is written TxM. From Lemma 2.1, xsðtÞ� γ�M, and we
define TηM to represent the tangent space of M at the point xs(η). The corresponding q-dimensional bundle TγM is
then defined as the disjoint union of these vector-spaces

TγM¼
[

η � ½0;T0½
TηM ð9Þ

FIGURE 1 (A) The limit-cycle γ (blue orbit) is embedded in M. All orbits on, and off, M approach this one-dimensional (1-D) set

asymptotically with time (red orbits). The tangent space to M at a point x �M, TxM, is an affine copy of ℝq. (B) The γ-tangent bundle is

decomposed as Tγℝ
n ¼TγM

L
TγI , whereas the dual tangent-bundle is written T ∗

γ ℝ
n ¼T ∗

γ M
L

NγM (broken line). These bundles have

the 1-D base-space γ�M�X traced out by the steady-state solution xs(t) [Colour figure can be viewed at wileyonlinelibrary.com]
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Lemma 2.2. The tangent-bundle TγM is spanned by q Floquet vectors

TγM¼ spanfui1ðηÞ,ui2ðηÞ,…,uiqðηÞg ð10Þ

Proof. The tangent bundle of an invariant manifold is, by definition, invariant under the LR flow
dψ tðTMÞ�TM. Here, TγM denotes the sub-bundle of TM over the base-space γ�M. Since, from
Lemma 2.1, γ is itself an invariant manifold embedded in M it follows, by definition, that
dψ tðTγMÞ�TγM. As the sub-bundle is invariant, the result follows directly from Lemma A.2 in
Appendix A.

As TγM is the tangent bundle of M with base-space γ �M, it follows that u1ðtÞ¼ _xsðtÞ (see Equation 8) must be an
element of the bundle in Equation (10). With the exception of the special phase-mode u1(t), the numbering of the
Floquet modes is completely arbitrary, and the remaining q� 1 modes in Equation (10) are then simply assigned indices
2 to q. Given this choice of numbering, the full γ tangent-bundle, Tγℝ

n, defined in Equation (4) of Section 2.2, is then
decomposed as

Tγℝ
n ¼TγM

M
TγI ð11Þ

with

TγM ¼ spanfu1ðηÞ,u2ðηÞ,…,uqðηÞg
TγI ¼ spanfuqþ1ðηÞ,uqþ2ðηÞ,…,unðηÞg

ð12Þ

where TγM is the q-dimensional sub-bundle tangent to M, whereas TγI is the (n� q)-dimensional sub-bundle span-
ning directions traverse to M. The dual cotangent space defined in Equation (5) of Section (2.2) can then also be
decomposed

T ∗
γ ℝ

n ¼T ∗
γ M

M
NγM ð13Þ

with

T ∗
γ M ¼ spanfv1ðηÞ,v2ðηÞ,…,vqðηÞg
NγM ¼ spanfvqþ1ðηÞ,vqþ2ðηÞ,…,vnðηÞg

ð14Þ

where T ∗
γ M and NγM are the dual sub-bundles of TγM and TγI , respectively. The above discussion is illustrated sche-

matically in Figure 1B.

3 | THE C-OSC PHASE-MANIFOLD P

The C-OSC system is uncoupled for ϵ¼ 0, where ϵ�ℝ is the scalar global coupling parameter (see Section 2.1). The
uncoupled state directly implies the following k-dimensional invariant manifold

P0 ¼ xð1Þs ðη1Þ� xð2Þs ðη2Þ�…�xðkÞs ðηkÞ ð15Þ

where xðiÞs ðtÞ :ℝ!ℝmi denotes steady-state vector of the ith oscillator unit (free-running) in the ensemble and η¼
½η1,η2,…,ηk��ℝk are the manifold coordinates.
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Lemma 3.1. The manifold P0 is a normally hyperbolic invariant manifold (NHIM), smoothly embedded in
the state-space X and diffeomorphic (i.e., smoothly related) to the k-torus Tk ¼S�S�…�S (k times).

Proof. See Appendix B.

At this point, the coupling is increased (i.e., ϵ "). We are interested in understanding whether the manifold, P0, in
Equation (15) will survive this parameter perturbation. In other words, we seek to understand if P0 persists the coupling
perturbation.

Lemma 3.2. There exists an open range, ϵ � [0; ϵf[ such that P0 in Equation (15) persists. The resulting
deformation (i.e., transformed manifold), P, is an NHIM smoothly embedded X diffeomorhic to the k-torus
Tk.

Proof. See Appendix B.

In the following, we shall refer to this NHIM, P �X , and its un-coupled counterpart P0 ¼ limϵ!0P, as the C-OSC
phase-manifold. Note that the above result is fully independent of the specific direction in parameter space, as pre-
scribed by the unit coupling vector λ0 �ℝc (see Section 2.1), chosen for the coupling; it only relies on P0 initially being
NHIM. Up until this point, we have not mentioned synchronization. Thus, increasing the coupling ϵ " may, or may
not, have resulted in a synchronized state of the ensemble with Lemmas 3.1–3.2 above being independent of this issue.
However, as the topic of this paper concerns synchronized ensembles, we henceforth implicitly assume that coupling is
arranged in such a manner that synchronization is achieved. The C-OSC system being assumed synchronized, the
dynamics are thus characterized by the presence of a one-dimensional limit-cycle γ.

Lemma 3.3. The C-OSC limit-cycle, γ, is embedded in the phase-manifold, P, and the sub-bundle TγP is
spanned by k unique Floquet modes

TγP ¼ spanfu1ðηÞ,u2ðηÞ,…,ukðηÞg ð16Þ

Proof. Follows directly from Lemmas 2.1–2.2 and Equation (12), from Section 2.4, with q = k.

The k modes in Equation (16) are referred to as the phase-modes in the discussion below. The following result will
prove useful

Lemma 3.4. The Floquet multipliers fλigki¼1, corresponding to the k phase-modes in Equation (16), each
obey the limit condition limϵ!0λi ¼ 1:0.

Proof. See Appendix B.

4 | A C-OSC AMPLITUDE-PHASE REPRESENTATION

The C-OSC state is described in terms of the Euclidian coordinate state-vector x¼ðx1,x2,…,xnÞ> �ℝn. In this section,
we seek to introduce an alternative amplitude-phase coordinate representation in some open subset S �X . Importantly,
S is assumed to include the NHIM phase-manifold P. In other words, the phase-manifold is embedded (has coordinate
description) in this space P �S. Thus, at each point p�S, an alternative coordinate representation is assumed to exist

z¼ βðxÞ¼ ðz1,z2,…,znÞ¼ ðϕ,yÞ¼ ðϕ1,ϕ2,…,ϕq,y1,y2,…,yn�qÞ ð17Þ

where z�ℝn are referred to as the amplitude-phase coordinates with ϕ�ℝq and y�ℝn�q being the phase and amplitude
subcoordinate vectors, respectively. Given two smooth sets of coordinates, x and z, parameterizing S, it follows, by
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definition, that a smooth map (diffeomorphism) β :ℝn !ℝn exists transforming between these two representations32,33

β : x 7! z¼ðϕ,yÞ as illustrated schematically in Figure 2. The phase coordinates ϕ�ℝq are, by definition, periodic
coordinates.

Definition 4.1 A definition of periodic coordinates. Consider the point p¼ β�1ðzÞ¼ β�1ðϕ,yÞ on mani-
fold S. Now advance the i th phase coordinate ϕi!ϕi+ σi leading to the new phase vector ~ϕ¼ϕþ jσiêi �ℝq

where êi ¼ð0,0,…0,1,0, � ,0Þ�ℝq is the Euclidian unit vector (all zero except i th component) and j�ℤ is
some integer. This coordinate transformation hence produces the new point ~p¼ β�1ð~zÞ¼ β�1ð~ϕ,yÞ. Then,
coordinate ϕi is said to be periodic, with period σi, if p¼ ~p holds on S.

For a k-order C-OSC system (k coupled oscillators), the number of phase variables, that is, the phase order, is exactly
q = k

Lemma 4.1. For a k-order ensemble, S is parameterized by exactly k periodic coordinates (phase coordi-
nates) ϕ¼ðϕ1,ϕ2,…,ϕkÞ�ℝk and these parameterize the phase-manifold P. The embedded one-
dimensional limit-cycle set γ�P is parameterized by the single-phase coordinate ϕ1.

Proof. See Appendix B.

The order of this amplitude-phase decomposition, ϕ�ℝk and y�ℝn�k, thus uniquely follow from the dimension of
the k-dimensional phase-manifold P which in-turn follows from the order of the coupled C-OSC ensemble (i.e., a k-
order ensemble, see Section 2). The following remark follows directly from the above lemma.

Remark 4.1. In z¼ðϕ,yÞ-coordinates, the phase-manifold P, for a k-order ensemble, is represented by the k-
slice y¼ 0; that is, parameterized by the k coordinates ϕ¼ðϕ1,ϕ2,…,ϕkÞ�ℝk with y¼ 0¼ð0,0,…,0Þ�ℝn�k,
whereas γ corresponds to the z-coordinate 1-slice fϕk>1,yg¼ 0�ℝn�1.

The coordinate vector corresponding to a coordinate w is traditionally written ∂/∂w to emphasize the relation
between coordinate vectors and directional derivatives. Herein, we shall use simplified notation ∂w to convey the same
information. The coordinate vectors following from the z-coordinate system, developed above, are then written
∂z ¼ð∂ϕ, ∂y). These vectors are then mapped by the Jacobian dβ�1 of the coordinate transformation map β�1 : z 7!x
(see Equation 17) to produce the x-coordinate representation of these vectors ∂x=∂zi ¼ð∂xðtÞ=∂ϕiÞ,ð∂x=∂yiÞ; also

FIGURE 2 The subset S �X is parameterized by both the Euclidian x-coordinates with coordinate map βx :X !ℝn as well as the

(amplitude-phase) z-coordinates with coordinate map βz :X !ℝn. A point p�S hence has smooth representations in both coordinate

systems with β¼ βz ∘β�1
x being the smooth coordinate transformation
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known as the push-forward vectors.32,33 The tangent space at a point p�P is then decomposed as Tpℝ
n ¼TpP

L
TpI ,

where TpP is the k-dimensional tangent space to P and TpI represents directions traverse to P (see discussion in
Sections 2.4 and 3). From Lemma 4.1, P is parameterized by the k coordinates ϕ�ℝk. By definition, the corresponding
coordinate vectors at a point p�P, then span the tangent space of this manifold at this same point.32 From this descrip-
tion, it follows that we can write the phase-manifold tangent bundle TγP, introduced in Section 3 above (see
Lemma 3.3), on the form

TγP ¼ spanfϱ1ðηÞ,ϱ2ðηÞ,…,ϱkðηÞg ð18Þ
where

ϱiðtÞ¼ ð∂xðtÞ=∂ϕiÞjxðtÞ¼xsðtÞ , i¼ 1,2,…k ð19Þ

5 | THE C-OSC LR PHASE EQUATIONS

The previous section introduced the coordinates z¼ðϕ,yÞ specifying C-OSC amplitude and phase coordinates on the
open set S �X in which the phase manifold is embedded P �S. Using the results from Lemma 4.1 and Remark 4.1, as
well as the shorthand xðzÞ¼ xðϕ,yÞ¼ xðϕ,y¼ 0Þ¼ xðϕÞ, orbits on P are written

xðtÞ ¼
x � P

x ϕ1ðtÞ,ϕ2ðtÞ,…,ϕkðtÞð Þ¼ xðfϕjðtÞgÞ, j¼ 1,2,…,k ð20Þ

From the C-OSC SDE in Equation (1), the system is driven by the weak-noise source-vector
ζðx, tÞ¼ bðxðtÞÞξðtÞ :ℝn�ℝ!ℝn. The response of the phase variables {ϕj(t)}, to this stochastic perturbation, is then
written

ϕjðtÞ¼ ϕ̂jðtÞ|ffl{zffl}
deterministic

þ δϕjðtÞ|fflffl{zfflffl}
stochastic

ð21Þ

where the k functions {δϕj(t)} represent the stochastic response, away from the deterministic orbit. We seek to develop
the phase-response around the steady-state solution xs(t) � γ. From Lemma 4.1, it follows that xsðtÞ¼ xðϕ̂1ðtÞÞ� γ which
implies that for the PSS on γ �P, that is, xs(t), we have

ϕ̂jðtÞ¼
t forj¼ 1

0 otherwise

�
ð22Þ

Inserting Equation (21) into Equation (20) and using Equation (22) gives

x fϕjðtÞg
� 	

¼ x fϕ̂jðtÞþδϕjðtÞg
� 	

¼ x ϕ̂1ðtÞþδϕ1ðtÞ, ϕ̂2ðtÞþδϕ2ðtÞ,…, ϕ̂kðtÞþδϕkðtÞ
� �¼ x tþδϕ1ðtÞ,δϕ2ðtÞ,δϕ3ðtÞ,…,δϕkðtÞð Þ

ð23Þ

From the above discussion, it follows that the coordinates {ϕj(t)}j≥2 describe directions tangent to P but traverse to
the embedded limit-cycle γ. Since γ is a ω-limit-set all orbits approach, this set asymptotically with time. A response
excited in a direction traverse to γ is hence contracted and thus cannot grow unimpeded. This response is hence always
bounded by the size of the stochastic excitation ζ, and we can thus write

⟨ðδϕjðtÞÞ2⟩¼O ⟨kζðtÞk2⟩� �� 1 , forj≥ 2 ð24Þ

where ζðtÞ¼ bðxsðtÞÞξðtÞ. In contrast, the dynamics along γ are neutrally stable (no contraction) which implies that the
variance/power of the stochastic phase-mode, δϕ1, grows w/o bound. In order to emphasize this issue, we relabel this
special coordinate

αðtÞ :¼ δϕ1ðtÞ ð25Þ
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Equation (24) implies that the stochastic response of the phase coordinates {ϕj}j > 1, to a good approximation, can be
moved outside the argument in Equation (23). Taylor expanding Equation (23) w.r.t. the bounded coordinates ϕ( j > 1),
around the PSS (i.e., ϕjðtÞ¼ ϕ̂jðtÞ), gives

x fϕiðtÞgð Þ¼ xsðtþαðtÞÞþ
Xk
i¼2

ϱiðtþαðtÞÞδϕiðtþαðtÞÞþO ⟨kζðtÞk2⟩� Þ ð26Þ

where ϱiðtÞ :ℝ!ℝn are defined in Equation (19). Here, Equation (26) uses the shorthand xsðtþαðtÞÞ�
xðϕ1ðtÞ,cϕ2ðtÞ,cϕ3ðtÞ,…,cϕkðtÞÞ¼ xðϕ1ðtÞ,0,0,…,0Þ¼ xðtþαðtÞ,0,0,…,0Þ (see Equations 22 and 25) and similarly for ϱi(t
+ α(t)). This notation represents the fact that xs(t)� γ is parameterized by the single-phase coordinate ϕ1, with ϕ̂ðj>1Þ ¼
0 (deterministic component) as follows from Equation (22). The theory developed in this and the two previous sections
is now used to develop the following model of C-OSC phase-noise response

Lemma 5.1. The stochastic phase dynamics of a general synchronized C-OSC, k-order ensemble, system,
perturbed by weak noise, around the asymptotic limit-cycle PSS xs(t) � γ, is governed by the k unique Floquet
modes {u1, u2, … , uk}. The linear (first-order) expansion, w.r.t. these phase coordinates {ϕj}, is then written

xLR fϕjðtÞg
� 	

¼ xsðtþαðtÞÞþ
Xk
j¼2

ujðtþαðtÞÞδϕjðtþαðtÞÞ ð27Þ

The LR phase coordinate functions (α, {δϕj}) are characterized by the stochastic integrals

αðtþ τÞ�αðtÞ¼
ðtþτ

t

ν >
1 ðηÞbðxsðηÞÞξðqÞdη ð28Þ

and, assuming δϕjð�∞Þ¼ 0,

δϕjðtþαðtÞÞ¼
ðtþαðtÞ

�∞

expð�μjðη�½tþαðtÞ�ÞÞν >
j ðηÞbðxsðηÞÞξðηÞdη, j¼ 2,3,…,k ð29Þ

Proof. From Equation (16), in Lemma 3.3 and Equation (18), in Section 4, both sets fuiðηÞgki¼1 and
fϱiðηÞgki¼1 span the phase-manifold bundle TγP, and we can hence find a parametrization such that ϱiðtÞ¼
ð∂xðtÞ=∂ϕiÞjxðtÞ¼xsðtÞ ¼uiðtÞ and Equation (27) follows from Equation (26) by ignoring higher order terms.
Equations (28)–(29) then follow directly from Equation (6) in Section 2.3 with the weak noise drive ζðtÞ¼
bðxsðtÞÞξðτÞ defined in connection with Equation (1).

6 | THE C-OSC SINGLE-SIDED PHASE-NOISE SPECTRUM

The C-OSC cross power-density phase spectrum, SðωÞ :ℝ!Cn�n, is defined as FðCsðτÞÞ where Fð• Þ is the Fourier
transform operator and CsðτÞ :ℝ!ℝn�n is the LR C-OSC phase cross-correlation matrix

CsðτÞ¼ lim
t!∞

⟨xLRðfϕjðtÞgÞx >
LRðfϕjðtþ τÞgÞ⟩ ð30Þ

where xLR({ϕj(t)}) refers to the linear (first-order) response. An expression for the C-OSC LR was derived in previous
section (see Lemma 5.1) and inserting Equation (27) into Equation (30) gives

CsðτÞ¼ lim
t!∞

⟨ xsðtþαðtÞÞþ
Xk
j¼2

wjðtþαðtÞÞ
 !

xsðtþ τþαðtþ τÞÞþ
Xk
j¼2

wjðtþ τþαðtþ τÞÞ
 !†

⟩ ð31Þ
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where we have introduced the vector-functions wj :ℝ!Cn as

wjðsÞ¼ ujðsÞδϕjðsÞ, j¼ 2,3,…,k ð32Þ

The matrix in Equation (30) is now expanded as

CsðτÞ¼
X
ν

CðνÞ
s ðτÞexpð�jνω0τÞ: ð33Þ

where CðνÞ
s :ℝ!ℝn�n is the νth harmonic envelope of Cs. Fourier transforming this expansion then gives the following

expression for the spectrum SðωÞ¼
X∞

ν¼�∞

ð∞
�∞

SðνÞðqÞδð½ω�νω0��qÞdq¼
X∞

ν¼�∞
SðνÞ ωðνÞ

m

� 	
, where SðνÞðωÞ¼

FðCðνÞ
s ðτÞÞ :ℝ!Cn�n is the νth envelope spectrum and ωðνÞ

m ¼ω�νω0 (ω0 ¼ 2π=T0) is the offset-frequency around the

νth harmonic. Let xs,qðtÞ :ℝ!ℝ be the qth component of the steady-state vector xsðtÞ¼ ðxs,1ðtÞ,xs,2ðtÞ,…,xs,nðtÞÞ > �ℝn.

The C-OSC phase auto-correlation for this variable, ⟨xs,qðfϕjðtÞgÞx >
s,q ðfϕjðtþ τÞgÞ⟩, then corresponds to the qth diagonal

component of the matrix Cs(τ) in Equation (30); which we write [Cs(τ )]q,q with corresponding power-density spectrum

SðνÞ ωðνÞ
m

� 	h i
q,q
. The single-sided phase-noise spectrum of the C-OSC PSS state variable, xs,q, is then defined as

LðωmÞ¼ Sð1Þðωm >0Þ
h i

q,q
=kX ½q�

s,1k2 ð34Þ

where we have set ωð1Þ
m ¼ωm for simplicity, Xs, ν denotes the νth harmonic of xs(t) and X ½q�

s,ν �C is the qth component of
this complex vector i.e. Xs,ν ¼ðX ½1�

s,ν,X
½2�
s,ν,…,X ½n�

s,νÞ
>
�Cn. A closed-form expression for SðνÞðωðνÞ

m Þ
h i

q,q
is derived in

Equation (D12) of Appendix D. Inserting this expression, with ν¼ 1, into Equation (34) gives the following closed-form
expression for the single-sided phase-noise spectrum of a k-order C-OSC ensemble

LðωmÞ¼ ð1�að1ÞÞðω2
0cÞ�2bð1Þωm

ð0:5ω2
0cÞ2þω2

m

þ
X
ρ

Xk
l¼2

Υð1Þ
lρ 2jμl,rjþðω2

0ρ
2cÞ� �þ2Δð1Þ

lρ ωmþμl,i
� �

jμl,rjþ 0:5ω2
0ρ

2cð Þ� �2þ ωmþμl,i
� �2 ð35Þ

where the complex Floquet characteristic exponents have been written μl ¼ μl,r þ jμl,i and we have defined the parame-

ters aðνÞ þ jbðνÞ ¼ ΩðνÞ� �
ðq,qÞ=kX ½q�

s,νk2, ΥðνÞ
lρ þ jΔðνÞ

lρ ¼ ΘðνÞ
lρ

h i
ðq,qÞ

=kX ½q�
s,νk2, with complex matrices ΩðνÞ,ΘðνÞ

lρ �Cn�n calculated

in Equations (D8)–(D9) of Appendix D (note: all sums w/o limits are assumed to go from �∞ to ∞).

7 | NUMERICAL EXPERIMENTS

The C-OSC PMM model described above has been implemented numerically. Here, this software is used to investigate
the phase-noise response of various coupled oscillator configurations detailed in Figures 3 and 7. The results thus
obtained are then verified against simulations produced using the Keysight-ADS ©CAD circuit simulator. From
Figure 3, we consider the two distinct injection-locked configurations INJ-OSC(1j2). These circuits are constructed by
coupling the (XMF/VDP)-OSC units, at the respective injection ports (vinj), through a simple unilateral polynomial
transconductance amplifier. The simulations below, however, only consider linear coupling, that is, gci ¼ 0 for i≠ 1,
deferring the topic of nonlinear coupling to future work. The default circuit component values are printed in Figure 3.
Given this default configuration, six parameter sets, three for each INJ-OSC configuration, are listed in Table 1. All sim-
ulations reported below correspond to one of the configurations listed in Table 1. An injection-locked configuration
constitute a second-order ensemble (i.e., two coupled oscillator units, see Section 2). From the discussion in Section 3
above, this then implies the existence of a two-dimensional phase-manifold P. Then, from Lemma 5.1, the phase LR is
then governed by two distinct Floquet modes ðu1ðtÞ¼ _xsðtÞ,v1ðtÞ,λ1 ¼ 1Þ and (u2(t), v2(t), λ2 < 1). The single-sided phase-
noise spectrum then follows directly from the expression in Equation (35) with k¼ 2.
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The first step in the process of deriving the phase-noise spectra of the circuits in Figure 3 involves calculating
corresponding the PSS solutions (i.e., the limit-cycles). This is done using a time-domain, Newton–Raphson iterative
algorithm originally developed in Aprille and Trick.35 The calculated PSS solutions for the INJ-OSC(1j2) circuits are
shown in Figure 4 together with output of the frequency-domain Keysight-ADS ©PSS routine. Note that the two sets of
solution curves have different phase-offsets which just represents that fact that the absolute phase (phase origin) of any
oscillating systems is unspecified. Given this PSS solution, the corresponding Floquet decomposition {λi, ui(t), vi(t)} is
readily calculated using standard methods (see, e.g., other studies5,6,31,36,37) which in-turn allow us to calculate the vari-
ous components of the expression in Equation (35) (see Appendix D). The resulting spectral curves are plotted in
Figure 5. The figure plots spectra for both circuits in Figure 3 and all six parameter configurations are listed in Table 1.
The results are compared against the output of the Keysight-ADS ©PNOISE-pnmx routine applied to the same circuits.
The PNOISE-pnmx algorithm calculates the phase-noise spectrum using an FD-CM approach and hence represents an
entirely independent method of verification.

Figure 6A shows the Floquet multiplier spectrum of the INJ-OSC2 circuit(P-SET #1) with the coupling, gc1, being
swept over the interval [38, 115]μA/V. Only relevant modes are shown in this figure. These are modes which satisfy jℜ

FIGURE 3 The two oscillator units considered in experiments below, XMF-OSC: a MOSFET cross-coupled LC oscillator and VDP-OSC:

a van-der-Pol type LC resonator unit. These are arranged in two injection-locked coupling arrangements INJ-OSC1 and INJ-OSC2. The VDP-

OSC unit is considered both as primary (INJ-OSC1+2) and secondary (INJ-OSC1) oscillator with the component values listed as (primary-

value ∗ secondary-value). Fixed default values: XMF-OSC current noise source (rms value) nðtÞ¼ 70:7pA=
ffiffiffiffiffiffi
Hz

p
, VDP-OSC negative

resistance polynomial coefficients a0 ¼ a2 ¼ 0, a1 ¼ð1∗5ÞmA=V and a3 ¼�ð100∗500ÞμA=V3, VDP-OSC noise source (rms value)

wðtÞ¼ 1:0ðpA∗nAÞ= ffiffiffiffiffiffi
Hz

p
. The coupling buffer is a polynomial trans-conductance amplifier iout ¼

P
i
gciðvinÞi. In the default setting, all the

coupling coefficients, except for the linear coupling gc1, are set to zero gci ¼ 0:0 for i≠ 1. The MOSFET transistors use the model reported in

Maffezzoni et al.34 The vinj ports in the above schematic serve as coupling input/output ports in all coupling configurations described below.

All simulations include resistor and transistor noise sources [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 1 The three parameter sets, P-SET #1–3 considered for the numerical experiments

Note: All remaining parameters are fixed at the default values specified in Figures 3 and 7A.
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{μi}j � 2πf0 where μi are the Floquet exponents (see Section 2.3). The remaining seven modes (λ7 � λ14), not shown in
this figure, are all of the magnitude jλij<10�8 ) jℜ{μi}j>18f0; referred to here as zero modes. It is a well-established fact
that these zero-modes have no significant impact on the spectrum, for any reasonable frequency offset, and they can
therefore safely be ignored.34 The figure shows that two of the modes are stationary. These are modes associated with
the P-OSC (driving) oscillator which of-course oscillates independently of the value taken by the unilateral coupling gc1
(see Figure 3). The other four modes are connected to the S-OSC subcircuit response, and thus, all move around in the
complex plane as the coupling changes; some more than others. From this figure, we identify two phase-modes λ1, λ2
and the four amplitude modes λ3,λ4,λ5 ¼ λ ∗

4 ,λ6. What follows is an explanation of this identification process. Firstly,
λ1 ¼ 1 (red �) is the stationary γ-phase-mode (see Section 2.3 and Equation 8). From Lemma 3.3, this mode is, by defini-
tion, a phase-mode. Secondly, the mode λ2 is identified using Lemma 3.4 which prescribes that the limit limgc1!0λ2 ¼ 1
must be observed in order for it to be categorized as phase. Inspecting the figure, this limit is clearly observed. By the
law of amplitude/phase dichotomy, that is, all that is not phase must be amplitude, the remaining four modes are cate-
gorized as amplitude.

FIGURE 4 The PSS xs(t) for the two configurations INJ-OSC(1j2) detailed in Figure 3, for P-SET #1 listed in Table 1. The various nodes

considered are indicated in Figure 3 in orange font. (A, B) vCp=s
= VDP-OSC vC node voltages of the (primary/secondary)(P/S)-OSC units in

the INJ-OSC1 configuration. Solid line curves= in-house software, dashed line curves=Keysight-ADS ©PSS routine [Colour figure can be

viewed at wileyonlinelibrary.com]

FIGURE 5 The C-OSC single-sided phase-noise spectrum, derived in Equation (35), calculated for the two configurations INJ-OSC(1j2)
detailed in Figure 3 and for the six parameter sets specified in Table 1. The calculated spectra (solid curves) are compared with the output of

the Keysight-ADS © PNOISE (pnmx) routine (square symbols). The phase-noise spectra of the free-running S-OSC circuits are also included

(dashed line) [Colour figure can be viewed at wileyonlinelibrary.com]
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Figure 6B then investigates the result of including these four amplitude modes into the calculation phase-noise spec-
trum. For lower offsets, the plots follow each other as the output is dominated by the phase-mode response. However,
at higher offsets, the amplitude contributions gain importance and the two spectra begin to diverge. This experiment
serve as a direct demonstration that there indeed does exist dedicated phase-modes for coupled systems as predicted by
the novel C-OSC PMM proposed herein. For second-order ensemble circuits INJ-OSC(1j2), the model predicts that two
dedicated phase-modes must exist following from the two-dimensional phase-manifold P governing the asymptotic
dynamics of these circuits. Figure 6B directly verifies this prediction. When the spectrum is calculated using the phase-
modes λ1 and λ2, it follows the PNOISE-pnmx reference for all offsets of interest. However, when the amplitude modes
are added, the spectrum diverges from this reference introducing gap at some offset reaching around 3� 4 dB which
obviously represents a significant and observable discrepancy.

Figure 7A shows the BIC3-OSC circuit built from 3 VDP-OSC units (see Figure 3) coupled bilaterally, in a global
coupling configuration, using resistive coupling components. The circuit represents a third-order ensemble (i.e., k¼ 3)

FIGURE 6 (A) Floquet eigenvalue-spectrum of the the INJ-OSC2 circuit (P-SET #1) in the complex plane C as the coupling is varied in

the interval gc1 ¼ 38! 115μA=V. Symbols: �¼ stationary mode, dot=non-stationary (moving) mode, dashed circle = limit value of mode as

gc1! 0. (B) The spectrum (same circuit/parameter set as in Figure 6A) is calculated using only the phase-modes, λ1 and λ2, (blue solid line)

and by including the four amplitude modes λ1� λ6 (orange solid line) [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 7 (A) The BIC3-OSC circuit is constructed by bilaterally coupling 3 VDP-OSC units (see Figure 3) using the coupling resistors

Rc[1 � 3]. VDP-OSC(1j2j3) component values: C¼ð4:5j4:55j4:36ÞpF,R¼ð1:25j1:5j2ÞΩ,L¼ð7j6:98j7:05ÞnH,wðtÞ¼ ð2j3j5ÞpA= ffiffiffiffiffiffi
Hz

p
,a0

¼ a2 ¼ 0, a1 ¼ 3mA=V and a3 ¼�300μA=V3. (B) The calculated PSS solution compared with the equivalent ADS-Keysight result. Plot

legends: see Figure 4 caption. (C) The BIC3-OSC Floquet mode spectrum for varying values of the coupling strength (controlled by the three

coupling resistors Rc[1j2j3]). Plot legends: see Figure 6A caption [Colour figure can be viewed at wileyonlinelibrary.com]
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and the model developed above in Sections 3–6 then predicts that three dedicated phase-modes must exist governing
the weak-noise dynamics on the three-dimensional phase-manifold P. Below, a series of numerical experiments involv-
ing this circuit are conducted for the three sets of circuit parameters PSET#1–3 listed in Table 1; the remaining parame-
ters held fixed at the values specified in Figure 7A caption. These experiments directly mirror the simulations discussed
above for the INJ-OSC(1j2) circuits. The discussion below will therefore often refer back to Figures 4–6 and the
corresponding text in order to avoid repeating the same points twice.

Figure 7B compares the calculated BIC3-OSC PSS curves with corresponding Keysight-ADS results, for the parame-
ter set PSET #3 as specified in Table 1, and for each of the three BIC3-OSC output-nodes v1 � 3. Figure 7C shows the
BIC3-OSC Floquet spectrum as a function of varying the coupling strength of the network. This spectrum contains six
nonzero modes λ1 � λ6; ignoring the remaining three zero-modes (see discussion above). As the BIC3-OSC circuit con-
stitutes a third-order ensemble, the model predicts the existence of three dedicated phase-modes. Figure 7C identifies
these as the set λ1 � λ3 with the remaining modes λ4 � λ6 then describing BIC3-OSC amplitude. Figure 8 plots the
phase-noise spectra at each of the three output nodes v1 � 3 for each of the three parameter sets PSET#1–3. The figure
shows curves calculated using C-OSC single-sided phase-noise model in Equation (35) (k¼ 3) together with the equiva-
lent spectra produced running the frequency-domain ADS-Keysight ©PNOISE-pnmx algorithm.

Finally, Figure 9 investigates the effects of applying other mode combinations to compute the phase-noise spectra.
Figure 9A shows the result of including only two of the three dedicated phase-modes. It clearly illustrates how this
choice introduces a significant error (around 4 dB) in the calculated spectrum of the v1 node. Figure 9B then shows the

FIGURE 8 The C-OSC single-sided phase-noise spectrum for the three output nodes of the BIC3-COUP circuit in Figure 7A for the

three parameter sets in Table 1 (see also Figure 5 caption) [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 9 The C-OSC single-sided phase-noise spectrum for the BIC3-COUP circuit in Figure 7A calculated using various

combinations of the nonzero Floquet modes λ1 � λ6 shown in Figure 7C. The curves are calculated for parameter set PSET-3 defined in

Table 1 for output nodes: (A) = v1 and (B) = v3 (see also Figure 6B caption) [Colour figure can be viewed at wileyonlinelibrary.com]
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result of adding the amplitude modes λ4 � λ6 in the calculation of the v3 node spectrum. The curves show a distinct
introduced error at higher offsets in the range 1.5 � 2 dB. The figure illustrate a clear trend that including more
amplitude modes leads to a more significant error contribution. For the BIC3-OSC circuit (third-order ensemble), the
COSC-PMM model predicts that three dedicated phase-modes must exist, following from the three-dimensional phase-
manifold P. The three modes then govern the asymptotic phase-noise response of this circuit. The experiments detailed
in Figure 9 directly verify this prediction. When the spectrum is calculated using all three phase-modes, {λ1, λ2, λ3}, it fol-
lows the PNOISE-pnmx simulation for all offsets of interest. However, when some of the phase-modes are neglected
(Figure 9A) or when amplitude modes are added (Figure 9B), the spectrum tends to diverge from this reference at
higher offset frequencies.

8 | CONCLUSION

We present a novel macro-model aimed at predicting phase-noise performance of a general coupled synchronized oscil-
lator ensemble perturbed by weak noise sources. The proposed framework is generalized and can be applied to all cir-
cuit and coupling configurations. To the authors knowledge, the work herein represents the first attempt at this sort of
macro-modeling strategy applied general coupled oscillator scenarios.

The proposed model predicts that a k-order ensemble of coupled oscillators will imply k dedicated modes governing
the stochastic phase-response of the ensemble, that is, the k-phase-modes. The remaining modes are then categorized as
amplitude modes. The prediction put forth by the proposed model was subsequently verified in a series of numerical
experiments which compared our results with the output of the Keysight-ADS ©PNOISE-pnmx routine.

In radar/remote-sensing and RF/μ-wave communication systems, the BER of the received signal is directly linked
to the phase-noise performance of the system clocks/oscillators. The demand for rigorous, and computationally effi-
cient, modeling solutions is hence obvious. The macro-model proposed herein shows great potential for industry appli-
cation as it is completely generalized and allows for easy integration into existing computer-aided design (CAD)
simulation environments.
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APPENDIX A: INVARIANCE OF FLOQUET SUB-BUNDLES

We consider the q-dimensional Floquet sub-bundle

U ¼ spanfui1ðηÞ,ui2ðηÞ,…uiqðηÞg ðA1Þ

spanned by q Floquet vectors {ui(η)}, η � [0, T0].

Lemma A.1. The Floquet sub-bundle U is mapped invariantly by the flow, that is, dψ tðUÞ�U .

Proof. Let σ �U represent an initial condition in this sub-bundle at η¼ s written as σ¼
Xk

p¼1
apuipðsÞ. This

vector is then mapped (pushed-forward) by the LR flow σ ∗ ¼ dψ tðσÞ. From Section 2.3, the mapped
response has the form σ ∗ ¼

Xq

p¼1
bipuipðtÞ�U with br ¼ arexpðμrðt� sÞÞ.

Lemma A.2. Any q-dimensional sub-bundle Z, mapped invariantly by the flow dψ tðZÞ�Z, correspond to
a unique q-dimensional Floquet representation U .

Proof. Let Z¼ spanfz1ðηÞ,z2ðηÞ,…zqðηÞg with {zi(η)} some set of unspecified vector-functions. The n-
dimensional Floquet set {ui(η)} is complete, and we can expand zjðηÞ¼

XNj

m¼1
αmj ðηÞuimðηÞ where αmj ðηÞ are

the expansion functions and 1 ≤ Nj ≤ n is the dimension of the expansion. As the modes {ui(η)} are linear-
independent, we get Z¼ spanfui1ðηÞ,ui2ðηÞ,…uiQðηÞg where q ≤ Q ≤ n is the dimension of the bundle. How-
ever, as Z was assumed to be a q-dimensional bundle, we must have Q= q which implies Z¼U as defined
in Equation (A1).

APPENDIX B: VARIOUS LEMMA PROOFS

Proof of Lemma 3.1: we can write P0 ¼ γ1� γ2�…� γk where γi is the limit-cycle manifold corresponding to the ith
uncoupled oscillator unit in the ensemble. This manifold is k-dimensional; being the product of k 1-D manifolds. It is a
compact, NH, smoothly embedded (i.e., has a smooth coordinate description) manifold as each component in product
(the limit-cycles γi) is compact, NH and smoothly embedded. Let the uncoupled flow be written
ψ t ¼ψ ð1Þ

t

N
ψ ð2Þ
t

N
…
N

ψ ðkÞ
t , where ψ ðiÞ

t is the flow of the ith uncoupled, free-running, oscillator. The limit-cycle γi,
being a ω-limit set, is, by definition, an invariant of the flow ψ ðiÞ

t and from Equation (15),
ψ tðP0Þ¼ψ ð1Þ

t

N
ψ ð2Þ
t

N
…
N

ψ ðkÞ
t ðγ1,γ2,…,γkÞ¼ψ ð1Þ

t ðγ1Þ�ψ ð2Þ
t ðγ2Þ�…�ψ ðkÞ

t ðγkÞ�P0. By definition, the periodic one-
dimensional limit-sets γi are diffeomorphic to the simple circle γi ffiS, i¼ 1,2,…k. Inserting this into Equation (15), it fol-
lows that P0 ffiTk ¼S�S�…�S (k times).

Proof of Lemma 3.2: From Lemma 3.1, the zero coupling, ϵ¼ 0, manifold P0 is a compact NHIM. It is an established
fact27–30 (see summary in Appendix C) that this manifold is persistent. The manifold is hence known to survive under a
weak deformation mapping, in terms of the parameter ϵ. As the phase-manifold P is a smooth deformation of embed-
ded manifold P0, it follows trivially that P is also smoothly embedded in X (i.e., has a smooth coordinate representa-
tion). From Lemma 3.1, we have P0 ffiTk. Then, since P is a smooth deformation (i.e., PffiP0), it follows directly that
P ffiP0 ffiTk )PffiTk.

Proof of Lemma 3.4: The deformation of the uncoupled phase-manifold P0 into P preserves fiber
structure27–30 (see summary in Appendix C). Hence, the Floquet modes spanning the bundle TγP are continu-
ously and smoothly deformed from the tangent-bundle TP0. However, the dynamics on the uncoupled bundle TP0 is
neutrally stable in all k directions; as the individual limit-circles in the product (15) are neutrally stable for directions
tangent to this set. Then, as the Floquet modes are deformed smoothly and continuously from this setting, the limit rule
follows.

Proof of Lemma 4.1: From Lemma 3.2, the phase-manifold P is a k-dimensional compact manifold embedded in X .
Here ,S �X is an open subset containing P. It then follows that P is also embedded in S; that is, a regular submanifold.
There then exist a smooth coordinate system w¼ða,bÞ�ℝn where P is represented by the k-slice b¼ 0¼ð0,0,…,0Þ
(n� k times)32,33; that is, P is parameterized by the k coordinates a�ℝk. From Lemma 3.2, it further follows that P is
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diffeomorphic (smoothly related) to the k-torus P ffiTk which implies that all a-coordinates must be periodic. Equiva-
lently, the coordinates b�ℝn�k cannot be periodic since they map to points off P. The 1-D limit-cycle γ is smoothly
embedded in P and is hence parameterized by a single-phase coordinate. Here, we choose first coordinate (ϕ1) in the
vector a�ℝk to parameterize this set.

APPENDIX C: PERSISTENCE OF NH INVARIANT MANIFOLDS: A SUMMARY OF ESTABLISHED
THEORY

The concept of an NHIM can be traced to a 1971 paper38 by Fenichel and Moser. Below, we give a short review of this
subject. For readers interested in more thorough discussion of this subject, we refer to the literature.27–30,38 Let g :M!
M be the time-one map of the flow restricted to M, gðxÞ¼ψ t¼1ðxÞ, x �M and let gi be the ith iteration of this
diffeomorphism giðxÞ¼ g ∘g… ∘gðxÞ (i times). Then, dgx denotes the differential (Jacobian) of g at x �M and the
Jacobian of the ith iterate becomes dgiðxÞ¼ d g ∘g… ∘gðxÞð Þ¼ dgx ∘dgx… ∘dgx ¼ðdgxÞi. Letting vt �TyM be a vector tan-
gent to M at y¼ giðxÞ�M and vp =2TxM be a vector traverse to M based at x �M then M is a NHIM if there exists
positive real constants K>0 and 0< λ<1 such that for i�ℤþ we have27-30

kðdgxÞivpk≤Kλi

kðdgxÞivpk � kðdgyÞ�ivtk≤Kλi
ðC2Þ

The expressions in Equation (C2) state, loosely speaking, that the contraction in directions normal to this space
exceeds the corresponding tangential contraction. Hence, orbits starting on M contract slower than orbits with initial
conditions off M. For this reason, a NHIM manifold is sometimes referred to as a slow-manifold. The concept of
C1-closeness is now introduced.

Definition C.1. Two maps f, g, with domain B, are said to be C1 κ-close if both the maps themselves as well
as their derivatives are κ-close, that is, supx � Bkf ðxÞ� gðxÞk≤ κ and supx � BkDf x �Dgxk≤ κ for some small
jκj�1.

which leads to

Definition C.2. Two q-dimensional embedded manifolds M,N �X are said to be C1 κ-close if the
corresponding coordinate maps x :M!ℝq and y :N !ℝq are C1 κ-close.

Given these definitions, the concept of a persistent invariant manifold, on state-space X �ℝn, can be stated.29,30

Definition C.3. Let f ,g :ℝn !ℝn be two smooth C1 κ-close vector fields on X with corresponding flows
ψ t, ~ψ t :ℝ

n�ℝ!ℝn and assume that the embedded manifold M�X is invariant under the flow ψ t. Then,
M is said to be persistent if there exist a smooth κ-close embedded manifold N invariant under ~ψ t.

Persistence preserves smoothness and fiber structure.29,30 For a compact NHIM, we have

Theorem C.1. Let M be a compact manifold w/o boundary, then it follows

Mis a NHIM,Mis persistent ðC3Þ

Proof. The ) part of this theorem was proven in Hirsch Morris and Pugh,27,28 whereas reverse statement
( was proven in Mañé.29,30
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APPENDIX D: THE C-OSC PHASE SPECTRUM

The vector λi :ℝ!Cn is now defined

λiðηÞ¼ ν >
i ðηÞbðxsðηÞÞ, i¼ 1,2,…,k ðD4Þ

which is T0-periodic and represents noise component corresponding to the ith Floquet mode ui. Expanding the brackets
of the phase correlation matrix, Cs(τ), defined in Equation (31) of Section 6, gives

CsðτÞ¼QsðτÞþ
Xk
m¼1

KmðτÞþ JmðτÞ½ �þ
Xk
i¼1

Xk
m¼1

PimðτÞ ðD5Þ

with QsðτÞ¼ ⟨xsðtþαðtÞÞx†s ðtþ τþαðtþ τÞ⟩,KmðτÞ¼ ⟨xsðtþαðtÞÞw†
mðtþ τþαðtþ τÞÞ⟩, JmðτÞ¼ ⟨wmðtþαðtÞÞx†s ðtþ τþ

αðtþ τÞÞ⟩ and PimðτÞ¼ ⟨wiðtþαðtÞÞw†
mðtþ τþαðtþ τÞÞ⟩. From Equation (32) and Equations (27)–(29), these matrices

involve ensemble averages of Floquet modes and various complex stochastic integrals. Rigorous techniques for solving
these types of stochastic integral expressions were developed in other studies.5–7 From the calculations detailed in
Traversa and Fabrizio,7 we derive the following closed-form expressions for the correlation matrices in Equation (D5)
for τ≥0

QsðτÞ ¼P
r
Xs,rX†

s,rexpð�jrω0τÞexpð�0:5ω2
0r

2cτÞ

PimðτÞ ¼P
ρ

P
p

P
r

Ui,pΛ >
i,ρ�pΛ

∗
m,ρ�rU

†
m,r

jω0ðr�pÞ�μi�μ ∗
m
expð�0:5ω2

0ρ
2cτÞexpð�jrω0τÞexpðμ ∗

mτÞ

KmðτÞ ¼P
ρ

P
r

jρω0Xs,ρΛ >
1,0Λ

∗
m,ρ�rU

†
m,r

�jω0ðρ� rÞ�μ ∗
m

½expð�jrω0τÞexpðμ ∗
mτÞ�expð�jρω0τÞ�expð�0:5ω2

0ρ
2cτÞ

ðD6Þ

whereas JmðτÞ¼ 0 for τ≥0.7 In the above expressions Λi,r, Ui,r, and Xs,r denote the rth harmonic of the vector λi in
Equation (D4), the Floquet mode ui(t) and the steady-state vector xs(t), respectively. In Equation (D6), and throughout,
all sums w/o limits are assumed to go from �∞ to ∞. From Equation (D5), the νth envelope in the expansion (33) is
written CðνÞ

s ðτÞ¼QðνÞ
s ðτÞþKðνÞ

m ðτÞþ JðνÞm ðτÞþPðνÞ
im ðτÞ and from Equation (D6)

CðνÞ
s ðτÞ ¼

τ≥ 0
X ∗

s,νX
>
s,ν �ΩðνÞ

h i
exp �0:5ν2ω2

0cjτj
� �þX

ρ

Xk
m¼2

ΘðνÞ
mρexp �0:5ρ2ω2

0cτ
� �

expðμ ∗
mτÞ ðD7Þ

with the complex matrices ΩðνÞ,ΘðνÞ
mρ �Cn�n defined as

ΩðνÞ ¼
Xk
m¼2

X
r

U1,νΛ >
1,0Λ

∗
m,ν�rU

†
m,r

jω0ðr�νÞ�μ ∗
m

ðD8Þ
and

ΘðνÞ
mρ ¼

U1,ρΛ >
1,0Λ

∗
m,ρ�νU

†
m,ν

jω0ðν�ρÞ�μ ∗
m �μ1

þ
Xk

i¼2

Xp
Ui,pΛ >

i,ρ�pΛ
∗
m,ρ�νU

†
m,ν

jω0ðν�pÞ�μ ∗
m �μi

ðD9Þ

where we have used the identities U1,ρ ¼ jρω0Xs,ρ and μ1 ¼ 0 (see Equation 8 in Section 2.3). From Equation (30),
C >
s ðτÞ¼ limt!∞⟨xLRðfϕjðtÞgÞx >

LRðfϕjðtþ τÞgÞ⟩¼ limt!∞⟨xLRðfϕjðt1ÞgÞx >
LRðfϕjðt1� τÞgÞ⟩¼Csð�τÞ where t1 ¼ tþ τ and

we have used the stationary property of the asymptotic dynamics. Using this result and the envelope expansion in
Equation (33), one finds C >

s ðτÞ¼P
ν

CðνÞ
s ðτÞ� � >

expð�jνω0τÞ¼Csð�τÞ¼P
ν
CðνÞ
s ð�τÞexpðjνω0τÞ)CðνÞ

s ð�τÞ¼ CðνÞ
s ðτÞ� �†

and the νth harmonic cross-power density spectrum is then written
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SðνÞ ωðνÞ
m

� 	
¼
ð∞
�∞

CðνÞ
s ðτÞexp �jωðνÞ

m τ
� 	

dτ¼
ð∞
0

CðνÞ
s ðτÞexp �jωðνÞ

m τ
� 	

þ CðνÞ
s ðτÞ

� 	†
exp jωðνÞ

m τ
� 	� �

dτ ðD10Þ

with ðωðνÞ
m ¼ω�νω0Þ. It follows from the above expression that envelope correlation matrices CðνÞ

s ðτÞ only need to be
evaluated for τ≥0 and inserting Equation (D7) into Equation (D10) gives

SðνÞ ωðνÞ
m

� 	
¼ X ∗

s,νX
>
s,ν �ΩðνÞ

0:5ω2
0ν

2cð Þ� jωðνÞ
m

þ
X
ρ

Xk
l¼2

ΘðνÞ
lρ

jμl,rjþ 0:5ω2
0ρ

2cð Þ� j ωðνÞ
m þμl,i

� 	þf…g† ðD11Þ

where the complex Floquet characteristic components were written μl ¼ μl,r þ jμl,i where μl,r ≤ 0 must hold to ensure
stability of the PSS solution (see Section 2.3). Let [M](q,q) denote the qth diagonal element of matrix M. We then write

the qth diagonal element of the complex matrices in Equations (D8)–(D9) as ΩðνÞ
m

� �
ðq,qÞ=kX ½q�

s,νk2 ¼ aðνÞ þ jbðνÞ,

ΘðνÞ
lρ

h i
ðq,qÞ

=kX ½q�
s,νk2 ¼ΥðνÞ

lρ þ jΔðνÞ
łρ . The qth diagonal element of the spectrum in Equation (D11) is then written

SðνÞðωmÞ
h i

ðq,qÞ
¼ kX ½q�

s,νk2
ð1�aðνÞÞðω2

0ν
2cÞ�2bðνÞωðνÞ

m

ð0:5ω2
0ν

2cÞ2þ ωðνÞ
m

� 	2 þ
X
ρ

Xk
l¼2

ΥðνÞ
lρ 2jμl,rjþðω2

0ρ
2cÞ� �þ2ΔðνÞ

lρ ωðνÞ
m þμl,i

h i
jμl,rjþ 0:5ω2

0ρ
2cð Þ� �2þ ωðνÞ

m þμl,i

� 	2
264

375 ðD12Þ
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