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Abstract

We present a symmetry result to solutions of equations involving the fractional
Laplacian in a domain with at least two perpendicular symmetries. We show that if
the solution is continuous, bounded, and odd in one direction such that it has a fixed
sign on one side, then it will be symmetric in the perpendicular direction. Moreover,
the solution will be monotonic in the part where it is of fixed sign. In addition, we
present also a class of examples in which our result can be applied.
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1 Introduction

In the following, we study symmetries of odd solutions to the nonlinear problem

(=AYu =f(r,u) in Q
{u:O inRY\ Q .

where Q C RY is an open set, f € C(Q X R), and (—A)*, s € (0, 1) is the fractional
Laplacian given for ¢ € C2(R") by

oy = 22 / 2000~ +y) — Pl —y)

| y|N+2x >

RN
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with a normalization constant ¢y ; > 0.

Symmetries of nonnegative solutions to problem (1.1) have been studied in detail
by various authors (see [3, 11, 16, 17]), where f satisfies some monotonicity and
symmetry in x; and Q is symmetric in x;. Here, we aim at investigating (1.1), where
Q has two perpendicular symmetries and the solution « is odd in one of these direc-
tions. For the variational framework, see also [1, 2, 24, 25] and the references in
there. To give a precise framework of our statements, we assume the following:

(D) Qc RY with N € N, N > 2 is open and bounded and, moreover, convex and
symmetric in the directions x; and x,. That is, for every (x,...,xy) € Q,
t,7 € [-1,1]1we have (x|, x, ..., xy_;, Txy) € Q.

(F1) f € C(Q xR)and for every bounded set K C R there is L = L(K) > 0 such that

sup |[f(x, u) — f(x,v)] < Llu—v| forallu,v € K.
xeQ

(F2) fis symmetric in x; and monotone in |x, |. That is, for every u € R, x € , and
t € [-1,1]1we have f(tx;,x,, ..., xy, u) > f(x, u).

In this work, we consider weak solutions of (1.1), ie.,
ue HyQ) :={veH®R") : u=0o0nR" \ Q}is called a (weak) solution of (1.1), if

Eu,v) = /f(x, u(x))v(x) dx forallv e %Y(Q),
o)

whenever the right-hand side exists, where

Cny [ [ @) — um)EG) - v()
Gl v) = == / / e — y [V by (1-2)

RN RN

is the bilinearform associated to (—A)*. Here, H*(RY) = {u € L*(RN) : &(u,u) < oo}
is the usual fractional Hilbert space of order s (see e.g. [1, 5, 7]).

Denote ¢; 1= (6;);<j<n € RY, where 6; = 1if j=iand 0O otherwise is the usual
Kronecker Delta. Moreover, for A € R, consider the halfspace

H, :={xeR" x> ={xeR": x> i} (1.3)
and denote by
ra RV S RY () =2(A—x-e)e; +x (1.4)

the reflection of x at dH; ;(4). Note that r| 4(Q) = ry ((€2) = Q, if assumption (D) is
satisfied.

We call u : RY — R symmetric with respect to H; ;, if uor; ; = u and we call u
antisymmetric with respect to H, ,, if uor; ; = —u.

Theorem 1.1 Let Q C RY satisfy (D), f € C(Q x R) satisfy (F1) and (F2), and

letu e %‘g (Q) be a continuous bounded solution of (1.1), which is antisymmetric
with respect to Hy o and u > 0 in Hy o N Q. Then u is symmetric with respect to H,
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and either u =0 in Q or ulgny, g, , IS strictly decreasing in x,, that is, for every
x,y € QN H,y N Hywith x; <y, we have u(x) > u(y).

We note that Theorem 1.1 is not surprising in the local case, where (—A)® is consid-
ered with s = 1, if we have u > 0 in Hyon Q. In this case, the conclusion follows by
simply considering the solution restricted to its part of nonnegativity and apply the usual
symmetry result due to [13]. We emphasize however, that if this positivity assumption
is reduced to a nonnegativity assumption, then in general the claimed monotonicity is
not true in the local case and presents a purely nonlocal feature. Moreover, in the nonlo-
cal setting, we are not able to simply restrict the solution to its set of nonnegativity. Due
to this, we present in Sect. 2 below new maximum principles for doubly antisymmetric
functions to certain linear problems, which we believe are of independent interest.

Let us emphasize that if u € L®(RY) is antisymmetric with respect to H, .0 it follows
that for any x € Hy (, such that u is regular enough at x, we have with a change of variables

arue = ey, tim [ e - uon(—

|x — y|N+2s
Hyo\B:(x)

1

) &= Al )

where (—A| HN.O)S denotes the so-called spectral fractional Laplacian (c.f. [6] for
s = 1/2). In particular, this difference of the kernel function does not meet the
assumptions needed to conclude the symmetry result by a restriction to Hy and
applying statements of [17].

In the particular case, where © = B|(0) is the unitary ball, it was shown in [10]
that the second eigenfunction of the fractional Laplacian in B, (0), denoted by ¢,, is
odd and can be chosen to be positive in {xy > 0}. Due to the regularity of ¢,, Theo-
rem 1.1 yields that fori = 1,...,N — 1 we have

1. ¢, is symmetric with respect to H;  (see also [15]) and
2. ¢l >0y Is decreasing in x; > 0.

We emphasize that such a statement already follows due to [10] combined with [8],
since thus the second eigenfunction can be written as a product of the first eigen-
function with a homogeneous function.

To give a more generalized application of our results to a class of nonlinear prob-
lems, we consider forl < p < % the minimization problem

o A
A p(Q) 1= ue%‘?ﬁ) 7 (L5)
Ao ([ e dx) |
Q

Clearly, the minimizer exists and is a solution of (1.1) with f(x,u) = |u|’"2u (see
e.g. [24, 25]) and, since &,(|ul, |u|) < &,(u, u) it can be chosen to be positive. For
more information about the minimization problem (1.5) we refer to [21]. In the local
case s = 1, this is a well known problem, see e.g. [12, 20]. If Q satisfies (D), then
it follows that this minimizer is also symmetric with respect to the symmetries of
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Q (see [16]). In this case, we can also consider the minimizer in the set of j{%‘(ﬂ)
-functions, which satisfy u = —uory o, that is

@ . £ 1)
= min .
e RO (e a)” 16
u # 0 Q '
U= —Uory,

In the next theorem, we prove that minimizers of (1.6) have constant sign in QN Hy,
and in the particular case p = 2 we also prove a simplicity result for /ll_p(Q).

Theorem 1.2 Let 1 <p <3 with N > 2 and let Q C RN satisfy (D) with 0Q of
class C\\. Then there is a nontrivial solution u € A (Q) of

s 2
(—A)u = Al’p(9)|u|P u rn QN (w7
u=20 in RY \ Q

which is continuous, bounded, and antisymmetric with respect to Hy . Moreo-
ver, u is of one sign in QN Hy , and hence it is symmetric with respect to H, ; and
Ul gn, oMy is strictly decreasing in x,. In particular, u can be chosen to be positive
in Hy N Q. Furthermore if p = 2, then the minimizer is unique up to a sign.

The existence, as mentioned above, follows immediately from a minimization
problem. Moreover, by the known regularity theory it follows that indeed we have
u € C*(Q) N C5(RV), see e.g. [14, 23]. We show here that this minimizer can actually be
chosen to be nonnegative in Q N H and thus the conclusion follows from Theorem 1.1.

This work is organized as follows. In Sect. 2 we give the framework for superso-
lutions and maximum principles used later on. Section 3 is devoted to prove Theo-
rem 1.1 and in Sect. 4 we show Theorem 1.2.

Notation The following notation is used. For subsets D,U C RN we write
dist(D,U) :=inf{|x—y| : xe€D,ye U}. If D={x} is a singleton, we
write dist(x, U) in place of dist(x,U). For U C RN and r>0 we consider
B,(U) := {x € RV : dist(x,U) < r}, and we let, as usual B,(x) = B,({x}) be the
open ball in R" centered at x € RY with radius r > 0. For any subset M C R", we
denote by 1,, : RV — R the characteristic function of M and by diam(M) the diam-
eter of M. If M is measurable, IM| denotes the Lebesgue measure of M. Moreover,
if w : M - R is a function, we let w* = max{w, 0} resp. w~ = —min{w, 0} denote
the positive and negative part of w, respectively, so that w = w* —w™. Finally, H,
and r; ; are as defined in (1.3) and resp. (1.4) fori € {1,...,N} and 4 € R. Finally,
Q c R" is always an open set satisfying (D).

2 Alinear problem
For this section, we fix 4, 4 € R and denote H, := H, , and H, := Hy ;. Similarly,

ryi=ryandr, i=ry ;. Wecalw: RN — R doubly antisymmetric (with respect to
H,and H,), if

@ Springer



Symmetry of odd solutions to equations with fractional... 213

wor; = —w inRY fori=1,2.
Moreover, if U ¢ RY is open, we let
ViU) = {u eL; (RY): p(w,U) := /
U RV

Note that clearly % (U) ¢ HS(RY) c 7*(RY) c ¥*(U). In the following Lemma
we collect some statements corresponding to the space #*(U). The proofs can be
found e.g. in [17-19].

W) = w())?

e e < oo}.

Lemma 2.1 Let U C RY open and bounded. Then the following hold.

1. & is well defined on V*(U) x 7 (U).
If w € V*(U), then also w*, |w| € ¥*(U). Moreover, if w > 0 in RN \ U, then
w™ € H;(U) and we have

EwW ,w) < =& (w,w).

3. Leti=1ori=2and UCH,. If we ¥*(U) is antisymmetric in x;, then
wly € V>(U). Moreover, if w>0 in H;\U, then wily € Hy(U) and
é}(w‘lH[,w‘lHl) < =&(w, wly).

The following Lemma gives an extension of Lemma 2.1. 3 to the case of doubly
antisymmetric functions.

Lemma 2.2 Let U C H NH, and w € V*(U,,) be doubly antisymmetric, where
Ui, =U00nrO)UnU)ur(U). Then v=w 1,1y, - wHlyely, € 75U U U)
and we have

&w,v) + E(v,v) <0,

where equality can only hold if v = 0, that is, if w > 0 in H; N H,.

Proof First note that since w is antisymmetric with respect to H;, i = 1,2, Lemma
2.1 and its proof imply w; 1= wly € YU U r(U)),i,j=1,2,i#jand

ps(w, UuryU)) < p,(w,U,,) and EWwr,w) < =&(w,w;) fori,j=1,2,i#].

Similarly, also w, is antisymmetric with respect to H, (resp. w; with respect to H,)
and thus alsow;, 1= w1y =w,1, € ¥*(U) with

py(w1 5. U) < min { 9. (w1, U U ry (D)), p(wy, U U rl(U))}

and it holds

&(Wy 5, Wy ,) < —max {&(Wl W) Wy, Wi 5) }

Similarly, we also have w, , = w;1 e € ¥ (r (U)) with
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P, 2. 11(U)) < py(wy, U U (U)).

It thus follows that v=wTly 1, —w"lyly =wi,—w} € Ay (U U r(U)).

Using the monotonicity of |- | and the antisymmetry of w and denoting
i, = rjor, = ryor; we have by several rearrangements and substitutions

o (éa(w V) + &,(v, v))

// [0+ V)00) = (0 + IO v +// +2//
|x_y|N+2: Y

Hy Hy Hﬁ 1-1( Hy 1-1(
_ / / [ +v)(x) = (W + VW1V = v(p)] dxd
- |x — y|N+2s y
Hy Hy
s / [w(r () = (W + VWMV dnd
|r2(x) |N+2: y
Hy Hy
_ / / [ +v)(x) = (W + VW) —v())] dxd
- |x — y|N+2s y
Hy Hy
[=w(x) = (W + VWV
-2 —_— " dxd
/ Ira(0) =y g
Hy Hp
/ (W +v)(x) = (W + VW) = vl did
|x — y|N+2s Yy
H|nHy HNHy
o ] [
Hy\H| Hy\H| HynH| Hy\H|
[-w®) — W+ VW)
-2 T R dvdy
/ () — y ¥+ !
HynH| HynHy
-2 / / o2 / / -2 /
Hy\H| Hy\H| HynHy Hy\H} Hy\H| HynH|
[w+wH)x) =W+ w)WIw™ () —w™ (y)]
|x y|N+2v
H|nHy HNHy

[w = whH)(x) = (w = wHWIIw* () = w* )] dxd

Ix —_ yIN+2A

Hy\H| Hy\H|

_ / / [ow = whH@) — w + W)W ) + w” ()

|x y|N+29

HynH| Hy\H,

[2w@) = W+ wIOWG)

-2
[y (x) = y|N+2s

HynHy HynH{

[-w(x) — (w - w+)(y)]w+(v)

7y (x) = y[N+2s

+2
Hy\H| Hy\H|
[=w) = (W = wH I ()

+2
[ (x) = y|N+2s

dxdy
Hy\H| HynH|
W) — (W + W)W~ ()

-2
[ (x) = y|N+2s

HynH| Hy\H,

dxdy
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_ / / [W+(X)—W+(Y)][W‘(X)—W_(y)]dd

|x — y|N+23
H\,nH, H,NH,
3 / / [=w™ () + w™ W () = w* ()] dnd
|x — y|N+25
H)\H| H,\H,
_s [=w™ () = w*WIIw* () +w (y)]
Ix y|N+25
HyNH, Hy\H,

s / [=w(@) = wr MW~ () dxdy

|7, (x) — y|N+2s
HynH| HynH,

[—w() + w™ MW" ()
+2/ / ey
HZ\HI HZ\H]
[=w(x) + w™MIw*(y)
2 / @y
H\H, HynH,

_9 / / [—w(x) = wr M Iw= () dxdy

|r2(x) - Y|N+2S

HyNH| H)\H,
_ wr W™ (y) + wr()w™ (x) J
- Ix — y|N+2S dxdy
H,nH, H,nH,
3 / / wo (W (y) +w” (y)w+(x)
|x y|N+2v
HZ\HI HZ\H]
wo(ow” (y)+w+(y)w+(X)
2 / |x — y[N+2s by
H,nH, H,\H,
L2 / / _WeOwT o)
|r2(x) |N+25
H,NH, H,nH,
/ / _w@wt(y) dnd
) — yvs O
H,\H, H,\H,
_w@wt(y) / / w)w™(y)
-2 dxdy + 2 " 2 xdy
/ / [ra(0) — y|V+2 [y (x) — y|N+2s
Ho\H, H,nH, HyNH, H)\H,
+(X)W‘(y) w-(w* ()
= / / Ty B2 / / Ty P
H,nH, HNH, Hy\H, H,\H,
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+2

HynH| Hy\H|

+2

HyNH, HynH;

+2

HynH| Hy\H

=-2

W (W™ () + wr (Wt )

|x_y|N+2s dXdy
ww™ () —w™()w (y)
dxd,
[rax) — yIV+2s i’
wrwt () —w” @)wh () dxdy
1m0 =y [V
wrw () —w™ ()wt(y)
dxd
[y (e) — yIV 2 g
wr (W™ () — w ()w () dudy

|7y () — y|N+2s

wOw o) dy—2 / wHOw* ()

[y (x) — y|N+2s [Py (x) — y|N+2s

HynH| HynH, Ho\H, Ho\H,
_ 1 1
- v ( - dxd
s Hn/H W™ () [ — y|V+2s |,2(x)_y|1v+2s) y
20y M0
_ 1 |
-~ v - dxd
ol (x) (y)( [x = yIV25  |ry(x) — y|N¥2s ) Y
2\ Hp\M1y
W @W0) + W O ()
" |7, (x) — y[ V428 doxdy
H,nH| HynH,
-2 W 0) = W@t 0)
[Py (x) = 1y () |V +2s y
HynH| HynH;
+2 wHr W™ () — w (r )W () »
|7y 5 (x) — y|NV+2s Y
HynHy HynH;
= TN
|r2(x) _y|N+2s
HynH| HyNH|
2 wr@wt ()
[y (x) — y|N+2s
Hy\H, Hy\H,
1 1
-2 + _ B "
HynH, H 'r{{ e (y)( X —yIVH2 [y (x) — y|N+2s ) Y
2Ny A0
” o - a
Hy\H H\/H ey [x = yIV25  [ry(x) — y|N¥2s ) Y
2\ Hp \1
wrOw™ () + w)w™ (x)
2 |r1(x) — y|N+2s dXdy
H,nH| HyNH,
—2 wr)w™ (y) = w™ (W™ () iy
[Py (x) = ry () |N+28
HynHy HynHy
2 / / WIEOWIO) Z WO O)
|ry () — y|N+2s
HynHy HynH,
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. S Co Lt NN / WO

[y (x) — y|N+2s 71200 — 1y ()N 428
H,NH{ HyNH, HyNH\ HyNH;

-2 / / w*(x)w‘(y)( 1 1 ) dxdy

lr = yINF25 [ry(x) — y[ V42
HynH| HynH,

2 / / w+(x)w—(y)( ! ! )dxdy

[x = yIVF25 |ry (0 = r )N
HyNH| HynH,

wrw™ () + wr(m)w (x)
[ry(x) — y|N+2s

+2

HynH{ HynHy

dxdy

wow™ () = w™ (0w~ ()

-2
|ra(x) = r () [N+2

HynH| HynH,

dxdy

W (W™ () = wrw™ ()
2 dxdy
* / / |r1’2(x) — y|N+2s !

HynH\ HynH,
w(Ow™ ()

=4 — =
|75 (x) = y|V+2s

HynH, HynH,|

—4 / / w+(x)w—(y)( ! L )dxdy

lr = yINF25 [ry () — y[ V42
H,nH| HynH,

W W™ () + wHW ()
2 dxd
* / / I () — Y V2 Y

HynH| HynH|
e -
—4 / / WO gy 4 / / WD) gy
|7y 2(x) — y V2 [ () — y[V+2
HonH\ HynH| HaonHy HynH,

-4 / / w_(x)w_(y)( ! - ! )dxdy

[rp(x) = yIN+25 |y 5(x) — y V428

HyNH| HynH,
_ 1 1
-4 wrw™ (y ( - ) dxd
HL HF‘/H ) (y) |x _y|N+2s |r2(x) _y|N+2s Y
2NH| HynH|
whw™ () / whw™ ()
+4 WOV Y ey — 4 Yy ow W)
7y () — y|N+2s |7y 2 (x) = y[N+2s
HynHy HynH; HynHy HynH,;
_ _ 1 1
=-4 w™ (0w ( - dxdy
. n/H ; n/H O O @ ™ T -y ) s
2 1112 1
_ 1 1
-4 wt(x)w ( -
H‘H/H B }]/H ) (y) |x _y|N+2.v |r2(x) _y|N+2s
2! 1412 1

- 1 + ! ) dxdy
[ ) = yINF2S iy (x) — y |V '

From here the statement of the Lemma follows, once we show the following claim:
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1 1
|x = y|¥+2s ry(x) — y|V+2
~ 1 1
[r @) = yINF2 |y () — p|NF2s

Claim:

2.1
>0, x,yeH nH,

We write

1 _ 1 B 1 < ~ ( |x—y|2 )—+s>
|x = yIN¥2 () — yIVFE |x — y|NE2s [y (x) = yI?
and

1 ~ 1 1 < _( | @) —yI? )w)
71 () = yIM2 00 = yIVF I () — IV Ir1 200 = yI? '

In the following, fix x,y€ H NnH, and without loss we may assume
e; =(1,0,...,0) and e, = (0, 1,0, ...,0). Indeed, otherwise we may rotate the half
spaces and since &, is invariant under rotations the situation remains the same. Then

with D 1= ¥V (5 — y)°
Ir () =y = (&, + )" + (0 = yp)* + D = 4xyy,
+(x =y + (=)’ + D =4dxyy, + |x -y
[r(x) = yI* = (x; = y)* + (5, +y,)* + D = 4x,y,
+ (=) + (5 =)’ + D =4dnyy, + |x -y
7y ,(0) — V2 = () + )+ (5 +y,)* + D = dxy; +4x,,
+ (=) + (5 — )" + D =dxyy; + 4y, + [x -y

Thus with M := |x — y|> we have

1 1 1 1
- - +
ma+s @ =N () = yIVEE () =y

@ =y \3s
: (1_<|r2(xz)w—)’|2> ) _<|r1(xj)u—)’|2> + (1_<|r1:31€)x—”2)()y)|2> +>>

- M%#—s

_ 1 (1_< M )%“_( M )%“Jr( M )%“)
M%“ [r2(x) = yI? [ () = y|? 71200 = yI?

_ 1 <1+( M )%“_( M )%“_( M >%+S>.
M§+s 4x,y; +4xy, + M 4x,y, +M 4%y, + M

Using the notation a = 4x,y, > 0 and b = 4x,y, > 0, we may consider for fixed
M > 0 the map

M %+S M %+s M %+s
[0.002 > R, (a.b) - 1 (—) _(—) _( ) .
110,007~ @b) =1+ at+b+M a+M
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Then (2.1) follows once f > 0. Note that

. Yblts Lo\
_ (N Ys <a+h+M> B (u+M>
Vf(a,b) = _<3 + S>Mz . Etl4s | Ytl4s |
()~ (55)

Clearly, fhas a saddle node at (0, 0), but note that for any (c, d) € [0, c0)? we have

Vf(a, b)<2> >0,

so that f is increasing in any direction (c, d). In particular, since f(0,0) = 0, it fol-
lows that f(a,b) > 0 for a,b > 0. Hence (2.1) follows, which implies the assertion
of the lemma. O

In view of Lemma 2.1 we may define doubly antisymmetric supersolutions as fol-
lows. Let U C H, N H, and ¢ € L*(U). Then w € ¥*(U) is called a doubly antisym-
metric supersolution of

{ (=AYw > c(ow in U, 2.2)

w>0 inH NnHy\ U,

if w is doubly antisymmetric and satisfies

Ew, ¢) > / c(x)w(x)¢p(x) dx for all nonnegative ¢ € %’6" ).
U

In the following, for an open setU C H, N H, let

- . &(u, u)
A(U) = min —
u E %Y(U U rl(U)) ”u”LZ(UUrl(U))
u#0
uorl = —U

We emphasize that A7 (U) > 4,(U U r{(U)), where 4,(D) denotes the first Dirichlet
eigenvalue of (—A)*in D. Since (see e.g. [17, Lemma 2.1])

sup A(D) = 0 aso—0,
D c RN open
|ID| <6

it follows also that

sup A (U) » o as|U| - 0.
U c RY open (2.3)
Ul <6
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We thus can show the following version of a small volume maximum principle for
doubly antisymmetric supersolutions.

Proposition 2.3 Let ¢, > 0. Then there is 6 > 0 such that the following is true. For
allU c Hy N H, open with|U| < 6, c € L*(U) with ¢ < ¢, and all doubly antisym-
metric supersolutions w of (2.2) it follows that w > 0 in H; N H,.

Proof Letc,, > 0. By (2.3), we may fix 6 > 0 such that ¢, < A (U) for all open sets
U Cc H nH, with |U| < 6. Fix such an open set U and let ¢ € L*(U). Then note
that we may reflect ¢ evenly across dH, and denote V = U U r,(U). Then for any
Qe jﬁf (V), which is antisymmetric with respect to dH, and with ¢ > 0 in U, we
have

Ew, @) = EW, 1y@) + Ew, 1, 1)®) 2 / cw(x)@(x)
U

+ / c(w)p(x) dx = / c(w(x)p(x) dx.
r(U) |4

Here, we have used the antisymmetry of w and ¢ with respect to dH, and Lemma 2.1
to have 1,9 € 7 (U), L, a® € Ay (r (U)), and

&y(w, 1r1(U)‘P) = &(wory, lypory) = E(w, 1) 2 /c(x)w(x)(p(x) dx
U

= / cwx)p(x) dx,
)

since we extended c evenly across 0H,. Then
v=wily ly, —whlydy € Hy(Uur(U)) by Lemma 2.2 and we have by
symmetry

Ew,v) = / c(x)wx)w™(x) dx — / cw)wt (x) dx

U r(U)

= - / X)W~ (x))* dx — / cx)wt(x))? dx

U ri(U)
> —%}( / (W™ ()? dx + / ow* ()? dx) = A, 2 =600,
U r(U)

Hence with Lemma 2.2 we have 0 < &,(w,v) + &,(v,v) < 0 and this can only be true
ifv=0. O
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In the next statement, we give a Hopf type lemma for Eq. (2.2) similar to [9,
Proposition 3.3].

Proposition 2.4 Let U C H,NH, open. Furthermore, let ¢ € L*(U) and let
u € V*(U) be a doubly antisymmetric supersolution of (2.2). Assume u >0 in
H, N H,. Then either u = 0 oru > 0 in U in the sense that

infru > 0 for all compact sets K C U.

Moreover, if there is x, € 0U \ [0H,| U 0H,] such that

1. there exists a ball B C U withdB N oU = {x,} and A7 (B) = ¢ and
2. u(xy) =0,

then there exists C > 0 such that
u> Céy, in B,
where 65 denote the distance to boundary of B, and, in particular, ifu € C(B), then

-t
t10 ts

0.

Proof Assume u # 0. Then there exists a set K C H,; N H, such that|K| > 0 and such
that

€ :=infgu > 0. 2.4

Let B C U be an open ball such that dist(B, K) > 0 and 0B N 0H; = @ fori = 1,2. By
making B smaller if necessary, we may assume

/IIX(B) >c (2.5)
Let yy € 4 (B) be the solution to
(-AYwyz=1 in B

Recall that there exists ¢; = ¢;(N, s, B) > 0, i = 1,2 such that ¢, 63, < yy < ¢,65. For
any a > 0, we define

ui=yptaly —y, g —al, g and W I=1U— Uor,

It is clear that wor; = —w = wor,, that is, w is doubly antisymmetric. Let
@ € 2 (B) with @ > 0. Then, we have
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Ew, @) = &, ) — & (uor,, p)

d
/ (x)dx—acNY/ (x)/wdx+ac]vg/ (x)/ Ix—y%dx

B B r(K)
()
+CN3/(p(x)/ | |N+23
r(B)
/ wp(0)(y) _VsOP0) v acy / / o) 0 ax
|x_r (y)|N+2S »* |x_r (y)|N+25
@, (») drd ¥, @)@, (1)
XCN.s x — y|N+2s XAy = Cns |x — y|N+2s xay
i (K)Xry(B) 1 (B)Xr,(B)
1 1
= 1- [ _
/ ¢(x)< aCN,S/ |x—y|N+2S |x_ rl(y)|N+2“
B K
1 1
- + |
O =™
r
+ey,s w(r () dy+cy, wp(») dy

|X— rl(y)|N+2s |X— rz(y)|N+2s

Y (B)("1 M)
")

lx — rl,z()’)|N+ZS

1 1
< /qo(x)(] - aCN,X/ [|x—y|N+2s - lx — rl(y)|N+2s
K

B

1 1

- + ]dy
|.X— rz(y)|N+Zs |X— rl,Z(y)|N+2s

—Cns

1 1 1
ol | [ + s * o)
/ ,

1 1
< /(P(x)<K_aCN,s/ [|x—y|N+2S - |x—r1(y)|N+25
K

B
1

- + d )
|x — rz(y)IN”S |x -r 20,)|N+2v] Y

* N.,s BlIL» (RN .
(RY) I)C rl(y)|N+25

1 1
+
|x = ryINF2 T |x =y () [V

]dy < 00,

where we have used that the boundary of B does not touch dH, U dH,. Since B and
K are compactly contained in H, N H,, it follows that
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C:= inf L _ !
= XEB, yeK |_x — y|N+2x |)C -7 (y)|N+2S

- ! + I >0
|X _ rz(y)|N+23 |)C _ r1!2@)|N+25

Since ¢,y € L*(U), we may hence choose « large enough so that

1 1
TN / [|x T P O
K

1 1
- +
|x = ry IV =1, WIN + 25

]dy <cx)yp(x) VxeEB.

Consequently, equation (2.6) gives

Ew,p) < / c(@)@(xX)yp(x) dx for all nonnegativep € J7 (B).

B

Therefore —w satisfies in weak sense

(=A)'(=w) > c(x)(—=w) in B,
(—w)>0 inH NnH,\B, 2.7
—wor, =w in RN fori =1,2.

Next, consider u, :=u — <w with € given in (2.4). Then u, also satisfies in weak
sense (2.7) where the nonlocal boundary condition is satisfied by the choice of
€. By (2.5) and Lemma 2.3 we conclude that u > EVIB > 5015; in B. Since B is
chosen arbitrary, the above implies that # > 0 in U as stated. If in addition there
is x, € 0U \ [0H, U 0H,] with the given properties, the above argument yields in
particular

“(xo - tV(xo)) > elim lI/B(xo - tV(xo)) >0

lim inf eli
110 A tl0 r
This finishes the proof. a
Remark 2.5 To put the Hopf type statement in Proposition 2.4 into perspective,
consider in Problem (1.1) the nonlinearity f(x,u) = |u|>2u with 2} := NZTA;; the

critical fractional exponent. It was shown in [22] that there is no positive bounded
solution if € is starshaped. Up to our knowledge, it remains an open question, if
there is a sign-changing solution to this problem. Assuming that Q is bounded and
starshaped with C! boundary and there exists a bounded solution of (1.1) with
f(x, u) = |u|>2u, it first follows that u € C*(RY) 0 C®(Q) (see e.g. [23]) and the
fractional Pohozaev identity from [22] implies
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| Gay) o =0

0Q

However, by [9, Proposition 3.3] it then follows that if € has additionally a symme-
try hyperplane T and u is odd with respect to reflections azcross this hyperplane and

m) > 00n0Q \ T. Whence,
there cannot be such an odd solution of the problem. Similarly, using instead Propo-

sition 2.4, it follows that there can also be no doubly antisymmetric solution of this
problem if Q satisfies (D).

of one sign on one side of the hyperplane, then <

3 Symmetry of solutions

In the following, we use the notation from Sect. 2 and assume Q C R satisfies (D).
Moreover, f € C(Q X R) satisfies (F1) and (F2) and let u € L*(U) N %’6&(9) be a
solution of problem (1.1) which satisfies uory , = —u. Note that by (F1) and [23] it
follows that u € C*(RM). For A € R we may than define

v, (%) = u(r, 1 (x)) — u(x).

Then it follows that v, is antisymmetric with respect to Hy o and H, ;, hence doubly
antisymmetric, and it satisfies due to (F2)

{ (=AYv, 2,0, inQ, :=QNnHy NH,,,

v, >0 in HyonH, ,\ Q,, G.D

where

S ulry 1 () = f(x, ux))

() = u(r, 1 () — ux) 1 00) # 1)
0 u(r, 1 (x)) = u(x)
Note that by assumption (F1) we have
sup sup [c;(x)| =: ¢y, < 0.

1€R xeQ,

Finally, let A; = sup,¢q x;.

Proof of Theorem 1.1 Assume that u is nontrivial. We apply the moving plane
method to then prove that u is symmetric with respect to H; ; and decreasing in x;.
For this let

Ao 1= inf{A € (0,4) : v, >0 inQ, forall u € (4 A;))
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Next note that by (D) and Proposition 2.3 it follows that there is e > 0 such that
v, 20 for all 41 € (4, —¢,4,) and thus by Proposition 2.4 we have 4, < 4, —e.
Assume next by contradiction that 4, > 0. Then by continuity v, >0inHy,NH,, .
By Proposition 2.4 it follows that either v, =0orv, > 0.

If v, =0, this implies that we have u = 0 in Q \ H,, ;- But then, we can also
start moving the hyperplane from the left (working instead with RN \ H; ;), up to
the same 4. It then follows that u has two different parallel symmetry hyperplanes,
but since u vanishes outside of Q, this implies # = 0, which cannot be the case.

Ifv, >0, leté > 0be given by Proposition 2.3 according to c¢,,. Then by contl—
nuity there is 4 > 0 such that and a compact set K C Q o such that |Q o \K| <= and
V), = 2 in K. Again, by continuity, we can find 7 € (O A= 4y) such that vﬂ >u
for all A € [Ag— 7. 4] LetU, := {x € Q, : v, <0}. Then, by making = smaller if
necessary, we may also assume |U,| < ¢ for all A € [1; — 7, 43]. A combination of
Proposition 2.3 and 2.4 gives a contradiction to the definition of 4.

Whence, 4, > 0 is not possible. Thus 4, = 0 and this finishes the proof. O

4 A symmetric sign-changing solution

Let Q ¢ R" open and bounded and consider the functional
HE(Q) = R, J(u) = E(u, u).

LetM :={ue %’BS(Q) D U= —uory, f |[u(x)|? dx = 1} with1 < p < % Then by

Q
a constraint minimization argument using the framework as explained e.g. in [24,
25], see also [4], it follows that there exists such a minimizer u of J|,,. That is, the
minimum

P

1p = min &(u, u) .10

is attained. Similar to [4, Theorem 3.1], it can be shown that this minimizer is
bounded and then, by an iteration of the results of [14, 23], we have u € C®(Q). If
in addition dQ is of class C"!, then [14, 23] also imply that u € C*(RM).

Proof of Theorem 1.2 Let )”1_,p be as in (4.1) and let u be the minimizer as explained in
the above remarks. In view of Theorem 1.1 it remains to show that u can be chosen
of one sign in Q* :=QnN Hy,. In the following Q™ = Q \ Q*. Assume by contra-
diction that u changes sign in Q and let Q;' ={xeQt : ux) >0} and
Q) = {x € Q" : ux) <0}. Wealso let Q = ryo(Q)), and Q7 = ry ((Q}). By the
property of u, it is clear thatu < 0in Q] and u > 0in Q7. Now let u be defined by
u=1lg:|ul = 1g-|ul. (4.2)

Then u € M, that is u € J(Q) satisfies uory , = —u and
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/|ﬁ|pdx=/(lﬁlz)p/zdxz/(lg+|u|2+19,|u|2)”/2dx=/lulpdxz1.
Q Q Q Q

“4.3)
Moreover, we have
_ ) _ — N2
2 (1) — u(y)) (u(x) - u(y))
—aan= [ W"’“’y: / T
RN xRN QxXQ
o]
RV\Q
_ _ PN
u(x)—u u(x) — u(y)
|x — y|VH2s |x — y|VH2s
Q+xQ Q~xQ
w2
_ur@dy
+4
/ / |x — yIN”‘
Q+ RM\Q
2 2
(lu@)| = lu)]) (lu@)| = lu)])
-/ oy / P
Q+xQ+ Q-xQ-
2
(lul ) + |ul ()
+2 / —lx—y|N+2S dxdy
Q-xQ+
2
ws [ [ s
RM\Q
“4.4)
Using the notation above, we rewrite
2 2
(lu)| = lu)I) (u(x) = u(y))
—— ~dxdy = ———dxd
|_x_y|N+2x |x_y|N+2s
Q+xQ+ Q+xQ+
2 _ 2
42 () + u(y))” — (ux) — u(y)) dudy
|.X y|N+23
QFxQy
2
u(x) —u
_ / (u(x) = u(y)) dxdy
|x_y|N+23
Q+xQ+
u(x)u(y)
+4 / —|x—y|N+23'dXdy
QI*XQ;
4.5)
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Similarly we have

(lul = lu))* (w0 = u®)’
/ T / TSI
Q~-xQ~ Q~xQ~

+4 / U)o

|)C — y|N+2s
1 X4

2
_ / (u(x) = u(y)) Jed

|x — y|N+Zs

(4.6)

Q~xQ-
+4 U)o
|)C _ y|N+23
QTxQZ+

Now using that Qj‘ = rN(Q;r), j=1,2 we get

(@) = Ju()])® (1) — u()*
/ Ty Ry = / Ty
Q- xQ+ Q~-xQ+
() + u(y)? = @) = u(y))?

+ [ dxdy

Q;xQf

() + u() — ) — u@)?
+ Iy dxdy

QxQy

2
_ / ((x) = u(y)) dnd

|x_y|N+2s

%))

Q-xQ+

+2 / U)oy 42 / U)o

Ix_y|N+2s |x_y|N+2s
QxQf QxQy

(u() - u(y)* / u(@)u(y)
~ 7 dxdy-4 —
QZN |x — y|N+2s xay o [ry0(0) = yIV+2

Summing up (4.5), (4.6) and (4.7), and taking into account (4.4), we obtain
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- d - 2
2 & (u,u) — 4/u2(x) / —yvdx = dedy
CN,S 3 |x_y|N+23 |x_y|N+23
Q+ RM\Q RNXRN
-2 / uz(x) / L
|)C — y|N+2s
Q RN\Q
+8 / M%dxdy -8 / %dxdy.
|x = y|N*2s |7y o(x) — y|V+2s
QfxQy AN
4.8)
By a change of variable it is clear that
dy dy
2 _ 2
2/u (x) / —lx—le*’z“dx_ 4/u (x) / —lx—le*’Z“ dx.
Q RM\Q Qr RM\Q
Putting that into (4.8) gives
_ 2
2 o= / (ue) —u)?
N,s ) |X - )’|N+25
RN XRN
| | 4.9)
+8 / u(x)u(y)[ - ]dxdy.
[ = yINF2 - ry p(x) — y|N+2
QFxQy
Now since uory = —u, it follows from the variational characterization of ll‘p(ﬂ) in
(4.1) with (4.9) and (4.3) that
_ - 1
A7 (@) < G0 = E(uu) +4Cy, / u(x)u(y)[m
QfxQy
- ;]dxdy
|7y 0(x) = y[N+2s
1 1
= 1" (@) +4C [ - | sy
l,p( ) N.,s / u(x)u(y) |x _y|N+2s |rN,0(x) _y|N+2s xay

QT xQF
That is
1 1

0< / u(x)u(y)[ - — ldxdy <0.
|x — y|N+2A |rN,O(x) — y|N+23
QfxQy

Whence u =0 in Q7 and therefore u > 0 in Q*. This is in contradiction with the
hypothesis. It follows that u does not change sign in Q* and, without loss of gener-
ality, we may assume u > 0 in Q*. By the strong maximum principle [9, Corollary
3.4] we have u > 0in Q.
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For the additional statement let p = 2 and let u, v be two normalized minimizers
for AIZ(Q). Assume further they satisfy the sign property in Theorem 1.2, i.e. they
are of one sign in Q N Hy . Then, if u — v is not identically zero, it must change sign
in QN Hy . Indeed, if not, we may assume u —v > 0 in N Hy o by [9, Corollary

3.4]. Therefore 1 = [u?dx=2 [ w?dx>2 [ v*dx=1 a contradiction. Note
Q QnHy QNHy
that if u # v, then also (u — v)/|lu — V|| ;2(q, is @ minimizer. But by the above argu-

ment, # — v cannot change sign in £ N Hy ;. Whence u = v as claimed. O

Acknowledgements This work is supported by DAAD and BMBF (Germany) within the project
57385104. The authors thank Mouhamed Moustapha Fall and Tobias Weth for helpful discussions.

Funding Open Access funding enabled and organized by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

References

1. Ambrosio, V.: Nonlinear fractional Schrodinger equations in RY, Frontiers in Elliptic and Parabolic
Problems. Birkhéuser/Springer, [Cham] 2021

2. Ambrosio, V.: Mountain pass solutions for the fractional Berestycki-Lions problem. Adv. Differ.
Equ. 23(5-6), 455-488 (2018)

3. Birkner, M., Lépez-Mimbela, J.A., Wakolbinger, A.: Comparison results and steady states for the
Fujita equation with fractional Laplacian. Ann. Inst. H. Poincaré Anal. Non Linéaire 22, 83-97
(2005)

4. Brasco, L., Parini, E.: The second eigenvalue of the fractional p-Laplacian. Adv. Calc. Var. 9.4,
323-355 (2016). https://doi.org/10.1515/acv-2015-0007

5. Bucur, C., Valdinoci, E.: Nonlocal diffusion and applications. Lecture Notes of the Unione
Matematica Italiana Springer, [Cham], vol. 20. Unione Matematica Italiana, Bologna (2016)

6. Cabré, X., Tan, J.: Positive solutions of nonlinear problems involving the square root of the Lapla-
cian. Adv. Math. 224(5), 2052-2093 (2010)

7. Di Nezza, E., Palatucci, G., Valdinoci, E.: Hitchhiker’s guide to the fractional Sobolev spaces. Bull.
Sci. Math. 136, 521-573 (2012)

8. Dyda, B., Kuznetsov, A., Kwasnicki, M.: Eigenvalues of the fractional Laplace operator in the unit
ball. J. Lond. Math. Soc. 95.2, 500-518 (2017). https://doi.org/10.1112/jlms.12024

9. Fall, M.M.,, Jarohs, S.: Overdetermined problems with fractional Laplacian. ESAIM Control Optim.
Calc. Var. 21.4, 924-938 (2015). https://doi.org/10.1051/cocv/2014048

10. Fall, M.M., Feulefack, P.A., Temgoua, R.Y., Weth, T.: Morse index versus radial symmetry for frac-
tional Dirichlet problems. Adv. Math. (2021). https://doi.org/10.1016/j.aim.2021.107728

11. Felmer, P., Wang, Y.: Radial symmetry of positive solutions involving the fractional Laplacian.
Commun. Contemp. Math. (2013). https://doi.org/10.1142/S0219199713500235

12. Franzina, G., Lamberti, D.: Existence and uniqueness for a p-Laplacian nonlinear eigenvalue prob-
lem. Electro J Differ Equ (EJDE) 26, (2010), available online at http://eudml.org/doc/230413

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1515/acv-2015-0007
https://doi.org/10.1112/jlms.12024
https://doi.org/10.1051/cocv/2014048
https://doi.org/10.1016/j.aim.2021.107728
https://doi.org/10.1142/S0219199713500235
http://eudml.org/doc/230413

230

S. M. Djitte, S. Jarohs

13.

19.

20.

21.
22.

23.

24.

25.

Gidas, B., Ni, W.N., Nirenberg, L.: Symmetry and related properties via the maximum principle.
Commun. Math. Phys. 68(3), 209-243 (1979)

Grubb, G.: Fractional Laplacians on domains, a development of Hormander’s theory of u-transmis-
sion pseudodifferential operators. Adv. Math. 268, 478-528 (2015)

Jarohs, S.: Symmetry of solutions to nonlocal nonlinear boundary value problems in radial sets.
Nonlinear Differ. Equ. Appl. (2016). https://doi.org/10.1007/s00030-016-0386-x

Jarohs, S., Weth, T.: Asymptotic symmetry for a class of nonlinear fractional reaction-diffusion
equations. Discrete Contin. Dyn. Syst. 34.6, 2581-2615 (2014). https://doi.org/10.3934/dcds.2014.
34.2581

Jarohs, S., Weth, T.: Symmetry via antisymmetric maximum principles in nonlocal problems of var-
iable order. Ann. Mat. Pura Appl. (4) 195.1, 273-291 (2016)

Jarohs, S., Weth, T.: On the strong maximum principle for nonlocal operators. Math. Z. 293(1-2),
81-111 (2019)

Jarohs, S., Weth, T.: Local compactness and nonvanishing for weakly singular nonlocal quadratic
forms. Nonlinear Anal. 193, 111431 (2020)

Kawohl, B., Lindqvist, P.: Positive eigenfunctions for the p-Laplace operator revisited. Analysis
26(4), 539-544 (2006)

Lindgren, E., Lindqvist, P.: Fractional eigenvalues. Calc. Var. PDE 49, 795-826 (2014)

Ros-Oton, X., Serra, J.: The Pohozaev identity for the fractional Laplacian. Arch. Ration. Mech.
Anal. 213(2), 587-628 (2014)

Ros-Oton, X., Serra, J.: The Dirichlet Problem for the fractional Laplacian: regularity up to the
boundary. J. Math. Pures Appl. (9) 101(3), 275-302 (2014)

Servadei, R., Valdinoci, E.: Mountain Pass solutions for non-local elliptic operators. J. Math. Anal.
Appl. 389, 887-898 (2012)

Servadei, R., Valdinoci, E.: Variational methods for non-local operators of elliptic type. Discrete
Contin. Dyn. Syst. 33(5), 2105-2137 (2013)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published
maps and institutional affiliations.

@ Springer


https://doi.org/10.1007/s00030-016-0386-x
https://doi.org/10.3934/dcds.2014.34.2581
https://doi.org/10.3934/dcds.2014.34.2581

	Symmetry of odd solutions to equations with fractional Laplacian
	Abstract
	1 Introduction
	2 A linear problem
	3 Symmetry of solutions
	4 A symmetric sign-changing solution
	Acknowledgements 
	References




