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It is shown that the inclusion of hadronic interactions, and in particular nuclear potentials, in simulations 
of heavy ion collisions at the SPS energy range can lead to obvious correlations of protons. These 
correlations contribute significantly to an intermittency analysis as performed at the NA61 experiment. 
The beam energy and system size dependence is studied by comparing the resulting intermittency index 
for heavy ion collisions of different nuclei at beam energies of 40A, 80A and 150A GeV. The resulting 
intermittency index from our simulations is similar to the reported values of the NA61 collaboration, 
if nuclear interactions are included. The observed apparent intermittency signal is the result of the 
correlated proton pairs with small relative transverse momentum �pt , which would be enhanced by 
hadronic potentials, and this correlation between the protons is slightly influenced by the coalescence 
parameters and the relative invariant four-momentum qinv cut.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The exploration of the properties of the Quark Gluon Plasma 
(QGP) [1–3] and the phase structure of quantum chromodynamics 
(QCD) [4] are the main objectives in relativistic heavy-ion colli-
sions (HICs). Lattice QCD calculations at vanishing baryon chemical 
potential (μB ) determined a chiral crossover transition at T � 155
MeV [5–7]. Various theoretical investigations suggest that at finite 
baryon chemical potential and temperature, there could be a criti-
cal end point (CEP) in the QCD phase diagram [8–11]. In order to 
explore the QCD phase diagram at finite net-baryon density, one 
tries to vary the temperature and baryon chemical potential of the 
nuclear matter created in HICs by changing the colliding energy 
and size of the colliding nuclei as well as the centrality, leading to 
different freeze-out conditions in μB and T [12–14].

A non-monotonic behavior of fluctuation of observables is ex-
pected as a signal for the CEP [15–20]. To investigate the phase 
transition and search for the CEP in HICs, a lot of analyses on fluc-
tuations were done. For example, the analysis of event-by-event 
fluctuations of integrated quantities like the net-baryon number, 
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electric charge, and strangeness, in particular their higher order 
cumulants [21–26]. In addition, the analysis of local power-law 
fluctuations of the net-baryon density [27,28] has drawn much at-
tention. It can be detected through the measurement of the scaled 
factorial moments (SFMs) in transverse momentum space within 
the framework of a proton intermittency analysis [29–34]. During 
the last decade, NA49 and NA61 performed a systematic search for 
critical fluctuations utilizing an intermittency analysis in central 
A+A collisions [35,36]. An indication of power-law fluctuations, in 
the transverse momentum phase space of protons at mid-rapidity 
in the central (0-12.5%) Si+Si collisions at 158A GeV/c, has re-
cently been presented [27]. In addition, a non-trivial intermittency 
effect was shown in a preliminary analysis of 40Ar+45Sc collisions 
at 150A GeV/c [37,38].

A more indirect interpretation of recent STAR data also sug-
gested a non-trivial intermittency index which cannot be described 
by a pure cascade simulation of the Ultra-relativistic Quantum 
Molecular Dynamics (UrQMD) model, and therefore warrants fur-
ther investigation [39–41]. In this work, effects of hadronic po-
tentials on the intermittency behavior in HICs will be evaluated 
by a systematic scan in collision energy and system size within a 
modified version of the UrQMD model with and without hadronic 
potentials.

This paper is organized as follows: in section 2, we briefly 
present the scaled factorial moments and the transport model 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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(UrQMD model) used in this work. In section 3, the result for the 
intermittency effect is discussed. Finally in section 4, the results 
and conclusions will be summarized.

2. Methodology

In order to investigate the non-statistical fluctuations and quan-
titatively understand the intermittent behavior in interactions, a 
technique based on the scaled factorial moments (SFMs) measure-
ment was first introduced by Bialas and Peschanski [29,30]. Here, 
momentum space is partitioned into equal-size bins and the SFMs 
are defined as:

Fq(M) =
〈

1
M D

∑M D

i=1 ni(ni − 1)...(ni − q + 1)
〉

〈
1

M D

∑M D

i=1 ni

〉q , (1)

where M D is the number of equally sized bins in which the D-
dimensional space is partitioned, ni is the number of particles in 
the i-th bin, the angular brackets denote an average over bins and 
events and q is the rank of the moment.

For a critical system, the fluctuations of the order parameter are 
self-similar [42], and the SFMs scale with the number of bins. In 
other words, if the dynamical fluctuations are self-similar in nature 
in the limit of small bin size, the SFMs are expected to increase 
with bin size following a power law. This effect is called intermit-
tency, and can be quantified by this dependence:

Fq(M) ∼ (M D)φq , M → ∞. (2)

The exponent φq is the so called intermittency index, which not 
only characterizes the strength of the intermittency, but also cor-
relates with to the anomalous fractal dimension dq of the system 
[32]. Many investigations suggest that one can explore the pos-
sible critical region of the QCD matter by using an intermittency 
analysis [27,32–40,43]. Universality class arguments associate the 
power-law behavior of the SFMs with a specific exponent φ2 = 2

3
in case of the chiral condensate as order parameter [31] and 
φ2 = 5

6 for the net-baryon density as order parameter [32,27].
Since such an analysis of higher order SFMs requires a large 

amount of data one usually only considers the second scaled fac-
torial moment (SSFMs) in transverse momentum space, which is 
obtained by setting q = 2 and D = 2 in Eq. (1).

The above considerations are true for idealized systems which 
can be studied in the thermal limit. In fact, heavy-ion collisions 
will never be such an ideal system for a number of reasons [27]. 
To reveal the predicted power-law exponents, it is necessary to 
consider a large number of background effects. Such effects include 
the finite lifetime of the system, global and local conservation laws, 
finite experimental acceptance, freeze out dynamics, resonance de-
cays as well as other possible sources for correlations. In other 
words it is important to understand the non-critical background. 
This can only be done within well understood transport simula-
tions.

In this study we will employ the UrQMD transport model [44,
45] with (mean-field mode, UrQMD/M) and without the hadronic 
potentials (cascade mode, UrQMD/C) to generate a large number 
of events for nuclear collisions at different bombarding energies. 
From these events the second order SFMs will be calculated. Sim-
ilar to what was done in Ref. [27], a correlation-free background 
can be generated from mixed events, where particles are taken 
from different events randomly. Any critical behavior is expected to 
be encoded in the approximate correlator, which can be estimated 
by the difference between the SSFMs of the real events F (d)

2 (M)

and the associated mixed events F (m)
(M):
2

2

�F2(M) = F (d)
2 (M) − F (m)

2 (M). (3)

The power law scaling of the correlator �F2(M) can be ex-
tracted by a fit to the M2 dependence of the critical component 
(�F2(M) ∼ (M2)φ2 ) for M � 1 [27], which will then be investi-
gated and compared to the expected critical exponents.

Using the mean-field mode of the UrQMD model [46–51], 
density-dependent potentials for both formed hadron and pre-
formed hadron from string fragmentation are treated in a similar 
way. The density dependent potential reads

U = α

(
ρh

ρ0

)
+ β

(
ρh

ρ0

)γ

, (4)

where α, β and γ are parameters. In this work, a soft equation 
of state is adopted with α = −110.49 MeV, β = 182.014 MeV, 
γ = 1.17. Here, ρ0 = 0.16 fm−3 is the nuclear matter saturation 
density, and ρh = ∑

i �= j cic jρi j is the hadronic density, which has 
contributions from formed and pre-formed baryons with ci, j = 1, 
and from pre-formed mesons with a reduction factor ci, j = 2/3
based on the light-quark counting rules.

The momentum-dependent term of the hadronic potentials 
reads as:

Umd =
∑

k=1,2

tk
md

ρ0

∫
dp′ f (r,p′)

1 + [(p − p′)/ak
md]2

, (5)

where tmd and amd are parameters. A detailed description on how 
the model parameters be fixed can be found in Ref. [54]. For 
simplicity, the momentum-dependent term is only considered for 
formed baryons, and a two-body Coulomb potential is included for 
formed charged particles only.

In this work, the covariant prescription of the mean-field is im-
plemented along the lines of the simplified version (RQMD/S) [52]
of the relativistic quantum molecular dynamics model (RQMD) 
[53]. This approach has been successfully applied to various re-
actions from AGS to RHIC energies [54–58]. With the assumption 
that p0

i component can be replaced by kinetic energy 
√

p2
i + m2

i in 
the relativistic energy region [54], the Hamiltonian is given by the 
sum of the single-particle energy

H =
N∑

i=1

√
p2

i + m2
i + 2mi V i, (6)

where V i is the potential energy of the i-th particle, and U =
δV /δ f , f is the phase-space distribution function. And the equa-
tions of motion are then

dri

dt
≈ ∂ H

∂pi
= pi

p0
i

+
N∑

j=1

m j

p0
j

∂V j

∂pi
, (7)

dpi

dt
≈ −∂ H

∂ri
= −

N∑
j=1

m j

p0
j

∂V j

∂ri
, (8)

with the relative distance and momentum

r̃2
i j = r2

i j + γ 2
i j (ri j · β i j)

2, (9)

p̃2
i j = p2

i j − (p0
i − p0

j )
2 + γ 2

i j

(
m2

i − m2
j

p0
i + p0

j

)2

, (10)

where the velocity β i j and the γi j -factor between the i-th and j-th 
particles are defined as

β i j = pi + p j

p0
i + p0

j

, γi j = 1√
1 − β2

i j

. (11)
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Fig. 1. Left plot: The second scaled factorial moment (F2(M)) of the proton density 
in transverse momentum space |px,y | � 1.5 GeV/c at mid-rapidity (|y| � 0.75) for 
the 5-10% central 40Ar+45Sc collisions at 40A GeV obtained from UrQMD model 
with (UrQMD/M, solid symbols) and without (UrQMD/C, open symbols) hadronic 
potentials. The squares and circles represent the F2(M) of the real and mixed 
events, respectively. Right plot: The estimated correlator �F2M of protons for the 
corresponding system, shaded bands are 95% confidence intervals around the fitted 
lines.

3. Results

In the following we will show the results of the proton in-
termittency analysis for 40Ar+45Sc, 131Xe+139La collisions with 
centralities 0-5%, 5-10% and 10-15% and central 197Au+197Au col-
lisions (0-10%) (the centrality is defined by impact parameter dis-
tribution c = (b/bmax)

2 of the UrQMD model). The analysis is done 
for protons (and neutrons) with transverse momenta of |px,y | �
1.5 GeV/c, in the mid-rapidity region, i.e. with rapidity |y| � 0.75. 
To accumulate enough statistics for the analysis, more than 600 K
events are simulated for each scenario.

Fig. 1 shows the resulting second scaled factorial moment 
F2(M) and the estimator of the correlator �F2(M) for 5-10% cen-
tral 40Ar+45Sc collisions at 40A GeV calculated within UrQMD 
model with and without hadronic potentials. In panel (a), the in-
termittency effect, i.e. the difference in F2(M) between real events 
and mixed events, shows up for M2 � 100. Therefore, to determine 
the intermittency index, a fit of �F2(M) using Eq. (2) was used for 
M2 > 100. The resulting curve is shown in panel (b) of Fig. 1. For 
the UrQMD cascade mode, the results for the moments of the real 
and mixed events are almost identical, and the values of �F2(M2)

fluctuate around zero, implying no effect. In the mean-field mode, 
the F2(M) of real events rises significantly above those of mixed 
events, the extracted intermittency index is φ2 = 0.32 ± 0.03. This 
value of φ2 is similar to the one found in the NA61 preliminary 
analysis [37].

To understand what causes the non-vanishing intermittency in-
dex in the model simulation, we further investigate the baryon 
pair correlations in momentum and coordinate space. Fig.2 shows 
the distribution of �pt and �Rt , over the mixed background, for 
proton and neutron pairs, in the same simulations. In this work, 
the particles at mid-rapidity are analyzed, and the same definition 
of the relative transverse momentum �pt as in the experiment 
[27,38] is used:

�pt = 1

2

√
(px1 − px2)2 + (p y1 − p y2)2, (12)

�Rt = 1

2

√
(rx1 − rx2)2 + (ry1 − ry2)2. (13)

Here, the momenta and coordinates are that of particles after the 
kinetic freeze-out, calculated at a time of 70 fm/c in the center-of-
mass frame of the nucleus-nucleus collision. The spatial distance 
3

Fig. 2. The correlations function of proton/neutron pairs (ratio of pairs from real and 
mixed events) at mid-rapidity for the 5-10% central 40Ar+45Sc collisions at 40A
GeV, left panel is for �pt and right panel is for �Rt . The errors are the standard 
deviation.

is defined in the center of mass frame of the collision and may be 
frame dependent. However, if the main increase is observed only 
for small relative momenta, this effect will also be small. This is 
supported by a previous work [59] where the relativistic effects 
on the relative distance R0 and relative momenta P0 have been 
studied in the phase space coalescence model. It was found that 
the relativistic effect has only a small influence on the rapidity 
distribution of light nuclei, especially for mid-rapidity.

In Fig. 2, the baseline scenario of the cascade simulation (ma-
genta line with cross symbols) does not show any structure in the 
relative transverse momentum and coordinate difference distribu-
tions as compared to the mixed background. Since in the cascade 
mode, the hadrons interact with each only through binary scatter-
ing according to a geometrical interpretation of elastic and inelastic 
cross sections. The ratio real/mixed is only slightly below unit due 
to conservation law effects. On the other hand, the �pt and �Rt

distributions in the simulation with potentials show a clear in-
crease for small relative transverse momentum �pt � 60 MeV/c
and �Rt � 1.5 fm. To further interpret the observed increase in the 
�pt and �Rt distributions, we found that with the consideration 
of the hadronic potentials, the real collision case has 0.029 proton 
pairs per event more than that of mixed collisions case at �pt <

64 MeV/c. This is true for both, proton (blue line with squares) 
and neutron pairs (olive line with up triangles), indicating that the 
Coulomb interaction is less important for this distribution, and the 
effect of the Coulomb interaction of formed charged particles on 
this distribution is weaker than that of hadronic potentials. In ad-
dition, Furthermore, it was checked that a Lorentz transformation 
(LT) from the computational two-nucleus center-of-mass system to 
the local center-of-mass frame of the two nucleons (orange line 
with circles) does not change our results on the relative coordi-
nates in any significant way. Finally, applying a cut (red line with 
down triangles) in the relative invariant four-momentum qinv � 25 
MeV/c only have a small effect on the distributions.

Furthermore, to estimate the effect of the coalescence after-
burner on these distributions we employ a minimum spanning tree 
(MST) algorithm for phase space coalescence. Fig. 3 shows the �pt

and �Rt distributions of proton pairs from UrQMD/M mode with 
(UrQMD/M+MST) and without (UrQMD/M, blue lines) the coales-
cence afterburner. The phase-space coalescence afterburner (MST) 
used the parameter set of (R0, P0)=(2.8 fm, 0.25 GeV/c and 3.8 
fm, 0.3 GeV/c), indicated by red lines and olive lines respectively, 
for the relative momenta and distances [59]) in the final freeze-
out stage as conditions for cluster formation. In the MST algorithm, 
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Fig. 3. Similar as Fig. 2, but for the proton-proton �pt , �Rt distributions with (red 
line with circles and olive line with triangles) and without (blue line with squares) 
the traditional coalescence afterburner (Minimum Spanning Tree, MST). The errors 
are the standard deviation.

Fig. 4. The second-order intermittency index as a function of centrality in 40Ar+45Sc 
collisions at 150A GeV, at 0-5% (left plot), 5-10% (middle plot) and 10-15% (right 
plot) centrality range. The NA61/SHINE preliminary data are taken from Ref. [37].

nonphysical clusters (such as di-neutrons or di-protons) are elim-
inated by breaking them into free nucleons. The available data of 
deuteron and Helium-3 productions can be described fairly well 
by the UrQMD model with the above empirical coalescence pa-
rameters [59–62]. By adjusting the parameter of MST, one can 
found that the coalescence afterburner has no effect on the proton-
proton correlations. This means that the observed correlations in 
the low �pt and �Rt can be readily understood as result of the at-
tractive potentials between the nucleons. This attractive interaction 
eventually also is the reason for nuclear fragment formation, e.g. 
for the formation of bound pronto-neutron systems, the deuteron.

3.1. Centrality dependence

Next we study the centrality dependence of intermittent fluc-
tuations in the transverse plane. Fig. 4 depicts the centrality de-
pendence of the second-order intermittency index in 40Ar+45Sc 
collisions. Panels (a), (b) and (c) are for 0-5%, 5-10% and 10-15% 
collisions, respectively. The calculated results from UrQMD/C (open 
squares) and UrQMD/M (solid squares) are shown together with 
the experimental data from NA61/SHINE (stars) with different pro-
ton purities [37] for comparison. In experiment, the profile of 
SSFMs is affected by the proton purity selection, thus a full scan 
4

Fig. 5. Excitation functions of the second-order intermittency index in the 0-5% 
(panels a and d), 5-10% (panels b and e), 10-15% (panels c and f) central 40Ar+45Sc 
(top plots) and 131Xe+139La (bottom plots) collisions calculated within UrQMD 
model.

in proton purity, at thresholds of 80%, 85%, and 90% are shown. 
The black dash line presents the expected φ2 for a second-order 
phase transition calculated based on the effective action belong-
ing to 3D Ising model [32]. The intermittency index calculated 
by the UrQMD/C model is essentially zero. Further, with the in-
clusion of hadronic potentials, it is found that the intermittency 
index is increased and comparable to the NA61/SHINE data in dif-
ferent centrality bins. In addition, it can be seen that φ2 slightly 
increases with increasing impact parameter, which is also consis-
tent with the findings in the experiment [38]. This result is due to 
the decreasing size of the system which goes along with a short-
ened hadronic freeze out phase [63–65].

3.2. Energy and system dependence of φ2

Finally, an energy scan of the intermittency in collisions of 
40Ar+45Sc, 131Xe+139La and 197Au+197Au is presented. Fig. 5 sum-
maries the calculated energy excitation function of the second-
order intermittency index. Panels (a), (b) and (c), respectively, are 
for 40Ar+45Sc at 0-5%, 5-10% and 10-15%. And panels (d), (e) and 
(f) are for 131Xe+139La collisions. We observe that the φ2 calcu-
lated with the UrQMD/C data (open squares) is essentially zero 
no matter the centrality or energy, and no intermittency effect is 
observed. In the mean-field mode, the second-order intermittency 
index (solid squares) is slightly increasing with the energy and/or 
centrality.

Fig. 6 shows the excitation function of φ2 from the UrQMD 
model for 0-10% central Au+Au collisions at several different en-
ergies. Here, we present results for Au+Au systems as they are 
studied in the beam energy scan of the STAR experiment. Again, 
we observe an increase of the intermittency index as function of 
beam energy. The UrQMD results in Fig. 6 are also compared to 
conjectured values of φ2 which are based on a theoretical inter-
pretation of STAR data [39,66]. The data (red stars) from Ref. [39]
are obtained by a mapping of the Ntriton · Nproton/N2

deuteron ratio 
on the neutron number fluctuations in most central (0-10%) Au +
Au collisions [66]. These indirectly reconstructed fluctuations are 
then again mapped onto the obtained relation between the rel-
ative density fluctuation of baryons �n and φ2. The shadowed 
band corresponds to the systematic errors from the experimental 
data. Even though the magnitude and energy dependence of the 
indirectly calculated data is similar to the model results [39] one 
should be cautious with this comparison due to the indirect nature 
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Fig. 6. Energy dependence of the second-order intermittency index in 197Au+197Au 
collisions. The data represented by red stars are taken from Ref. [39].

of how φ2 is extracted. A future direct measurement would allow 
a much more direct comparison with data.

4. Summary

Investigations on the second order scaled factorial moments 
of proton number fluctuations in transverse momentum space of 
HICs, within the UrQMD transport model, have been presented. 
It was found that the inclusion of hadronic mean-field potentials 
introduce a non-zero intermittency index φ2 which is consistent 
with the reported data of the NA49/NA61 experiment.

The energy dependence (40A, 80A, 150A GeV), system size 
(40Ar+45Sc, 131Xe+139La, 197Au+197Au) and centrality (0-5%, 5-
10%, 10-15%) dependence is studied in the UrQMD model with 
and without hadronic potentials. A clear dependence of beam en-
ergy and centrality is observed. In the present study the increase of 
the SFMs is due to an enhancement of proton pairs (approximately 
0.029 pairs per event for the case of 5-10% central Ar+Sc colli-
sions at 40A GeV) with small relative momenta �pt � 60 MeV/c
due to attractive nuclear forces. With a further consideration of 
the traditional coalescence afterburner, the observed correlations 
of protons were found to not be influenced by the coalescence pa-
rameters. More theoretical and experimental studies on the effect 
of both, hadronic interactions, the stiffness of the equation of state, 
and the final-state interactions are required to shed light on the 
intermittency in heavy ion collisions, especially for lower collision 
energies.
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