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Stabilized Wilson fermions are a reformulation of Wilson clover fermions that incorporates several
numerical stabilizing techniques, but also a local change of the fermion action – the original clover
term being replaced with an exponentiated version of it. We intend to apply the stabilized Wilson
fermions toolbox to the thermodynamics of QCD, starting on the 𝑁 𝑓 = 3 symmetric line on the
Columbia plot, and to compare the results with those obtained with other fermion discretizations.
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(a) (b)

Figure 1: Two possible scenarios for the light quark mass region of the Columbia plot in the continuum
limit: either (a) the first-order region remains finite, ending with a tricritical point, or (b) the first-order region
vanishes in the continuum limit. Figures taken from Ref. [1].

1. Introduction

The order of the thermal phase transition (Fig. 1) in QCD depends on the number of quark
flavours and on their masses. While the transition is a smooth crossover at the physical point, a
first order transition region [2] was found when the light and strange quark masses are sufficiently
heavy. The crossover and first order regions are separated by a second order critical line in the 𝑍2
universality class. As for what precisely happens near the chiral limit, the picture is less clear. When
approaching the chiral limit with 𝑁 𝑓 = 2, evidence for a second order 𝑂 (4) transition line ending
with a tricritical point has been recently found [1, 3]. Performing a similar study on the 𝑁 𝑓 = 3
flavour symmetric line, a first-order region [4], again separated by a second-order 𝑍2 line [5],
appears. A way to quantify the extent of this region is to measure the pion mass 𝑚𝑍2

𝜋 corresponding
to the intersection between the second-order 𝑍2 critical line and the 𝑁 𝑓 = 3 diagonal.

The precise location of this 𝑍2 endpoint in the Columbia plot is still unclear. In the literature
(Tab. 1), there are many results obtained with both staggered and Wilson fermions, and different
types of related improved actions, but they cover a wide range of possible masses. Cutoff effects
are found to play a significant role in the light mass sector of the plot, and it is even possible that the
first order region could vanish in the continuum limit. This would have profound implications for
our understanding of the phase diagram at finite baryon chemical potential [6], which so far cannot
be simulated on the lattice due to the sign problem.

Simulating QCD at low quark masses is a challenging task and various techniques have been
developed to deal with the increasing condition number of the Dirac operator. Improved actions are
necessary to reduce cutoff effects, yet Wilson Clover fermions are known to cause instabilities at
light pion masses, because the lowest eigenvalue of the Dirac operator can become arbitrarily small.
Stabilized Wilson fermions [7, 8] have recently been developed as an alternative to the standard
𝑂 (𝑎)-improved Wilson Clover action, with the attempt to mitigate some of its drawbacks. Multiple
zero-temperature ensembles are being generated by the Open Lattice initiative [8] (Fig. 2) with an
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𝑁f Action 𝑁𝜏 𝑚
𝑍2
𝜋 [MeV] Ref.

std 4

100 200 300

[9]
std 4 [10]

3 std 6 [11]
p4 4 [5]

HISQ 6 [12]
2 std-`𝑖 4 [13]

(a) Results obtained with staggered fermions

𝑁f Action 𝑁𝜏 𝑚
𝑍2
𝜋 [MeV] Ref.

3 clover 6-8

0 200 400 600

[14]
clover 8-10 [15]
clover 10-12 [16]

2 std 4 [17]
tm 12 [18]

clover 16 [19]

(b) Results obtained with Wilson fermions

Table 1: Results in the literature for the location of the 𝑍2 endpoints in the light-quark region for 𝑁 𝑓 = 2
and 3, with various fermionic actions. Note that 𝑁 𝑓 = 3 results cover a range that goes from 50 MeV to 304
MeV.

open science philosophy underlying its efforts. Our intent is to apply these tools to the study of
QCD thermodynamics, starting with the ensembles currently available on the flavour symmetric
𝑁 𝑓 = 3 line, and investigate their impact on the location of the 𝑍2 endpoint.

2. Stabilized Wilson fermions

First developed in order to cure a pathology of Wilson-Clover fermions in large volumes [7],
stabilized Wilson fermions have been shown [8] to also benefit ordinary simulations by reducing
cutoff effects, potentially enabling the use of coarser lattices, and by reducing the probability of
encountering exceptional configurations. They consist in

• Stochastic Molecular Dynamics (SMD) update algorithm, which has been shown to be less
affected by instabilities in the molecular dynamics (MD) evolution than standard HMC;

• An exponentiated version of the Clover improvement term, which protects its contribution to
the Dirac operator from arbitrarily small eigenvalues and is guaranteed to be safely invertible;

• Uniform norm solver stopping criterion, to protect from precision loss from local effects
when large lattices are used;
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Figure 2: Ensembles being tuned and generated by the Open Lattice initiative. Figure taken from Ref. [8].

• Quadruple precision arithmetic, in order to further reduce precision loss effects.

These features are implemented in the open source software openQCD-2.0 and higher [20].

3. Methodology

When approaching the chiral limit, the light chiral condensate, defined as

〈𝜓𝜓〉 = 𝑇

𝑉

𝜕 log 𝑍

𝜕𝑚𝑢𝑑

=
𝑇

𝑉

〈
Tr(𝐷−1)

〉
(1)

can be regarded as an approximate order parameter for the thermal phase transition. The statistical
properties of the sampled

〈
𝜓𝜓

〉
distribution can be studied to obtain information on the phase

transition. This means studying the (disconnected) chiral susceptibility

𝜒𝜓𝜓 =
𝑇

𝑉

[〈
Tr(𝐷−1)2〉 − 〈

Tr(𝐷−1)
〉2] (2)

and the 𝑛-th standardized moments of the chiral condensate

𝐵𝑛 (𝛽, ^, 𝑁𝜎) =
〈
(𝜓𝜓 −

〈
𝜓𝜓

〉
)𝑛
〉〈

(𝜓𝜓 −
〈
𝜓𝜓

〉
)2
〉𝑛/2 . (3)

where 𝑉 ≡ (𝑁𝜎𝑎)3 is the spatial volume.
The disconnected susceptibility is known to exhibit a peak at the critical temperature of the

phase transition. As for the skewness 𝐵3 of the order parameter, its behavior is shown in Fig. 3a.
It vanishes far away from the transition, then becomes non-zero, then vanishes at the critical
temperature. Therefore, it can be used to locate the phase transition. The corresponding behavior
of the kurtosis 𝐵4 as a function of temperature is shown in Fig. 3b.

In order to extract information on the order of the phase transition, one can perform a finite-size
scaling analysis of the kurtosis 𝐵4(𝑇𝑐) of the order parameter at the critical temperature. The value
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Figure 3: Schematic behavior of the skewness 𝐵3 (𝑇) (3a) and kurtosis 𝐵4 (𝑇) (3b) of the order parameter as
a function of temperature, modelled as in Ref. [3].

of the kurtosis on the transition in the thermodynamical limit is given by

lim
𝑁𝜎→∞

𝐵4(𝑇𝑐 , 𝑚, 𝑁𝜎) =


1 1𝑠𝑡 order
1.604 2𝑛𝑑 order 𝑍2

3 crossover

(4)

and it can be used to distinguish the first-order case, the crossover case and the second-order 𝑍2
line, which is in the universality class of the three-dimensional Ising model.

4. Lattice setup

We start with the 𝑁 𝑓 = 3 ensembles at 𝑚𝑢 = 𝑚𝑑 = 𝑚𝑠, and a pion mass of 𝑚𝜋 = 412 MeV
produced by the Open Lattice initiative, varying the temperature by changing 𝑁𝜏 . For ensemble
generation the tree-level Symanzik improved gauge and the exponentiated Wilson Clover fermion
actions are employed, together with the SMD update algorithm and the uniform norm stopping
criterion for the force solvers. We employ twisted mass Hasenbusch preconditioning for 𝑢 and
𝑑 and the rational approximation for the 𝑠 quark. Reweighting is then needed to correct for the
error due to the rational approximation, but we do not use a non-zero outer twisted mass parameter,
which demands a twisted mass reweighting. The deflated Schwarz-preconditioned GCR solver [21]
is used whenever allowed by the choice of 𝑁𝜏 , otherwise a conjugate gradient solver is used.

We consider lattices with spatial length such that 𝑚𝜋𝐿𝜎 & 4 in order to have relatively small
finite size effects at the various lattice spacings.

5. Preliminary results

The currently simulated setups on the two coarsest lattices, corresponding to a lattice spacing
of 0.12 fm and 0.094 fm, are shown in Tab. 2. We show in Fig. 4 the preliminary results (in lattice
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a [fm] ^ 𝛽 T [MeV] 𝑁𝜏 𝑁𝜎

0.12 0.1394305 3.685 274 6 16
205 8 16
164 10 16

0.094 0.138963 3.800 262 8 24
210 10 24
175 12 24

Table 2: Setups currently simulated and shown in the preliminary results.

units) of the bare light chiral condensate, its susceptibility and its skewness 𝐵3 on these lattices. We
temporarily neglected the contribution of the reweighting factors for the rational approximation of
the third quark flavour, as it is much smaller than the statistical errors. We notice that the skewness
𝐵3 is positive, which hints that the critical temperature is smaller than the ones simulated. From
the 𝑎 = 0.12 fm runs, we can estimate 𝑇𝑐 . 164 MeV, while from the 𝑎 = 0.094 fm runs we notice
that the skewness is compatible with zero already at 𝑇𝑐 ' 175 MeV. Larger amounts of statistics are
necessary to reduce the error bars, and simulations at smaller temperatures are needed to confirm
the trend and to check that the peak of the susceptibility is consistent with the behavior of the
skewness.

Due to the limited resolution in temperature, and to the limited amount of statistics, we cannot
yet draw any conclusions from this analysis on the order of the transition at this pion mass, which
we expect to be well in the crossover region. For our finest lattice (𝑎 = 0.055 fm), we expect to
reach a resolution on the order of 20 MeV around the critical temperature.

6. Summary

We performed an exploratory study of 𝑁 𝑓 = 2 + 1 thermodynamics with stabilized Wilson
Fermions, using as starting points the zero-temperature ensembles provided by the Open Lattice
initiative. We started on the flavour symmetric line, at 𝑚𝜋 = 412 MeV, and with the coarsest lattice
spacings of 𝑎 = 0.12 fm and 𝑎 = 0.094 fm, varying the temperature by changing 𝑁𝜏 , and looked for
the thermal phase transition by studying the susceptibility and moments of the chiral condensate.

Runs at smaller temperatures and more statistics are still needed to obtain a determination of
𝑇𝑐 at this pion mass, and finer lattice spacings are necessary both for a continuum extrapolation and
for obtaining a finer resolution in temperature. Parts of this work serve as preparation for a future
more detailed study, in which we aim to locate the 𝑍2 endpoint by varying 𝛽 at fixed 𝑁𝜏 .
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Figure 4: Preliminary results of the light chiral condensate, its susceptibility and its skewness on the 𝑎 = 0.12
fm (4a) and 𝑎 = 0.094 fm (4b) lattices. Results are given in lattice units.
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